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1 Introduction

For supersymmetric gauge theories with eight supercharges in four, five and six dimensions,
a conserved current belongs to the so-called linear multiplet [1]. This multiplet is described
by a real SU(2) triplet superfield, LY = LU9) and L = L;; = aikEﬂLkl, subject to
the constraint

DUL*) =0, (1.1)

with « the four-component spinor index. Conserved current multiplets in N/ = 3 and
N = 4 supersymmetric field theories in three dimensions have similar structure [2, 3].

It is well known that the four-dimensional A/ = 2 supersymmetric Yang-Mills theories
are non-chiral. There are no chiral fermions in five dimensions. Thus all supersymmetric
gauge theories with eight supercharges in four and five dimensions are anomaly-free. How-
ever, in six dimensions all irreducible matter representations of ' = (1,0) supersymmetry
(the hypermultiplet, the vector multiplet and the tensor multiplet) as well as the supergrav-
ity multiplet contain chiral fermions. Moreover, the tensor and supergravity multiplets also



contain chiral bosonic fields, which are gauge two-forms with (anti) self-dual field strengths.

These features imply the existence of numerous chiral N' = (1,0) supersymmetric gauge

theories. That is why the classification and structure of anomaly-free 6D supersymmetric

theories were thoroughly studied in the 1980s at the component level, see [4] for a review.
In the presence of anomalies, the 6D conservation equation (1.1) turns into

DULI*) = AUk (1.2a)
for some superfield A = A(()fj ") constrained by!
DAL =0 (1.2b)

It was conjectured in [6] that A4* has the following structure:
Aldk = D, AR DG ATkm) — ¢ (1.3)

This led the authors of [6] to conclude that the anomalous current multiplet is a 6D
relaxed hypermultiplet [7]. A decade later, this conclusion was re-considered by Howe and
Sezgin [8] who studied the AN/ = (1,0) Yang-Mills multiplet coupled to a tensor multiplet.
By analysing the one-loop corrected equations of motion, they found an expression for AP
that was incompatible with (1.3).

In this paper we will argue that the anomalous 6D N = (1,0) current multiplet L%
obeys the equation

DULI® = kieapsWHIWITWH (1.4)

where W@ is the field strength of an abelian vector multiplet [9, 10], and & a real pa-
rameter. As we will show, it follows from this equation that there exists a current j* at
the component level satisfying 9,j¢ oc €®°@f f ., f.ife f, with fu, the component gauge in-
variant field strength. Equation (1.4) can be shown to be superconformal assuming L% is
a primary operator of dimension 4. On the contrary, it may be shown that the “relaxed
hypermultiplet” (1.3) does not describe a representation of the superconformal group.

Equation (1.4) appeared in [8] in the context of the model describing the 6D N =
(1,0) Yang-Mills multiplet coupled to the tensor multiplet.? Here we will argue that the
constraint has a universal nature.®> The simplest anomalous ' = (1,0) supersymmetric
theory is a hypermultiplet coupled to a U(1) vector multiplet. The hypermultiplet contains
a single chiral fermion interacting with the gauge field. The corresponding gauge anomaly
is well known [11-15]

1

a; abcede f
9 Ja 38477'35 f(zbfcdfef . (15)

!The superfield AY* subject to the constraint (1.2b) corresponds to a closed six-form, see [5].

2The analysis in [8] is rather inconclusive, as may be deduced from the final comments given in that
paper. The authors state that “in order to capture the full supermultiplet structure of the equations of
motion plus anomalies, one should relax the “relaxed hypermultiplet” even further.”

3In [8] Howe and Sezgin considered the non-abelian vector multiplet. Eq. (1.4) admits a straightforward
generalisation and we leave discussion of it to section 2.



It corresponds to eq. (1.4) with x = i3 and j, a component field of L¥ (defined by

9673
eq. (2.39)).

This paper is organised as follows. Section 2 gives a superform formulation for the
anomalous current multiplet. In particular, the consistency of the constraint (1.4) is
demonstrated. In section 3 we compute the nonlocal effective action generating the chiral
anomaly. We also discuss how the problem of chiral anomalies should be addressed in the
frameworks of the harmonic and the projective superspace approaches. Section 4 is devoted
to an alternative description of the anomalous current multiplet. Concluding comments
are given in section 5. The paper also includes two technical appendices. Appendix A
is devoted to a brief review of the three prepotential formulations for the 6D N = (1,0)
vector multiplet. Appendix B contains the technical details concerning the derivation of
the anomalous effective action.

2 Superforms and the anomalous current multiplet

In this section we present a superform construction for the anomalous current. We work in
standard 6D N = (1,0) Minkowski superspace parametrised by coordinates 24 = (x®,09).
Our 6D notation and conventions correspond to [16]. In particular, the flat-superspace
covariant derivatives are denoted by D4 = (0., D%,), and the dual basis of one-forms is
denoted by E4, such that d = dzMdy; = EAD 4.

