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Abstract

Spectral clustering is a popular and successful approach for partitioning the nodes of a
graph into clusters for which the ratio of outside connections compared to the volume (sum of
degrees) is small. In order to partition into k clusters, one first computes an approximation
of the first k eigenvectors of the (normalized) Laplacian of G, uses it to embed the vertices
of G into k-dimensional Euclidean space R*, and then partitions the resulting points via a k-
means clustering algorithm. It is an important task for theory to explain the success of spectral
clustering.

Peng et al. (COLT, 2015) made an important step in this direction. They showed that
spectral clustering provably works if the gap between the (k + 1)-th and the k-th eigenvalue of
the normalized Laplacian is sufficiently large. They prove a structural and an algorithmic result.
The algorithmic result needs a considerably stronger gap assumption and does not analyze the
standard spectral clustering paradigm; it replaces spectral embedding by heat kernel embedding
and k-means clustering by locality sensitive hashing.

We extend their work in two directions. Structurally, we improve the quality guarantee for
spectral clustering by a factor of k and simultaneously weaken the gap assumption. Algorith-
mically, we show that the standard paradigm for spectral clustering works. Moreover, it even
works with the same gap assumption as required for the structural result.

*This work has been funded by the Cluster of Excellence “Multimodal Computing and Interaction” within the
Excellence Initiative of the German Federal Government.
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1 Introduction

A cluster in an undirected graph G = (V,E) is a set S of nodes whose volume is large com-
pared to the number of outside connections. Formally, we define the conductance of S by ¢(S) =
|E(S,8)| /iu(S), where pu(S) = >, cgdeg(u) is the volume of S. The k-way partitioning problem
for graphs asks to partition the vertices of a graph such that the conductance of each block of the
partition is small (formal definition below). This problem arises in many applications, e.g., image
segmentation and exploratory data analysis. We refer to the survey [3] for additional information.
A popular and very successful approach to clustering [3, 7, 8] is spectral clustering. One first com-
putes an approximation of the first k& eigenvectors of the (normalized) Laplacian of G, uses it to
embed the vertices of G into k-dimensional Euclidean space R¥, and then partitions the resulting
points via a k-means clustering algorithm. It is an important task for theory to explain the success
of spectral clustering. Peng et al. [6] made an important step in this direction recently. They
showed that spectral clustering provably works if the (k + 1)-th and the k-th eigenvalue of the
normalized Laplacian differ sufficiently. In order to explain their result, we need some notation.
The order k partition constant p(k) of G is defined by

o~ A .

p(k) = antition (1}3111,1.1..,&) v o(Py,...Py), where ®(Zy,...,7Z) = zgl[?)lg} &(Z;).
Let Lo = I — D=Y2AD=1/2 be the normalized Laplacian matrix of G, where D is the diagonal
degree matrix and A is the adjacency matrix, and let f; € RY be the eigenvector corresponding to
the j-th smallest eigenvalue A; of L. The spectral embedding map F':V — RF is defined by

F(u) = (fi(u),..., fu(w)", for all vertices u € V. (1)

1
Vi
Peng et al. [0] construct a k-means instance Xy by inserting d, many copies of the vector F(u)
into Xy, for every vertex u € V.

Let X be a set of vectors of the same dimension. Then

1
AR(X) & min E g |l — cZ|| where ¢; = — E T,
partition (X71,...,Xk) of X =1 ex, |X|

is the optimal cost of clustering X into k sets. An a-approximate clustering algorithm returns a
k-way partition (Aq,..., Ax) and centers cy, ..., ¢k such that

Cost ({A;, ei}y) Z Do llz—al® <a- o). (2)

i=1 x€A;

Theorem 1.1 ([0]). Letk > 3 and (P, ..., Py) be a k-way partition of V with ®(Py, ..., Py) = p(k).
Let G be a graph that satisfies the gap assumption

_ Akt
p(k)
for some 6 € (0,1/2]. Let (Ay,..., Ay) be the k-way partition® of V returned by an a-approzimate

k-means algorithm applied to Xy . Then the following statements hold (after suitable renumbering
of one of the partitions):

1) p(AAR) <ad-u(P) and 2) ¢(4;) < (14 2a6) - ¢(P;) + 2a0.

=2.10°-k3/5, (3)

The k-means algorithm returns a partition of Xy. One may assume w.l.o.g. that all copies of F(u) are put into
the same cluster of Xy. Thus the algorithm also partitions V.



Under the stronger gap assumption Y = 2 -10° - k5/§, they showed how to obtain a partition
with essentially the guarantee stated in Theorem 1.1 in time O (m - poly log(n)). We use m = |F|
for the number of edges of G and n = |V for the number of nodes. The algorithmic result does
not use the standard paradigm for spectral embedding. It uses the heat-kernel for the geometric
embedding and uses locality sensitive hashing for the clustering and hence does not really explain
the success of the standard paradigm for spectral embedding.

Our Contribution: We strengthen the approximation guarantees in Theorem 1.1 by a factor of
k and simultaneously weaken the gap assumption. As a consequence, the variant of Lloyd’s k-means
algorithm analyzed by Ostrovsky et al. [4] applied to? X} achieves the improved approximation
guarantees in time O(m(k? + (In)/Az,1)) with constant probability. Table 1 summarizes these
results.

Let O be the set of all k-way partitions (P, ..., Py) with ®(Py,..., P;) = p(k), i.e., the set of
all partitions that achieve the order k partition constant. Let

k

1

Aavr k é 7
Panl) &, s 2 (P

be the minimal average conductance over all k-way partitions in O. Our gap assumption is defined
in terms of

For the remainder of this paper we denote by (Pi,...,P) a k-way partition of V that achieves
Pavr (k). We can now state our main result.

Theorem 1.2 (Main Theorem). a) (Ezistence of a Good Clustering) Let G be a graph satisfying
T =20"-k3/6 (4)

for some 6 € (0,1/2] and k > 3 and let (A1,...,A) be the k-way partition output by an a-
approzimate clustering algorithm applied to the spectral embedding Xy . Then for every i € [1 : k]
the following two statements hold (after suitable renumbering of one of the partitions):

ad

D) W(AP) < 1o

200 200
P, d 2) ¢(A; 1 P) + ——.
(P) and 2) 040 < (14 250 ) - 0(R) + o
b) (An Efficient Algorithm) If in addition k/§ > 10° and® Ap(Xy) > n= W), then the variant
of Lloyd’s algorithm analyzed by Ostrovsky et al. [/] applied to Xy returns in time O(m(k? +
(Inn)/Ags1)) with constant probability a partition (A, ..., Ax) such that for every i € [1 : k| the
following two statements hold (after suitable renumbering of one of the partitions):

26

49 49
u(P) and 4) 6(a) < (1+ 32 ) 02D + 1oz
Part (b) of the Theorem gives theoretical support for the practical success of spectral clustering
based on spectral embedding followed by k-means clustering. Previous papers [2, (] replaced k-
means clustering by other techniques for their algorithmic results.



Gap Assumption Partition Quality Running Time

) < ad - pu(P) ) )
Existential result

(14 2a6) ¢(FP;) + 2a6

< 138 - (b))

L+ 755%) @(P) + 555

2
WA AP) < 255 ()
A

A; AP,
Peng et al. [6]] T =2-10°-k3/§ a
(A

This paper | ¥ =20*-%3/§ Existential result

N

Peng et al. [6]] T =2-10°-k°/§ O (m - poly log(n))

U =20%-Kk3/§ A o
AP < 2. (P,
This paper | /5 > 10° HAAR) WE Hr s |° (m <k2 + ii—ﬁ))
A;) < (1+ 557) o(B) + 552
At 5 noow | A< U ) 6P+ oy
Table 1: A comparison of the results in Peng et al. [6] and our results. The parameter § € (0,1/2] relates the approximation

guarantees with the gap assumption.

If k£ < poly(logn) and A\xy1 > poly(logn), our algorithm works in nearly linear time.

