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Extracting Information on the Equation
of State from Binary Neutron Stars
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Abstract Recently Bauswein and Janka [6, 7] found that the typical frequency
of a hypermassive neutron star, which is called f2 in this paper, is a simple func-
tion of the average rest-mass density, essentially independently of the equation of
state considered. While expected, this result is very important to decide the system
mass from observed gravitational waves. However in their simulations, the Einstein
equations were solved by assuming conformal flatness and employing a gravita-
tional radiation-reaction scheme within a post-Newtonian framework. Besides this
mathematical approximation, there is also a numerical one in the use of smooth-
particle hydrodynamics code, which is well-know to be particularly dissipative and
that rapidly suppresses the amplitude of the bar-mode deformation and rapidly yields
to an almost axisymmetric system. Therefore we have reinvestigated the calculations
in their work improving on the two approximations discussed above (i.e., conformal
flatness and smooth-particle hydrodynamics) to obtain an accurate description both
during the inspiral and after themerger. Thenwehave found another typical frequency
with a clear peak, which is called fLI in this paper. Finally we show the relations
between the initial masses and the fLI and f2 frequencies of the gravitational waves
emission from a hypermassive neutron stars.
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15.1 Introduction

Binary systems of compact objects, such as neutron-star binaries, neutron star-black
hole binaries and binary black holes, inspiral and merge as a result of the emission of
gravitational waves (GWs). They are the most promising sources of GWs in a series
of advanced detectors such as LIGO [1], Virgo [2] and KAGRA [3], which will be
operated within next five years. Especially binary neutron star mergers (BNSs) may
be the most common source with realistic detection rate of ∼40 yr−1 [4].

It is known that GWs from hypermassive neutron stars (HMNSs) formed after
the merger have a typical peak frequency (see the right panel of Fig. 15.2), which
has been recently identified as the frequency of the fundamental quadrupolar fluid
mode ( f2 mode) [5]. Recently, Bauswein and Janka [6, 7] found that the typical GW
frequency of a HMNS is a simple function of the average mass density, essentially
independent of the EOS considered, by performing a large number of simulations.
This result is very important to deduce the system mass from the observed GWs.

However in their simulations, the Einstein equations were solved by assuming the
conformal flatness condition (CFC) and employing a gravitational radiation-reaction
schemewithin a post-Newtonian framework. Besides this approximation in the equa-
tions, their results may be affected by the numerical technique they use to solve the
equations of relativistic hydrodynamics, namely smoothed-particle hydrodynamics
(SPH), whose well-known large dissipativity probably suppresses rapidly the ampli-
tude of the bar-mode deformation and so rapidly leads to an almost axisymmetric
system.

In this work, we reinvestigate their work by improving on the two approximations
discussed above (i.e., CFC and SPH) to obtain an accurate description both during
the inspiral and after the merger. Unless explicitly stated, we use units in which
c = G = M� = 1.

15.2 Methodology

All of our calculations have been performed in full general relativity. The evolution
of the spacetime is obtained by using a recently developed constraint-damping CCZ4
formalism [8] with a “1+ log” slicing condition and a “Gamma-driver” shift condi-
tion. The general-relativistic hydrodynamics equations are solved using the Whisky
code [9], with the Marquina flux formula and a PPM reconstruction. The grid hier-
archy, with a reflection symmetry condition across the z = 0 plane, a π -symmetry
condition across the x = 0 plane and a moving-mesh refinement, is handled by the
Carpetmesh refinement driver [10], where we have used six refinement levels, the
finest having a resolution of 0.15 M� � 0.221 km. Thanks to this, we can extract
accurate gravitational waveforms in the very far zone from the center of the system
(typically at a radius rex = 500 M� � 738 km). In this work, we analyse only the
� = m = 2 mode of GWs, which is dominated one.
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In order to close the system of equations for the hydrodynamics, we employ a
“hybrid” equation of state (EOS) based on a piecewise polytropic (PP) EOS aug-
mented by a Γ -law EOS. That is, pressure and specific internal energy are

p = pad + pth, ε = εad + εth, (15.1)

where

pth = (Γth − 1) ρ εth,

pad = Ki ρΓi (ρi−1 ≤ ρ < ρi , 1 ≤ i ≤ n) ,

εad = εi + Ki

Γi − 1
ρ(Γi −1), Kl+1 = Kl ρ

(Γl−Γl+1)

l (1 ≤ l ≤ n − 1) .

