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Abstract

We present the N = 2 supersymmetric completion of a scalar curvature

squared term in a completely gauge independent form. We also elaborate on
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1 Introduction

Recently, there has been renewed interest in R2 gravity [1, 2, 3] and N = 1 su-

pergravity [4]. In particular, it has been confirmed that the pure R2 gravity theory is

ghost free [3]. This provides a rationale to look more closely at the structure of cur-

vature squared terms in four-dimensional (4D) N = 2 supergravity. On dimensional

grounds, all such terms should be given by chiral integrals.

The N = 2 locally supersymmetric invariant IC2

abcd

containing the Weyl tensor

squared (which coincides with the action for N = 2 conformal supergravity) was con-

structed by Bergshoeff, de Roo and de Wit almost thirty five years ago [5]. However,

the N = 2 supersymmetric extension IR2

ab
− 1

3
R2 of the term RabRab−

1
3
R2 was obtained

only two years ago [6]. A special combination of the super-Weyl invariants IC2

abcd

and

IR2

ab
− 1

3
R2 constitutes the N = 2 Gauss-Bonnet term [6]. In this note we describe

a third curvature squared invariant – a locally supersymmetric extension of the R2

term that is of special interest in the context of the ideas advocated in [1, 2, 3, 4].

Although the invariant has been discussed in [7, 8], there has not appeared a complete

description of the invariant due to some missing elements. In particular, the invariant

was given in [7] in a special gauge and the explicit component action has never been

worked out. In this note we provide a more complete exposition of the invariant and

construct it in a gauge independent form.

This note is organised as follows. In section 2 we present the superspace de-

scription of curvature squared invariants within N = 2 superspace. In section 3 we

elaborate on the component structure of a N = 2 supersymmetric invariant contain-

ing a curvature squared term. Section 4 is devoted to a discussion of our results.

We have included a couple of technical appendices. Appendix A provides the

essential details of the formulation for N = 2 conformal supergravity [9] in SU(2)

superspace [10], while Appendix B summarises the important details of conformal

superspace [11].

2 The curvature squared invariants in superspace

In this section we use the formulation for N = 2 conformal supergravity [9] in

SU(2) superspace [10]. Some technical details concerning this supergravity formula-

tion are collected in Appendix A. We proceed by recalling the explicit structure of

the invariants IC2

abcd

and IR2

ab
− 1

3
R2 .
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The invariant containing the Weyl tensor squared is

IC2

abcd

=

∫

d4x d4θ EW αβWαβ + c.c. , (2.1)

where Wαβ is the super-Weyl tensor, see Appendix A, and E is the chiral density, see,

e.g., [12] for the definition of E .

The invariant containing RabRab −
1
3
R2 is

IR2

ab
− 1

3
R2 =

∫

d4x d4θ E Ξ + c.c. , (2.2)

where Ξ denotes the following composite scalar [6]:

Ξ :=
1

6
D̄ijS̄ij + S̄ijS̄ij + Ȳα̇β̇Ȳ

α̇β̇ , D̄ij := D̄α̇(iD̄
α̇
j) . (2.3)

The torsion superfields Sij, Wαβ and Yαβ and their conjugates S̄ij, W̄α̇β̇ and Ȳα̇β̇ are

defined in Appendix A. The fundamental properties of Ξ are as follows [6]:

(i) it is covariantly chiral,

D̄α̇
i Ξ = 0 ; (2.4)

(ii) its super-Weyl transformation is

δσΞ = 2σΞ− 2∆̄σ̄ . (2.5)

Here ∆̄ denotes the chiral projection operator [12, 13]

∆̄ =
1

96

(

(D̄ij + 16S̄ij)D̄ij − (D̄α̇β̇ − 16Ȳ α̇β̇)D̄α̇β̇

)

=
1

96

(

D̄ij(D̄
ij + 16S̄ij)− D̄α̇β̇(D̄

α̇β̇ − 16Ȳ α̇β̇)
)

, (2.6)

with D̄α̇β̇ := D̄(α̇
k D̄β̇)k. The main properties of ∆̄ can be formulated using a super-

Weyl inert scalar U as follows:

D̄α̇
i ∆̄U = 0 , (2.7a)

δσU = 0 =⇒ δσ∆̄U = 2σ∆̄U , (2.7b)
∫

d4x d4θ d4θ̄ E U =

∫

d4x d4θ E ∆̄U . (2.7c)

Here E denotes the full superspace density.