The k-means algorithm in [1] is efficient only for inputs X for which some partition into k
clusters is much better than any partition into k — 1 clusters; formally, for inputs X satisfying
Ap(X) < &2+ Ag_1(X) for some € € (0,6 - 10~7]. For the proof of Part (b), we show in Section 10

that Xy satisfies this assumption.
The order k conductance constant p(k) is defined by

k) = i d(4,...,7 h S(4,...,72,) = Z;).
p( ) disjoint nonglrrllgty VATV A ( b ’ k)7 WHERE ( b ’ k) zren[?}lg]qb( Z) (5)

Lee et al. [2] connected p(k) and the k-th smallest eigenvalue of the normalized Laplacian matrix
L through the relation

Ae/2 < p(k) < O(k*)\/ M, (6)
and Oveis Gharan and Trevisan [5] showed
p(k) < kp(k). (7)

In Section 11, we establish an analogous relation for pay; (k).

The Proof of Part (a) of the Main Theorem: The proof of Part (a.l) builds upon the
following Lemmas that we will prove in Section 7 and Section 8, respectively. Recall that Xy
contains d,, copies of F(u) for each u € V. W.lLo.g. we may restrict attention to clusterings of
Xy that put all copies of F'(u) into the same cluster and hence induce a clustering of V. Let
(A1,..., Ay) with cluster centers ¢; to ¢ be a clustering of V. Its k-means cost is

k
Cost({As i) =D > dullF(u) — .

i=1 ucA;

2)/(\\1/ is defined as Xy but in terms of approximate eigenvectors, see Section 10.1
3The case Ag (Xv) < n~ %W constitutes a trivial clustering problem. For technical reasons, we have to exclude
too easy inputs.



Lemma 1.3 ((Py,...,P) is a good k-means partition). If ¥ > 4 - k%2 then there are vectors
{pD}Yr_, such that

~ 3k\ k2

(PP ) < (145 ) =

Cos ({ y P }z—l) ( + \I’> i}

Lemma 1.4 (Only partitions close to (P, ..., Py) are good). Under the hypothesis of Theorem 1.2,

the following holds. If for every permutation o : [1 : k] — [1 : k| there exists an index i € [1 : k]

such that Sad
«
AL Pyi)) = 10%% (Poiy)-

Then it holds that
200k?

v

Substituting these bounds into (2) yields a contradiction, since

Cost({As, c;}Fy) >

20k?
)\

. 2
< Cost({Ap, ci}in) < o A(Ay) < a- Cost({P,p" 1) < <1 + %> E

v) v
Therefore, there exists a permutation 7 (the identity after suitable renumbering of one of the
partitions) such that u(4;AP;) < f&i -pu(P;) for all i € [1: k].

Part (a.2) follows from Part (a.1). Indeed, for &' = 85/10* we have

ad’
(A > 1P 0A) = p(P) = WP\ A) > (P~ ai5P) > (1= 2 ) )
and |E(A;, A;)| < |E(P;, B)| + n(A;AP;) since every edge that is counted in |E(A;, A;)| but not in
|E(P;, P;)| must have an endpoint in 4;AP;. Thus

U

— ’E(A“E)‘ |E(P27Fz)| + % () < 2a5/> . , 200"

This completes the proof of Part (a) of Theorem 1.2.

D(A;)

2 Notations

We use the notation adopted by Peng et al. [(] and restate it below for completeness. Let Lo =
I — D7Y/24AD~1/2 be a normalized Laplacian matrix, where D is diagonal degree matrix and A
is adjacency matrix. We refer to the j-th eigenvalue of matrix Lz by A; £ \j (Lg). The (unit)

eigenvector corresponding to \; is denoted by f;.
DY2xp, . . .
Let g; = M, where x p, is the characteristic vector of a subset P, C V. Note g is the
Py
. C . 2 . .
normalized characteristic vector of P; and that HDI/ Xp T =2, p, deg, = u(P;). We will write

w; instead of u(FP;). The Rayleigh quotient is defined by and satisfies that

|E(S, )]

)2 G LT 1
w(F;)

R g_ - — T— = XT-LXPZ' =
@ G Gi u(p) "

where L = D — A is the graph Laplacian matrix.

= ¢p;,



—~ & i Lemma 4.3 __ DYxp, (@)
fz‘zzjzlag)fj = T ey Zj 195 f;

Ifi = Gill® < ép,/ Akt

DN Theorem 4.1 - D
=Yk 807 g="r,8"g

Ifi = Gill* < (1 + 3k/P) - k/¥

Figure 1: The relation between the vectors f;, ﬁ, gi and g;. The vectors {f;}? , are eigenvectors of the normalized Laplacian
matrix Lg of a graph G satisfying ¥ > 4 - k3/2. The vectors {gl}l , are the normalized characteristic vectors of an optimal
partltlon (P1,...,Pg). For each i € [1: k] the vector fl is the projection of vector g; onto span(fl, ...y fx). By Lemma 4.3 the
vectors fZ and g; are close for ¢ € [1: k]. By Lemma 4.2 it holds span(fi,..., fx) = span(fl7 .. .,fk) when ¥ > 4. k3/2 and
thus we can write f; = 321 B;Z)fj Moreover, by Theorem 4.1 the vectors f; and g; = 321 BJ( g; are close for i € [1: k].

The eigenvectors {f;}7; form an orthonormal basis of R™. Thus each characteristic vector g;
can be expressed as g; = Z;‘L:I ay) fj for all i € [1: k]. We define its projection onto the first k

eigenvectors by f; = Zle ag»i) fj-

Peng et al. [6] showed that span({ﬁ- le) = span({ f; le) if the gap parameter T is large enough.
In Lemma 4.2 we demonstrate that similar statement holds with substituted gap parameter W. This
implies that each of the first k eigenvectors can be expressed by f; = Z?Zl ﬁ](-i)fj. Moreover, Peng

et al. [0] showed that each vector
k
5= 5%
j=1

approximates the eigenvector f; for all i € [1 : k], if T is large. We prove in Theorem 4.1 that it
suffices to have a large gap parameter V.
In the proof of Lemma 1.3, we will use the vectors

i 1 1 K\ T
P = (87 8) ®)
For any vertex u € P;, we have
P = ([D72q] ). [D72%G] (). ©)
Indeed, for any h € [1: k],
DG (u) = Z 5§h)D_1/2D1/2XPi (u) = 1 ﬁi(h)‘
ek 1(F) 1(F)

Our analysis builds upon the following two matrices. Let F, B € R¥*F be square matrices such
that for all indices i,j € [1 : k] we have

F;,= ag-i) and Bj; = ﬂ](-i). (10)



3 Technical Advances in The Improved Quality Guarantee

In Section 4, we show that if ¥ > 4 - k%/2 then the vectors §; and f; are close for all i € [1 : k], i.e.,

3k k
—alP< (1 Sk I

The proof follows [6] but our analysis depends on the less restrictive gap parameter W.

In contrast to [6] we exhibit in Section 5 key spectral properties of the matrices B'B and
BBT. More precisely, we show that they are close to the identity matrix. For our improved quality
guarantee we use the fact that if ¥ > 10% - k%/e? and ¢ € (0,1) then for all distinct 4,5 € [1 : k] it
holds

1—¢ < <BZ’7:,BZ'7:> < 14+¢ and ‘(Biﬁ, Bj7:>‘ < \/E (11)

Peng et al. (c.f. [0, Lemma 4.2]) proved that the square Euclidean distance between any distinct
estimation centers satisfies

Hp(i) _p(j)H2 5 [103 k- min {,U(Pi),,u(Pj)}]_l.

In Section 6, we improve their result by a factor of k. Our analysis depends on the less restrictive
gap assumption ¥ > 20* - k3 and builds upon (11). We show in Lemma 6.2 that for all distinct
i,j € [1: k] it holds

Hp(i) _p(j)H2 > [3 - min {N(Pi)aN(Pj)}]_l .

