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Abstract. We consider the timelike minimal surface problem in Minkowski spacetimes
and show local and global existence of such surfaces having arbitrary dimension > 2 and
arbitrary co-dimension, provided they are initially close to a flat plane.
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1. Introduction

In this work we consider timelike minimal submanifolds of dimension 1+ mn, n > 2,
of Minkowski spacetimes of dimension 1+ n + ¢, ¢ > 1. A submanifold is called
minimal if it is stationary with respect to variations of the induced area, which thus
provides an action for the system. Timelike minimal submanifolds may be viewed
as simple but nontrivial examples of D-branes, which play an important role in

691



J. Hyper. Differential Equations 2006.03:691-700. Downloaded from www.worldscientific.com
by MAX PLANCK INSTITUTE FOR on 11/16/15. For persona use only

692 P. Allen, L. Andersson & J. Isenberg

string-theory, and the system under consideration here thus has natural
generalizations motivated by string theory. In this work we prove a small data,
global existence result for timelike minimal submanifolds of arbitrary codimension
q. The solutions which are constructed are close to flat timelike planes.

The Euler-Lagrange equations arising from variation of the area form a quasi-
linear system of PDE’s, which under suitable conditions on the data is hyperbolic.
This system is closely related to the scalar quasilinear hyperbolic PDE governing
timelike minimal hypersurfaces. The small data, global existence problem for time-
like minimal hypersurfaces has been considered by Brendle [1] and Lindblad [8]. The
work of Lindblad makes use of the null structure of the system, and our approach
is closely related to the work in [8].

Consider an embedding of R'*" into Minkowski spacetime R!*"+4 given by the
graph of a map f : R'"™" — RY. Let Greek indices o, 3, ... take values in 0,1,...,n
and let uppercase latin indices I, J, . .. take valuesin 1, ..., g. We introduce cartesian
coordinates £ on R'™” and z! on R?. The induced metric R'*" is

hag = Nap + faf301s, (1.1)

where fI =2l o f, fI = 0,f! and n = diag (—1,1,...,1) is the Minkowski metric.
Varying the action

S= [/—deth, d ™",
yields the Euler-Lagrange equations
0=0u[V—dethh" fl] I=1,...,q, (1.2)
which we consider for small data
F10.) =eg" 0.f1(0,) = k!, (1.3)

with ¢!, k! smooth and decaying sufficiently fast for large |z|; for simplicity we
restrict to e < 1. Here h*” is the inverse of hqg.
For future use, we note that Eq. (1.2) can be written in divergence form

Of" = 0u[F™ f1], (1.4)

where O = 7#*70,0, is the Minkowski wave operator and F*(0f) = n* —
v —det h h*" | as well as in the form

HMVJL(af)aﬂanJ :Oa I: 17"'7(] (15)
where

H" , =+/—deth [(SJLh’W - 51]5KL(hHVhaﬁf§fé
R LK R )] 19
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We raise and lower Greek (intrinsic) indices using h,,, and its inverse, while Latin
(extrinsic) indices are raised and lowered using the identity d;; and its inverse. From
Eq. (1.6), it follows that H"”;, has the symmetries

H" ;) =H" ;= H",. (1.7)

Due to the symmetries, an energy estimate and local well posedness holds for the
system (1.5).

The local existence argument follows [2] (see also [11]) and uses an energy
inequality which takes advantage of symmetries in the system; see [4] for a treatment
of well-posedness and lifespan results for symmetric systems. The global existence
result also requires estimates applicable to divergence equations (see [9]) and an
L>* — L' estimate. Furthermore, the global existence result in n = 2 dimension
exploits the fact that the equation satisfies the null condition; see Sec. 4 for details.

2. Local Existence

The local well-posedness for systems of the form (1.5) is well established. Therefore
we do not give a complete proof here but rather provide a simple proof of the basic
energy estimate. The proof of local well-posedness then follows along the same lines
as the proofs given in [2] or [11]. Note that the energy estimate we state here also
plays a key role in the global existence results discussed in the next section.

Write |0f|> = n“”éuflff;,]; the function space norms used below are defined in
terms of this and analogous expressions. Using the identity

v v 1 «
(F)CH" 1y £1,) = O | H" 1y J1 £ = SHyy fa 508

v 1 1%
— O [H" ) fL 1+ 580 [H" ] f,ff{,],
a standard argument yields the following energy estimate.

