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Abstract

®

CrossMark

We investigate the influence of the appearance of excitonic states on van der Waals interactions
among two Rydberg atoms. The atoms are assumed to be in different Rydberg states, e.g., in the
|ns) and |np) states. The resonant dipole-dipole interactions yield symmetric and antisymmetric
excitons, with energy splitting that give rise to new resonances as the atoms approach each other.
Only away from these resonances can the van der Waals coefficients, C¥, be defined. We
calculate the Cg coefficients for alkali atoms and present the results for lithium by applying
perturbation theory. At short interatomic distances of several pm, we show that the widely used
simple model of two-level systems for excitons in Rydberg atoms breaks down, and the correct
representation implies multi-level atoms. Even though, at larger distances one can keep the two-

level systems but in including van der Waals interactions among the atoms .

Keywords: Rydberg atoms, Van der Waals interactions, excitons, resonant dipole-dipole

interactions, perturbation theory
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1. Introduction

Rydberg atoms, i.e. atoms with large principal quantum
numbers n > 1, have been the subject of extensive research
due to their unique optical and electrical features [1]. They are
an ideal platform for the study of a wide range of quantum
phenomena, mainly since their properties scale strongly with
n, and are often vastly exaggerated relative to those of
ground-state atoms. The property which has stimulated the
most recent experimental and theoretical work is strong
interactions among Rydberg atoms that are separated by
relatively large distances of several pm [2-7].

On the other hand, electronic excitations can be deloca-
lized among distant atoms through resonant dipole-dipole
interactions to form collective electronic excitations that are
termed excitons [8, 9]. Different processes of resonant energy
transfer are possible [10], here we concentrate on the
exchange type, e.g. ns + np < np + ns. Excitons have been
introduced to a system of ultracold atoms in an optical lattice
with lowest excited states where van der Waals interactions
are negligible [11, 12]. The formation of excitons in a cluster
of Rydberg atoms has been investigated, but van der Waals

0953-4075/15/185002+09$33.00

forces were completely neglected and the discussion limited
to two-level atoms [13—15]. In previous work we investigated
the influence of van der Waals interactions on the formation
of excitons in an aggregate of two-level Rydberg atoms [16].
Coherent energy transfer among Rydberg atoms that induce
by resonant dipole-dipole interaction has been realized
experimentally at large interatomic distances of tenths pm
where van der Waals forces are negligible [17, 18].

An excitonic state contains at least two different atomic
states. The simplest case is of two atoms in which one in the
|ns) state and the other in the |np) state. The discussion can be
limited to dipole-dipole interactions, where dipole-quadru-
pole, quadrupole-quadrupole and higher order interactions are
neglected. Approximate long-range potentials can be derived
by applying perturbation theory up to the second order in the
dipole-dipole interactions. The lowest order term of the per-
turbation series results in resonant dipole-dipole interaction of
the form C;” /R3, where R is the interatomic distance with the
resonant dipole-dipole coefficient C¥. This interaction leads
to a coherent mixing of the two possible states, which are
|ns, np) and |np, ns). The second order term is of the van der
Waals type of the form C.¥/R®, with the van der Waals

© 2015 I0OP Publishing Ltd  Printed in the UK
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coefficient C¢. As was shown in our previous work [16], van
der Waals interactions result in energy shifts that significantly
influence the formation of excitons when atoms approach
each other. Higher order terms play significant roles and can
change completely the long-range interaction potentials
[19, 20]. Furthermore, the appearance of resonances breaks
down the validity of the perturbative calculation and then
other techniques are required, e.g. in using direct Hamiltonian
diagonalization [21]. Moreover, non-adiabatic interactions
between Rydberg atoms in different electronic surfaces can be
important [22].

Long-range van der Waals interactions among pairs of
Rydberg atoms have been intensively investigated, mainly
using a perturbative approach [23-25]. The dispersion coef-
ficients of the type C&', C2 and C2, are calculated and listed
for homonuclear dimers of alkali metal atoms in the ns — ns,
np — np and nd — nd states, where both atoms are in the
same state. These coefficients are of importance for experi-
mental and theoretical applications in strongly interacting
Rydberg gases, especially for the current cold and ultracold
Rydberg atom experiments, e.g., in the implementation of
dipole blockade phenomena for quantum information pro-
cessing [2, 3, 26]. But coefficients of the mixed type in which
atoms are in different electronic states, e.g., C¢, are not much
emphasized, while they are of importance for processes that
involve resonant energy transfer [16].

