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Basic equations for spin relaxation parameters 

 Two relaxation mechanisms have to be taken into account for the nuclear spin 

relaxation of amide nitrogens in proteins: the chemical shift anisotropy of a nitrogen nucleus 

and the dipolar interaction between a nitrogen and the hydrogen directly bound to it. 

Providing that interference between these two mechanisms and 
1
H/

15
N cross-relaxation are 

suppressed by appropriate design of pulse sequences
1,2

 longitudinal (R1) and transverse (R2) 

relaxation rates are given as 

 CSA,DD R+R=R 1,11          (S1) 

 exCSA,DD, R+R+R=R 222         (S2) 

Additional conformational term Rex is briefly discussed later (vide infra). 

Rates due to dipolar and chemical shift anisotropy mechanisms are expressed in terms of 

spectral density functions
3
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Third frequently measured relaxation parameter, nuclear Overhauser effect is given by 
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where cross-relaxation rate is 

 )]()(6[
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NHNH ωωJω+ωJD=σ   

Appropriate amplitudes of dipolar and chemical shift anisotropy mechanisms are given by 

 30

4π

 NHNH rγγ
μ

=D           (S8) 

 σω=σBγ=C NN 0          (S9) 

where 3

NHr  is vibrationally averaged N–H distance,  is anisotropy of axially symmetric 

15
N shielding tensor, B0 is external magnetic flux density, and other symbols have their usual 

meaning. 
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 The additional term Rex takes into account the conformational exchange contribution to 

R2 resulting from processes in the micro- to millisecond time scale often referred to as 

chemical exchange effects
4
. Such processes, slower than the molecular tumbling, but fast 

enough to average chemical shifts, can influence transverse relaxation rates determined using 

the CPMG method
5,6

. The Rex contribution to the transverse relaxation rate is proportional to 

the square of the chemical shift difference between exchanging states, , and to N, the 

Larmor frequency. It should be pointed out that the conformational exchange mechanism can 

affect the apparent transverse relaxation rate only if  ≠ 0. 

 

Anisotropy of rotational diffusion 

 Initially, spectral density functions in the formulation of model-free approaches 

described isotropic overall molecular tumbling characterized by correlation time R. Even 

small degree of overall motional anisotropy usually modifies values of relaxation parameters. 

Such anisotropy has to be taken into account to avoid determination of false parameters of 

internal motion(s). 

 Therefore, model-free approach spectral density functions are combined with spectral 

density function describing molecule undergoing anisotropic overall tumbling. The latter 

comprises five terms and is given as
7
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Correlation times i are expressed by principal components of rotational diffusion tensor Dk: 

1 = (4D1+D2+D3)
-1
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, where D =  (D1+D2+D3)/3 and L
2
 =  (D1D2+D2D3+D3D1)/3. 

Directional factors Ai describe orientation of relaxation vector in the molecule fixed 

coordinate system in terms of direction cosines l, m, n: A1 = 3m
2
n

2
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i = (DiD)/(D
2
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It has to be pointed out that factors Ai have been normalized (A1 + A2 + A3 + A4 + A5 = 1). 

 Substitution of eq. (S10) into eq. (1) of the main text yields spectral density function 

for the model-free approach of anisotropically tumbling molecule 
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where intint, /1/1/1 τ+τ=τ ii . 

Similarly, substituting eq. (S10) into eq. (2) of the main text one obtains spectral density 

function for the extended model-free approach of anisotropically tumbling molecule 

 










 
 2

22

2

2

2

225

1 )(1

)1(

)(1

)1(

)(15

2
)(

is,

is,is,f

if,

if,if,

i

isf

=i

i

EMFA

ωτ+

τSS
+

ωτ+

τS
+

ωτ+

τSS
A=ωJ    (S12) 

where ik,iik, τ+τ=τ /1/1/1 . Indices f and s correspond to fast and slow internal motions. 

 

Simplified extended model-free approach 

 Spectral density function in the formalism of extended model-free approach requires 

four parameters describing internal motions on two time scales: fast - f and slow - s besides 

parameter(s) characterizing diffusional tumbling. Each of internal motions is described by two 

parameters, generalized order parameters, 2

fS  and 2

sS  which correspond to the spatial 

freedom of the motions, and internal correlation time, int,f and int,s. Almost all EMFA 

applications are limited to the use of simplified three-parameter spectral density function with 

int,f = 0. This model will be denoted as EMFA3. Then, the spectral density function takes 

shape 
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The expression given in square brackets is identical with the spectral density function of 

genuine model-free approach to an accuracy of the index. Substituting J
EMFA3

() to R1 and R2 

formulae one obtains 
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Usually the term exf RS )(1 2  is negligible for the most frequent case of restricted mobility 

when 
2

fS  is close to one. If not, the Rex term can be unequivocally separated from R2 owing to 

its square dependence on the magnetic field strength. Then both relaxation rates are scaled 

down by factor 
2

fS  and this factor can be taken into account using genuine MFA spectral 

density functions and adequate choice of rNH and  instead of EMFA3. 
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 The third frequently measured relaxation parameter, NOE, is independent on 2

fS  

scaling since 
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Back calculated NOE values can be identical for use of J
MFA

() or J
EMFA3

(). 
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Table S1. Comparison of experimental relaxation parameters with their back calculated values using MFA without {A} and with {B} NOE data
9
 

and EMFA3
9
 and the result obtained in the present work {C} for Ile 18 and Leu 7 of SNase.

