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Abstract

The maximal Lyapunov exponent is determined numerically for two classical unequal-
mass interacting particles in a circular billiard. A Yukawa potential is used for the
interaction between the particles. Transitions from short to long interaction ranges
and from equal to infinite masses ratio between particles are discussed. Correlations
effects between particles strongly determine the dynamics inside the billiard. A
qualitative change in the Lyapunov exponent dependence on the interaction range
between particles, is observed by the transition from weak to strong couplings.
Poincaré Surfaces of Section are also used to describe the dynamics in the limit of
infinite masses ratio.
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Interacting particles inside circular billiards can be used to model electrons
in quantum walls. Such quantum devices are atomic-like few electron systems
which may arise when homogeneous two-dimensional electron gases of hetero-
junctions are laterally confined to diameters comparable to the effective Bohr
radius of the host semiconductor [1]. Electrons are confined inside a disk and
are affected by the surrounding material which composes the semiconductor. In
fact, the composition of the surrounding material may firstly, destroy the long
Coulomb repulsion between electrons and secondly, change the effective mass
between particles [2]. The influence of both effects on quantum energy levels
and/or electrons dynamics it not obvious. However, they can be studied in a
physical model by including a parameter which controls the interaction range
between particles (electrons) and by allowing variations of particles masses
ratio. Some of the above mentioned effects have been analysed in a quantum
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model of two interacting (Yukawa force) particles inside a circular billiard sub-
jected to an external magnetic field [3]. However, sometimes it is very useful
to understand the classical dynamics of the correspondent quantum problem.

In this contribution we analyse the classical dynamics of two unequal-mass
interacting particles as the masses ratio, the interaction range between parti-
cles and, the coupling strengths are changed. Besides the Yukawa interaction
force, particles are under the action of a weak constant magnetic field and
move inside a circular billiard with an infinite wall. The dynamics is analysed
for three kinds of transitions: a) from long to short interaction ranges between
particles, b) from equal to infinite masses ratio and c) from low to high en-
ergies, i. e. , from strong to weak couplings, respectively. All transitions are
from interest because they reflect the effect of the surrounding material from
the semiconductor on the physical properties and particles dynamics inside
the billiard. Maximal Lyapunov exponents and Poincaré Surface of Sections
are used to describe the above mentioned transitions.

The problem Hamiltonian with the weak magnetic field perpendicular to the
billiard in polar coordinates is given by

H = H(1)
0 +H(2)

0 + V (r12) = E, V (r12) = V0
e−αr12

r12
,

(1)

H(j)
0 =

p2
j

2µj
+ U(|~rj| − r0) +

BL(j)
z

2µj
.

Here, r12 = |~r1 − ~r2| =
√
r2

1 + r2
2 − 2r1r2 cos (θ1 − θ2) is the relative distance

between the particles, with µj and L(j)
z being, respectively, the particle j mass

and the z−component of the angular momentum. E is the total energy, B
is the intensity of the external magnetic field and U(|~rj| − r0) represents the
infinite repulsive potential of the circular billiard on the j−particle located
at |~rj| = r0. At the boundary r = r0, particles collide elastically with the
infinite wall. The interaction Yukawa potential V (r12) has strength V0 and
range action α. Values of α between 0 and 1, model the long range interaction
and values of α ≥ 6, the short range interaction. We also consider the strong
coupling limit when E/V0 ∼ 1, where the interaction energy between particles
is comparable to the particles kinetic energy. The weak coupling limit occurs
for E/V0 >> 1, where the interaction intensity between particles is much lower
compared to the particles kinetic energy.

Calculation of the Maximal Lyapunov Exponent (MLE) can be done by using
Benettin’s algorithm [4]. Basically it assumes that little perturbations in the
initial conditions will, for long times, stretch mainly along the most unstable
direction in phase space. In this way, the maximal (or the largest) Lyapunov
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exponent is calculated from λmax = 1
nτ

∑n
i=1 ln

|di|
|d| , where |di||d| is the stretching

factor due an initial perturbation |d|. After each time τ , the quantity ln |di||d| is
evaluated and λmax is an average over n such evaluations. If λmax converges
to a positive value, the trajectory is chaotic. For all simulations done in this
paper we used τ = 0.1 and n = 105 for 100 initial conditions.

In order to present results clearly, we start with the most simple of the cases
considered here. It is the case of infinite masses ratio (γ = µ2/µ1 →∞), where
particle 2 has an infinite mass and is assumed to be kept fixed at a distance R
from the origin of the billiard. Particle 1 will move under the Yukawa repulsion
due to particle 2. This situation is very similar to the Annular billiard [5],
where the inner circle (an infinite wall) induces a chaotic motion as long it is
not located at the origin of the billiard (R = 0.0). Here, as in the Annular
billiard, when particle 2 is not at the origin, the motion of particle 1 is expected
to get more and more chaotic as R increases. This is shown in Fig. 1a) for
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Fig. 1. Average MLE as a function of the interaction range α in the limit γ → ∞,
for a) E = 1.0 and different values of R and b) R = 0.8 and different values of the
energy E. In both cases we used V0 = 1.0 and B = 0.1.

E = V0 = 1.0 and B = 0.1. The average MLE is plotted as a function of the
interaction range α, and for different values of R. The average MLE increases
when R and α increase (except for the case R = 1.1). The system is therefore
getting more chaotic when R and α increase. Results depend strongly on the
initial position R of particle 2. The caseR = 1.1 assumes that the fixed particle
2 is located outside the billiard. In this case particle 1 is alone inside the
billiard, but the finite interaction with particle 2 induces the chaotic motion.
This means that particles located in the material surrounding the billiard may
induce a chaotic motion inside the billiard.