2.1 The vector multiplet

In this subsection we review the superspace formulation for the 6D N = (1,0) Yang-Mills
supermultiplet following [7]. To describe a non-abelian vector multiplet, the covariant
derivative D4 has to be replaced with a gauge covariant one,

Dap:=Dp+iVy . (2.1)

Here the gauge connection one-form V = EAV, takes its values in the Lie algebra of the
Yang-Mills gauge group Gyn. The covariant derivative algebra is

[Da,Dp} = Ta’De +iFag, (2.2)
where the only non-vanishing torsion is
T = —2ie” (1 )ap (2:3)

and F4p corresponds to the gauge covariant field strength two-form. The covariant deriva-
tives and field strength may be written in a coordinate-free way as follows

D=d+iV, F=dV-iVAYV, (2.4)

where )
D:=dz4Dy, V:i=dVy, Fi= 5dzB ANdzAFap . (2.5)



The field strength F4p satisfies the Bianchi identity
DF =dF +iVAF —iFAV =0 <= DuFpcy—Tus”Fipjoy =0. (2.6)

The Yang-Mills gauge transformation acts on the gauge covariant derivatives Dy and a
matter superfield U (transforming in some representation of the gauge group) as

Dy — e™Dye 7, U= U=U, =1, (2.7)

where the Hermitian gauge parameter 7(z) takes its values in the Lie algebra of G'yy;. This
implies that the gauge connection and field strength transform as follows

V=e™Ve ™ —ielTde™ ™, F T Fe T, (2.8)

Some components of the field strength have to be constrained in order to describe an
irreducible multiplet. Upon constraining the lowest mass dimension component of the field
strength tensor as

Fil=0, Fu= (s, (2.9a)

the remaining component is completely determined to be

i

3 (Yab) 5" DAV, (2.9b)

Fap = —
where the superfield W® obeys the Bianchi identities
o 1 o
DEw] =0, DW= i(sgpglwm : (2.10)

The vector indices of F,; can be converted into spinor ones as follows:

Fol = —i(yab)aﬁab = —i (D’;W,f - iagp’;wg) = —iDQ o (2.11)
It is convenient to introduce the following superfield:
XV .= %Dgiwm : (2.12)
The superfields Wi, X% and F,” satisfy the useful identities:
DIWIP = 58X — 21V F,P (2.13a)
D! Fs" = —DagW" — 51DssWP + %5gz>a5wi5 , (2.13b)
D! Xk = 220D, sWHF (2.13¢)

The above identities indicate how to define the independent component fields contained
in Wi, They may be defined as follows:

Ne=wie| o = FPL g = X (2.14)



where the bar projection of a superfield U(z) = U(z,0) is defined by the standard rule
Ul :=U(x,0)|p=o. The component gauge field is defined by v, := V,| and is related to the
component field strength f,; as follows

fab = 28[avb] + i[va, Ub] . (2.15)
It is seen that the vector multiplet consists of the following component fields: A\, v,
and y%.
The supersymmetry transformations of the fields \*, v, and y” may be obtained by
evaluating the component projection of the identities (2.13). This gives

SN = —iggy™ + 217 f5* (2.16a)
ey = =260 NP (2.16b)
551)‘1 = g]ﬁféa‘ = _gjc'y(’Ya)aﬁAjﬁa (2-16(3)

where we have used D, to mean its projection, D,| = 0, +1iv,, when acting on a component
field.
2.2 The superform formulation for the linear multiplet

The linear multiplet can be described using a four-form gauge potential B = %dzD AdzC A
dzB A dzABagep possessing the gauge transformation

0B =dp, (2.17)
where the gauge parameter p is an arbitrary three-form.* The corresponding field
strength is

1
H=dB= gdzE AdzP AdzY A d2B AdzAHapepe, (2.18)
where
Hapepe = 5DaBgepry — 10T45" BiricpEy - (2.19)
The field strength must satisfy the Bianchi identity
5
dH =0 <= DaHpcpery — iT[ABGH|G\CDEF} =0. (2.20)

In order to describe the linear multiplet we need to impose some covariant constraints
on the field strength H. We choose the constraint

Hapoly = =2i(Yape)apLl? , L7 = L7", (2.21)

and require all lower mass-dimension components to vanish. We can now solve for the
remaining components of H in terms of L*. The solution is

. 1 g

Hapedy, = _geabcdef(’Yef)aﬂDﬁjLUa (2.22)
i -

Hapege = *ﬂifabcdef(’yf)aﬁDiDlﬁLklv (2.23)

4The construction here is a straightforward generalisation of the ones given in [17].



where L% satisfies the constraint for the linear multiplet
DUL* =0 . (2.24)

We defer the definition of the component fields and the explicit form of their super-

symmetry transformations to the next subsection.