Lemma 2.1. Let f € C?([0,T) x R*;R?) for T > 0 and assume that H""}; has
the symmetries (1.7). Further, assume that H"" |, satisfies

v v 1
DOIHM =0 o] < 5 on [0, 7). (2.1)

Then for t € [0,T) we have
t
10f(t, )z <2 <||3f(07 SlIFE +/0 > IH 0,0, f (7, -)|L2dT>
T

X exp (/Ot 2||0H (s, ')||Lood8>. (2.2)

With this energy estimate, the proof of local well-posedness can now be com-
pleted by an iteration procedure following exactly the outline in [11] or [2]. The
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approach in [2] makes use of some extra structural assumptions which are eas-
ily removed, and gives local well-posedness in Sobolev spaces H?, for integer
s > n/2 4 2. The argument in Sogge gives the result for s > n + 3. Since we
are concerned with small data, global existence here, the exact regularity needed
for the local well-posedness is not important. We can now state the following result.

Theorem 2.2. Let s > n/2+ 2 and consider equation
H“VJL(xafvaf)auaufJ:GL(xafvaf)a I:]-avq (233)
with initial data

Here H" ,, and G are assumed to be smooth functions of their arguments and
H",, is assumed to satisfy the symmetries (1.7). Suppose the initial data (g, k)
is such that Eq. (2.1) is valid for H"";, evaluated on (g,k). Then there is a
T > 0, which depends only on the norm of (g,k) in H® x H*™1, and a function
f € C%([0,T] x R*;R?) which solves (2.3), with [0%f| bounded for |a| < 2. The
maximal time of existence is bounded from below by the supremum of all T such
that (2.3) has a C? solution such that for 0 <t < T, Eq. (2.1) is valid and 0“f is
bounded for |a| < 2.

3. Global Existence in Dimensions n > 3

Global existence follows from a procedure similar to that discussed in [8]. The
estimates needed rely on a collection of weighted norms defined using the set of
Lorentz vector fields Z,,, which include the generators of the Lorentz group, along
with the generator of dilations:

{04, Qap == 220, — 20y, Qoa = tdy + 10y, L := t0; + 10, }.
These form a Lie algebra, which satisfies the following commutation relations

[Z,,,0,] Zaw o, a,," =0,%£1, and

=20, it Z, =1L
Z,,0) = A=
12,0 {O, otherwise.

It follows that the equation [y = 0 is preserved by these operators. We now define
the following norms in terms of products Z* (for multi-index «) of the Lorentz
vector fields applied to f:

> ozt lze, (3.1a)

laf<m

> 12 e, (3.1b)

lo|<m
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= > (022 F(t )|~ (3.1c)
|or| <L

No(ty= > 12°f(t, )| (3.1d)
|| <I41

Here m is an integer such that m > 2n+ 1 and | = (m + 1)/2. Since 9, € {Z,},
these norms control the L? and L> Sobolev norms (of order k and [, respectively)
of f and Of. It follows that controlling these norms is sufficient to overcome the
obstruction to local existence discussed at the end of the previous section. In par-
ticular, if we control these norms, then f is bounded in C?. Furthermore, we use
the norms Np, Ny to show stability in the sense that they decay as t grows. Note
that any estimate for Ny implies an estimate for N7 as well.

The following two propositions also play a role in our proof of global existence.
(See [9], and also [3,5, 8], for some of the proofs of these results.)

Proposition 3.1. If g is a solution to

Og = 8, F*
g(0,-) =eg, 909(0,:) = ¢k
then

t
lg(t, )12 < Cuatac m(t) +Z/ Fo(r, ) 2 dr,
0
m

where

~ flog(2+41t), if n=2,
m(t) = {1, otherwise,
and Caiq depends on g, k, and F°(0,").

