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Abstract

We present a characterization of the asymptotics of all asymptot-
ically flat stationary vacuum solutions of Einstein’s field equations.
This characterization is given in terms of two sequences of symmetric
trace free tensors (we call them the ‘null data’), which determine a
formal expansion of the solution, and which are in a one to one corre-
spondence to Hansen’s multipoles. We obtain necessary and sufficient
growth estimates on the null data to define an absolutely convergent
series in a neighbourhood of spatial infinity. This provides a complete
characterization of all asymptotically flat stationary vacuum solutions
to the field equations.

1 Introduction

A stationary vacuum spacetime is given by (M, g, &*), where M is a four-
dimensional manifold, §,, is a Lorentzian metric with signature (+ — ——)
that satisfy Einstein’s vacuum equations (i.e. Ric[g] = 0), and &* is a time-
like Killing vector field with complete orbits. The metric can be written
locally as

G = V(dt +7,di%)?* + V' hydi®di®, a,b=1,2,3, (1)

where V| v, and Rap depend only on the spatial coordinates 2%. As shown
by Geroch [9] the description of this spacetime can be done in terms of fields
defined in an abstract three-dimensional manifold N defined as the quotient
space of M with respect to the trajectories of &#. The fields V, Yas hap 011 M
can be obtained as pull-backs of fields on N under the projection map. The
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latter will be denoted by the same symbols, being hab the negative definite
metric on N. In the following we shall only work on N.
The vacuum Einstein’s field equations in M imply that on N the quantity

C

Wq — —VanbC[)b’y

is curl-free, i.e.

D[awb] = 07

where D is the covatiant derivative with respect to gy and Egpe = €labe]> €123 =
| det ﬁabﬁ. We are interested in the asymptotics of the space-time at spatial
infinity, so it will be assumed that N is diffeomorphic to the complement of a
closed ball Bg(0) in R®. Thus N is simply connected and hence there exists
a scalar field w such that

D,w = w,.

Instead of working with V' and w it is convenient to use the combinations

g’zg _V2+W2—1

M — 4V )
~ w
¢S_W7

introduced by Hansen [10]. Einstein’s vacuum field equations in this setting
are equivalent to

Aypa =2R[hoa, A=M,S, (2)
Rop[h] = 2[(Dadn)(Dydar) + (Dats)(Dids) — (Dudoic)(Didic)],  (3)

1
where ¢x = <l + (;5?\/[ + é%) °. Equations @), @) will be referred to as the

stationary vacuum field equations. Having (M Guvs ) 1s equivalent to having
(N, hap, &1, &s). We are looking for solutions of () and (3).

The asymptotic flatness condition is usually stated by assuming (N, i)
to admit a smooth conformal extension in the following way: there exist a
smooth Riemannian manifold (N, he) and a function Q € C2(N) N C®(N)
such that N = N U {i}, where i is a single point,

Q> 0on N,
hab = Q2ilab on N,
Ql; =0, D =0, D,DyQ; = 2hgplsi, (4)

where D is the covariant derivative operator defined by h. This makes N
diffeomorphic to an open ball in R?, with center at the point 4, which rep-
resents space-like infinity. From now on we assume N to be asymptotically
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flat in the stated sense.

Considering that N is diffeomorphic to the complement of a closed ball Br(0)
in R? is natural in the present context. It corresponds to the idea of an iso-
lated system, where the material sources are confined to a bounded region
outside of which is vacuum. Lichnerowicz [I3] has shown that if N is diffeo-
morphic to R3 then N is flat.

Reula [I4] has shown existence and uniqueness of asymptotically flat solutions
to (@), @), in terms of a boundary value problem, when data are prescribed
on the sphere IN.

In order to be able to control the precise asymptotic behaviour of the space-
time it would be convenient to have a complete description of the asymp-
totically flat stationary vacuum solutions in terms of asymptotic quantities.
Candidates for this task are Hansen’s multipoles [I0]. With the previous
assumptions Hansen proposes a definition of multipoles, which extends Ge-
roch’s definition of multipoles for asymptotically flat static space-times [§] to
the stationary case. He defines the conformal potentials

ba=Q2pa, A=M,S, (5)
and two sequences of tensor fields near ¢ through

PA=¢4, P2=D,P* Pl =C(Dy,P!—1P'R,.), (6)

az2a1 a2+ ajg

pPA =C[D,, P2 . —is(2s = 1)P} . Repa|, A=MS,  (7)

Ag41...01 As+17~ ag...a1 Ag41...03

where Ry, is the Ricci tensor of h,, and C is the projector onto the symmetric
trace free part of the respective tensor fields. The multipole moments are
then defined as the tensors

vd = PAG), vt =PA (i), A=MS p=1,23, .. (8)

ap...a1 ap...a1

A

Keeping aside the monopoles, v, we will denote the two sequences of re-

maining multipoles by

D;?Lp:{l/A v vl .}, A=M,S.

ai’ ~aza1’ T azaail’

The multipole moments are proposed as a way to characterize solutions of
@), @). So a natural question is to what extent do the multipoles determine
the metric A and the potentials ¢,;, ¢g. For this to be the case the metric
and the potentials should be real analytic even at ¢ in suitable coordinates
and conformal rescaling. Beig and Simon [3] and Kundu [I2] have shown that
the metric and the potentials do extend in a suitable gauge as real analytic
fields to ¢ if it is assumed that

(M) + (W5) £ 0.
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As explained in [15] (cf. also [4]), in order for a solution of (&), (@) to lead
to an asymptotically flat space-time M it is necessary that v* = 0. So, we
assume from now on that

M40, v =0. 9)

In [3] and [12] it is also shown that for given multipoles there is a unique
formal expansion of a ‘formal solution’ to the stationary field equations, but
it is not touched upon the convergence of the expansion.

Béckdahl and Herberthson [2] have found, assuming a given asymptotically
flat solution of the stationary field equations, necessary bounds on the mul-
tipoles.

The question that remains open is under which conditions a pair of sequences,
taken as the multipoles, do indeed determine a convergent expansion of a sta-
tionary solution. This question has been studied for the axisymmetric case
by Béckdahl [I]. In the static case, where there is only one sequence of
multipoles, Friedrich [7] has used as data a sequence of trace-free symmetric
tensors, different but related to the multipoles. He has shown that imposing
certain types of estimates on the data he prescribes is necessary and sufficient
for the existence of asymptotically flat static space-times. However, so far
the question for the general case has never been answered.

The purpose of this work is to derive, under the assumption (@), necessary
and sufficient conditions for certain minimal sets of asymptotic data, differ-
ent to the multipoles, denoted collectively by D¢, D3 and referred to as null
data, to determine (unique) real analytic solutions of (2)) and ([B]) and thus
to provide a complete characterization of all possible asymptotically flat so-
lutions to the stationary vacuum field equations.

In the following we shall work in terms of the conformally rescalled fields,
the conformal factor will be specified in more detail later on.

For the same reasons that justify N to be considered diffeomorphic to the
complement of a closed ball in R3?, we shall treat the case in which N may
comprise a small neighbourhood of the point ¢, without worring about the
behaviour of the solution in the large (note that in terms of & a neighbour-
hood of i cover an infinite domain extending to space-like infinity). This
work generalizes the work by Friedrich [7] from the static to the stationary
case in a way discussed later on this section.

The multipoles are defined for any conformal gauge, but for our analysis it
is convenient to remove the conformal gauge freedom and use, following Beig
and Simon [3],

Q0= %m_2 {(1 4G, + 4&%) P 1] . (10)



With this conformal factor they derive fall-off conditions and then show that
under some assumptions the rescaled metric can be extended on a suitable
neighbourhood of space-like infinity and in suitable coordinates as a real
analytic metric at 7. The potentials ¢, and ¢g are then also real analytic at
7, so that the multipoles are well defined. Using this gauge, and taking into
account that the angular momentum monopole vanish, we get

Instead of using the multipoles sequences, it will be convenient for our anal-
ysis to use, in the given gauge, the following two sequences

Daqmb - { ( a1¢)( ) (DGQDGI¢>( ) (Da3Da2Da1¢)( ) }
= {Saza1 (1), C(DazSazar ) (), C(Day Day Sazay ) (1), -}, (11)

where ¢ = (bg and Sy is the trace free part of the Ricci tensor of h.

We express now the tensors in D?, D? in terms of an h-orthonormal frame
field c,, a = 1, 2, 3, near 7, which is h—parallelly propagated along the geodesics
through 7, denoting by D, the covariant derivative in the direction of c,, and
write

D" = {C(Da,9)(i), C(Day Day6)(i), C(Day Day Day 6) (0), .}, (12)
D, = {Sasa: (1), C(Day Sagay ) (1), € (Da; Dag Sagay ) (1), --.}. (13)

These tensors are defined uniquely up to rigid rotations in R3. These two
series will be referrred to as the null data of h in the frame c,.

For a real analytic metric h near ¢ there exist constants M, r > 0 such that
the components of these tensors satisfy the estimates

Mp!

—=, ay,.ar=1,2,3, p=0,1,2, ..,
.

C(Day - Day) ()] <

C(Da ..y Soe) (i)] < ]‘f—f!, a, anbe=1,23 p=0,1,2.. (14
Althoug these estimates have similar form to Cauchy estimates they are not
the same, the difference being that here the estimates are on the symmetric
trace free part of the derivatives instead of being directly on the derivatives.
These estimates are derived from Cauchy estimates in Section Remark-
ably, the converse is also true. This consitutes our main result, given in the
following theorem.



Theorem 1.1. Suppose m # 0 and

752 - {wal ? waQal ) w3332317 }7 (15)

AS

DTL = {\1132317 \113332317 \11343332317 }7 (16)
are two infinite sequences of symmetric, trace free tensors given in an or-
thonormal frame at the origin of a 3-dimensional Fuclidean space. If there
exist constants M,r > 0 such that the components of these tensors satisfy
the estimates

|¢ap...a2a1| S

Mp!
7, dp,...,a1 = 1,2,3, p = 1,2,...,

Mp!
S, .anbe=123 p=012,..

“‘Dap...agalbc| S rp

then there exists an analytic, asymptotically flat, stationary vacuum solution
(h, drr, ds) with mass monopole m and zero angular momentum monopole,

unique up to isometries, so that the null data implied by h = im_‘l[(l +

402, +40%)2 — 12k and ¢g = 22m[(1 + 4¢3, + 4¢2)2 — 1] 2y in a suitable
frame c, as described above satisfy

C(Da,---Da,¢5)(i) = Va,..a1, Ag,-.a1=1,2,3, ¢=1,2,..,

C(Da,---DaySasa, ) (i) = Va,. a, ag,..,a1 =1,2,3, ¢=2,3,....

Two sequences of data of the form (I5), (I0), not necessarily satisfying
any estimates, will be referred to as abstract null data.
The type of estimates imposed here on the abstract null data does not depend
on the orthonormal frame in which they are given. Since these estimates are
necessary as well as sufficient, all possible asymptotically flat solutions of the
stationary vacuum field equations are characterized by the null data.
In relation with the works of Corvino and Schoen [6] and Chrusciel and De-
lay [5], as they need a family of asymptotically flat stationary solutions to
perform the gluing procedure, this result gives a complete survey of the pos-
sible stationary asymptotics that can be attained, beyond the known exact
solutions.
As both the multipoles and the null data determine the metric and the po-
tentials then there is a bijective map between them. Thus the sets D¢, D?
and D)/ Dj  contain the same information. We prefer to work with the
null data because the expressions are linear in ¢ and Sg.
This work contains the static case as a special case. Starting from (II) the



static case can be attained by making v, = 0, which gives w = 0, ¢ = 0
and ¢g = 0. This implies that all tensors in D¢ are zero. Conversely, if all
tensors in D? are zero then all tensors in Dfnp are zero and by Xanthopoulos’
work [I6] the space-time is static. So we are left with D2 as the free data in
the static case.

Friedrich [7] has given the same result for the static case using a different
conformal metric. Let us assume for now that we are in the static case, then
Friedrich uses a metric FL, wich is conformally related to our metric h by

h=Q?h, (17)
where

5 4 [(1 + m2Q)z —i—mQ%]
O —

[(1 +m2Q)z + mQ2 + 1]2'

Using h he defines a sequence of symmetric trace-free tensors D,, in the same
way as we defined D2 @:[I) He shows that impossing estimates of the type
(I4) on the tensors in D, is necessary and sufficient for the existence of an
asymptotically flat static vacuum solution of the Einstein’s equations. To see
that this result is equivalent to our result in the static case, we have to show
that having estimates of the type (I4]) on the tensors in DY imply estimates
of the same type on the tensors in D,, and vice versa. This is done through
the theorem [T and the relation (7). If the tensors in D2 satisfy estimates
of the type (I4]) then there exist h and 2 analytic, and then h given by (@)
is also analytic, thus the tensors in D, satisfy estimates of the type (I4)),
the converse is shown in the same way using Friedrich’s result. Hence this
work generalizes the work by Friedrich [7] from the static to the stationary
case. The procedure that we use in the present work follows similar steps
and several of the technics in [7] will be used. For completeness we include
them.

Theorem [L.1] will be proven in terms of the conformal metric h. Thus we
shall express in Section 2lthe stationary vacuum field equations as ‘conformal
stationary vacuum field equations’. In Section [B] we show, by going to space-
spinor formalism, that the abstract null data indeed determine the expansion
coefficients of a formal expansion of a solution to the conformal stationary
vacuum field equations. Showing convergence in this way appears difficult,
and for this reason the problem is cast in a certain setting, which is necessarily
singular at a certain subset of the manifold, as a characteristic initial value
problem in Section Ml In Section [ it is shown how to determine a formal
solution to a subset of the confomal field equations from a given set of abstract
null data. Then, in Section [0, the convegence of the obtained series is shown.
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In Section [ it is shown that the obtained solution satisfy the full set of
conformal field equations. Finally, in Section [8] the convergence result is
translated into a gauge which is regular near i, allowing us to prove Theorem

LIl

2 The stationary field equations in the con-
formal setting

The existence problem will be analyzed completely in terms of the confor-
mally rescaled metric h, so we need to express the stationary field equations
in terms of the conformal fields. If we directly transform the fields in (2)
and (3] we arrive at a system of equations that is singular at i. To overcome
this problem we follow the work of Beig and Simon [3]. Using (I0) as the
conformal factor, where by a constant conformal rescaling it can allways be
achieved m = 1 and for simplicity we use this scale from now, and standard
formulae for conformal transformations they manipulate the stationary field
equations, arriving at the following equivalent system of equations:

Q=3 + % — 1, (18)
Tap = Do Dydpr + D5 Dy, (19)
1
Ads=—3 {R - gDaQD“Q +10(1 + Q). } ba, A=MS,
1 2
D,D\Y = —QR, — ghabR + (Q + g) hay D QDY

—4 (Q + g) (Q+ Dhgyme© — %(Q — 1) D QD + 207,

DyR = TD"QD,DyQ 4 3Ry D*Q + 4(3Q — 2)m, "D,

—ngQDbQDaQ — 6Qm, DPQ — 2(7Q + 4) D,y °,

D[cRb]a == 2(3Q - 1)7Td dha[ch}Q — ha[ch]QDdQDdQ
—2(Q = D hgpmgaDQ — 2(2Q + 1) hypDgmy

1
+2h,, D DD + 5 D120y Daf2 = (Q = 4)ap Dy 2

1
+QQD[C7Tb}a + §Ra[bDC]Q + ha[bRc]dDdQ.
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These equations are regular even at i. They form a quasi-linear, overde-
termined system of PDE’s which implies, by applying formal derivatives to
some of the equations, elliptic equations for all unknowns in a suitable gauge.
Considering the fall-off conditions on the fields Beig and Simon [3] deduced
a certain smoothness of the conformal fields at i. Invoking a general theorem
of Morrey on elliptic systems of this type they concluded that the solutions
are in fact real analytic at 7. Later Kennefick and O’Murchadha [I1] showed
that the fall-off conditions are reasonable, as they are implied by the space-
time being asymptotically flat. To avoid introducing additional constraints
by taking derivatives, we shall deal with the system as it is.

For our pourposes it is convenient to make some changes to this system. We
separate the Ricci tensor into its trace free part and the Ricci scalar,

1
Rab = Sab + gh'abR'
We also get rid of 7y, by using (I9) in the other equations. From (I8) we see
that Q, ¢y and ¢g are not independent, we use this equation to get rid of

¢ in the other equations. With these changes and the change of notation
¢s — ¢ the system of equations takes the form

B 1 5 1, .

