Existence of a Solution to
a Vector-valued Allen-Cabn Equation with
a Three Well Potential

MARIEL SAEZ TRUMPER

ABSTRACT. In this paper we prove the existence of a vector-
valued solution v to

s THW
lim v(r cos0,rsin0) = ¢; for 0 € (0;_1, 0;),

rY—00

where W : R? — R is a non-negative function that attains its

minimum 0 at {ci}f.:l, and the angles 0; are determined by the
function W. This solution is an energy minimizer.

1. INTRODUCTION

In this paper we establish the existence of a vector-valued solution v : R? — R? to
the following elliptic problem:

w s T g
(1.2) rlijrolov(r cos0,rsin@) =¢; for 0 € (0;_1,0;),

where W : R? — R is a positive function with three local minima, given by {Ci}?:l ,
and the angles 0;, with 03 = 271 + 09, are determined by the potential W (for a
more precise description on how these angles are determined we refer the reader

to definitions (1.7) and (1.8)).
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In [22] an analogous result was proved by P. Sternberg when W has two min-
ima. Later on, Bronsard, Gui and Schatzman [6] considered potentials with three
minima that were equivariant under the symmetry group of the equilateral trian-
gle. Under these conditions they proved existence of a solution to (1.1)—(1.2). The
system of equations given by (1.1) was also studied in [8], but the domains con-
sidered were bounded and Neumann boundary condition was imposed. In that
paper, under appropriate assumptions over the potential W, Flores, Padilla and
Tonegawa established the existence of solutions that join the three minima (ci,
2 and c¢3); however, no precise description of the triple junction was provided.
Recently, potentials with four minima were studied in [11], establishing (under
several assumptions over the potential W) the existence of solutions to (1.1) that
connect all the four wells.

Our interest in this problem is originated in some models of three-boundary
motion. Material scientists working on the theory of transition layers have found
that the motion of grain boundaries is governed by its local mean curvature (see
[15],[16] for example). These models naturally arise as the singular limit of the
parabolic Allen-Cahn equation (see [2]). The expected relation between grain
boundaries motion and the parabolic Allen-Cahn equation can be described as
follows: Consider a positive potential W : Q ¢ R™ — R with a finite number of

minima {c;}{*;. Let u¢ : R™ — R™ be a solution to
due VoW (ue)

1. — Aug + 2R

(1.3) it Ue 282 0

As & — 0 the solutions u¢ will converge almost everywhere to one of the constants
ci (see [12], [18]). For every t, this creates a partition of Q = (i, Q;(t), where
Qi(t) = {x € Q: usx,t) — ciase — 0}. The interface between these sets
corresponds to the grain boundaries, which evolve under its curvature. When
n = 2 and m = 3 the solution will describe a “three-phase” boundary motion
that might present “triple-points”, namely points where these 3 boundaries meet.
Bronsard and Reitich [7], via a formal asymptotic expansion, predicted that at
points that are away from the triple junctions and close to the interface between ¢;
and c; the solutions to (1.3) should be approximated by T;;(dij(x,t)/¢), where
di; is the distance function to this interface and C;; is a solution to the equation

(1.4) T/ + w 0,
(15) Tl—i-IPoo Cij(T) =i 11_1_{{)10 gij(T) = Cj.

On the other hand, the analysis performed by Bronsard and Reitich also pre-
dicted the behavior of solutions to (1.3) at points where triple junctions form.
More precisely, they proposed that, after rescaling at one of this points, solutions
to (1.3) will be modeled after a solution to (1.1)—(1.2). However, the existence of
such solution has not been established in the general case before. This is the main

goal of this paper.
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Based on the previous discussion, in order to match the expected behavior of
solutions to (1.3) near double junctions and the one close to triple junctions, we
expect that solutions to (1.1)—(1.2) satisfy an extra condition at infinity. Namely,
solutions to (1.1)—(1.2) should resemble solutions to (1.4)—(1.5) near the half-
lines of direction 6;. We will implicitly impose this condition throughout the
paper. Therefore, we briefly discuss the existence of solutions to (1.4)—(1.5): For
potentials with two wells the existence of such curves was proved by P. Sternberg

n [22]. However, the problem is more subtle when considering arbitrary three-
well potentials, even if conditions analogous to the ones imposed in [22] hold.
In [1] Alikakos, Betelt and Chen provided some examples of potentials where
solutions to (1.4)—(1.5) did not exist for certain i, j. On the other hand, in several
simple cases (such as in the symmetric case studied in [6]) the existence of such
solution curves is known. Furthermore in [1], the authors established appropriate
conditions under which all these solutions in fact do exist. In what follows we will
assume we are in the latter case. Namely, we assume the existence of T;; for every i
and j. This and other technical assumptions on the potential W will be discussed
in detail in the following section. At the moment we state the main theorem of
this paper:

Theorem 1.1. Let W : R? — R be a proper C? function that satisfies

(@) W has only three local minima c1, c; and c3 and W (c;) = 0;

(b) The matrix 3*W (w)/0u;0u;j is positive definite at {Ci}?zl, that is, the minima
are non-degenerate.

(c) The hessian of the function W (W) (which we denote by W'") is positive semidef-
inite for |u| > K, where K > 0 is a fixed real number;

(d) There exist positive constants Ky, Ky and m, and a number p = 2 such that

Kilul? < Wu) < K;lul?  for |lu| = m;

(e) Hypothesis 2.1 holds (see the next section for a description of this hypothesis). In
particular, there are solutions ro (1.4)—(1.5) for every i and j.

Define

1
(1.6) T(C1,0) = inf{jo W2y () ]y (A)] dA :
y € C'([0,11,R?), y(0) = C; and y(1) = gz}.

Consider {(xi}?zl € [0,2711) such that

(1.7) sin;  sin®Xa  sinog
' I'(ca,c3) Tlci,c3) Tler,c2)’

Then for 0; € [0,217) such that
(1.8) ;= 0;—0i
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there is a solution v to (1.1)—~(1.2). Moreover, there exists a differentiable function @
satisfying (1.2) such that for

Gw) = | (DwP + Waw) - 1D@ I - W(@)) dx,

we have

G(v) = inf{G(w) : w € V},
for
_ 1. _ _ 00
V_SLWGC‘JW'DW Do|dx, JRzlw @ldx < }

We would like to remark that the function @ in Theorem 1.1 will be defined
explicitly in the coming section (more specifically in Subsection 2.2) and it will
capture the behavior at infinity of the solution u to (1.1)—(1.2). In the construc-
tion of this function, hypothesis (e) is required. Relaxations of this hypothesis are
possible, but we will skip them in order to keep the presentation simpler. We also
want to point out that, as discussed in [7], the definitions of «; and I; imply that
O(1+(X2+O(3=2Tl'and93=21T+90.

Before proceeding to the coming sections, we would like to briefly outline our
proof of Theorem 1.1 and its organization through the paper. The basic idea is
the following: Let Bg denote the ball of radius R and let vz solve equation (1.1)
in Bg with Dirichlet boundary condition vglsp, = @ (the function @ is defined
in equation (2.10) and captures the desired behaviour at infinity, as it is discussed
in Remark 2.2 below). The proof of Theorem 1.1 will be equivalent to show
convergence of the solutions vy in an appropriate norm.

In order to prove the convergence result we use the following key observation:
In the unit ball we define the function

UR(x) = VR(Rx);
then ug satisfies

R?>V W (ug)

—Aug + 3

=0 fOI‘XEB].

Hence for € = 1/R, the function ug satisfies

VoW(ue)

As R — o (or equivalently as € — 0) we expect Vg to converge to the solution v
to (1.1)—(1.2) (this will be proved in Section 5), and correspondingly, we expect
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the limiting solution u¢ to (1.9) to capture the behavior of v at infinity. Equation
(1.9) has been largely studied (see for example [5] and [17]). This motivates us to
analyze in Section 3 some existing results for (1.9) that apply in our context and
provide useful information for our problem. More precisely, combining results in
(3], [13] and [23] and using I'-convergence techniques we prove that the rescaled
U converge to a function U in the L! norm in the unit ball. Moreover, the
function ug equals ¢; in the the angular sectors defined by 0 € (0;_1, 0;) and it
is minimizing for an appropriate functional (eventually, this property will imply
the minimizing result in Theorem 1.1). Hypotheses (d) and (e) are essential in
this section. However, we would like to point out that it is not clear whether
they are just technical conditions (which may be removed) or not. On the other
hand, hypotheses (a) and (b) (which are also used in this section) are natural in
the context of the problem.

In order to finish the proof, in Section 4 we show that the convergence holds in
a norm stronger than L!. The main idea in this computation is to use the parabolic
version of equation (1.9) to interpolate between an approximate solutions to (1.1)
in the ball (which we will denote by Uj;) and the real solution. More precisely, we

consider a function h¢ that is a solution to

dhe
dt

VoW (he)
282

— Ahg + =0 forx € By, te(0,x),

he(x,t) = @e(x) forx € 3By,
he(x,0) = Uz(x) for x € By.

The “approximate solution” Uz (x) depends on &, satisfies Uj(x) = @¢(x) for
X € 0By and ((-AUg + VUW(Uq))/(ZSZ))(X) — 0 as € = 0 point-wise in Bj.
Using Theorem 4.1 we prove that in fact /i, and U; remain appropriately close
(with respect to the sup norm) in time. We conclude by observing that, as t — oo,
it holds that sup, g, lhe(x,t) — ug(x)| — 0. This will imply that in fact u; is
€ close to Uy in the sup norm. Also in that section, we use similar techniques
to control the convergence in compact domains of the sequence V¢ : Byje — R?
given by v¢(x) = u(ex). The proof of Theorem 1.1 can be easily finished by
combining the elements described above. This is achieved in Section 5.

We would like to remark that the techniques presented in this paper were
already used by the author in similar problems (see [20] and [21]). In general, the
method can be extended as long as the solutions to (1.1) converge to minima of
W as € — 0 and that approximate solutions with the desired characteristics (such
as Uy in this case) can be constructed.

The author wishes to thank the referee for the very useful comments in im-
proving the exposition, the Max Planck Institute for Gravitational Physics for
providing a great work environment and to Rafe Mazzeo and Alex Freire for very
useful discussions.
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2. DEFINITIONS AND PRELIMINARY LEMMAS

We divide this section into three subsections. The first one is devoted to several
definitions that will be used in the analysis performed in Section 3. The main
objective of the second subsection is to construct the function @ used in Theorem
1.1. In the final subsection we summarize a collection of existing results that will

be used throughout this paper.

2.1. General definitions In this subsection we will address several general
definitions that will simplify the notation in the coming sections.
Define the function g; : R? — R for any p € R? as

(2.1) gi(p) =T(ci,p),

where the function T is defined by (1.6). Notice that I' can be regarded as a
degenerate distance function. Hence g;(p) represents the distance of a point p
(with respect to the distance function I') to the critical point c;.

Inspired in [22] we consider the following assumption:

Hypothesis 2.1. Suppose that for every u € R2, there exists a curve yi, :
[—1,1] — R? such that yi, (-1) = ¢i, yL(1) = u and

1 . .
(2.2 giw = | W) oh) ld.

The function g; is Lipschitz continuous and satisfies

(2.3) IDg;(u)| = yW(u) a.e.