Proposition 3.2. The solution to

Og=G
9(0,-) =ego, 0og(0,) =eq

satisfies

C
lg(t, )| <

(1+t+ |z|)(n—1/2

<Cdata€+ / Z

lo|<m—

ANE
(ETEARTICEVERS

ds |.
Ll

To make use of the above propositions in controlling the norms (3.1), we apply
Z“ to both sides of Eq. (1.5) for ff, and obtain

H" ,0,0,(Z°f7)

= Z Hrgy oy ooy oag (00 290 f10) (8, 2% f16). (3.2)
k>3,5 |ai|<|al+1
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Since W = nHv + O(|0f|?), this may also be written as

D(Zafl) = Z ﬁ}1~~~lk,fy1~~~7k,a1mak (871Za1f11)”'(8"}%Zakf[k)'
k23,5 ozl <lal+1

(3.3)

with some modified coefficient functions H, satisfying H = O(|0f|?). Note that at
most one of the «; can satisfy |a;| > (Ja| + 1)/2. The global existence proof also
depends on the form of the divergence equation (1.4). In particular, we note that
det [R] Y = n + O(|0f|?) as |0f] — 0, and thus F* := g —\/—det h hH" =
O(|0f]?). Hence applying Z* to (1.4) we obtain

u, I o g 3
D(Zafl) :8u Z FIl1/~~~1k,'yl~~~'yk,a1~~~ozk (8’712 1f11)"'(8’7kZ kflk) )
E>3,57 |ai|<|a

(3.4)

where again at most one of the a; can satisfy |a;| > |a|/2.

We are now prepared to show global existence in dimensions n > 3. The proof
uses a continuous induction, or bootstrap argument.

To set up the bootstrap argument, we assume that there is a constant K so that
on [0,7") we have the following estimates for the norms defined in (3.1):

M (t) < Ke, (3.5a)

Ms(t) < Ke, (3.5b)
Ke

Nl(t S m, (35(3)

Ny(t) < (1:{# (3.5d)

To close the bootstrap, we show that we can in fact choose K sufficiently large and
e sufficiently small so that the above inequalities hold independently of T" with Ke
replaced by Ke/2. This implies that for small data, solutions can be extended for
all T > 0.

Applying the energy estimate of Lemma 2.1 to (3.2) and summing over |a| < k,
we have

t t
M(t) <C (Cdatas + / Cn, N1(5)? M, (s) ds> - exp (C/ Ny (1)? dT>,
0 0
where Cly, is a constant absorbing possible “extra” factors of N (s) and only reflects

the finiteness of Nj(s). Likewise, applying Proposition 3.1 to (3.4) and Proposi-
tion 3.2 to (3.3) gives us

t
Ma(t) < Ce + / i, Ny (5)2M (s) ds
0
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and

No(t) < M% (Cdataf +/0 % (Mi(s) + MQ(S))2 ds)

where we have made use of the Cauchy—Schwartz inequality. Under the assumed
bounds, we have that for some C,

My (t) < KD (Caapac + C(Ke)?Ke) <

)

K
2
K
MQ(t) S Cdata5+ C(KS) Ke < 76
1

where the second inequality in each line holds for all ¢ if K is chosen sufficiently
large and ¢ is chosen sufficiently small. Recall that an estimate for Ny(¢) follows
from the estimate for No(¢). Obtaining these tighter bounds on the norms, we have
closed the bootstrap. In view of the continuation property stated in Theorem 2.2,
we have proved small data global existence for n > 3.

Ke

No(t) < - -
2(t) < = 2(1 +t)(n-1)/2°

(C Cdatas + C(Ke)*) <

4. Global Existence in Dimension n = 2

In the case of n = 2, we require more detailed information concerning the structure
of the system. In particular, we exploit the fact that the system satisfies the so-called
“null-condition” of Klainerman [6,7], which is a condition on the quadratic part of
the nonlinearity. We consider null forms, quadradtic forms of first derivatives, which
are given by

QOO(fag) :nuu(auf)(al/g)a Qaﬁ(fag) = (804,]0)(859) - (8ﬁf)(aag)7 Oé?éﬁ
(4.1)

and satisfy time decay closer to that of cubic terms. In particular, if @ is any null
form, then

QU 9) (L)) < 1+t+|$| |leaf (t |ﬁlzl}zﬁ glt,x) (4.2)

Furthermore, for any Lorentz vector field Z and null form @ there exist constants
a*” so that

ZQ(f,9) = Q(Zf,9) + Q(f, Zg) + " Quu(f, 9)- (4.3)

Returning to the system (4.2), we note that the Lagrangian associated to the
volume element of the induced metric is £ = v/— det h. For small |0f], we have