(14 Q)6D*UDye + (1 + Q)2D“¢Da¢] } ,

1
DoDy) = —QSy — g(1 + DhapR (21)
1 1 )
a2 {5 1+ (—1+Q)¢°] DD
—%(2 + 30)¢*hay D°QDQ — 2Q0°¢ D, Dy
4
+§(1 + Q)(2 + 3Q)phay DQUD ¢ 4 2Q%(1 + Q) D, Dyp

_g(l —+ 9)2(2 + BQ)hach¢Dc¢} )



D.1t (22)

1
“1rao_ { 2(4+ 7Q)¢D"QDy Dy — 4(1 + Q) (4 + 7Q) D¢ Dy D,
+ [3+ (=3 + 7Q)¢%] D*QSp, — 24 + 7Q)dD S,

%(4 + 70)¢*RD,N — %(1 + Q)4+ 7Q)¢RDG¢}

+

1 1. 2] b
ST 0= ) {§¢ [—12 + (40 + 21Q)¢*| D*QD,QD,Q

—2¢ [—18(1 + Q) + (46 + 61Q + 210%)¢*] D*QD¢D, Q2
+2(1+ Q) [—24(1 + Q) + (52 + 61Q + 219%)¢*| D*@Dy D,
—¢ [12(1 + Q) + (16 + 61Q + 210%)¢*] D*QDQD,¢

+4(14 Q) [6(1+ Q) + (22 + 61Q + 21Q°%)¢*] D" QDy¢D, ¢

— 41+ QP(28 4610 + 2102)9D" DD}

b
1+ 0Q—¢?
2

4
—5(1 + Q)dhap Dy Dag DQ + §(1 + Q)?hapDgDag D

1
+§[1 + (=1 + Q)| Sap Dyt — Q*¢Sap Dy ¢

1 2
——quzha[bSc]dDdQ +300+ Q)dhapSqaDe

Dy.Sya { Q¢D, DDy — 20(1 + Q) D Dypé Dy (23)

1 1
18( 2 + Q)¢° Rhop Dy — §( 2+ Q) (14 Q)¢Rh,p D¢

+2¢ Do QDD ¢ — 4(1 4+ Q) D¢ DpQD 6}
1
%1+Q ?)?
—¢[6(1 + Q) + (=13 — 4Q + 69Q%) | hap D d D' QD4
—2(=T7 — 4Q + 692*)$*h,, DyQ2D QDb
+4(1+ Q)%[3 + 2(=5 + 3Q)$*|hap Dg ¢ D QDb
+2(1+ Q)[-3(1 + Q) + (—4 — 4Q + 692*) 9| hap Dy Q2D ¢ Dy

A1 Q) (=T — 40 + 692)¢ha[ch]¢Dd¢Dd¢} .

1
{—¢2 34 2(=5 + 3Q)¢°|hap Dy 2D QD2

Besides ([20), 1)), 22), ([23]) we need an equation for the metric or for the
frame field and the connection coefficients. This equation is

1
Rab[h] = Sab + ghabR> (24)
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where the expression on the left hand side is understood as the Ricci operator
acting on the metric h.
The system of equations (24)),(20),21),[22),([23), together with conditions
(@), which imply

R‘Z = (6 + 8Da¢Da¢) |i> (25)

will be referred to as the conformal stationary vacuum field equations for the
unknown fields

hav, @, 2, R, Sap. (26)

3 The exact sets of equations argument

To see that it is possible to construct solutions to the conformal stationary
vacuum field equations from the null data we study expansions of the con-
formal fields (26]) in normal coordinates.

We assume from now on N to be small enough to coincide with a convex
h-normal neighbourhood of 7. Let c¢,, a = 1,2, 3, be an h-orthonormal frame
field on N which is parallelly transported along the h-geodesics through ¢ and
let 2% denote normal coordinates centered at i so that ¢, = <dxb, Ca) = 8 a
at . We refer to such a frame as normal frame centered at i. Its dual frame
will be denoted by x¢ = x°,dz’. In the following all tensor fields, except
the frame field ¢, and the coframe field x¢, will be expressed in terms of this
frame field, so that the metric is given by hap = h(ca,cp) = —0ap. With
D, = D,., denoting the covariant derivative in the c, direction, the connec-
tion coefficients with respect to c, are defined by Dace = I'a P oCp.

An analytic tensor field T, a, on N has in the normal coordinates z* a
normal expansion at i, which can be written

1
Tayoap(#) = > =272 De,oo.De, Ty, (4), (27)
p>0 P

where we assume from now on that the summation convention does not
distinguish between bold face and other indices.
Since hap = —dap it remains to be seen how to obtain normal expansions for

¢7 Q> R> Saba (28)

using the field equations and the null data.
The algebra simplifies considerably in the space-spinor formalism. To do the
transition we introduce the constant van der Waerden symbols a4? ,, a® 45,

11



a=1,2,3, A, B =0,1, which are symmetric in AB and whose components,
if readed as matrices, are

-1 0 —i 0 01
AB 1 AB 1 AB 1
@ 1_ﬁ(0 1)’0‘ 2_W<o —i)’o‘ 3_3(1 0)’
-1 0 i 0 01
1 2 1 3 1
(]flAB—\/i<0 1)aaAB \/5(0 i)7aAB ﬁ(l 0)

The relation between tensors given in the frame c, and space-spinors is made
A1Bi...ApB
by T#t-2ey, b, — T2 o p, c,D,» Where

TAlBl---Apo 1...ap A1B1

a b
CiDy..CuDy = T b1..by & a1 CuD,-

With the summation rule also applying to capital indices we get

AB a b —
ay —0ab@ ABQ CcD = —€A(CE€D)B = hapcp,

a,b=1,2,3, A,B,C,D=0,1,

8%, = a’ 4pa

where the constant e-spinor satisfies eqp = —€pa, €1 = 1. It is used to
move indices according to the rules 15 = ttesp, 14 = €*Bip, so that e4 B
corresponds to the Kronecker delta.

As the spinors are in general complex, we need a way to sort out those that

arise from real tensors. For this we define

A = €0 Aeo Ay €1 Ael A
Primed indices take values 0, 1 and the summation rule also applies to them.
A bar denotes complex conjugation and indices acquire a prime under com-
plex conjugation, an exception being €4/p/, the complex conjugate of e4p.
We define )

§ZH =TA A WTH H gA’...H"
Then a space spinor field T4, p,..a,8, = T(a,B,)..(4,B,) arises from a real
tensor field T, . 4, if and only if

TAlBl---Apo = (_1)pTX1B1...Apo' (29)

Any spinor field Ty admits a decomposition into products of totally sym-
metric spinor fields and epsilon spinors which can be written schematically
in the form

Taw=Ta.m+ Z €'s x symmetrized contractions of T.  (30)

12



It will be important that if T4, p,.. 4,5, arises from T}, ,, then

a a
TiaBr..A,By) = C(Tay..a,)0™ B -0 4,8,

To discuss vector analysis in terms of spinors, a complex frame field and its
dual 1-form field are defined by

a AB AB a
CAB = @ ABCa, X =« aX >

so that h(cap,ccp) = hapep. From this one sees that coo and ¢q; are null
vectors orthogonal to cg;. The derivative of a function f in the direction of
cap is denoted by cap(f) = fa.c* ap and the spinor connection coefficients
are defined by

C 1 b a CH c
Lap™ p=3la”ca® apa™" o pu, Uapep =T aB)op),

then the covariant derivative of a spinor field ¢4 is given by
DABLC = CAB(LC) + FAB CBLB.

If it is required to satisfy the Leibniz rule with respect to tensor products,
then covariant derivatives in the c,-frame formalism translate under contrac-
tions with the van de Waerden symbols into spinor covariant derivatives and
vice versa. We also have

(DCDDEF - DEFDCD)LA = RA BCDEFLB, (31)

Rapcper = 3 | (Sapce — $Rhaper) epr + (Sapr — §Rhappr) €ck)
(32)
where R is the Ricci scalar of h and Sspcp = SabajBabCD = S(aBcp) repre-
sents the trace free part of the Ricci tensor of h.
Equations (20), 23] take in the space-spinor formalism the form

P
14+ Q—¢?

— (1 +Q)¢DP0Dpod + (1 + Q)2DPQ¢DPQ¢]) ,

1
DP pDapp = —2ieapd (R {ZQSQDPQQDPQQ (33)
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D 4Spepp (34)

1
T110-— 2 { QD4 PQD(BcDD)P¢ —20(14+Q) D4 P¢D(BCDD)P¢

+(1+ Q)pDpoQDpc D" depya — 2(1 + Q)2Dpgd DD ?dep) 4
1

+§ [1+ (=14 2)¢°] D4 QSppep — Q6D dSppep
1

+§Q¢2DPQQSPQ(BC€D)A — Q1+ Q)pD"?pSpgpcepya
1 1

+6(1 + )¢’ RD(pcepya — 3(1 + Q)?¢RD(pcdep) a

+2¢ (DA P§Z5DP(BQDCD)Q — Dy PQDP(BQDCD)¢)

+4(1+ Q) (Da "QDpp6Depyé — Da"6DppdDon?) |

1 1

+—(1 T0- o) {ﬂcb? [—6 + (20 + 3Q)¢*] D"QDpoQD(5cQep)a
1

—p(14+230+ 30%)¢* D0 Dpo¢ D (pcep)a
1

+6(1 +Q) [6(1+ Q) + (8 + 2302+ 3Q%)¢°] D"°¢DpodDpcep)a
1

~15¢ [—12(1 + Q) + (26 + 23Q + 3Q?)¢?*| D"QDpoQD e dep)a
1

+§(1 +0)? [-6 + (20 + 3Q)¢*] D"“QDpqdD(scdep)a
1

—5(1 + Q) (14 + 23Q + 3Q%) ¢DPQ¢DPQ¢D(BC¢6D>A} .

Equations (21]), (22]) are translated into the space-spinor formalism by making
the index replacements a — AB, b — CD, ¢ — EF.

We use equations (B3]), (34]), the spinor version of equations (21), (22) and
the theory of ‘exact sets of fields’ to prove the next result.

Lemma 3.1. Let there be two given sequences
Dg = {¢A1B1 ) wAQBQAlBl ) /l/DA3BgA2B2A1B17 }7

g
D. = {V a,8,4,815 VY A3B5458:4,B1s Y Ay By AsBs Ay By Ay By s -+ }

of totally symmetric spinors satisfying the reality condition [29). Assume
that there exists a solution h, ¢, Q, R, Sapcp to the conformal stationary

field equations (24),20), 1), 22),[23) satisfying [@),[23) so that the spinors
given by D¢, D3 coincide with the null data D¢*, D* given by (I2), [3) of
the metric h in terms of an h-orthonormal normal frame centered at i, i.e.,

Ya,By.. /1B = Dea,B,--Dapyd(i), p=>1, (35)

14



Va4, By..41B0 = Dia,B,--DayBsSaspoap(i), p>2. (36)
Then the coefficients of the normal expansions [2T)) of the fields ([28]),

Da,p,--Da @, Da,p,-Da,p,SY, Da,p,...Da,p R,
Da,B,---Da, g Sapcp(i), p >0,

are uniquely determined by the data 152, 155 and satisfy the reality conditions.

PT’OOf. It holds 925(7,) = 0, DAB¢(Z) = wAB and SABCD(i) = \I/ABCD by as-
sumption and the expansion coefficients for 2 and R of lowest order are
given by (@) and (28). Assume the expansion coefficients of ¢ and € up to
order p and the expansion coefficients of R and Sagcp up to order p — 1 are
known.

To discuss the induction step we start with Dy . g ,,...Da, 5, ¢(i) and its de-
composition in the form ([B0). By assumption, the totally symmetric part of
it is given by ¥4,.,B,,,..4,5,- The other terms in the decomposition contain
contractions. Let’s consider A; contracted with A;. We can commute the
operators Dy,p, and Dy, p, with other covariant derivatives, generating by
BI) and B2) only terms of lower order, until we have

P .
DAp+1Bp+1 ""DAi+lBi+1 ‘DAi—lBi—l ""DAj+lBj+1‘DAj—1Bj—1 "‘DAlBl D B; ‘DPBj ¢(7'>

Equation (B3)) then shows how to express the resulting term by quantities of
lower order that are already known.

For Dy, B, Da i) and Dy, p,...Da, g, R(i) we just use the spinor ver-
sions of (2I)) and (22) to express them by quantities of lower order.

Finally, dealing with D4 g, ...Da, B, Scper(i) is quite similar to

Da, . Byer--Da, g ¢(i). The symmetric term is known by the data. If a con-
traction is performed between a derivative index and one of C, D, E, F' then
(B4)) is used after interchanging derivatives. If the contraction is between two
derivatives, the general identities

DyuuD" 5)Ssper = —2SucpeSr) ™ ap + 2RSucprhr) ™ 45,

DapD*PScppr = —2Dr “De ™ Scppn + 3SaucnSeyr ' + LRScppr,

implied by (31), (82), together with (B34]) show that the corresponding term
can be expressed in terms of quantities of lower order. The induction step is

completed.
That the expansion coefficients satisfy the reality condition is a consequence
of the formalism and the fact that they are satisfyed by the data. O
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In order to show the convergence of the formal series determined in the
previous Lemma we need to impose estimates on the free coefficients given
by D¢, DS. For this we have the following result.

Lemma 3.2. A necessary condition for the formal series determined in
Lemmam to be absolutely convergent near the origin is that the data given
by D?, DY satisfy estimates of the type

p!M
|¢APBP...A131| S 7) P = 17 273a sy (37)

'M
(W A,B,..4,By0DEF| < pr_p’ p=0,1,2,.., (38)

with some constants M,r > 0.

We skip the proof of this lemma because it uses the same argument as
the proof of Lemma 3.2 in [7].
Lemma [B.1] shows that the null data determines a formal solution to the
stationary field equations. As shown by Beig and Simon [3], the multipole
moments do the same. Thus there is a bijective map © from the null data to
the multipoles sequences, © : {D$, Dy} — {D) D5 }. Instead of using this
argument, we can try to gain more information on the relation starting from
@), ([@). It is convenient to work in space-spinor form, that means that we are
using the h-orthonormal frame and normal coordinates previously defined.

We get the following result.

Lemma 3.3. The spinor fields P%Bp...AlBu Plprp~~~AlBl’ near i, given by (@),
@), are of the form

PAs,. a5 (39)

1

= —5 (1 +Q — ¢2)_% (1 + 20 — ¢2) D(APBP---DAgB;;SAngAlBl)

B (1 + Q- ¢2)_% ¢D(APBP‘”DA131)¢
+ (1 +Q - ¢2)_2 ¢ (p - 292) D(APBPQDAP—lBP—l"'DAIBI)¢

_1
-1+ Q- ¢2) (1+9Q)(p— 292) Da,5,9Da, 15, 1--Dap)d
+F_{i‘§Bp...A1B17 P 2 37

lwo

szpo...AlBl = D(Apo‘”DAlBl)gZS + FjpBP...A1B17 p Z 27 (40)

with symmetric spinor-valued functions F%Bp...AlBl and Fprp___AlBl. The
function F%Bp...AlBu p > 3, is at each point a real linear combination of
symmetrized tensor products of

D, 1By1--Day)®, Da,B,---DAsBsSasByaBi), Dapf), 2<q<p-—1,
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with coefficients that depend on ) and ¢. The function FjpomAlBl, p > 2,
is a real linear combination of symmetrized tensor products of

‘D(Aq_QBq_Q"‘DAlB])QS? D(Aqu"‘DA?,B?,SA2B2A1B1)7 2 S q S p-
Proof. From ([I8) we get

1

¢M: (1+Q_¢2)27
and by direct calculations from (@), (7) we see that (39) is valid for p = 3
and that ([40) is valid for p = 2, with the stated properties for F' % BiAyBo Ay By
and F5 g 1 p,- Assuming that the lemma is true for p < k, inserting (39)

and (40) into the recursion relation (7)), and using the symmetrized spinor
version of (21]), we see that the lemma is true for p = k + 1. O

Using (@), (@), (8) and the identification (B3]), (B8) we get for the lower
order multipoles

M _ M _ 1
VaiB, — 07 VAsBsA1By — _5\111423214131 - w(AQBQwA1B1)7 (41)
M _ 1
VAsB3AsBa A1 By — _§lI]A3B3A2BzAlBl - ¢(A3B3¢AQBQA131), (42)
S _ S _
VAlBl - wAlBl7 VAQBQA]B] - wAZBQAlBl' (43)

Also restricting ([89) and (#0) to i and with the identification (35), ([B6]) we
get

1

M
VA, By AB, = _i\IjApo...AlBl — PY(A,B, YA, By_1...A1B1) (44)
M
+prBp...A1B17 p 2 37
S S
VA,B,..A1B1 = ¢Apo...AlBl +prBp...A1B17 p =2, (45)

M . . . . .
where f4 g a,p,, P = 3, 1s areal linear combination of symmetrized tensor
products of

quleqfl...AlBU \I]Aqu...AlBlu 2 S q S p— 17

and f;fp By..A1B» P = 2, 1s a real linear combination of symmetrized tensor
products of

¢Aq_ng_2...AlBla leAqu...AlBla 2 S q S D-
Equations (1)), (#2), (@3), (@4) and (@3] give a nonlinecar map O, that can

be read as a map
. [P PS AM S
O: {Dg’pn} - {Dmp’Dmp}
of the set of abstract null data into the set of abstract multipoles (i.e., se-
quences of symmetric spinors not necessarily derived from a metric). Now is

fairly easy to show that the map can be inverted.
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Corollary 3.4. The map O that maps sequences of abstract null data {152, 755}

onto sequences of abstract multipoles {ﬁ%p, ﬁfnp} is bijective.

