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Abstract

We prove the local existence and uniqueness of solutions to a system of quasi-linear wave equations
involving a jump discontinuity in the lower order terms. A continuation principle is also established.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

Most of the visible matter in our Universe is composed of gravitating relativistic elastic matter;
for example, asteroids, comets, planets and stars, including neutron stars, are all thought of as
being accurately described as elastic bodies [4,7]. Due to this, it is of clear theoretical and even
practical interest to have a good analytic understanding of gravitating relativistic elastic bodies
with the first step being to establish local existence and uniqueness results.

In the non-relativistic setting of Newtonian gravity, local existence and uniqueness theorems
are available. In the approximation of a compact (non-fluid) elastic body moving in an external
gravitational field, where the gravitational self-interaction and interaction with the object gener-
ating the external field are ignored, local existence and uniqueness has been established in [16].
Local existence and uniqueness results for the general case, which includes gravitational self and
mutual interactions between adjacent (non-fluid) elastic bodies, are given in [3]. See also [13] for
related results on self-gravitating, incompressible fluid bodies. In contrast, much less is known
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in the relativistic setting where local existence and uniqueness theorems are lacking except in
certain restricted situations [8,10,15].

Relativistic compact elastic bodies are governed by the Finstein field equations coupled
through the stress—energy tensor to the field equations of relativistic elasticity. The difficulty
in establishing local existence and uniqueness results can be attributed to two sources: the free
boundary arising from the evolving matter—vacuum interface, and the irregularity in the stress—
energy tensor across the matter—vacuum interface. For elastic bodies, there are essentially two
distinct types of irregularities. The first type corresponds to gaseous fluid bodies where the proper
energy density monotonically decreases in a neighborhood of the vacuum boundary and vanishes
identically there. In this situation, the fluid evolution equations become degenerate and are no
longer hyperbolic at the boundary leading to severe analytic difficulties. The second type of ir-
regularity that occurs for elastic bodies is where the proper energy density has a finite (positive)
limit at the vacuum boundary. Examples of this type are liquid fluids and solid elastic bodies.
This case leads to a jump discontinuity in the stress energy tensor across the vacuum boundary.

Our main motivation for this article is to develop local existence and uniqueness results that
are applicable to the gravitational part of the initial value problem (IVP) for gravitating rela-
tivistic elastic bodies that are not fluids' and have the second type of discontinuity. For such
elastic bodies, it is well known from [5,6], see also Section 5, when harmonic coordinates are
employed and the material representation is employed, that the gravitational component of the
field equations consists of a system of non-linear wave equations with a jump discontinuity at the
matter—vacuum boundary while the elastic component consists of a non-linear system of wave
equations with Neumann boundary conditions. This leads us to consider IVPs of the form”

(A" (U),U) = F(U,dU) + xoHU,3U) in[0,T]xR", (1.1)
(U, 8U)|i=0 = (Up, Uy) inR", (1.2)

where

(1) £2 is a bounded open set in R” with smooth boundary,
(i) U(x)=(U'(x),...,UN(x)) is vector valued,
(iii) A(U) = (A®(U)), F = (FI(U,8U)) and H = (H'(U,3U)) (I =1, ..., N) are smooth
maps with F(0,0) =0, and
(iv) for some y, k > 0, A*Y(U) satisfies

%mz SAYUEE; <ylE* and AM(U) < —« (1.3)

for all (U, ) e RN x R”.

In Section 5, we describe how the results of this article can be used in conjunction with the
local existence theory from [12] to establish the local existence and uniqueness of solutions
that represent gravitating relativistic compact elastic bodies. The complete local existence and

' We recall that relativistic fluids are a special case of relativistic elastic matter.
2 The notation used in this article for coordinates, indices, partial derivatives, function spaces, and the like can be found
in Section 2.
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uniqueness proof will be provided in a separate article [2]. Aside from this application, we believe
that the results of this paper are of independent interest and may be useful for other initial value
problems involving systems of wave equations with lower order coefficients that have a jump
discontinuity across a fixed boundary.

Due to the discontinuity in the wave equation (1.1) arising from the term yo H (U, dU), the
initial value problem (IVP) (1.1)—(1.2) is a transmission problem, that is, a problem where we
can view that total solution as comprised of an interior solution and an exterior solution that
are appropriately “matched” across the dividing interface d£2. Due to the jump discontinuity
across 952, standard L> Sobolev spaces H*(R") do not provide a suitable setting for establish-
ing the local existence and uniqueness of solutions, and we use instead the intersection spaces
HES(RY) = HS(2)NH* (R” \2)NH k(R™). Similar to the situation that arises for initial bound-
ary value problems, we also find it necessary to choose initial data

(Uo, U1) e HT1(R") x H>S(R"), 5 € Loy, (1.4)

that satisfy compatibility conditions given by
Up:=0{U|_, e H™+-"TIHRY), £=2,...,5. (1.5)

Here the time derivatives 8fU lt=0, £ = 2, are generated from the initial data (1.4) by formally
differentiating (1.1) with respect to ¢ at t = 0. To see how this works, we note that BtzU li=0
can be computed by substituting the initial data (1.4) in (1.1) and then solving for 8t2U l1=0-
Differentiating (1.1) formally with respect to ¢ while substituting in the lower time derivatives
£=0,1,2 at t =0 then uniquely determines the £ = 3 time derivative at + = 0 in terms of the
initial data. Continuing on by formally differentiating the evolution equations with respect to ¢, it
is not difficult to see that the higher time derivatives £ =2, ..., s at t = 0 are uniquely determined
in terms of the initial data.
We are now ready to state the main local existence and uniqueness result.

Theorem 1.1. Suppose n > 3, s € Z, 2 and (Uo, Uy) € HHL (R x HS (R™) satisfy the com-
patibility conditions (1.5). Then there exista T > 0 and a map U € CX;'H (R™) such that U is
the unique solution in CX% @RMH N ﬂé:o Ct([0, T), WI=62(R™)) to the initial value problem
(1.1)=(1.2). Moreover, if [ully1.000,7)xTn) < 00, then there exists a T* > T such that the u can
be continued uniquely to a solution on [0, T*) x T".

The proof of this theorem can be found in Section 4 and relies on a strategy similar to the
one employed by Koch in [12] to establish the existence and uniqueness of solutions to fully
non-linear wave equations on bounded domains with Neumann or Dirichlet boundary conditions.
Koch’s method involves differentiating the evolution equation s times with respect to ¢ for s
sufficiently large. He then views the equations involving the lower order time derivatives Bfu
€ =0,...,s—1)asasystem of coupled elliptic equations for the purpose of obtaining estimates
and estimates the top time derivative 97 u using hyperbolic energy estimates. This allows him to
avoid directly differentiating in directions normal to the boundary. For us, this strategy allows us
to avoid differentiating the term x H (U, 0U) across 952 where it is discontinuous.

Although the arguments used in this article are structurally similar to those employed in Koch,
there are some differences. One difference is that the elliptic equations that arise in this article
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are not of a standard type due to the presence of the discontinuous term xo H (U, dU). As a con-
sequence, we cannot, as did Koch, appeal to standard elliptic estimates, and instead we employ
potential theory to derive the desired estimates. Another distinction is that we are not able to
obtain estimates for all of the derivatives by differentiating tangentially to the space—time bound-
ary [0, T'] x 0£2 and then using the evolution equations to recover the missing estimate for the
derivative normal to the boundary as was done by Koch in [12]. One immediate consequence of
this is that we cannot employ Koch’s strategy to derive a continuation principle and instead must
argue differently.

Remark 1.2.

(i) The assumptions on the IVP (1.1)—(1.2) can easily be relaxed so that
(a) A, F and H depend explicitly on x € Rl je A= AXx,U), F=Fx,U,d0U), and
H = H(x,U,dU), and are defined for (x, U, dU) € R"*! x U x V with I{ and V open
in RN and R#+DXN respectively,
(b) Aand {F, H} are s + 1 and s times continuously differentiable in all variables, respec-
tively, where s € Z..,, /2, and
(¢) the inequality (1.3) holds for (x, U, &) € R"*! x U x R".
(i) The following generalizations of Theorem 1.1 also hold.
(a) The continuous dependence of the solutions from Theorem 1.1 on the initial data satis-
fying the compatibility conditions (1.5) can be established using similar arguments as
in [12].
(b) Theorem 1.1 is also valid for quasi-linear wave equations

AM(U,3U)3,0,U =FU,3U)+ xoHU,3U) in[0,T]xR",

provided that we take s > n/2 4+ 1 and change the continuation principle to that of
bounding ”U”WZ*OC((O,T)X]R”)‘

2. Preliminaries
2.1. Notation

In this article, we use (x“);izo to denote Cartesian coordinates on R"*1, and we use x° and 7,
interchangeability, to denote the time coordinate, and (xi);‘=1 to denote the spatial coordinates.
We also use x = (xl, ..., x™ and x = (xo, ..., x™) to denote spatial and spacetime points, re-
spectively.

Partial derivatives are denoted by

=

and we use Du(x) = (dju(x), ..., du(x)) and du(x) = (dpu(x), Du(x)) to denote the spatial
and spacetime gradients, respectively. For time derivatives, we often employ the notation

Uy =09, u,
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and use
T
wo=(ur,uz, ... up) "
to denote the collection of partial derivatives of # with respect to ¢.

2.2. Sets

The following subsets of R” will be of interest:

Qg:{(xl,...,x”) ’ —S<x',x% . " <s, =5 <x" <0},

0f = {(xl,...,x”) | -8 <xhL " <8, 0<x” <38}
and
Q6={(x1,...,x”)|—6<x1,x2,...,x”<8}.
We will also need to identify the opposite sides of the box Qs so that’

Qs/~~T".

We note that under this identification, the Carestian coordinates x = (x’) on R” define periodic
coordinates on T”. The following open and connected subset of T with smooth boundary will
also be of interest

25 =05 /~.
Finally, given an open set §2 of G", where
G" =T" or R",

we let x denote the characteristic function, and we use §2¢ to denote the interior of its comple-
ment, that is

Q°:=G"\ Q.

3 Here, ~ denotes the equivalence relation on Qs determined by the identification of the opposite sides of the boundary.
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2.3. Function spaces

2.3.1. Spatial function spaces
Given an open set £2 C G", we define the Banach spaces

H(G") = HYN(G") N H (2) N HY (2°) (s > k; ks € Zxp)

with norm
1613 1. @y = et s 2y + 100 T gy + el s ey

and

HE(Qs) = HY(Qs) N HS(QF ) NHY (Q5) (s = k; k,s € Zxo)
with norm

2 2 2 2
”u”’Hk*S(Qs) - ”u”HS(Q;) + ”u”Hk(Qg) + ”u”HS(Q;)
We also define the following auxiliary spaces
r r
Xk,r — 1_[/}_{2,/(75 (Tn) (k —r 2 2), Xk,r — 1_[ HO,k*Z (Tn) (k —r 2 0)

£=0 £=0

and
-
Yk = ]"[ HY%2) (k—r>0, 2 CT"
£=0
with norms
r r
o 5k = D el piceepnys M0 lBor = D MtelFp0ime opny
=0 =0

and

.
2 2
o3 = Y el e
=0

respectively, where, as above, we employ the vector notation

T
u}’:(uly”-yur) 1'.
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2.3.2. Spacetime function spaces
Given an open subset £2 C G" and a T > 0, we define the spaces

X3(G") = [ Whe(10, T), ™ ~4(G")).

£=0
where
{ 2 ife>2,
my =
£ otherwise,
s
X5 (G") = [ wWh(10. 7)., H**~(G"))
£=0
and

N

Yy(2) =\ W->(10.7), H*~“(£2)).
£=0

We also define the following energy norms:

N
2
||M||25s(<gn) = ZH ofu ”H"’S—@'S’[(G”)’
£=0

)
2
el Zs gny = Y1071 [30.5- gny:
=0

N
||u||2ES(Q) = ZH ofu ”ZH(Q)’
£=0

,
il Esr @y = ZH 316“”31'%—@-5—@(@") (s=>71)
=0

and

2 2 2 2
“u”E(G") = ”u”El(Gn) = ”u”Hl((Gn) + ||8tu||L2(Gn)-

In terms of these energy norms, we can write the norms of the spaces (2.1), (2.2) and (2.3) as

llullxs.Gm) = OiltlET”M(t) HEAY(Gn),

X

lloll 3. omy = OittlETHu(t) les

X

and

2029

2.1)

(2.2)

(2.3)
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lullys(2) = OiuPT”u(f) ”E,r(m,

i<

respectively.
Finally, we define the following subspace of (2.1):

CXy(G") = ﬂ (10, 7), H™=57H(G")).

