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1. INTRODUCTION 

Interes t in Alfv€n surface waves has been st imulated in recen t years by expcrimen· 
ta l studies of the Alfven wave heating scheme. This scheme relics on mode conversion 
of the compressional Alfven wave, generated by an ex ternal antenna, to t he torsional 
Alfvcn wave , at a resonance surface inside the plasma. The only compressional wave 
modes that propagate at sufficiently low frequencies are those poloidally asymmetric 
(m =I 0) modes known as s urface waves. Surface waves are also relevant to the ion 
cyclotron heating scheme, as they may be parasitically excited by antennas des igned 
to couple to those 'cut- off' modes of the compressional wave which do not propagate 
above a certain non- zero frequency [1,2]. 

The behaviour of Alfven surface waves has been inves tigated theoretically in both 
s ingle- ion [3-8] and two-ion species [9'- 11] plasmas. All these studies assumed the 
plasma to be separated from a conduding wall by an insulating or vacuum gap. Cross 
and Murphy [12J showed that the surface wave spectrum in a single-ion species plasma 
is significantly affected when this gap is replaced by a region of low density plasma. 
The present paper extends this work to the case of a two- ion species plasma. The 
res ul ts are relevant to Alfven wave heating of a plasma containing impuri ty species 
and to ion cyclotron minori ty and mode conversion heating. 

2. PLASMA MODEL 

I consider a cylindrical plasma of unifor~ electron density n" and radius a, sur
rounded concentrically by plasma of uniform electron dens ity nb < nu and a conducting 
wall at radius d. A uniform magnetic field jj = B oz exis ts in the region 0 < r < d. I 
consider small amplitude perturbations varying as exp[i( kU z + mO - wt )], and adopt 
a cold plasma approximation, ignoring finite e lectron mass and displacement current, 
but including the Hall term in Ohm's law. 

The wave bz component in each region of uniform density satisfies the equation 

(1) 

where 
ki = (F' - G') / F, 
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and Of = W/Wcj, w is the wave frequency, wc; ::;:: BoZ;ejmj is the cyclotron frequency 
and w;i = ni(Z,.)2 / (mjf"o) the plasma frequency of the ion species j of mass mil charge 
Zje and number density ni ' 

Dispersion relations were obtained by numerical integration of (1) from T = D_to . 

r = d, using appropriate boundary conditions at T = d and r = a. It is noted that wh~n 
a plasma is in contact with a conducting wall, the radial component of plasma velocity 
must be zero at the wall. This precludes the existence of surface wave modes in a cold 
plasma without a vacuum gap adjacent to the wall. Since the gap can be vanishingly 
narrow, results are given for zero gap width. These results represent the limit"ing case 
as the gap width approaches zero, in an analogous manner to the single-ion species 
case discussed in [121. 

3. RESULTS 

Representative dispersion relations are shown in Figure 1 for parameters typical 
of a small research tokamak, assuming d = 0.12 m, ai d = 0.8, no = 1 X 1019 m-3 . 

A plasma comprising equal proportions of hydrogen and deuterium is treated in order 
to make the dispersion curves clear. The figure shows, for m = +1 and m = - 1, the 
effect of replacing a vacuum layer in the region a < r < d by a low density plasma, i.e., 
of increasing nb / no from 0 to 0.1. For m > 0 modes, the main effect is to introduce a 
cut-off and resonance near the cyclotron frequency of each ion species, thus giving a 
dispersion relation with three branches instead of the original one. These are labelled, 
in order of increasing frequency, S (surface waveL COl (cut-off branch 1) and C02. 
S and COl merge respectively with the locii of the Alfven resonance and the ion
ion hybrid resonance in the edge plasma (also shown in the figure) as W --I' WeD and 
W --I' WeB respectively. Note also that the surface wave spectrum crosses the central 
plasma ion- ion hybrid resonance via a mode crossing in both the presence and absence 
of a v~cuum layer. This effect was examined in detail in [91. 

The introduction of a finite density edge plasma has little effect on the dispersion 
relations of the m < 0 modes that are present in a plasma surrounded by a vacuum 
layer. However, a new mode (labelled C02) now propagates, at frequencies just below 
WeH· 

4. DISCUSSION 

It is reasonable to question the relevance of the dispersion relations presented above 
to realistic plasma density profiles. It was shown in /121 that, in a single-ion species 
parabolic plasma with a finite edge density, a cut-off occurs at around the ion cyclotron 
frequency in the m = + 1 dispersion relat ion, corresponding to the result obtained for 
a step profile plasma. Although a similar calculation has not yet been attempted for 
a two-ion species plasma, it may be assumed that a similar correspondence will be 
found. 
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Figure I.-Dispersion relations of the m::; + 1 and m = - 1 compressional Alfven 
wave in a step density profile plasma (see inset) consisting of equal parts deuterium and 
hydrogen with d::;:: 0.12 rn, aid = 0.8, nO. = 1 X 1019 m - 3 , and nb/no. = 0 (unbroken 
lines) and 0.1 (dashed lines). The loc ii or the Alrven (A) and ion- ion hybrid (IIH) 
resonance frequencies at densities nO. and D.Ina are also shown (dotted lines). 
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In the case of plasmas of somewhat larger minor radius and density, the higher 
radial mode number cut-off branches (which do not propagate in the frequency range 
shown in Figure 1) can propagate at frequencies down to or below the cyclotron fre.
quencies of one or both ion species. These are the modes of interest for 'fast wave' 
ion-cyclotron heating. The effect on the surface wave spectrum of introducing a finite 
density edge plasma remains the same, so the results given in this paper are relevant 
to ion cyclotron minority and mode conversion heating of larger devices . The existence 
of low kll surface wave modes at w ~ WcH could be associated with the relatively high 
impurity levels observed to be produced by antennas which excite a wave spectrum 
centred around kll = 0 1131. 

The cyclotron frequencies of impurity ions can be a small fraction of that of the 
majority species, and thus of the order of the wave frequency in Alfven wave heating. 
This means that the alterations to the surface wave dispersion relation effected by the 
presence of a finite dens(ty edge plasma, particularly the introduction of a cut-off and 
resonance near the lower ion cyclotron frequency in the m > 0 case, are relevant to 
the Alfven wave heating scheme. As the coupling efficiency of an antenna array to 
the Alfven resonance surfaces inside the plasma depends critically on the efficiency of 
excitation of the surface waves present, it is clear that the presence of a finite density 
edge plasma should be considered in Alfven wave heating calculations. 
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