PT’OOf FI‘OIII (m), m) we see that f%BQ,AQBQAlBl - 0, f£2B2A1B1 - 0, Wlth
this and the stated properties for fﬂinmAlBl and ff;pomAlBl an inverse for

© can be constructed inverting the relations ([@4) and (45) recursively. O

Hence, for a given metric h, the sequences of multipoles and the sequences
of null data in a given standard frame carry the same information on h. As
said, we prefer to work with the null data because they are linear in ¢ and

SaBcp-

4 The characteristic initial value problem

After showing that the null data determine the solution, one would have to
show that the estimates ([37), (B8) imply Cauchy estimates for the expansion
coefficients

\M
Dy, Dayp T < =m0 Ay, By A Br= 0,1, p= 0,12,

where T is any of ¢, 2, R, Sapcp. This would ensure the convergence of the
normal expansion at ¢. The induction procedure used so far for calculating
the expansion coefficients from the null data generates additional non-linear
terms each time one interchanges a derivative or uses the conformal field
equations. Thus, it does not seem suited for deriving estimates. Instead, we
use the intrinsic geometric nature of the problem and the data to formulate
the problem as a boundary value problem to which Cauchy-Kowalevskaya
type arguments apply.

As the fields h, ¢, Q, R, Sapcp are real analytic in the normal coordinates
x® and a standard frame c4p centered at i, they can be extended near i by
analyticity into the complex domain and considered as holomorphic fields on
a complex analytic manifold N.. Choosing N, to be a sufficiently small neigh-
bourhood of 7, we can assume the extended coordinates, again denoted by
x%, to define a holomorphic coordinate system on N, which identifies N, with
an open neighbourhood of the origin in C. The original manifold N is then
a real, 3-dimensional, real analytic submanifold of the real, 6-dimensional,
real analytic manifold underlying N.. Under the analytic extension the main
differential geometric concepts and formulas remain valid. The coordinates
x® and the extended frame, again denoted by c4p, satisfy the same defining
equations and the extended fields, denoted again by h, ¢, Q, R, Sagcp, sat-
isfy the conformal stationary vacuum field equations as before.
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The analytic function I' = §,42%® on N extends to a holomorphic function
on N.. On N it vanishes only at i, but the set

Ni={p € N.JI'(p) = 0},

is an irreducible analytical set such that A;\{i} is a 2-dimensional complex
submanifold of N.. It is the cone swept out by the complex null geodesics
through ¢ and we will refer to it as the null cone at i.

Now let u — 2*(u) be a null geodesic through ¢ such that 2%(0) = 0. Its

tangent vector is then of the form 48 = 47 with a spinor field 4 = 14 (u)
satisfying D;t* = 0 along the geodesic. Then
¢(u) = d(x(u)), (46)
So(u) = 22" Sey(x(u)) = t*P19P S ypop (2 (u)), (47)
are analytic functions of u with Taylor expansion
1 d'¢ 1 drS,
_ b Jalhd — P
p=0 p=0
where
'y

— (0) = &%..i" Dy, ... Dy, $(0) = o P 2B Dy g .. Do, pyyd(i),
dr Sy
du?

This shows that knowing these expansion coefficients for initial null vectors

144P covering an open subset of the null directions at 7 is equivalent to know-

ing the null data D¢, DS of the metric h.

Our problem can thus be formulated as the boundary value problem for the

conformal stationary vacuum equations with data given by the functions (46,

@) on N, where the (4.8 are parallely propagated null vectors tangent to

N;.

N; is not a smooth hypersurface but an analytic set with a vertex at the

point ¢, and we need a setting in which the mechanism of calculating the

expansion coefficients allows us to derive estimates on the coefficients from
the conditions imposed on the data. That is done in the next subsections.

Ay, By ,A1,B1,C,D EF :
(0) = r0r P 7 Doy gy - Day B Seper) (1)

4.1 The geometric gauge

We need to choose a gauge suitably adapted to the singular set Aj;. The
coordinates and the frame field will then necessarily be singular and the
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frame will no longer define a smooth lift to the bundle of frames but a subset
which becomes tangent to the fibres over some points.

We will use the principal bundle of normalized spin frames SU(N) = N
with structure group SU(2), which is the group of complex 2 x 2 matrices
(SA B)A,B:O,l satisfying

EABSA cs” p = €CD; Tap s’ C§Bl D' = TCD'- (48)
The 2 : 1 covering homomorphism of SU(2) onto SO(3,R) is performed via
SU(2) 2 s g — 5% = a® 4ps? os® pa®?, € SO(3,R).

Under holomorphic extension the map above extends to a 2 : 1 covering ho-
momorphism of the group SL(2, C) onto the group SO(3,C), where SL(2,C)
denotes the group of complex 2 x 2 matrices satisfying only the first of con-
ditions (48).

A point § € SU(N) is given by a pair of spinors § = (53, 6;') at a given point
of N which satisfies

€(04,0p) = €ap, €(0a,0%) = Tap, (49)
and the action of the structure group is given for s € SU(2) by
§ — -5 where (0-5)4 = 5% 465.

The projection m maps a frame ¢ into its base point in N. The bundle of spin
frames is mapped by a 2 : 1 bundle morphism SU(N) £ SO(N) onto the

bundle SO(N) T, N of oriented, orthonormal frames on N so that 7’op = 7.
For any spin frame § we can identify by ([@9) the matrix (04)4 =01 With an
element of the group SU(2). With this reading the map p will be assumed
to be realized by

SU(N) 546 —>p(5)AB = 55550}51? c SO(N),

where c4p denotes the normal frame field on N introduced before. We refer
to p(d) as the frame associated with the spin frame .

Under holomorphic extension the bundle SU(N) = N is extended to the
principal bundle SL(N,) = N, of spin frames § = (J3',07') at given points
of N, which satisfy only the first of conditions ([d9)). Its structure group is
SL(2,C). The bundle SU(N) = N is embedded into SL(N,) = N, as a real
analytic subbundle. The bundle morphism p extends to a 2 : 1 bundle mor-

phism, again denoted by p, of SL(N,) =+ N, onto the bundle SO(N,) R N,
of oriented, normalized frames of N, with structure group SO(3,C). We shall
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make use of several structures on SM(N.,).

With each a € sl(2,C), ie., a = (a® 5) with a,p = apa, is associated a
vertical vector field Z, tangent to the fibres, which is given at § € SL(IV,)
by Zo(6) = (8- exp(va))|uzo, where v € C and exp denotes the exponential
map sl(2,C) — SL(2,C).

The C3-valued soldering form o4? = of maps a tangent vector X &
T5SL(N.) onto the components of its projection T5(m)X € Ty N, in the
frame p(8) associated with § so that Ts(m)X = (048, X)p(d) 4p. It follows
that (042, Z,) = 0 for any vertical vector field Z,.

The si(2,C)-valued connection form w5 on SL(N.) transforms with the
adjoint transformation under the action of SL(2,C) and maps any vertical
vector field Z, onto its generator so that (w? g, Z,) = o .

With z48 = 2(B) ¢ C? is associated the horizontal vector field H, on
SL(N,) which is horizontal in the sense that (w? g, H,) = 0 and which sat-
isfies (048, H,) = 248, Denoting by Hap, A, B = 0, 1, the horizontal vector
fields satisfying (648, Hop) = hAB ¢p, it follows that H, = 4P H,p. An
integral curve of a horizontal vector field projects onto an h-geodesic and rep-
resents a spin frame field which is parallelly transported along this geodesic.
A holomorphic spinor field ¢ on NV, si represented on SL(N,) by a holomor-
phic spinor-valued function v4,...4,(9) on SL(N.), given by the components
of ¢ in the frame §. We shall use the notation ¥y, = a,..4,),,k = 0,..,7,
where (......); denotes the operation ‘symmetrize and set k indices equal to 1
the rest equal to 0°. These functions completely specify ¢ if ¢ is symmetric.
They are then referred to as the essential components of 1.

AB AB)

4.2 The submanifold N of SL(N,)

Using the available geometrical structure we construct a three-dimensional
submanifold N of SL(N,) in such a way that it induces coordinates in N,.
By the construction procedure the induced coordinates are suitable adapted
to the set N;.
We start by choosing a spin frame §* such that 7(6*) =i and p(6*) ap = cap.
The curve

Cov—6(v)=6"-s(v) € SL(N,),

s(v) = exp(va) = ( oY ) Ca— ( v ) esl(2,C),  (50)

defines a vertical, 1-dimensional, holomorphic submanifold I of SL(N,) on

which v defines a coordinate. The associated family of frames e, p(v) at i is

given by eap(v) = 59 4(v)s? p(v)cep, and explicitly by

2
€00 = Coo + 2vcor +v7cn, eoi(v) = cor +verr, en(v) = cn.
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We perform the following construction in a neighbourhood of I. If it is chosen
small enough all the following statements will be correct.

The set I is moved with the flow of H;; to obtain a holomorphic 2-manifold
U of SL(N,.). We denote by w the parameter on the integral curves of Hy;
that vanishes on I, and we extend v to Uy by assuming it to be constant on
the integral curves of Hy;. All these integral curves are mapped by 7 onto the
null geodesic y(w) with affine parameter w and tangent vector 7/(0) = ¢
at 7(0) = 4. The parameter v specifies which frame fields are parallelly
propagated along ~.

Uy is now moved with the flow of Hyy to obtain a holomorphic 3-submanifold
N of SL(N.). We denote by u the parameter on the integral curves of Hi;
that vanishes on Uy and we extend v and w to N by assuming them to be
constant along the integral curves of Hy,. The functions 2! = u, 22 = v, 2* =
w define holomorphic coordinates on N. We denote again 7 the restiction of
the projection to N.

The projections of the integral curves of Hyy with a fixed value of w sweep
out, together with -, the null cone N, near v(w), which is generated by
the null geodesics through the point vy(w). On the null geodesics u is an
affine parameter which vanishes at vy(w) while v parametrizes the different
generators. The set Wy, = {w = 0} projects onto N;\7y and will define
the initial data set for our problem. The map 7 induces a biholomorphic
diffeomorphism of N’ = N\Uy, onto w(N’). The singularity of the gauge at
points of Uy consists in 7 dropping rank on Uy, where 0, = Z,. The null
curve v(w) will be referred to as the the singular generator of N in the gauge
determined by the spin frame 0* resp. the corresponding frame cap at 1.
The soldering an the connection form pull back to holomorphic 1-forms on
N, which will be denoted again by 048 and w? 5. If the pull back of the
curvature form Q4 5 = 14 5oprro®? AGEF to N is denoted again by Q4 5,

2
then the soldering and the connection form satisfy the structural equations

dUAB:—wAc/\UCB—ch/\UAC, deB:—wAc/\wCB—l-QAB.

Using the way in which N is constructed, and in terms of the coordinates 22,
we get 048 = 048 ,dz® on N’', where

1 0%, 0%, 1 0w O?
(@P)=10 0"y o3 | =[ 0 u+0® OW?) | asu— 0.
0 0 1 0 0 1

On N’ there exist unique, holomorphic vector fields e 5 which satisfy

(048 ecp) = hP ¢p.
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If one writes exp = €* 4g0.a, then

1 ety etnn 1 O O@?
(e“a)=1 0 n &n |=[ 0 5=+0u) O as u — 0.
0 O 1 0 0 1

We shall write
a *Qa ~Q
€ AB =€ AB T € 4B,

with singular part
*a a 0 0 a 1 0 1 a 1 1
(& AB:(SleA €EB +5256(A €B) +(536A €,

and holomorphic functions é* 45 on N which satisfy
¢4 = O(u) as u — 0. (51)

We define the connection coefficients on N’ by w5 = I'ep? 5o®P with
FCDAB = (wAB, 6CD>, so that FABCD = F(AB)(CD)7 and from the definition of
the frame

Tooap =0 on N, Ty1ap =0 on Uy,

and it follows that R
Tagep =pep + Taseb,
with singular part

1
* 0. 1_0_ 0
ABCD — _EE(A €B) €c €D

and holomorphic functions I ABCD ON N which satisfy

fABCD = O(u) as u — 0. (52)

4.3 Tensoriality and expansion type

As the induced map 7 of N into N, is singular on Uy, not every holomorphic
function of the z® can arise as a pull-back to N of a holomorphic function
on N.. The latter must have a special type of expansion in terms of the
2% which reflects the particular relation between the ‘angular’ corrdinate v
and the ‘radial’ coordinate u. We take from [7] the following definition and
lemma.
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Definition 4.1. A holomorphic function f on N is said to be of v-finite
expansion type kf, with £y an integer, if it has in terms of the coordinates
u, v, and w a Taylor expansion at the origin of the form

F=2.2 2 fnagu™ .

p=0 m=0 n=0
where it is assumed that f,,,, = 0if 2m + k; < 0.

Lemma 4.1. Let ¢4,..a; be a holomorphic, symmetric, spinor-valued func-
tion on SL(N.). Then the restrictions of its essential components ¢ =
Pay..A), 0 < k < j, to N satisfy

av¢k = (] - k)¢k+la k= 07 "'aja on UOa

(where we set ¢j11 = 0) and ¢y, is of expansion type j — k.

4.4 The null data on W

As we have seen, prescribing the null data is equivalent to knowing ¢ and
Sp in the null cone. Now we need to know how this fit into our particular
gauge. For this we derive an expansion of the restriction of ¢ and Sy to the
hypersurface Wj.

Consider the normal frame c,p on N, near ¢ which agrees at ¢ with the frame
associated with 0* and denote the null data of A in this frame by

DY = {Dj s, D0l 0= 1,2,3,.,

D ={D{4,p,-Dh,5,Sapcopy (i), p=0,1,2,3,..}.
Choose now a fixed value of v and consider s(v) as in (B0), then the vector
Hyo(6* - s) projects onto the null vector ey = 52 o5 gcap at i and is tangent
to a null geodesic n = n(u,v) on N; with affine parameter u, u = 0 at i. The
integral curve of Hyy through 0* - s projects onto this null geodesic. Using
the explicit expression for s = s(v) follows that

oo

1 m m
o(u,v) = Plyuw) = Z%u D¢ o)
m=0
= X:O T gAm (gBm o s sB1 OD(AmBm...DAlBl)QS(z)
oo 2m
= Zzwmmumv”, (53)
m=0 n=0
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with L /9
m * * .

In the same way

SO(U, U) = SOOOO‘n(u,v) (54)

oo 2m+4

A B _C _D * m, n
= S 05 05 o0S OSABCD‘n(u,v): E E \Ijm,nu v,

m=0 n=0
with

o, ! <2m+4

o % )DEkAmBm"'DlelszBCD)n(i)7 0 S n S 2m.

n

This shows how to determine ¢(u,v), So(u,v) from the null data D¢*, D5*
and vice versa.