We prove Lemma 1.3 in Section 7 and Lemma 1.4 in Section 8. The analysis of these Lemmas
builds upon the results from Section 4 to Section 6.

4 Vectors g; and f; are Close

In this section we prove Theorem 4.1. We argue in a similar manner as in [(], however, in terms of ¥
instead of Y. For completeness, we show in Subsection 4.1 that the span of the first k eigenvectors
is equal to the span of the projections of the characteristic vectors of subsets P; onto the first k
eigenvectors. Then in Subsection 4.2 by expressing the eigenvectors f; in terms of the vectors ]?,
we conclude the proof of Theorem 4.1.

Theorem 4.1. If U > 4 - k3/2 then the vectors g; = Z;‘?Zl 5](.i)g_j, i €[1: k], satisfy
N 3k k
-t < (1+5) 5

4.1 Analyzing the Columns of Matrix F

We prove in this subsection the following result that depends on gap parameter V.

Lemma 4.2. If U > k3/2 then the Span({ﬁ- k) =span({f;}%_,) and thus each eigenvector can be
expressed as f; = 25:1 ﬁ](-l) . ]‘A’J for every i € [1: k.

To prove Lemma 4.2 we build upon the following result shown by Peng et al. [(].



D'Y2xp,
RS

2Pl N (L0) - R@) 9P
i~ i = 2_1((1 > S Mol Mgt

Lemma 4.3. [0, Theorem 1.1 Part 1] For P, C V let g; =
that

Then any i € [1 : k| it holds

Based on the following two results we prove Lemma 4.2.

Lemma 4.4. For everyi € [1: k] and p # q € [1: k] it holds that

Proof. The first part follows by Lemma 4.3 and the following chain of inequalities

o) .;1@2))2: ZE(O&)k;(CM%)z:L

A
ko j=k+ Jj= Jj=

AARIA)

Akt1

1= ¢(P)/Met1 <

and ‘<J§nﬁz>‘ = (a?, a?)| <

2

~

[

We show now the second part. Since {f;};_; are orthonormal eigenvectors we have for all p # ¢
that

(fpr fo) = Zal =0. (12)

We combine (12) and Cauchy-Schwarz to obtain
k n
‘<};,ﬁ]>‘ _ Zal(p) Z al(p)
=1 I=k+1
[ ey |5 oy <o

A
=k +1 I=k+1 k+1

N

Lemma 4.5. If U > k%2 then the columns {szi}le are linearly independent.

Proof. We show that the columns of matrix F are almost orthonormal. Consider the symmetric
matrix FTF. It is known that ker (FTF) = ker(F) and that all eigenvalues of matrix F'F are real
numbers. We proceeds by showing that the smallest eigenvalue )\min(FTF) > (0. This would imply
that ker(F) = () and hence yields the statement.

By combining Gersgorin Circle Theorem, Lemma 4.4 and Cauchy-Schwarz it holds that

_ Zk: ‘<a<j>,a<z>>‘
J#i

}3/2
2 1- 07
v >

T : T T
Auin(F1F) > min § (F'F), Z( (FTF).

= min { o

J

where i* € [1 : k] is the index that minimizes the expression above. [

We present now the proof of Lemma 4.2.



Proof of Lemma 4.2. Let A be an arbitrary non-zero vector. Notice that

k k k
Z/\i f= Z i Zag-l)fj Z (Z i oz(l > fi= Z%fﬂ’ where ;= (F;.,\).  (13)
i=1 =1 j=1

7j=1 \i=1

By Lemma 4.5 the columns {F;,i}le are linearly independent and since v = F A, it follows at least

Yk
one component 7; # 0. Therefore the vectors { fi}' are linearly independent and span R¥.  m

4.2 Analyzing Eigenvectors f in terms of J?]
To prove Theorem 4.1 we establish next the following result.

Lemma 4.6. If U > k%/2 then for i € [k] it holds
14 2 _1<Z(5“))2< A
v = = AV v

Proof. We show now the upper bound. By Lemma 4.2 f; = Z?:l ﬁ](-i)fj for all ¢ € [1: k] and thus

k k
1 = \\fi\\2=<zﬂs>ﬁ,§jﬁé”ﬁ>
a=1

To prove the inequality (x) we consider the two terms separately.

112
By Lemma 4.4, Hf]H > 1 — ¢(Pj)/Ae+1. We then apply > . aib; < (D, a:i)(>;bi) for all
non-negative vectors a, b and obtain

JZ::l (59)° (1_ E) ; (5") ; (8%) q;(li”l) > (1_ %) ; (59"

~ o~

Again by Lemma 4.4, we have ‘< fas fb>‘ Vo &(Py)/Ag+1, and by Cauchy-Schwarz it holds

Zk:lgzﬁéi)ﬁb“ <f’;,fb> > —zk;bzk: ‘51)2 ‘<ﬁ&fb>‘
> )\k—i-l 2.2 Vo(P,) - ‘Béi) N
L[5 g0 o
" (Zﬁ W) >3 L (%)
The lower bound follows by analogous arguments. _



We are ready now to prove Theorem 4.1.

Proof of Theorem 4.1. By Lemma 4.2, we have f; = Z?:l ﬁ](-i)fj and recall that g; = Z§:1 5J(»i)g_j
for all < € [1: k]. We combine triangle inequality, Cauchy-Schwarz, Lemma 4.3 and Lemma 4.6 to

obtain
2 2

Ifi = Gil* = fjﬁj@(ﬁ—g—j) < f:m;\.Hﬁ_g—jH
J=1 j=1

< (sE)) (Shr-al) < (-2) (2 e

Jj=1 Jj=1 Jj=1

where the last inequality uses ¥ > 4 - k. [

5 Spectral Properties of Matrix B

In this section we bound the inner product of any two rows of matrix B (c.f. Equation 10).
Theorem 5.1. If U > 10* - k3 /2 and £ € (0,1) then for all distinct i,j € [1 : k] it holds
1-e<(B;,B;.)<1+e and [(B;.B;.)|<e.
The proof is divided into two parts. We show in Lemma 5.4 that 1 —e< (B;,,B;:) <1+c¢,
and we establish the second statement [(B;.,B;.)| < /¢ in Lemma 5
5.1 Analyzing the Column Space of Matrix B

We show below that the matrix B'B is close to the identity matrix.
Lemma 5.2. (Columns) If U > 4 - k3/2 then for all distinct i,7 € [1 : k] it holds

3k 3k k
1-— E (B:,ia B;’i> < 1 + E and |<B;’i, B’]>| < 4 E
Proof. By Lemma 4.6 it holds that
k
3/<: 3/<:
1oy BB =) (47) <1+ -

Recall that g; = Z?:l ﬁ](-i) - gj. Moreover, since the eigenvectors { fz} —, and the characteristic
vectors {@}le are orthonormal by combing Cauchy-Schwarz and by Theorem 4.1 it holds

k
(B..B.y) = > 478" <ZB(” ga,25b > (G G5)
=1
= <(.é\i_fi)+fl7(gj_f])+fj>
< g = fill - lg; = fill + 1lgi = fill + lg; — £l

3k
1 —

N

10



|
Using a stronger gap assumption we show that the columns of matrix B are linearly independent.
Lemma 5.3. If U > 25 k3 then the columns {B;,i}le are linearly independent.

Proof. Since ker (B) = ker (BTB) and BTB is SPSD* matrix, it suffices to show that the smallest
eigenvalue
TB"B
A(BTB) = min =——= > 0,
x#0 T

By Lemma 5.2,

iilmll%l\@“),ﬁ”)ﬂ \E(Zw) < Jlz|? - 4k

i=1 j#i
and
k TP LA -
¢ "BTBz = <Z ;8% Zx]B > = Zw? @1 4 ZZw,wj <ﬁ(’),6(3)>
i=1 i=1 j#i
3k D ol k
> <1 - E) Jll* - ZZlmil 21 (80, 80)]| > (1 - 51”/@) el
i=1 j#i
Therefore A(BTB) > 0 and the statement follows. [ |

5.2 Analyzing the Row Space of Matrix B

In this subsection we show that the matrix BBT is close to the identity matrix. We bound now
the squared Lo norm of the rows in matrix B, i.e. the diagonal entries in matrix BB™.