In the present paper we study the influence of the for-
mation of excitons on van der Waals interactions among
Rydberg atoms. We check the validity of using the simple
model of two-level systems to describe excitons in interacting
Rydberg atoms. We start by developing simple models using
three and four atomic levels that provide a qualitative
understanding of the different interactions among Rydberg
atoms. In treating ns — ns and np — np Rydberg atoms we
extract the limit in which atom-atom interactions have the
forms C¢*/RS and C/”/RS. For the case of ns — np Rydberg
atoms we derive the condition in which the interactions can
be described by C;7/R® and C;”/R® terms. Afterwards, we
exploit perturbation theory in order to get quantitative values
for all C5 and Cg coefficients by summing over all the allowed
atomic states. We treat Rydberg alkali metal atoms, and as an
example we present the values for lithium atoms.

We emphasize here van der Waals interactions of the
mixed type with coefficient C¢’, and examine the effect of
resonant dipole-dipole transfer on van der Waals interactions.
The point is that as the two states |ns, np) and |np, ns) are
degenerate, perturbation theory implies the removal of these
degeneracy. But the states are coupled by resonant dipole-
dipole interactions and the diagonalization mixes and splits
them to yield symmetric and antisymmetric orthogonal states.
Then we use these orthogonal states as the zero order
eigenstates in the perturbative calculation of the van der
Waals interactions. We found that as the symmetric-anti-
symmetric splitting energy is R-dependent new resonances
appear as the interatomic distance decreases.

The paper is organized as follows. In section 2 we pre-
sent a qualitative study of van der Waals interactions among
two Rydberg atoms using multi-level simple models.

Quantitative derivations of van der Waals interactions appear
in section 3 using perturbation theory. Section 4 contains
calculations of van der Waals coefficients for alkali Rydberg
atoms, and the results are presented for lithium atoms in
section 5. A summary is given in section 6. The appendix
includes the angular parts of the dipole moment matrix
elements.

2. Rydberg atom interactions: simple models

We start by treating Rydberg atoms using models of two,
three and four-level systems. The derivations provide a qua-
litative understanding of the type of interactions that can
appear among Rydberg atoms and pave the way towards the
quantitative treatment presented in the next section. We
examine the validity of using two-level systems for describing
excitons in Rydberg atoms. The model of two-level systems is
widely used to describe Frenkel excitons in organic solids
involving lowest excited states where van der Waals inter-
actions result in small energy shifts [8, 9]. But for Rydberg
atoms van der Waals forces are significant and the appearance
of resonances is probable. Hence we examine the validity of
using the simple model of two-level systems for Rydberg
atoms. Our objective in this section is to extend the simple
model into multi-level systems, which are necessary in order
to exploit the appearance of resonances. We show that far
from resonances one can keep the simple model but in
including energy shifts due to van der Waals interactions,
which implies quantitative calculations of the van der Waals
coefficients that we calculate in the next section using per-
turbation theory.

2.1. Two atoms in the same Rydberg state

Let us assume the two atoms to be in the same internal atomic
level, say in the (nl) state. The two-atom state is |w) = |nl, nl)
of energy E; = 2E,;. We assume a single channel to be close
to resonance with this state. Namely, we consider a process
of the transfer type nl + nl — n'l' + n"l". We have two
possible degenerate final states |p,) = |n'l’, n"I”) and
lp,) = |n"I", n'l'), with the energy Ef = Eyy + Epp. The
states have the energy detuning A =FE; — E; = E,y
+ E,yw — 2E,. We assume here coupling among the |)
state and each one of the|p,) and | p,) states, with the coupling
parameter J, which we specify later. We neglect coupling
among the |p,) and |p,) states. The Hamiltonian that is
restricted to the states defined above can be written as

H=E; |m) (x| + Er(|p) (o] +]02) (p2])
+J(I7) (o] + [7) (o] + [P (7] + |po) (7). (D)