8
 

 

Ile 18 

model R1@6.3 T R1@11.7 T R2@11.7 T NOE@11.7 T R1@14.1 T S
2
 Sf

2
, Ss

2 int [ns]  
a
 

observed 
b
 2.950.70 1.570.02 8.130.20 0.640.10 1.2740.024 --- --- --- --- 

{A} MFA 
c,d

 3.25 1.56 8.14 --- 1.28 0.62 --- 0.24 0.454 

{B} MFA 
c,e

 3.39 1.54 8.92 0.17 1.24 0.69 --- 0.15 41.616 

EMFA3 
c,f

 3.27 1.56 8.16 0.64 1.29 0.61 0.77; 0.80 1.8 0.661 

{C} MFA 
g,h

 3.39 1.58 8.13 0.62 1.26 0.77 --- 0.06 0.675 

Leu 7 

observed 2.650.38 1.620.06 7.350.27 0.460.10 1.3510.011 --- --- --- --- 

{A} MFA 
c,d

 3.15 1.61 7.30 -0.49 1.35 0.53 --- 0.37 1.804 

{B} MFA 
c,e

 3.43 1.64 8.52 -0.15 1.35 0.65 --- 0.31 60.025 

EMFA3 
c,f

 3.12 1.59 7.31 0.47 1.35 0.53 0.78; 0.68 1.4 1.819 

{C} MFA 
h,i

 2.72 1.60 7.35 0.46 1.35 0.57 --- 0.05 0.120 

 

a
  target function  includes weighted deviations of 5 or 4 experimental data

 

b
  relaxation rates are reported in s

-1 

c
  R = 9.1 ns was determined separately from a global fit of the T1/T2 ratios; rNH = 0.102 ns,  = 160 ppm (ref. 8)

 

d
  experimental NOE value excluded from optimization procedure
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e
  experimental NOE value included into optimization procedure

 

f
  simplified EMFA3 with f = 0

 

g
  R = 7.9 ns was determined from its simultaneous fit with local parameters of 56 residues

 

h
  rNH = 0.104 nm

10
 and  = 170 ppm

11-13
 were applied in this calculation

 

i
  site specific mR = 4.96 ns was determined from its simultaneous fit with remaining local parameters including exchange term 

Rex = 0.91 s
1

 @ 6.3 T 
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Table S2 

Partial target functions i and statistical tests for model selection of Thr 9 and Lys 11 residues 

of human ubiquitin calculated for relaxation data given in ref. 14. The more complicated 

model (EMFA) cannot be rejected if F value calculated using formula (A) given below is 

greater than tabulated Ftabl. For Akaike's Information Criteria (AIC) smaller value of the AIC 

given by formula (B) points out to the appropriate model. 
























)(

)(
/

)()(

)()(

EMFApN

EMFAΓ

MFApEMFAp

EMFAΓMFAΓ
=F    (A) 

]1)(/[]1)()[(2)(2)(ln)(  ipN+ipip+ip+iΓN=iAIC   (B) 

In (A) and (B) formulae N is the number of experimental data and p(i) - number of model 

parameters. 

 

Data set 
a i(MFA) i(EMFA) F Ftabl@0.01 AIC(MFA) AIC(EMFA) 

(9) all data 39.272 3.085 23.46 18.0 43.84 40.14 

(9) R1, NOE rej. 
b
 8.884 2.569 2.46 99.0 29.29 76.60 

(11) all data 70.865 2.684 50.81 18.0 49.15 38.89 

(11) R1, NOE rej. 
b
 30.274 1.320 21.94 99.0 37.87 71.94

 

a
  (9) denotes Thr 9 and (11) denotes Lys 11

 

b
  Rejection of R1 and NOE at 14.1 T 
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Figure S1 

A) Dependence of the spectral densities, J(), for two free-approach models, MFA and 

EMFA. Calculations were performed for R = 8 ns, 2

MFAS  = 0.72,  
2

EMFAf,S = 0.9, 2

EMFAs,S  = 0.8, 

int,MFA = int,f,EMFA = 10 ps, int,s,EMFA = 4 ns. B) Difference between spectral density functions 

presented in part A. Frequencies sampled by the most often measured relaxation data R1, R2, 

and NOE at three magnetic field strengths are marked by vertical lines. Fifth sampled 

frequency  = 0 is outside of the plotted range. Inflection point of the difference curve 

appears at sRsint,Rs τττ+τ=τ=ω int,/)(/1 . 
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Figure S2 

NOE values vs. basic frequency of NMR spectrometer calculated for MFA and EMFA 

assuming variable int,s (see legends) and int,f values (A: int,f = 10 ps; B: int,f = 20 ps). 