For potentials with two wells the existence of such curves was proved by P.
Sternberg in [22]. He also proved that, when considering a curve that joins the
minima of W, it can be re-parametrized by a curve B;j : (—c0,0) — (—=1,1) such
that the curves defined by

Cij(T) = y&, (Bij(T))
satisfy
(2.4) 20i(c) = | WGy + [P dr,

as well as (1.4) and (1.5) (where the limits in (1.5) are attained at an exponential
rate). In our situation, if we assume Hypothesis 2.1, the previous construction
can also be carried out (see [7] and [22] for details on this computation). Hence,
in what follows we will work under Hypothesis 2.1 and, in particular, we assume
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that for any pair of minima ¢;, ¢; there is a solution to (1.4)—(1.5). We would like
to remark that Hypothesis 2.1 holds for several potentials W (see [1] and [5] for
some explicit examples).

As mentioned in the introduction, we want to relate equation (1.1)—(1.2) with
the following equation in the unit ball:

N VUWZ(ug)

(2.5) —AlU¢ =0 forx € By,

(2.6) Ue(x) = Pe(x) for x € 0B;.

where @¢ will be properly defined in the coming subsection. This equation moti-
vates us to define the following functional:

J |Du|? + 1W(u) dy if ueH(B)) and”|aBl(X) = @:(x),
(2.7) Te(u) =5 ¢

0 otherwise.

where u : By — R?, Q¢ : dB; — R?. It is easy to check that weak solutions to
(2.5)—(2.6) can be regarded as critical points of (2.7).

We are interested in studying the limiting problem as € — 0. More specifically,
we expect the limit of the solutions u¢ to (2.5) will capture the behavior at infinity
of the function v which satisfies (1.1)—(1.2). In particular, we want to show that
it is possible to obtain, as the limit of the functions ue, a function ug that satisfies

(2.8) Uo(r cos0,rsin@) =c¢; for 0 € (0;_1,0;),

where o; = 0; — 0;_ satisfy (1.7). Without loss of generality we are going to
assume that Oy = 0 and 05 = 271.

In order to study the limit of the functions u, we define the following limit
functional (that we will show corresponds to the T-limit of the functionals 7):

i I'(ci,cj)H; (0, Qi(u) N 0, Qi+1(n))
i,j=1 ;
2.9 To(u) = + Z T(ci,cj)H1 ((0Q;(u) N3dBy) \ ;)
" if gi(u) € BV(By) and u € {ci}fzo,
[ 00 otherwise,

where Q;j(u) = {x € By : u(x) = ¢i}, Po(x) = lime_g Pe(x), ®; = {x € 0B; :
@o(x) = ¢;} and Hj is the one dimensional Hausdorff measure.
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2.2, Thefunction @ As described in the introduction, the function @ should
represent the boundary condition at infinity, that is, it should satisfy (1.2). In par-
ticular, we expect the sequence of functions @, (defined by @s(x) = @(x/¢))
to converge to ¢; as € — 0 in the angular sectors of B defined by 0 € (01, 6;)
(where the angles 0; are defined by (1.7)—(1.8)). Moreover, we will construct a
function @ that, away from the triple point, approximates a solution to (1.9) (we
will make this statement more precise in Section 4).

More precisely, let L; be the half-lines starting at the origin, with direction
0i. Away from L;, the function @ is defined by one of the constants ¢; (that is,
one of the minima of W). Notice that in fact ¢j are solutions to (2.5). Near the
half-lines L;, the function @ will be equal to an appropriate solution to (1.4) (that
we denote Cjj), evaluated at the distance to L;. These functions are approximate
solutions in a sense to be discussed in Section 4.

We summarize the description above with the following equations: Consider
a smooth function n : R?2 — R such that n(x) = 1 when |x| < % and n(x) =0
for |x| = 1, the distance

di(x) = d(x,Ly),

6

and a partition of unity {fli}?:l associated to the family of intervals {4} i1

where
Ay = (0;—06, 0;+9),

9] 9]
Aziv1 = (9i+§, 9i+1—§)-

Now we define
2.10) @(x) = (1-n(x)) (05(9)C3 + 16(0) T3 (do(x))

2
+ 3 (a0 Gii (di ) + i1 (0)co))

i=1

and
(2.11) Pet0) =9 (3).

Notice that since L; is a half-line, we have that d;(x/¢) = di(x)/=.

Remark 2.2. The functions @ are not only well defined on the boundary of
Bj, but also in the interior. Moreover, under these definitions we have that

Qo(x) := lir% @s(x) = up(x) almost everywhere.
g—»
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Furthermore, in Section 4 will be shown that near the boundary (more pre-
cisely, for [x| > %) the function @ is an “approximate solution” to the equation
(1.1), in the sense that for every x there holds (—A@c+(V, W (e))/(2€2)) (x) —
0 as € — 0. We will prove that in fact for every o < 1, SUPca|x|<1 |Ue — Pel — 0
as € — 0. Correspondingly, for v : Byjs — R? defined by v¢(x) = us(ex) there
holds sup a1 (x| <(1/¢) Ve = @I = 0as & — 0.

On the other hand, it is not expected that the functions @, are good ap-
proximations to the solution inside the ball of radius €% (or correspondingly, @
is not a good approximation of v, in the ball of radius €*7!). This can be il-
lustrated as follows: The choice of the functions @ in (2.11) flexible as long as
the features described above are preserved (namely, for [x| > €% they approach
ug and they are an approximated solution to the equation). For example, it is
possible to consider @¢(x) = @(x/e + In(e)xo). In fact, for every k € N there
holds SUP | |5 ea ID¥@, — D*@,| — 0 as € — 0. However, for every o < &l =«
we have minc¢; < SUP || < ea |@e(x) — @g(ox/€)|, which contrasts with the sec-
ond inequality in Theorem 4.1. In particular, it is clear that @ cannot be a good
approximation of the solution inside the ball of radius £*. Similarly, it is not ex-
pected that @ approximates the solution u; inside the ball of radius €% (or that
the corresponding function v would be approximated by @ inside the ball of
radius e*°1).

2.3. Technical lemmas Now we state some technical lemmas. The first one
was originally proved in [19]:

Lemma 2.3. Let us(x) € C? satisfy (2.5)—(2.6), where W : R? — R is a proper
Sfunction in C* bounded below, with a finite number of critical points (that we label
as {ci}1",), and such that the Hessian of W (W) is positive semidefinite for lu| = K
for some real number K. Suppose that the functions Q¢ are uniformly bounded. Then
there is a constant C depending only on uniform bounds over ¢ and W, but not on
&, such that

sup |ue| < C,

where C only depends on uniform bounds over @ and W.
Proof. Consider we(x) = W(ug)(x); then

—Awe

= DUAVeW (ue) - (Ue)x,)x,

1

—(W"(ug)Dug) - Due — Vo W(ug) - Aug,

where W’ denotes the Hessian matrix of W and the dot product between two 2x2
matrices is the standard dot product in R%. Since u, satisfies (2.5), this becomes

(W’ (ue) |2

2.12 —Awg +
( ) We el

+ (W (ug)Du) - Dug = 0.
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If the maximum of wy is attained at the boundary, then it is bounded by the
maximum of W (@¢(x)).

Suppose that w; has an interior maximum at X and |u¢(xo)| = K. Since xg
is a maximum for wg, it holds that Aw¢(xp) < 0. We also have by hypothesis
that W' (u) is positive semidefinite for |u| = K, hence

+ (W” (ug)Dug) " Dug > O.

D 2
—Aw, + | uW(zue)|

The inequality is strict (which contradicts (2.12)) unless

Dy W (ue) |2

52 = (W”(ug)Dug) " Dug = O.

If VoW (ue(xo)) = 0, we would have us(xg) = ¢; for some i and this implies
(since the maximum is attained at this point) that W (u¢(x,t)) < W(c;). Hence

Since W is a proper function, we conclude the result of the lemma. o

‘We will also use Lemma A.1 and Lemma A.2 in [4]. We restate them here without
proof:

Lemma 2.4 (Lemma A.1 in [4]). Assume that w satisfies
-Au=f inQcR"™

Then

(2.13) [Du(x))*=C (nfnpo@) i) + ||u||im(9)>

VxeqQ,

1
dist® (x, Q)

where C is a constant that depends only on n.

Lemma 2.5 (Lemma A.2 in [4]). Assume that u satisfies

~Au=f inQcR"
u=0 onodQ,

where Q is a smooth bounded domain. Then it holds
(2.14) DUz~ () < Cllf =@ Il

where C is a constant depending only on Q.
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3. CONVERGENCE IN L!

In this section we show that solutions u¢ to equation (2.5)—(2.6) converge in L.
More precisely, we prove the following result.

Proposition 3.1. Ler wq be defined by (2.8). Consider 1c and 1y defined by
(2.7) and (2.9) respectively. For @ defined by (2.10)—(2.11) there exists a sequence
of minimizers We of I¢, such that T¢(ug) — To(uo) and ue — ug in L.

As stated in [23], when considering the Neumman boundary condition prob-
lem, Proposition 3.1 follows from results in [3], [13] and [23]. In what follows
we are going to state these results and point out the necessary modifications in our
setting.

Theorem 3.2 ([23]). Let wo be defined by (2.8) and C; = {x € Q: up(x) =
ci}. Consider a domain Q and partition (E,F,G) of Q. Define
F(E,F,G) =T(c1,c2)H1(0oE N 0aG) +I'(c1,¢c3)H1 (0oE N 0qF)
+ F(c3,c2)H1(aQF N aQG).
Then the partition formed by Cy, Cy and Cs is an isolated local minimizer of F, that

is

3.1) F(Cy,Cy,C3) = min F(E, F,G),

where the minimum is taken over all the partitions (E,F,G) of Q) satisfying the con-
dition

(3.2) |C1AE| + |G AF| + |GAG| < 6,

where & is some small positive number.

Remark 3.3. The proof of Lemma 3.1 in [23] implies that this 6 can be uni-
formly chosen for balls of all radii.

Theorem 3.4 (Theorem 2.5 in [3]). Let

B J sIDu|2+lW(u)dy if ue H'(Q) and J u(x)dx =m,
(3.3) ’—IE,Q(M) = Q € @

00 otherwise.

and
(3
> T(ci,c;)Hy (95, Qi(w) N 3p,Q;(u))
nt if gi(u) € BV(Q) fori € {1,2,3},

34)  Toau) =
W(u(x)) =0 a.e. and L}u(x) dx = m,

[ 0 otherwise.
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1t holds for every e, — O that
o Forevery ug, — U in LY(Q) we have that

To(u) < lim inf7, (U, ).

o Thereisug, — u in L' (Q) such that

To(u) = lim sup jgk (Ug,)-
h—oo

Proposition 3.5 (Proposition 2.2 in [3]). The function g; is locally Lipschitz-
continuous. Moreover, if u € H'(Q) U L¥(Q), then gi(u) € WHH(Q) and the
Jollowing inequality holds:

(3.5) JQ ID(gi(u))|dx < JQ JW(u)|Du| dx.

Remark 3.6. Following the proof of Theorem 3.4 in [3] it is easy to see that
the restriction J u(x)dx = m, imposed by Baldo in his work, can be removed
Q
from Theorem 3.4 without modifying the proof.

Theorem 3.7. [13] Suppose that a sequence of functionals {1¢} and a functional
1o satisfy the following conditions:
(1) ifwe = wo in LY (Q) as € — 0, then liminfZe (we) = To(wo);
(2) for any wo € LY(Q) there is a family {pe}eso with pe — wo in L' (Q) and
Te(pe) — To(wo);
(3) any family {we}eso such that Te(we) < C < oo for all € > 0 is compact in
LY (Q);
(4) there exists an isolated L' -local minimizer wo of 1o; that is, To(uo) < To(w)
whenever 0 < ||[ug — wllp(q) < 6 for some 6 > 0.
Then there exist an &y > 0 and a family {u¢} for € < & such that u¢ is an
L' -local minimizer of I and we — wg in L'(Q).