5 The conformal stationary vacuum field equa-
tions on N

Now we can use the frame calculus in its standard form. Given the fields 2,
¢, R and Sapcp, and using the frame ey p and the connection coefficients
FABCD on N, we set

_ K
rapcper = ecp(Uerap) — egr(Lepas) + Ter ™ clpras
K K K
+ler” pl'ockap —Tep” El'krap —Teop ™ PlExaB
K K GH
+l'er” Bl'cpaxk —Tep ™ BlUErak —tep ™" erl'cras,
and we define there the quantities tAB EE CD, RABCDEFa AAB; EABa CI)AB,
ITap, Xapcp and Hapep by
EF a _ E a E a
tap”" cpe®Er = 2I'ap” «c€” pyp —2I'cp ™ (4€” B)E

a b a b
—€ cppe AB + € ABBE CD,

1 1

RapcpeEr = TABCDEF — 3 |:<SABCE — aRhABCE) €EDF

1
+ (SABDF — éRhABDF) EC’E:| ;

Aap = Do — das,
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Yap = Dapfl — Qup,

10
1+Q—¢?

—(1+ Q) %ppg + (1 + Q)2¢PQ¢PQ] ) ,

1
®up = D" poap + jeand (R + [ZQbQQPQQPQ

Hap = Daplt = m{ 2(4 4+ 7Q)pQ"? Dapdpq

—4(1+ Q)4+ 709" Dapdrq
+[3 + (=3 + 7Q)¢* |9 Spgap — 204 + Q) p" % Spoan

+%(4 + 70)$*RQap — g(l + )4+ 7Q)¢R¢AB}

—2¢ [—18(1 + ) + (46 + 61Q + 210%)¢*] 2P poQlup
+2(1+ Q) [-24(1 + Q) + (52 + 61Q + 210%)¢?] " “PpoQas
—¢ [12(1+ Q) + (16 + 61Q + 210%)¢%] Q"Qpgdas

+4(1+ Q) [6(1+ Q) + (22 4 61Q + 210%)¢*] Q"“Ppodas

A1+ QT 4 3Q)(4 + 7Q>¢¢P%pQ¢AB},

1
Yapep = DapQeop +QSapep + 5(1 + Q)Rhapep

Tras 3 [ 1+ 9] Qasten

—(Qapdep + Qepdas) + 202 (1 + NP apden

~2(2+30) E&QPQQPQ C (14 Q)60p0e"e

+(1+ Q)2¢PQ¢PQ] hABC’D}a
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AP
Haipep = D" ASpepp

1
14+ 0— $? { Qela PD(BC¢D)P —2Q(1+ Q)a PD(BC¢D)P

+(1+ Q)dQpoDpcd”epys — 2(1 + Q)2dppoDpcd"™@
1

+5 1+ (=1 + Q%] 2 "Spsep — Q604" Sprcp
1

+§Q¢2QPQSPQ(BCED)A — Q1+ Q)" ?Spoacen)a

1 1
+6(1 + Q)¢2RQ(BC€D)A — g(l + Q)2¢R¢(BC€D)A

+2¢ (o4 " QpsQep) — U "Qppden))

+4(1+ Q) (Q4 "opmocp) — 04 dopBQoD)) }

1
31+ Q—¢?)?
— (14 + 23Q + 30%)8*QP P po Qpoe)a

1
{§¢2 [—6 + (20 + 32)¢*] Q7 QpeQpcep)a

— ol

+=(1+ Q) [6(1+Q) + (84 23Q2 + 32%)¢°] " ?PpoQscen)a

— DN

—=¢ [—12(1 + Q) + (26 + 230 + 3Q?)¢?] Q7“Qpod(pcep)a
+(14+Q)? [-6 + (20 + 3Q)¢*] Q"“Ppod(pcep)ya

QP (T4Q) (24 39) ¢¢P%pQ¢<BCemA}.

W

The tensor fields on the left hand side have been introduced as labels for
the equations and for discussing in an ordered manner the interdependencies
of the equations. In terms of these tensor fields, the conformal stationary
vacuum equations read

tap ¥ ope” pr =0, Rapeper =0, Aap =0, Yap =0,
Ppp =0, My =0, Yapep =0, Hapep = 0.

The first equation is Cartan’s first structural equation with the requirement
that the metric conexion be torsion free. The second equation is Cartan’s
second structural equation, requiring the Ricci tensor to coincide with the
appropriate combination of the trace free tensor S, and the scalar R. The
third and fourth equations define the symmetric spinors ¢4 and 245 re-
spectively. The rest of the equations have already been considered.

We want to calculate, using our particular gauge, a formal expansion of the

27



conformal fields using the initial data in the form ¢(u,v), So(u,v). As the
system of conformal stationary vacuum field equations is an overdetermined
system, we have to choose a subsystem of it. In the rest of this section we
choose a particular subsystem, writing the chosen equations in our gauge, and
at the end we see how a formal expansion is determined by these equations
and the initial data.

5.1 The Ay = 0 equation

The first equation that needs particular attention is the equation Ay = 0.
In our gauge it reads

au¢ = QZSOO‘

This equation is used in the following to calculate ¢y each time we know ¢
as a function of uw. In particular, as ¢ will be prescribed on Wy as part of the
initial data, this equation allows us to calculate ¢go there inmediately.

5.2 The ‘0,~equations’

We now present what we will refer to as the ‘0,-equations’. These equations
are chosen because they have the following features. They are a system of
PDE’s for the set of functions é% 41, fAlCD, Q, Qap, ¢a1, R, S, Sz, S3 and
Sy, which comprise all the unknowns with the exceptions of the free data
¢, Sp and the derived function ¢o. They are all interior equations on the
hypersurfaces {w = wp} in the sense that only derivatives in the directions of
u and v are involved, in particular, if we consider the hypersurface {w = 0},
they are all inner equations in AN;. Also they split into a hierarchy that will
be presented in the next section.

The 0,-equations:

Equations tap “F goe® gr = 0:

1

~

A1 1 - T
O0u€ 01 + I —2L0101 + 2T 0100€" 01,

1 1- ~
2 2 2
O0u€” 01 + LE o= aromo + 2I0100€" 01,

A1 - S
O0u€ 11 = —2I'1101 + 2IM1100€" 01,

1
)
Oué™ 11 =

- S
aruoo + 2IM1100€° 01-
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Equations Rspoorr =0 :

. 2. A 1
Oul0100 + aromo — 215,00 = 5507

. 14 A A 1
Oul'0101 + EFOIOI — 20100l 0101 = 551,
. 1~ R . 1 1
Oulo111 + —To111 — 2l0100L 0111 = =52 — =R,
U 2 12

01100 + %fnoo — 20910001100 = S,
9uT1101 — 2011000101 = S + 1—1237
9L — 20 100lo111 = Ss.
Equation gy =0:
0,82 = Qoo.

Equations ® 49 =0 :

1 N ~ A A
Oudo1 = @(8v¢00 — 20¢01) + e' 010uboo + €2 010u®00 — 20101000 + 20100001,

1 R ) A «
au¢11 - % (av¢o1 - 92511) - 61 015u¢01 - 62 01&;%1 = —F0111¢00 + F010092511

10
1+ Q—¢?

—(1+ Q)¢ (QooP11 + Q1¢00) + 2(1 + Q)quoogzﬁn] }

_i¢{R+- {%¢%%dhl_%@ﬂ%l—2ﬂ**D¢MF

Equations Xgocp = 0 :

1 1
aquo - —QSO + m{§ [1 + (—1 + Q)¢2] 9(2)0

—202¢Q00000 + 2Q%(1 + Q)¢(2)o}>
1 1 ,
0 = S+ 0545 [1+ (=1 + Q)6 Q00001

— %0 (Qodor + Qo1doo) + 20%(1 + Q)¢00¢01},
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1
0 = -8 -1+ DR

1 1
+m{§ [3 — (11 + 99)9252] Q008211

+2(2 + 3Q) [0Q01 — 2(1 + Q)]

+(8 + 209 + 99%) [¢(Qood11 + Q1d00) — 2(1 + Q) doo 1] }

Equation Ilpy =0

1

O,R — m{ 2(4 + 7Q)p (1104000 — 220104001 + L000ud11)

—4(1 + Q) (4 4+ 7Q)(110uP00 — 2001 0uP01 + G000ud11) }

1

B m{[g (=34 7] (15 — 200051 + QoS

)
—2Q(4 + 7Q)P(h11.50 — 200151 + P00 S2)
+%(4 + 7Q) ¢ [#200 — 2(1 + ©2) oo }

T ! { ¢® [—12 + (40 + 21Q)9*] (Qooh1 — 251) Q00

3(1+Q— ¢2)2 %)
—2¢ [—18(1 + Q) + (46 + 612 + 210%)¢%] (Qood11 — 2001001 + L11600) 00
+4(1 4 Q) [-24(1 + Q) + (52 + 61Q + 210)¢?] (dood11 — ¢o )00
—2¢ [12(1 4 Q) + (16 + 61Q + 21Q%)¢*] (Qo1 — 251)doo
+4(1+ Q) [6(1 + Q)+ (22+61Q + 2192)¢2} (QooP11 — 2Q01 001 + 911¢00)¢00

CS(1+ QAT+ 39)(4 + T (Jubin — ¢01>¢00}.

Equations Hyapc), = 0,k=0,1,23:

0u51 — 5 (2050 — 451) — & 0105y — 10,5

+1++_¢2{Q (601 — 2(1 + Q)Po1] Oudpoo — 2 [PQ00 — 2(1 + ) oo (9ugz$01}

= — 40010150 + 40010054

! { ! [1 + (—1+ Q)qbz} (0150 — Q00S1) — Q*B(d01.S0 — P00S1)

140 — 2

+2 (600 — 2(1 + Q) doo] (Q00Po1 — Q0192500)},
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1
auS2 - %(avsl - 352) - él Olausl - é2 Olavsl

1
+m{ (14 Q) [0 — 2(1 + Q)] udio

+(2 + 5Q) [925901 - 2(1 + Q)¢01] (9u¢01 - (1 + ZQ) [qbQoo - 2(1 + Q)¢00] 8u¢11

—2Q [¢pQ00 — 2(1 + Q) o] {%(61)@501 — ¢11) + €' 010,01 + €° 0131)(1501] }

= —To11150 — 20010151 + 3T010052

1 2 . R
—m{§§2 (0200 — 2(1 + 2) oo [F0111¢00 — F01000511}
+1 [1 +(—1+ Q)¢2} (Q0151 — Q00S2) — QG (do151 — Po0S2)

2
1 1
_EQ¢2(QIISO — 200151 + Qoo S2) + 59(1 + Q)p(d11.50 — 200151 + P0oSa2)

(14 2)9 60 — 2(1 + Vo]

+2[0201 — 2(1 + Q) ¢o1] (QooPor — Q0192500)}

1 1
oI - g {Z¢2 [=6 + (20 + 32)6°] (o011 — 1) €00

—%(14 + 230 + 302)¢* (Qoo 11 — 2Q01 P01 + Q11600) 00
H(1+ Q) [6(1+ Q) + (8 + 230 + 30%)¢°] (Pood11 — ¢51)00
—%¢ [—12(1 + Q) + (26 + 23Q + 3Q2%)¢*] (Vo1 — Q1) doo

®o0

+(1+ Q)% [<6 + (20 + 3Q2)¢°] (Qood11 — 201001 + Q11000

—2(1+ Q)% (7 + Q) (24 39Q) ¢(Pood11 — do1)Doo ¢

)
)
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1
3(1+Q— ¢?)

{ =21+ Q) [0 — 2(1 + Q)p11] Oudbor + Q2 [¢Q01 — 2(1 + Q) Po1] Oup11

1
O0uS3 — %(61)52 —285) — ! 010,y — €2 010,55 +

+2(2 4+ 39Q) [0Q01 — 2(1 4 Q) do1] {%(av¢01 — ¢11) + €' 010,01 + €7 01811(1501]

—(2 +59) [¢9200 — 2(1 + ) Poo] {%@@11 + e 010,011 + € 01@@11] }

= —2f011151 + 2f010053
2

_m{ - 5(2 +3Q) [pQ01 — 2(1 + Q) o1 [f0111¢00 - 1;010092511}

+§(2 + 5Q) [¢200 — 2(1 + ) poo] [fom%l — 1A10101§Z511}
+% [1 + (=1 + Q)Qﬂ (Q0192 — Q00S3) — Q* (o152 — Po0S3)

1 2
—§Q¢2(Ql151 — 2Q01.52 + Q00 S3) + 59(1 + Q) P(h1151 — 200152 + P0oSs)

—é(l + Q)6 [¢Q01 — 2(1 + Q)] R

+ 2 [¢Q211 — 2(1 + Q)p11] (QooPor — Q01(1500)}

2 1
To a2 {ﬁbg [~6+ (20 + 320)6°] (o1 — 95,) 01

_%(14 + 23Q + 302)¢* (Qood11 — 2Q01B01 + Q11600) Q01
+(1+Q) [6(1+Q) + (842302 + 30%)¢°] (doop11 — ¥51)

—%¢ [—12(1 + Q) + (26 4 23Q + 302%)9*] (o1 — Q1) don
+(14 Q)% [=6 + (20 + 32)¢°] (Qood11 — 201001 + Q11¢00)Por

—2(1+ Q)* (T + Q) (2+ 3Q) ¢(Poop11 — F1) o1 ¢
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1
O0uSy — %(avsi% —Sy) — ! 010,53 — €2 010,53 +
1
1+0Q—¢?

1 R A
+(2 + 39) [qbQOl - 2(1 + Q)qu] {%&,qﬁu + ¢t 010u P11 + &2 Olav¢11:|

{ — (14 ) [0Q211 — 2(1 + Q)¢11] Oudbrn

—(142Q) [¢Q00 — 2(1 + Q) doo] (6" 110u11 + €° 1100011 + Ob11) }

= —30011152 + 20010155 + To10054

+1++_¢2{2(2 + 39) [CbQOl - 2(1 + Q)Cbm] [f0111¢01 - f‘0101?511}

—2(1 +29Q) [¢Q00 — 2(1 + Q) Poo] [f1111¢01 - 1;110192511}

_% [14+ (=14 2)¢?] (0153 — Q00Ss) + L2¢(P01.S3 — PooSs)

1
+§Q¢2(QHS2 — 200153 + Qoo Ss) — Q1 + Q)P(h1152 — 200153 + Do Ss)

51+ D690 — 201+ Q)gu] R
—2¢ [Q11(Qo1001 — Q1000) + D11(QooSl — Q)]
+4(1 + Q) [¢11(Qo1001 — Qood11) + Q1 (Pood11 — 65y )] }

1 1
a1 [0+ 20+ 30)67) (i = %)
—%(14 + 230 + 30%) ¢ (Qod11 — 29201001 + Q11d00) 1

+(1+Q) [6(1+ Q) + (8+23Q + 30%)¢%] (dood11 — dgy) 1

—%qb [—12(1 4 Q) + (26 + 23Q + 3Q%)¢%] (o011 — 1) P11
+(14 Q)% [-6 4 (20 + 3Q)¢°] (Qood11 — 2Q01¢01 + L11¢00) P11

S2(14 Q)% (74 Q) (2 + 39) d(dwadn — as?n)asu}

5.3 The 0,-equations hierarchy

The system of d,-equations splits into two groups, referred to as G1 and G2.
Each of these groups splits into a hierarchy, which is seen as follows:

G1.1: Rooooo1 = 0,
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G12 t01 EF 0062 EF — 0,

G1.3: to1 PF goe' gr = 0, Roro001 = 0, Xg0 = 0, 000 = 0, Zoo01 = 0, Hoooo = 0,
G1.4: Rijo001 = 0, Xgo11 = 0, P19 = 0, Ipo = 0, Hygnr = 0,

G15 ROOOOll = 0,

G16 R010011 = 0,

G17 tll EF 0061 EF — 0,

G18 tll EF 0062 EF — 0,

G2.1: HOOll = 0,
G2.2: Ryp011 = 0,
G23 H0111 =0.