2.3 Chern-Simons couplings to the linear multiplet

Unlike in lower dimensions, the linear multiplet in six dimensions permits a deformation
with the use of a non-abelian vector multiplet. The deformed multiplet we will refer to as
the deformed linear multiplet. To deform the linear multiplet we now introduce a gauge
four-form B = %dzD AdzC AdzP A dz4Bagep and its five-form field strength defined by

H:—dB+ntr<VA]—"/\]-"+;V/\V/\V/\}"—11012/\)//\)//\)//\)/), (2.25)

where V and F are the Yang-Mills connection and two-form field strength of a non-abelian
vector multiplet, respectively. Here B is understood to be a gauge singlet, DB = d5. The
infinitesimal gauge-transformations are

5V = —dr, (2.26a)
5B:dp—/~etr(d7/\(V/\]:+;V/\VAV>>, (2.26b)

where 7 and p generate the gauge transformations of V and B, respectively. The field
strength H satisfies the Bianchi identity

dH = ktr(FAFAF), (2.27)

which is equivalent to

2Dy Hpcpery — 5T1ap  Hicioper) = 30k tr (J:[ABJ:CDFEF}> : (2.28)

In order to construct an irreducible multiplet one should constrain the components of
‘H. We can make use of similar constraints as those for the linear multiplet, eq. (2.21). We
impose the constraint

Habcfyljé = _Qi(Vabc)oaBEij ) ﬁij = £ji (229)

and require all lower components to vanish. Here £¥ is a gauge singlet.
Upon imposing these constraints the remaining components of H are completely de-
termined and are found to be

1

Habcdg = _égabcdef(’yef)aﬁDﬁj»Cij
+ KiCabedes (V) ap (7 )ystr (WfW(jVWi)‘;) ) (2.30a)
Habede = 5abcdefﬁf) (230b)



where

DULIR) — meawtr(wiﬁwﬂw’“) (2.31)
and
Ga_ 1 zavafpkpl oo K1 k_ayl 3ki k_abe
H 24(7 )" Do DLy 5 tr(sz(W y W)) + 3 tr(]:bc(W v Wk)) - (2.32)

In deriving the components of H the following identity proves useful:
Di®} = — e DE @ = & cagste(Xe DV, WH)) 4 i6,5L7

a % ] K a c 7 j
= (1)as (ot (FaWOWI) = 2 (v )otr (FEWITWI?) | (2.33)

where we have defined

4 1 g
¥, = 5D L7 . (2.34)

It should be noted that the Bianchi identities imply that H® satisfies

0, = ggabcdeftr <fabfcdfef) . (2.35)

Using the above results one can deduce the supersymmetry transformations. We define
the independent component fields of £¥ as follows:

Jij = ﬁ”‘ y 9024 = (I);‘ ; babcd = Babcd‘ . (236)
The component projection of the field strength is related to bgpeq as follows
Habede| = 50)a Bpede) + K tr (30v[afbcfde] + 30ivpqupve fae + 12v[avbvcvdve}) . (2.37)

The supersymmetry transformations of the component fields are found with the help of
the superform H and the identity (2.33). They are

0 J = =260k + ’iif/fgﬁ%ptr()‘w)‘j&)‘h) , (2.382)
el = € (1) saHal + 1 €W e garystr (Y NTNT) = 31 €% gantr (£ 1A, A]])

K R . i a . i
— 2 panstr (y TN, A 418 D017 = k€] (1%)pa (1 st (Fanh TN

K a cy (J7 ¢
_ng(Vabc)ﬁa(7 )75‘51‘ (fb )\(J’y)\ )6> ) (238b)
1 o e ) s e ,
O¢babed = —§€abcdeffk (V)" + K abeder €3 (v )ag(ﬂyf)vgtr(Ag)\(”)\k)‘s)
—24 K tr <5gv[avbfcd] + ;6§v[avbvcvd}> . (2.38¢)

The covariant component field strength,

§O = 21, (2.39)



transforms as follows:

bej” = ~2(1")a €0 ey + 4in€ (1) ag (71)500tr (AN
3K ,
+ et g () astr (N fuafe ) - (2:40)

The supersymmetry transformations for the usual linear multiplet may be obtained by
switching off the coupling to the vector multiplet, k = 0.

The component field j* defined by (2.39) is normalised such that the bar-projection
of (2.35) in the abelian case coincides with (1.5) upon identifying x = 1/(9673).

3 The anomalous effective action

Let I" be an effective action for the abelian vector multiplet. One may think of I" as the
functional obtained by integrating out the hypermultiplets coupled to the vector multiplet.

3.1 Conventional superspace formulation

If the vector multiplet is described by Mezincescu’s prepotential® [18] M;;(z), the effective
action is a functional of this superfield,

' =T[M;] . (3.1)
Varying I leads to the functional derivative L¥ = L7 defined by
o = / A8z 50 L (3.2)

where the integration is performed over the full superspace. The Mezincescu prepotential
M;; has dimension —2, and its gauge transformation is given by eq. (A.23),

0¢Mij = Dy (3.3)

with the gauge parameter fiajk being unconstrained. This gauge transformation means
that the theory under consideration is a gauge theory with linearly dependent generators,
following the terminology of the Batalin-Vilkovisky quantisation [19]. Indeed, the gauge

parameter in (3.3) is defined modulo arbitrary shifts + 07y, of the form

iajk; zyk
a (aB)
0&ij1 = C;kl ; Cz]kl C(z]kl) (3.4)

such that 6¢M;; = 55+55M” In its turn, the parameter Cf‘jgl in (3.4) is defined modulo
arbitrary shifts C]k,l C]k;l + 5Cjkl, where

B By _  (aBy)
5C]kl Di'w f}kz”m’ ng7m *w(?jkzvm)v (3.5)

and so forth. This means that the 6D N = (1,0) supersymmetric Yang-Mills theory
formulated in conventional superspace is a gauge theory of infinite degree of reducibility,
similar to the Green-Schwarz superstring.