Theorem 3.4 establishes conditions (1) and (2) of Theorem 3.7 for 7¢ o (de-
fined by (3.3)) and 7y (defined by (3.4)). Theorem 3.2 establishes that uy is a
local minimizer for 79 (condition (4) of Theorem 3.7). We need to show that
these theorems imply that the conditions of Theorem 3.7 also hold for 7 and
o (defined by (2.7) and (2.9), respectively). In addition, we need to prove that
condition (3) holds for these functionals.

Lemma 3.8. Theorem 3.2 implies that W is a local minimizer for 1.

Proof. Let C; = {x € By : up(x) = ¢;} and for any w let Q;(w) = {x €
Bi :w(x) = c;}. Consider 6 for B; as in Theorem 3.2. We are going to show by
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contradiction that for every w such that w(x) € {Ci}?zl almost everywhere and
[C1AQ (W) + [CGAQ (W) ] + [CGAQ3(w)| <6

there holds that
To(up) < Jo(w).

Suppose that there is a w such that

(3.6) ICIAQ (W) + [CAQ (W) | + |C3AQ3 (W) <6
and
(3.7) To(uo) > Jo(w).

Consider 0 > 0 and B;,o. Define
Qg(u) = jg,BHc-(u)-

Notice first that ug (given by (2.8)) is well defined for every x € R2. In particular,
it is well defined for every x € B; ¢ for any 0 > 0. Hence, we can define

w(x) ifx e B,
(3.8) w(x) =

'l/L()(X) ifXEBH_O—\B].
Let

Ci = {X € Bi+o : uo(x) = ci},

-

Qi(w) = {x € Bi1g : w7 (x) = ci}.
Using definition (3.8) and equation (3.6) we also have
(3.9) 1GAQ (w)| + |GAQ (w) | + |CAQs (w)] < 6.

Notice that every subset on the boundary where w does not agree with ug
becomes an interior boundary term for w9 in Bj.y. By the definition of 7§ we
have that

3
1§ (W) = h(w?) + o > T(cic)),
ij=1
3
1§ (o) = To(ug) + 0 > T(ci,cj).
i,j=1
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Inequality (3.7) implies that
(3.10) 17 (w?) < 1§ (uo),

which together with (3.9) contradicts the local minimality of 1 given by Theorem
3.2. O

Proof of Proposition 3.1. In what follows, we are going to show that Theorem
3.4 and Proposition 3.5 imply conditions (1) and (2) of Theorem 3.7 for the
functionals defined by (2.7) and (2.9).

Recall that @ is given by (2.11), @ = lime_o @¢, and o = ug a.c.

Proof of condition (1). Let
(3.11) we — wo inL'.

As in the proof of Lemma 3.8, consider 0 > 0 and define

(3.12) 77 (u) = I p,.,, (W),
wE(X) lfx S Bl;
(3.13) w?(x) =
@s(x) ifx €Biys \ By,

wo(x) ifx e By,
(3.14) wi (x) =
@o(x) ifx €Biio \By.

Notice that, again, the boundary portions of wy that do not agree with @q
become interior boundaries of w§. Hence, as before, if 7§ (wy) # o, we have
that

3
(3.15) 1§ (wo) = To(wo) + o > T(ci,cj).
i,j=1

Using (3.11) and definitions (3.13) and (3.14) we have that
w? —wf inlL.
Theorem 3.4 and Remark 3.6 imply that
(3.16) 1§ (w§) < limionfﬂf(wg).
E—
We can explicitly compute that

3

(3.17) TeBro\B (@) — 0 > T(ci,cj).
ij=1
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It is also easy to check that
(3.18) 17 (We) = Te(We) + Te g\, (@)
Equations (3.17) and (3.18) imply that
77 (we) — oo ifand only if Ze(wg) — co.

We can assume that liminfe_¢ 7. (we) < o (otherwise the result is trivial).

Equations (3.15), (3.16), (3.18) and (3.17) imply that

3
To(wo) + 0 > T(ci,¢j) = 17 (wp)
ij=1
< liminf7Z (w?)
-0
3
=liminfZ, (we) + 0 > T(ci,¢)).
-0 i1
This implies
70(1(/0) < limionfﬂg(wg),
E—)
which proves the result. O

Proof of condition (2). The proof of condition (2) follows directly from the
proof in [3] of the equivalent statement. Hence, we are going to follow Baldo’s
proof, use some of his constructions and point out the necessary modifications in
our setting. For more details, we refer the reader to [3].

As in the proof of condition (1), let 7¢ be defined by (3.12), that is
17 (u) = Tep,., (1).

Consider wy € {ci}?:l, such that 7y (wg) < oo (otherwise the result is trivial).
As before, we extend the domain to Bj ¢, for some o > 0, and we extend wy by
@ outside the unit ball. We label this extension as w{ .

Let pZ be the sequence of functions given by Theorem 3.4 that satisfy p? —
w§ in L' and 72 (p) — 1§ (wf).

We can write wy = 2?:1 ¢ilg,. The functions p? constructed by Baldo in [3]
are uniformly bounded functions, that €-near the boundaries 0Q; N 0Q;j N Bi4o
are equal to the geodesic C;j;. In the interior of Q;, p¢ approaches c; uniformly. In
particular, we have that p — wy almost everywhere and it is uniformly bounded.
By dominated convergence theorem we have that the restriction of pZ to By, that
we will label as p¢, converges to wy in the L! norm.
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As in the proof of (1), we have

3
(3.19) 1§ (W) = To(wo) + o > T(ci,c)).
i,j=1

By the definitions of 77, 7¢ , pZ and ps, for every o > 0 holds that
(3.20) '—’g(Pg) = T (pe).
Combining (3.19), (3.20) and Theorem 3.4 we have
3
To(wo) + o > T(ci,cj) = 1§ (w)
i,j=1
=lim7Z (p?)
=0

> limZ¢ (pe).
-0

Taking o — 0, it follows that

To(wo) = lim 7 (pe).
=0

Combining this equation and condition (1) (that we proved above) we conclude
that

To(wo) = limZ(pe),
-0

which finishes the proof. O

Proof of condition (3). We will follow the proofin [22]. Suppose that 7¢ (w¢) <
C < oo for some family {we}eso.
Define

Ge(x) = g1(we(x)).

Proposition 3.5 implies that

JB IDG.(x)]| dx < jB W () | Dw,| dx

< EJ |Dwe|?dx + 1J W (we) dx
B1 & Bl
<C.

Hypothesis (d) of Theorem 1.1 implies that the functions w, are uniformly
bounded in L (B;) for some p. Hence, G are uniformly bounded in L' (B;) and

1Gellgv(s,) =< C.
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Since bounded sequences in BV are compact in L!(see [9]), there is a subse-
quence G¢ convergent to Go in L. This function Gy takes the form

0 ifx e i,
Go(x) =1g1(c2) ifx € Gy,
gl(C3) ifx e Cs.

Since ¢; is the only value x such that g;(x) = 0 and g; is continuous, we
have that there is a subsequence {w¢,} that converges in measure to ¢; on C;. The
uniform bounds in L? (provided by hypothesis (d)) imply that {w¢,} converge on
C; also in the L' norm. The proof can be finished by repeating the same argument
for 9o and 9s3. t

Using Theorem 3.7 and that Lemma 3.8 implies condition (4), we conclude the
result of Proposition 3.1. O

From Theorem 3.7 we conclude the following corollary:

Corollary 3.9. Letwg be defined as in Theorem 3.7. Then there is a subsequence
of the family {We} that converges point-wise almost everywhere to Uy.

4. UNIFORM CONVERGENCE

In this section we focus on improving the convergence bounds proved in the pre-
vious section. Namely, we prove the following result.

Theorem 4.1. Fix0 < « < 1. Let 0 < 0 < €'17%; then for every m > O there is
a constant C (that might depend on & and m) such that

® SUP|y|>ea [us — el < Ce™.
® SUP|x|<easa [ueg(x) —ug(ox/e)| < Ce™.

There are two main ingredients in the proof of this theorem. The first is
the construction of a function Uj; that satisfies Uz(x) = @¢(x) for x € B; \ Bga,
Uj(x) = ue(ox/e) forx € Beajp and |-AUz+V, W (Uy) /(2€?)|(x) — 0 point-
wise; the second one is Theorem 4.3. The idea is the following: We consider U
as the initial condition for the parabolic equation (1.3) in the unit ball. Since U;
is almost a solution to this equation, we expect that the actual solution to (1.3)
will stay close Uj;. This assertion it is ensured by Theorem 4.3. However, in order
to apply that theorem, it is necessary to consider solutions to an equation with
0 boundary condition. For this reason, instead of considering equation (1.3) we
take (4.15)—(4.16)—(4.17) (which correspond to subtracting the function Uj; from
the solution to (1.3)). We finally conclude Theorem 4.1 by observing that our
solution to (1.3) converges to Ug as t — oo.

We would also like to remark that the minimizing property of solutions u,
will not be used in this section. In fact, the construction presented here would
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work for any type of critical point of the functional 7¢ with the appropriate bound-
ary values. However, the minimizing property will be used again in Section 5 in
order to show the minimizing statement of Theorem 1.1.

Now we proceed with the construction of the function Uj. Since this function
depends also on other parameters besides € (such as « above and o, which will be
shortly introduced), we use the subindex ¢, which stands for 4 = (¢, o, ®).

Let

Ve(X) =uUe(ex) and us(x) =ues (%) .

Consider a positive function n : R — R such that n(x) = 0 for |x| < % and
nix)=1for|x|>1.Fix0< x<1and

(4.1) E = 26 — g2md-o

Then define for y € R? the function

) =n (3 |+1—ﬁ)
NelyY)=n ZEy 2E)"

Notice that the function n«(y) satisfies ny(y) = 0 for |y| < €¥° ! — E/& and
Na(x) =1 for |y| = €*~1. Moreover, defining

n& () = N« (%)

itsatisfies n§ () = 0 for || < €¥—E (where E is defined by (4.1)) and n§(y) =1
for |y| = &%,

We will denote by H, the heat kernel in Q ¢ R2. A more detailed description
and some properties of the heat kernel can be found in Appendix A.

Let

(4.2) Q={(E,O‘,(X)E(O,I]X(O,I]X[O,l]:O'Sé'l_‘x}.
Define for § = (&, 0, ®) € Q the function

Vi(y) =na()@(y) + (1 —na(¥))vo(y).

Now we take

Let us denote by Cs the set of continuous functions from S to R?. For g as
above consider the function Fj : Cg, . x[0,7] X Cg,,. = CB,,.x[0,7] defined by

t
Fi(h,p)(x,t) = Jo JB Hp, (X, ¥, t =5)(=V, W(h+V4)(y,s)+AVs)dyds
1/e

+ J Hp, . (x,y,O)p(y)dy.
By/e



Allen-Cahn Equation with a Three Well Potential 231

Notice that, for a given ¢/, Duhamel’s formula implies that, if there is a fixed
point hj g of F7(-, y), it would satisfy

dh; VoW (hz Vi
(4.3) d’;"” ~Ahgy + — ( ;"” Ve AV; in By,
(4.4) hq;(,,(x, t)=0 on 0By,
(45) hq’,(p(xao) =y(x) in Bl/g.

The next lemma shows the existence of such a fixed point.