For dealing with the unknowns we separate them into three groups, x, xs
and xg The unknowns 1nvolved in Gl are collected in x1, that is z; = (€' oy,
é? 01, é! 11, é? 11, F0100, F0101, F0111, F1100, F1101, Q, Qoo, Qo1, Q11, P01, 11, R,
S1, S2). The set x5 consist of the unknowns of x; plus ¢, Sy and ¢gy. The
unknowns in G2 are collected in x3, that is 3 = (fml, Ss, Sy). So all the
unknowns are included in the union of x5 and 3.

The hierarchy is defined because it makes the following procedure possible. If
¢ and Sy are prescribed on {w = wp} then G1.1 reduces to an ODE. Once we
have its solution, G1.2 reduces to an ODE. Given its solution, G1.3 reduces
to a system of ODE’s, with coefficients that are calculated by operations in-
terior to {w = wp} from the previously known or calculated functions. This
procedure continues till G1.8. So, given ¢ and Sy on {w = wy} and the
appropriate inital data on Uy N {w = wy}, the set x; can be determined on
{w = wp} by solving a sequence of ODE’s in the independent variable u.
The process to be followed with G2 is very similar, with the exception that
to solve G2.3 it is necesary to know also 9,¢11 on {w = wp}, this problem
can be overcome solving G1 recursively and then analysing G2.

5.4 The ‘0,-equations’

Our initial data, ¢ and Sy, is prescribed on Wy, and to determine their
evolution off W we need the equation A;; = 0, which reads

O + €' 110,0 + €% 110,06 = ¢,
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and the equation Hyapc), + Hoapc), = 0, which is given by
0w So — 0uSy + &' 110,80 + €% 110,50
1
_m{ (24 59Q) [0Q11 — 2(1 + Q) 1] Dudboo
—4(1 4 Q) [¢Q01 — 2(1 + Q2)do1] Ouor + (2 4+ Q) [¢Q200 — 2(1 + Q) doo] OuPr1
—2Q [¢Q200 — 2(1 + Q) Poo] {—( Oyo1 — ¢11) + égl)lau%l + éélavqu} }

— 4]?‘110150 - 4]?‘110051

+1++¢2{ Q[¢00 — 2(1 + )0 |Torr100 — 1;010092511}
"‘l [1+ (=14 Q)¢?] (21150 — Q00S2) — L (d1150 — Po0S2)

2
1 2
+§Q¢2(91150 — 200151 + Qoo S2) — 59(1 + Q)P(h11.50 — 200151 + P0pS2)

+$@+wamm—%1+m@MR

42 [¢Q00 — 2(1 4 Q)00 (00011 — Ql1¢00)}

2 1
T oo {Z¢2 (=6 + (20 + 32)¢"] (Q00Q1 — 251) 0

;(14 + 23Q + 30)¢* (Qood11 — 2Q01Po1 + Q11d00
+(1+Q) [6(1+ Q) + (8 +23Q + 30%)¢%] (Pood11 —

1

—§¢ [—12(1 4 Q) + (26 + 23Q + 30%)$%] (Vo1 — boo

+(14 Q)% [=6 4 (20 + 3Q2)¢°] (Qood11 — 2Q01 P01 + 1 doo) Poo

—2(1+ Q)% (7+ Q) (24 3Q) ¢(Pood11 — dg1)Poo ¢-

Q00

)
)QOO

)
)

These two equations will be referred to as the ‘0,-equations’.

5.5 The initial conditions for the 0,-equations

The initial conditions for the d,-equations follow from our gauge conditions

(BI), (B2) which imply

e a1lr =0, a=1,2, A=0,1,
fAlCD|I:0, A C,D=0,1.
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From (@) we get

Q‘I = 07
Quplr=0, A,B=0,1,
Rl; = —6 — 80,0|:0.0%8| 1 + 4 (8,0,0]1)* .

and from the required spinorial behaviour in order to have analytic solutions,
as discussed in Section (4.3,

1
¢Al|] = iauai—i_AQﬂI; A= Oa 17 (55)

(4— k)!

Sklr = T

6550|17

where Apy = 0 has been used.

5.6 Calculating the formal expansion

As the system of equations is overdetermined, we have chosen a subsystem
in order to calculate a formal expansion of the solution. It will be shown
later on that the expansion obtained using this subsystem lead to a formal
solution of the full system of equations.

We prescribe ¢ and Sy on W, as our datum and the initial conditions on [
for the J,-equations are given in Following what has been said in we
successively integrate the subsystems on G1 to determine all components of
T on Wo.

We give now an inductive argument involving G1 and the 0,-equations to
show that OF x5|w, can be determined for all k.

From our initial data and what has been said we know already 0% sy, for
k = 0. As inductive hypothesis we assume as known

65,332|Woa nggk_la kzl

Applying formally 05~1 to the d,-equations, and restricting them to Wy, we
find 9% ¢|w, and 9% Sylw, in terms of known functions. We apply formaly oF
to G1. This is a system of PDE’s where the unknowns are 0fz;. Keeping
the hierarchy and considering the functions that we already know on Wy, it
agains becames a sequence of ODE’s, which can be integrated on W, given
the appropriate initial conditions on I.

The initial conditions for the frame coefficients and the connection coefficients
are obtained from the gauge requirements (&1l), (52) which imply

oFe* 1 =0, a=1,2, A=0,1,
O Tureplr =0, A,C,D=0,1.
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From the spinorial behaviour as discussed in Section 3] we obtain the fol-
lowing set of initial conditions.

1
azlquOl‘I - éauavaigb‘lu
1
Ohonls = 50.000501s

1

0S| = 131)5350\1,
1

85)52‘[ - E@ﬁ@iSoh

By restricting the equations ¥1; = 0, ¥X1;¢p = 0 and I1;; = 0 to Uy and using
that Q|; =0, Qap|r = 0 we get

50| =0,
aﬁ)QAlh = 07 A= 07 L,
1 8
000l = |~z R + =—— (692 -2 + 202 ] , 56
ol = |57+ 5y Omon — 2on +2680)]| (60
OwRly, = [390054 + ﬁ{ (6200 — 2¢00) Qw11 (57)
*WM%@H—%mﬁﬁm—%WWu}
8
+—— 3+ 11¢6H)0 — 28 — @2 ]
s =g {3+ 1169 %00n = 280(0wdn —dh)} ||

Applying 9%7! to (56), (57) and evaluating them at I by using the known
functions from the inductive hypothesis and the previously stated initial con-
ditions we get 9% Qyo|r and 0% R|;.

Now we have all the needed initial conditions, thus we know

Ol 2| w,

and the induction step is completed.

The procedure with G2 is quite similar. Once we know 0F x5 |y, for all k, G2.1
reduces to an ODE, which can be integrated on U, given the corresponding
initial condition. Once we know the solution of G2.1, G2.2 also reduces to
an ODE, and finally also G2.3 reduces to an ODE. The initial conditions for
G2 are given in Section

The inductive step is very similar to the inductive step for x,. We assume

65)333|WO, nggk’—l, k‘zl,
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to be known. We apply formaly 0F to the equations in G2. If we stick to
the hierarchy this system again reduces in the prescribed order to a system
of ODE’s for dF x5, which can be integrated given the corresponding initial
conditions. Those are

aqlf;fllll|1 = O
6553‘] = —0 0’“50\1,

4 vTw
O Sulr = 4838550\1,
obtained from (52)) and Section A3
Now we know
az]f;xi’»‘wo

and the induction step is complete.

If we now call X any of the quantities included in z, and x3, that is, X
comprises all the unknown quantities that we are solving for, the procedure
just stated shows that we know 0F X|yy, for all k. Expanding these functions
around i = {u = 0,v = 0,w = 0} gives

0,0, 05, X i ¥ m,n,p,

and the procedure gives a unique sequence of expansion coefficients for all
the functions in X.

Lemma 5.1. The procedure described above determines at the point O =
(u=0,v=0,w=0) from the data ¢, Sy, given on Wy according to (53),

B4), a unique sequence of expansion coefficients
aronol f(O), m,n,p=0,1,2, ...,

where f stands for any of the functions é* AB,fABCD,qb,quB,Q,QAB,R,Sk.

If the corresponding Taylor series are absolutely convergent in some neigh-
bourhood P of O, they define a solution to the equation Agy = 0, to the
Ou-equations and to the Oy-equations on P which satisfies on P N Uy equa-
tions (IBH) and 211 = 0, ZIICD = 0, H11 =0.

By Lemma [£1] we know that all spinor-valued functions should have a
specific v-finite expansion type. The following lemma, whose proof is quite
similiar to the proof in [7], will be important for the convergence proof.
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Lemma 5.2. If the data ¢, Sy are given on Wy as in (B3), (B4), the for-
mal expansions of the fields obtained in Lemma [51 correspond to ones of
functions of v-finite expansion types given by

ko, =—A—B, ka,,=3—A—B, AB=01,11,
ki . =2-A-B, k. =1-A-B, AB=01,
ky =0, kg, =2—A—B, A,B=0,1,

ko =0, ko, =2—A—B,AB=0,1,

kp =0,

ks, =4—j,j=0,1,2,3 4.

él uB

6 Convergence of the formal expansion

In the previous section we have seen how to calculate a formal expansion
for éaAB, fABCDa 925, ¢AB7 Q, QAB; R, Sk giV@Il ¢|Wo and So‘WO, or, what
is the same, given the null data. From Lemma we know which are the
necessary conditions on the null data in order to have analytic solutions of
the conformal field equations. In this section we show that those conditions,
B7) and (38)), are also sufficient for the formal expansion determined in the
previous section to be absolutely convergent.

So we start considering the abstract null data as given by two sequencies

Dz = {¢A1317 wA2B2A1B17 wA3B3A2B2A1B17 }7

NS
Dn - {\IIAQB2A1317 \IIA3B3A2B2A1317 \IIA4B4A2A3B3A2B2A1317 }7

of totally symmetric spinors satisfying the reality condition (29) and we con-
struct ¢|w, and Sp|w,, by setting in the expansions (53),(54)

* * * N
D, B,--Da, B, Sapcp) (i) = Va,.Bpn...A1ByaABCD, M > 0.

Observing Lemma B2, one finds as a necessary condition for the functions
¢, Sy on Wy to determine an analytic solution to the conformal static vacuum
field equations that its non-vanishing Taylor coefficients at the point O satisfy
estimates of the form

2 M
()] < ( f)m!n!r—m, m>0, 0<n<om,  (58)
2 4 M
10mS,(0)] < < mn+ )m!n!r—m, m>0, 0<n<2m-+4. (59
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This conditions are also sufficient for ¢(u,v) and Sp(u,v) to be holomorphic
functions on Wj. So the null data gives rise to two analytic functions, ¢ and
Sy, on Wy.

From Ay = 0 we have ¢g9 = 9,¢, so having ¢|w, we have ¢o|w,, which is
also an analytic function on Wj.

Following Lemma 6.1 in [7], we can derive from (58)),([59), slightly different
type of estimates for ¢(u,v), So(u,v), which are more convenient in our case.

Lemma 6.1. Let e be the Euler number. For given py, ps,, both in R, such
that 0 < py < €2, 0 < pg, < €, there exist positive constants ¢y, T4, Csy,s Ty,
so that (BR),[B9), imply estimates of the form

m—1

.
m N < =~ ¢
05000 < o o T 4 1)

1ol
mlpgn!

m >0, 0<n<2m, (60)

g m!pg,n!
(m+1)2(n+ 1)

We can present our estimates.

|0 Sy| < ¢, m>0, 0<n<2m+4. (61)

Lemma 6.2. Assume ¢ = ¢(u,v), Sy = So(u,v) are holomorphic funtions
defined on some open neighbourhood U of O = {u = 0,v = 0,w = 0} in
Wy = {w = 0} which have expansions of the form

oo 2m

¢(U, U) = Z Z U nu™ 0",

m=0 n=0

oo 2m+4

So(u,’U) = Z Z “Dm,numvn>

m=0 n=0
so that its Taylor coefficients at the point O satisfy estimates of the type
@0),[®I) with some positive constants ¢y, Ty, Csy, T'sys aNd py < %, Pse < %
Then there exist positive constants

Ty Py Céa ups CF ypepr Cor Coanr € CQapy CRy €Sy,

so that the expansion coefficients determined from ¢ and So in Lemma [51]
satisfy for m,n,p=20,1,2, ...

PPt (m + p)lpn!
(m+1)*(n+1)*(p+ 1)*

where f stands for any of the functions

~Q -~
€ AB, FABC’Da ¢a ¢AB> Q> QABa R> Sk>

100,05, (0)] < ¢

(62)
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and

Qoo ap = p pop =96 =40 = Q0ap = —1, Gsap = qr = gs, = 0.

Remark. Taking into account the v-finite expansion types of the functions f
(Lemma [5.2)), we can replace the right hand sides in the estimates above by
zero if n is large enough relative to m. This will not be pointed out at each
step and for convenience the estimates will be written as above.

We take the following four lemmas from [7]. The first states the necessary
part of the estimates, and the other three are needed in order to manipulate
the estimates in the proof of Lemma [6.2]

Lemma 6.3. If f is holomorphic near O, there exist positive constants c, rq,
po such that

P (m + p)lp"n!
aranar f(O)| <
‘ u “v wf( )‘ = C(m+1)2(n+1)2(p+1)2’

m,n,p=0,1,2, ..

for any r > ro, p > po. If in addition f(0,v,0) = 0, the constants can be
chosen such that

rm Pl (m 4 p)lp™n!
(m+1)2(n+1)2(p+1)%

10, 0,00 f(O)| < e m,n,p=0,1,2, ...

for any r > 1o, p > po.

Lemma 6.4. For any non-negative integer n there is a positive constant C,
C > 1, independent of n so that

n

1 1
kzzg (k+1)%(n —k+1)? SC(n+1)2'

In the following C' will always denote the constant above.

Lemma 6.5. For any integers m, n, k, j, with 0 < k <m, and 0 < j <n
resp. 0 <7 <n—1 holds

()G = () G5 =G5)

Lemma 6.6. Let m, n, p be non-negative integers and f;, 1 = 1,...,N, be
smooth complex valued functions of u, v, w on some neighbourhood U of O
whose derivatives satisfy on U (resp. at a given point p € U) estimates of
the form

Pt (5 4 1)1pk!
S GGk + D2 1)

B
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for0<j<m, 0<k<n,0<I<p, with some positive constants c;, v, p
and some fized integers q; (independent of j, k, 1). Then one has on U (resp.
at p) the estimates

PPt at-aN (m 4 p)lpn!
(m+1)2%(n+1)2(p+1)2

OO OP (fy - .- fn)] S O3 Dy ooy (63)
Remark. This lemma remains true if m, n, p are replaced in (63]) by integers
m/,n', p with0<m' <m,0<n <n,0<p <p.

The factor C3™=1 in (B3) can be replaced by CG~WN=1) if r of the integers
m, n, p vanish.

Proof of Lemmal6.2. The proof is by induction, following the procedure which
led to Lemmal[5.Il A general outline is as follows. We start leaving the choice
of the constants r, p, cs, open. We use the induction hypothesis and the equa-
tions that lead to Lemma [B.] to derive estimates for the derivatives of the
next order. These estimates are of the form

TP (m 4 p)lp™nl
(m+12(n+12(p+ 127

with certain constans Ay which depend on m, n, p and the constants cy, r
and p. Sometimes superscripts will indicate to which order of differentiability
particular constants Ay refer. In the way we will have to make assumptions
on r to proceed with the induction step. We shall collect these conditions
and the constants Ay, or estimates for them, and at the end it will be shown
that the constants cf, » and p can be adjusted so that all conditions are
satisfied and Ay < 1. This will complete the induction proof.

In order not to write long formulas that do not add to the understanding of
the procedure, we state here some properties that are used to simplify the
estimates:

10,0 0L f(O)] < ¢ (64)

e As a corollary of Lemma we have:

It |
PG 4 1) E!

(J+ 1)2(k+1)2(1 + 1)?
for 0 <j<m,0<k<mn, 0<1<p, where gis ¢ or , and if
r > e + (3 +4c2)3], then

1
m an Qp
7% (s )|
1 1 P (m + p)lpn!