The super-Weyl invariance of (2.2) follows from the relations (2.5) and (2.7c) in

conjunction with the identity

D̄α̇
i σ = 0 =⇒

∫

d4x d4θ d4θ̄ E σ = 0 , (2.8)
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for any covariantly chiral scalar σ.

As shown in [6], the functional

∫

d4x d4θ E
{

W αβWαβ − Ξ
}

(2.9)

is a topological invariant being related to the difference of the Gauss-Bonnet and

Pontryagin invariants.

The specific feature of the invariants (2.1) and (2.2) is that they do not involve

any conformal compensator.1 However, such a compensator is required in order to

construct a supersymmetric extension of the R2 term, and it should be the improved

tensor multiplet [15].

The tensor (or linear) multiplet can be described in curved superspace by its gauge

invariant field strength Gij which is defined to be a real SU(2) triplet subject to the

covariant constraints [16, 17]

D(i
αG

jk) = D̄(i
α̇G

jk) = 0 . (2.10)

These constraints are solved in terms of a chiral prepotential Ψ [18, 19, 20, 21] via

Gij =
1

4

(

Dij + 4Sij
)

Ψ+
1

4

(

D̄ij + 4S̄ij
)

Ψ̄ , D̄i
α̇Ψ = 0 , (2.11)

which is invariant under shifts Ψ → Ψ+ iΛ, with Λ a reduced chiral superfield,2

D̄α̇
i Λ = 0 ,

(

Dij + 4Sij
)

Λ =
(

D̄ij + 4S̄ij
)

Λ̄ . (2.12)

The super-Weyl transformation laws of Ψ and Gij are

δσΨ = σΨ =⇒ δσG
ij = (σ + σ̄)Gij . (2.13)

The improved tensor multiplet is characterised by the condition G2 := 1
2
GijGij 6= 0.

Using the improved tensor multiplet one can construct the following reduced chiral

superfield W:

W = −
1

24G
(D̄ij + 12S̄ij)G

ij +
1

36G3
D̄α̇kG

kiD̄α̇
l G

ljGij

= −
G

8
(D̄ij + 4S̄ij)

Gij

G2
. (2.14)

1Super-Weyl anomalies in N = 2 superconformal theories coupled to supergravity [14] are given

by linear combinations of the integrands in (2.1) and (2.2).
2The field strength W of an Abelian vector multiplet is a reduced chiral superfield.
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The regular procedure to derive W is described in [22]. This multiplet (up to nor-

malisations) was discovered originally in [15] using superconformal tensor calculus. It

was later reconstructed in curved superspace [21] with the aid of the results in [15]

and [23].

The supersymmetric completion of the R2 term will prove to be described by the

invariant

IR2 =

∫

d4x d4θ E W
2 + c.c. (2.15)

In the next section we will explicitly show that the above invariant does indeed contain

a R2 term at the component level.

The scalar curvature squared invariant (2.15) is analogous to the one constructed

in five dimensions in [24]. There a supersymmetric completion of a R2 term was

obtained by considering the Chern-Simons coupling between a vector multiplet and

two identical composite vector multiplets constructed out of the tensor multiplet. A

similar procedure was performed in superspace in [25]. In contrast to five dimensions

the component action corresponding to (2.15) contains a R2 term without the need

to impose any gauge condition.

3 Supersymmetric invariants in components

The curvature squared invariants (2.1) and (2.2) are independent of any com-

pensator and were reduced to components in [6]. In order to perform component

reduction of the R2 invariant (2.15) it is advantageous to lift the superspace actions

to conformal superspace.