Lemma 5.4. (Rows) If ¥ > 400 - k3/e? and € € (0,1) then for all distinct i,7 € [1 : k| it holds
1-e<(B;:;,B;.) <1+e

Proof. We show that the eigenvalues of matrix BB are concentrated around 1. This would imply
that XZ-TBBTXZ- = (B, B;.) = 1, where x; is a characteristic vector. By Lemma 5.2 we have

(1 - %) (ﬁ“’)T -BB". 500 = HB(") : <ﬁ(j)76(")>2 < <1 + %)2 + %{32 <1+ %
i

and

<l (05} <3 (1) g w105 <y

=1

‘(ﬁ(i))T .BBT . g0

4We denote by SPSD the class of symmetric positive semi-definite matrices.

11



By Lemma 5.3 every vector € R* can be expressed as x = Zle fy,ﬂ(i).
k \T k .
BB = Y (/3(’)) -BBT -} ;80
i=1 j=1

k k k
= 35 (9) BT 50+ 30>, (39) BB 0
=1

=1 jAi
k2 k k

<1 - % - 11/6\/;) Iy11? = (1 - 14/6\/;) Iv11?-
kook - k kK -

zlr = Z Z%”Yj <5(2),ﬁm> = Z’Yzz Hﬁ(l) + Z Z’Yﬂj <5(2),ﬁm>
=1 j=1 =1 =1 j#i

By Lemma 5.2 we have ‘Zle Z;;Z Y <ﬁ(i)7ﬁ(j)>‘ < ”’Y”2 . 4]9\/% and Hﬂ(i)Hz <14+ % Thus it

holds
15k ) 2 < oo < (14 5y ) )2
\\ s

[k [k
1 —20ky/ — < A(BBT) < 1+ 20ky/ —.
0 T ( ) + 20 v

We have now established the first part of Theorem 5.1. We turn to the second part and restate
it in the following Lemma.

WV

and

Therefore

Lemma 5.5. (Rows) If ¥ > 10* - k3/e% and e € (0,1) then for all distinct i, € [1 : k] it holds
’<Bi7:7Bj,:>’ < \/g

To prove Lemma 5.5 we establish the following three Lemmas. Before stating them we need
some notation that is inspired by Lemma 5.2.

Definition 5.6. Let BTB = I+ E, where |Ew| < 4\/5 and E is symmetric matriz. Then we have
(BBT)’ =B (1+E)B" = BB + BEB".
Lemma 5.7. If U > 40% - k3/2 and € (0,1) then all eigenvalues of matrizc BEBT satisfy
|IA(BEB™)| < ¢/5.
Proof. Let z = BYz. We upper bound the quadratic form

. 2

k k

|:ETBEBT$‘ = ‘ZTEZ\ < Z [Eij |zil |25] < 44/ T (Z |Zi|) < 2l - 4k f 7R
]

i=1

12



By Lemma 5.4 we have 1 — ¢ < A(BBT) < 14 ¢ and since ||z||* = xBBT ||| it follows that

and hence - .
BEB
INBEBT)| < max [ BEB 2| 4(1+¢)- m/% <e/5.
[ |

Lemma 5.8. Suppose {ui}le 18 orthonormal basis and the square matrix U has u; as its i-th
column. Then UTU =1=UUT.

Proof. Notice that by the definition of U it holds UTU = I. Moreover, the matrix U™! exists and
thus UT = U™!. Therefore, we have UUT =1 as claimed. [

Lemma 5.9. If ¥ > 40?-k3/% and e € (0,1) then it holds |(BEBT),;| < &/5 for everyi,j € [1 : k].

Proof. Notice that BEBT is symmetric matrix, since F is symmetric. By SVD Theorem there is
an orthonormal basis {u,-}f:1 such that BEBT = Zle N(BEBT) - wul. Thus, it suffices to bound
the expression

k
(BEBT);;| < [MBEBT)| - [(wuf ).
=1

By Lemma 5.8 we have

Zr w); < IR0, )12 =

We apply now Lemma 5.7 to obtam
k

> INBEBT)| - |(ww )ij] < Z\ (w)i | <

=1

OTI(T)

We are ready now to prove Lemma 5.5, i.e. |(B;.,B;.)| < /e for all i # j.

Proof of Lemma 5.5. By Definition 5.6 we have (BBT)2 = BB"' + BEB". Observe that the (4, j)-
th entry of matrix BB is equal to the inner product between the i-th and j-th row of matrix B,
ie. (BBT)Z.J. = (B, B;.). Moreover, we have

k k

[(BBT ] = Y (BBY),,(BB"),, = (B;.B) (B.B;).
=1 =1

For the entries on the main diagonal, it holds

(Bi.,Bi.) +Z B;.,B;)? = [BB")%); = [BB" + BEB"]; = (B;.,B,.) + (BEB")_,
1#1
and hence by applying Lemma 5.4 with ¢/ = £/5 and Lemma 5.9 with ¢/ = & we obtain

9 9 € € €\?2
(Bi.,By.) < ; BB’ < (1+5)+:-(1-7) <=

13



6 Vectors p’) are Well-Spread

Peng et al. (c.f. [0, Lemma 4.2]) showed for T > Q(k%) that the square Euclidean distance between
any distinct estimation center vectors (c.f. Equation 8) is lower bounded by

Hp(z’) _p(j)H2 > [103 .k -min {M(Pi),u(Pj)}]_l,

Under a less restrictive gap assumption ¥ > Q(k3) we improve [6, Lemma 4.2] by a factor of k.
Our analysis builds upon Theorem 5.1 and bounds a summation of k terms, instead of applying
[0, Lemma 4.2] to a single component. We show now a statement similar to [0, Lemma B.1] that
depends on V.

Lemma 6.1. If U = 20% - k3/5 for some § € (0,1] then for every i € [1 : k] it holds

“p(i)2e L 1iﬁ '
n(P;) 4
Proof. By definition p; = ﬁ -B;. and by Theorem 5.1 we have ||B,.||*> € [1 = v/§/4]. [
S

We present now our statement.

Lemma 6.2. If U = 20* - k3/§ for some § € (0,1/2] then for any distinct 3,7 € [1 : k] it holds that
@ _ | - ~1
[p9 =p9|" > (2 min {u(P), u(P)}
Suppose ¢; is the center of a cluster A;. If ch — p(il)H > Hcl — p(iQ)H then it holds

2 1 . INTE: ) _
> 7 [P =) | > 18- min (B, (P}

Ci — p(il)

Proof. We argue in a similar manner as in [6] but in contrast apply Theorem 5.1 with € = v/3/4 to

obtain ' _
< p p) > (Bi:Bj) _ Ve _ 23!

PO D]/~ 1Bl Byl ~1—¢ 3

W.lLo.g. assume that Hp(i)H2 > Hp(j)Hz. Then by Lemma 6.1 we have

%

"> <1 - ?) - [min {u(P;), u(P})}] 7"

Let [[p?]| = o+ [[p@]] for some a € (0,1]. Then

. . . . (4) () . .
R R
g (C“Q s 1) [ > 2 min {u(P), w(P)
The second claim follows immediately from the first. [

14



7 Proof of Lemma 1.3
By Theorem 4.1 we have ||f; — Gi||* < (1+35) - & and thus

k k k
DD dullF(w) => > d, (F(u)j _p§i))2

i=1 uEPi i=1 uek; i=1 j=1u€ePp;

Y 0w Dmm|<3$§

j=11i1=1 uep;

where the k-way partition (Py,..., P;) achieving payr(k) has corresponding centers cj, ..., c.