Lemma 4.2. Fix a uniformly bounded continuous function Ys and 4 € Q,
where Q is defined by (4.2). The function Fg(-, @) : Cpxjo,r] = C x[0,1] has
a unique fixed point that we label hg . Moreover, for K > 0 and functions w;
satisfying |wg| < K, there are constants M and B (that might depend on K), such that
for every T = O there holds

(4.6) sup lwg — hgyl
Bijex[T,T+2B/M]
1
=7 (2 sup |Fj(wg, @) —wgl + sup |lwg — h,g,(,,|(x,T)).
- B Bijex[T, T+2B/M] XEBy /e

We postpone the proof of this lemma to Appendix A.
From Lemma 4.2 we can prove the following theorem (which provides one of
the essential tools in the proof of Theorem 4.1):

Theorem 4.3. Under the hypothesis of Lemma 4.2, one of the two following
alternatives holds:

(1) limp—cosupg, io7,7 [Wn = Rayp, | =0, 0r
(2) there is a constant C, independent of Gn and Ty such that

4.7) sup  |wp —hg, 9, <C  sup |Fz, (Wn, Yn) — wyl.
B1/ex[0,Ty] B1/ex[0,Ty]

Remark 4.4. In Theorem 4.3 it is possible to choose T;, = oo for every n.

Proof of Theorem 4.3. Consider sequences of continuous functions ¢/, Wy
satisfying
sup |@nl, sup |wyl =<K, and g, € Q.
By B x[0,Ty)

Suppose that neither (1) nor (2) hold. Then there are subsequences such that

(4.8) lim  sup |wn—hg,p,l #0

n‘i
® Bijen x[0,Ty]
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and

4.9) sup  |wn —hg, g, =1 sup  |Fg, (Wn, Yn) — wyl.
B1/en x[0,Tn] Bi/en xX[0,Tn]

The a priori bounds shown in Theorem A.3 and the boundedness hypothesis
imply that there is a constant independent of n such that [wy, — hg, .| < C.
Then, (4.9) implies

(4.10) sup |Fq‘n (Wn, Yn) —wn| — 0.
Bl/snX[OyTn]

Applying inequality (4.6) recursively we have that for every 0 < T < oo there
is a constant that depends on T (but independent of G,) such that

(4.11) Sup |Wn - hdn;Wn' < C(T) Sup |Fq’n(W‘n,(’Un) _Wnl.
Bi/en x[0,T] B1/en x[0,T]

Therefore if the T}, are uniformly bounded, case (2) holds trivially, which contra-
dicts (4.9). Hence we may assume T, — co. We will show that in this case

Tlllﬁnfolo Sup |wn - hqmq}n' = O'
Bi/en x[0,Tn ]

contradicting (4.8).
Let

T = {(Sn)neN :0 < Sn < Tn, llm sup |w;1 - hdn;Wn' = 0}
n_.ooBl/an[O‘Sn]

For the set of sequences in R we consider the topology defined on the basis of
open sets given by By ((Sp)nen) = {(Sn)nen @ Sn = Oand sup, . [Sn — Sl <
o} for any o > 0. Notice that in particular (4.11) implies that T is a non-empty
set, since at least S, = inf,, Ty, € T.

Claim 4.5. T is open.
Proof. Consider (Sp)n € T. Let Sp = min{Sy +2B/M, Ty} Using inequality
(4.6) we have

sup  Nwn— gy
Bl/snX[SnySn]

1
=7 (2 sup  |Fg, (Wn, Yn) —wnl + sup |wn - hrin,wn“X,Sn))-
— B B]/an[Sn,gn] XEB]/EH
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Since $;, < Tp and S,, € T, taking 1 — oo we have that

m  sup wa gl =0,
Bl/sy, X[SnySn]
and Byg/m N'T C T. Hence T is open. O
Claim 4.6. T is closed.

Proof. Suppose that Sk=(Sk,eT satisfy Sk~ S =(S)nask — o, By
the definition of the topology we have that there is a ko such that for every n € N
and k > ko holds ISE —Sul <2B/M. Using inequality (4.6) we have

1
sup | wy — hg,y,| < (2 sup I, (wn,wn) — wl
Bijen X[Sn’,Sn] Bijen X[Sn’ 5]

k
+ sup Iwn—hqn,wn|(X,5nO))-
XEBi/ey

Using that (Sflo)yl € T and (4.10), when n — o we have

sup  |wn = Ry, |

Bi/eyn x[0,5,]
= max{ Sup |wn - h'q.n,(l/n |’ Sup |wn - h"imWn'} - 0
Bijen x[0,5%°] Bi/en X[Sh0,5n]
Therefore § € T and T is closed. O

Since T is open, closed and non-empty we conclude that T = {(Sy)nen : 0 <
Sn < Tyn}. In particular (Ty)n € T, which contradicts (4.8) and proves the
theorem. O

Following the proof of Theorem 4.3 we obtain the next result:
Corollary 4.7. Consider the sequences Yy, Wy, Gn € Q, and Ty > 0 as in

Theorem 4.3. Assume in addition that there are constants C, m such that

By ey x[0,Tn]
Then for every o < m there holds either

(1) limy— o SuPBl/gnx[o,Tn]“w" - hqn,wnl/fﬁ) =0, or
(2) there is a constant C, independent of Gn and Ty such that

Wi — R,
‘(:‘m

|inn (Wn, Yn) — Wyl

é.n'ft
Bi/en %[0,Tn] n

(4.12) sup
Bl/gn X[O,Ty,]

<C
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In particular, there is a constant C such that

sup  wn — hg, g, < Cept.
Bi/en x[0,Tn ]

Now we would like to rescale the estimates of the previous theorem and
corollary to the unit ball. Namely, instead of considering the function hg ¢ :
Bi/e X [0, T/€*] — R? we define the function kgys: By x[0,T] — R? by

(4.13) a0 = hy (f é)

Notice that, under this definition, for every € > 0 we can write the left hand side
of equation (4.7) as

sup  |hgye(x, ) —we(x,t)| = sup |kg(x,t) —wi(x,t)l,
Biex[0,T/€2] By x[0,T]

where WE(x,t) = we(x/&, t/€?).

Now we would like to rescale the right hand side of inequality (4.7). Notice
that by applying the function F; to any pair of continuous functions we, Q¢ we
obtain a continuous function Fz(wg, Y£) : By e x [0, T /%] — R2, which satisfies
(via Duhamel’s formula) the following equation:

qu(wfs WYe)
dt

— AFz(we, pe) + 5

. T
=AVq’ 1nBl/g>< [O,?],
Fd(wg;(pg)(X,t)ZO forxeaBl/g,

Fq‘(Wg,(I/E)(X,O)Z([Jg(X) fOrXEB]/g.

Let us define the function £ : Cp x[0,71 X C, — CB,x[0,T] s
X
Li(wE, @i)(x,t) = Fj(we, Pe) <;’ %) ,

where as before wE (x,t) = we(x/€,t/€?) and similarly @i (x,t) = @e(x /e, t/€2).
A simple computation shows that for any w§, @£ the function obtained by evalu-
ating L at (wf, Yf), denoted by Lz(w§, i), satisfies

dt

VoW (WE + Uy) ,
- ALj(wg, Pg) + % = AU; inB; x[0,T],

Li(wg, pg)(x,t) =0 for x € 0By,
Li(wE, pi)(x,0) = pi(x) forx eBy,



Allen-Cahn Equation with a Three Well Potential 235

Using again Duhamel’s formula we conclude that

(4.14)  LgwE, @ (x,t)

t & -
- L JB Hp, (x,y,t—5) (—VUW(ws *Ua)(y,s) + AUq(y)) dyds

52

+j H, (x, v, OWE(Y) dy .
By

In particular, we have that k;,;, defined by (4.13) is a fixed point of L;(-, ).
Hence, the right hand side of equation (4.7) reads

sup  |Fj(we, @e) —wel = sup | Li(wf, @) —wil.
B1/x[0,T/€?] B1x[0,T]

In this context we can re-formulate Theorem 4.3 (dropping the super-indices
to simplify the notation) as follows.

Theorem 4.8. Let kg, y be defined by (4.13). Then is the unique fixed point of
L, (-, ). Moreover, for any fixed K > 0 and sequences of continuous functions Yn,
Wy, satisfying sup | Wy, sup |wy| < K and vectors 4n € Q and Ty, > O there holds
either
(1) limy— o SUPg «[0.T, ] 1K pn (X, 8) —wy(x,t)] =0 or
(2) there is a constant C, independent of n, Gn and Ty, such that

sup  |Kg,p, (X, 0) —wn(x,0)| < C sup |Lg, (Wn, Yn) — wnl,
B1x[0,Ty] B1x[0,Ty]
where Gn = (En, On, Cn).

Now we can devote ourselves to prove Theorem 4.1. We divide the proof into
two steps: Lemma 4.9 and Lemma 4.10.

Notice first that the function kg, defined by (4.13) is a solution to the fol-
lowing equation:

VoW (kgy + Us)

(4.15) Pkgy + e ~ AU; inBi,
(4.16) kgy(x,t) =0 ondBi,
(4.17) Kip(x,0) =@ inB,

where Pk = dkg,y/dt — Ak . In order to simplify the notation, when ¢ = 0
we will simply denote this solution by k; (instead of k,9). In Lemma 4.9 we show
that

lim sup [kg(x,t)| =0.

€08, %[0,00]
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In order to do this computation we will use several estimates from Appendix A.
Thereafter we will conclude the proof of Theorem 4.1 by showing in Lemma 4.10
that for every fixed € there is a sequence 0 < t,, / co satisfying

7llim sup |kg(x,tn) —ue + Ugl = 0.
—o g

Lemma 4.9. Let k; be the solution to (4.15)—(4.16)—(4.17), for ¢y = 0. Then

lim sup [kg(x,t)| =0.
€=0p «[0,00]

Proof. Suppose that
sup kgl # 0.

By x[0,00)

Theorem 4.8 implies that (by choosing we = ¢ = 0)

(4.18) sup |kgl <C sup [L;(0,0)].
By x[0,00) By x[0,00)

Set S¢ = SUPR, [0,00) |£;(0,0)| (possibly infinity). Fix 6 > 0 and notice that,
by definition of supremum, there is a t¢ such that

sup | £4(0,0)(x,te) —Se| < 6

XEB,;
(or when S; = co pick t, such that sup, 5 1£5(0,0)(x,t)| = 5.

We will show that, independently of &, holds SUP,cp, |£5(0,0)[(x,te) — 0
as € — 0 (notice that this immediately contradicts S¢ = o). Recall first that

(4.19)  £4(0,0)(x,1)

t .
_ J J —7'[31 (x,y,t—5) (_VUW(U‘;)(y’S) + AU(i(y)) dy ds.
0 JB; &

Notice that for | x| < ¥ — E we have

—V, W (U; - e
& &

+ Aué = 0.
Hence, (4.19) implies

(4.20) |£5(0,0)[(x,t) < I (x,t) + Ir(x,1),
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where

t —
Ii(x,t) =J J Hp, (x,y,t =) erAmg (v,s)dyds,
0 J{lylze} £

t
L(x,t) =J J Hp, (x,y,t—5)
0 J{ex—E<|y|<ex}

VoW (Uy;)
X '% +NaA@: + ANg) (hG — @) + V(ng) - D(ug — @e)

(y,s)dyds.

Now we find bounds for I} and I,. For each of these integrals we will consider
two ranges for the variable t, namely t < T and t = T, where T > 0 is any fixed
positive constant.

Bounds over I: Since € < €% (when € < 1) we have that for every [x| > &
the function n(x) = 0, and for such x we have

AQe(x) = 512<52AI76C31 (d0<§>> 16531 (d()(%))

+ 2eVng - Vd()(%)gg(do(%)) + &2Ansc;

+ isznziCiiH (%(%)) +N2iCii (%(%))

i=1
x\_, X
+ 2EVI’]21' . Vdi(;>§ii+l <d1<;>> + EzAnzl’lCi).