Besides the R2 invariant (2.15) is it also worth elaborating on the component

structure of the tensor multiplet action [15], which in the formulation of [9] is given

by

Stensor = −

∫

d4x d4θ E ΨW+ c.c. , (3.1)

where W is given in eq. (2.14). The above action can be shown to contain an

Einstein-Hilbert term upon imposing a certain gauge.

In this section we first lift the descriptions of the tensor multiplet action and the

R2 invariant to conformal superspace and then reduce them to components. The

salient details of conformal superspace are summarised in Appendix B.
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3.1 Invariants in conformal superspace

The tensor multiplet is described in conformal superspace by a real primary su-

perfield Gij = Gji of dimension 2,

DGij = 2Gij , KAG
ij = 0 , (3.2)

satisfying the constraint

∇(i
αG

jk) = 0 . (3.3)

The tensor multiplet can be described by a two-form gauge potential. Its superform

formulation in conformal superspace can be found in [26]. The tensor multiplet can

be solved in terms of an unconstrained chiral prepotential Ψ,

Gij =
1

4
∇ijΨ+

1

4
∇̄ijΨ̄ , (3.4)

where we have defined ∇ij := ∇α(i∇j)
α .

We can lift the superspace expressions for the tensor multiplet and the scalar

curvature squared actions to conformal superspace. In conformal superspace, the

tensor multiplet action is defined by (3.1) but with the composite W now constructed

with the covariant derivative of conformal superspace:

W = −
1

24G
∇̄ijG

ij +
1

36G3
∇̄α̇kG

ki∇̄α̇
l G

ljGij = −
G

8
∇̄ij

Gij

G2
. (3.5)

One can check that W is indeed a vector multiplet since it is a primary superfield of

dimension 1 satisfying the reduced chiral constraints

∇̄i
α̇W = 0 , ∇ij

W = ∇̄ij
W̄ . (3.6)

The above expression for W degauges to the one given by eq. (2.14) upon using the

degauging procedure given in [11].

It is important to note that the action (3.1) only involves Gij without a compensat-

ing vector multiplet. This is in contrast to, for example, the N = 2 supersymmetric

BF action3 which is described by

SBF =

∫

d4x d4θ E ΨW + c.c. , (3.7)

3In general, a BF theory on a d-dimensional orientable manifold is a Schwarz-type topological

gauge theory with action S(d,n) =
∫

Bn ∧ dAd−n−1 =
∫

Bn ∧ Fd−n, where Bn and Ad−n−1 are

differential forms and Fd−n is the gauge invariant field strength associated with Ad−n−1. For a

review of BF theories, see [27]. The action (3.7) is a supersymmetric generalisation of S(4,2).
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where W is the chiral field strength of a vector multiplet.

In conformal superspace, the scalar curvature squared action is described by eq.

(2.15) but with the compositeW replaced by the one given in eq. (3.5). It is important

to emphasise that the invariant (2.15) has the same type as the vector multiplet action,

Svector =

∫

d4x d4θ E W2 + c.c. (3.8)

with the vector superfield strength replaced by the composite W. The component

vector multiplet and tensor multiplet actions were given in [26] in our notation and

conventions.4 In the next subsection we apply the results of [26] to elaborate on the

component structure of the invariants Stensor and IR2 .

3.2 The tensor multiplet action and scalar curvature squared

invariant in components

Here we identify the component fields of the Weyl multiplet of conformal super-

gravity in accordance with [11]. The vierbein em
a, the gravitino ψm

α
i , the U(1) and

SU(2) gauge fields Am and φm
ij , and the dilatation gauge field bm are defined as

follows:

em
a := Em

a| , ψm
α
i := 2Em

α
i | , ψ̄m

i
α̇ := 2Em

i
α̇| ,

Am := Φm| , φm
ij := Φm

ij | , bm := Bm| . (3.9)

The component (or bar) projection of a superfield V (z) is defined in the usual way

V | := V (z)|θ=θ̄=0. There are several composite gauge connections. The spin connec-

tion ωm
ab, the special conformal fm

a and S-supersymmetry connections φm
i
α,

ωm
ab := Ωm

ab| , fm
a := Fm

a| , φm
i
α := 2Fm

i
α| , (3.10)

are all composed of the previously defined component fields. Their expressions can

be found in [11, 26].