8 Proof of Lemma 1.4

Our main result in this section improves [0, Lemma 4.4] by a factor of k. We argue in a similar
manner as in [6], but in contrast our result relies on Lemma 6.2 and the gap parameter W.

We begin our discussion by restating [, Lemma B.2] whose analysis crucially relies on a function
o defined by

(AN Py)
o(l) = arg max ———=.
0= jellk]  p(Pj)

Lemma 8.1. [0, Lemma B.2] Let (Py,...,P;) and (A1,...,Ag) be partitions of the vector set.
Suppose for every permutation 7 : [1 : k] — [1 : k] there is an index i € [1 : k] such that

(14)

(AiAPLGy) = 26 - (Prgiy), (15)

where € € (0,1/2) is a parameter. Then one of the following three statements holds:
1. If o is a permutation and p(Py;\A;) = € - p(Pyq)), then for every index j # i there is a real
gj = 0 such that

p(A; N Pygy) 2 w(Aj 0 Pygy) 2 g5 - min{u(FPyjy), 1(Priy) }s

and ), 465 = €.
2. If o is a permutation and p(A;\P,4)) = € - w(Py;)), then for every j # i there is a real €5 > 0
such that

(A N Pyyy) = €5 - 11(Pogy),  1(Ai N Pyjy) = €5 - (P,

and } ;€5 2 €
3. If o is not a permutation, then there is an index ¢ & {o(1),...,0(k)} and for every index j there
is a real €5 > 0 such that

(A ﬁPJ(])) (A mPZ) €5 mln{u( O'(])) (Pg)},

and Z?Zl gj=1.
We prove now our main technical result that yields an improved lower bound by a factor of k.

Lemma 8.2. Suppose the hypothesis of Lemma 8.1 is satisfied and ¥ = 20* - k3/§ for some
d € (0,1/2]. Then it holds

e 2k?
COSt({Al,CZ} ) 1_6 — F

15



Proof. By definition

k
Cost({A;,c;}F 1) = ZZ > dul|F(u) - £ A (16)

i=1 j=1 u€A;NP;
Since for every vectors z,y, z € R¥ it holds
2 (Il = yll” + 11z = ylI?) > (lz =yl + 12— y)* > o - 2|,
we have for all indices 4,5 € [1 : k] that

p) — |

17 - e > L2y - 0] i

Our proof proceeds by considering three cases. Let ¢ € [1 : k] be the index from the hypothesis in
Lemma 8.1.

Case 1. Suppose the first conclusion of Lemma 8.1 holds. For every index j # i let

)

P = P’ ([ = o > ([ —
p°@  otherwise.

Then by combining (17), Lemma 6.2 and Lemma 1.3, we have

SR ol oY R I ool LR

J7#1 u€A;NPy ;) J7#1 u€A;NPy(j)

L~ pld0Py) _(H%).’f_%i_ﬁ
16 2 min{(Pog) (B )] v) W%

WV

j#i
Case 2. Suppose the second conclusion of Lemma 8.1 holds. Notice that if u(A4; N Pyg;y) <
(1 =€) - p(Pyy) then u(Pyy\Ai) = € - u(Py(;)) and thus we can argue as in Case 1. Hence, we can
assume that it holds
1(Ai 0 Bpiy) 2 (1 =€) - p(Poay)- (18)
We proceed by analyzing two subcases.
a) If Hp"(j) — CZH > Hp"(i) — CZH holds for all j # ¢ then by combining (17), Lemma 6.2 and
Lemma 1.3 it follows

D DD DI A I

Ve uGAiﬂPo.(j) j# uGAiﬂPo.(j)

AN P 2 2
> EZ : ,u( U(J)) _<1+%>.k_>i_%_
2 j imln{lu(PJ(i))nu(PU(j))} v v 16 v

b) Suppose there is an index j # i such that Hp"(j) — c,” < Hp"(i) — c,H Then by triangle
inequality combined with Lemma 6.2 we have

2

p9 - CzH > -

1 i j i
Z pa(z) _ pU(]) H > [8 . mln{u(PJ(i)), N(Pa(j))}]

16



Thus, by combining (17), (18) and Lemma 1.3 we obtain
1 . 2
- o) _ | =
A > 5 Z dy ||p ci Z d,,
UeAimPo-(i) uEAiﬂPG(i)
L pAinFg) _< +%> Poloe 2
16 min{u(Py), u(Po(j))} U)o w16 v

Case 3. Suppose the third conclusion of Lemma 8.1 holds, i.e., ¢ is not a permutation. Then
there is an index ¢ € [1: k] \ {o(1),...,0(k)} and for every index j € [1 : k] let

~ 112
F(u) —p°®

¢
p') = P
p°@) | otherwise.

By combining (17), Lemma 6.2 and Lemma 1.3 it follows that

o S e D VI M

7j=1 uEA NP, ~(5) j= l’U,EA NP, ¥ (5)

N iZk: u(A4; N Pyy)) _<1+%> L
- min{u(Fy(j)), 1(Pr) } V) w16 v

F(u) _pv(j)H2

Based on Lemma 8.2 we improve [, Lemma 4.4] by a factor of k and condition our analysis on
a less restrictive gap assumption that depends on V.

Corollary 8.3. Let (Pi,...,P) and (Ay,...,Ax) are partitions of the vector set. Suppose for
every permutation 7 : [1 : k] — [1 : k] there is an index i € [1 : k] such that

2e
(A AP )) = - (Priiy), (19)

where € € (0,1) is a parameter. If U = 20%-k3/5§ for some 6 € (0,1/2], and & > 64 - - k3/V then

2
Cost({A;, ¢} ) > %a.

Proof. We apply Lemma 8.1 with ¢’ = ¢/k. Then by Lemma 8.2 we have

. w
16k O’
and the desired result follows by setting ¢ > 64 - a - k3 /. [

Cost({A,,c,}l 1) =

We note that Lemma 1.4 follows directly by applying Corollary 8.3 with ¢ = 64 - a - k3/ V.

9 The Normalized Spectral Embedding is c-separated

In this section, we prove that the normalized spectral embedding Xy is e-separated.

Theorem 9.1. Let G be a graph that satisfies ¥ = 20% - k3/5, § € (0,1/2] and k/5 > 10°. Then
for e =6-10"7 it holds
A (Xv) 9 Ak 1(Xv) (20)
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Proof of Theorem 9.1 We establish first a lower bound on Aj_1(&Xy).

Lemma 9.2. Let G be a graph that satisfies ¥ = 20% - k3/5 for some § € (0,1/2]. Then for
8 = 25/20* it holds
1

> 2.
Ap—_1(Xy) = T (21)

Before we present the proof of Lemma 9.2 we show that it implies (20). By Lemma 1.3 we have

22§
< 2
Ak(Xv) < 7 2

Moreover, by applying Lemma 9.2 with k/6 > 10° and € = 6 - 1077 we obtain

18 1 2 6 _10° 5§ 1 0 _ 1
N 1(Xy) > ———=——— = > —— - — = — . — > — - AL (Xy).
)2 TR TR T k0 k2 ke o)
Proof of Lemma 9.2 We argue in a similar manner as in Lemma 8.2 (c.f. Case 3). We start by
giving some notations. Then we prove Lemma 9.3 which is later used in the proof of Lemma 9.2.
We redefine the function o (c.f. Equation 14) such that for any two partitions (P, ..., P;) and
(Z1,...,Z_1) of V, we define a function o : [1 : k — 1] — [1 : k] by
. w(Z; N Pj) .
o(i) = arg max ————=, foreveryic [l:k—1].
jek] - p(by)

The next statement is similar to the third conclusion of Lemma 8.1, but in contrast lower bounds
the overlapping (in terms of the volume) between any k-way and (k — 1)-way partitions of V.