®See appendix A for a brief review of the known prepotentials for the vector multiplet.



Under the gauge transformation (3.3) the effective action varies as
5T = / Aoz e, DL (3.6)

For anomaly-free theories, the effective action is gauge invariant, which means that L%
obeys the conservation equation (1.1). Therefore LY is a linear multiplet containing a
conserved current.

In the presence of anomalies, L% is no longer a linear multiplet. Instead it obeys the
anomalous conservation equation (1.2a). In order for the gauge variation

5l = / dOlBz g2, Al* (3.7)

to be invariant under the transformation (3.4), the anomaly superfield Aijk must obey
the consistency condition (1.2b). Of course, it must also comply with the Wess-Zumino
consistency condition [20]. Both conditions are satisfied if the anomaly superfield is

ATk = ik ey s WIEWITWR (3.8)

for some parameter k.
For anomalous theories, the effective action I'[M;;] may be represented as the sum of
two parts,

P=T4+T, (3.9)

where I'4 contains all information about the anomaly, while T is a gauge-invariant
functional,

6T = /d Bre Ak, 5T =0. (3.10)

Decomposition (3.9) is not unique. The anomalous part of the effective action, I" 4, may
be determined by making the ansatz

Iy = /dﬁgz M;AY (3.11)
in which AY[W]] is a functional of the field strength W, subject to the equation
DFAD) = Aiik (3.12)

In appendix B we demonstrate that A¥ may be chosen in the form:

o 3i9%P i 31 La ; 3 geBorv .
AY = gﬁDkaAB]k e P Dyo D gD( A]kl) 60 P DkaDmD( AIFD
11152 553 £OB6 ol B0 DisDyy Dins D(z D] Aklm)
764;12 512 018 B Dy Dyg Dy D D DY, DE, A (3.13)



3.2 Harmonic superspace formulation

In the harmonic superspace approach, the effective action for the vector multiplet is a
functional of the analytic prepotential V™ (2, ui),

[ =T[V+]. (3.14)
Varying I' with respect to V*+ leads to the functional derivative L™ defined by

6T = / a¢YevHrrtt . DLttt =o0. (3.15)

In particular, for the gauge variation 5,V = —D¥+\, which is the infinitesimal form
of (A.13) in the abelian case, we have

5\ = /dC(_4)5/\V++L++ _ /dc(_4))\D++L++ . (3.16)

If the theory is anomaly-free, the effective action is gauge invariant, 5,I' = 0, and L*T
obeys the conservation equation
DYt =0. (3.17)

In the central basis, this equation is equivalent to

LT (z,u) = Lij(z)quu;r . (3.18)

i
The analyticity condition DIL*T = 0 means that LY obeys the conservation equa-
tion (1.1). The conserved current multiplet, L%, coincides with the one originating within

the conventional superspace formulation described in the previous subsection.
In the presence of anomalies, the conservation equation (3.17) is replaced with

DLt = AGD - prAG) — ¢ (3.19)

with the analytic superfield A% containing all information about the anomaly. The
anomaly must obey the Wess-Zumino consistency condition, [dy,,dx,]I" = 0, which is equiv-
alent to

ZATD(() = / dCANDCOMG, AN O =AY, (3.20)
for some bi-analytic kernel A4 (¢, ¢ ).

3.3 Projective superspace formulation

In the projective superspace approach, the effective action for the vector multiplet is a
functional of the tropical prepotential V'(z,v;),

r=T[V]. (3.21)

Varying I with respect to V leads to the functional derivative L(2) (z,v), which is a weight-2
projective multiplet, defined by

57 = 1§ (v, dv) / @’z D {svI®},  pOL® —o, (3:22)
2 Jo

~10 -



with C a closed integration contour. Here we have also introduced the fourth-order operator
U

1 _ _
(=4 . _ = capyp(=1) p=) p(=1) p=1) (-1 .—
D : 965 Dy Dy "Dy Ds D = o)

5 hy D: , (3.23)

which involves a constant isospinor u; constrained by the only condition (v,u) # 0 along
the integration contour in (3.22). The variation (3.22) may be shown to be invariant under
arbitrary projective transformations

0
(i, vi) — (uj,v)R, R = (Z ) € GL(2,0), (3.24)
c
and therefore (3.22) is independent of u;. It may also be shown that (3.22) is independent
of the superspace Grassmann variables.
Choosing 0V in (3.22) to be an infinitesimal gauge variation (A.30) gives

5D = Qirjé(v,dv)/d% D(_4){(5\ - )\)L(2)} . (3.25)

If the theory is anomaly-free, the effective action is gauge invariant, d,I' = 0, for arbitrary
weight-0 arctic superfield A. It turns out that this condition implies

LA (z,0) = LY (2)vv; . (3.26)

Then the analyticity condition DS)L@) = 0 means that L¥ obeys the constraint (1.1). The
conserved current multiplet, L¥, coincides with those originating within the conventional
and harmonic superspace formulations described in the previous subsections. Eq. (3.26)
tells us that associated with the conserved current multiplet L%, eq. (1.1), is the holomor-
phic tensor field L2 over CP!.