The Weyl multiplet also contains some non-gauge fields. These are encoded in the

components of Wαβ as follows:

Wab = W+
ab +W−

ab , W+
ab := (σab)

αβWαβ| , W−
ab := −(σ̃ab)α̇β̇W̄

α̇β̇| , (3.11a)

Σαi :=
1

3
∇i

βW
αβ| , D :=

1

12
∇αβWαβ | =

1

12
∇̄α̇β̇W̄

α̇β̇ | . (3.11b)

4However, here we denote the Lorentz curvature constructed from the spin connection by Rab
cd

instead of R̂ab
cd.
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The component field W±
ab satisfies the self-duality relation i

2
εab

cdW±
cd = ±W±

ab. As in

[26], to avoid cluttered notation, we will often use Wαβ also for the corresponding

component field. It should be clear from context to which we are referring. In what

follows, we will also make use of the following bosonic covariant derivative:

∇′
a = ea

m
(

∂m +
1

2
ωm

bcMbc + φm
ijJij + iAmY + bmD

)

. (3.12)

The matter components of the tensor multiplet are defined as follows:

Gij := Gij | , χαi :=
1

3
∇j

αGij | , F :=
1

12
∇ijGij| . (3.13)

There is also an additional component field, the two-form bmn. Its supercovariant

field strength is given by

h̃a =
i

24
(σd)αβ̇[∇

i
α, ∇̄

β̇
j ]G

j
i|

=
1

2
εabcd(

1

3
hbcd − i(σcd)α

βψb
α
kχ

k
β − i(σ̃cd)

α̇
β̇ψ̄b

k
α̇χ̄

β̇
k + (σb)α

β̇ψc
α
k ψ̄d

l

β̇
Gk

l) ,(3.14)

where

habc = 3ea
meb

nec
p∂[mbnp] . (3.15)

The tensor multiplet action was reduced from conformal superspace to components

in [26]. The action up to fermion contributions is

Stensor =

∫

d4x e
( 1

2G
|F |2 −G

(1

3
R +D

)

−
1

2G

(

h̃ah̃a −Gij∇
′
a∇

′aGij
)

−
1

4G3
Gij∇

′aGik∇′
aG

jlGkl +
1

2
εmnpqbmnfpq

)

+ fermion terms , (3.16)

where

fmn = 2∂[mΓn] +
1

4G3
∂mG

ik∂nGk
jGij , G = G| (3.17)

and

Γm :=
1

2G
φm

ijGij +
1

2G
em

ah̃a + fermion terms . (3.18)

We see that in the gauge where G = 1, Stensor contains the Einstein-Hilbert term with

a wrong sign.

The component form for the invariant IR2 may be obtained by replacing the com-

ponent fields of the vector multiplet in the vector multiplet action in [26] with the

component fields of the composite W. The invariant up to fermionic contributions is

IR2 =

∫

d4x e
(

−∇′a(G−1F )∇′
a(G

−1F̄ ) +
1

G2
|F |2D −

1

6G2
R|F |2

7



+
1

8
X ijXij − 2fabfab −

2

G
(σab)α̇β̇F̄ W̄

α̇β̇fab +
2

G
(σab)αβFW

αβfab

−
1

2G2
W̄α̇β̇W̄

α̇β̇F̄ 2 −
1

2G2
W αβWαβF

2
)

+ fermion terms , (3.19)

where

X ij =
1

G

(

− 2∇′
a∇

′aGij + 2DGij +
2

3
RGij

)

+
1

G3

(

∇′aGik∇′
aG

jlGkl

+h̃ah̃aG
ij +GijFF̄ − 2h̃a∇′

aG
k(iGj)

k

)

+ fermion terms (3.20)

and

fab = ea
meb

nfmn . (3.21)

One can see that a R2 term arises in the X ijXij contribution to the invariant (3.19).