Lemma 9.3. Suppose (P1,...,Py) and (Z1,...,Zr_1) are partitions of V.. Then for any index
tel:k]\{o(1),...,0(k—1)} (there is at least one such £) and for every i € [1 : k — 1] it holds

{1m(Z; O\ Pyy), 1u(Zi NPy} = 7 - min {pu(Py), ju(Poiy) }

where Efz_ll 7 =1and ;> 0.

Proof. By pigeonhole principle there is an index ¢ € [1 : k] such that ¢ ¢ {o(1),...,0(k —1)}.
Thus, for every i € [1 : k — 1] we have o(i) # ¢ and
w(Zi N Pyy) < w(ZiNPy) 4

= = Ty,
1(Pyiy) 1(Pr)

where z;:ll 7, = 1 and 7; > 0 for all 7. Hence, the statement follows. [ |
We present now the proof of Lemma 9.2.

Proof of Lemma 9.2. Let (Z1,...,Z,_1) be a (k — 1)-way partition of V' with centers ¢},...,c;_,
that achieves Ag_1(Xy), and (Py,..., Py) be a k-way partition of V' achieving puy, (k). Our goal
now is to lower bound the optimal (k — 1)-means cost

k-1

k
D) =33 3T du||F(w) - &7 (22)

i=1 j=1ueZ;NP;

18



By Lemma 9.3 there is an index £ € [1: k] \ {o(1),...,0(k —1)}. Fori € [1: k — 1] let

oo = P [l =l > [l =
po D) ,othervvlse.

Then by combining Lemma 6.2 and Lemma 9.3, we have

@ -] "2 (8 min {u(Pe), u(Po)}) ™ and u(Zi1 Pry) > 7o min {(Po), n(Pago)} . (25)

where ZZ 1 7i = 1. We now lower bound the expression in (22). Since

[P =l > 5 o — & - @ -]

it follows for &' = 2§/20* that

k—1 k k—1
Dpa(Xy) = D0 3 du|F@ —dP 230 D du|Fw) ¢
i=1 j=1 u€Z;NP; i=1 u€Z;NPy
1 k—1 k—1 2
> 33 Y dpO-d =Y Y | Fw -
i=1 UEZiﬁP—y(i) i=1 UEZiﬁP—y(i)
= a u)—p
2 i—1 8 - min {/L (1) ) ( o () } i=1 uePh; b
1 ¢
zZ ==
16 k
where the last inequality holds due to (23) and Lemma 1.3. [ |

10 An Efficient Spectral Clustering Algorithm

In this section, we prove Part (b) of Theorem 1.2. We start by stating in Subsection 10.1 the
notations used in our proof. Then we describe the proof-overview of our approach. The proof itself
is divided into three parts, each of which is covered in Subsection 10.2, 10.3 and 10.4, respectively.

10.1 Notations

Let Z € R™* be a matrix whose rows represent n vectors that are to be partitioned into k clusters.
For every k-way partition we associate an indicator matrix X € R™ " that satisfies Xij = 1//1Cj]
if the i-th row Z;. belongs to the j-th cluster C;, and X;; = 0 otherwise. We denote the optimal
indicator matrix Xgp¢ by

k
2 .
Xopt = argXIGI;&l}Lle HZ — XXTZHF = argxg&lilxk;u;. 1 Zu,: — Cj\@, (24)
- J

where ¢; = (1/]X;]) Zuexj Zy,:. is the center point of cluster Cj.

Let Lo = I — An be the normalized Laplacian matrix of a graph G and Ay = DY/2AD~1/2
be the corresponding normalized adjacency matrix. Let matrix Uy be composed of the top k
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orthonormal eigenvectors of Ay or equivalently the bottom eigenvectors of Lg. We define by
Y £ U, the canonical spectral embedding.

We describe now the “Power Method” that is used to compute an approximate spectral em-
bedding. Let S € R™* be a matrix whose entries are i.i.d. samples from the standard Gaussian
distribution N(0,1) and p be a positive integer. Then the approximate spectral embedding Y is
defined by the following two-step process:

1) B= A?\I;H .S=UxV"; and 2) Y 2UecR™F (25)

We proceed by defining the normalized (approximate) spectral embedding. We construct a matrix
Y’ € R™*k such that for every vertex u € V we add d(u) many copies of the normalized row

(u,:)/+/d(u) to Y’'. Formally, the normalized (approximate) spectral embedding Y’ (Y’) is
defined by

Uk(1,:) U(1,:)
L) N La) 7o
Y/ = and Y’/ = ) (26)
Uk (n,?) Ul(n,:)
WY Saw) ) Yao am ).,

where 14;) is all-one column vector with dimension d(3).

Similarly to (24) we associate to Y’ (Y7) an indicator matrix X’ (X’) that satisfies X
1/+4/p(C;) if the i-th row Y’ belongs to the j-th cluster C}, and X’ = 0 otherwise. We may
assume w. l 0 g. that a k-means algorithm outputs an indicator matrlx X'’ such that all copies of
row Uk (v,:)/+/d(v) belong to the same cluster, for every vertex v € V.

We assocnate to matrices Y’ and Y7 sets of points which we denote by Ay and /i’;, respectively.
We present now a key connection between the spectral embedding map F(-), the optimal k-means

cost Ag(Xy) and matrices Y, Xg

Z 3" d@) [ F) = ¢|[; = Dx(Av), (27)

J=1veCy

opt

7 X ()

where each center satisfies ¢ = ,u(C’j*)_1 . Zz;ec; d(v)F(v) and F(v) =Y, ./y/d(

Proof Overview of Theorem 1.2 Building upon the work of Boutsidis et al [I] we prove that
any a-approximate k-means algorithm that runs on an approximate normalized spectral embedding
Y’ computed by the “power method”, yields an approximate clustermg X’ of the normalized
spectral embedding Y. Under our gap assumption, we prove that Y’ is e- separated. This allows us
to apply the variant of Lloyd’s k-means algorithm analyzed by Ostrovsky et al. [1] that efficiently
computes )/(::’x Then we use Part (a) of Theorem 1.2 to establish the desired statement.

10.2 Spectral Embedding Properties

Boutsidis et al [I] showed that running an approximate k-means algorithm on an approximate
spectral embedding Y computed by the “power method”, yields an approximate clustering of the
canonical spectral embedding Y. Here, we extend their result (c.f. [I, Theorem 6]) and prove that

it is applicable to the normalized (approximate) spectral embedding Y’ (W)
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Theorem 10.1. [/, Theorem 6] Compute matriz Y’ via the power method with

%-ln(él-n-s_l-&;l-\/g)

In v

1—Xe(La)
1 —Xer1(La)

D= , where v, =

Run on the rows of Y’ an a-approzimate k-means algorithm with failure probability do. Let the
outcome be a clustering indicator matriz X!, € R™¥. Then with probability at least 1—e 2" —35,— 04

it holds
;s (T ,2 T o2 )
Y—Xa<Xa) Y ) Y| +4e?

<(1+4e) - a- HY’ — XU (X

F

Our analysis builds upon the following key Lemma proved in [1].
Lemma 10.2. [/, Lemma 5] Construct Y wvia the power method with

%-ln(él-n-s_l-&;l-\/g)

In v,

1— )\k(ﬁ(;)
1 — Xer1(La)

D= , where v, =

Then with probability at least 1 — exp {—2n} — 36, it holds
HYYT - ??THF <e.

The rest of this subsection is devoted to the proof of Theorem 10.1. We start by establishing
several useful Lemmas that allows us to argue in a similar manner as in [1].
Useful Lemmas

Lemma 10.3. X'X'T is a projection matriz.

Proof. By construction there are d(v) many copies of row Ug(v,:)/1/d(v) in Y, for every vertex
v € V. We may assume w.l.o.g. that a k-means algorithm outputs an indicator matrix X’ such
that all copies of row Ug(v,:)/+/d(v) belong to the same cluster, for every v € V. Moreover, by
definition X;; = 1/1/u(C;) if row Y/, belongs to the j-th cluster Cj and Xj; = 0 otherwise, where
matrix X’ € R™**, Therefore, it follows that X'T X’ = I3, and thus (X'X'T)? = X’ X'T. [ |

~T~
Lemma 10.4. It holds that Y'Y = I, =Y Y.