In matrix elements we have

2

T
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Figure 1. The three states |7), |p,), and |p,) are illustrated, with the
coupling among them. (n-1)p
\_ A ) \_ A )
We diagonalize the matrix to get the characteristic equation J’ J
(A = A)(O2 — MA — 2J%) = 0, with the three solutions P \ P N
—— Vv | R —
Al ro—=5
)\1:?—5 A2+8J2,
Al r5g7=n
)\2:7+E A2+8J2,)\3:A (3)
In the far off-resonant limit, that is A > J, we get
J? J? S S
EI%E-—2—,E2%E +2—,E3:E (4) 1>
A FTEA f § lp ) |p2>
Transfer processes are induced by resonant dipole-dipole  pigure 2. The four states [m), ), |p,), and |p,) are illustrated, with
interaction that have the form J = —%, where R is the  the coupling among them.
interatomic distance, and C; will be calculated in details later.
P (1<) i BT
We can also define D = —2 A R® which is of the van der dipole-dipole interaction of strength J’, and the state

hC,
—=5  where

Waals type. In the general case we have D = ——

one need to calculate the van der Waals coefficient Cg for
each specific states by considering all possible atomic
transitions, which is the main aim in the next sections. Next
we consider the case of (ns) state in details.

In the case of |7) = |ns, ns) of energy E; = 2E,;, we
have, e.g., the channel ns + ns < np + (n — 1)p, that is
lpy) = |np, (n — Dp) and |p,) = |(n — Dp, np), with the
energy E;=E,, + E,_1),, and with the detuning
Ay = E,p + Eq_1)p — 2E,,, (see figure 1). The energy of
the two interacting atoms is Ey = 2E,; + D,,, with the van

. . hCss 2 1

der Waals interaction Dy, = —2! A3 ) e In the general case
. ey

we can write Dy, = —R—;’. Later on we calculate the C5’ and

C¥ coefficients in details. Similar consideration holds for the
case of two (np)-state atoms.

2.2. Two atoms in different Rydberg states

Here we consider the case in which the atoms are in different
states, e.g., one atom in the (ns)-state and the other in (np)
-state. We get two degenerate states |m) = |np, ns) and
|m) = |ns, np) of energy E; = E,; + E,,. We have, e.g.,
the possible transfer channel of ns +np < (n — l)p
+ (n + 1)s. Further, we consider the two degenerate states
lp) =100 + Vs, (n — Dp)and|p,) = |(n — Dp, (n + 1)s),
of energy Ey = E(,41)s + E(u—1)p, (see figure 2). Their energy
detuning compared to |7) state is Ay, = Epi1ys — Ey
+ E-1)p — E,p. The states |m) = |np, ns) and |m)=|ns, np)
are coupled by the resonant dipole-dipole interaction of

hCy
strength J, where J = — =

coupled to |p) = |(n + 1)&, (n — 1)p) by the resonant

. The state |m) = |np, ns) is

|m) = |ns, np) is coupled to |p,) = |(n — D)p, (n + 1)s)
with the same parameter J'. We neglect the resonant dipole-
dipole interaction among the |p,) = |(n + 1)s, (n — 1)p) and
[p,) = |(n — Dp, (n + 1)s) states, due to their small
amplitudes.

The Hamiltonian can be then written as

H=E; (|m) (m| + [m) (m|) + Er(|o1) (1| + [p2) (p2])
+J (|7T1><7T2| + |7T2><7T1|)
+J'(|m) (o] + |m) (oa| + [ o0) (7] + |2} (m]).

&)
In matrix elements we get
0o J J 0
H-gi+|? O 0 7 (6)
- J 0 Ay 0
0 J 0 Ay

We diagonalize the Hamiltonian, to get the characteristic
equations

(A= Ay (X —J2) —2A(A = A ) 2+ 04 =0, (7)

with the four solutions

Ao = ? - %\/(AW, +J)Y + 42,
g = % + %\/(Aw + ) 402, ®)
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Figure 3. The two states |m) and |m,) are illustrated with the coupling
J among them.

In the far off-resonant limit, that is Asp > J', we get the
energies

1/2
Ea :E}’I.Y+EVL J - -~
u RN
J/2
Ecog=Euins + En- + 9
d = Epin et R €))

As far as Ay, > J the shifts are of the van der Waals type,

where Dy, = —J' Z/AS,,. In general we can write
hCy . .
D, = —%, where the C¢ coefficient will be calculated later.