< — .
RS e (CQ + %%;) (m+1)2(n+1)2(p+1)?

|0,0504,9] < ¢

T
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o If r > CB3eq + (i) + 2035)%] then
1

3 3
¢ (CQ + %cé)

T

<2. (65)

e After calculating the estimates and using (G5]) we find that all the A’s
satisfy inequalities of the form

where «, «; are constants that don’t depend on r. If a; = 0 then we
have to show that we can make o« < 1. If the «;’s not zero we can take
a constant a, 0 < a < 1, and require that a < a and then choose r
large enough such that Zle % < 1—a. In the estimates that follows,
we shall not write the explicit expresions for the «;’s, as they do not
play any role if we are able to make r big enough at the end of the

procedure.

From now on we consider that a function in a modulus sign is evaluated at
the origin O.

From the analyticity of ¢go(u,v) we also get that, for given py, € R, 0 <
Pooo < 3, there exist positive constants gy, g, such that

T o0 T P00 ™!
(m+1)%(n+ 1)

|00 doo| < Couo m>0, 0<n<2m+2.

As ¢(0,v) = 0 the inequalities (60),(61) are mantained if we change the
constants for bigger constants. We choose

Co = mCLIL’{5¢, C¢00}7 (66)
cs, = max {¢s,, §C3c3 1. (67)

Also we require the constants 7, p to saisfy

T > maz{rs, sy, Téeo }»
P Z max{ﬁqh PSos p¢oo}a (68)

but we leave the choice of the precise value open. So we have

r™=tmlpnn!

m an 50 <
00050001 < ol Tt T D

m>0, 0<n<2m,
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r"™mlpn!

(m+1)2(n+1)2’ m=>0, 0<n<2m+4,

|00, 90, S0| < e,
r™m!lp™n!
(m+1)2(n+1)%
From the frame properties é* 4g|y, = 0, fABCD|UO = (0 follows

1020708 apep| =0, |00noRe ap| = 0.

1070702 doo| < Cpy m>0, 0<n<2m+2,

The conditions on the conformal factor, Q|; = 0, Qap|; = 0, give
1000, 95,9 =0, 870, 95,Qap| = 0.
Using Lemma [A.1] we get the relations:
1
¢A1|Uo - 583+A¢00|U07 A - 07 17 (69)

4 —k)!
Sk‘Uo - ( 4' ) a1])6‘510|U07 k= 17273747 (70)

which imply

1 P A (nd14A)!
0 ba| < | 200 Grrap o MS1-A
0, n>1-—A

n
P n! m=0,p=0

Coa1 (n+1)2 da1 )

=0,p= lc 1c
m=0p=0 _ ~ "¢o0 j1+Ap 1co 144 .
a1 9 Conr P An X B Cons P , ( )
(n+1+A)!  (nt1)?
han= nl (n+2+4)2° 0<n<1—-A <1
’ 07 n > 1 _ A —

and similarly
T

0 qn 90 p n! m=0,p=0
‘auavawsk| < CSy (TL 4 1)2 Sk )
—0p=0 _ C
AG=OP=0 < 20k (72)
Cgk
Taking into account that R is a scalar and the initial condition R|; = —6 —

16 (o011 — P3,) |i, we get

IN

73 2.2 _

0, n>0

pnn[ Am:O,p:O
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e 1 73
AT};L—O,p—O S ; <6 + %pQCioo) :

We have obtained so far the estimates for m = 0, p = 0 and general n. Now
we should consider the equations in G1 to get in an inductive form estimates
for the quantities in z;, that means, estimates for [970"3° 1|, considering
as known estimates of this type for |0,0"0% x;| with 0 < I < m. And once
we have this estimates we should do the same procedure with G2 to get
estimates for |0m0"° x3|. These estimates, i.e. estimates for p = 0, can be
obtained from the estimates for general p that appears later replacing C® by
C? and p by 0. The estimates for general p are also more restrictive, so we
are not going to enumerate the estimates for p = 0 here.

We continue with the induction procedure by considering that the estimates
are satisfied for |0md"d), X| for 0 < I < p, and try to determine conditions
for performing the induction step.

We start by formally applying 7970~ to the equation A;; = 0 and taking
the modulus at the origin. We get

|00y 001 < 1070705 du| + 1070795 (€1 110.0)| + (0,107 00 (€2 10,9)].

To estimate the terms in the r.h.s. of this inequality we have, using the
induction hypothesis,

rm Pl (m 4 p — 1)1p"n!

omonor—1 <
‘ w Yv Oy (bll‘ > Coyy (m+1)2(n+1)2p2 )

3

10,0

<

ai_l (él llau¢)|
p—

m n 1
1\ A I
<SS (M) () (7 ) wetatet wlorsviaror o

=0 k=0 1=0 \J

m n p=1 =
< (J )(pl 1)
<2 )

j=0 k=0 i=0 "

Cery, Cor™ P72 (m + p)lp"n!
JHLD2(E+1)2(1+1)2(m—j+2)*(n—k+1)%(p—1)?
P2 (m + p)lp™nl
(m+2)%(n+1)2p?’

T

< CPca

and similarly

P 3(m 4+ p — 1)lp"(n 4+ 1)!

m an Qp—1 /42 < 3 o
10,0500 (67 110,0)| < CPcez ¢y (m + 1)2(n + 2)2p?
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Using these inequalities and writting |9"0)'OF ¢| in the form (64]), we obtain

e i{ (p+1)?  (pF1)P(m+1)°C°
¢ ¢y p2(m+p) 1 p?(m + 2)? r
(p+1)>2%(n+1)3* C3

P2(m+p)(n+ 2>2r_2"0é2“%]‘

Cet,Cy

Taking into account the v-finite expansion types of the terms involved, we
see that Afl =0 if n > 2m, and thus

9 p>1
4 c? c? c (o)
AP < = ey 4 ot Cy 4+ 2—peez - C :4ﬂ+§ A
ORI Co 11 y e ¢ 7“2'0 €211 ¢ Co a ri

The procedure with the rest of the equations is similar to the one presented
for the equation A;; = 0, the only difference being that if an equation is
singular with u~! terms we have first to multiply it by wu, formally apply
om1gnop=1 and then estimate the modulus. Therefore we shall not repeat
the details that led from the equations to the estimates, as we shall not state
the v-finite expansion type at each step. What we will state is which equation
is used for deriving that particular estimate.

Applying formally 97970~ to the equation D1ydgg = Doop11, which follows
from Agy = 0 and A;; = 0, we obtain

p>1

2 (a2l
APZL < g Son S Tgon B
S D Dl

$00
C¢00 i=1

Multiplying Hiapcy, + Hocasc), = 0 by u and formaly aplying 9" o7ob !
we get

9 >1
S < _CS CS, 3 ChooChp11 T Cpo1Copon ] Z i
. i=1

In the same way as we used (€9), (Z0) to obtain (71), (72)) we get

_ lc
Am—O,pZI < = ®00 1+A
dA1 =9 Con P

)

= Cs
Am 0,p>1 < R0 k'
S > Cskp
Restricting ¥1; = 0 and X1;6p = 0 to Uy we find that on Uy

Q=0, Q1 =0, O, =0,
9wl = —3 R+ W@Qoo(ﬁn — 2¢00¢11 + 205,)-
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Taking formal derivatives of these equations we get
Ap=0 =0, AG=0 =0, AZ=0 =0,
and

4 1 9 ( gLOOO,p>1)Z

m=0,p>1
AQOO P=t <~ [CR + 32C? (C¢ooc¢11 + C¢>01 + Z
=1

=
Restricting I1;; = 0 to Uy gives

8
OwR = 3Q00S4 + — [ 201100000 + 40010w P01 + (200 — 26000) Ow P11

—§¢R¢11] 301 8¢2) d11 [(3 + 11¢°) Qoo 11 — 28¢(dood11 — ¥51)]
so that .
s 6402 m=0p=1).
AR O,p_l (C¢ooc¢11 + C¢01 + Z (a i )

=1
We complete the calculation of the A’s by using the 0,-equations. We have
to calculate the estimates in the order given by the hierarchy presented in
Section but for simplicity we present the estimates in the order the 0,-
equations were stated in Section

EF _ 0.
tap ™" o0e” gr = O:

9 (mzl)
m>1 < § : élgy /
él()l —_— TZ Y
=1
9 m>1
m>1 1 T'0100 + ( 5201)Z
6201 - 2 i Y
Cp2 T
etol i=1
m>1

él 11

Cr A= );
m>1 1100 €< 11
A < —= + - =
“n Ce2 rt

IA

M-
—~
m}—‘s
= |V
L
-~
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Rapooer = 0:

9 m>1y
m>1 g Cso +§ : Co100”"
Toioo — N i ’
3CF0100 i=1 r
9 le)l
mz1l - Csy +§ : To101”"
Foio1 — . rt ’
To101 i=1
m>1)
>1 CS, F0111
AT= < E
Foin  — - T + ’
To111 F0111
9 mzl
a” )
Ale < 9 Csy +Z( Fnoo)Z
Fi100 — Ca ri )
T'1100 i=1
()
Q-
>1 4 1 T v
A?* < cs, + —cr —i—E Lot
1101 Cp 12 , rt
1101 =1
m>1)
m>1 < 4633 +Z F1111
1A“1111 - - ’
Chin
200 =0:
m>1
Am>1 <§ :
(1)00 =0:
c 9 ( m>1)'
(]
Azqfl < ¢00p+ ¢>021 ‘
C¢01 i=1 r
(1)10 =0:
m>1
Ale < +§ : ¢11 ’
T C¢>11 .
2oocp = 0:
9 m>1
Am>1 (O‘QOO )i
Qoo — z: i ?
=1
9 (amZI)
m>1 Qo1 /1t
AQOl < Z ri ?
=1
9 (amZI)
m>1 3 2 Q1 Ji
AQu 3c [CR +32C (C¢ooc¢11 + C(bm” + Z ri
Q11 i=1
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HOO =0:

m 64C*® (=)
ARZI < C—(C¢ooc¢11 + 0201> + Z Ri
R i=1 "
Hoypey, = 0:
>1 _ Cs : (O‘gn21>'
Am2l < 25 5 2
SSeT 22:1: o
L " (),
Ag;* < g [,0031 + %Cg (C¢ooc¢11 + C¢01C¢01)] + Z ;z )
2 =1
>1 1 : (a?21>i
Ag;_ < g {pCSQ + %OS [/0 (C¢ooc¢11 + 26?%1) + %C¢01C¢11}} + Z ;Z
. i=1
9 m>
(@2

. 1
ASEI < — [pCS;; + 4030(2511 (2p0¢01 + gctﬁoo + c(bll)} + Z

Cs,

\&s, Ji
,,ai

=1

We now have to show that all the constants can be chosen in a way that makes
all the A’s less or equal than 1. So, introducing a constant a, 0 < a < 1, the
following inequalities need to be satisfied:

1C¢

§&p S 17
Coor

1C¢ 2

5%%/) <1,

11

C C C

Sp<1, <1, 2P,

Cs, Cg, Cg, Cs,

1 73 2 2
; (6+ 36 c¢00) <1,

C C,
4¢11<a 4¢11<a

— bl — )

Co Cooo €Sy

[CR + 320" (c¢ooc¢u + cim)} < a,

4

3 CQoo

1
56402 (CoooCons +C5y) < @,

gCSO <a

— Y

1¢ Ct
= Toioo <a, T"1100 <a,
2 Ce2 oy Ce2 4, 3 Cf01oo
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Cs,

CfOlOl

_Op S 1)

(73)
(74)
(75)

(76)

- [CSQ + 13_603 (C¢ooc¢11 + 6201)] <a, (77)

(78)
(79)

<a, (80)

Y



1
- (052 + %CR) <a, 2 ?Sl <a, (81)
To111 €100
4 )
(s + her) <a, 4—2 <aq, (82)
I/\11101 Cfllll
c¢00p S CL, (83)
Coo1
jj&p <a, (84)
11
4
3 [CR + 320 (C¢ooc¢11 + Cim)] <a, (85)
CQM
5640 (CoonCons + Cooy) < @, (86)
g 1
_Op < a, — [Cslp + 203 (C¢ooc¢11 + 03501)} < a, (87)
051 052
1
g [052p + %03 (2p0q5000¢11 + 4003501 + 30(15010(1)11)] < a, (88)
3
g [633/0 + %Ogctﬁu (8c¢oo + 6pc¢01 + 30(1511)} < a. (89)
4

Now we have to show that we can choose the constants such that these
inequalities will be satisfied.
We start by setting

p
Copon = C¢00 )

with which we satisfy (73]) and (83)). Next we set
2

C = —C
$11 a2 $00

so that (74)) and (84)) are satisfied.
We continue by setting

_r _ 16 C°
Cs, = ECSO, Cs, = o) cs, + — 3 c(zj00 ,

3
_r 8
Csa = 3 [050 3 (3 + ) 030¢00:| ,

4
P 8 ) a
CS4 = g |:CS() + g <6 + E + 4?) C3C2OO:| .

With this we satisty (75)), (87), ([88) and (89).
Inequalities (@), (((9) and (8Q) are satisfied with

73
Cr = max {128'0 C’3c¢00, 6+ %pzcioo} .
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With this definition for cg we set

4 2 4 ’
CQpy = 3—@ (CR + 6402%0100) y Cap = % (CR + 6403%03500) ’

so (78)) and (RH) are respectively satisfied.
Using the previous definitions we set also

1
CTor00 = %CSO’ Crorn = acsl’
CfOlll

Cf‘l 101

Ce2gy = @6307 Ce2yy = ?6317

and (B0), (BTl and (82)) are satisfied.

There are three inequalities that we have not yet considered, (77). These are
now reduced to

4p2c¢oo <CL3
C¢ -
2 3
4p” < a’,

)

116 1
402 |14+ ——C%2 (24 =] <d
P |: +0503 Cooo +a S a

Taking into consideration now (66l), ([€7), ([G8) we see that these inequalities
can be satisfied if we define

1
37
a = max 5,(8p )3 o < 1.

p= max{p@ PSos p¢oo} <

Now we choose some positive constants cq, cq,, Cat that are not re-
stricted by the procedure.

Finally we choose r so large that

o01) Cél11s

1
r > max {7’¢, T'Sos Tgon, C° |:CQ + (g + 202) 2} }

and that all the A’s are less or equal than 1. The induction proof is completed.
]
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The following lemma states the convergent result. The proof follows as
the one given in [7].

Lemma 6.7. The estimates ([©2) for the derivatives of the functions f and
the expansion types given in Lemma [5.2 imply that the associated Taylor
series are absolutely convergent in the domain |v| < aip, lu| + Jw| < 0‘72,
for any real number o, 0 < a < 1. It follows that the formal expansion
determined in Lemma[51) defines indeed a (unique) holomorphic solution to
the conformal static vacuum field equations which induces the data ¢, Sy on

Wo.

7 The complete set of equations on N

We have seen in Section Bl how to calculate a formal expansion for our fields
using a subset of the conformal stationary vacuum field equations. In the
previous section we have shown that these formal expansions are convergent
in a neighbourhood of infinity. In this section we shall show that these fields
satisfy the complete system of conformal stationary vacuum field equations.
First, we prove that the conformal stationary vacuum field equations are
satisfied in the limit as u — 0. Second, we derive a subsidiary system of
equations, for which the first result provides the initial conditions, and which
allows us to prove that the complete system is satisfied.

Lemma 7.1. The functions é® 4, fABCD, o, Q, R, Sapcp, whose expansion
coefficients are determined by Lemma[5 1], with expansions that converge on
an open neighbourhood of the point 0, neighbourhood that we assume to coin-
cide with N, satisfy the complete set of conformal field equations on the set
Uy in the sense that the fields tag “P gr, Ragcper, Aap, 2an, ®ag, Haz,
Yascep, Hapep calculated from these functions on S\UO have vanishing limat
as u — 0.