Since the functions n; depend only on the angle 6, we have that
ny

An;j = ) and  |Vn;l < [njl.

In particular for x| = €%
rr

n :
Anjl = —5= and [Vl < Injl.

Recall that for 0 € [0; — 6/2,0; + 6/2] we have n2; = 1 and n; = 0 for every
j # 2i. Then

(4.21) %z((pg)-FACpg:O foree[ei—§,9i+—
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Now we need to find bounds for 0 € [0; + 6/2, 01 — J]. Notice first that

rr 9 K
(4.22) 1An(0)| = "7 ( )' 5= o forixlz e,
n K K
(423) |V)7|= '7 S?SE—(X for |X|ZE‘X.

Notice also that n; # 0 only for j = 21,2i — 1 and n2; + n2i—1 = 1. Hence
1 x rr X
Ape = 25 (£8m20 G (di (3 ) + mauoris, (i (%))

+2eVn,i(0) - Vd; (%) Ciivt (dl ( )) + EzArlzi—l(Q)Ci)

= An2i(0) (Cii+1 (di (%)) - Ci) + Thi(@% (di (%))
abomn-sa(2) i 0 2)

Using Hypothesis 2.1 we have that there are constants K, ¢ > 0 such that

—cd /e

(4.24) + AQ; <k

VoW (@)
E

for |x| = e*and 0 € [Qi + §,9i+1 - §] .

2 2
Furthermore, for |x| > €*and 0 € [0;+5/2, 0i11—0/2] we have |d;| = €¥sin §.
Hence,

—(ce%sind) /&
s | TR o | e
&
for | x| > &% and 0 € [Qi + g,em - g] .

Now we proceed to find bounds in two different cases:
(1) Suppose that t < T. Equations (4.21) and (4.25) imply

(ce%sind)e

Il(x,t)sKij J{I N a}j{Bl(X ,v,t —s)dyds.

Using Lemma A.1 we have

—(ce%sind) /e

(4.26) Ii(x,t) <KT foreveryx € Bjand 0 <t < T.

62
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(2) Suppose thatt > T. Let

VoW (e)
i

fsz

and fix 6 > 0. Now we divide I; in the three following integrals:

()

I (x,t) = J J  Hp (x,y,t=3s)fe(y,s)dyds,
0 {lylzeIn{lx-y|<Vt-s/t}
()

Ia(x,t) = J J _ Hp (x,y,t=s)fe(y,s)dyds,
0 {lylzeIn{lx-y|=Vt-s/t}

1)
Ii3(x,t) = J J Hp, (x,y,t —3)fe(y,s)dyds.
=6 J{|yl=ex}

Then
Iy =11y + Iz + 15,

By Theorem A.2 we have that |Hp, (x,y,t —s)| < C/(t — s); then

t=0 supy oo fe (1 —5)

. t—s) 5 Tds

Ill(X,t) <C

suplylzafg
= T(t —-90)

e—cdi/s

< Cit‘Ez

Using again Theorem A.2, for |x — | = +/t — s/t we have
|Hp, (x,y,t —s)| =O([1/t]™%).

In particular, there is a constant C such that |Hp, (x,y,t —s)| < C/t; then
() C
Ilz(X,t)SJ —J Sfe(y)dy
o t Jp
C
<tT | fO0dy
B

—cdi/€
< Ce .

62
Finally, using Lemma A.1 we have

e—cd,-/e
Ii3(x,t) <dsup fe <C

62
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Combining the previous estimates we obtain

—cdile
(4.27) I(x,t) < C

= foreveryx e Bjand t = T.

Bounds over I,:  Using the definitions of Uz, ®@¢, Theorem A.3, and Lemma
2.4, we have

V. W(Uz) C

% + NGAP: | < 2

AN (hE - @e) | < =

rlo( g Cpf - Ez!

IV(15) - DS, — @) < =

« o 1T Ee”

Hence:
(1) Fort <T

I(xt)<CJtJ H(x t—s)(l+i+L>d ds
2EE ) Jencpein) <o B 2 ) Y

Theorem A.2 implies that for t —s > €™*2 there is a constant C independent
of x, 3 such that |[H (x,y,t — s)| < C/e™2. Moreover, by definition
X < E = e%(2 — e2™*4) < 2¢*. Hence

t—gm+2

C 1 1 1
L= JO L“—Es\xlse“ gm+2 <§ - g2 - EH"‘) dy ds

t
+J J HBl(x,y,t—s)izO+52‘2"‘+51‘°‘) dyds
X—F<|x|<ex &

t_gm+2
C t_gm+2
< py; J (1+ 62—20( + 61—0(),,.((820( _ (EO‘ _ E)z)dS
0
C t
+ — H(x,y,t—s)dyds.

&2 Ji_eme2 B,

Using that t < T, Lemma A.1 and the definition of E, we conclude

(4.28) IL(x,t) <

C C _
gm+4E(26a — E) + ?Eerz < Wfa82m+4 X4 Cem

= L(x,t) <Ce™ forxe€Band0<t=<T.



Allen-Cahn Equation with a Three Well Potential 241

(2) For t = T, the previous estimates show that the integrand of I, can be
bounded by C/&?. Dividing up the integral as we did for I1, we obtain

t_gm+2 C
I SJ J Hp (x,v,t —s)—=dyds
2= o (ed—E<|y|<e®}n{|lx—y|<VI-5/t} XY 2 ¢

t787ﬂ+2

C
+ Hp, (x,y,t —s)—dyds
Jo J{E"‘—Eslylge"‘}m{\x—ylzx/t—s/t} B (%, Y )52 Y
t
C
+J J Hp, (x,y,t = s)= dyds.
t—em+2 J{eX—E<|y|<eX} &

Using Holder’s inequality in the first integral for p < 2 we get
t_gm+2

C d 1/p
p=lo (] )
= o (e¢_F<|y|<ex) E2P Y

34 i) d
] it_
% (J{\x—ylsw/t—s/t} 5 (%Y $) y) s

t_EWH»Z 1

+J J Hp (x,y,t —s)—=dyds
0 {ex—E<|y|<eX}n{|x—y|=/t-s/t} ! g2
Em+2

+C 2

As before, Theorem A.2 implies |Hp, | < C/(t—s) and that for [x -y | >
(t —s)/t holds Hp, (x,y,t —s) = O((1/t)~*), therefore

t—gm+2 C62m+4 1/p 1 t—s 1/q
e () )
? [ 0 £2r t—s\ ¢

t_$m+2

C €2m+4 Em+2
+ —— +tC—
0 {sx—E<|y|<ex} T & £

tl/a — 5(m+2)/q C
< C(62m+4‘2’”)1/”—t2/q + t?ezm” + Ce™.

Therefore, for t > T and p < 2 there holds

c@m+4-2p)/p

(4.29) L(x,t) < C ( T

+e2 4 52) < Cée.

Now we can conclude the result of lemma by combining (4.26), (4.27), (4.28)
in (4.29) in (4.20) and (4.18). More precisely:

e—(ce"‘sinﬁ)/e
sup kgl <C +Ce"m < Ce™,

2
By x[0,00) €
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where C depends on « and m. This implies the desired lemma. O

To finish the proof of Theorem 4.1 we need the following lemma.
Lemma 4.10. Fix € > 0 and let ki be the solution of (4.15)—(4.16)—(4.17).

Then, there is a sequence of times ty 7 o such that

lim s;lp lkg(x,tn) —ue(x) + Ug(x)| = 0.

Proof. Corollary A.8 in the appendix shows that for every t > 0 there is a
constant C such that [Dk;(x,t)| < C/e. Similarly, by taking derivatives on the
equation, we can find bounds over the second and third space derivatives (these
bounds will depend on ¢). Since ¢ is fixed, using Arzela-Ascoli’s theorem we con-
clude that for every sequence t,, ~ o there is a subsequence k;(x, ;) that con-
verges in C2. Let us denote this limit by k7 (x) and the convergent subsequence
{tn}nen as well.

We will show that k;f (x) satisfies

VoW (kS + Ug)

(4.30) AKS (x) = .

—AU; for x € By,
(4.31) k;’; (x) =0 forx € 0B;.

First we need to show that for every T > 0 the sequence k;(x,t, + T) also
converges in C? to k (x). Define

.2 - -
It = JB (|qu| N Wi(kg + Ug) —kq'-AU,i) (x. £) dox.

2 g2

Using Theorem A.3 and the definition of Uy, it is easy to see that J(t) is
bounded below for every t. Moreover, taking the time derivative we have

VW (kg + Ug)

a7 _ (qu V) + 5 (kg)e — AU - (kq)t) (x,t) dx

dt  Jp
= JBI [(—Ak4+ w - AUq> . (kq)t] (x,t) dx
= _JB |(kg)el*(x,t) dx.

Therefore 7 is bounded below and decreasing, hence it converges. Moreover, for
every fixed T > 0

tnt+T 5
th JB lkil:(x,s)dxds = J(tn) — J(tn + T) — 0.
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Since for every fixed x we can write k5 (x, t,+T)—kg(x, ty) = ttn"” (kg)e(x,s)ds,
we have that

th+T
JBI lkg(x,tn +T) — kg(x,tp)|dx < Ln JBI [(kg)el(x,s)dxds

<c( o Ll [(kg)e?(x, 5) dx ds)l/z -0

tn

asMn — oo,

Hence k;(x, ty+T) — kj(x,ty) converges to 0 almost everywhere. Let us
show that this convergence is also uniform. Suppose that
SUP,cp, |kg(x,ty +T) —kg(x,tn)| # 0asn — co. Then thereisa d > 0 and a
subsequence of times such that

(4.32) sup [kg(x, bty + T) — kg(x,tn)] = 6.

XEB,

As before, there is subsequence of these {t,,} such that k;(x, t, + T) — kz(x, ty)
converges uniformly. Since it converges almost everywhere to 0, the uniform limit
must be 0 contradicting (4.32).

Since J(tn) — J(tn + T) — 0, from the definition for 7 and the previous
estimate we can see that

J (IVk,ilz(X,tn)—|qu|2(x,tn+T))dx—>0 asn — oo,
B

As above, we can conclude that this convergence is almost everywhere and uni-
form. Standard parabolic estimates imply also that kj(x,t,, + T) — kgz(x, tn)
converges in the C? norm.

Now we can prove that k% is a solution to the elliptic equation (4.30). Since
kg solves equation (4.15)—(4.16)—(4.17), we have that for any @ € C*(B;)

JB (ki tn + 1) — kg (v, t)) @ () dy

Lo+l VoW (k)

= . JBI (Akq‘(y,tn + T) — Tq(yatn +T) _AU[1> (p(y)dyd'r

Letting n — oo, we get

VUW(k%")
JB (Ak;f’ ——a - AUq) @(y)dy =0.
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Moreover, since for every t there holds k;(x, t)[35, = 0 it must hold that k;f’ log, =
0. Uniqueness of solutions implies that necessarily k7 = e — Uy, which proves
the lemma. O

Now the proof of Theorem 4.1 is direct.
Proof of Theorem 4.1. Fix € > 0 and m > 0. Consider t;, as in Lemma 4.10,

then

sup [ue — Uzl < sup [ue(x) — Uz(x) — kg(x,tn)| + sup |kgi(x,t)]

B, B, By x[0,00)
< sup [ue(x) — Ug(x) — kg(x, ty)| + Ce™.
B,

Taking t,, — o0, we have

sup [ue — Uzl < Ce™.
By

Recalling the definition of U; we have the result. O

It is easy to see that the size of the radius of the inner ball in Theorem 4.1 (that is
the ball where u¢ (x) —uy (0x/€) converges to 0) can be increased to €¥. Namely,
we let

Ui (v) = 150 @e(v) + (1 — A5 () ug(»),

where 7 : R — R is a positive function such that 7(x) = 0 for |x| < 1 and
A(x) =2 for [x| > 1 and

1 2&%
7 =f|— + 2 — ~),
Na(y) n(2E|y| o

with E = 4% — g2m+4-«_ Ag before, & > 0.
Notice that

@:(x) for |x| = 2&%,
Ug(x) =
Uy (%) for |x| < 2% —E.