If the theory is anomalous, the gauge variation (3.25) does not vanish. As a conse-
quence, the projective multiplet L(?) is no longer a linear multiplet.

4 An alternative description of the anomalous current multiplet

In section 2 we have constructed the consistent deformation of the 6D N = (1,0) linear
multiplet given by eq. (2.31). Here an alternative form for the anomalous current multi-
plet will be derived in the abelian case. We will use some harmonic superspace relations
described in subsection A.1.

We associate with the anomalous current multiplet L%, eq. (1.4), the following har-
monic superfield:

LYY =wfufl¥,  DYTLTT=0. (4.1)
Then eq. (1.4) is equivalent to
DL = kicapsWHPWHIWT (4.2)

with the superfield W® being defined by (A.4).

- 11 -



In the anomaly-free case, the current multiplet LT+ = ujujLij is analytic and holo-
morphic on CP?,

DYLTt =0, Dttt =0. (4.3)

Eq. (4.2) tells us that the anomalous current multiplet is no longer analytic.
As a first step, we represent

ieapsWHPWTIWT = DEFTT (4.4)
for some superfield F++(z,u*) defined up to an arbitrary shift of the form
F™t — FtT 4 gtt DYH™ =0. (4.5)
A particular solution of (4.4) is
o= —%Vaﬁwwwﬁ - Gisawvaﬁvwmwt (4.6)

where V3 is the vector superfield connection defined in (A.14b). In checking (4.4) the
following properties of V3 may be useful

D}V, = —2c03,sWT, D Vo5 = dapgV . (4.7)

It is seen that '™ is neither analytic nor gauge invariant. However, D™ FTT proves to
be analytic,

Dttt = _%G-&-—i—aﬁaaﬁv-f"i- , (4.8)
where we have defined
1
GHHab — ywhapw+s 4 E5a575V75D+W+, DIGttes =0 . (4.9)
Our second step is to introduce
LTt =Ltt — g FtH . (4.10)
It follows from (4.2) and (4.4) that Lt is analytic,
DLt =0. (4.11)
However, unlike LT, the superfield L*+ is no longer holomorphic on CP",
DL =AY DFAEY —¢ . (4.12)
The anomaly is now encoded in the analytic superfield At4). It is defined modulo shifts
AGY 5 AGY _ o pttgtt prptt =9, (4.13)

where the analytic superfield HT is a local composite of the gauge prepotential.
For the choice of F+* given above, eq. (4.6), A is

A = %RG++Q’B(3Q5V++ . (4.14)

It is an interesting problem to understand whether the functional freedom (4.13) allows one
to construct an analytic superfield A% = AGHY — x DT+ H+ obeying the Wess-Zumino
consistency condition (3.20).

- 12 —



5 Concluding comments

In this paper we have presented the consistent deformation, eq. (2.31), of the 6D N = (1,0)
linear multiplet which describes chiral anomalies. It is

DEL = wizap tr(WIWIWH) (5.1)

Its consistency is guaranteed by the superform formulation for the deformed linear multiplet
developed in section 2. Equation (5.1) is superconformal assuming £¥ to be a primary
superfield of dimension 4.

The consistent Chern-Simons coupling of the linear multiplet to a vector multiplet,
eq. (5.1), is a characteristic feature of 6D N = (1,0) supersymmetry. Such a deformation
was not possible in the cases of 4D N = 2 and 5D N = 1 supersymmetry. Equation (5.1)
is analogous to the constraint describing a deformed 4D A = 1 linear multiplet £ = L,
which is

D’L =2k tr(WWa ) , D’L =2k tr(Wde) , (5.2)

with W, the covariantly chiral field strength of a non-abelian vector multiplet, see [21] for
a review of the Chern-Simons couplings to the 4D N = 1 linear multiplet.

In the abelian case, we have computed the nonlocal effective action I' 4, which is given
by the relations (3.11) and (3.13) and which generates the gauge anomaly (3.8). The
effective action I'4 is constructed as a functional of the Mezincescu prepotential, which
corresponds to the formulation of the 6D N = (1,0) vector multiplet in conventional su-
perspace [9, 10]. It is known that such a formulation is not suitable (unlike, e.g., the
harmonic superspace approach) to do quantum calculations in general supersymmetric
Yang-Mills theories with eight supercharges in diverse dimensions. There are many rea-
sons for that, and the most prominent ones are the following. Firstly, the conventional
superspace approach does not offer means to describe off-shell hypermultiplets in com-
plex representations of the gauge group (see [22] for a detailed discussion). Secondly, the
Yang-Mills multiplet in this approach is a nontrivial gauge theory with linearly dependent
generators of infinite degree of reducibility. As discussed in detail in [23], the Batalin-
Vilkovisky quantisation of the theory has never been used to derive a consistent superfield
effective action.® Both problems simply do not occur with the harmonic superspace and
the projective superspace approaches.