2.3. Two-level atoms

In the light of this result, we can go one step back and start
with two effective two-level atoms including van der Waals
interactions. We again treat the case of one atom in the (ns)
Rydberg state, and the other in the (np) state, as seen in
figure 3. The atoms are separated by the distance R. We have
two states |m) = |np, ns) and |m) = |ns, np), and they are
degenerate with the energy Ey = E,; + E,, + Dy,, where we
include the van der Waals interaction among the two atoms
Dy, = —hC/RS. The energy transfer parameter among the
two states is as before J = —hC3” /R>. These consideration
exactly fits with the above four-level model in the limit of
Ay, > J, where the detuning Ay, is much larger than the
symmetric-antisymmetric splitting.
The Hamiltonian is now written as

H = Ey(|m) (n] + |m) () + 7 () (] + ) ().
(10)

The Hamiltonian can be diagonalized by using the collective
states

| m) + | m)

|wa> - \/5

_ |7T1) - |7T2>

2 |w) 5 (11

which gives
H = Ea |¢a> <wa|+Eb |’¢}b> ("ﬁbls

with the energies E, = Ey+J and E, = E, — J, which fit
exactly with the above derived energies.

As other states can be close to resonance with the con-
sidered states, the picture of two-level atoms breaks down at
short interatomic distances of several ym. Then, the excitonic
picture implies multi-level systems, as beside the considered
states, e.g. ns and np, the formalism must include all close to
resonance states, e.g (n + 1)s and (n — 1)p, as treated
before. The model of two-level systems can be reserved for

12)

larger interatomic distances when other states are off-reso-
nance, but in including van der Waals interactions among the
atoms. We adopted this direction in treating N Rydberg atoms
in our previous paper [16]. At much larger interatomic dis-
tances of tenth of um the van der Waals interactions are
negligible.

After this qualitative study of the resonant dipole-dipole
and van der Waals interactions, we move to quantitative
calculations of the different C3 and Cg coefficients.

3. Dimeric energies in perturbation theory

We give first a general presentation of a perturbative treat-
ment for the electrostatic interactions among Rydberg
atoms. For a system of two atoms the Hamiltonian reads
H = H, + H, + V, where H, is the o independent atom
Hamiltonian, and V is the interaction among the two atoms.
We assume the independent atom eigenstates to be known
and given by H,|¢.) = E,|¢' ), where the eigenstates are
orthonormal with (¢%|¢!) = &,36;, and Yool = 1.
The lowest order interaction among neutral atoms is the

dipole-dipole one, where
.R . R) a3
R b

with R = R; — R, and the interatomic distance is R = |R|.
Here fi, is the dipole operator at atom «. We assume no
permanent dipoles to exist, and hence ) = (¢’ |1 |#.) = 0.
We have p/ = (¢' | fu,|¢/) with (i = j). The atoms are taken
to be localized along the z-axis, which is also the quantization
axis, hence

1

V=—
4menR3

{nhine + Buyfiay = 20 f0 ). (14)
We apply perturbation theory in order to calculate the
resonant dipole-dipole and van der Waals coefficients by
deriving the corrections to each dimer energy.

We write the perturbative terms up to the second order
explicitly where the two atoms are assumed to be in the states
i and j. The lowest order correction to the free energy is
JR = (gl @IV |@F, ¢L), where for the dimer we use a
product basis |¢], ¢5) = |¢;)|¢3). This term gives rise to
resonant dipole-dipole interaction that is responsible for the
energy transfer among atoms at different internal states. When
the two atoms are in the same ith quantum state one has
(¢!, #51V ¢!, ¢b) = 0. Only terms of (i = k) and (j = [) are
nonzero, with the appropriate selection rules. We define

. hCiH
JUK — — 5~ Where now

ikl _ ik jl ik, jl ik gl
C3U - —m{/ﬁixﬂéx + 'u[lyuéy o Z'ullluéZ}’ (15)

and the transition dipole matrix element is defined by
W= (&L |, 165). with (r = x, y, 2).

Resonances can appear among the dimer states, e.g.,
for |}, ¢2) and |¢f, (;512) states with the energy
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EF + Ei = E] + EJ, which implies the use of degenerate
perturbation theory. In the following we present separately the
degenerate and non-degenerate perturbation theory.

