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Linear negative energy waves are of interest in the context of nonlinear and dissipative 
instabilities /1 / , / 2/ . They might also have a bearing on, for example, problems of anoma
lous transport. This paper presents conditions for the existence of negative energy waves 

derived via a variational formulation of the Vlasov-Maxwell theory / 3/ . / 4/ , / 5/ . 

Noether's theorem is used to obtain a second-order energy expression in the perturba

tions which is the wave energy. Using localized perturbations, it can be shown for any 

equilibrium that negative energy waves exist if for at least one particle species v 

(1) 

holds for some fJ and x and for some directions k / 5/. This generalizes a result recently 

obta ined by Morrison for homogeneous isotropic plasmas /2/. Here fSO
) (x, V) is the 

unperturbed distribution function for species v in a frame of reference in which the total 

energy of the equilibrium is smallest. 

Since the Vlasov theory becomes invalid for length scales smaller than the Debye length, 

the ques tion is to what degree it is necessary to localize the perturbations. For a homo

geneous plasma with Eo = 0 no localization is necessary. For general inhomogeneous 

sys tems with Eo i- 0 the localization needed should be similar to that for general homo
geneous magnetized plasmas, which are therefore investigated in this paper. § (O) and A(a) 

are taken as 
,4(0) = (0, B(O) x , 0) . (2) 

For E (a) = 0 the minimum is obtained for a vanishing perturbation A (·) of the vector 

potential, which is a possible choice in the sense of an initial condition / 5/ . In this paper 

is also chosen for §(O) i- 0 , which, howe.ver, might no longer correspond to the minimum 
of E (l ) and therefore overestinate the necessary localization. 

With eqs. (2 ) and (3) the second-order wave energy becomes 
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(4) 

w" = e" B {O) / (m"c) , 
e", is the unit vector in the x-direction, 

t(lI) is the complex amplitude of the electric field perturbation and 

FJ') = FJ') (x, il, t) is a generating function for the perturbation of the particle positions 
and velocities (in eq.(4) IFJ')12 is chosen ,.., 5(v",) which is possible because of ISO) = 
1(0 ) (2 , )). 

" v", + Vy,V Z • 

X~(.,) -
v - (5) 

The electric field energy can be made equal to zero, being a biIinear expression of phase 
space integrals involving linearly the functions FJ") , without influencing the particle con
tributions to E(2) With 

relation (4) becomes 

1 I 3 [ 1 I' - - alSO) v L: - - d v - FS') k· v k . -_- + 
" 4m" av 

+ i w" V;e 

(6) 

V is a large periodicity volume. If I - > 00 again yields the general condition (1). On the 
other hand 

k 11 B (O) o (7) 
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allows E(2) < 0 without any restriction on If I . 

In general, one will have conditions between (1) and (7). This is qualitatively similar to 

perpendicular wave propagation, which is treated here more explicitly. 

For this case eq. (6) becomes with k = (0, k, 0) 

E(') = v L _1_ J d'v (W' r(O) I aFS') I' 
v 4m., v v 8v'l 

From eq. (8) it follows that 
aF(') 

k-"-":O av, 
is necessary for E(2) < 0 . Minimization of E(2) under the constraint 

v L _1_ J d'v w~ rSO) I aFS') I' = 1 
v 4m., 8v" 

with a Lagrange parameter ± - 1 yields for the minimum of E(2) 

E(2) = 1 - ±. 
This is negative for 0 < A < 1 . With the dimensionless quantities 

the corresponding Hermitian eigenvalue problem is 

~ (r(O) aFS') ) 
+ a" " a" VII VII 

o. 

Negative E(2) are associated with 

(8) 

(9) 

(10) 

(U) 

(12) 

(13) 

(14) 

The smallest k and therefore the least localization corresponds to the smallest eigenvalue 

A. 

A > 0 requires that f~O) have a minimum with respect to th = Jii; + v~ . The minimum 

wave vector is then qualitatively given by 

(15) 
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t::o~ : the maximum of I~O) • r: i " : its relative minimum in t::..v" • 
t::.. u" : distance between the maximum and the minimum of ISO) , 
V" : velocity somewhere between the maximum and the minimum of ISO) 
A numerical solution of the eigenvalue problem (13), (10) was obtained for 

_3 

( ) v'1 er. / !3 _1. ( 1 -a lfll - 1 oi l ( _1.,,: [I/0 (vi. v", ) = e ~ . e::' 
(21T) l / 2 V;h 

O:'S"a<l (J > 1 . (16) 

ISO) has a minimum with respect to V.L for er.{3 > 1 . At the same time the system is linearly 
stable for 

0: and e were chosen in the range 

0.5 :'S" a $" 0.9 0.1 Se$" 0.9. 

For this range the numerically obtained values for 

kmi"T9 = ..; Am." 

can be approximated by 

F + 1 
1.13 

2 Hm •• (F-1) 

with 

F = fmo:t / lm." I 

fmoz = [(0) (v' 
1/ ':I moz' 

In a {3 

(J - 1 

v.) ,I mi" = I~O) (0, tJ",) . 

(17) 

(18) 

(19) 

Equation (19) agrees with the general relation (15) . In the unstable parameter regime 

kminT9 is not much larger than 1, in the stable regime it is between 10 and 60, but there 
is no relation to the" Oehye length. The corresponding negative energy waves therefore do 

not necessarily contradict the range of validity of the Vlasov equation. 
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