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A NEW TENSORIAL CONSERVATION LAW FOR MAXWELL
FIELDS ON THE KERR BACKGROUND

LARS ANDERSSON, THOMAS BACKDAHL, AND PIETER BLUE

ABSTRACT. A new, conserved, symmetric tensor field for a source-free Maxwell
test field on a four-dimensional spacetime with a conformal Killing-Yano ten-
sor, satisfying a certain compatibility condition, is introduced. In particular,
this construction works for the Kerr spacetime.

1. INTRODUCTION
In this paper, we consider the Maxwell equation for a real 2-form F,, = Fly,
Ve, =0, V%F,; =0, (1.1)

on a four-dimensional Lorentzian manifold (M, g45). Recall that a conformal Killing-
Yano tensor is real a 2-form Yy, = Y4y satisfying

VYoye = — 2906 VaYe" + 2900V V5)a- (1.2)
Associated with Yy is the complex 1-form
Lo = 2iV,Y," — VY0 (1.3)

We say that Y, satisfies the aligned matter condition if the Ricci curvature and
Y, satisfy
R(GCYL)C =0, R(GC*YE,)C =0. (1.4)
Theorem 1.1. Let Yy, and Fyp, be real 2-forms. Define the real 2-form Zg, and
the complex 1-form n, by
Loy = — %(*F)[acifb]cv (15)
Na = — 3V Z," — 3iVyxZ,”, (1.6)
and the real symmetric 2-tensor Vyp, by
Vab = n(aﬁb - %gabncﬁc - %(LReﬁF)(ach)c + ngab(LRegF)Cchd
+ 5(Lrme*F) @ Zyye = 139ab(L1me*F ) Zea, (1.7)
where &, is given by equation (L3) and 7, denotes the complex conjugate of 1.
If Yo is a conformal Killing-Yano tensor satisfying the aligned matter condi-

tion (L) and Fgp satisfies the Mazwell equations ([LIl), then Vg, has vanishing
divergence, V*Vy, = 0.

Remark 1.2. 1. The vector field §* is Killing, V (4&y) = 0, if the aligned matter
condition (L)) holds, cf. equation 29) below. If VY, = 0 then Yo is a
Killing- Yano tensor, in which case &, 1is real, and the last two terms of (L)
vanish.

2. The Kerr family of stationary, rotating vacuum black hole metrics admit a
Killing-Yano tensor. More generally, the Kerr-Newman family of station-
ary, rotating electro-vacuum black hole metrics admit a Killing-Yano tensor
satisfying the aligned matter condition. See section[3 for further discussion.
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Let
Tab = _Fachc + igachdFCd

be the symmetric energy-momentum tensor for the Maxwell field. It is traceless
and satisfies the dominant energy condition, i.e. T,,u®v® > 0 for any future causal
vectors pu?, v°. Further, if F,; satisfies the Maxwell equations, T, is conserved,

Ve, = 0. Hence, the current
Jo = Topt® (1.8)

is conserved, V*J, = 0, if v* is a conformal Killing field, V1) — ivczﬁgab =0.

For the Maxwell field on Minkowski space, and more generally on spacetimes
admitting conformal Killing-Yano tensors satisfying the aligned matter condition,
there are non-classical conserved currents not equivalentEl to any of the classical con-
served energy-momentum currents of the form (L)), see [I] and references therein.
For the Maxwell field on Minkowski space, these include chiral currents constructed
using the 20-dimensional family of conformal Killing-Yano tensors of Minkowski
space. As shown by the authors [2], analogous conserved currents exist also on
spacetimes with conformal Killing-Yano tensors satisfying the aligned matter con-
dition.

In spite of the large literature on conformal Killing-Yano tensors, and the related
conservation laws, the tensorial conservation law exhibited in Theorem [Tl appears
to be new, even in the Minkowski case. The fact that the new higher order tensor
concomitant Vg is conserved also in the case of the Kerr and Kerr-Newman space-
times makes it interesting from the point of view of the black hole stability problem,
which in fact served as an important motivation for the investigation which led to
its discovery. See section [3] below for further remarks.

At this point, we should mention that the symmetric tensor

Bap = VaFyVIF,* — 19,4,V F.q VI Fed

which arises as a trace of the 4-index Chevreton tensor, was shown by Bergqvist et
al. [6] to be traceless and conserved for a Maxwell field on a Ricci flat spacetime.
Like the conserved tensor V; introduced in this paper, the tensor B, introduced
by Bergqvist et al. depends on the F,;, and its first derivatives. However, while
By, is traceless and fails to satisfy any positivity condition, the new tensor V,; has
trace V¢, = —n7, and satisfies a weak form of the dominant energy condition
in the sense the its leading order term, 7 — %gabncﬁc which is quadratic in
first derivatives of Fyy, is a superenergy tensor for 7, and hence does satisfy the
dominant energy condition. Hence, energies can be constructed in terms of Vg
which are non-negative up to terms of lower order.