We computed the effective action (3.11), (3.13) by integrating the gauge anomaly (3.8).
However, we did not compute the anomaly by doing supergraph calculations. Once the
structure of the anomalous current multiplet is established, it suffices to make use of the
known non-supersymmetric results [11, 12, 15]. This is exactly what was done in this paper.
It is of interest to compute the gauge anomaly by doing direct supergraph calculations in
6D N = (1,0) harmonic superspace, however the existing literature [24-26] does not offer
any insight. We hope to report on such calculations elsewhere.

SEven the Batalin-Vilkovisky quantisation scheme [19] is literally applicable to finitely reducible gauge
theories only.
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A Prepotentials for the Yang-Mills multiplet

In the case of supersymmetry with eight supercharges in diverse dimensions, 3 < d < 6,
there exist three different prepotential formulations for the Yang-Mills multiplet, which
make use of the following multiplets: (i) the Mezincescu prepotential [18]; (ii) the analytic
prepotential [27]; and (iii) the tropical prepotential [28]. The Mezincescu prepotential can
be obtained from the analytic one as described in section 7.2.4 of [22]. It can also be read off
from the tropical prepotential in accordance with [29]. In its turn, the tropical prepotential
can be obtained from the analytic one by getting rid of an infinite tail of superfluous gauge
degrees of freedom [30]. In spite of these relationships, the three distinct prepotentials are
useful for different applications.

A.1 Analytic prepotential

Supersymmetric Yang-Mills theory in six-dimensional A/ = (1,0) harmonic superspace was
formulated in [31, 32]. Here we briefly review this formulation following the harmonic
superspace notation of [22].

Let u; and u; be standard SU(2) harmonic variables, (u;~,u; ") € SU(2),

utt =, utu; =1, (A1)

with u;” = g;;ut?. Let D™, D=~ and DV be the associated harmonic derivatives defined

as in [22]. Using the harmonics we introduce U(1) projections of the gauge-covariant spinor

derivatives
DEf =Dl = DE +ivE,  VE=4FV . (A.2)
In accordance with (2.2), the operators (A.2) obey the following (anti)commutation
relations
{Df, D5} =0, (A.3a)
(D3, D5} = 21(7*")apDa (A.3b)
[Daa D;ﬂ = i(’}/a)aﬁwiﬁ ) (A.3C)
[Da, Dy] = iFap, (A.3d)
where W*® are the irreducible U(1) components of the field strength W,
W = yEwie (A.4)

In the harmonic superspace setting, it is useful to combine the superspace gauge-
covariant derivatives with the harmonic ones,

D; = (Do, D, D, D, D% = (D,, D=, D', D, D) = D; +iV; . (A.5)
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The gauge transformation of D ; is analogous to (2.7),
DA — DA = eiTDAe_iT . (AG)

Since the gauge superfield parameter 7 is harmonic independent, the harmonic derivatives
(D**, DY) are gauge covariant.

The equation (A.3a) is the integrability condition for covariantly analytic superfields
to exist. This equation can be solved in terms of a bridge superfield b = b(z, u) defined by
the rule

D =eDFel (A7)

o

The introduction of the bridge superfield leads to a new gauge freedom, in addition to the
T-gauge transformations (2.7). The complete gauge transformation law of b is

o — iheibeiT (A.8)

where A is a U(1) neutral analytic superfield, DI\ = 0.

The representation (A.5) for the gauge-covariant derivatives is called the T-frame. The
bridge superfield allows one to introduce a new representation for the gauge-covariant
derivatives, which is defined by

Di;— V;=e"Die " =D, +iV; (A.9)

and is called the A-frame. In this frame, the derivative V1 is short, VI = D}, and hence
V& = 0. However, two of the three harmonic derivatives acquire gauge connections:

Vit =D 4ivtt) V= =D +iV . (A.10)
As follows from the commutation relation [VI,V**T] = 0, the gauge connection V*+
is analytic,
Divtt =0. (A.11)
The connection V™=~ can be expressed via VT as a unique solution of the zero-curvature
condition
VT, v ]=D"° «— D"V~ —D VT 4iVvttv—]=0. (A.12)

The explicit expression for V=7 in terms of V1 was originally found by Zupnik [33]. In
the A-frame, no 7-gauge freedom remains. Under the \-gauge group, the connections V*++
and V7 transform as

ViR — G e —iN | pEtein (A.13)

The A-frame counterparts of the field strengths W*® will be denoted W*¢. In the abelian
case, there is no difference between W+ and W+,

The A-frame counterparts of the (anti-)commutation relations (A.3b) and (A.3c), in
conjunction with the identity [V~—, V1] = V, allow one to express the gauge connections
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V. and V, and the field strength W*¢ in terms V~~. The explicit expressions for the
connections are

V.. =-DIV—, (A.14a)

é(%)"‘ﬁDiD;V” = Vag=(1"asV :%D;DgV”. (A.14Db)

The expression for the field strength is

i

wre =
24

Sptp+tpty——

e DEDIDFVTT . (A.15)
As mentioned above, V™~ is uniquely expressed in terms of the analytic connection V1.
Thus, the superfield V1 is a single prepotential in terms of which all the connections are
determined, in complete analogy with the 4D case [27]. This prepotential is analytic, but
otherwise unconstrained.