Hence, following the proof of Theorem 4.1, but changing Uy for U; we have the
following result.

Corollary 4.11. Fix0 < x < 1. Let 0 < 0 < 2€'=%. Then for every m > 0
there is a constant C (that might depend on & and m) such that

L4 Sup‘xlzzga |ug - (pg| § C((:m.
® SUP|y|<ea [Us(x) —ug(oxje)| < Ce™,
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Using Lemmas 2.4 and 2.5 we can also prove the following result.

Corollary 4.12. Fix 0 < & < 1. Let 0 < 0 < 2e'7%. Then for every m > 0
there is a constant C (that might depend on & and m) such that

® SUP|yzea |DUs = D@e| < Ce™.

* SUp|y<ea |DU(X) — (0/E)Dug(ox/e)| < Ce™.

Proof. We start by proving the first inequality of the corollary. To prove this
inequality we estimate separately in two different sets, namely we first prove the
inequality for x € Bj_¢aj2 \ Bex and then for x € By \ Bi_g); (in fact, in the
second step we find a bound in a larger set: By \ B3/4).

We consider the function us — @ in the domain By \ Bg/2. Then

VW(@e)
- A(pg + 57;%.

VW (ue) = VW (@)
= =

AlUue — @)
Using Lemma 2.4 we have for every x € Bj_¢«/ \ Bex that

ID(ue — @) |2(X)

VW (@e)
_A(pg_i_ei;pg

VW(ue) — VW (@e)
< C< sup |ug — @¢| sup £ 5 Pe
|x|=ex/2 [x|=ex/2 3

1 2
+ — sup [Ue — @el

€% |xzex)2
M VW (@)
5C<_2 sup |us_(ps|2+ lUe — @l sup _ACps"‘#
3 |x|>e%/2 |x|=ex/2 3

1 2
+ — sup |uUe— @el7.

«
3 |x|=e%/2

Using Theorem 4.1 and the estimates for | — AQe + VW () /€2] in its proof
we have for m > 0 a constant C (that depends on m and «) such that

ID(us — @e)l*(x) < Ce™,

for x € Bl—f”‘/Z \ Bgx.

In order to find bounds for x € By \ By_¢«/2 we consider a smooth function n
such that n(x) = 1 for x > % and n = 0 for x < % and we consider the function
n(ue — @¢) (notice that in fact this will provide bounds in a larger set, namely
By \ B3/4). Then n(us — @) satisfies

AN(Ue — @) = An(Ue — Q) + VNV (U — @)

VW (ue) — VW (@) VW ()
n ( &2 — A(Pg + T) .
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Lemma 2.5, Theorem 4.1 and the previous estimates imply that

ID(n(ue = @e)*(x) = [D(ue — @e)|*(x) < Ce™  for % <lx| =<1,
finishing the proof of the first inequality.

Now we need to prove the second inequality. Let u§(x) = uqs(ox/e). To
rove the second estimate we consider us (x) — ué (x) in Bzsxa/o. Since
p o 3ex/

VW(ug) — VW (u§)

Alug —uf) = 2 ,
Lemma 2.4 implies for every X € Be«
ID(ue — uf)|?
vw - VW (ué 1
< C( sup |ue —ubl sup (ue) 5 (ug) +— sup |ue - u3|2>
|x|<ex/2 |x|<ex/2 3 3 |x|<ex/2

1 1 £ 12
SC(;-FE—O() sup Iug—ual .
|x|<ex/2

Corollary 4.11 implies that for every m > 0 there is a constant C such that

ID(ue —us)|? < Ce™,

which finishes the proof. O
5. PROOF OF THEOREM 1.1

Let

(5.1) Ve(x) = Ue(ex).

It holds

—AV: + VW (ve) =0 for x € By,
Ve(x) = @(x) for x € 0Byye.

We define the following sequence of continuous functions 7, : R? — R?

Ve(x) for x| <1/e,
De(x) =

@x) iflx|=1/e.

(5.2)

We will divide the proof of Theorem 1.1 into two different theorems: Theo-
rem 5.1 and Theorem 5.2. First we prove the following result.
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Theorem 5.1. There is a subsequence of Ve such that Ve — v uniformly on
compact sets as € — 0 and v satisfies

(5.3) ~Av+V, W) =0 forxeR?
(5.4) lim |v(x) - @(x)| =0.

[x|—o0

Proof. Recall first that D¢ is given by (5.2). We will use the following strategy
to prove Theorem 5.1:

(1) Using the results of Section 4, we show that ¥ is a Cauchy sequence in the
sup norm. Therefore, U¢ has a uniform limit v.

(2) Using the definition of ¥¢ and the first step, we show that the limit v satisfies
(5.4).

(3) Finally, we represent v via Green’s formula in compact sets. Taking limits,
we conclude that v satisfies (5.3).

Now we prove these steps:

Proof of Step 1: {V¢} is a Cauchy sequence in the sup norm. Consider 6 > 0 and
take 0 < 0 < &€ < 1. We will show that there is an & such that for every
0<o<e<g

|De(x) — Do (x)| <0 forevery x € R2.

1

We will mainly use Theorem 4.1 and Corollary 4.11 with & = 5

o If|x| <& V2
Notice first, that also holds |x| < 0-=1/? (since 0 < ¢€). By the definitions of
Ve and v we have that

Ve(X) = Vo (xX) = Ue(eX) —Ug (0X)

- () —up (7)),

where v = ex. Notice that | y| = €]x| < €!/2. Corollary 4.11 implies that
there is a &) such that for every € < &
(5.5) |De(x) — Dy (x)] <8 for x| < e V2,

o If|x|=¢eY2and |x| = o 1/2:
By the definition of @ and @, we have that

P(x) = Pe(ex) = Qg (0x).
This implies

(5.6) |De(x) = Vg (X)] < [Te(X) = Qe(eX)] + Qo (0X) = Vg (x)].
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If |x| = €71, by definition D¢ (x) = Q¢(£x), hence
(5.7) [Ue(x) — @e(ex)] = 0.

For 712 < |x| < €71, by definition T¢(x) = us(ex). It also holds that
lex| = €712, Therefore, Theorem 4.1 implies that there is an &; such that
for every € < &;

(5.8) [TUe(x) — elex)| < for x € By.

SRS

Combining (5.7) and (5.8) we have that for € < &

(5.9) [T (x) — Qe(ex)| < g for |x| = e V/2,

Since 0 < &£ < &; it also holds that

-1/2

(5.10) [T (x) — Qo (ox)| < for |x| = o

SRS

Equations (5.6), (5.9) and (5.10) imply that

(5.11) |De(x) — Vg (x)| <8 for x| = e V2 |x| =0 V2

o Ife 12 < x| <0712
Let us fix any x in this range and define & = 1/|x|2. As before,

P(x) = Pe(ex) = Qs (0x).

Then, we have

(5.12)  |De(x) = Vg (X)] < [Ve(x) — e(ex)] + |Qa(Tx) — us (0 x)]

Juor-un ()

where v = G x. As before if |x| > €71, by definition
(5.13) [De(x) — @e(ex)| = 0.

If e71/2 < |x| < €71, by definition 7 (x) = u(ex). Hence, Theorem 4.1
implies that there is a &, such that for every € < &

(5.14) |56 (x) — @e(ex)]| < g
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Combining (5.13) and (5.14) we have for € < &

-1/2 -1/2

(5.15) |Te(x) — Pelex)| < g for € <|x| <o

By the definition of & we have that [Gx| = 1/|x| = "% and & < .
Hence, using Theorem 4.1 for & < € < &, we have

1 1/2

for e~

[SME a7}

(5.16) |ps (x) —us(6x)| < 2 <|x| <o~

Finally, as |6x| = 2 and 0 < & < /2, Corollary 4.11 implies that
there is an &3 such that

2 <|x| <o V2

(5.17) s (6% - 70 ()] < % for &1
Equations (5.15), (5.16) and (5.17) in (5.12) imply that

(5.18) [De(x) =Dy (x)] =6 foreV? <|x| <o V2

Combining equations (5.5), (5.11) and (5.18) we conclude that 7 : R? — R?
is a Cauchy sequence in the sup norm, hence there is a continuous function v (x)
such that 7 — v uniformly in R? as € — 0. O

Proof of Step 2: v satisfies (5.4). Consider any sequence of points X, such that
|xn| — co. Showing that limy . [V (xn) — @ (x,)| = 0 is equivalent to (5.4). Let
&n = 1/|xn|. Then for any B > 0 the definition of ¥, implies:

[V (xn) — @(xn)| = [V(xn) = Vg, (Xn)|

<sup|v(x) = Ve, (x)].
R2

Taking n — oo, Step (1) implies that
yllli]}o v (xn) — @(xn)| — 0,

which finishes the proof. O

Proof of Step 3: v satisfies (5.3). Let us fix a ball of radius p in R, In every
fixed ball B, we can use Green’s formula to represent ve. We have for € < 1/p
that

v5<x>=—j vg(y)a—K(x,y)dS(ij VoW () () K (x, ) d,
3B, ov B,
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where X is the Green’s function in the ball. Since in B, we have v¢ — v uniformly
as € — 0, the function v satisfies

v(x) = —LB v(y)aa—j‘f(x,y)ds(y) + L; VoW () (y)K(x,y)dy.

Hence,
~Av +V, W) =0 forx € B,. =

Since this is true for arbitrary x and p, we have that v satisfies (5.3) for every
x € R?, which concludes the proof of the theorem. O

Now we finish the Proof of Theorem 1.1 by showing the following result.
Theorem 5.2. Let

V= {w ECI:LR2 |Dw — Dg|dx, szlw—(pldx< oo}.

Define the energy functional

(5.19) G(w) JR2(|Dw|2+W(w)_|D(P|2—W(<P))dy ifweVv,
. w) =

) otherwise.

The energy G is bounded below and the solution v described by Theorem 5.1
minimizes G. That is

G(v) = inf G(w).
we(C!

Proof. Define

J [Dw|> +Ww)dy ifw e H"(Be1)and

(5.20) Ge(w) = w | 9B, (x) = Pe(x),
) otherwise.

and consider V¢ as in the previous theorem. We will divide the proof of Theorem
5.2 into the following steps:

(i) Ve is a minimizer for G among we € H'(Be1). This implies that v,

minimizes Ge(w) = Ge(w) — G¢(@) in the same class of functions.
(i) The sequence Ge (V) is convergent.

(i) v e V.
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(iv) For every w in 'V there exists a sequence w; such that w, € H'(Bg-1),
Welop, ., (x) = @(x) and Ge(w,) — G(w).
(V) Ge(ve) = G(v).

(vi) Conclude the result using the previous steps.

Proof of Step (i). Notice first that for every we € H L(Be1) satisfying the con-
dition welop, , = @(x) there holds that w(x) = we(x/e) € H'(B;) and
wlop, = e(x). Recall that us is a minimizer for 7; (defined by (2.7)), that
is, for every w§ € H'(By) satisfying w§|ap, = @¢(x) there holds

Te(ue) < 7s(w§)-

Dividing by € and changing variables we obtain

1 _ 2 1 £
(o) = j (IDVe + W (v0) dy < Te(w)

B¢
= |, (pwe s wawo)dy,
or equivalently
Ge(Ve) < Ge(wy), for every we € H'(By/¢).
By subtracting G, () we get
Ge(Ve) < Ge(we), forevery we € H' (By ).

