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We study certain four-graviton amplitudes in exceptional field theory in dimen-
sions D > 4 up to two loops. As the formulation is manifestly invariant under
the U-duality group F11-p(Z), our resulting expressions can be expressed in
terms of automorphic forms. In the low energy expansion, we find terms in the
M-theory effective action of type R*, V*R* and VSR* with automorphic coef-
ficient functions in agreement with independent derivations from string theory.
This provides in particular an explicit integral formula for the exact string the-
ory VOR* threshold function. We exhibit moreover that the usual supergravity
logarithmic divergences cancel out in the full exceptional field theory ampli-
tude, within an appropriately defined dimensional regularisation scheme. We
also comment on terms of higher derivative order and the role of the section
constraint for possible counterterms.
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1 Introduction

Exceptional field theory [1-12] provides in principle a framework to compute manifestly U-
duality invariant amplitudes in perturbation theory. However, the enforcement of the strong
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Figure 1: Dynkin diagram of Eg(4)(R) with labelling of nodes used in the text.

section constraint makes it difficult to define Feynman rules from the Lagrangian. In this paper
we will argue that such Feynman rules are not needed to compute on-shell amplitudes with
external states carrying no momentum along the exceptional coordinates, and that unitarity
and U-duality determine uniquely the correct loop integrand.

In this framework we will consider amplitudes on R =4 x M dimﬁad, where R, , denotes the
representation of the hidden symmetry group Fgy) (R) associated with the last node of the E,
Dynkin diagram of figure 1. The representations R,, for the various d are listed in table 1
and we restrict ourselves mainly to d < 8. The whole space R~ x M dimRa, has coordinates
(z*,YM) with p=1,...,11—d and M = 1,...,dim R,,, where the dependence of fields on the
YM are restricted by the strong section constraint
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for any fields ¢1(x,Y) and ¢o(x,Y). The representation R,, is associated with the first node
and contained in the (symmetric) tensor product of the momentum representation R,, with
itself. The condition (1.1) means that the resulting expression in R,, ® R,, must vanish on the

representation Ry, ..

This condition is a non-linear but Fyg)(R)-covariant condition. Linear
spaces of solutions to the strong section constraint permit to define truncations of exceptional
field theories to standard Lagrangian theories. There are two standard solutions of the strong
section condition that can be obtained by decomposing with respect to either the GL(d,R)
subgroup of Eg4)(R), such that the 11 coordinates x,Y on which the fields depend parametrize
the eleven-dimensional space-time in 11-dimensional supergravity, or a GL(d — 1,R) x SL(2,R)
subgroup, such that the 10 coordinates x,Y on which the fields depend parametrize the ten-
dimensional space-time in type IIB supergravity [14]. We will show in section 4.1.4 that in
general the linear spaces of dimension k of solutions to the strong section constraint define a
unique Egg)(R) orbit for k < d — 2, whereas they define two independent orbits for k > d — 2,
which correspond respectively to the 11-dimensional supergravity and the type IIB solutions.
We will consider the case when the ‘extended space’” MU™Req is compact and therefore all
momenta in the exceptional directions are quantised. For a square ‘extended’ torus there are
then discrete charges I' € Z4™mRaa  As we will explain in more detail in section 2, the strong

!There are additional constraints in four and three dimensions that we do not indicate in the table. In D = 4
dimensions the section constraint is often written to lie in 133@® 1 of E;(7) (see e.g. [9,13]). In D = 3 dimensions,
the section constraint is given as the 3875 @ 248 @ 1 of Eg(sy in [12]. We will see later that the additional
representations are consequences of the R, constraints listed in the table.



Space-time dimension | Hidden symmetry || coordinates Y | Section constraint
D=11-d Eqa)(R) Ro, R,
9 GL(2,R) 109 @20 2(-1
8 SL(2,R) x SL(3,R) (2,3) (1,3)
7 SL(5,R) 10 5
6 50(5,5,R) 16 10
5 Eg ) (R) 27 27
4 Eq77)(R) 56 133
3 Egs)(R) 248 3875

Table 1: Coordinate representation R,,, and strong section constraint representation R, for hidden
symmetry groups Fgg)(R) in dimension D = 11 —d for 4 < d < 7. The conditions are stated here for
the coordinates although we will mainly use them in their Fourier transformed versions such that the
conjugate representations R,, and R, occur.

section constraint (1.1) for the charges becomes
Fi X F]"Ral =0 (12)

for any set of charges I'; that are connected through a vertex in the Feynman diagram. This
last condition is important and reflects the locality of the classical exceptional field theory
Lagrangian. As we will see in more detail in section 2, the condition (1.2) does not imply that
all charges appearing in the theory have to mutually satsify the section constraint. This is
important for the construction of potential higher derivative counterterms in exceptional field
theory because they can not necessarily be expressed in terms of local expressions subject to the
section constraint. This might be an important lesson for understanding the role of the strong
constraint and higher derivative terms purely within exceptional field theory.

The particular process we will focus on is the four-graviton amplitude that has been evaluated
at one and two loops in D = 11 supergravity on a torus in [16-21], and at 3-loop in [22,
23]. Since the lowest order terms in the energy expansion in Mandelstam variables enjoy BPS
protection, one can be sure that the field theory calculation produces correct results for the M-
theory effective action if one includes the corresponding BPS states. No other M-theory states
contribute to the four-graviton process at lowest order. One major result of the analysis of [18]
was the prediction of the Eisenstein series E[%} multiplying the V4R? interaction in type IIB
theory in D = 10 space-time dimensions. This has served as an important reference point for

D

the subsequent construction of &7

D=11-d.
The function 53 o) that arose from the two-loop calculation of [18] is part of a family of

for D < 10 in terms of Eisenstein series on Egq)(R) where

functions 5(2 . that appear in the analytic part of the o/-expansion of the four-graviton scattering

*We are grateful to M. Cederwall for discussions of this point, see also [15].



amplitude in type II string theory on a 10 — D-dimensional torus [24]. From the point of view of
the effective action they multiply higher derivative terms of the form V#1691 R* and are required
to be invariant under U-duality. For the lowest values up to 4p + 6¢ < 6, the conjectured
expressions for E(L; ,» have been subjected to numerous consistency checks [20,21,24-29]. Not all
of them are Eisenstein series.