=0
2.4. Estimates and constants
We employ that standard notation
a<b
for inequalities of the form
a<Cbh

in situations where the precise value or dependence on other quantities of the constant C is not
required. On the other hand, when the dependence of the constant on other inequalities needs to
be specified, for example if the constant depends on the norms [|u|| z0c () and [[v]l (), We use
the notation

C = C(llullLocrmy, IvliLe)).

Constants of this type will always be non-negative, non-decreasing, continuous functions of their
arguments.

2.5. A simple extension operator
Given an open set §2 in G”, we define the trivial extension operator by

u(x) ifxes2,

0 otherwise.

xeu(x) ={

Clearly, this defines a bounded linear operator from L?(£2) to L?(G").
2.6. Smoothing operator

Proposition 2.1. Suppose §2 is an open set in T" with a smooth boundary, 1 < p < 0o and
§ € Z>o. Then there exists a family of continuous linear maps

St WOP(T") - WHP(T"), >0,

satisfying
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I hxeullwepny <00, k=5,

| hoxeullwsr@) S lullwsr2), 0<A<1,

and

lim || J. — S, =0

Jim I axeu —ullwsr(2)
forall u € W5P(82).
Proof. On R”, the proof follows directly from [1, Theorem 2.29] and the discussion in the sec-
tion Approximation by Smooth Functions on §2 starting on p. 65 of the same reference. On T",
the proof follows from using a smooth partition of unity to decompose functions into a finite sum

of functions to which the results on R” apply. O

Corollary 2.2. Suppose 1 < p < 00, m € L, S € Lz, and let J) be as defined in Proposi-
tion 2.1. Then J, is a well-defined, continuous linear operator on H"™* (T") satisfying

Ea

I aullggenemny <00, k=s, £2m, k
A<,

2
[ ullzgms ony S Nlullpgms (@), 0<A <

and
lim || J. — m,s (Tny = 0
Al\oll ot — ][ qgms (T
Sforall u € H™S(T").
3. Linear wave equations
3.1. Initial value problem

Our proof of the existence and uniqueness of solutions to the IVP (1.1)—(1.2) relies on first
analyzing the following linear IVP:

(A" U)=F + xoH in[0,T)xR", (3.1)
(U, 8U)li=0 = (Up, Uy) inR", (3.2)

where £2 is a bounded open set in R” with smooth boundary, the initial data
(Uo, Uy) € H*THR™) x H2(R?), 5 € Zop)a, (3.3)

satisfies the compatibility conditions®

4 As described in the introduction, the time derivatives BteU lt=0, £ = 2, are generated from the initial data (3.2) by
formally differentiating (3.1) with respect to ¢ and evaluating at # = 0.
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Up:=0{U|,_, e H™+-"TI7HRY), £=2,....5, (3.4)

and there exist constants y, k > 0 for which the matrix A*Y satisfies
1 »
— [P < AYgiE; < ylg* forall § e R” (3.5)
y .

and

AD < . (3.6)

Away from the boundary of £2, the existence, uniqueness and regularity of solutions to
(3.1)—(3.2) can be obtained by appealing to standard results on hyperbolic equations. So this
leaves us with analyzing the problem in a neighborhood of the boundary 952 where standard
results do not apply due to the jump discontinuity in the term y H. Appealing to the property
of finite speed of propagation, we can, using a smooth change of (spatial) coordinates, locally
straighten out the boundary of £2 and localize the problem to a spacetime region of the form
[0, T) x Qs where § can be chosen as small as we like. To be specific, we fix a point xg € 952,
and choose an open neighborhood /\/}075 of x¢ that is diffeomorphic to Qs such that the diffeo-
morphism

Drgs i Nag.s = Qs
satisfies
Pyp,5(x0) =0
and
Dy 502 NNy ) = {(x!, ..., x" 7 0) | =6 <x' 2. x" ! < 6]
We also demand that all the derivatives of @ 8 are uniformly bounded pointwise on Qs for

8 € (0, 1]. To see that this is possible, we fix a dlffeomorphlsm D1 from Nxo 1 to Q1. We then
define diffeomorphisms

Vg =Pl o, Qs = Nig.s = @ 5(05)

for § € (0, 1]. Clearly, this family of diffeomorphisms satisfies the required properties. We extend
¥y,,s 10 a spacetime map by defining

Yrgs 110, T) x Qs — [0, T) x Ny 51 (x%,x) > (x0, Wy (1)), (3.7

and we let

T =0,y"

x0,8

denote the Jacobian matrix of the diffeomorphism (3.7) and
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J=J!

its inverse.
Next, we define

Ux) =U(¥x,5(%),
Uj(x)=U;j(¥gs(x)), j=0.1,
AR (x) = det J (x) J4 (%) A (Y14, (%)) T} (%),
F(x) =det J (%) F (V.6 (X)),

and
H(t,x) =detJ (x) H(V,5(X)).
Letting,

g=nuwdx"dx", (nu)=diag(—1,1,1,1)

2033

(3.8)

(3.9)
(3.10)
(.11)

(3.12)

denote the Minkowski metric, we recall the following pullback formula for a vector field X =

XHo,:
1 - 1
——=0 \/|§|XH = <—8 v |g|XM >°W 8
m M( ) m M( ) X0
where
XH = (v 5X)" = TEXY 0 Yrag s,
lgl:=—det(nuy) =1
and
gl = ¥} s8] =det(J).
Setting

XH=A""9,U

(3.13)

in (3.13), a short calculation using the chain rule and the definitions (3.8)—(3.12) shows that U

satisfies the IVP

8AAW&0)=F+xQﬂ?inWJUxQ&

(U, 8,0)i=0 = (Uo, U) in Qs,

(3.14)

(3.15)
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and the compatibility conditions
Up:=0U| _, e H™+-t170(Qy), €=0,...,5. (3.16)
3.2. Projection to the n-torus
Before proceeding with the analysis of the IVP (3.14)—(3.15), we first introduce two technical

refinements. The first is to exploit the freedom to choose § small by rescaling the fields and
working on a fixed domain Q instead. With this in mind, we define

u(x) = w G3.17)
mh = AM(0), (3.18)
b (x) = w (3.19)
f(x) =8F(5x), (3.20)
and
h(x) = §H (8%). (3:21)

We note that by making a linear change of coordinates we can, due to the conditions (3.5)—(3.6)
satisfied by A*V, always arrange that

(m") = diag(~1, 1, ..., 1).

A short calculation then shows that u satisfies

A ((m™ +eb")oyu) = f + Xgrh in[0,T/8) x Q1. (3.22)
Up(8x) — Up(0) ~
(u, du)|=0 = (o, 1) := <M Ui (Sx)> inQ;, (3.23)

where

e=46°.

The second technical refinement is to avoid the analytic difficulties that arise from boundary
of Q1 and, at the same time, put the equations in a suitable form using potential theory estimates.
This is accomplished by using appropriate cutoff functions and appealing to the finite speed of
propagation in order to “project” the evolution equations to a suitable form defined on

"= Q,/~.

We now describe the projected IVP. First, we fix points x; € £2 and x_ € £2{ and choose a
p > 0 so that B3,(x4) € 21 and B3, (x_) € £2{. Then we let v denote a smooth non-negative
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function such that WB,)(xi) =1 and llfl']rtl\(sz(X+)U32p(x_)) = 0. The projected IVP is then de-
fined by

A ((m" +ep1b")opu) —Yu=¢1 f +d1xe,h+pn in[0,7T/8) x T, (3.24)
(u, du)|i=0 = (¢1iig, p1it1) inT", (3.25)

where

®

oy(x', .. x") ;=¢<%>¢($> ..'¢<4;n>

with ¢ € C*°(R) a cutoff function satisfying ¢ (r) = 1 for |7| < 1, ¢ () =0 for |7| > 2 and
¢(t) > 0forall T € R, and

(ii)

s—1 t@
Hn= e

!
= £!

where the pp are determined in Proposition 3.1 below.

Proposition 3.1. Suppose n > 3 and s € Zopp, 0 <6 <1, 0 =min{l,s — n/2} and let
Up = 8fu|,:0 and iy = 8fu|t:0, where the Cth time derivative of u is generated from formally
differentiating (3.24) and (3.22), respectively. Then there exist a 69 € (0, 1], no € (0, 1/4] and a
sequence Ly € HOs=1=6(Tmy ¢ =0,1,...,5 — 1, such that

ug =g, £=0,1, o, =0, £=0,1,....5—1,

and
||M(O)| Es+1(’]rn) 5 ”0(0)| ES+1(Q1)’
”M(t) HES*I(T") /S (1 + ||A(0)| E5(Q1) + ”DA(O)‘ gsfl(Ql)) ||U(0)| ES+1(Q|)
+([FOerig) + [HO] g o)

forall § € (0, 8o].
Proof. In the following, we will use the notation
e=0/()],_,

to denote the £th time derivative of a quantity evaluated at ¢+ = 0, where the time derivatives of u
are generated from formally differentiating (3.24). Similarly, we use the
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Oe=9 )],
to denote the £th time derivative of a quantity evaluated at r = O that depends on u where the
time derivatives of u are generated from formally differentiating (3.22).
We begin by defining
g =m"" repib’,  f=¢1f —aid1b"duu — $19, 0" du
and
h=¢ih,

which allow us to write (3.24) as

g, 00u —Yu = f + xoh+ 1. (3.26)

Since n > n/2, we have by Sobolev’s inequality, see Theorem A.2, that

H¢1b00(0) ” Loo(Tn) = max{”d;lbOO(O) HLOO(QI)’ | $15°(0) HLOO(QIC)} S HbOO(O) ” HOs (T

By Proposition D.1, it follows from this inequality that

00 A
||¢1b ©) HLOC(’]I‘") < C”A(O)| Es(Q1)
for some constant C > 0 independent of § € (0, 1]. Therefore, since € = §° and o > 0, we can
choose §p € (0, 1] small enough so that

1

€ ||¢)lb00(0) || Lo°(T™) < E

for § € (0, §o], and this, in turn, guarantees that

1 _
§<800<

[\S AoV

Using this, we can solve (3.26) for the 2nd order time derivative to get
1 » . _ _
3u = @(—2503,3,” —8700ju+ Yu+ f+ xoh+ ). (3.27)
Setting

1o =288, (¢1ii1) + g 9 (Briio) — Wriio — ¢1(fo + xeho) + g priia,  (3.28)

we see from (3.27) that
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Moreover, it follows directly from the assumption s > n/2 and the multiplication inequality from
Proposition A.7 that

lioll3g05-1¢omy < (1 + € 6(0) HES(T") +e| Db(0) “85—‘(11‘")) | @] Es+1(Tn)

[ F O g1 gy + |1 O]

Bl (@)

Calculating the 2nd order time derivative of u using (3.22), we find that

ofu = ﬁ(_zzgioaiaﬂl — gU0i0ju+k+ xqh), (3.30)
where
g =m"" +eb" and k= f(u,du,v)—09,b" d,u.
Since
é1lo, =1, nel0,1/4], (3.31)
and
Yl{ani<ng) = 0 (3.32)

for no small enough, we see, with the help of (3.25), (3.29) and (3.30), that wg, see (3.28),
satisfies

molo,, =0

for some 7o € (0, 1/4].
With the base case satisfied, we proceed by induction and assume that

ug=e¢rig, £=0,1,...,r+1,
IM|Q,70=0, £=0,1,...,r—1 (3.33)

and

leellzgosi-e S (1+ €O | gy gy + €| DEO| gy ) [#O) | gt )

O g1 + [0

B (@)’

where r < s.
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Differentiating (3.27) r-times with respect to ¢ and evaluating at = 0, we find that

1 r—1 N r , N "
U24r = =55 (- Z <£>g9gzuz+z - Z (£> (8rol_zaiue+1 + 38 ,0i0jug)

0 £=0 £=0
+yur + fr+ xahe + Mr)- (3.34)
Setting
r—1 r r r B
=y <£>g9°guz+z +Y (6) (82 drteert + & 039 jue)
=0 =0
—Yur — fr - X.Ql’:lr + g80¢1ﬁ2+ra (3.35)

it follows immediately from (3.34) that

Uy = Gridoy,.
Similarly, differentiating (3.30) r-times with respect to ¢ and evaluating at + = 0, we obtain
1 r—1 r r ’ B
ﬁ2+r = @ (— Z <£)g99eﬁ2+e - Z (e> (g,(«)l_eaiﬁ[+] + g:,]_lal a]ﬁe)
0 £=0 =0

+kr + mfz,). (3.36)

Clearly, the induction hypothesis (3.33) together with (3.31) implies that

gelo,, =8elo,,  fio,, =kio, and helo, =hilg,

for £ =0, ...,r 4+ 1. Consequently, it follows directly from (3.32), (3.35) and (3.36) that

//vr|Q,,0 =0.