—deth =1+ 77“1/5Ufif[,] + 0(|8f|4)
=1+46Qoo(f", f7)+ O(lof")
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and thus the Euler-Lagrange equations take the form

(L4 0k Qoo (f5, 1)) af7

= IO [anQul(f4, 2] + O (92700 . (44)
For small |0f| we have that
(1+0k2Qoo(f5, f) " =1+ 0 (10f1%); (4.5)

thus we obtain
1
Of’ = 5@00 (£7,648Quo(f*, £B)) + O (10°f] - |0f]*) . (4.6)
Applying Z¢ yields

OZof) = > Quo(Z™ f7,048Quo(2° 4,2 fP))
2 || <]

+0O (12702 f| - |27 (06)") . (4.7)

where |aq] + [52] < |a.

The proof of global existence when n = 2 follows closely the proof for higher
dimensions, with three differences. First, the null equation (4.7) is used in place of
(3.3). Second, we use the following variation of the energy estimate of Lemma 2.1.

Lemma 4.1. Under the hypotheses of Lemma 2.1, we have

[0f(t; )2 < CllAf(0,-)]|z2 - exp <—/O ClloH (7, )| L= dT)

t t
0 [ S 1B o (- [ Clom o ar ) .
0 7 s

The third difference is that the bootstrap assumptions of (3.5) are replaced by
the following:

M (t) < Ke(1+1)°, (4.8a)

My (t) < Ke(1+1)°, (4.8b)
Ke

Ni(t) < A+ (4.8¢)
Ke

Na(t) < A+ 072 (4.8d)

where 0 < 6 < % is a fixed, arbitrary constant. We apply Lemma 3.1 to (3.2) and
obtain the estimate

L' C(Ke)?
Mi(t) < Caatat - d
)< oo || G55 ar)

+/Ot%-exp(/st%(%?idr)d&
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Computing

L O (Ke)? ) 1+t 144\ O
exp( i 7(1—!—7) dT> —exp(C(Ks) log(1+s)> = (1+s) ,

one sees that

t
M (t) < Caarac(1 + £)CED* 1 O(Ke)3(1 + )0 K’ / (1 + s)7 17K gg
0

= Caaac(1+ 1)K 4 O(Ke)> (1 + 1)ED*[(1 4 1)° =KD" _q]
< Ke(1+1)°/2

for large K and small e. Similarly, application of Proposition 3.1 to (3.4) implies
that for suitable large K and small € we have that

b O (Ke)?
_ L e)m
Ms(t) < Cyataglog (2 + 1) +/0 1+ )10

< Caataclog (2 +1) + C(Ke)3(1+1)° < (1 +1)°Ke/2.

ds

Lastly, via application of Proposition 3.2 to (4.7) and use of the null estimate (4.2),

we obtain
C L C(Ke)?
Ng(t)gi)l 7 (cdataw / i (Ke) _ds)
0

(1+t 14 5)3/2-2
1 .
< m (C Cdata€ + C(K5)3)
Ke

S —

— 20144V
provided K is large and ¢ is small. As the estimate for Na(t) implies the desired
estimate for Ni(t), we have that for all finite intervals [0,7T), the estimates (4.8)
imply that better estimates hold, thus concluding the proof.

5. Concluding Remarks

The analysis of timelike minimal surfaces and submanifolds introduces a family of
geometrically-motivated quasilinear PDE systems which are both intriguing and
relatively unstudied. The work done by Brendle and Lindblad and continued here
constitutes merely a first step in this analysis.

Among other things, one would hope to see progress on the characterization of
local well-posedness for the timelike minimal submanifold PDEs in general Lorentz
spaces, as well as discovery of nontrivial stable solutions other than the flat planes
one finds in Minkowski space. Exploring the nature and formation of singularities
in these submanifolds should lead to interesting new phenomena.

Further, it is interesting to explore the relation between the timelike minimal
surface PDE’s and the classical minimal surface problem, see e.g. [10] and references
therein.
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In addition to the case considered in this paper, the more general D-brane
equations which arise when various matter fields are incorporated into the action
occur in string theory and are of current interest in theoretical physics. It is clear
that timelike minimal submanifolds will provide a rich source of new mathematical
problems for some time to come.
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