The proof of Theorem [T} which will be given in the next section, makes use
of computations in the 2-spinor formalism. In the investigations leading to the
main result, the SymManipulator package [5], developed by one of the authors
(T.B.) for the Mathematica based symbolic differential geometry suite zAct [7],
has played an essential role. SymManipulator makes it possible to systematically
exploit decompositions in terms of irreducible representations of the spin group
SL(2,C), and allows one to carry out investigations that are not feasible by hand.

In section Bl we show how the main result applies for the Kerr-Newman fam-
ily of electro-vacuum spacetimes, and indicate its relation to the Teukolsky and
Teukolsky-Starobinsky equations.

LA conserved current J, is a 1-form concomitant of the Maxwell field, satisfying V¢J, = 0.
We say that J, is equivalent to J, if Jo — Jo = VPCyp for some 2-form Cyp = Clap)-
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2. PROOF OF THEOREM [I.1]

For the remainder of this paper, we will make use of the 2-spinor formalism,
following the conventions of [§]. Since our considerations are local, we can assume
without loss of generality that (M, gap) is oriented and globally hyperbolic. This
also implies that M is spin.

The spin group is SL(2,C) which has the inequivalent spinor representations C2
and C?. Unprimed upper case latin indices and their primed versions are used
for sections of the corresponding spinor bundles, respectively. The correspondence
between spinors and tensors makes it possible to translate all tensor expressions
to spinor form. The action of SL(2,C) on C? leaves invariant the spin metric
€AB = €[AB] which is used to raise and lower indices on tensors. The metric g is
related to eap by gap = €ap€arp. Let 8 denote the space of symmetric spinors
with k& unprimed indices and [ primed indices.

There are symmetric spinors k43, ¢4, and O 45 such that

3 . f— —
Yoo = 5i(€ap kaB — €ABRA/B),
Foy =€apdap +eapdap,
Zap = €4 pOap +€4aOarp.

The normalization of Yy, is chosen for convenience. Equations (LI)-(L7) become
respectively

VA4 dap =0,
Vajaksc) =0,
éan = VP 4kap,
4% apkm)c = 0.
—264%¢p)c,

Naa = VP 4045,

Oan

/N /N TN /N /N T/
O I CECRORT

GRS
~— N~ ~— ~— ~—~ ~—~

and
Vaparp = %77,43'77,4'3 + %773,4'773',4 + %GAB(fJgGB)A'B/ + %éA'Bf (ﬁ‘§¢)AB; (2.7)
where 235 is a conformally weighted Lie derivative on spinors, see equation (2I0)
below.
The projection of the spinor covariant derivative V 44/ on symmetric spinors

(which form the irreducible representations of the spin group SL(2,C)) gives the
following fundamental operators.

Definition 2.1 ([4, Definition 13]). Let the differential operators Py, : Sk —
Sk—1,1—1, Gkl * Sk — Skt1,1-1, %lj,l 28kt = Sk—t1441, and Ty @ Spi — Sk
be defined by

’ ’ ’ ’ ’
(Drae Ap Al BB, AlLLAL

Ay Ap_y Ay Ay 1B -
(Coa ) ar .y 141 = Va, P oa, ap )Mo,
(Cgkf,z@)Al...AkflAll'”Az“ = VBRI, a, g,
(T @) Ay ™00 = Vi, Mg, gy P,

The operators are called respectively the divergence, curl, curl-dagger, and twistor
operators.

With respect to complex conjugation, the operators Z,.7 satisty Zr; = 2,
Ty = Tk, while € = ‘KlTk, %gl = %,. In the following, we shall use the
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fundamental operators and their properties freely. Any covariant expression in
spinors and their covariant derivatives can be written in terms of the fundamental
operators using the following Lemma.

Al

Lemma 2.2 ([4 Lemma 15]). For any pa, .. a, -4 g Sk,1, we have the irreducible

decomposition

A AlLLLAS Al LA
vAl YPAs Ay P = ('%CJSD)AI---AkJrl ! .

LgAﬁ(Alz(

_ Ay Ay
I+1

%k,l(P)AL--A/wl
k T AlLLA]
~ g1 €A1 (Az ((gk,l<)0>A3---Ak+l) L
ki _A! (A AL AL
T )@ A (A€ U DhiP) Ao i) Y

For example, the Maxwell equation and the Killing spinor equations take the

form
(€300)aar =0,
and
(P,0K)apcar =0

respectively, in terms of the fundamental operators.