A.2 Mezincescu’s prepotential

The Mezincescu prepotential was used in [9, 10] to describe the 6D N = (1,0) vector multi-
plet in Minkowski superspace. In this subsection we recall how the Mezincescu prepotential
is obtained from the analytic one following the discussion in section 7.2.4 of [22]. Only the
abelian vector multiplet is considered here.

In the harmonic superspace approach, the gauge prepotential V' and the gauge
parameter \ are analytic superfields, DI V™" = 0 and DI\ = 0. The analyticity constraint
on V1 is solved by

Vit = (DM, (A.16)
where 1
4 §
(DTt = _%eam DID} DYDY (A.17)
is the analytic projection operator, and M~ (z, ) is an unconstrained superfield. Similarly,
the analyticity constraint on A is solved by

A= (D), (A.18)

where p(~%(z,u) is an unconstrained superfield. The original A-transformation of V*++
turns into the following gauge transformation of M~

S\M~~ = —D+tp=1 (A.19)

In addition, it follows from (A.16) that M~ possesses a new gauge freedom that leaves
VT invariant and acts on M~ as follows:

5eM~~ = Dfed (A.20)

Here & (_3)0‘(7;, u) is an unconstrained gauge parameter.
The superfields M~ (z,u), p=*(z,u) and £3)(z, u) are smooth scalar fields on the
group manifold SU(2) of definite U(1) charges or, equivalently, smooth tensor fields on the
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two-sphere S? = SU(2)/U(1). Therefore these superfields are given by convergent Fourier
series in the harmonic variables,

M~ (z,u) = M”(z)ul_uj_ + M”kl(z)uz;u_u;ul_) +..., (A.21a)
P (z,u) = p”kl(z)u;u;ugul— +..., (A.21Db)
—3)a 4 ijk o — "=

9%z 0) = gg Tk (2)u; upug F (A.21c)

where the numerical coefficient in the last relation is introduced for later convenience.
Comparing the series (A.21a) and (A.21b), one can see that the gauge freedom (A.19)

allows one to gauge away all Fourier components of M~ in (A.21a) except for the lowest

one. In other words, one can impose a supersymmetric gauge
M~ (z,u) = M”(z)u;u; , M9 = M) (A.22)

The remaining superfield M¥ is exactly Mezincescu’s prepotential [18].

The gauge condition (A.22) completely fixes the p-gauge freedom. However, there
remains a residual &-invariance generated solely by the spinor gauge parameter £9F® =
€Uk in the series (A.21c). It acts on Mezincescu’s prepotential by the rule

0¢Mij = D&y (A.23)

which is exactly the gauge transformation derived in [9, 10]. In order to preserve the
gauge condition (A.22), this &-transformation has to be accompanied by a special p-
transformation

P (z,u) = éDéfjkla(z)u;uj_u;ul_ . (A.24)

A.3 Tropical prepotential

Here we recall the definition of the tropical prepotential [28] which is used to describe the
Yang-Mills multiplet within the projective superspace approach [28, 34]. We follow the
modern presentation of this approach given, e.g., in [35].

In the projective superspace setting, one does not work with the harmonics used in
subsection A.1. Instead, one deals with homogeneous coordinates v* € C2\ {0} for CP'. We
recall that CP! is obtained from C?\ {0} by factorisation with respect to the equivalence
relation v* ~ cv’, with ¢ € C*. Supersymmetric field theories are described in terms of
the so-called weight-n projective multiplets Q(”)(z,v). By definition, such a superfield is
defined by the following conditions:

(i) Q) (z,v) is holomorphic over an open domain of CP!,

0

~Z 0m —q. A2
5 Q" =0 (A.25)

(ii) it is a homogeneous function of v’ of degree n,

QM (z,cv) =" QM (z,v), ceC*. (A.26)
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(iii) it obeys the analyticity condition

D(l)Q(”) =0, D) — v,-Dg . (A.27)

Introduce two special points in N,S € CP!: the north pole N with homogeneous
coordinates v* oc (0,1), and the south pole S labeled by v o (1,0). Associated with
these points are two open domains, the north chart CP!\ {N} and the south chart CP!\
{S}, which cover CP!. In the north chart, we can introduce a complex (inhomogeneous)
coordinate ( as

1}2

v =01(1,0), ¢ i=1,2. (A.28)

_E7

The tropical multiplet V (z,v) is a weight-0 projective multiplet holomorphic on CP!\
{N US}. It is also constrained to be real under the so-called smile conjugation, see [35]
for more details. It is given by a Laurent series

V(iz,o)=V(,0)= Y Val2)",  Vi=(-1)"V.,. (A.29)

The gauge transformation law of the tropical prepotential is
¢V =eteVe (A.30)

where the gauge parameter \(z, () is a weight-zero arctic multiplet
o0
DIVX=0, Mz, =) M(2)C", (A.31)
n=0
and its smile conjugated antarctic multiplet,

oo

Az ) = Z(—1)’<A,1(z)<1k . (A.32)
k=0

By definition, a weight-n arctic multiplet is holomorphic on CP!\ {N}.