Furthermore, applying the multiplication inequality from Proposition A.7 to (3.35), see the proof
of Lemma 3.3 for similar estimates, it is not difficult to verify that

ler lgos1-r ey S (1+€[[6O) | gy gy + €[ DBO) |
+ £ O goi gy + [ O]

Sx—l(ﬂr")) H“(O)‘

E‘V71(9|)'

Es+!1 (Tn)

(3.37)

This completes the induction step.
Finally, observing the scaling definitions (3.17)—(3.21), it is clear from Propositions D.]1
and D.2 that the estimates
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||M(O)‘ Es+1(’]1‘n) 5 ”U(O)’ ES+I(QI)
and
lieellzgos1-econy S (L+[AO g,y + [PAO) | g1 o T O | i1 g,
+ 5(HF(0) HS“‘(Ql) + ”I:I(O)| Es—l(er))
for £ =0,1,...,s are a direct consequence of (3.37). O

3.3. Existence and uniqueness for the linear system (3.1)—(3.2)

In light of the form of the projected system (3.24)—(3.25), we now turn our attention to the
following class of linear IVPs:

aﬂ((m’“’ + eb’“’)avu) =f+ errh 4+ in[0,T) x T", (3.38)
(u, 0pu)|r=0 = (o, 1) in T", (3.39)
where the initial data is chosen so that the compatibility conditions
i = 0fu|,_, e H™H-STITHRY), 0=2,...,5, (3.40)
are satisfied.
Theorem 3.2. Suppose n >3, § € (0,1], 0 =min{l,s —n/2}, e =8%, s € Zopp, T >0, b=
(b*Y), 9;b € X7(T"), Db € X;_I(T”), feXi(Th, h e Y7(£21), n € X3 (T") with 3ju =0,

(itg, it1) € HESTHT™) x HZ*(T") satisfy the compatibility conditions (3.40), and let

R= sup (“b(t)

<t<T

e TIPbO|gir) and @O =1+ 6@ gy + [85O [ g2 -

Then there exists a constant cp, = cr(n, s) > 0 such that the IVP (3.38)—(3.39) has a unique so-
lution u € CXST'H (T™) whenever § is chosen so that € satisfies 0 < € < min{ﬁ, %}. Moreover,
u satisfies the following estimate

Jut)|

Es+l(']rn Ex+l(']1*n) + ”f(o)‘

T
y < C(CL)eC(CL)./() B(r)dr [ﬁ(o) Hu(0)| 5371@”)

o O]

Ex’l(.Ql) + ”/L(t) gs—l(']l'n)
T

[ O L 10l 1)t
0

forO<t<T.
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Proof. Instead of solving the IVP (3.38)—(3.39) directly. We first regularize the problem using a
mollifier to smooth the coefficients and the initial data with the resulting regularized IVP being

O ((m™ + e o (b™))dyu*) — Yt = o f + S h) + . in[0,T]x T, (3.41)
(u*, )|, _y = (Jaiio, Jrity) inT", (3.42)

where A € (0, 1]. Applying a standard existence theorem for linear hyperbolic equations, for ex-
ample see [17, Chapter 16, Proposition 1.7], we obtain a 1-parameter family of (unique) solutions

s+100
ute () CH(10. 7). HHO7KTY)), 0<a<L
£=0

Our goal now is to derive A-independent estimates for u”* and then use these estimates to
obtain a solution to the IVP (3.38)—(3.39) by letting A Y\, 0 and extracting a (weakly) convergent
subsequence that converges to a solution. The proof of the A-independent estimates involves
using elliptic estimates to estimate the first s — 1 time derivatives of u* followed by hyperbolic
estimates to estimate the remaining s and s + 1 time derivatives.

Elliptic estimates: Differentiating (3.38) k times with respect to ¢, we observe that uy = B,k u
satisfies the elliptic system

Aup —yruf =up o+ (g +ap +ai) + D fi + DG hio) + Dok (3.43)
where
Ny
Z(ﬁ) L6 ) djul + 5 (b, )ajuf + (%), 05u})
=0
Kk
Z(Z ) 2. (b z+1)31“e+fk(31 o)l + b u)
=1
k
(é )Jk b o a)up
=
gi = =k (01 = 203 (Bg" )0y — (0700 Yy = Ja (B )uty
0t == (b0")ui 42
and

A =38Y9;9;

is the Euclidean Laplacian.
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Lemma 3.3. The following estimates hold:

19 Iggo.1- s pny S (1B esrmy + 1Dl g1 ¢om) | | sk oy
”‘I]: ’|H0,s+l—(k+2)(jrn) 5 (”b”é‘”(rﬂ‘”) + ”Db”f,'S*l(’]I‘")) “u])(L.H ”'H],s+1—(1<+1)(qrn)

and

“q]% ||’H0.s+1—(k+2)('ﬂ‘n) S, ”b”g"'(T") u£+2 ||7_L0,s+1—(k+2)(’]1‘n)

forO<k<s—1.

Proof. To begin, we observe that

” Ji (b;cj—e) 9;0; u%‘ ” HOs+1-(k+2) (Tn)

21
S 1bk—ellgo.s——o0 pny || D1 ”HOJ—I—Z(TH)v 0<l<k<s—1,

follows directly from Proposition A.7 since s > n/2. Similar arguments show that the estimates

[ 75 (3 bij_g)aju? ”'Ho,s+1—(k+2) () S I1Dbi—ellggo.s-1-6-o (n) | Duy ||H0,s7/z('ﬂ~n)»

I J)\(b](zig_;,_l)a jly ”Ho st1=Ge () S 1Ok—e41ll3g05-a- e+ (pny | Duj ||rH0r )

hold for 0 < € < k < s — 1. These inequalities give us the following estimate for the first sum
i 0
ing;:

k
3= () 0L + 5 L+ 0 )

=0

7_[0.s+1—(k+2) (Tm)

< (Ibllesrmy + 1Dl gs—1 com) [ | o i,

for 0 < k < s — 1. The required estimates for the rest of qk and qk, qk follow from similar
arguments. 0O

We collect Egs. (3.43) (0 < k < s — 1) into a single system
Le(ul_ ) =Ky, (3.44)
where
Koo =fo 1+ SOt ) + o +e(0....0.g2 5.q0 +42 )"
and

Le=Lo—€lLy
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with
A—Y 0 -1 0 0
0 A—Y 0 -1 0
0 0 A—1 0
Lo=
0 0 0 A=Y -1
0
0 0 0 0 A—y
and

T
Liwe—)=q"_ + (90 +43. - a5 +a>5.9.1,0) "

Next, we observe that Lemma 3.3 shows that the operator norm of
Ll . XS-‘rl,S—l _ Xs—l,s—l

is bounded by

ILtllop < Cr, (IIBllgs(Ty + I Dbl gs-1 (1))

for some constant Cr; > 0. Also, it is clear from Proposition B.2 and the tridiagonal structure
of Lg that Lo : X*+15=1 — xs=15=1 i5 an isomorphism. From these facts, we get, via the Born
series

o0
(L—eLy'Ly) " = Ly e|Ly'Li| <1,
k=0

that L : XsT1s—1 — xs—Ls—1 s invertible and the estimate

ILg  lop
1= €(lIbllgscrny + 1DD gs-1 o)1 Lg lopC,

I, < (3.45)

holds whenever § € (0, 1] is chosen small enough so that € = §7 satisfies

e(Ibllgsery + 1Dblgs-1om) | Lo | opCry < 1.

It then follows directly from Eq. (3.44), the estimate (3.45) and Lemma 3.3 that there exists a
constant ¢z, = c1(IILy ' lop, C1,) > 0 such that

cL
< £
) 1—e€cLR

O Lererimn + 1Oy + 5Ol sirn) 346

”M)L(I)HES“J—'(T" (eR([lu*®) ”Es+1~s—1(1rn) + ||M§L(t)”E(T"))

for0 <t < T, where
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R= sup (|[b@)| s + | DO()|| 05—
0<z<T(” E5(T) ” & '(’]I‘))
and § is chosen small enough so that € = §7 satisfies
ectR < 1. (3.47)

Choosing § so that

. 1 1
€ =min{ ——, = ¢,
3ct.R 3
we can write (3.46) as

||M)\(t)”E.r+],s—l(’]1'n) < ||M§L(t) ||E(']1"’)

+2e ([ FO] o1 pny + [BO] g1 ) + 1O | gm1eny) — (3:48)
for 0 <t < T. Writing f(¢) and k() as

t 1

ﬂ0=ﬂm+/&ﬂﬂw mdhm=mm+faMﬂw,

0 0
respectively, we see that

If@ ||5-f—1(1rn) +[ro Es—1(2))

t

IO g+ Oy + [ (7O sy + 11O )
0

Combining this inequality with (3.48), we arrive at the estimate

||M)\(l‘) H Es+1,s—1(']1‘n) < Huih(t) || E(T") + 2CL (” f(()) Es—1 (T™) + “h(o) ” Es_l(.Ql)

t

+ (s

0

gs(’ﬂ‘n) + Hh(t) gx(gl))df + ||M(t) gsl('ﬂ‘n))v (349)

which holds for 0 <7 < T.
Hyperbolic estimates: By assumption 9] u = 0. Therefore, differentiating (3.38) s-times with
respect to ¢ yields

3 (M + e (D)) Byur) — vk = €3, (p* — s I (B0)u?) + Ji fs + Ju(xarhs),  (3.50)
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where
s—1 s ) s—2 s 0
P () o = 3 () 5 0
=0 =0

Recalling that s > n/2, it follows directly from Sobolev’s inequality, see Theorem A.2, and
Corollary 2.2 that the inequalities

[ 56" O ooy S (928" @ 305 2y S [2@ ] g5 ny- (.51
”at-l)\buv(t) ”Loo('ﬂ*n) S ” kaé“)(t) ||'H0*5(T”) 5 ”b(t) ||gs+l('ﬂ'n)v (352)
10, 56O oy S 1985O 301y S 16O g (3.53)
and
| 564 Loy S 84O 305y S 16O o (3.54)

are satisfied for 0 <t < T'. Also, a slight adaptation of the arguments used to prove Lemma 3.3
show that

ul (1)

[P @ 2y S 10O gy vl () (3.55)

and

I 3tpu(t)HL2(1rn) S (Jo@ HSS(T") +| atb(t)”gmrn))
X (” ux(t) || Es+ls—1 (T™) + ”uih (t) || H1 (T")) H A(t) ”g.H—] (R") (356)

holdfor0 <t <T.