Remaining model parameters were the same as given in the legend to Fig. S1. 
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Figure S3 

Residue specific values of the generalized order parameters and correlation times of internal 

motions obtained in MFA and EMFA calculations for 
15

N relaxation data of olfactory marker 

protein.
15

 (A) comparison of S
2
(MFA) and Stot

2
(EMFA) is irrelevant, (B) int(MFA) and 

int,f(EMFA) values do not correspond one another, (C) horizontal black line represents 

9.42=τR ns; int,s(EMFA) exceeding Rτ  are senseless in the light of data presented in 

Figs. 6 and 8 as well as analysis presented in section 7. 
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Figure S4 

Left hand side figures show correlations between experimental and the MFA back calculated 

values of R1 (A), R2 (B), and NOE (C) values for five OMP residues (Arg 28, Asp 41, Met 95, 

Ala 103, and Leu 123). i(MFA) = 7.50. Correlation coefficients r
2
 are equal to 0.99, 0.98, 

and 0.99 for R1, R2, and NOE plots, respectively. Right hand side figures show corresponding 

correlations between experimental and the EMFA back calculated values of R1 (D), R2 (E), 

and NOE (F) values. i(EMFA) = 0.04. 
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Figure S5 

Profiles of partial target function (int,s) for Glu 18 of human ubiquitin derived from the 

relaxation data published in refs. 16 (set A), 14 (set B), and 17 (set C). (s) minima were 

found at 86.7 ns (set A), 0.51 ns (set B) and 0.22 ns (set C). Averaged overall correlation 

times Rτ  are 5.05, 4.93, and 4.56 ns for set A, B, and C, respectively. 
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Figure S6 

Profiles of partial target function (int,s) for Ser 20 of human ubiquitin derived from the 

relaxation data published in refs. 16 (set A), 14 (set B), and 17 (set C). (s) minima were 

found at 1.1 ns (set A), 134 ns (set B), and 0.53 ns (set C). Averaged overall correlation times 

Rτ  are 5.05, 4.93, and 4.56 ns for set A, B, and C, respectively. 
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Figure S7 

Profiles of partial target function (int,s) for Ile 30 of human ubiquitin derived from the 

relaxation data published in refs. 16 (set A), 14 (set B), and 17 (set C). (s) minima were 

found at 14.84 ns (set A), 29.30 ns (set B) and 150.00 ns (set C). Averaged overall correlation 

times Rτ  are 5.05, 4.93, and 4.56 ns for set A, B, and C, respectively. 
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Figure S8 

Profiles of partial target function (int,s) for Ile 36 of human ubiquitin derived from the 

relaxation data published in refs. 16 (set A), 14 (set B), and 17 (set C). (s) minima were 

found at 2.62 ns (set A), 1.15 ns (set B) and 3.05 ns (set C). Averaged overall correlation 

times Rτ  are 5.05, 4.93, and 4.56 ns for set A, B, and C, respectively. 

 



 18 

 

 

 
 

Figure S9 

The boundary values of int,lim determined from the normalized derivatives of relaxation rates 

R1 (red) and R2 (blue) vs. rotational correlation time R at 23.5 T. Relaxation rates were 

calculated for MFA (circles) assuming the following input parameter S
2
 = 0.70, and for 

EMFA with parameters: R = 8 ns, 2

fS = 0.90, 2

sS = 0.80, int,f = 100 ps. For both models 

rNH = 0.104 nm, and  = 170 ppm. 
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Figure S10 

Reproducibility of S
2
 parameter. True input data were calculated in the frame of MFA for 

R = 8 ns, S
2
 = 0.70, rNH = 0.104 nm, and  = 170 ppm at three magnetic fields 16.4, 18.8, 

and 21.1 T. Assumed data accuracies were set to Ri/Ri = 0.01 and NOE/NOE = 0.05. Mean 

values of output S
2
 and their standard deviations derived in the minimization of target 

function  were obtained from 1000 Monte Carlo simulations. 
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Figure S11 

Reproducibility of 
2

fS  and int,f parameters. True input data were calculated in the frame of 

EMFA for R = 8 ns, 2

fS  = 0.90, 2

sS  = 0.80, int,f = 100 ps, rNH = 0.104 nm, and 

 = 170 ppm at three magnetic fields 16.4, 18.8, and 21.1 T. Assumed data accuracies were 

set to Ri/Ri = 0.01 and NOE/NOE = 0.05. Mean values of output parameters and their 

standard deviations derived in the minimization of target function  were obtained from 1000 

Monte Carlo simulations. 
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