Proof of Step (ii). Fix 0 < € < 0. We need to show that G¢(ve) is a Cauchy
sequence. Namely, we prove that for every 6 > 0 there is an &) such that

|1G:(Ve) — Go (V)| <=8 fore, o < &.

We will study separately two cases: 0 > /€ and 0 < /€.

e 02> /&
1Ge(Ve) — Go (Vo) ]

<

| (IDve2 = D@2 + W (ve) — W(@)) dx
Bl/z\Bl/a'

+ J (IDVe]? = DU |? + W(ve) = W(vg))dx| <
1/o
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< | (11Dvel? = ID@ | + [W(ve) - W(@) |) dx
Bi1/e\By, £
+JB . (||Dv5|2— IDv %] + |W(v5)—W(vﬁ)|)dx
1/€\P1/o
+JB . (11DV 2 = IDQ 2| + [W(v o) — W (@) | ) dx
1//e\BP1/o

+ J (11Dvel? = DG 2] + [W (ve) = W(vo) | ) dx.
Bijo

Let u§ (x) = vy (x/€). Changing variables we have

|Ge(Ve) — Go (Vo) |

W(ue) — Wi@e)
£2

) dx

Wue) = WU )
62

sj (| IDuel? - D@el?| +
BI\B e

) ax

W z) - WP ) )dx

3
) dx.

Notice that since o = /€, we have that /0 < /¢. Then using Theo-
rem 4.1 and Corollaries 4.11 and 4.12 we have that for every m there is a
constant, that depends on m, such that

+ Due|* — [Du‘ |*| +
ij’s\Bw<|| 2~ IDus |

+ Du |*—|D 2] 4
JB,\BW(“ &P~ Do P

Wue) = W(ug)
52

+ J (| IDuel? - [DUs 2| +
Bé/(r

(5.21) |G (Ve) — Go (V)| < Ce™.
e 0 < &
1Ge(Ve) — Go (Vo)

<| ([IDVel? = ID@I2| + W (ve) — W(g)]) dx
Bi/e\Bi/o

+L (| 1Dvel? = 1DV 12| + W (ve) - W(we) ) dx <
1/o
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<| ([ 1DV ~ ID@I?| + W (ve) - W()]) dx
By/e\By/o

- ([1DVe2 — D@ | + W (ve) - W(@)]) dx
Bi/o\By; sz

+J (| ID@I* = IDvs|*| + W (ve) — W(@)]) dx
Bijo\By) 2

| 1Dl = IDve |+ W (we) - W(we)l) dx.
By, e

Let u§ (x) = vy (x/€). Changing variables we have

1Ge(Ve) — Go (Vo) |

Wue) — W(pe)
g2 ) dx
Wug) —W(pes)

o2
) dx.

W(ue) — W(ug)
62
Since 0 > &, we have that 0/ /¢ = \/o. Then, Theorem 4.1 and Corollar-
ies 4.11 and 4.12 imply that for every m there is a constant, that depend on
m, such that

sj (||Dug|2— D@el?| +
BI\B\/?

) dx

+j (IIDualz—lD%IZIJr
BI\BU/\/?

+ J (| |Due|? — IDué |?| +
Bv’?

(5.22) 1Ge(Ve) — Go (Vo) < C(eM +0™).

We conclude from (5.21) and (5.22) that for every m > 0 there is a constant
C such that
|Ge(Ve) — Go (V)| < C(e™ + ™).

Therefore G¢(v¢) is a Cauchy sequence of real numbers, thus convergent.
Proof of Step (iii). Following the same method of the previous step we can
prove that the sequences J |Dve —D@| and J |ve — @] are Cauchy sequences
B

1/e 1/
and therefore uniformly bounded. Fatou’s lemma implies that

J |Dv — Dp|dx < J |[Dv: — D@p|dx < o,
R2 Bie

J v - @l SJ Ve — @|dx < oo,
R2 Bie

Thatis, v € V.
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Proof of Step (iv). Consider a smooth function n satisfying n(x) = 1 for |x| <
% and n(x) = 0 for |x| = 1. Define

we(x) = n(ex)w(x) + (1 —n(ex))@.
Then
1Ge(we) — G(w)]

= U (IDw|* - [D@|* + W(w) — W(@)) dx
R2\Bi(2¢)
-| (InDw + (1 - MD@ + Dn(w — ) * — IDP[?) dx
Bi/e\Bi/(2¢)

+W(n(ex)w(x) + (1 -n(ex))@) — W(p)dx

SCU (IDw - D@| + |lw - @]|) dx
R2\B1/(2¢)

+

| (Inbw + (1 =MD + Dn(w - @) - D
Bi/e\Byj(2e)
+ Cln(ex)lw - @) dx '

SCU (IDw - D@| + |lw — @]|)dx]|.
R2\By/(2¢)

Since w € V we have
leii% Ge(we) — G(w)| = 0.

Proof of Step (v). The previous step implies there is a ¥¢ such that
Ge(Ue) — G(V).
Since V¢ is a minimizer of G we have that
Ge(Ve) < Ge (D).
Taking limits when &€ — 0, we have

limG(ve) < G(v).

In particular, G(v) is bounded below. Fatou’s lemma allows us to conclude the
other inequality:

G(v) < ligé@(vg).
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Proof of Step (vi). Consider w € V, then take wy¢ as in Step (iv). Then the
minimality of v¢ implies

Ge(Ve) < Ge(we).

Taking limits as € — 0 we conclude that

G(v) =gw),

which finishes the proof. O

APPENDIX A.

In this appendix we present a collection of technical results used in the previous
sections.

We start by stating some results about the heat kernel, used mainly in Section
4. Consider a ball B ¢ R%. Then Hp can be described as follows:

(A.1) (%—Ax>5{3(x,y,t)=0 forx, yeBand t >0,
(A.2) Hp(x,y,t) =0 whenever x € 0B,
(A.3) tlir(% Hp(x,y,t) = 0y (x) for x € B.

Hence, the solution to the equation

(% —Ax>u(x,t) = f(x,t) forx €B and t >0,

ulx,t) =0 whenever x € 0B,

u(x,0) = g(x) for x € B,

can be represented as

t
(A4) u(x,t) = Jo JB HB(x,y,t—s)f(y,s)dyds+JB Hp(x,y,t)g(y)dy.

We will use this representation to prove the following lemmas. Let us define P to
be the heat operator, that is

d
(A.5) Pu = T Au.

First we prove some bounds over Hp:
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Lemma A.1. It holds that
(A.6) OSJBﬂ-[B(x,y,t—s)dydssl,
(A.7) OSLtJB:i{B(x,y,t—s)dydss(t—s).
Proof. The proof follows by maximum principle. Notice that the single-

valued function

v(x,t) = JB}[B(X,y,t— s)dyds

satisfies the equation

(A.8) Pv(x,t) =0 forx € B,
(A9) v(x,t) =0 whenever x € 0B,
(A.10) v(x,s) =1 forx €B.

Since the function 0 is a sub-solution to (A.8)—(A.9)—(A.10) we have that
0<v(x,t).
Similarly, the function 1 is a super-solution. Hence,
vix,t) <1,

which proves (A.6). Equation (A.7) follows by integrating inequality (A.6).
We also include without proof the following theorem (see [10], [14] for ex-
ample).

Theorem A.2 (Theorem 3.1 in [10]). Ler M be an n dimensional compact
Riemannian manifold with boundary. Then there is a Dirichlet heat kernel, that is a
Sfunction

H e CO(MxMx(0,0)).

satisfying (A.1)—(A.3)—(A.2).
The smoothness of H (x,x,t) may be described as follows

Hx,x,t) =t "2(A(x,t) + B(x, 1))

with A € C®(M X [0,)) and B is supported near the boundary, where in local
coordinates (x',xn) € U % [0,8) ¢ M, U’ c R""! open, one has

Xn
\/f,
with b(x', Yn, t) rapidly decaying as Y — .

B(x,t)=b(x', t), b e Cou xRy x [0,00) )
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Now we devote ourselves to prove Lemma 4.2. We start with the following a
priori bound:

Theorem A.3. Let he(x,t) : R2 — R2 satisfy

(A.11) Pﬁg+%(h5)=0 for x € ByJe,
(A.12) he(x,t) = @(x) for x € 3By /e,
(A.13) he(x,0) = Ye(x) for x € ByJe,

where W : R? — R is a proper C* function, bounded below, with a finite number
of critical points (denoted by {ci}T",), and such that the Hessian of W (W) is positive
semidefinite for |u| = K, where K is a fixed real number. Then ifﬁAx,O) =
We(X) is bounded, there is a constant C that depends only on W, @ and W such that
he(x,0)] < C.

Proof. Consider ¢ (x,t) = W (he)(x,t); then
(Le)e — ALe = VW (he) - (he)e — D> (VoW (he) - (Re)x,)x,
= VyW(he) - (he)r — (W (he)Vhe) - Ve = VW (he) - Ah,

where W’ denotes the Hessian matrix of W. Since h; satisfies (A.11), this becomes

(W’ (he)|?

3 + (W (he)Vu) - Vh, = 0.

(A.14) (be)e — AL +
We are going to find bounds over ¥ at the boundary of B¢ and over its
possible interior maxima in terms of max @, K, W(c;), and max W (@ (x)).

Since for every |x| = 1 it holds that he(x,t) = @(x) and @ is uniformly
bounded, we have that

Le(x) < maxW(@(x)) forevery x € 0Be.

Suppose that ¥¢ has an interior maximum at (xo, ty) and |he (x0,t0)| =
K. Since (xy,to) is a maximum for ¢, it holds that (€¢)¢(x0,t0) = 0 and
Ale(x0,t9) < 0. We also have by hypothesis that W’ (u) is positive semidefi-
nite for |u| = K, hence

|V W (he) |2

2 + (W”(]:Lg)vflg) " vi;lg > 0.

(ge)t - Ags +
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The inequality is strict (which contradicts (A.14)), unless IV W (he) 2] =
(W' (he)Vhe) - Vhe = 0. If Vi, W (e (X0, to)) = 0, we would have i (xo, to) =
¢i for some i, therefore W (he(x,t)) < W(c;). From this and the previous com-
putations we conclude that ¥ is uniformly bounded.

Since W is a proper function, we have that there is a constant C such that

|he(x)| < C  for x € Byje,

which finishes the proof. O

By observing that solutions to (4.3)—(4.4)—(4.5) can be written as h¢(x,t) =

he(x,t) — V;(x), where Ie is a solution to (A.11)—(A.12)—(A.13) we have the
following result

Corollary A.4. Let hj(x,t) : Byje — R? be a solution to (4.3)—(4.4)—(4.5),
where W : R? — R is a proper C* function, bounded below, with a finite number of
critical points and such that the Hessian of W (W) is positive semidefinite for |lw| = K,
where K is a fixed real number. Then if hi(x,0) = Qe(x) is bounded, there is a
constant C that depends only on W, @, Ug, and Y such thar |hi(x,t)| < C.