It should be emphasised that the invariant (3.19) is independent of any gauge choice.

4 Discussion

In this paper we have completed the description of all off-shell curvature squared

invariants in N = 2 supergravity. Such invariants are described by the linear combi-

nation

I = AIC2

abcd

+BIR2

ab
− 1

3
R2 + CIR2 , (4.1)

where A, B and C are real parameters, and the invariants IC2

abcd

, IR2

ab
− 1

3
R2 and IR2

are given by the equations (2.1), (2.2) and (2.15), respectively. The bosonic sector of

IR2 =
∫

d4x eLR2 requires some discussion.

First of all, let us consider the part of LR2 containing the auxiliary scalar D:

LR2 = −
D

2G2

(

− 4∇′aG∇′
aG+∇′aGij∇′

aGij − 2h̃ah̃a

+2∇′a∇′
aG

ijGij −
4

3
RG2 − 4|F |2

)

+D2 + · · · , (4.2)

where the ellipsis represents terms not directly involving D. We see that the equation

of motion for D is consistent and allows one to integrate D out. To understand the

importance of this result, it is worth recalling why two compensators are required in

ordinary N = 2 supergravity [15]. The D-terms in the vector and tensor multiplet

Lagrangians are

Lvector = 4|φ|2D + · · · , Ltensor = −DG+ · · · , (4.3)

where φ = W|. It is seen that the equation of motion for D is contradictory if one

chooses LSG = −Lvector or LSG = −Ltensor. However, the supergravity Lagrangian

8



LSG = −Lvector − Ltensor leads to a sensible equation of motion for D, which is G =

4|φ|2. Now, looking at the Lagrangian (4.2), we see that we can circumvent the need

of having two compensators. We can have the invariant IR2 on its own or we can have

a linear combination of IR2 and Stensor, and still have consistent dynamics.

The second important feature of IR2 concerns the component field W αβ and its

conjugate, which are auxiliary in ordinary N = 2 supergravity. The equation of

motion for W αβ , which is derived from IR2 , allows one to integrate Wαβ out (if we

assume F 6= 0) giving

IR2 =

∫

d4x e
(

−∇′a(G−1F )∇′
a(G

−1F̄ ) +
1

G2
|F |2D

−
1

6G2
R|F |2 +

1

8
X ijXij + 2fabfab + fermion terms

)

. (4.4)

Comparing with eq. (3.19), one notices that there is a sign flip in the fabfab term.

In the above action the auxiliary field has not yet been eliminated. In ordinary

supergravity F was auxiliary, however, now it becomes dynamical. It should also be

noted that upon eliminating the auxiliary field D in the combined invariant of the

form Stensor+I, we generate not only an R2 term but also an R and a potential |F/G|4

term. This will be discussed below.

Let us further elaborate on the elimination of the auxiliary field D. To begin with

we consider the invariant

αSvector + βStensor + γIR2 , (4.5)

where α, β and γ are arbitrary constants. The bosonic component action can be

constructed by using (3.16) and (3.19), and the vector multiplet action in [26]. One

can check that upon eliminating the auxiliary fieldD, the R2 term cancels.5 It is worth

mentioning that in five dimensions there also exists a R2 invariant in the standard

Weyl multiplet [24, 25], which involves an auxiliary scalar field.6 Upon eliminating

the auxiliary field, the R2 term can be similarly shown to vanish.