In the computations below we shall need some commutator relations satisfied
by the fundamental operators, see [4, Lemma 18]. The following lemma gives the
commutators which are relevant here.

Lemma 2.3. Let pap € S29. The operators 9, ¢, €1 and T satisfies the follow-
ing commutator relations

(211%4 o) =0, (2.8a)

(€31 %2,00)aBcD = 2% (apc op)F, (2.8b)
(%T,l%,o(p)ABAfo = %(«71,1‘5;090),43,4/3' + 284 B PB)C (2.8¢)
(P31 T00)aB = — %(%,1%;,0@)143 —8Apap + 2V apcpeP. (2.8d)

Directly from the Killing spinor equation and the commutators (23a]) and (2.8d)
we get

(21.€) =0, (2.9a)
(A& apan = — 324 ap kp)c- (2.9b)

Hence, if the aligned matter condition is satisfied, «EAA/ is a Killing vector.
Given a conformal Killing vector £é44°, we define a conformally weighted Lie
derivative acting on a symmetric valence (2s,0) spinor field by [4, Definition 17]

’

Lepay.nn, =& Vppoa,. s, + $0B(As... 4,V Ay EPP

+ 1ZS<PA1...A23VCC/§CC/_ (2.10)

We shall now prove an auxiliary result on the derivatives of 144/, which will
allow us to prove our main result.

Lemma 2.4. Let kap € 820 satisfy the Killing spinor equation [22) and the
aligned matter condition [24), and let £aa be given by @3). If pap € Say
satisfies the Mazwell equation (ZI)) and naas is given by 286, then

(Z1,1m) = 0, (2.11a)
(G11m)an = 5(Led)as, (2.11b)
(1 m)ars =0, (2.11¢)
naa & = k48 (Led) an. (2.11d)
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Proof. Using the definition of the Lie derivative, the Maxwell equation and that
A4 s a Killing vector we get

(Led)an = ¢aC (116 yc + E (Ta00) ancar- (2.12)

The equation (2.I1a) follows directly from the commutator relation ([28al). Also
using the commutators (2.8d), (2.8D)) and the Killing spinor equation, we get

(61,18)aB = ((51,1(@70'1),43 = —6Akap + 3V apcpr?, (2.13)

0= 2(%51%0k) aBcp = Y (apc kpyr- (2.14)

Performing an irreducible decomposition of the contraction ¥ opcrk p¥, and using
@I3) and @2I4) we get

U apcrkp’ = 3Meapikipe) + e ip|(€1,1€) Boy- (2.15)

By using the definition of © 45, the Leibniz rule, applying irreducible decomposi-

tions, and making use of the Killing spinor equation, the fact that 44/ is Killing,
and the Maxwell equation, we find

(¢11m)aB = (551,1(5;0@),43
= kP (631 P2.00) aBcD + %K(AC(93,1%,0¢)B)C
+ 4004 (61.16) By + 269N (Ta00) aBcar.
Applying the commutator relations (2.8d)) and (2.8b]) and making use of (ZIH) now
gives
_ 2. C 2 ,CA/
(G11m)ap = 504" (€118)B)c + 5§77 (F2,00) aBcar
= 2(Leo)aB,

where (ZI2]) was used in the last step.

Proceeding in a fashion similar to the above, using the definitions of 744/ and
O 4p, the Leibniz rule, applying irreducible decompositions, and making use of the
Killing spinor equation, the fact that €44/ is Killing, and the Maxwell equation, we
find

((51T,177)A'B' = KAB(ng,l T2,00) ABA'B' -
The commutator relation ([Z8d) then gives
(Cng,ln)A’B’ = —20pcapBpa”,

and the aligned matter condition gives (ZIId).
Finally, expanding the definition of 144/, and using the Killing spinor equation
and the Maxwell equation yields

KB To0b) apcar = naar + 3P 4 da. (2.16)
Contracting (ZI2) with kap and using ZI0), (I3), and @I4) gives @11d). O
The proof of the main theorem is now a matter of straightforward verification.
Proof of Theorem [I 1. From the Leibniz rule, we first find
VEE Vaparp = %ﬁA’BVBB/UAB’ + %ﬁB’AVBB/nBA’
+ %UAB’VBB/ﬁA’B + %UBA'VBB/ﬁBfA
+ 1045V (Led) i + 0w m VP (Led) an
+ %VBB,GAB(z:gQE)A/B/ + %VBB,@A/B' (£§¢)AB-