We now are in a position to apply the energy estimates from Theorem C.2 to u? since it solves
the wave equation (3.50). Doing so, we see that these energy estimates in conjunction with the
inequalities (3.47), (3.51)—(3.56) and Corollary 2.2 show that u? satisfies

t
Huﬁ(nHE(w)<C(cL)[ﬂ(0)Uu*<0> g+t T / B ([u* @ grorsr + [u* @ gpny)
0

L+ O

for0 <t < T, where

B0 =1+ |b)

E5(Tn) + || atb(t) Es(Tny"

Combining this estimate with (3.48) gives
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5 @] gemy < Cler) [ﬁ(O) |u*0)

t
Es+1(Tn) —{—//3(‘[)(”14)"(‘()”15(.1‘") + ”f(t) Es(T)
0

+ Ao

Esen T | g»v—lmrn))df} (3.57)

for0<r<T.
Together, the estimates (3.49) and (3.57) show that u’ satisfies the uniform bound

||M)\(t) ”ESJrl(T") < C(CL) |:ﬂ(0) ||MA(O) ”Es+1('ﬂ‘n) + || f(O) ||gs—l('ﬂ‘n) + HI’Z(O) ”EA'—I(_QI)

+ @

E,H—l('ﬂ‘n) + ||f(‘[)

t
g.v—l('[n)—i_/ﬂ(f)(”u)\(f) Es(Tn)
0

Py IO |

which, in turn, implies via Gronwall’s inequality that

o0

Es+1(Tn) + ||f(0)

T
E5+1(Tn) g C(CL)EC(CL) f() B(x)dr [ﬂ(o) ||M)L(0) g;—l(Tn)

+[rO] ety T ”“(t)”gs—'('ﬂ*n)

T
+ [ OO an, + 150 ey + )]
0

) dr:| (3.58)

for 0 <t < T. This inequality implies that u* is a bounded 1-parameter family of solutions in
XSTH(’]T") to the IVP (3.41)—(3.42), and consequently, we know, by standard arguments, that
there exists a weakly convergent subsequence, again denoted u*, that converges as A \ 0 to
the unique weak solution # € X STH (T™) of (3.38)—(3.39). Moreover, by the uniqueness of weak
limits, we see, by sending A N\ 0 in the estimate (3.58), that u satisfies

Juc)

priiony < Clep)e D i e [ﬁ«» [ @ | g gy + 1O gemr g

+ |1(0)

ES71(9|) + ||/'L(t) g,r—l(']rn)

T
+/ﬂ(f)(||f(f) eseemy T IO | s gy + 1D gsl(']rn))dr:| (3.59)
0
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for 0 <t < T. Finally, a straightforward calculation shows that the difference u — u, satisfies
a linear equation of the type (3.38)—(3.39), and hence, also an estimate of the type (3.59) from
which it follows that

e = sl o1 opny S [#00) = KO | s gy + €(R)
for some constant c¢(1) satisfying limy\ o c(A) = 0. Since uy € CX STH (T™), this estimate implies
that u, (t) converges uniformly on [0, T] to u(t), thereby showing that u € CX §~+1 (™). o

With the existence and uniqueness for the system (3.38)—(3.39) established, it is now straight-
forward, using the finite speed of propagation, to conclude an analogous uniqueness and exis-
tence result for the original system (3.1)—(3.2).

Theorem 3.4. Suppose n > 3, s € Zoppp, T >0, A= (A*"),8,A € AL (R"), DA € X;_I(R”),
F e X3(RM), H € Y3(£2), (Up, Uy) € H2FI(R") x H>(R) satisfy the compatibility condi-
tions (3.4), and let

Q= OsupT(||A(t) gs(Rn) + “DA(I) gsfl(Rn))v
<
B =1+ AD) gr gy + |3 AD ] g1 g

and

T
14 :/ﬂ(t)d‘c.
0

Then the IVP (3.1)—(3.2) has a unique solution U € CX ST'H (R™) and satisfies the estimate

E-V'H(R”) + HF(O)|

|| U(t) ” EH'](R”) < C(C(, :3(0)’ )’) |:H U(0)| g.r—l(Rn)

T
O+ [ OO + 100 )7
0

forO<t<T.

Proof. We begin by letting u € CX “VTH (T™) be the unique solution to the IVP (3.24)—(3.25) from
Theorem 3.2 with § € (0, 1] chosen small enough so that € = §° satisfies

1 1
€ = min , = (3.60)
3ct,R 3

with
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<R=09m (Jlo@)] e (m)- (3.61)

<t<T

We know from Proposition 3.1 that there exists an ng € (0, 1/4] such that the initial data
(u)t=0, 0ru|;=0), the source term () and the coefficient i satisfy

(u](0yx 0,y » Orttl (0} 0,)) = (W0l @,y > U110,
vlo,, =0

and

w0, 71x0,, =0,

respectively. Appealing to the finite propagation speed for solutions of wave equations, we see,
shrinking T if necessary, that u solves the IVP (3.22)—(3.23) on the spacetime region [0, T') x
Q172 Moreover, it follows directly from Theorem 3.2 and Propositions 3.1, D.1 and D.2 that u
satisfies the estimate

||u(t)HES+](QnO/2) < C(&’ B(O)’ )7) |:|| U(O) || EH—I(QI) + SHF(O) HSS_I(QI) + 5||I§(O) H Es—l(QT)

8T

+ / FO(F© g + |m<f>||Es(Ql+))df} (3.62)
0

for 0 <t < T, where

a= sup (|A®)|
0<Lr<8T

eon T1PAD)]

S-T‘I(Ql))’
BO=1+[A0] g0, + 4D :g,,
1 _
7=s f foyde 363
0

and U, A, F and H are as defined previously by (3.17)—~(3.21). Next, a simple change of variable
argument shows that

140}

EX+1(Q5770/2) < C(l/a) ||u(t/8)|

EX+1(Q))0/2)

for 0 <t < 8T, while the inequality

<ti+alle

SO

follows from (3.60), (3.63) and Proposition D.1. Using these estimates together with (3.62), we
see that
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140l

ES+1(Q]) + ||F(O) gsfl(Ql) + ||I:I(O)|

ESH(Qs00)2) <@, Bo), J7)|:||0(0)| Es=1(0)

T*

+ / By (| Fo)|
0

eon T ”I:](T)‘ E‘Y(QT))de| (3.64)

for0 <t < T*, where T* =6T.

Since u solves the IVP (3.22)-(3.23) on the spacetime region [0, T') X Qy/2, U must solve
the IVP (3.14)—(3.15) on [0, T*) x Qsy/2. Recalling the definitions (3.8)—(3.12), it is clear that
U(t,x) =Ult, Dyy.5mp/2(x)) satisfies the IVP (3.1)—~(3.2) on [0, T*) x ./\/)(0,5,70/2. We also see,
with the help of (3.64), that U satisfies the estimate

|| U(t) || Es+1(./\/’x ) < C((X, ﬁ(o)s )/) |:HU(O) ”EJ'+1(Rn) + ”F(O) Hgsfl(Rn) + ||H(O) || ES—I(Q)

0:10/2

T*
+/,8(t)(||F(r) es@n + ||H(r)|ES(Q))dr:| (3.65)
0
for 0 <t < T*, where
o =O<SIU<PT*(HA(’)| e@y T |DA®)] 5f—1(Rn))v
BO) =1+ [AD | gs@n, + [8:AD | g1 geny

and

T*
14 =/ﬁ(r)dr.
0

Since xq € §2 was chosen arbitrarily and §2 is bounded, we can, using the finite propagation
speed and the uniqueness of solutions, piece together a finite number of solutions {U j}j}’lz | to
(3.1)~(3.2) defined on regions {[0, T*) x J\/}Cj,gno/z}y:] such that 982 C Uyzl N 5m0/2 to Ob-
tain a solution U to (3.1)~(3.2) defined on [0, T*) x \/, where A/ is an open neighborhood of 3£2.
Away from the boundary 952, the existence and uniqueness of solutions to (3.1)—(3.2) satisfy-
ing the usual energy estimates is guaranteed by standard results. Piecing together this solution
with U , we obtain a solution to (3.1)—(3.2) on a time interval [0, 7*) with T* > 0 independent

of the initial data. Moreover, it is clear from (3.65) and the familiar energy estimates for wave
equations, that U satisfies the estimate

10Oy 6080 IO sy 1Oz
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T*

HIHO o0 + [ (1P
0

e@y T |H (@)

ES(.Q))dT:|

for 0 <t < T*. Iterating this estimate a finite number of times shows that we can take T* =T .
Finally, we note that uniqueness follows directly from Theorem C.2. O

4. Proof of Theorem 1.1
We are now ready to prove Theorem 1.1.
4.1. Existence and uniqueness

We establish existence and uniqueness of solutions using the well-known strategy, also used
by Koch [12], of setting up an appropriate iterative approximation scheme and showing conver-
gence by establishing boundedness in a high norm followed by contraction in a low norm.

4.1.1. Boundedness in the high norm
To establish the boundedness in the high norm, we begin by defining the set

Br={zeCx5" (R%) |8fZ(0) = U, and 1Z1 s+t g3y < R},

where the Uy are as defined by the initial data (1.4) that satisfy the compatibility conditions (1.5).
We consider the map

Jr 1 Bg — CX5TH(R?)
defined by
JrlU)=2,

where Z is the unique solution to the IVP:

3, (AP (U)8,Z) = F(U,3U) + xo H(U,dU) in[0,T) x R”,

(Z,3Z)|1=0 = (U, Uy) inR".
Next, we define

w= || U(0) ||E5+1(R")'

Then the bounds
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law) ||X;+1(Rn) < C(R), 4.1
|FW,ov)| xpn < C(R), 4.2)
| F(U©).8U©0)] g1 gy < C(w), 4.3)
|HW, V) Hx;m) < C(R), (4.4)
and
| #(U©),8U0O)] g1 () < Cw) (4.5)

follow directly from Proposition A.8. Writing A(U) as

t
A(U®)) =A(U(O))+/DA(U(I))~8tU(t)dr,
0

we see with the help of Proposition A.8 that

| A | g oy + [ PTADD] | g1 oy < C) + TC(R). (4.6)
Theorem 3.4 in conjunction with the bounds (4.1)—(4.6) then implies that Z satisfies the estimate

”Z”CX;JA(R") < C(,bb, TC(R))
From this estimate, it is clear that we can arrange that
” VA ” Cxé;rl (R <R
by choosing R large enough and T sufficiently small. This shows that Jr satisfies
Jr (BR) C Bg, 4.7

thereby establishing the boundedness in the high norm.

4.1.2. Contraction in the low norm
Choosing Uy, Uy € Bg, we set

Zo=Jr(Up) and Z;=Jr(Uy).
Then Zy — Z; satisfies

3. (A" (U0)dy(Zo — Z1)) = F (Up, 0Up) — F(Uy, 0U1) + x (H (Uo, 3Uo) — H(U1, 0U)))
— 3, ([A* (Up) — A"’ (UD]8,Z1) in[0,T) x R, 4.8)
8/(Zo—Z1)|,_y=0 inR"fore=0,1,....s. “9)
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Writing F(Uy, 0Up) — F (U1, 0Uy) as

1
F (U, 0Up) — F(Uy,0Uy) = / DF (Ui +t(Up — Uy), 90Uy +1(dUo — 9U})) dt
0
-(Up — Uy, Uy — aUy),

we see that

| F (U0, 8U0) = F(U1, 8UD | 12z

1

< /DF(UI + 1 (Up — Uy), dU; + 1(dUy — dUY)) dt 1Uo — Uil g1 gy
0 L®(RM)
1

< /DF(U1+t(Uo—U1),8U1 + 19Uy — 0Uy)) dt U0 — Utll g1 gy
0 'HO"V(R”)

where in deriving the last line we have used Sobolev’s inequality, see Theorem A.2. Applying
Proposition A.8 to the above expression, we obtain the estimate

| F (U0, 8U0) = F(U1, 8UD | 12y < C(RIIU0 = Ul - (4.10)

R

Similar calculations together with the bound (4.7) also show that

| X2 (H (U0, 8Uo) — H(U1, 3UD) | 12y < CR)IUo = Utll ey, (4.11)
|9 ([A" (Vo) = A* (U] Z1) | 12y < C(R)IUo = Ut ey (4.12)

and
| A" Wo) = A O] L gy + [0 [A* (VO] o ) < C(R). (4.13)

Since Zg — Z; satisfies the IVP (4.8)—(4.9), we are in a position to apply the energy estimates
for weak solutions of wave equation from Theorem C.2 to conclude, with the help of the bounds
(4.10)—(4.13), that Zg — Z; satisfies the estimate

T
| Zo(t) = Z1 ()| g gy < C(R) / | Zo@) = Z1@) | g gy + [Uo(®) = U1 ()] g gy dT
0

for 0 <t < T. Appealing to Gronwall’s inequality, we see that

1Z0 = Zill 3 gy < CRIEDOTT sup |Un = Utllys -
r 0<t<T r

Choosing T > 0 small enough, we get that
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[ 77 Wo) = J7 (U | 1 IIUo Utlixs @y
and so, J7 defines a contraction map on the subset
Br € CX1(R").
In particular, for any Uy € Bg, the sequence
n times
e e
UnZJTO'~-OJT(U0), n=1,2...,

converges to a unique fixed point U € CX ; (R™) of Jr, that is J7(U) = U or in other words,

a weak solution of the IVP (1.1)—(1.2). Since the sequence U, is bounded in C X‘}H (R™) by
virtue of the mapping property (4.7) of Jr, we have, after passing to a subsequence, that U,
converges weakly in X “;’1 (R™) to a limit that must coincide with U by the uniqueness property

of weak limits. Consequently, U satisfies the additional regularity U € X Afrl (R™), which can be
upgraded to U € C X3 (R") with the help of Theorem 3.4.