The component action of (4.5) will contain the potential contribution

−
1

γ

(α

2
G− 2β|φ|2

)2

, (4.6)

as well as the term

−
4

3
βR|φ|2 . (4.7)

5We are grateful to Sergey Ketov for pointing out this observation.
6A ρR2 invariant in the standard Weyl multiplet was given in [24] since a different gauge condition

was used.
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Upon imposing an appropriate gauge, the first term contains a cosmological term,

while the second gives rise to an Einstein-Hilbert term in the gauge φ = const.

Although the invariant IR2 does not give rise to a pure R2 term alone upon in-

tegrating out the auxiliary field D, it can still lead to a non-trivial R2 contribution

if one adds to it another invariant. For instance, one can make use of the invariant

(2.2) and consider the linear combination

AStensor + BIR2 + CIR2

ab
− 1

3
R2 . (4.8)

The invariant IR2

ab
− 1

3
R2 contains a D2 term and no RD term at the component level,

see [6]. This allows one to keep a R2 contribution from IR2 upon eliminating the

auxiliary field D. The invariant will also obtain an Einstein-Hilbert term and a

cosmological constant in a gauge where G = 1.

It should be mentioned that one can fix the special conformal transformations,

dilatations and break the SU(2) R-symmetry down to U(1) by imposing the following

gauge conditions on the improved tensor multiplet

BA = 0 , Gij = δijG , G = 1 . (4.9)

These conditions correspond to the following choice for the component fields:

bm = 0 , G = 1 , χi
α = χ̄i

α̇ = 0 , Gij = δijG . (4.10)

The first gauge choice fixes the special conformal summetry, the second fixes dilata-

tions, the third fixes the S-supersymmetry transformations and the last breaks the

SU(2) R-symmetry to U(1). Upon imposing the above gauge choice, the R2 invari-

ant (2.15) coincides with the R2 invariant in [7], which was only specified in the

above gauge in superspace. Our invariant, however, is described in both conformal

superspace and the conventional superspace formulation of [9] without specifying any

gauge condition on the compensator. As demonstrated, it is also readily reduced to

components using the results of [26].

It may be shown that no R2 invariant can be constructed with a compensating

vector multiplet only. However, one can generalise the invariant IR2 by coupling it to

some vector multiplets. One can consider the following simple generalisation of IR2 :
∫

d4x d4θ E F + c.c. , (4.11)

where F is a homogeneous function of degree two inW Î = (W,WI) withWI denoting

a number of vector multiplets. Such invariants were considered only in the gauge (4.9)

in [7]. Using the results of [26] one can reduce the action to components.
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So far we have considered constructing a R2 invariant using a single compensator.

Is it possible to use both a compensating tensor and vector multiplet together to

generate a R2 term? In principle, other invariants may be constructed with the use of

the results in [22]. For instance, one can consider a projective-superspace Lagrangian

L++(v) of the form

L++ =
(H++)2

G++
, H++(v) = H ijvivj , G++(v) = Gijvivj , (4.12)

where H ij = ∇ijW and vi ∈ C2 \ {0} denotes homogeneous coordinates for CP 1.

Using the results of [22], the corresponding invariant may be cast in the form of a

BF action,
∫

d4x d4θ E ΨW2 + c.c., where

W2 = −
G

16
∇̄ij

{ 1

G4

(

δi(kδ
j

l) −
1

2G2
GijGkl

)

H(klHmn)Gmn

}

. (4.13)

It can be shown that the invariant contains a |φ|2

G
R2 term at the component level. In

pure supergravity, |φ|2 = G on the mass shell, and then the above invariant gives a

R2 term. However, this condition does not hold in general. We conclude that our R2

invariant (2.15) has no obvious alternative.
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A SU(2) superspace

This appendix contains a brief summary of the formulation for N = 2 conformal

supergravity [9] in SU(2) superspace [10]. Our notation and conventions follow those

of [28].