This can be simplified by first observing that ﬁg is a symmetry operator tak-
ing solutions of the Maxwell equation to solutions of the Maxwell equation, so
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(‘@”ioﬁgéﬁ)AB = 0 and similarly for the complex conjugate. It can be further sim-

plified by substituting the definition VZ 4/ © a5 = naa, cf. 24, to eliminate the
derivative of © 45 terms. This yields

VEE Vapap = — L4 P (G1an)as — 0P 4 (G110 aB — %ﬁB/A(%lT,ln)A’B’
— %UAB (%ﬂlﬁ)Afo + L4 a(Dian) + 3044/ (Z117)
+ A" (Led)arp + 2114 ” (Led) ab-

The terms involving (‘511:177),4/3/ and (%1,17) ap are zero by equation (ZITd). Those
involving (%1,1m) and (%1,17) are zero by equation (ZITIa). Finally by equation
(ZIID), the terms involving (41,11m)ap and (‘gﬂlﬁ) g cancel with those involving
(ﬁg(b) Ap and (ﬁg(ﬁ) A g respectively. This completes the result. O

3. FURTHER REMARKS ON THE KERR SPACETIME

The stationary, asymptotically flat, vacuum Kerr spacetimes, and more generally
the electro-vacuum Kerr-Newman spacetimes, have algebraic type {2,2}, i.e. the
Weyl spinor ¥ 4pcp has two distinct, repeated, principal spinors 04,14 which are
unique up to a rescaling. The dyad 04,14 is normalized by 04:* = 1. For the
following discussion, recall that given a spin dyad o4, ¢4, one defines for a symmetric
spinor wa,...a, scalars w; by contracting ¢ times with 14 and k — i times with
0. This yields Weyl scalars ¥;, i = 0,---4 and Maxwell scalars ¢;, i = 0,1, 2.
In a spacetime of type {2,2} with principal dyad o4, ta, it holds that U pcp =
6W20(40BLcLp), and in this case it follows from ([Z.I4) that any valence (2,0) Killing
spinor must be of the form

kaB = (0(AlB), (3.1)
for some scalar (.
If (t,7,60,¢) are Boyer-Lindquist coordinates, then the Coulomb field, i.e. the
unique static, regular Maxwell test field, on the Kerr-Newman spacetime takes the
form

1
Z (r —iacosf)? (atB)

up to a rescaling by a constant. In particular the extreme components ¢q, oo are
zero. The background Maxwell field in the electro-vacuum Kerr-Newman spacetime
is a constant multiple of this Coulomb field.

The Killing spinor xkap is

kap = 2(r —iacosf)ocatp (3.2)

which is therefore proportional to the background Maxwell field in the Kerr-Newman
spacetime. Hence, by the Einstein equation, ® 4pa/p/ is proportional to kapka/p’-
It follows that the aligned matter condition holds in the Kerr-Newman spacetime.

The normalisation in equation ([B.2]) is chosen so that £* = (9;)%, where £, is
given by (Z3)). In particular &, is real, which exhibits the fact that the Kerr-
Newman family admits a Killing-Yano tensor, as remarked above. In particular,
we see that the tensor Vi, given by ([27]) is conserved. More generally, any vacuum
type {2,2} spacetime admits a Killing spinor of valence (2,0), of the form (31
with ¢ proportional to W, /3 This shows that Theorem [T applies in the class of
vacuum type {2, 2} metrics.
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3.1. The Teukolsky equations and V,;. The Maxwell equations on a Kerr black
hole imply the s = 1 Teukolsky equations for the extreme scalars, ¢y and ¢2. This
system has many properties in common with the s = 2 Teukolsky equations which
arise from linearising the Einstein equations. Despite the fact that the Teukolsky
equations have been known for more than 40 years, and have been the subject of
much study, no boundedness or decay estimates are known for the s # 0 Teukolsky
equations, other than the mode stability result of Whiting [9].

In terms of the Maxwell scalars ¢;, the Newman-Penrose scalars for © 4 satisfy

©p = —2k190, 0, =0, O = 2K1¢2.

Thus, only the extreme components of ¢4p appear in ©4p5, and hence in 744/.
Equation (2I1d) can be used to express (ﬁgqﬁ)AB in terms of 944/ and (f)g@)AB,
from which it follows that V,; can be written solely in terms of the extreme compo-
nents of ¢ 4p. This has two important consequences. Firstly, in the Kerr-Newman
spacetime the extreme components of the Coulomb solutions vanish, and hence
the conserved tensor Vg, naturally excludes non-radiating solutions of the Maxwell
equation. Secondly, since it is defined in terms of the extreme Maxwell scalars
alone, V,; can be thought of as an “energy-momentum tensor” for the s = 1 com-
bined Teukolsky/Teukolsky-Starobinsky system, which corresponds to equations

R110)-@IId), see [3] for more details.
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