4.1.3. Uniqueness
Before we establish uniqueness, we first note that the inclusion

CX;H(RY) C CXF(RY) ﬂcZ (10, 7), W'~ (R"))
=0

follows directly from Sobolev’s inequality since s > n/2 by assumption. To prove uniqueness,
we suppose that

1
Up € CX7(R") ﬂ (10, 7), w'=t-(R")) (4.14)

and
Up e CX5TH(R") (4.15)
are two solutions of the IVP (1.1)—(1.2). Then the difference Uy — U; satisfies

3, (A" (U0)dy(Uo — Uy)) = F (U, 8Uo) — F (U1, dU1) + xa (H(Uo, 3Up) — H(Uy, 8U)))
— 0, ([A*"(Uo) — A*(UD]3,Uy) in[0,T) x R, (4.16)
((Uo— U1, 3 (Up — U1))|,_o=1(0,0) inR". 4.17)

Using similar arguments as in the previous section, it is not difficult to derive the bounds

| F(Uo, 0Uy) — F(Uy, aUl)”LZ(Rn) < C(po, pD U0 — Ut E@®ny, (4.18)
| X2 (H W0, 8U0) — H (U1, 0UD)| 125y < C o0, p1) U0 = Uil £y (4.19)
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and

| A (Uo) = A* O) | o oy + [3:[A™ (VO] oo ny < C(00), (4.20)

where
po= sup [[Uo®y1xqee) + 1900 ey ] and o1 = W1yt ey

‘We also observe that

30 ([A" W) = A" WD]0,U1) | 12y
<[ 8. [A" (Uo) = A" WD]| 12y 18U Il 2o rery
+ ”AW(UO) — AU HLOO(R") H82U1 ||L°°(R")
< [8u[A" o) = A**WD]|| oy o1 + [ A W0) = A UD | w2 oy 192Ut | 1oy
< [8u[A" o) = A* WD]|| 2y o1 + [ A W0) = A UD | g1 ey 192Ut | oy »
4.21)

where in deriving the last inequality we used Sobolev’s inequality. Again, using similar argu-
ments as in the previous section, it is not difficult to verify that

|8, [A" (W) = A" WD]| 12y + A" (U0) = A WU | 1 oy
< C(po, p) U0 — Utll Ewr)- (4.22)

Finally, we estimate

|20,

) < max{||82U1|

’32U1

Ln(Rn L)’ ’ Ln (m)}

gmaX{”azUl ‘32U1

ls-10y 19701 -1 e )

< ”32U1 H HOs—1(Rm)

2
S Z” ate Ul H HZ,H—I—Z(Rn)
£=0

P15 (4.23)

A

where we have again used Sobolev’s inequality and the assumption s > n/2.

Since Uy — U, satisfies the IVP (4.16)—(4.17), we can apply the energy estimates for weak
solutions of linear wave equation from Theorem C.2 to conclude, with the help of the bounds
(4.18)—(4.23), that Uy — U satisfies the estimate

T
|600) = U105y < Clo. 1) [ [06(6) = V10 e
0
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for 0 <t < T, which in turn, implies that

|Uo@) = 010 gy =0, O<1<T,
by Gronwall’s inequality. We conclude that Uy = U; and uniqueness holds.
4.2. The continuation principle

In order to establish the continuation principle, we assume, by way of contradiction, that
UeCX ST+1 (R") (s € Z=y/2) is a solution of the wave equation (1.1) satisfying

=0 (4.24)

ll?;s;lp ” U(t) | Es+! (Rm?)

and

||U||W]>°°((0,T)><R”) <K <o0. (425)

Using the property of finite speed of propagation, it is enough to show that U cannot locally sat-
isfy both (4.24) and (4.25), where we can, by suitably shifting the origin of the time coordinate,
assume that 7 is small as we like. We note that away from the boundary 92 where there are
no singular terms in the wave equation (1.1), we can appeal to the standard continuation prin-
ciple, see for example [14, Theorem 2.2], to conclude that, locally, the solution cannot satisfy
both (4.24) and (4.25). In light of this observation, we need only worry about the behavior of U
in a neighborhood of the boundary 942 for arbitrarily small times. Furthermore, since

lullwiceo,7),00) S NU lwteeo,5m)x05) S K

for all § € (0, 1] where u and U are as defined previously by (3.17) and (3.8), respectively, it is

enough to consider the solution U on an arbitrary small spacetime neighborhoods (xp, 0) with

X0 € 052 that satisfy the bound (4.25). We can, therefore, use the scaling and projection technique

from Sections 3.1 and 3.2 to reduce the continuation question to that of proving a continuation

principle for the following scaled and projected system where we may choose é as small as we
like:

BU((m‘“’ + 8"V (x, u))Bﬂu) —Yu
= S(f(x, uou) + xo,h(x, uau)) +u in[0,T)xT", (4.26)
(u, duw)l;=0 = (o, 1) inT", (4.27)

where

U X 0,5 —U > 0
fio () = oy () L0 ﬂ; (V00 ®)

i1 (x) = ¢1(x)8, U (0, Wy, 5(5)),
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(m"") = det(J(0)) J1(0)J} (0) AP (U (yr5,5(0))) = diag(—1,1,.... 1),
det(J (8%)) J&' (8%) J§ (8%) A% (U (Y11,5(0)) + Su) — mH

5 :
X, u, 0u) = ¢ (x) det(J (8%)) F (U (¥xy.5(0)) + Su, ](5x)au),

"V (x, u) = ¢1(x)

and

H(x, u, du) = ¢1 (x) det(J (5%)) H (U (¥z0,5(0)) + Su, J (5%)8u),

(i) 0<8< 1,
(iii) the initial data (#1¢, 1) satisfies

liiolgss1.2¢0my < [UO) |12,

and
o llggs2pny S 19U O) [ 145 gy
(iv) and
s—1 i
n= E'M

with the py determined as in Proposition 3.1 so that

|| M(O) ” Es+l1 S || U(O) || Es+l (R")
and
[£® o ny < (+27NENV O] oo n)-
In light of the above discussion, the following proposition completes the proof of Theorem 1.1.

Proposition 4.1. Suppose us € CX XT;(%R") is a family of solutions depending on & € (0, 1] to the
IVP (4.26)—(4.27) satisfying the conditions (1)—(iv) above. If

”u8||Wl’oo((0,T5)><T”) § K < 0,

then there exist a 8o > 0 and a time Ty > T; for each § € (0, 8¢] such that the solution us can be
continued to a solution of (4.26)-(4.27) on [0, Tj*) x T".

Proof. Before proceeding with the proof, we will, in order to simplify calculations, suppress the
explicit x-dependence of the functions b*", f and h. Since us satisfies

A ((m"" + 8" (us))0pus) — Yrus = 8(f (usdus) + x2,h(usdus)) in[0,T5) x T"  (4.28)
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we see after differentiating k-times, where 0 < k < s — 1, with respect to ¢ that 8{‘143 satisfies

(A —)dfus
= 0 2us + 89K (B% (us)Bus + b (us)dius) — 3:8F (6" (us)dpus + b (us)djus)
+ 3 f(us, dus) + x, 0Fh(u, du)] + f 1. (4.29)
Since

|| a[ku5 H HZ,erl—k(Tn) S H (A - w)a[kuts H 'HO,s—k—l(Tn)s O < k < s — 1a
by Proposition B.2, it follows from Proposition A.10 and (4.29) that 8," u; satisfies
” atku(l) ||H2,s+1—k (Tm)

< (102 u |30t ny + 13 1O 305421 )

+8C(K)(1 + Hu(t)”';_[2,x+l(']rn) + ” alu(t)”HZ,s(’En))5 0 g r< T57 (430)
where
llusllwiooo.1p) <y < K, 0<8<1. (4.31)

We collect the estimates (4.30), for 0 < k < s — 1, into the single matrix inequality

M5 X5 ()] S [07us )| gy + [ | ger gy +8CK), 0t <Ts,  (432)
where
1-8C(K) —-68C(K) 0 ¢ 0 O 0
—8C(K) 1-8C(K) 0 0 ¢ 0
—8C(K) —-§C(K) 1 0 0 ¢
—58C(K) —§C(K) O 1 0 O 0
Ms = i ,
c
0
—5C(K) —§C(K) 0 0 0 O 1
and

_ T
X(S(t) = (”M(S(t) ”'Hz,ﬁ—] (T") 81‘”5(0 ||H2,S(’H"n)7 ey als luﬁ(t) ||H2=2(']1'")) .

Since M) is tri-diagonal, it follows that M is invertible, and hence, that there exists a §p € (0, 1]
such that M5 is invertible with a uniformly bounded inverse for all § € (0, 8p]. This fact together

with (4.32) shows that Xs(¢) satisfies
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|X5)] < [ us@) | gy + |10 | sy +3CEK) (4.33)

for all (¢, 8) € [0, Ts) x (1, 8¢].
Next, differentiating (4.28) s-times with respect to ¢, we see that 97 us is a weak solution of

av((m’“’ + 51)“”(145))8”,3;”3) — lﬂatsu(;
=—80,([9;, b"" (us)0y Jus) + (3] f (usdus) + x2,0; h(usdus))

in [0, T5) x T". Applying the estimates from Propositions A.9 and A.11, and Theorem C.2, we
obtain, with the help of the bound (4.31), the following energy estimate for 9; us:

Es—1 (Tn) dT)

t
I 8;'u5(t)||E(Tn) < C(K)(H 9 us(0) ||E(T,,) +/||u5(r)| gt T 1+ (o)
0

(4.34)
for ¢t € (0, Ts). By assumption, us and u satisfy the bounds
”u5(0)| E'V'*'](T”) 5 ”U(O) H E‘H'I(R”) and ||M(t)| g.r—l < (1 +t€_1)C(HU(0)| E.H—I(Rn))
(4.35)

for § € (0, 1]. Combining these bounds with the estimates (4.33) and (4.34), we get that

t
E5+1(R”)) <l+/||M5(‘L’)|
0

for ¢ € (0, Ts), and hence, by Gronwall’s inequality, that

Jus @

U(0)]|

) SC(K. Ty, |

EstI(Tn ESH(T")dT)

lus @] g1 gny < C (K. T,

U(O)”EH—I(Rn))v Ogt < T(S-

In particular, this implies that

Ex+l(’]1‘n) <o

1irnsup||u5(t)|
t/Ts
for each 6 € (0, §p]. From this point, we can follow standard arguments, for example, see the
proof of Theorem 2.2, p. 46 of [14], to conclude that for each § € (0, §p], there exists a Ta* >0
such that the solution us extends to a solution on [0, Tj*) x T". O

5. Discussion and outlook

As discussed in the introduction, the main application that we have in mind for the results
presented in this article is to establish the local existence and uniqueness of solutions to the
Einstein equations coupled to elastic matter that describe the motion of self-gravitating compact
elastic bodies. While the complete details of the local existence and uniqueness proof will be



2058 L. Andersson, T.A. Oliynyk / J. Differential Equations 256 (2014) 2023-2078

presented in a separate article [2], we give here the main ideas of the proof in order to illustrate
the role that the results of this article play in the proof.