Figure 1b) shows the interaction range dependence of the MLE for different
values of the energy E. In this case R = 0.8, V0 = 1 and B = 0.1. For
E = 1.0, the curve from Fig. 1a) is just repeated. For high energies we observe
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a qualitative change in the dependence of the MLE on the parameter α. For
E = 30, for example, the MLE decreases when the short interaction limit is
approached. In other words, for high energies the dynamics is more regular in
the short interaction limit, exactly the opposite of what happened in the low
energy regime. Since correlation effects are strong for low energies, and weak
for high energies, they are responsible for the above qualitative change in the
MLE behavior.

Results above can be understood better by looking at the dynamics of particle
1. Figure 2 shows the Poincaré Surface of Sections (PSS) when V0 = 1.0, B =
0.1, R = 0.2 for: a)-c) E = 1.0 and d)-f) E = 30.0. Plotted in this figure is
y = sinχ against x = θ, where χ is the angle of the particles momentum to the
collision normal of the billiard at the collision point. The angle of the collision
point to the origin is θ [6]. We observe that for low energies (E = 1.0) and low
values of α, Fig. 2a) shows mainly a regular motion. As the short interaction
range limit is approached (α = 6.0), the motion turns to be chaotic [see
Fig. 2c)]. Each time the points in the PSS have values of sinχ close ±1,
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Fig. 2. Poincaré Surfaces of Sections for different values of the interaction range and
for: a)-c) E = 1.0 and d)-f) E = 30.0. For both cases V0 = 1.0 and B = 0.1. Some
example of trajectories are shown outside the PSS. Arrows indicate the respective
curve in the PSS. The little circle inside the trajectories shows the position of particle
2 at R = 0.2.

means that particle 1 collides mostly perpendicularly to the collision normal.
For many initial conditions in Fig. 2a), particle 1 never collides with the wall
for θ close to 2π. In other words, these trajectories never pass “behind” (to
the right of) particle 2 due to the repulsive Yukawa force. This is shown by an
example of one trajectory from Fig. 2a) (see arrow A). However, if an initial
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condition is started with sinχ ∼ −0.7 (see arrow A′), then the trajectory
may pass on the right side of particle 2. This trajectory has the tendency to
collide more perpendicularly to the collision normal when it is far from (on
the left of) particle 2, and more parallel to it if it is close to (on the right
of) particle 2 (see these details by the trajectory related to arrow A′). In the
short interaction range limit (α = 6.0), where the motion is more chaotic [see
Fig. 2c)], irregular orbits are those with sinχ closer to zero, and are moving
closer to particle 2. Regular orbits are moving far from particle 2 and with
sinχ ∼ −0.6. Examples of such trajectories are shown beside Fig. 2c) (see
arrows C and C ′).

Figures 2d)-f) show results for the high energies regime. In this regime, the
qualitative dependence of the MLE, as a function of α, changes if compared
with results from low energies [see again Fig. 1b)]. For high energies the MLE in
the short interaction limit is lower compared to the long interaction case. As a
consequence, the dynamics should also be more chaotic in the long interaction
range. Since both cases are chaotic, this difference is not easy to observe in
the PSS. Now we consider the full Hamiltonian (1), where both particles can
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Fig. 3. Average MLE as a function of the interaction range α for different values
of a) masses ratio γ for E = 1.0, and b) total energy E for γ = 1.0. In these cases
V0 = 1.0 and B = 0.1.

move interacting which each other and with the billiard. In this case it is
not possible to construct an adequate PPS which allows us to look at the
dynamics of both particles. Figure 3a) shows the average MLE as function of
the interaction range parameter α and for different values of the masses ratio
γ. In this case V0 = 1.0, E = 1.0 and B = 0.1. First observation is that the
MLE increases as α increases. This means that the dynamics is getting more
and more chaotic in the limit of short interaction ranges. As the masses ratio
γ increases, the MLE decreases, and the dynamics is more regular. However,
the α dependence of the MLE remains the same. Figure 1b) shows the MLE
as a function of the interaction range, but for different values of the total
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energy E. In this case γ = 1.0. The interaction range dependence is changing
qualitatively as the energy is increased. For higher energies (E/V0 = 30), the
Lyapunov exponent decreases by the transition from long to short interaction
ranges and the dynamics is getting more regular. This is exactly the opposite
of what happened in the low energy regime.

To conclude, we observe that two particles correlations effects strongly de-
termine the dynamics inside a circular billiard. Particles are also subjected
to an external static magnetic field. The correlation between particles is re-
sponsible for a qualitative change in the interaction range dependency of the
maximal Lyapunov exponent. In the limit of strong (weak) couplings, where
the interaction intensity is comparable to (lower then) the particles kinetic
energy [i. e. , E/V0 ∼ 1 (E/V0 >> 1)], the dynamics is more chaotic (regular)
when particles interaction range decreases. The transition from equal (γ = 1)
to infinite (γ = ∞) masses ratio between particles was also analysed. As the
masses ratio increases, the MLE decreases (but not to zero). Its value will
depend strongly on initial conditions of the heavy particle. This was also con-
firmed by analysing the dynamics in the Poincaré Surfaces of Section in the
limit γ = ∞, where the heavy particle is kept fixed in space. The qualitative
change of the MLE due correlation effects, as mentioned above for γ = 1, was
also observed in the limit γ →∞.
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