~ T~
Proof. We prove now Y'Y’ = I, but the equality Y’ Y’ = I}, follows similarly. Since

oy Un(Li) T Us(ni) g7 it
YY), = ( d) A d() d(")> Uk("‘j‘)‘l

V)~
= Ui (€,7) Ug(2, 5)

= S dw = (Uk(:,9), Uk (:, 7)) = dij,

— a0y \/de)

the statement follows. [}

Lemma 10.5. It holds that HY/Y/T vy

=l =771
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Proof. By definition

Uk(l,é)l .
Yyt = ZY’ Y[ wh Y/, = o
Y whnere :74— .
aty A )
and Ui, OULGL )
Yy y'Ty _:M. T
(Ve -,f)d(z)d(a) d(0)d() d(1) ~d(j)

The statement follows by establishing the following chain of equalities

HY/Y/T —vy ‘i - Zn: Zn: (Y/Y/T - /};?’T)d(i)dm »
2

ST
= ZZ Z(Y/ Y/T Y/ Y7 €>d(i)d(j) )

k
i=1 j=1 |l ¢=1
B n o n k Z 7@)_&(2,6)6(],6))} 1T
gps {;< ¢dz ) awag ) 0N

s e (Ui, 00O UG, e)U(j,e))r
— d(7)d

gz (£)d(3) L;( VaA@)d() d(i)d(3)
= ZZ Z <Uk 1, 0)Uk(4,0) — ﬁ(i,é)ﬁ(j,ﬁ))]

i=1 j=1

=1
= ii(UkUE—ﬁﬁT)z

i=1 j=1 K

oot - 007, = Jry™ - 777

2

F

Lemma 10.6. For any matriz U with orthonormal columns and every matrix A it holds
|vUT — AATUUT ||, = ||U - AATU ||, (28)

Proof. The statement follows by the Frobenius norm property || B H% = Tr[BT B], the cyclic property
of trace Tr[UBTBUT] = Tr[BTB - UTU] and the orthogonality of matrix U. [

Proof of Theorem 10.1

Using Lemma 10.2 and Lemma 10.5 with probability at least 1 — exp {—2n} — 39, we have

HY’Y’T Yy

‘ :HYYT—Y/Y/TH <e.
F F
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Let Y/Y'T = VIV + E such that |E|| < e. Based on Lemma 10.4 and Lemma 10.6 we have that

equation (28) holds for the matrices Y’ and Y’ Therefore, by Lemma 10.3 we can apply the proof
in [1, Theorem 6] to obtain

o

<va ([[Y = X (X0p) Y

o+ 25) . (29)
F

After a simple manipulation, (29) yields the desired statement.

10.3 Spectral Embeddings, Gap Assumption and c-separability

In this subsection, we prove under the gap assumption that the approximate normalized spectral
embedding Y7 is e- -separated, i.e. Ak(Xv) < B2 Ay 1(Xv) Our analysis builds upon Theorem 9.1,
Theorem 10.1 and the proof techniques in [1].

Theorem 10.7 (Approximate Normalized Spectral Embedding is e-separated). Suppose the gap
assumption satisfies W = 20* - k3/6, k/§ > 10° for some § € (0,1/2] and the optimum cost
V"= X0 (X000) TY’HF n~=9W. Construct matriz Y’ via the power method with p > Q(Ak Inn).

Then for € = 6 - 1077 with high probability it holds

yAN? (5(,;{/) < 562 VAVERY (.5(\\//) .
Before we present the proof of Theorem 10.7 we will establish two technical results.

Lemma 10.8. If ¥ > 20* - k3/6 for 6 € (0,1/2] it holds

1— A 45
I BN _ )
In (1 - /\k+1> z (1 2041<:2> k1

Proof. Lee et al. [2] proved that higher order Cheeger’s inequality satisfies

A/2 < p(k) < O(K?) - /M. (30)
Using the LHS of (30) we have
3 2 : 2 2 kA
K Par (k) = K ;Wi) > k? max ¢(P) > k- plk) > —=

and thus we can upper bound the k-th smallest eigenvalue of Lg by
)\k 2k - pavr(k)
Moreover, by the gap assumption it follows that

204 k2 - 204 k2
. . > Y
25 2k pavr(k) = 25 k

Akl =

The statement follows by

1 - )\k 1 - 202(1; )\k-i-l 46
> IS 1— —) A b
1— Mes T VI 20452 ) "kt
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To state our next results we need some notations. We use interchangeably X with X(/)(pl? to
denote the optimal indicator matrix for the k-means problem on Xy that is induced by the rows
of matrix Y’'. Similarly, we denote by X(/)(pli_l) the optimal indicator matrix for the (k — 1)-means
problem on Ay .

Based on Lemma 1.3 and the definition of Y’ and X(/)(pkt) we obtain the following statement.

Corollary 10.9. Let G be a graph that satisfies ¥ = 20" - k3/6, § € (0,1/2] and k/§ > 10°. Then
it holds
2 1

<

opt opt ~N i 13
s 8-10

ot e

We are now ready to present to proof of Theorem 10.7.

Proof of Theorem 10.7. By Theorem 9.1 we have

T T
' v - x/® (Xéﬁ?) Y| <ely’—xY (X;(p’“;”) Y| . (31)
F F
We set the approximation parameter in Theorem 10.1 to
yal Ly _ ) (/0T 5 ~0(1)
E = Z Ak(X ) = Z Y - XOpt <X0pt) Y > n 9 (32)
F

and we note that by Theorem 9.1 it holds

e <

V Dk-1(Xy). (33)

= M

1

Ve Inn). By combining Lemma 10.2

Construct the matrix Y via the power method with p > Q(
and Lemma 10.5 we obtain with high probability

HY’Y’T Yy

‘ - HYYT _ ??TH <é.
F F

~ T T~
Let Y'YV = Y'Y" + E such that |E||p < €. By Lemma 10.4 we have YUY =[x =Y Y and
thus (28) in Lemma 10.6 holds for the orthonormal matrices Y’ and Y’. Therefore, by Lemma 10.3
we have

A (XV) = |y - xW (Xéﬂ?) V|| =[vy - x® (Xé%’?) Yy
F F
0 () 2 ()
= Y'Y - X[ <Xopt> Y'Yy’ - (I—Xopt (Xopt> )E
F
o ()
< Bl -+ v - x5 (xR) v
F
By Lemma 10.8 we can apply Theorem 10.1 which yields
e~ o~ T 2 T 2
v — x/ (X;(p’?> Y| <(1+4¢)- ' - (X;(p’?) Y| 442
P F
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By Corollary 10.9 we derive an upper bound on the optimal k-means cost of Xy

Hy, ) (X/(k)>Ty, 2 1

<— (34)

opt opt =N i 13
s 8-10

that combined with the definition of ¢’ gives

A (2@) < E’+\/(1+4E’) = (X;(p’?> Y/|| 44272
F
T
< 2HY/—X;§3’? (X;;@) Y| = 2y/An(Ay)
F

< 2 /A1 (Ay). (35)

Moreover, it holds that

T — T
Bt v (<) v < v < () v
F F
—_— T
= [y - xkY <X{fp’1‘”> y'y'™
F
=T 00 (o)) =T o (T
= |y - x <X0pt ) YY1 x% (Xopt ) E
F
(k-1 )\
o o N
< |[7-xu (x57) 7| el
F
SRV RAV (2’(;) + Z\/ Ap—1(Xy)
and thus
E o~
< z
Ak_l()(v)\(lJrz) - (Xv>. (36)

Therefore, by combining (35) and (36) we obtain the desired statement

D (X)) <26 VA(B) < 2+ e) ey [ D (B))

10.4 Proof of Part (b) of Theorem 1.2

Our analysis crucially depends on the following variant of Lloyd’s k-means algorithm analyzed by
Ostrovsky et al. [1].
Theorem 10.10. [/, Theorem 4.15] Assuming that Np(X) < e2A,_1(X) fore € (0,6-1077], there
s an algorithm that returns a solution of cost at most

1—¢?
1 —37e2

with probability at least 1 — O(\/€) in time O(nkd + k3d).