The detail parameters used by this work are shown in Table15.1.
We use quasi-equilibrium initial data of irrotational equal-mass BNSs with coor-

dinate separation D = 45 km, which are computed by the multi-domain spectral-
method code LORENE [12] under the assumption of a conformally at spacetime
metric. This configurations undergoes ∼3.5 orbits in the inspiral phase and then
creates a HMNS.

15.3 Results

Figure15.1 shows the spectrogram of the � = m = 2 plus polarization of GW, h+.
Clearly there are basically two dominating frequencies, one correspond to the orbital
frequency in the inspiral phase (t < 0) and the other is the typical GW frequency ( f2
mode) of the HMNS after the merger (t > 0). As expected, the f2 mode undergoes a
large variation in time. This behavior is rather different from the one reported in [6,
7] (compare Fig. 15.1 with Fig. 15.2 of [6]). The waveform at 20Mpc is shown in the
left panel of Fig. 15.2. It consist of the part of the inspiral, merger, HMNS and black
hole. In the right panel, we show the power spectral density (PSD) of the effective
amplitude which is defined by

h̃( f ) ≡
√

|h̃+( f )|2 + |h̃×( f )|2
2

, h̃A( f ) ≡
⎧⎨
⎩ 2

∫
hA(t)e−i2π f t dt ( f ≥ 0)

0 ( f < 0)
,

(15.2)
where “A” indicates two polarizationmodes,+ or×. Beside a f2 peak, we can clearly
see another peak labeled fLI (“LI” means “Last Inspiral”) in the figure. These typical
peak frequencies will be observable by advanced LIGO.
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Fig. 15.1 The spectrogram of the � = m = 2 plus polarization of GW, h+, for the model with
MADM ≈ 2.731M� and polyt. EOS, which is equivalent to two NSs with M ≈ 1.378M� at infinity.
The waveform is aligned at the time of the merging [13]

Fig. 15.2 Time evolution of the GW amplitude h+ with the phase of inspiral, merger, HMNS
and BH (left) and the PSD of the effective amplitude h̃( f ) f in the time interval T =
[−1500, 5000] M� ≈ [−7.39, 24.63] ms (right) for the same model of Fig. 15.1. In the right
panel, the black solid line shows the sensitivity curves,

√
Sh( f ) f , of advanced LIGO [14], the

green and blue shaded regions show fL and fR, which are used for the definition of the effective
peak frequencies

Because the peak frequencies change in time, we define its average as

〈 f 〉 =
∫ fR

fL
h̃( f ) f 2 d f∫ fR

fL
h̃( f ) f d f

(15.3)
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Fig. 15.3 Correlation between the square root of the specific average mass density
√

Mtot/Rmax
3

and the average peak frequency of 〈 fLI〉 (left), 〈 f2〉 (right)

within the time interval T = [−1500, 5000] M� ≈ [−7.39, 24.63] ms, where fL
and fR are defined by the frequencies that satisfy the condition

h̃( f ) f = max
[
h̃( fLI) fLI

]
× 3

4
, h̃( f ) f = max

[
h̃( f2) f2

]
× 1

2
(15.4)

(see the green and blue shaded region in the right panel of Fig. 15.2). In Fig. 15.3 we
show the correlations between the square root of the specific average mass density
(Mtot/Rmax

3)1/2 and the average peak frequency of 〈 fLI〉 and 〈 f2〉 in polyt. EOS,
where Mtot = M1 + M2 and M1,2 are the gravitational masses of each NS at infinity.
We can clearly see a simple linear relation for both 〈 fLI〉 and 〈 f2〉. The similar
correlation for 〈 f2〉 have been already pointed out by [6, 7], while we report the
correlation for 〈 fLI〉 for the fast time. Definitely both cases have tight correlations,
and these can be a powerful tool to extract the information of BNSs such as the
system mass from the observed GWs.

15.4 Final Remark

This work is still in progress. We will provide soon complete results for several
binaries obeying a variety of hybrid EOSs, although we have reported the results for
only one EOS, i.e., polyt. EOS, in this paper.
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