Following [5], a single compact relativistic elastic body,” locally in time, is characterized by
a map

fW—-
from a space—time cylinder W = [0, T'] x §2 to a 3-dimensional compact manifold §2 with bound-
ary, known as the material manifold. The body world tube W is taken to be contained in an
ambient Lorentzian spacetime (M, g), where M = [0, T] x X for some 3-manifold X'. For sim-
plicity of presentation, we assume that both §2 and M can each be covered by a single coordinate

chart given by (X Iy(I=1,2,3)and (x*) (A =0, 1,2,3), respectively. In these local coordinates,
we can express f and g as

x'=f! (x)‘) and g=gu (x)‘) dx"dx".
The field equations satisfied by { 7, guv} are then given by

G* =2«T* inM, 5.1
vV, TH=0 inW, 5.2)
where GV is the Einstein tensor and

ap

=2 ggum

— P8uv
is the stress—energy of the elastic body with

p=p(f.H) (H'" :=g"a,1"8,f7)

defining the proper energy density of the elastic body. By definition, p is non-zero inside W
and vanishes outside. Letting I" denote the space-like boundary of W, the elastic field must also
satisfy the boundary conditions

ntT, =0 inT, (5.3)

where here n** denotes the outward pointing unit normal to I”. Initial conditions for (5.1)—(5.2)
are given by

(8uvs L18uv) = (80,0 8)) in 2, (5.4)
(L= (fl. fl) mZnw, (5.5)

5 The extension to non-colliding multiple interacting bodies is straightforward.
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where X forms the “bottom” of the spacetime slab M = [0, T] x X', ¥’ N W forms the bottom
of the spacetime cylinder W = [0, T'] x £2, t =19, is a future pointing time-like vector field
tangent to I, and the initial data satisfies the constraint equations

t,G*" =2kt, T*" in X. (5.6)
The method we use to solve the initial value boundary problem (IVBP), given by (5.1)—(5.6),

begins with introducing harmonic coordinates as this allows us to replace the full Einstein equa-
tions (5.1) with the reduced equations given by

1
Ruv — Vb =2k (Tw - 5Tg,w> (&7 :=g""I7). (5.7)
For this method to work, we must choose the initial data so that the constraint
=0 inX (5.8)

is also satisfied in addition to (5.6).
The next step is to introduce the material representation via the map

=o' (X0 X1 (i=1,2,3),
which is uniquely determined by the requirement
(x%e(x% x))=x" v(x° x')el0,T]x .
In the material representation, the elastic field is completely characterized by the map ¢ while

the gravitational field is determined by the components of the metric expressed in the material
representation as follows

Vun (X7, X1) = g (X7, ¢(X°, X7)).

A straightforward calculation then shows that the field equations (5.1)—(5.2), the boundary con-
ditions '(5.3) and the initial conditions (5.4)—(5.5), when expressed in terms of the variables
{Yuv, @'}, take the form

G] = 0V - . -
M—A <(1AA(]/, 3¢) 8?A> = f]uu(% 8)/, 8¢) + XQP/LU()/’ ¢7 3¢) mn [07 T] X Ea (59)
9
W(F,-A(% ¢,0¢)) =wi(y,¢,0¢) in[0,T]x 2, (5.10)
viF (v, $,0¢) =0 in[0,T]x 32, (.11
Vv . ~
(y,w, a’;’(‘()) — (0. vL,) in{0}x £, (5.12)

i 8¢l i i .
(¢’W>=(¢°’¢1) in {0} x £2, (5.13)
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where £2 C ~2:J with ¥ defined by qS(O, Z~‘) =X, q~5 = E(¢) with E a suitable extension operator
from §2 to X, vy is the outward pointing unit normal to 92 and

(-
8(.):8)(% (A=0,1,2,3)

is the spacetime gradient. From the point of view of local existence, we lose nothing by assuming
that ¥ = R3 and the (X!) are Cartesian coordinates on .

Remark 5.1. The dependence of the coefficients a®4 in (5.9) on 3¢ is problematic from a
regularity perspective for the hyperbolic estimate of the top time derivative (#)5 Yuv from the

proof of Theorem 3.2. This is because if we were to estimate the top X°-derivative using the wave
equation (5.9) as in the proof of Theorem 3.2, we would require an estimate on the (s 4 1)th
XO-derivative of 8¢, and this is one too many derivatives to be compatible with Koch’s [12]
estimates for Eq. (5.10). To avoid this loss of derivatives scenario, we instead use a first order
formulation of the gravitational field equations based on the variables {y, A}, where

Aowr = (o8) (X0, (X0, XT)),

to estimate the top X -derivative. We note that the lower X°-derivatives are still estimated using
elliptic estimates based on the wave formulation (5.9) as in the proof of Theorem 3.2.

A straightforward calculation shows that the reduced equations (5.7) can be expressed in terms
of the {y,v, Ay v} variables as a symmetric hyperbolic system of the form

b (y, B¢p) 8;3(‘;” = f(y. 1. 09) + x2h(y.¢.00),
with the point being that, unlike (5.9), after differentiating this equation s-times with respect
to X9, we obtain an L? estimate for ( 3 XO)S wv With the highest X O_derivative of 3¢ appearing
in the estimate being the sth one. Importantly, this L? estimate is, with the help the estimates
on ¢ coming from (5.10), enough to obtain an appropriate L2 estimate for (a%)s 9y, thereby
avoiding any loss of derivatives.

To proceed, we assume that the initial data (5.4)—(5.5) satisfy the constraint equations (5.6),
(5.8) and also the compatibility conditions

L ._ 0 ¢

Vv =\ 5x0
¢i R 0 ¢
T\ 9x0

Y € HMsHi=sF =68y 0= 0,1, ..., s + 1, (5.14)
X0=0

e HP'H2), €=0,1,...,s+1, (5.15)
X0=0

and

e HY2) N HL (), (5.16)
X9=0

5 \*
<m) (VJF/(V,3¢))
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where s € Z-5,2,

{ 2 ifj>2
mj=y . .
j otherwise,

and
HY(2)=H"(2)NHNEZ)NH (X \ 2).

We know from the results of [2] that the set of initial data satisfying the constraint equations and
the compatibility conditions is non-empty. However, a complete classification of the space of
initial data satisfying these conditions appears to be very difficult, and in fact, the classification
of the space of initial data satisfying just the constraint equations (5.6) is far from complete.

Rather than solving the elastic boundary value problem (5.10)—(5.11) directly, we follow [12]
and differentiate it once with respect to X° to obtain the system

0 v v
% <LM( a¢>8XiA+zA“( . 0¢) V")

X0
_ Vv .
Y( S50 @2 09, aw) in[0, 7] x £2, (5.17)
d¢' =v' in[0,T]x £2, (5.18)
u,<L;’A(y,a¢)MLA+zf“”(y,a¢) a’;gg) 0 in[0,T]x 3%, (5.19)
where

AA A
Lij (. 9¢) = — 4,, (v, 09) (5.20)

XA

is the elasticity tensor, as expressed in the material frame. In particular, we restrict ourself to
elastic materials for which the elasticity tensor (5.20) satisfies Koch’s coercivity condition® [12,
Assumption 3, p. 12]. We note that Koch’s other assumptions, Assumptions 1, 2 and 4 in [12,
pp. 12—13], are satisfied automatically by the elasticity tensor of reasonable relativistic materials.

In order to solve the IVBP defined by (5.9), (5.12)—(5.13) and (5.17)—(5.19), we employ an
iteration scheme, analogous to the one used in Section 4.1, defined by the map

Ir (s o', B) = (Vs 97, ¥7), (5.21)

which maps the triple

(/“L,uvsai’ .Bl) € BRs

where

6 We note that this condition rules out perfect fluids.
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Br:={(. ¢, ¥) e CX;T(RY) x cY;H' (@) x CY3(2) | | (v . ¥) | < R

(0507, 0%00) oo = (¥". @), €=0.1,....s+1&
30| yo_o=des1, €=0,1,...5]
to a solution
(Vs @', ') € CXFTHRY) x €Y1 (2) x CY3(£2)

of the IVBP

BXA< A, B, Da) V;w) _QILU()"B)"E’ Da)

—xePw, B, Da)=0 in[0,T] x 2,

AA L Apv a)\;u)
(L,- (. B. D)= + 21" (1. B. Da) 3X0>

axA

—Y,~< ay‘” b, 00, aw) in[0,T] x £2,
d0d' =B in[0,T] x £2,

! J
vy (Ll‘/jA(A,ﬂ, Da)E)X_A + Zi ny

ay . -
(Vuw BTM(‘;) = (V,Bv’ )/MI«V) in {0} x X,
o' =@} in {0} x 2,

.ot S
<W, aio) = (¢}.4)) in {0} x £2.

where we are using

to denote the spatial gradient.
The mapping property

Jr:Br — CX5TH(RY) x cYit(2) x ey (2)

Ay .
%0 ) =0 in[0,T] x9S,

(5.22)

(5.23)
(5.24)

(5.25)

(5.26)
(5.27)

(5.28)

is a consequence of the linear estimates contained in Theorem 3.4 of this article and Theorem 2.4
of [12]. Furthermore, it follows from these estimates and the calculus inequalities of this article

and those of [12] that Jr satisfies

Jr(Br) C Br

for T > 0 small enough. This establishes boundedness in a high norm. Mimicking the arguments
used in Section 4.1.2 of this article and those in Section 3 of [12], it can be shown that Jr,
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shrinking 7 > 0 if necessary, defines a contraction in a suitable low norm, and this, in turn,
yields the existence of a unique solution

(Y, @', ¥') € CX5FH(R?) x CYSFI(2) x CY3(2)

of the IVBP (5.9), (5.12)—(5.13) and (5.17)—(5.19). It is then a simple consequence of the above
definitions that the pair

(Vuvs ¢') € CX5T(R?) x CcYith(2)

is the unique solution to the IVBP (5.9)—(5.13). Inverting the transformation used to define the
material representation, it is not difficult to verify that this solution yields a (unique) solution
(8uvs f’) to the reduced IVBP (5.2)—(5.7).

The final step is to show that the vector field £/ vanishes so that the solution (g, f Ty also
satisfies the full Einstein equations (5.1). This is accomplished by realizing that the boundary
condition (5.3) together with the elasticity field equations (5.2) imply that the stress energy tensor
THY satisfies

V. T*'=0 inM,

in the distributional sense. This is enough to conclude from the reduced equations (5.7), with
the help of the contracted Bianchi identity, that £ weakly solves a linear wave equation of the
form

V,VFE" +C e =0 in M.
Moreover, it is a consequence of the constraint equations (5.6) and (5.8) that
(é“, E,S“) =0 inX.
By uniqueness of weak solutions to linear wave equations, it follows that
=0 inM,
completing our local existence and uniqueness argument.
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Appendix A. Calculus inequalities

In this appendix we state, for the convenience of the reader, some well known calculus
inequalities for the standard Sobolev spaces W* 7 (§2), and we derive a number of related in-
equalities for the H**(G") spaces. In the following, £2 will always denote a bounded, open
subset of G" with a smooth boundary.

A.l. Spatial inequalities

The proof of the following inequalities are well known and may be found, for example, in the
books [1,9,17]. Alternatively, one can also consult Appendix A of Koch’s thesis [11] for detailed
proofs.
Theorem A.1 (Holder’s inequality). If 0 < p,q,r < oo satisfy 1/p+ 1/q =1/r, then

luvlizr 2y < lullLe@)llvlize2)
forallu € LP(£2) and v € L1(82).
Theorem A.2 (Sobolev’s inequality). Suppose s € Z>1 and 1 < p < oo.
(i) If sp <n, then
lulla2) < lullwsr@),  p<q<np/(n-—sp),

forallu e WP (82).
(i1) (Morrey’s inequality) If sp > n, then

lull o S lllwsrzy, 0 <p <min{l,s —n/p},
forallu e W5P(£2).