3.1. Non-degenerate states

For non-degenerate states |¢, ¢§> the first order term

(g1, ¢é|\7|¢i, qSé) vanishes, because the atoms do not have a
permanent dipole. The second order term is

i ilol ko kool i .
pi— _ytotoilPlon o) (ol | Vlo0f)
&l E{ — E{ + E{ — Ef
which results in van der Waals interactions. Since ‘7 has a
1/R? distance dependence, we can write DY = —hl%"j, where

we have defined

ik i ik il ik jl|?
Cg:( 1 )2 ikl + ifedy — 20, R

4meo) T Ef —El +E} - Ef

The present perturbation theory can break down due to the
appearance of resonances at E,k + Ezl = Ezf + E/, and one
appeals to other methods, e.g., to the direct Hamiltonian
diagonalization [21].

3.2. Degenerate states

We now consider states .| &, d)é} for which a state |, ¢12>
with the same energy exists, i.e.E; + E; = E; + Ej, and for
which also JiH = (¢!, 1|V |¢F, ¢l) = 0. Then we have to
use degenerate perturbation theory and first diagonalize the
degenerate subspace. Here we concentrate in degenerate
states of the type ||, ¢}) and |¢{, #5). The ’correct’ zero
order states have the form

161) = |9}, dJ) £ |6], ), (18)

with energy

EV/=El + E/ £ Ju. (19)
The first order contributions then vanish and the second order
term, which has a 1/ R® behavior is calculated by
) LIV ey, ¢5)P
L

. Ef+E{—EJ

, (20)

where the sum over k and [ includes all states but |gbi). Note

that resonances appear at Ef + El = E j’[] and then a special
treatment is required.

4. Interactions between alkali Rydberg atoms

We calculate the C3 and Cj coefficients for specific cases that
include the |¢") and |¢") states, and we concentrate on
interactions among alkali Rydberg atoms. We use the non-
degenerate perturbation theory in order to calculate Cg' and
C? coefficients. Next we calculate CZ coefficients, and as
here a resonance appears between the states |¢;", ¢37) and

[¢7, ¢5°) we use degenerate perturbation theory. Let us first
present the atomic states for alkali Rydberg atoms.

4.1. Atomic eigenstates

The atomic state is given by the wave function
Vm (r, 0, ¢) = Ry (r) Y, (0, @), where R, (r) is the radial
wavefunction and Y, (0, ¢) is the spherical harmonic func-
tion. In general the dipole moment matrix element can be
factorized as /™™ ™ T, where the radial

. ¢ - = eMr n'l's
integral is

o0
7, = f dr r3R, R, Q1)
0
and the angular part is
d'm! T 2
plm = f d&f dé sin 6 Y5 (8, )& Ym0, 6.
0 0
(22)
Here €; are the axis unit vectors with
€, = sin 0 cos ¢, &, = sin 0 sin ¢, €, = cos 0. (23)

The radial wave function for alkali atoms in atomic units
is given by

(n* —1* — 1)
(n + 1)1

*
2rY . o 2r
x(— o2 (20,
n* n*

and [*=1[— 6+ I1(),
&
(n— 60’
integer below or equal to §,,. For the energy we have
E, = ﬁ Moreover we neglect fine and hyperfine
n—0n

splitting, which is a good approximation for lithium atoms
that we present later.

2
Ru(r) = F
(24

with the
and I(l) is the nearest

where n* =n — 6,

quantum defect &,; = &} +

4.2. CZ and O Coefficients

We present here detailed calculations of Cg' and C§” coeffi-
cients for atoms in the (ns) and (np) states. We concentrate on
alkali metal atoms excited to Rydberg states and hence we
deal with a single electronic state at each atom that is repre-
sented by three quantum numbers (n, [, m), where
n=1,2,--,1=0,--,n—1,andm = —1I, ---, +1.