Proof. Taking into account which equations have already been used to de-
termine the formal expansions, and the symmetries of the equations, it is left
to show that to; ®* 11, Rapoii1, Aot, Zot, Hot, Zoreps Hi(BED)_, 5.5, have van-

ishing limit on N\Uo as u — 0, and that in the same limit ® 5 = —Pp4.
Because (048, epp) = h8 g then

EF E F E F EF a b a b
to1 1 = 2F01( 1€1 ) — 2F11( (0€1) ) — 0 (6 11,6€ 01 — € 01,€ 11) )

and using the way in which the coordinates and the frame field were con-
structed, we see that

tor ¥ 11 = O(u), as u — 0.
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We now consider

1 1 1 A 1 A
Rapoii = —= | Sapn — =Reatepr | + —0, 114 — ~Tiiiaep)’
2 6 2u U
0.0 L 1 1 o
+eaep | —==€ 11+ —Loir — —tor 11 | + O(u).
2u? U U

Using that

A 1. 1 .

tor " 11 = Loin — 0,211 — —é' 11 + O(UQ)
2 2u
we get
1 - 2 0
Rapoiinr = 2u Oul1aB — 2111468y~ +
2 R ~ ~
eaep? <—a€l 11— 31)6%1 + 4F0111) }
1 1

3 Sapi1 — aReAleBl + O(u),

so that
. 1 A . 0
ilg(l) Rapoi1 = 3 0401148 — 20, 111(4€B)

. . A 1
+e4%p" <—3261 11— 0u0,% 11 + 43uF0111) — Sapn + 6R€A1€B1:|

u=0

For the case A = B =0 we get from the 0,-equations that

. ~ . - - 1 1
dze' 11 = =20, 01, 0u0,€° 11 = w0 1100, Oulo11 = 4 (S2 - ER) )

on Uo, and so llmu_,o R000111 =0.
Using the 0,-equations and that 9,5 = 253 on U,

dul'1111 = S3, 9,0,T1101 = 25,

on Uo, and so limu_,o R010111 =0. As 87,53 = 54 on U(), limu_,o R110111 =0.
We take now the limit of Ay, as u goes to 0,

) 1
lng Ao = | 50.0.6 — ém|

u=0

Using that ¢g; = %&@00 on Uy and that we have Agg = 0 as part of the
Oy-equations we get lim,_gAgs = 0. With the same procedure we get
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limu_,o 201 = 0.
Now we consider ®45. As Ay = 0 on Uy then

DP gdaplv, = —D" 4¢5p|ves

so Pagly, = —Ppalu, and as we already have 19 = 0 then ®45 = 0 on Uj.
We now take the limit as u goes to 0 of the combination Iy, — %&,HOO. For
the limits of the derivatives involved we have at {u = 0}

Doopap = Oudap,
1
Do1¢or = B (OuOvdor — Our1)

1
D01¢11 = §auav¢ll>
D11¢11 - aw¢117

DO()R - 0uR,

1
DOlR - iﬁu&,R,
DllR - 8wR

We also use that on U,

O = (2 = k) Pyt
0uSk = (4 — k) Sk+1,

We have already used the equations Yy, = 0,X1;6p = 0 restricted to Uy,
finding that 2,4, are zero on Uj.
Furthermore we use ®¢y = 0, that says that on U

a1L61)<b00 - 4au¢01‘

So we get for the limit

i 1

ilg((l) (HOl - 501)1_[00) =0.

Considering that from the 0,-equations we already have IIpy = 0 we get
IILIE)% H01 =0.

We apply a similar procedure to the ¥y 45 equations. We take the limit as
u goes to zero of the combinations

220100 — 220001,
2%0101 — 020001 + 0011,
20111 — OpXo011-
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Using what has already been said together with the following limits at {u =

0}
DyoQap = 0,048,
1
DOIQOI - 5 (auanOI - auQH) )

1
DOIQH - §auav9117
DIIQII - a’wgllu

we see that the limits vanishes, which imply
lim 201 AB — 0.
u—0
Finally we consider the limit as v goes to zero of the combinations

4HyaBcy, — OvHiaBoy, — OvHoaey, + 2HoaBc),
12Hy(aBc), — 02Hy(apcy, — 02Hoapoy, — 20uHoapc), + 4HoaBo)s,
24H,(apcy, — O Hiapcy, — 05 Hocapey, — 202Hoapc), — 80y Ho(aBc)s.

and using what has been said together with:

the limits
Dy Sk = 0,5k,
1
Dy, Sy, = B [0.0,Sk — (4 — k)0uSks1]
DllSk == awSka

the equality on U,
0pSk = (4 — k) Ska1,

and the equations
P40 =0,

we find that those limits are all zero, and considering the equations that we
have used to calculate the unknowns we get

lim H(apcy, = 0, k= 1,2,3,

This completes the proof that the complete system of conformal field equa-
tions are satisfied in the limit as u — 0. O
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Lemma 7.2. The functions é° AB,fABCD,gb,Q, R, Sapcp corresponding to
the expansions determined in Lemmpﬂ satisfy the complete set of conformal
vacuum field equations on the set N.

Proof. We have to show that on N the quantities to1 ¥ 11 ,Ruanoii1, Aoi,
2A17 HAl s ZAch, Hl(BCD)k:1,2,3 Vanish, and that CI)AB = —(I)BA. For this
we derive a system of subsidiary equations for these fields. The values of the
fields at Uy, given by Lemma [7.I] are the initial conditions for the subsidiary
system of equations, and they are used throughout the proof.

Using the definitions of Asp and ® 4p5:

DapAcp — DepAap = —tap “F cpDpré + eap®Ppo + e5cPpa,

and in particular
1 ~
(au + 5) Ao1 = 20100 A01,

which implies Ag; = 0, and from that Ay = 0. This also shows that
P, p = —Pap, and as we already know that ¢ = 0 then & 45 = 0.
Following the proof of Lemma 5.5 in [7] we find that

1 -
(au + a) tor *2 11 = 2lgw00tor A7 11 + 2R gor1160 2, (90)

which directly shows that t; 1* 11 = 0.
Also following the proof of Lemma 5.5 in [7] and taking into account that
Sapcp and R satisfy the the contracted Bianchi identity then

1 N 1 1
(au + 5) Rapoiin = 2lo100RaBoinn — 2 (HlABO — EHAB) ; (91)

from which R000111 = 0, wich also gives t01 o1 11 — 0.
It is still left to show that

tor 11, Rawonnr, Za1, ai, Zaicnp, HyBepy_y a5 (92)

vanish on N.
Using the definitions of ¥ ,45 and X g¢cp,

Dap¥ep — DopYap = —tap *F cpDprQ — Sapep + Sopas,

and from that
1 ~
OuXa1 + 52016A O = 2T 4100201 + X A100- (93)
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At this point the expressions became to long to be treated by hand, so we
resort to a computer progam for tensor manipulations.
For ¥ spcp we obtain

DprYcpap — DepXprap = tep 79 5rDpoQap — 29 (4Rpypeper
+Q (eppHrape + €¢crHpapr) + SapcpXer — SaBerXcp

R 1
+§ (hapepXEer — haper>cp) + 3 (14 Q) (hapepllgr — haperllep)
+ ! 3[14+ (1+9Q)¢°] [SapepQer — SapprQcen
6(1+Q—¢?)

—Qap (Zcper — Serep) |
—4(2+39) ¢* (hapepSerreR’™® — happrScpp’®)

—8(1+ Q) (2+392) ¢ (hapepTrrred"® — haperSceprod’ ) }
+m{% (1 - ¢*)* Qup (QepSer — UprSep)

+Q¢ (2+Q —2¢%) [pap (QepTEr — QErScep)

+Qup (¢cpEer — dEFrScD) |

—2Q) [2 (1+9%)% = (2+39) dﬂ ¢aB (¢cDXEF — PEFYCD)
—% {(bQ (=1 +3¢%) Q9% pg + 46 [3 (1 +Q)* — (5 + 6Q) ¢°] Q% pg
~A(14 ) [(14+) (5 09) — (7 + 99) % 6" %6

(hABCDZEF - hABEFZCD> }7
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which implies

1 “
OuXciap + €c %0148 = 2L 10020148 — Qeoc Hioan — SooanXic (94)
R

1
_ghOOABEIC —3 (14 Q) hooasllic

1
{ 3[1+ (14 Q) ¢*] (Z1cao + QasZicon)

(14+Q—¢?)
+4 (2 + 39Q) ¢*hooapZc1pe7? + 8 (14 Q) (24 3Q) ¢h00ABECIPQ¢PQ}

1
+O+Q—&f

MG

1
{ — 3 (1- 9252)2 QasQooXic + QapdooXic

—Q¢ (24 Q — 2¢%) pasQooic
+20 (2 (14+92)° - (2+30) 6] GandooSic

+%¢%—L+%%anm+4¢pa+gf_@+ﬁm¢ﬂQM@M

—4(14+ Q) [(1+9Q) (54 69) — (7 +99) ¢°] ¢PQ¢PQ] hOOAlec}-

NOW Wlth HAB
Deplap — Dapllop = tag ™F cpDprR
1
Tracz pe { —2(4+79) [¢Q°" = 2(1 + Q)¢“"] Deroautan ™ op

—4(4+79) [6Q" —2(1 + Q)] dapR” Hapcp
— [(3 = 3¢% +7Q¢%) QFF — 206 (4 + 7Q) ¢"F] (escHparr + eapHporr)

1

+§¢ (4+70) [0 (Qepllap — Qapllep) — 2(1 4+ Q) (¢epllap — dasllep)]
1

—§¢2 (4 4+ 70 R (Zapep — Yopap) +2(4+7Q) ¢

(Depd™ Super — Dapd™ Teper)

+ (3= 3¢" + 700%) (Scp "' Saper — Sas " Seper) }

1
(1+9Q—¢?)°
(XaBcp — XepaB)

* { - %¢2 (—12 +400° + 21Q¢%) Q" Qpp

58



2
+§¢ [—18(1 + Q) + (46 + 612 + 210%) ¢*] Q"  dpr (Sapcp — Scpas)

—%(1 + Q) [-24(1+ Q) + (52 + 6102 + 210%) ¢°] ¢ dpr

(XaBcp — Xepan)
1

+§¢2 (—12 + 409" + 219¢%) Q" (QcpEaper — QusXeper)
2

—gqb [18(1 + Q) + (46 + 610 + 2192) ¢2] " (QepSaper — QpXeper)

2
~50 [12(1 4 Q) + (16 + 61Q + 21Q°) ¢°| Q" (dcpSaper — dapScper)

+§(1 +Q) [6(1+Q) + (22 +61Q +210%) ¢*] "
(¢cpXaBer — ¢ABY.CDEF)

1
+§¢2 (=34 7¢°) R (QupXcp — QepZas)

—gqb [—7(1+Q)* + (11 + 149Q)¢*] R (¢a55cp — dcpXan)

+2¢ (=34 7¢°) Q" (DapdprScp — Depdprian)
—4 [-7(1 4 Q)* + (11 + 140)¢°] " (DapdprEcep — DepdrrSas)
+ (=14 ¢°) (=34 7¢°) Q"F (SprapScp — SerepSas)

—2¢ [—4 — 14Q — TQ* + 2(2 + 7Q)¢*| ¢"" (SerapScp — SercpXap) }

1
3 (1+Q—¢2)?
(QupXep — QepXap)

—2¢ [—18(1 + Q) + (13 + 190)¢” + (61 + 42Q)¢"* | Q"  ¢pp

(QupXep — QepXap)

+2¢° [—3(1+ Q) (19 4 14Q 4 79%) + (113 + 164Q + 630%) ¢*] ¢" " ppp
(QABZCD - QCDEAB)

—¢ [12(1+ Q) + (=17 +190)¢” + (61 + 42Q)¢"] Q"  Qpr

(¢aBXcp — ¢cpXaB)

+4¢% [-3(1 + Q) (94 149 + TQ%) + (83 + 164 + 63Q%) ¢*] Q" dpp
(¢aBXep — ¢cpXaB)

+4¢(1 + Q) [(1+Q)*(61 + 42Q) — 3 (39 + 75Q + 28Q°) ¢°] ¢"F dpr

(paBXcp — PcpXia) }>

{%gb? [—24 + (59 + 21Q)¢* + 21¢*] Q" Qpp
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and we get

1 ~
OuIlar + €A Mo, = 2T 4101 (95)

+HQ;_¢2{ [(3 =3¢ + 700%) QFF — 2Q¢ (4 + 7Q) "' eoaH10Br

+%¢ (44 7Q) [¢Q00 — 2(1 + Q)poo) T4 — %¢2 (4 4+ 7Q) RY 4100

+2 (44 7Q) 60,0" S argr + (3 — 30* + 726%) Soo EFEAlEF}

+m{ — %qbz (=12 4+ 40¢° + 219¢*) Q" Qpp a100
+§¢ [—18(1 + Q)+ (46 +61Q + 2192) 9252} Q" 9 prY a100
—§<1 + Q) [<24(1 + Q) + (52 + 612 + 2192) ¢*] "7 6T a100
+%¢2 (_12 + 409% + 2199252) QFF Qoo S a1mr
_§¢ [18(1 + Q) + (46 + 612 + 210%) ¢*] ¢"F U S 155
_§¢ [12(1 + Q) + (16 + 612 + 2102) ¢*] QFF $po S 15

4

+§(1 +Q) [6(1+9Q) + (22 +61Q + 210%) ¢*] ¢"F P00 S a16F

—%¢2 (=34 7¢%) RS a1 + §¢ [—7(1 4+ Q)* + (11 + 14Q)¢°]| RppoX a1

—2¢ (—3 + 7¢2) Q" 0,0prSa
+4 [-7(1+ Q)* + (11 + 14Q)¢%] 0" 0udprEa
— (=14 ¢°) (-3 +7¢%) Q"  SpreeS a1

+2¢ [—4 — 14Q — 7Q* + 2(2 + 7Q)¢*] """ SEreoS Al}

3(1+ é — ¢2)° {%¢2 [—24 + (59 + 2192)¢* + 216"] Q%" QprQoZas
—2¢ [—18(1 + Q) + (13 + 190)¢” + (61 + 420)¢"| Q"F dprQooT a1
+2¢% [-3(1 + Q) (19 + 14Q + 7Q%) + (113 + 164Q + 63Q7) ¢*

" pprQooar

—¢ [12(1 + Q) + (=17 + 19Q)¢* + (61 + 42Q)¢*] Q" " QprdeSa
+4¢? [-3(1 4 Q) (94 14Q + 79%) + (83 + 164Q + 63Q°) ¢*|

Q" dprdonSal

60



+4¢(1+ Q) [(1 + Q)*(61 + 429) — 3 (39 4 75Q + 280%) ¢
o"F pprdonEar } :

Finally, with Hagcp,

1
D*FHppep = —§tEFHI £ “DurScpre — 2SE(FGCRE D) HE @ (96)

+1+Q;_¢2{ [0Q"F —2(1 + Q)¢""] { - %(1 + Q) Danoert’ ¢ M pr

2
~QDeudrite " op — 3 (1+Q)¢raR 5" cpn + Qbra R guep
1
—Q¢GHRgFEHCD] + gf,bQ [(DQEF —2(1+ Q)QSEF} Hcpyer
1
+5 [(1= 6% +00%) Q5 — 20%66""] Herep

+i(—2 + )¢ [¢QF (Ilpys — 2(1 4+ Q)o” (1lp)s)

18
1

+1_8(_2 + )’ REpcp) ¥ + QdDepd” Sapr ©
2 1

—g(l +0)¢D* (6" “Spypre + 3 (1—¢*+9Q9¢%) Scp "' Sapr ©
1

—§Q¢25EFG cSpyerc — 2[0Qcp — 2(1 + Q)¢op) 07 Sapr ©

— 4602  dcpXarr @ + 2005 ¢ GZEGCD}
1 L, 2 2\ EF
-5 = 3 — 100~ + 652 Q
(1+Q—¢2)2{18¢( ? )
(Qerecn) ¢4 20¢ (CZD)GEF)

2
+§¢3 (7449 — 69%) ¢"" (UprZaen) ¢ + Q% (¢ Ep)cEr)

2
-3¢ [6(1+9Q) — (13 +4Q — 69Q%) ¢*] Q"¢ (Ep)err

—%(1 +Q) [3(1+9Q) +2(2+29 - 30%) ¢*] 0" dprSacn) @

4
+§(1 +0)? (3 — 109 + 692¢%) ¢" 6% (¢ SpycEr

—%qﬁz (=3 +¢%) RY” (cZp)p — %qb [(1+ Q)%+ (1 —2Q)¢%] RO (¢Zp)E

2
+§¢3QEFDG " Epye — ¢ (1 — ¢*) Q*F Depdr “Tre
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+§(1 + Q) (1+Q—26%) ¢prD? (" Spye + 2 [(1 + Q) — (1 +2Q)¢°]

1
" Depdr “Spa — 3 (1= ¢%) ¢*Q""'SY ppcTp)e
1
+3 (1- 9252)2 Q"S5 pepSpa

2
—gfb [—(14 Q) + (1 +29)¢%] ¢""' S pr(cZp)cd"" S¢ FepTEc

+Q0¢ (2+ Q= 2¢%) 4+ 2¢ (Up — 209cp) U F¢EG2FG}

1
9 (14 Q—¢?)°
—4¢® (54 80+ 2¢° — 6Q¢°) Q" ¢prQ% (¢ Sp)a

+4¢7 [3(1+ Q) + (4 — 20 — 99%) ¢*] 6" 9prQ? (cTp)e
+2¢ [(1+9Q) (3 —8¢%) —2(1 = 30)¢"]| Q" Qpro¢® (Xp)a
F8(1 + Q)¢? [32(2 + Q) + (T — 99)¢?] Q¥ dpré® (Ep)a

{ — ¢ (3 —13¢" + 3Q¢* + 3¢") Q" QprQ¢ (¢ Tp)a

—8(1 4+ )¢ [2(1+ Q)% (—1 + 3Q) + 3 (3 — 40?) ¢*] ¢"F Pppro” (CED)G}
where the Lh.s. is
1
D*FHppep = 0,Hucp + " (Huep + Hiocen) )

I . .
— (ﬁ@; +e 01@;) Hioep — 2l0100H11cp — DotocHiwop
—To10p Hiwoe + ToticHioop + Torip Hivoo + D100 Hioen-

Equations ([@0), ([@T)), @3)), (O4), (@), (@6]) are the system of subsidiary equa-

tions for the quantities (02). The expressions on the right hand sides of these
equations are homogeneous functions of the quantities ([02). Together with
Lemma [71] this implies that all the expansion coefficients of the quantities
([@2) vanish on Uj. As the functions (02) are necessarily holomorphic, this
implies that they vanish on N. O

8 Analyticity at space-like infinity
Our gauge is singular and thus the holomorphic solution of Lemma does

not cover a full neighbourhood of the point 7. To show that we can indeed
get a holomorphic solution in a hole neighbourhood of 7 we go to a normal
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frame field based on the frame c4p at i and the corresponding normal co-
ordinates z%. The argument follows with some modifications the line of the
corresponding argument in [7].