Modulo purely gauge degrees of freedom, the gauge-covariant derivatives can be ex-
pressed in terms of the tropical prepotential. This is explained in detail in the cases of 3D
N =4 and 5D N = 1 vector multiplets coupled to conformal supergravity in [36] and [37]
respectively. The 6D N = (1,0) case can be treated similarly.

Following [29], the Mezincescu prepotential is introduced by the rule

1
M;;(z) = o ji(v, dv) viv; U (z,0), (v, dv) = v*duy (A.33)

where U(_4)(z, v) is related to the tropical prepotential as follows:

— 1 o
V(z,v) = DYUCH (z,v), DW= TG #3pH D DM DY (A.34)
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B Derivation of the anomalous effective action

To find the functional generating the anomalous effective action (3.11) it suffices to find
a particular solution of the equation (3.12) which we denote by A”. In this appendix
we will demonstrate that a particular solution of this equation can be represented in the
form (3.13).
Given the superfields A¥ and Agk it is convenient to deal with their harmonic
projections
AT =t AT AL = wfutuf AR (B.1)

Then the equation (3.12) is equivalent to
DIAT = A (B.2)

where D} = v} D!. Note that, by construction, the superfield A" obeys

DYTATT =0. (B.3)
We also point out that A&“” satisfies
DAY =0 = (D)LY =0, (B.4)

as a consequence of (1.2b).
We look for a solution of the equation (B.2) in the form of the sum of the following terms

9
fo el (8.5)
i=1
where ¢; are some coeflicients and
++ 0% +++
Al = iﬁDa Aﬁ y (B6a)
A+t N + A+++
2 = lﬁD Da A,B y (B6b)
1
AT = iga575D;D§DjA}++, (B.6c)
1
AT = ED**EQWD;D;DjA;H, (B.6d)
1
AFt = ED——D——EQWDgD;DjA;H, (B.6e)
9B o
AFT = —zDaDs D ASTT, (B.6f)
A?L+ = 18D2 Q’BWSD D} Dye o'By /5,D+,D+,A+/++, (B.6g)
AT 8M DifD D;e a576D+D+D+A+++
1
AJT = @eaﬁvé(p—)”thDngA;H : (B.61)
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The equation (B.3) is satisfied on the condition that

c1 + 8¢y + 8¢z + 16cg = 0, (B.7a)
c3 + 2¢4 + éC(; —6¢c7 =0, (B.7b)
cq4 +10c5 —8cg = 0, (B.7¢)
3c7 + 8cg — %cs; =0. (B.7d)
Imposing the equation (B.2) we find the following constraints for the coefficients ¢;:
cg =1,
c1 +4cy + 16¢g = 0, (B.8a)
c1 — 16cg =0, (B.8b)
cg —6cy =0, (B.8¢)
§C3 tes— 1207 =0, (B.8d)
¢4 + 8¢5 — 16¢cg = 0, (B.8e)
ce + 18c7 = 0, (B.8f)
deg +3c7—cg =0 . (B.8g)
The solution of the system of equations (B.7) and (B.8) reads
1 1 1 1
c =1, 02:—§, 03:1—6, 04:—4—8, 05:%,
06:—%, 67:%, 68:—231m, 69:%. (B.9)

Note that different terms in (B.5) depend on different harmonic monomials. Neverthe-
less, the equation (B.3) guarantees that the full expression (B.5) is quadratic in harmonics
in agreement with (B.1). Therefore, we can restore A% from A** by the rule

AV = ?)/duu_iu_j/\Jr+ . (B.10)
The harmonic integral is computed according to the formula [38]
1 ,
+ n - — ? n
/duu g ...ujn—n+15(;.1...5;.n). (B.11)

Applying this rule to all terms in the sum (B.5) we find

9
AV = 3ch /du u_iu_jAz+

318 31 kil 3 gBomr
= 8 = DkaAZ]k %D aﬂvdezaDlﬁD(zA] ) 160 = DkaDl,BD(ZAJkl)
8 / 1Rl st
+11152 5 e®#0e S Dy Dy, D D DI, Ay ™
1 1 !l S
meW 0% Dy, Dig Dy Dys DY DY, DE, AG™ (B.12)

Note that the terms A2++, AIJF, Agu“ and Aé“r do not contribute to this expression owing
to the identity [27] [ du D™~ F*™* =0, for any smooth field F™(u).
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