We write the expression for the van de Waals coefficients
as follows

2 \2
€ )Ans

ns
dey

2 2
Cﬁnpm,npm — € A
drey

ns,ns __
G (

npm
npm >

(25)



J. Phys. B: At. Mol. Opt. Phys. 48 (2015) 185002

H Zoubi

0
©
= -0.1
3
N 0.2
T
(O]
< -0.3
o
30 -04
O
-0.5 : : : :
50 60 70 80 90 100

n

Figure 4. C¢’ as a function of n for lithium atoms.

where we defined

, ‘I /[/I //lH
z 1 |

Zm "

A nim —

nlim

o7 (26)
/l/ G An'l”’n"l”

and the prime over the summation indicates that nl = n'l’ and
nl = n"l". We have

Azl”l”/l,ln”l” = En’]’ + En”l” - Enl - Eniv (27)
and
iml' 2 __ ~Im,'m' ~ [, I"m" ~ Im,'m' ~ Im,I"m"
|@I_n'1,l”| - /Z” Hy X + 'y y
m',m
- 1oyl - 7o My 2
2 Im,I fm,l m . (28)

As we treat two identical atoms, we dropped the atom index.
We calculate the radial parts, Z, of the A parameters
numerically, and the angular parts, |p[?, are calculated
analytically and presented in the appendix.

We aim now to calculate the C5 coefficient, which can be
written as

cyrm = —Lgeom| )2 (29)
dreg
where
P = T A 2 (30)
and here we have p*"0 = —§ and psPE! = %

4.3. C¥ Coefficients

One needs to be careful when calculating the C¢ coefficients,
as the states |ns, np) and |np, ns) are degenerate, and pertur-
bation theory implies the removal of this degeneracy, as we
presented before. The two states are coupled by the resonant
dipole-dipole interaction, which yields two diagonal states of
symmetric and antisymmetric mixing, where these orthogonal
states used as the zero order basis for the second order per-
turbation theory.

The diagonal eigenstates are

|ns, npm) + |npm, ns)

| & , €29)
- 7
with the diagonal energies
EXR) = Ey + Eyp + J™"" (R), (32)
where
- hC:;ISleﬂl

The diagonal states have splitting energy of 2J™-"" (R). We
aim to calculate

2
prsmem — 1
“ 47T€0R3
2
‘Mak Mal + Mak Mal zunk Iual
x 3 ., (Y
k.l Ek + EI - Er? (R)

with (e = &), (k = n'lI'm’) and (I = n"1"m"). The calcula-
tion yields

2 2
e
Dis,npm ) -
4megR
ns np 2
N 21
ppml Ans,np Js,pm R :
n/l/n//l//$ n ( )

n'l' n"1"

(35)

The R dependence in the denominator through J;*" (R)
can bring new resonances as atoms approach each other and
then the present perturbation theory breaks down. Even
though, far from resonance, that is A7), , > J7™ (R), the

n'l’,n

C¢ coefficients can be safely defined by D = —hC.’/R®,
where
2 Y
Cns,nprﬁ — A ns 36
6 (471'6 ) npm* ( )

As before the radial parts are calculated numerically, and the
angular parts calculated analytically and presented in the
appendix.

5. Values for lithium atom

We calculate now all Cg and C5 coefficients for lithium
atoms, by using the known defect parameters [27]. For ns we
have 63 = 0.399 and 65 = 0.03, for np we have 6§ = 0.0473
and 65 = —0.026, and for nd we have 64 =0.002 and
84 = —0.015.

Converting the above A parameters to SI units requires

the change A — (4”6"“" )A, as we have a factor of from

the energy, and a factor of ay from the radial functlon 7.
We obtain C/*™ = BA,; and DJP™""™" = BA,"", where
B="2< a" . Using € ~ 0.0055 e/(VA), and ag ~ 0.53 A, we
get B ~ 0.6 eVA, or B = hB, with h ~ 4.135 x 10~15 VS,
we get B~ 1.5 x 1071 Hz(um)®. Moreover, we have
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Figure 5. C2°7°, C/*P*! and C/*'7*! as a function of n for lithium
atoms.
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Figure 6. C;” 0 and G’ *1 a5 a function of n for lithium atoms.

CyP" = —FpsP™| TP, where F =
with F' ~ 10° Hz (um)?

We plot now the results for all Cg’, C5¥ and C¥ coeffi-
cients ranging from n = 50 up to n = 100. In figure 4 we plot
Cg, and in figure 5 we plot CFO%°, ¢2OP*! and Cp*'r*!,
Here Cg’ coefficients are negative that lead to repulsive van
der Waals forces, and Cg” are positive that lead to attractive
ones. The results for C;” % and cP *1 are plotted in figure 6.
C;7° coefficients are positive that lead to attractive resonant
dipole-dipole interactions, and C;7*" are negative that lead to
repulsive ones.