Theorem A.3 (Interpolation). Suppose €g >0, 1 < p <00, k,s € Z>o and k < s. Then there
exists a constant K > 0 such that

lulk,p < K (€luls,p + €S OullLr(e))

for 0 < e < e, where | - |k p is the seminorm defined by

o= 10ul)

|ot|=k
Theorem A.4 (Multlplzcatton lnequaltty) Suppose 1 < p < 00, §1,52,...,50+1 € Z, 51,582,
8¢ = sp41 =0, andZJ: —n/p > s¢+1. Then
Nuruz - uellwrsee (@) S Nutllwesi @)y lluallwes2 @y - - - luellwese @)

forallu; e WPS5i(2),i=1,2,..., 4.
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Theorem A.5 (Gagliardo—Nirenberg’s inequality). If 1 < p,q,r < 00, s € Z»1 and |o| < s,
then

I—|al|/s la|/s
” DauHLr(_Q) < ”u”Lq(_Q) ||u||Ws.p(_Q)

forallu € L1(£2) N WP (82), where

s—la| o 1
- 4+ =

sq sp o r
In particular

o]

]*li,‘ S
uH sp < ||M||ngg)||u||WVl7(Q)

[D%ul s <
LTl (2)

Theorem A.6 (Moser’s inequality). Suppose s € Z>1, 1 < p < 0o, |a| <5, f € C°(R),
£(0)=0, ueCOUR)NL®R2)NWSP(2), and u(x) € V for all x € 2 where V is open and
bounded in R. Then

1D £ || 1 @y < CULF s i) (1 + Tl o)) el ws oy -
A.2. Spacetime inequalities

We now prove spacetime versions of the multiplication and Moser inequalities adapted to the
HOS(G™), A7(G") and X7 (£2) spaces.

e ¢
Proposition A.7. Suppose s1,s2,...,8¢+1 € Z, S1,82,...,5¢ = S¢+1 = 0, and Zj:1 sj—n/2>
S¢+1. Then

luqus--- MZ”'HO,S@H (Tm) S llun ||’;-[0,S1 (T™) ||u2||7-[0-f2(11‘n) T ||“€||H0~S(('J1‘n)
forall uj € HO5 (T, i =1,2,...,¢.

Proof. By Theorem A.4, we have that

Nuruz - el gsen 2y S Nutllmgs @) luzll gs2 @) - el gse2)

and

Nuruz - uell gss ey S Nl msi oy luzll ms2 ey - - - lluell mse (@e).-

Moreover, it is obvious that

2 2 2
lrua - wellpo gy = llwrua - -uelly2 ) + lluruz - uelly2 ge,

2 2
< uquz--- MKHHSHI (2) + lluruz--- MZHHSZ+1(_QL:)'
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The desired inequality

luerues - wellggosesr opuy S Nt llpgosy ooy 2905 cpay - - Nutell gy (o
H (T") (™) (™) (T")

now follows directly from the above inequalities. O

The next four propositions are closely related to Lemma 3.2 and Theorem A.6 from [12].
Since proofs of Lemma 3.2 and Theorem A.6 are not provided in [12], we, for the convenience
of the reader, provide some of the details here.

Proposition A.8. Suppose s € Z~, 2, f € C°(R), f(0) =0, u € X7 (G") and v € Y3.(£2) with
2 C G". Then

19f £ @) |02 gny < Clullesen)  and (8 F O] oe ) < Clull ()
Jor0 < £ <s.

Proof. We begin by differentiating f(u) £-times (0 < € < s5) with respect to ¢ to get

Hfw = > farky W w00, (A1)
k4 =L

where fi,.. .k, € C*~¢(R). Noting that s + Y —kj)—n/2=ms—L+s—n/2>5—L,

,,,,,

we see that we can apply Proposition A.7 to (A.1) to get

k ki

0;u"! ||H0.x7k1 e || 3" u ”HO’X*km (-
Combining this estimates together with Theorems A.2 and A.6, we arrive at the desired estimate

¢

o/ f(u)”’}.t().sfi(’]rn) < Cellullgs rmy)-
The other estimate
¢

19f F )| -ty < C IVl E5(2)

is proved in a similar manner. O

Proposition A.9. Suppose s € Z>1, | < p< oo, f € C*R x R R), ue WPSTH(2), du €
WP-S(§2) and the higher time derivatives Btzu (€ > 2) are obtained by formally differentiating

O2u = a" (u, u)d; dju + b (u, du)d; du + g(u, du) + h,
where h € WPST1(2), 8'h =0 and a'/ b/, g € C* (R x R"*! R). Then u satisfies the estimate

Hatjf(u, 3”)” wrs—i(2) S C(”M”wl,wm)» ||atu||L°°((2))(1 + llullwrs+1o) + ||31M||WP-S(SZ))

forO < j<s.
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Proof. First, we observe that estimate

|| 8t£f(l,t, DM, 8lu)” W”"V_K(Q)

< C(”“”wlm(g): 9rull oo (2)) (1 + lullwrs+1(g) + [0 llws.r (2)) (A2)
holds for £ =0, 1 < p < oo and s € Z3 thanks to Theorem A.6. We now proceed by induction
and assume that (A.2) holds for 1 < p < o0, s € Z>»1, £ =0,...,min{s — 1, j — 1}, and maps

f € C*®, where the constant C in (A.2) also depends implicitly on the C* norm of f. In particular,
this implies that

I atf—l(le(u, Du, d;u)d;u)|| Weitip(g) S C(1+ Nullys+rpia) + 0ullwsr).  (A3)

where

C = C(llullwrooey l3ullLo(e))- (A4

To proceed, we write the jth time derivative of f (u, Du, d;u) as

o[£, Du, ;)] = /" (D1 f (w, Du, du)d,u) + 8] " (D2 f (u, Du, d,u) - 3, Du)

+8) (D5 f(u, Du, du)d2u). (A.5)

Since we can already estimate the first term of the right hand side of (A.5) using (A.3), we turn
to estimating the second term, which we write as follows

8/ (Daf (. Du, 8 - 8, Du) =Y ar (35 Do f) - (3 ' Dju). (A.6)
k=0

Next, we observe that

D[ Do f -3/ T Doyu]

= > awp(DPofDaf) - (D8] Do), el =5 j, (A7)
B+y=«a

for appropriate constants a; and aqg. Letting C denote a constant of the form (A.4), we now
estimate (A.7) as follows:

| D[ Daf - 8]~ * Doyu] lira

S 2 (PFofDay)- (D7) Do) g,
|BI+lyI=s—Jj
Bk j—1-k " e s .
< Z | Do Dy f ||L A o) | D7 8 Dd;u ||L T @ by Holder’s inequality

IBl+lyI=s—j
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k j—1—k
/S Z ”3 D2f|| \ﬁHk k, \ﬂ\+k (Q)Haz 3tu||W‘y|+j7k7(j—k—l).#(g)
IBl+ly|=s—Jj
s¢ Z .(1 + ||”||W|m+k+1,|ﬂrﬁ(9) + ||3tu||W|,3‘+k,|5%(g))
[Bl+lyl=s—j
x (14 flull i G o + |13 ull e (Q)) by induction hypothesis
1Bl+k Bl+k
gc Z (1+ ||u||WY+1 p(g)+”8tu”WYp(Q))
[Bl+lyl=s—]j
lyl+i—k lyl+ji—k

X (14 lull sy + 18l () by Theorem A5

<C(1+ lllyssog) + 10l wsr().

This estimate together with the formula (A.7), shows that we can, with the help of Theorem A.3,
estimate (A.6) by

||8f_1(D2f(u,Du,8,u)-B,Du)“WAH,(Q) C(L+ llullyssipg + 18iullwsr2).  (A8)

where the constant C is of the form (A.4).
With the second term in (A.5) estimated, we use relation

O u = a' (u, du)d;dju + b' (u, du)d; du + g(u, du) + h, (A.9)
to write the third term in (A.5) as
8/ "' (Ds f (u, Du, ;)92 u)
=9/ [D3 f (u, Du, d,u)(a" (u, 9u);dju + b (u, du)d; dyu + g(u, du) + h)].

Similar arguments employed above to derive (A.9) show also that

[ 577! (D3 f (u, Du, du)d}u) | ;. ) S S C(1+ llullys+rpeay + 19ullwsr@)  (A.10)
for a constant C of the form (A.4). Together, the estimates (A.3), (A.8) and (A.10) show that

18/ f @, D, i) gy )
C(lullyroogys 18l o)) (1 + Nl + 0l wsr ()
This completes the induction argument and the proof of the proposition. O
Similar arguments can be used to prove the following variant of Proposition A.9.

Proposition A.10. Suppose s € Z>1, 1 < p < oo, f € CTIR,R), u € WPST(2), du €
WP-5(82) and the higher time derivatives Beu £ > 2 are obtained by formally differentiating
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0% u = a'l (u, du)d;dju + b' (u, 0u)d; du + g(u, du) + h,
where h € WPST(2), 83¢h =0 and al b/, g € C*(R x R"*! R). Then u satisfies the estimate
” azjf(u)” Wrstl-i(@) S C(”M”lewm)a ||atu||L°°(Q))(l + llullwps+1y + ||8tu||WP'S(.Q))

forO< j<s+ 1.

Proposition A.11. Suppose s € Z>1, 1 < p < oo, f*' € C*H (R, R), u € WPST1(2), du €
WP-5(82) and the higher time derivatives afu £ > 2 are obtained by formally differentiating

O u = a" (u, du)d;dju + b' (u, du)d; dyu + g(u, du) + h,
where h € WPST1(2), 83fh =0 and a¥l b/, g € C*(R x R"*! R). Then

9, [atk F1 @3y Ju Wrs—k(2)

C(”“”WIDO(Q)ﬂ ”3lu”L°°(.Q))(l + ”u”Wp,.H—I(_Q) + ”aﬂ/i”WPr(Q))

for 0 <k <.

Proof. Differentiating the formula

k—1
[0%, £ (u)d,] Z( ) [0F € r a0 u+ 08/ ul,
=0
we see that
. k=l 3 3
H(ESSZEOEANESY (e) [05=C(Df 7 8u)d;8fu + 8K £719;8;8{u
£=0
+ 3 H(Df%u) o u + 8f 7095 9u] (A.11)
and
k—1 X ' '
ao([of. £ aJu) =" <E> [0 (Df% 0pu)d;0fu + 8¢ fO8,8;9 u
£=0
+ (DB u)d T u + 3¢ O8] 2. (A.12)

To estimate (A.11) and (A.12), we start by differentiating the term

A fIiia;8;0 u (A.13)

s — k times to get
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DY(3f~  f 1 00;0{u) = Y agpDP (3f T FI)DY (3;0i0{u), lel=s—1—k, (A.14)
Bty =«

for appropriate constants ag. Letting C denote a constant of the form,

C(lullyroocgys 10ull L))

we estimate (A.14) as follows:

| D [0F = £ 0100 u] | Ly )

S D [t S (I LI s
|Bl+ly|=s—k

< Z |DPas=t ¢ ”L e o) | DY D*8fu ||L i ) by Holder’s inequality
|BI+lyI=s—k

< k—¢ . i .

~ |;3|+|y2|=s—k” 9 fHWw,W’jﬁ(m ”@“HW\sz,Mﬁ—M(Q)

<C 3 (Nl e, g LT

pPs
Bl sk BT (2 BlTk—C—T (_Q))
yl=s—

X (1 + ||M||W|y\+2+z, — @ + ||3tu||Ww\+1+/z,7‘y|j:§+[ (Q)) by Proposition A.9
|Bl+k—0—1 |Bl+k—0—1
<C Y (T lullyeit gy + 10ullyssig) )
|BI+ly|=s—k

lyl+1+¢ lyl+1+¢

x (14 et llyys'n () + ||8;u||Wsj,(9)) by Theorem A.5

SC(1+ llullys+rp () + 1ullwsr2))-

This estimate together with the formula (A.14) shows that we can, with the help of Theorem A.3,
estimate (A.13) by

|9~ £7"0,0;0/u| Ws—k(2)
< C(llullwioo(gy 18wl o (@) (1 + Nullyseo @y + 18iullwsr (),

for 0 < £ < k — 1. Using the same arguments, it is not difficult to verify similar estimates hold
for the remaining terms in (A.11) and (A.12), which allows us to conclude that

I 3#[3zk7 F@)dy Jul Wwrs—k(82)

forO0<k<s. O
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Appendix B. Potential theory

In this appendix, we recall some results from potential theory that we require to prove energy
estimates. We begin by recalling the following well known result.’