- Dg(X)
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Proof of Part (b) of Theorem 1.2. Let p = ©((Inn)/Agy1). We can compute the matrix B =
.,425" 1S in time O(mkp) and its Slngular value decomposition USXVT in time O(nk?). Based on it

we construct in time O(mk) matrix Y (c.f. (26)).
By Theorem 10.7, g/ is e-separated for ¢ = 6- 1077, i.e. A\ (i’;) <5e% - Np_g (z’fﬁ/) . Hence,
by Theorem 10.10 there is an algorithm that outputs a clustering with indicator matrix XZ that

has a cost at most

1 112
<1+ 010>’HY/ X (X)) ¥
F F

with constant probability (close to 1) in time O(mk? + k%), where a = 1 + 10719,
We apply now Theorem 10.1 with &’ = @ HY’ Xt (X(’)pt) Y’ = where d4 € (0,1) is to be

determined soon. Moreover, by Corollary 10.9 we have

s

1
! !
[v' =X (x 0°

opt

)y

<
F
and thus with constant probability it holds

2

Y - X! ()?)TY’ < (1+4)a [V = X (X, +4€'2
[ o opt

opt

)y’

F
2
o (G e e B e Y

VoA 1 54 2
s [<1+ 06 )\ 10w ) T 'HY/_ op (Xape) "Y' F

The indicator matrix )A(:’l yields a relative approximation of X}, that satisfies for §4 = 1/10°

2
| < (1 o) [ ("

The statement follows by Part (a) of Theorem 1.2 applied to the partition (Aq,...,Ay) of V that
is induced by the indicator matrix X/,. |

2

v - X, (%) v (37)

F

11 Parameterized Upper Bound on p,.(k)

A k-disjoint tuple Z is a k-tuple (Z1, ..., Zx) of disjoint subsets of V. A k-way partition (P,..., Py)
of V' is compatible with a k-disjoint tuple Z if Z; C P; for all i. We then define S; = P;\Z; and
use Pz to denote all partitions compatible with Z. We use Z; to denote all k-tuples Z with
pk) = ®(Z) = ®(Z1,...,Zk). The elements of Zj are called optimal (k-disjoint) tuples. We
denote all partitions compatible with some optimal k-tuple by

Pr =Uzez,Pz. (38)

Oveis Gharan and Trevisan [5, Lemma 2.5] proved that for every k-disjoint tuple Z € Zj there
is a k-way partition (P,..., P;) € Pz with

O(Py,...,P,) < kp(k). (39)
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Remark 11.1. In this section, we assume that every partition (Pi,...,Py) € Py satisfies
O(Pr,..., Pe) > plk), (40)
since otherwise p(k) = p(k).

We refine the analysis in [5] and prove a parameterized upper bound on (k) that depends
on a natural combinatorial parameter and the average conductance of a k-disjoint tuple Z € Z.
Before we state our results, we need some notations.

We define the order k inter-connection constant of a graph G by

pp(k) & | min 10 (P, Py) (41)

where B(Si V\P)| — [E(S5, 20)
Orc (Py,... P 2 e
IC( 1, ; k‘) Igji% |E(PZ,V\PZ)|
We will prove in Lemma 11.5 that pp(k) € (0,1 —1/(k —1)]. Furthermore, let Op be the set of all
k-way partitions (Py, ..., Py) € Py with ®;c(P,..., Py) = pp(k), i.e., the set of all partitions that
achieve the order k inter-connection constant. Let

(42)

k
1
Davr (k) = min — P, 43
Paall) =, min_ 3 0(P) (13)

be the minimal average conductance over all k-way partitions in Op. By construction it holds that
ﬁavr(k) g ﬁavr(k)- (44)
We present now our main result of this Section which upper bounds pay, (k).

Theorem 11.2. For any graph G there exists a k-way partition (P, ..., Py) € Op compatible with
a k-disjoint tuple Z with ®(Zy, ..., Zy) = p(k) such that for kp £ [1—pp(k)]~t € (1,k — 1] it holds

k
~ Kp
< = )
Pave(k) < ;W,)
and in addition, for everyi € [1 : k|

o(P) < kp - ¢(Z).

Our goal now is to prove Theorem 11.2. We establish first a few useful Lemmas that will be
used to prove Lemma 11.5 and Theorem 11.2.
Oveis Gharan and Trevisan [5, Algorithm 2 and Fact 2.4] showed that

Fact 11.3 ([5]). For any k-disjoint tuple Z, there is a k-way partition (Py,..., Py) € Pz such that
1. For everyi € [1: k], Z; C P,.
2. For every i € [1: k], and every subset ) # S C P\ Z; it holds

[E(S, P\S)| = + |E(S, V\S)].

| =
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Lemma 11.4. For any k-disjoint tuple Z, there exists a k-way partition (Py,...,P;) € Pz that

satisfies
o BRI = B8 Z0| 1
Si0 |E(P;, VAB))| k—1

Proof. By Fact 11.3 there is a k-way partition (Py,..., P;) € Pz such that for all 7 it holds

|E(Si, Zi)| = |[E(Ss, B\Si)| = - |E(Si, VA\Si)| = = (IE(Si, VAR)| + |E(S;, Z4)])

E
| =

and hence

1
|B(Si, Zi)l 2 7— [E(S;, VAR -

Lemma 11.5. The order k inter-connection constant of a graph G is bounded by

1
0< k)<1l———.
pp (k) p—
Proof. We prove first the upper bound. By Lemma 11.4 there is a k-way partition (P, ..., Py) € Py
compatible with a k-disjoint tuple Z such that

max ‘E(SHV\PZ)‘ — ‘E(SHZZ)’ <1-— 1
Si#0 |E(P;, V\P)| S k-1
Therefore,
k) = in @0 (P,....P)<®c(P,.... P
pp (k) P{7--I-1,11%1€73k c (P ) c (P %)
_ ey [EG VAR B8 Z)] L
Si#D |E(P;, V\P,)| k—1

We prove now the lower bound. Suppose for contradiction that pp(k) < 0. By definition we have

o(p) = EELVAP _|B(Z0 VA + [B(S: VAR)| - |B(S: Z)
Z nh) W)
< ¢(Zz) + |E(SzaV\Pz)| - |E(Si,ZZ‘)|

u(P;)

By (41), it holds for any S; # ) that

|E(Si, VAB)| = |E(Si, Zi)| < pp(k) - |[E(P;, VAP

and thus
o(P) < 0(Zi) = lpp(R)] - o(F5) , if Si # 0;
’ = o(Z;) , otherwise.
However, this contradicts ® (P, ..., Px) > p(k) and thus the statement follows. [ |

We are now ready to prove Theorem 11.2.
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Proof of Theorem 11.2. Let (P1,...,P;) € Op be a k-way partition compatible with a k-disjoint
tuple Z € Zj, that satisfies ®(Z1,...,Z;) = p(k). By Lemma 11.5 there is a real number such that

rp 2 [L—pp(k)] " € (1L k—1]. (45)
We argue in a similar manner as in Lemma 11.5 to obtain

6(P) {@(Zi)—m»(k)-qb(a) if i # 0

= ¢(Z;) , otherwise. (46)

By combining (45) and the first conclusion of (46) we have

O(Pr) < [L—pp(k)] ™" &(Z:) = wp - $(Zi). (47)

The statement follows by combining (43) and (47), since

k k
~ Kp
pavr(k) < ; gb(Pz) < ? ;QS(ZZ)

x| =
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