Now we present the results for D7 energies that were
derived by using the diagonal states as zero order in pertur-
bation theory for lithium atoms. The main feature of D is in
their R dependent. We present the plots for different intera-
tomic distances. In figure 7 we plot D*® and D*° for
R =7pm, and in figure 8 for R = 2um. It is clear that
resonances start to appear at smaller » as atoms approach each
other. The D}” and D>’ energies are different due to the
symmetric-antisymmetric energy splitting, but for small » as
the splitting is much smaller than the energy detuning then the
coefficients become equal, and in this limit one can define C&

2.2 —
%  We use F = hF
4mey

8
6 L _Ds’p(o) ’
Iﬁl — _Dsip(o) 1
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O, !
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/
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n

Figure 7. D;7° and D*7° as a function of n for R = 7um of lithium
atoms.
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Figure 8. D" and D *"° as a function of n for R = 2uim of lithium
atoms.
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Figure 9. C;7© and C?™V as a function of n for lithium atoms.

coefficients. In figure 9 we plot C;” @ and coP D coeffi-
cients from (n = 20) up to (n = 70). In this region no reso-
nances appear down to small interatomic distances of 2 um,
as it is clear from the above plots. Here the ¢ coefficients
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are negative for n > 30 and then the van der Waals interac-
tion is repulsive, but the C¢” D coefficients are positive and
the interaction is attractive.

6. Conclusions

In summary we investigated van der Waals interactions
among two Rydberg atoms for the case where the atoms are in
different internal states. For example, we looked in detail at
the case with one atom in the (ns)-state and the other in (np)
-state. The simplest model for achieving a qualitative under-
standing of the interactions is of four-level atoms, e.g., with
|ns), |np), |n'p) and |n"s) states of energies E,;, E,,, E,, and
E,s, respectively. The two states |ns, np) and |np, ns) are
degenerate and couple by resonant dipole-dipole interaction
of the type J;, = —hC;” /R, which mixes and splits the states
to give symmetric and antisymmetric orthogonal ones. We
show that van der Waals interaction among the two atoms can
be formulated as Dy, = —hC’/R® in the limit of off-reso-
nance, that is in the limit |E,; + E,, — Ey, — Eprg| > |l
In this limit the model of two-level atoms is valid, but in
including van der Waals interactions.

Next we presented a quantitative calculation of van der
Waals coefficients among two alkali Rydberg atoms in con-
sidering all allowed electronic states. Due to the resonance
among the states |ns, np) and |np, ns) we applied degenerate
perturbation theory. The zero order states used in perturbation
theory are the orthogonal states |nsp)y = Lnsmp) Lnp.ns) iy

energies EY = E,; 4+ E,, = J,, (R). We found that due to
the symmetric-antisymmetric energy splitting dependence on
R new resonances appear when atoms approach each other,
and only far from these resonance one can define C¢
coefficients. Moreover, using non-degenerate perturbation
theory we calculated all van der Waals coefficients among
alkali Rydberg atoms in the same state, mainly for the |ns, ns)
and |np, np) states, and we presented the results for lithium
atoms.
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Appendix. Angular Part of Dipole Moment Matrix
Elements

In this appendix we present the angular part calculations of
the dipole moment matrix elements. Direct calculations yield

the non-zero matrix elements

OO :F_l, plo2E! — :F_l’

* N J10
R N S R S o §
X \/%’ Mx \/g
~0001 _ —L  _10ps1 _ 1

! N[ V10’
~i120 _ 1 Y R L
! V30~ NER
~o010 _ L 000 _ [ 2
i R
S5 1

! 5 (A1)

and all the others vanish. The angular factors of equation (28)
are

it = 2. ot = 2 ol = 5.
‘ ;;g,d|2 = %’ |Pf§’i1,d‘2 = %’
ol = 5. g =\p,'zf,s“—§
| onst|” = \pi(ii,s ps| = | pr1s” = o0,
|ons|” = j_s’ |onere|’ —5 : |@§3§1,d\2 = %,
[otal” = loptal” = = Joptsal = [opr] = =
i = ot = 22
051" = opi]” = %
g = o lopia = lopt] = 32

(A.2)
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