Proposition B.1. Suppose p € (1, 00), s > 0 and € C*°(T") satisfy ¥ > 0 on T" and v (xg) >
0 for some xo € T". Then the map

A=y WHLP(T) > Wb (TY) (s > 0)
is an isomorphism.
Letting
L=(A—y) WP (T") — WP (T")
denote the inverse of A — v, we can represent L as
Lv(x) = / E(x, y)v(y)d"x
Tn

where E is the integral kernel of £. Fixing an open set £2 C T" with C* boundary, we then
define the single and double layer potentials by

Sv(x):/E(x,y)v(y)da(y), x ¢082, (B.1)
082
and
JIE
Dux) = f o), ¥ £4Q, B.2)
y
982

respectively. Here, do is the natural area element on 92 and v is the outward unit conormal
to £2.

Proposition B.2. Suppose p € (1,00), k € Z>1, and (xg) > 0 for some® xo € §2¢. Then the
linear map’

RooLloxa: WoP(2) > WP ()

is continuous (i.e. bounded).

7 Here, A = 8% d;d; is the flat Laplacian.
8 Recall that 2¢ =T" \ £2.
9 Here R denotes the restriction operator, i.e. for a function f defined on T", R, f(x) := f(x) for all x € £2.
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Proof. The proof follows from a straightforward adaptation of Proposition 3.6 in [3]. Here, one
simply needs to use the analogous mapping properties for the single and double layer potential,
as defined above in (B.1) and (B.2), as a replacement for the potential theory used in [3] that
was based on the (flat) Laplacian on R3. With this replacement, the proof from [3] goes through
directly without any further changes needed. 0O

Appendix C. Weak solutions of wave equations

We recall some basic facts about weak solutions to linear wave equations. We begin with the
definition of a weak solution.

Definition C.1. Suppose a*’ € WH2°([0, T], L®(G")), a*’ = a"*, p* € H'([0, T, L>2(G")),
g” € Who° ([0, T1, L™ (G")) N L*([0, T x G™), and there exists a ¥ > 0 such that

K|E* <agE; forall & = (&) e R" and a® < —«.

Then we say that u € H'([0, T] x G") is a weak solution of

3 (a"’dyu) = f+ 0, (p" +q"u), (C.1)
(uli=0, dyuli=0) = (o, u1) € H' (G") x L*(G"), (€2)
ifl()
(u(t), u(®)) = (uo,uy) in H'(G") x L*(G")
and

(awaﬂu|¢>L2([o,T1xGn) = —({f19)12q0,71xGm) + <pM + q““iaﬂ‘p)m([o,nx@")
forall ¢ € H' ([0, T1, LX(G™)) N L2([0, T, H' (G")).

With the above notion of a weak solution, the proof of the next theorem is just a special case
of Theorem 2.2 from [12].

Theorem C.2. Suppose u is a weak solution of (C.1)~(C.2). Then u € C([0, T], H'(G")) N
C([0, T1, L*(G")) and u satisfies the estimate

15)
Ju@) g e < c(||u(n)||E(Gn) +di+ / @)@ | g ) +d3(T)dT)

|

forall0 <ty <tr <T, where

10 Here, following standard notation, “—"" denotes weak convergence.
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di =[P 2gny + (14 [a@D | oo @) [4 @D 2y
d2(t) =1+ || 8la(t) “LDO(GVI) + ||61(f) ||LOO(GY!) + || 3:‘]0)}
d3(0) = F O 2 gny + [P

n (Gn) I

L (G")
and ¢ = c(k, |lall L 0,T1xG"))-
Appendix D. Field rescalings

In this appendix, we establish the behavior of the norms H*S(Q1) and HY (QT) under rescal-
ing. These results are used repeatedly in Section 3 when we exploit the freedom to localize the
estimates for the linear IVP (3.1)—(3.2).

Proposition D.1. Suppose 0 <3< 1, 5,£ € Z»0,n 23,0<0<1,0<0 <s—n/2, s —€ >0,
feM>(Q), g € HO Q1) he H™—+74(Qy) and let

(8x) — f(0)
fa(ﬂ=%, gs(x) =g(éx) and hs(x)=h(5x).
Then
1 fslazscon < 1 T3 -
1
I8l0-c01) S 518 Hs-cc0y)
and

1
llhs ||Hms7£1'v_k(Ql) f, S_ZHhHHmsfevS—‘(Qly
Proof. First, a short calculation shows that
”Dsfﬁ ”iZ(Q]i) =826 ” D‘Yf”iZ(Qb.i) < §He =) ” DSinZ(QIi)’
and in particular, that
” D’ f ”LZ(QI*) < ” Dsf”LZ(Qli) (D.1)

since s — o —n/2 > 0 by assumption.
Next, we observe that

” D2f5 ||i2(Q1) =§2¢m ” D2f||i2<Q5)

:62(2_“)_"(f|D2f|d"x+/|D2f|2d"x)
07

Q5
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which implies via Holder’s inequality, Theorem A.1, that

2 _ 2 2
| D fs ||L2(Q]) <8’ "(||1||LP(Q5)|| sz”LZq(Q;) + ”1"LP(Q3)” sz”qu(Q;))

<20 WP (| D2 f |1y oo+ D F 201

for 1/q +1/p = 1. Choosing p =n/n — 2 and hence g = n/2, the above inequality becomes

” D2f5 ||22(Q1) < 2<n71)(n72)/n52(176)(|| D2f| i"(Ql_) + ” D2f| i"(QT))'

However, by Sobolev’s inequality, Theorem A.2, we have that

| D%l

Lr(07F) S ” sz”Hn/Z—l(QTt),

and this allows us to conclude that

” D2f6 ”Lz(Ql) SJ (“f”HS(Ql_) + ”f”HS(QT))’ (D.2)

since s >n/2and o < 1.
Next, we observe that

|f(8x) — f(O)]
|f8(x)| < |x|GW < max{”f”CO,o(Q;f), ||f||CO,o(Q5*)}
< max{”f”CO,a(Q;r): ||f||(;0,a(Q1*)}

for all x € Q1. This together with Sobolev’s inequality gives

I fsllLeco) S I1F 900,y

which, in turn, implies, with the help of Holder’s inequality, that

||f6||L2(Q1) S ||f||7-[0=s(Q1)- (D.3)

The inequalities (D.1), (D.2) and (D.3) together with interpolation, see Theorem A.3, then show
that

1 fsll32s 00y S N lazs o))

while, a short calculation shows that
_ 2 —0— —t 12 1 — 2
”Ds ngS”LZ(QT):(SZ(S o n”DS ég”LZ(Qai)gﬁ”Ds gg”L?(Q:lt)’ (D4

since s > n/2 implies that 2s —n > 0.
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We now consider the two cases'!

Casel: s —{>n/2.
Suppose now that s — £ > n/2. Then

llgs ”LOC(Q?:) < ”g”LOO(Q?:) S ”g”HS—f(Q?:)

by Sobolev’s inequality, and so

g5l 20 < 1810y 1T 20 S I8l s-eo, (D.5)
follows by Holder’s inequality.
Case2: s — ¢ <n/2.
Suppose now that s — £ < n/2. Then
(D.6)

lgsll r2ggty = 87218l 2y < 87211 pur-n gty 81l Le (Q5)

for
1 (=40

1
qg 2 n
by Holder’s inequality. But ||1]| n/s-0) = 2(=Ds=0/nss—L and so, we see from (D.6) that

1
||g8||L2(Qli) S 87||8||Lq(Q]i)

since s —n/2 > 0. However,
”g"Lq(Q?:) g ”g”HS_Z(Q?:)

by Sobolev’s inequality, and therefore, we have that

1
851,202 S 5718l ms-cco%: D.7)

In either case, the inequalities (D.5) and (D.7) when combined with (D.4) and interpolation

show that

< 1
llgs ”HS*[(Qli) ~ 87 ”g”H“@(Qli)’

11 We can avoid the case s — £ =n /2 for n even by replacing s by a non-integral § which is slightly less than s while

using the version of Sobolev’s inequality that is valid for the fractional Sobolev spaces.
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and so we see that

1
||88||1-10-s4(Q1) S 5t ”g”HOJ*@(QI)-

Continuing on, a simple calculation yields

T P e

(01) ~ (7 §s—ms—¢

Fourcasess —£=0,s —¢=1,s — ¢ =2 and s — £ > 3 now follow.
Case l: s —¢=0.

If s = ¢, then my;_, = 0 and the estimate

1
||h5||L2(Q1) S 6_S||h||7-10,0(Q,)
is a direct consequence of (D.9) since s —n/2 > 0.
Case2: s—£=1.

If £ =s — 1, then we see from (D.9) and m| = 1 that

1
(Ss—l

IDhsll 20, S 87" 5= I1DRI 20y S 57 1P o))

since s —n/2 > 0.
Case 3. s — 0 =2.

If £ =5 — 2, then we see from (D.9) and m, = 2 that

%] 129,y <57

1
o~ 5l Dk,

1
on S5l D320,

since s —n/2 > 0.

Case4: s — € > 3.

Ifs—¢>3,thenmg_y =2 and twocases s —2 — € <n/2and s —2 — £ > n/2 follow.

Cased4a: s —2—4{ <n/2.

2 _ 2
” D2h5 ”LZ(Q]) =5+ ” D*h ”Lz(Q,;)

:34—"<f|02h|d"x+f|Dzh|2d”x).
05 05

_ 1
<& | DR 12

(D.8)

(D.9)

(D.10)

(D.11)

(D.12)
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Using Holder’s inequality, we can write this as
2 - 2 2
” D2h5 ||L2(Q1) S 34 n(” 1 ||LP(Q(;) ” Dzh “LZ!{(Q;) + ||1||LP(Q;) “ Dzh ||L2(1(Q5+))
— — 2 2
for 1/q + 1/p = 1. But, we notice that

| D]

< | D2 <
L ) | D%h| fs-a-e gy S Whll e o) (D.14)

where in obtaining the first inequality we used Sobolev’s inequality, while

2 |2 2,112 2,12
”D hSHLZ(Q]) S SW(HD h| Lt_172(x2—127/é)(Q1_) + ”D h‘ LnTz(._vzfzfz)(QT)) (D.15)
follows from setting
_ n d "
1= o5—2—0 Y PTox-2"0

in the inequality (D.13) and recalling that s > n/2. Combining the two inequalities (D.14)
and (D.15), we arrive at

|D%hs | 20, < SignhnHo.s-«(Q]) S Sienhuﬂz‘x-z@l). (D.16)
Case4b: s —2—{¢>n/2.
Suppose now that s —2 — £ > n/2. Then
[D%hs ] e 2 S 821D ooy S ID%A] oae gy S Ml -0

by Sobolev’s inequality. Using Holder’s inequality, it is not difficult to see that the above inequal-
ity implies that

|D?hs]] 20,y S IRl o520,y S 8il||h||Hz,x-e(Q.>. (D.17)
In either case, (D.16) and (D.17) show that
2 1
||D hs ||L2(Q1) S 6_(||h”H2»5*4(Q1) (D.18)
holds.

From the inequalities (D.8), (D.10), (D.11), (D.12), (D.18) and interpolation, we conclude
that

h < —in
1rsllggms-es-tig)) S 5z 1hllggms-es—tigy- B
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We will also need the following version of Proposition D.1 for the H* (Q'f) spaces. Since it
can be established using similar arguments, we omit the details.

Proposition D.2. Suppose 0 <5 <1, 5,6 €Z>0,n>23,0<0<1,0<0<s—n/2,s—£20
feH Q). g€ H Q) and let

S(@éx)— f(0)
fsx) = Y and  g5(x) = g(dx).
Then
Il fs ”Hs(QT) S ”f”HS(Qf’)
and
1
”g(S ”H:—Z(QT) 5 87 ||g||Hs—l(Ql+)
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