Proof of Lemma 4.2. Let
C[EI)EZ](B) = {w !B X [E],Ez] - Rz |
w is a uniformly bounded continuous function}

with the standard sup norm.
Consider some T = 0 and define

F;{( ,(I/:l:) . C[T,T-%—ZB/M](BE’l) - C[T,T+2B/M] (Be-1)
by
(A15) EX(w,y0)(x,0)

t - ’ .
:J 5 HBEI(x,y,t_S)( W' (w(y,s)+Vy)

2

+ AVq(_’Y)) dyds

+ - Hp,_, (x, 7, 0pz(v)dy.
Notice that Duhamel’s formula implies that fixed points of the function
FqT(- , L[J;:) are solutions to (4.3) in [T, T + 2B/M]. Hence, in order to prove
Lemma 4.2 we will use the following strategy: For every T, ¢z and appropriate
constants B, M we find a fixed point of F7 (-, /7) in some appropriate space; then
we choose  appropriately so the fixed points (that were found in the previous

step) “glue” together appropriately; we finish by showing that in fact (4.3) holds
in the whole domain, as well as (4.4) and (4.5).
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Claim A.5. If there is a constant M such that |W"'| < M and W is uniformly
bounded, then qu(- ,(/J(}) : Crrr+28/M1(Be1) = Crrr+28/m1(Be1) is well defined
Jfor each 4 € Q, where Q is given by (4.2). If additionally for any given T and
B € (0,1) we have that t satisfies |t — T| < 2B/M, then qu(- ,(,U}) is a contraction
mapping with constant B in Cir r+28/m](Be-1).

To prove that the function
qu( y (IJ;IE) : C[T,T+25/M] (Brl) - C[T,T+2B/M] (BE’I)

is well defined, we need to show that F7 (-, @) maps any uniformly bounded
function into a uniformly bounded function, that is for any function w that satis-
fies |lw(x,t)| < C forall (x,t) € B x[T1,t] it holds that IFQT(w, (,U:i)(x,t)l <
C forall (x,t) € Be x [T, ].

By continuity of W’ we have that if SUPp | (7] lw(x,t)] < C; then there is
a constant C; such that SUP (x,t) B, s x[7,F ] W' (w)(x,t)| < C;. Using the defini-

tion of Vj;, we can also find constants C; and C3 that [AV;| < G, and |Vj] < Cs.
This implies

t
Fw, g0 < (@ +C) || 9,06y, t-T-5)dy ds
T JB-1

+ sup |w;<x>|j3 Hy_, (x, vt —T)dy + C3

XEB.1

<(C;+C)(Et—-T)+ sup |Yil(x)+Cs = C < oo,

XEB.1

for all (x,t). Hence Fg(- ,(,U;g) is well defined for each § € Q (where Q is given
by (4.2)). i
Now we show that if |t — T| < 28/M, then Fg(- , (’U:i) is a contraction map-

ping.
Since |[W”'| < M, we have that
(W' (wy) = W (w2)| < Mlw; — wl.
Then for every x € Be-1 and t € [T, ] it holds that
|qu(w1, (.U,}) - FqT(wz. (.U,})|(X, t)

W' (wy(y,s)) + W (wa(y,s))
2

t
= ‘ J Hp_,(x,y,t=5-T) dyds
T JB.1
M(t —
MEZD G - wal(x, D).
2 (x,t)EB,1X[T,t]
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Then for |t — T| < 2B/M there holds

sup [F7 (wy, @g)—Fi(wa, wp)l(x,t) < B sup [wi—w2l(x, )
(x,1)EB,1 X[T,T ] (x,t)EB,1X[T,[ ]

and FqT(- ,Lp[}) : Bewt X [T, T+2B/M] — Be-1 X [T, T+2B/M] is a contraction
with constant S.

We will assume that [W”'| < M and at the end of the proof we will point out
the necessary modifications in the general case. Fix < 1 and let

(A.16) T = i%,
(A17) El = Ti+1|
(A.18) Fai = FIC,wD),

with i = 0,...,Ig, where the constants B, Ig € N satisty TM/(2B) < Ip <
2tM/(2B). By the definition of T, t; we have that ty, > t. We will redefine
tIB =t

By the previous claim F;; is a contraction, hence it has a unique fixed point:
h%. That is
(A.19) Fgi(hf(x, 1)) = hi(x,t).
Moreover, since this fixed point is bounded, we have that

FI(his, wl) € CYV2 (B x (14, Tia1 D).

Recursively, hfi € C®. From (A.19) and Duhamel’s formula we can conclude that

(4.3) and (4.4) hold for t € [T;, t;]. We also have
(A.20) R (x, i) = Wil (x)

for (x,t) € Be1 X (T3, fl)
Now define recursively (,U;J' (x):

(A.21) Wi (x) = yg(x),
(A.22) Wi (x) = hi ' (x, 7o)

Then h;(x,t) defined by

(A.23) hi(x,t) = hi(x,t) fort € [T, ti]
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satisfies (4.3) for t # T;. Moreover, by writing

W (hi + V) (3, s)
2

t
hit(x,t) = J J Hp, , (x,y,t—ti—s) dyds
ti JB.—1

+ o Hp,_, (x,y,t - ti)hgi(y, i) dy,
standard computations show that h; satisfies (4.3) for every t. Since h; also
satisfies (4.4)—(4.5), we have that h; is the desired solution. In particular, this
implies that h; is the fixed point of F4. Uniqueness follows from the fact that
fixed points of contraction mappings are unique.

In order to prove Equation (4.6) we observe that since h is a fixed point of
F7, standard computations imply for any function w;

1

sup
1-8 B-1x[T,T+2B8/M]

(A.24) Ihq—wq-l < |F;1£(Wq') _woﬂ

1

<173 sup IFf(wg) — Fg(wg)| + sup IFi(wg) — wgl).
-B B, x[T,T+2B/M] B x[T,T+2B/M]

The definitions of F; and Fjj imply that

VoW (wgs VoW (wgs
P(Fj(wg) — Fg(wg)) = z(wq) - Z(Wq) =0,

and
qu(wq)(x, T) — Fj(wg) (x,T) = hi(x,T) — Fj(wg) (x,T).

Using Duhamel’s formula we have
Fi(wg) — Fg(wg) = JB . Hp_, (x,y,t = 17)(hi(y,T) = Fj(wg) (v, 7)) dy.

Together with Lemma A.1, this implies

sup IFg(w,i) - Fi(wg)| <suplhg(x,T) — Fz(wg)|(x, T).
B—1 X[T,T+2B/M] Be

Using (A.24) we conclude inequality (4.6)

1
lhg—wsl<——(2  sup |Fg(wg) — wql + sup lhg — wgl(x, T)).
1- B B1 X[T,T+2B/M] Be-1

For the general case (that is when there is no constant M such that [W”'| < M)
we fix K > 0 large enough. Then we replace W for a function W that satisfies:
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o there is an M such that [W"'| < M,

e W(u) = W(u) for u < max{2C,K}, where C is the constant given by
Theorem A.3,

e W has the same critical points as W.
Then, our previous computations imply that there is a unique solution h; to

VoW(hg + V4
(A.25) Phg + % +AVz =0 forx € By,

(A.26) hi(x) =0 for every x € 0By e,

(A.27) hg(x,0) = Pe(x) for x € By/e.

Moreover, for w; as in the hypothesis there holds

|hi—w;| < (2 sup |Fq(wg)—wgl+sup [hg(x, T) —wg(x, T)1),

1- B B-1x[T,T+2B/M] B.—1

where 1:"4 is analogous to F; substituting W for w.

However, following the proof Theorem A.3 we also have that |h;|(x,t) < C,
where C is the constant given by Theorem A.3. This fact and the construction
of W imply that h. is not only a solution to (A.25)—(A.26)—(A.27), but also to
(4.3)—(4.4)—(4.5) (since within this range W = W). Moreover, for wy satisfying
lwg| < K we will have F,i(wd) -w; = Fj(w;) — wg, concluding that (4.6) holds
and finishing the proof of the theorem. )

Theorem A.6. Let h; be a solution to (4.3)—(4.4)—(4.5), with @ = 0; then there
is a constant K, independent of 4, such that for every x € By ¢

(A.28) IDhg| < K.

Proof. Recall that h; is vector-valued. We will denote the i-th coordinate
of the vector h; by hfi and, similarly, (VW(h,j))i is the the i-th coordinate of
VW (hgz). We are going to prove separately for each coordinate, that there is a
constant C; such that IVh(ijI < Ci.

Let f: {(x,¥):y =0} — By/¢ be defined by

2 2 _ _
(A.29) f(x,y):%(ery L 2x )

X2+ (y+ 1D x2+ (y+1)?
In complex number notation, we can write for z = x + iy

z—1

f(Z):Z-i-l
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Define
(A.30) 5, v, ) = hi(f (¢, ¥),1)).

It satisfies

8 d—s‘%—Asi =— 8 (VW (hs)t+ Avt
e(x2+ (y +1)2) dt i g(x2+ (y+1)2) 4

forx eR, y >0,

sé(x,y,t) =0 fory=0or|(x,y)| — o,
s§(x,¥,0) =0 fory =0.

Let P be the operator defined by

8 du

Pu= e(x2+ (y+1)2) dt

Au.

Theorem A.3 and the definition of 5;- implies that there is a constant C inde-
pendent of € such that

~ C
PS(;- < ;
Moreover, '
85% 0)=0
ay (X!yl ) - .
Now define c
wg(X,¥,1) = 5506, 3,0) = = (7 + ).
Then
PR C
chli = Ps}i - 2; <0,
w[%(x,O, t) =0 forevery x € R?and t > 0,
wh(x,¥,0) <0 for[(x,¥)| = coand ¥ > 0.
Also,

wt C
q —_———
3y (x,¥,0) = g(2y+1)s0.

Claim A.7. The maximum of w{% cannot be attained in the interior.
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If the max is attained at some point in the interior, there must hold that
Aw:i < 0 and dwé/dt > 0. Hence Pw:i > 0, which is a contradiction and
finishes the proof of the claim.

Since the maximum is attained on the boundary, it must be attained at y = 0.

Therefore

wi
q
5y (x,y,t) <0 foreveryt.
This implies that
Ost C
! =
3y (x,y,t) < . 2y +1).

This procedure can be repeated for —s'

j » concluding that

dst

C
q JE—
(A.31) 3y (x,y,t)| < . 2y +1).
Since the inverse function of f is
1 +ew
_1 _
fow) = 1-cw’

using (A.30), (A.29) and (A.31) we have (in complex number notation) for any
w € By that

_ 2 2
(A.32) |th(w,t)-(1—sw)2|szc( L-efw] +E>,

1+&2|wl? -s(w+w)

where w is the conjugate of w.
Similarly, if we define (by performing a rotation of f):

iz—1
(A.33) g(z) = Pl
and
(A.34) r(x,y,t) = hj(g(x,y),t),

following the same method we obtain

(A.35)  |Vhi(w,t)-i(l +iew)?| <2C 1-&lwl|? e
) i\ = 1+ &|wl?+is(w—w) :
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Notice that for w away from 1/& and i/€ it holds that i(1 + icw)? and
(1 — ew)? are linearly independent as vectors in R?. Fixing some & small enough
and considering w such that |[w — i/e] = 6 and |w — 1/&| = &, we have that

1 - &2 |lw|? N J 1 - &2 lw|? p
- an B -
1+&wl?2—-cs(w+w) 1+ &lwl?2+is(w —w)

are bounded above and below independent of €. Hence

(A.36) IVhfi(w,t)l <C forevery 'w = %‘ > 4,

w—l‘z&
£

Now considering rotation of f of 7t and %TT radians, that is,

Foy=-L1Z70 d gz - -LZE

£z +1 cz+1’

and following the same procedure, we find bounds for |Vh(ii(W, t)| near 1/& and
i/¢€, concluding the proof. O

Similarly it follows the result below.

Corollary A.8. Let k; be defined by (4.13). Then there is a constant K, inde-
pendent of G, such that for every x € B,

=

(A.37) |Dkgl < .
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