To describe SU(2) superspace one begins with a curved N = 2 superspace M4|8

parametrised by local coordinates zM = (xm, θµı , θ̄
ı
µ̇ = (θµı)

∗), where m = 0, 1, · · · , 3,

µ = 1, 2, µ̇ = 1, 2 and ı = 1, 2. The structure group is chosen to be SL(2,C)× SU(2),

and the covariant derivatives DA = (Da,Di
α, D̄

α̇
i ) have the form

DA = EA + ΦA
klJkl +

1

2
ΩA

bcMbc

= EA + ΦA
klJkl + ΩA

βγMβγ + Ω̄A
β̇γ̇M̄β̇γ̇ . (A.1)
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Here EA = EA
M(z)∂M is the supervielbein, with ∂M = ∂/∂zM , Jkl = Jlk are genera-

tors of the group SU(2) and Mab are the Lorentz generators. The one-forms ΩA
bc and

ΦA
kl are the Lorentz and SU(2) connections.

The generators act on the covariant derivatives as follows:

[Mαβ ,D
i
γ] = εγ(αD

i
β) ,

[

Jkl,D
i
α

]

= −δi(kDαl) . (A.2)

The algebra of covariant derivatives is [9]

{Di
α,D

j
β} = 4SijMαβ + 2εijεαβY

γδMγδ + 2εijεαβW̄
γ̇δ̇M̄γ̇δ̇

+2εαβε
ijSklJkl + 4YαβJ

ij , (A.3a)

{Di
α, D̄

β̇
j } = −2iδij(σ

c)α
β̇Dc + 4δijG

δβ̇Mαδ + 4δijGαγ̇M̄
γ̇β̇ + 8Gα

β̇J i
j . (A.3b)

The explicit expressions for the commutator [Da,D
j
β] can be found in [9]. Here the real

four-vector Gαα̇, the complex symmetric tensors Sij = Sji, Wαβ = Wβα, Yαβ = Yβα

and their complex conjugates S̄ij := Sij, W̄α̇β̇ := Wαβ, Ȳα̇β̇ := Yαβ are constrained by

certain Bianchi identities [10, 9]. The latter comprise the dimension-3/2 identities

D(i
αS

jk) = D̄(i
α̇S

jk) = 0 , (A.4a)

D̄α̇
i Wβγ = 0 , (A.4b)

Di
(αYβγ) = 0 , (A.4c)

Di
αSij +Dβ

j Yβα = 0 , (A.4d)

Di
αGββ̇ = −

1

4
D̄i

β̇
Yαβ +

1

12
εαβD̄β̇jS

ij −
1

4
εαβD̄

γ̇iW̄β̇γ̇ , (A.4e)

as well as the dimension-2 relation

(

Di
(αDβ)i − 4Yαβ

)

W αβ =
(

D̄(α̇
i D̄β̇)i − 4Ȳ α̇β̇

)

W̄α̇β̇ . (A.5)

The algebra of covariant derivatives (A.3) is invariant under the super-Weyl trans-

formations [9]

δσD
i
α =

1

2
σ̄Di

α + (Dγiσ)Mγα − (Dαkσ)J
ki , (A.6a)

δσDa =
1

2
(σ + σ̄)Da +

i

4
(σa)

α
β̇(D

k
ασ)D̄

β̇
k +

i

4
(σa)

α
β̇(D̄

β̇
k σ̄)D

k
α

−
1

2

(

Db(σ + σ̄)
)

Mab , (A.6b)

with the parameter σ being an arbitrary covariantly chiral superfield,

D̄α̇iσ = 0 , (A.7)
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provided the dimension 1 components of the torsion transform as follows:

δσS
ij = σ̄Sij −

1

4
Dγ(iDj)

γ σ , (A.8a)

δσYαβ = σ̄Yαβ −
1

4
Dk

(αDβ)kσ , (A.8b)

δσWαβ = σWαβ , (A.8c)

δσGαβ̇ =
1

2
(σ + σ̄)Gαβ̇ −

i

4
Dαβ̇(σ − σ̄) . (A.8d)

As is seen from (A.8c), the super-Weyl tensor Wαβ transforms homogeneously.