The geodesic equation for z%(u(s),v(s),w(s)), D;Z2 = 0, can be written in
the form

za — mABea AB+

mAB — _2mCDFCD (A BmB)E.
The initial conditions for the geodesics to start at i are
u‘s:O = 0, w‘s:O = Oa

and we have to prescribe
Vo = U‘s:O = Yo,

in order to determine the 0,-0,-plane where the tangent vector is.
The components of the tangent vector to the geodesic at i are given by

mAB|—y = m{®, and by regularity and the geodesic equations we have

00 _ - _ . 01 1n_ _
my = Uls—o = Uy, my =0, mg = w|s—g = Wo.

We can identify the frame e g with its projection into T; N., then mg‘B eAp =
m*Bcap = 1%,, where as defined cap = a® 4pca, and we get

1

T = % (o + (v§ — 1)ig) , 2

= = (o + (0] + Do), 2* = V2ugtig,

or, inverting the relations

!+ iz? x? Sapral

i a a .
)T ) T T T R iy

Here we see that in order to have a well defined vector we need z'+iz? # 0, or,
what is the same, 7y # 0. This correspond to the singular generator of A; in
the cap-gauge. The vectors z%c, cover all directions at ¢ except those tangent
to the complex null hyperplane (cq 4 ic2)* = {a(c1 + ic2) + besla, b € C}.
As we have used a frame formalism, we need also to determine the normal
frame centered at 7 and based on the frame cyp at i. As we already have the
frame fields e o5, we write the equation for the normal frame cag, Dicag =0
as an equation for the transformacion t* g € SL(2,C) that relates the frames
eap and cap, cap = t¢ at? gecp. The equation can be written as

IEA B — —mDEFDE A CtC B, (97)
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and the initial condition cames from having to take e4p|;(v) to cagls,
tA B|s:0 = SA B(_UO)' (98)

Following the proofs of Lemma 7.1, Lemma 7.2 and Lemma 7.3 in [7] we
arrive at the following two lemmas.

Lemma 8.1. For any given initial data ug, vg, wo, with uy # 0, there ex-
ist a number t = t(1g, vy, wo) and unique holomorphic solutions 27(s) =
22 (s, 19, v, Wo) of the initial value problem for the geodesic equations with
initial conditions as described above which is defined for |s| < 1/t. The func-
tions 2 (s, g, vy, wo) are in fact holomorphic functions of all four variables
(8,0, vo, W) in a certain Py (0)xU, where U is a compactly embedded subset

of (C\{0}) x C x C.

Lemma 8.2. Along te geodesic corresponding to s — 27 (s, g, vo, o) equa-
tions (@T) have a unique holomorphic solution t4 p(s) = t* p(s, 1o, vo, 1)
satisfying the initial conditions [@8). The functions t* p(s) = t* (s, 1o, vo, 1)
are holomorphic in all four variables in the domain where the 27 (s, 1, vo, 1Wo)
are holomorphic.

Following the discussion in [7] it can be seen that, as |z| = V2% — 0,
! +ix? # 0,

. at + i
u(zf) = T +O(|z]?),

c x?; 2
v(z€) = Tl a2 + O(|z[7),

. S pxab 3
w(z) = + O(|z[).

V2(z! + ix?)
This gives for the forms y4? = y42 .dz¢ dual to the normal frame c4p
XAB([EC) — (aABa + )A(AB a) dxa)

with holomorphic functions Y42 ,(x¢) which satisfy Y2 , = O(|z|?) as |z| —
0. Also the coefficients ¢* 45 = (dz®, cag) of the normal frame in the normal
coordinates satisfy

c® ap(z°) = a® ap + ¢ 4B,

with holomorphic functions ¢* 4g5(2¢) which satisfy é* 4p = O(|z|?) as |z| —
0.
The three 1-forms a® 4pdz® are linearly independent and thus for small |z€|
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the coordinate transformation x* — z%(z¢), where defined, is nondegenarate.
This means that all the tensor fields entering the conformal stationary vac-
uum field equations can be expressed in term of the normal coordinates x°
and the normal frame field c4p.

Now we can derive our main result.

Proof of Theorem[11l. The coordinates z* cover a domain U in C?* on which
the frame vector fields cap = ¢* 450/0,« exist, are linearly independent and
holomorphic. Also in U the other tensor fields expressed in terms of the
x® and cyp are holomorphic. However U does not contain the hypersurface
2! +i2? = 0 but the boundary of U becames tangent to this hypersurface at
x® = 0.

We want to see that the solution indeed cover a domain containing an open
neighbourhood of the origin.

We still have the gauge freedom to perform with some ¢4 g € SU(2) a rotation
0* — 6% - t of the spin frame. Whit this rotation is associated the rotation

¢ ¢ ,D
cap — Cyp =1t at” BCcp

of the frame c4p at 7. The construction of the submanifold N was done based
on the frame cap, starting now with ¢, all the previous constructions and
derivations can be repeated as far as the estimates for the null data in the
cap-gauge can be translated to the same type of estimates for the null data
in the ¢4 z-gauge.

We will denote v/, v/, w' and €45 the analogues in the new gauge of the
coordinates u, v, w and the frame esp. The set N is invariant under this
rotation. The sets {w = 0} and {w’ = 0} are both lifts of the set N; to the
bundle of spin frames. The coordinates u and v’ are both affine parameters
on the null generators of N;, which vanish at i. The coordinats v, v’ both
label the null generators of A;. The frame vectors egy and €, are auto-
parallel vector fields tangent to the null generators.

If v and v’ label the same generator n of N, then e, (v') = f2eqo(v) at i, with
some f # 0. Furthermore, as egy and €}, are auto-parallel, then e, = f?eq
must hold along 7, with f constant along the geodesic. This means that at ¢

s o (V) 8P o (W ct? pepp = f25% o(v)s? o(v)cep,
and absorbing the undetermined sign in f,
t¥ 089 o(v)) = fs¥ o(v). (99)
We can write t4 5 € SU(2) as

(t'p) = ( CCL _dc ) , a,c€C, |a*+|cf* =1. (100)
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This gives with (9]

, —c+av 1 c+av
vV=——7#9#=90 f=—— resp. v=

, — . f=a-0aV. 101
a—+ cv a+ cv a— cv' / ( )

As (du, eq) =1 = (du’, el,) we have for the affine parameter along n
u= fu'. (102)
With (I01), (I02) holds n(u',v") = n(u,v).

If ¢ # 0 then v — o0 as v — a/é. So the null generator in the c4p-gauge,
where we need information, is contained, excepting the origin, in the regular
domain of the ¢, z-gauge.
Let us consider now the abstract null data given in the c4p-gauge 152, 155
satisfying estimates of the form ([31), (38). In the ¢4 z-gauge we have 15332
DS*, with terms given by

t _ 4Gy Hp, G1 Hy
wAmBm...AlBl - t mt Bmt Alt BlemHmmG1H17

t Gm Hpm G H I 4J 4K 4K
\IlAmBm...AlBlCDEF =1 Amt mt lAlt 1Bltct pt gt L\IleHm...GlHllJKL'

Using the essential components of ¢ and ¢

2m
2m .
¢€AmBm...AlBl)n = Z( .)t(Gm(Ath’"Bm...tGlAltHl)]Bl)n¢(GmHm...G1H1)j

=0 N/

-1 2m 1
2m\ 2 2m\ 2 .
)R )
— \J
J
The numbers
1 1
; 2m\ 2 (2m) 2 _
T2m]n(t) = ( ) ( . ) t(Gm(Athm M"'tGlAltHl)JBl)n
n J
satisfy
Tom? ()] <1, m=0,1,2,..., 0<j<2m, 0<n<2m,

as they represent the matrix elements of a unitary representation of SU(2).
So we get
m!M
|¢f4mBm...AlBl| S 7”/—m’ m = 17 27 37 sy
where r' = r/4.
In the same way we get

m!M’
t J—
“I’AmBm...AlBchEF‘ < om0 m=0,1,2,3,..,
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where M' = 16 M.

So the estimates for the null data on the c4p-gauge translate into the same
type of estimates for the null data on the ¢, 5-gauge.

Assuming now ¢ # 0 in (I00), we have two possibilities for getting the solution
in the ¢4 z-gauge:

i. Using the solution in the c4p-gauge we can determine, where possible,
the coordinate and frame transformation to the ¢4 z-gauge. In partic-
ular, the singular generator of A in the ¢!, z-gauge will coincide with
the regular generator of N; in the c4p gauge on which v = —a/c. We
are thus able to determine near the singular generator in the ¢, 5-gauge
the expansion of the solution in terms of the coordinates u’, v/, w" and
the frame field €’ 5.

ii. Using the null data D¢, DS in the ¢!, ;-gauge, one can repeat all the
steps of the previous sections to show the existence of a solution to the
conformal stationary vacuum field equations in the coordinates u’, v/,
w’ of the ¢4 g-gauge. All the statements made about the solution in the
cap-gauge apply also to this solution, in particular statements about
domains of convergence.

The formal expansions of the fields in terms of u/, v’, w’ are uniquely deter-
mined by the data D¢, DS, thus the solutions obtained by the two methods
are holomorphically related to each other on certain domains by the gauge
transformation obtained in (il). As done with the solution in the c4p-gauge,
the solution in the ¢4 z-gauge can be expressed in terms of the normal coor-
dinates z¢ and the normal frame field ¢, 5. The z¢ cover a certain domain
U; € C? and the frame field ¢!, is non-degenerate. All the tensor fields
expressed in terms of f and ¢, are holomorphic on U;. Then the solution
in the cqp-gauge and the solution in the ¢ z-gauge are related on certain
domains by the transformation

a —1la b t C D
r, =t "px’, cug =1 al” Bccp,

which gives the transformation corresponding to the rotation of normal co-
ordinates. We can extend this as a coordinate and frame transformation
to the solution obtained in () to express all fields in terms of x* and cap.
With this extension all fields are defined and holomorphic on t~1U,. Then
the solution obtained in the cap-gauge and the solution in the ¢4 5-gauge
are genuine holomorphic extensions of each other, as one covers the singular
generator of the other one away from the origin in a regular way.

Let now 2% # 0 be an arbitraty point in C®. We want to show that the
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solution extends in the coordinates x® to a domain which covers the set sx¢
for 0 < s < € for some € > 0. That is the case in the csp-gauge as far as
¢ # (ayia, 3), o, 5 € C. We need to see what happens if z¢ = («a,iq, ),
with o # 0 or 8 # 0.

If 22 = (i, ) and a # 0, we consider the ¢!, 5-gauge, where ¢, is given
by ([I00) with @ = 0, ¢ = 1. The normal coordinates in the two gauges are
related by

Ty = —xt, ah =2 )= -2

The holomorphic transformation (z},, 2%, ) — (—a', 2%, —2*) maps Uy onto

a subset of C?, denoted by t'~!U,, which has nonempty intersection with U.
After the transformation the two solutions coincide on ¢~1Uy N U,.

Under this transformation, the singular set {z! +iz? = 0} in the c,p-gauge
correspond to the set {z}, — iz% = 0}, which is covered in a regular way
in a neighbourhood of i in the ¢! z-gauge. So the set ~'Uy U U, admits a
holomorphic extension of our solution in the coordinates x® and the frame
cap- In this extension there exist € such that sz?, ¢ = («, i, §) with a # 0,
is covered by the solution for 0 < s < e.

We need also to consider the case a = 0, that is, % = (0,0, 3), b # 0. In this
case we use the | g-gauge, where ¢} 5 is given by (I00) with a = %, c= ﬁ
The normal coordinates are related by

vl =t 2k = -2 b =27

The argument follows the same lines as for the a # 0 case.

Thus the set U can be extended so that the points sx? with 0 < s < € are cov-
ered by U and all fields are holomorphic on U in the coordinates z*. Then
it can be assumed U to contain a punctured neighbourhood of the origin
in which the solution is holomorphic in the normal coordinates x® and the
normal frame c4p. Then the solution is in fact holomorphic on a full neigh-
bourhood of the origin x* = 0, which represents the point ¢, as holomorphic
functions in more than one dimension cannot have isolated singularities.

By Lemma B we have from null data satisfying the reality conditions a
formal expansion of the solution with expansion coefficients satisfying the
reality conditions. By the various uniqueness statemets obtained in the lem-
mas, this expansion must coincide with the expansion in normal coordinates
of the solution obtained above. This implies the existence of a 3-dimensional
real slice on which the tensor fields satisfy the reality conditions. It is ob-
tained by requiring the coordinates z® to assume values in R3. O
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9 Conclusions

We have seen how to determine a formal expansion of an asymptotically flat
stationary vacuum solution to Einstein’s field equations using a minimal set
of freely specifyable data, the null data. This data are given by two sequences
of symmetric trace free tensors at space-like infinity. We have obtained nec-
essary and sufficient conditions on the null data for the formal expansion to
be absolutely convergent, hence showing that the null data characterize all
asymptotically flat stationary vacuum solutions to the field equations.

This work contains the static case as a particular case, and is ageneralization
of Friedrich’s work [7] from the static to the stationary case.

In relation with the works of Corvino and Schoen [6] and Chrusiel and Delay
[5], where they are able to deform given vacuum initial data in an annu-
lus that encompasses the asymptotic end in order to glue that data to an
asymptotically flat vacuum stationary solution of the field equations, our
result shows that the null data provides a complete survey of all the asymp-
totics that can be attained. In particular, for performing the gluing they
need families of solutions, it would be interesting to see what are the restric-
tion imposed on the null data in order to form one of these families.

It is a long standing conjecture that Hansen‘s multipoles [10], which are rel-
evant because they have nice geometrical transformation properties under
change of conformal factor, do characterize an asymptotically flat station-
ary vacuum solutions to the field equations in the way we have shown the
null data do. This have been shown in the axisymmetric case [I] and some
steps have been achieved in the general case, like showing that the multipoles
determine a formal expansion of a solution [3] [12], or necessary bounds on
the multipoles if the solution exist [2], but general conditions on the multi-
poles for the expansion to be convergent has not been found yet. As there
is a bijective correspondence between the null data and Hansen’s multipoles,
although the relation is highly non linear, it would be nice if this correspon-
dence could be exploited to get necessary and sufficient conditions on the
multipoles to determine a convergent expansion.
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