B Conformal superspace

In this appendix we present the salient details of the superspace formulation of

N = 2 conformal supergravity [11], known as conformal superspace. The SU(2)

superspace of the previous section may be viewed as a gauged fixed version of confor-

mal superspace [11], which gauges the entire superconformal group SU(2, 2|2). Our

conventions and presentation follows that of [26].

The covariant derivatives of conformal superspace ∇A = (∇a,∇i
α, ∇̄

α̇
i ) have the

form

∇A = EA +
1

2
ΩA

abMab + ΦA
ijJij + iΦAY +BAD+ FA

BKB . (B.1)

Here Y is the generator of the U(1) subgroup of the N = 2 R-symmetry group

SU(2) × U(1), and KA = (Ka, Sα
i , S̄

i
α̇) are the special superconformal generators,

while the one-forms ΦA, BA and FA
B are the corresponding connections.

The Lorentz, SU(2), U(1) and dilatation generators act on the spinor covariant

derivatives as

[Mab,∇
i
α] = (σab)α

β∇i
β , [Jij,∇

k
α] = −δk(i∇αj) , (B.2a)

[

Y,∇i
α

]

= ∇i
α , [D,∇i

α] =
1

2
∇i

α . (B.2b)

The S-supersymmetry generators Sα
i transform under Lorentz, SU(2), U(1)R and

dilatations as

[Mab, S
γ
i ] = −(σab)β

γSβ
i , [Jij , S

γ
k ] = −εk(iS

γ

j) , (B.3a)

[Y, Sα
i ] = −Sα

i , [D, Sα
i ] = −

1

2
Sα
i . (B.3b)

Among themselves, the generators KA obey the algebra

{Sα
i , S̄

j
α̇} = 2iδji (σ

a)αα̇Ka , (B.4)
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while the special conformal generators KA act on ∇B as

{Sα
i ,∇

j
β} = 2δji δ

α
βD− 4δjiM

α
β − δji δ

α
βY + 4δαβJi

j , [Sα
i ,∇b] = i(σb)

α
β̇∇̄

β̇
i , (B.5a)

[

Ka,∇j
β

]

= −i(σa)β
β̇S̄j

β̇
, [Ka,∇b] = 2δabD+ 2Ma

b . (B.5b)

The algebra of covariant derivatives is

{∇i
α,∇

j
β} = 2εijεαβW̄γ̇δ̇M̄

γ̇δ̇ +
1

2
εijεαβ∇̄γ̇kW̄

γ̇δ̇S̄k

δ̇
−

1

2
εijεαβ∇γδ̇W̄

δ̇
γ̇K

γγ̇ , (B.6a)

{∇i
α, ∇̄

β̇
j } = −2iδij∇α

β̇ , (B.6b)

[∇αα̇,∇
i
β] = −iεαβW̄α̇β̇∇̄

β̇i −
i

2
εαβ∇̄

β̇iW̄α̇β̇D−
i

4
εαβ∇̄

β̇iW̄α̇β̇Y + iεαβ∇̄
β̇
j W̄α̇β̇J

ij

− iεαβ∇̄
i

β̇
W̄γ̇α̇M̄

β̇γ̇ −
i

4
εαβ∇̄

i
α̇∇̄

β̇
kW̄β̇γ̇S̄

γ̇k +
1

2
εαβ∇

γβ̇W̄α̇β̇S
i
γ

+
i

4
εαβ∇̄

i
α̇∇

γ
γ̇W̄

γ̇β̇Kγβ̇ . (B.6c)

The super-Weyl tensor Wαβ = Wβα and its complex conjugate W̄α̇β̇ := Wαβ are

superconformally primary, KAWαβ = 0, and obey the additional constraints

∇̄α̇
i Wβγ = 0 , ∇k

α∇βkW
αβ = ∇̄α̇

k ∇̄
β̇kW̄α̇β̇ . (B.7)

In contrast to SU(2) superspace the entire algebra of covariant derivatives is con-

structed in terms of the super-Weyl tensor Wαβ .
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