In this paper, we will perform the one- and two-loop calculation of the four-graviton ampli-
tude in exceptional field theory. This will automatically produce U-duality invariant expressions
and include full multiplets of %-BPS states in the construction. We will see that the results at
one and two loops reproduce in a direct manner the expressions for 53 o) and 5(’3 o) that have
been hitherto only obtained indirectly. Particular attention will be paid to infrared and ultra-
violet divergences that arise in the exceptional field theory calculations in various dimensions.
We will deal with ultra-violet divergences associated to both large D-dimensional momentum
integration and the infinite sums over the discrete momenta in Z9™Rea in dimensional regu-
larisation, whereas we will introduce a small mass regularisation for the infrared divergences
that will define the sliding scale separating the analytic and the non-analytic components of
the amplitudes. We will find in particular that both the amplitude divergences arising at 1-
loop in eight dimensions [30] and at 2-loop in seven dimensions [31] cancel nicely in the full
exceptional field theory amplitude. There is also an additional divergence that occurs at 2-loops
in six dimensions in exceptional field theory, which is associated to the 1-loop R* type form
factor divergence in supergravity (as advocated in [32]). We analyse this amplitude in detail
and show that the divergences cancel out in this case as well in the complete amplitude. These
cancelations provide a direct physical correspondence between the Eisenstein series poles and the
supergravity logarithmic divergences in supergravity, which reflects the correspondence between
the logarithmic terms in the Mandelstam variables and the string coupling modulus analysed
in [33].

Our calculations also allow an investigation of correction terms of yet higher derivative order
of the form V#R* for k > 2. We will work out in detail the 2-loop contribution to the VR*
threshold function. We obtain a generalisation of the integral formula of the type IIB VSR?*
threshold function derived in [20], valid in all dimensions D > 4 (see [34] for an alternative
proposal in six dimensions). We prove in particular that this threshold function satisfies the
Poisson equation with quadratic source derived in [20, 24,28, 35]. The computations works
similarly as in [20], although the strong section constraint and special properties of the R*
threshold function as an automorphic function associated to the minimal unitary representation
of F4(q) play an important role. We also prove that this function satisfies the tensorial differential
equations (of inhomogeneous type) required by supersymmetry [36]. We moreover analyse the
types of instantons that contribute to the various higher derivative terms; in mathematical
terms this is captured by the so-called wavefront set of the 2-loop V2*R* threshold functions.
The wavefront set associated to the R* and V*R* threshold functions were analysed in detail
in [29,37], and the one associated to VSRS in [36,38].

The structure of this article is as follows. In section 2, we explain the method for computing
amplitudes in exceptional field theory based on the two-derivative action, including a discussion
of the form and relevance of the section constraint in this set-up. In section 3, we apply the



formalism to the one-loop four-graviton amplitude. The two-loop amplitude is studied in detail
in section 4, with particular attention to the contributions to the V*R* and the VOR?* threshold
functions in all dimensions. Section 5 contains additional comments on our results and possible
extensions. For completeness, we include the short appendix A that summarises some properties
of Eisenstein series that we use and our notations. Appendix B we study certain properties of
SO(n,n) Eisenstein series that are used in analysing the V®R* correction and appendix C
discusses the possibility of defining automorphic functions from a sum over i—BPS charges.

2 Feynman amplitudes in exceptional field theory

In this section, we outline the calculation of scattering amplitudes in the framework of excep-
tional field theory and in particular the treatment of the strong section constraint (1.1). The
final scattering amplitudes we are considering will not carry any momentum/charges in the
extended space on the external legs.

2.1 Set-up and BPS multiplets

To begin with, we consider a constant eleven-dimensional background metric of the form
ds? = eg-;‘sd‘i’MUdyldyJ + e_%‘i’n,wdx“dx” . (2.1)

Here, we are envisaging manipulations adapted to a split 11 = D—+d such that the D-dimensional
space-time is Minkowskian and d-dimensional ‘internal’ space is a torus 7¢ with uni-modular
metric M7; and volume set by a dilaton field ¢. The Kaluza—Klein vectors are set to zero
for simplicity. The variables y! are in the range y! € [0,27¢) with I = 1,...,d and £ is our
moduli-independent reference length scale. The connection to the gravitational coupling k11_¢4
is provided by [20]

2k, = (2m)B 904 (2.2)

(The length scale £ is related to the standard Planck length by ¢2 = 32¢32.)

Due to the toroidal internal space, the conjugate momenta take the form P11 = (p, + ) The
norm square of a loop momentum in a Feynman diagram is associated to the kinetic term in
the background metric such that it includes the measure factor, leading to

V=91 pfl = p2 + 023 My . (2.3)

The powers of ¢ are needed on dimensional grounds.
We can Fourier expand on the toroidal space such that one sums over the d-dimensional
lattice Z? of integer modes n;. In the case of a scalar field this reads

dll d

#z:9) Z / -4 Wew iy +HeD g, (p) (2.4)
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and the kinetic term indeed becomes

! /R A" adly g (Vé(a,y), Vol 1)) (2.5)
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The Newton coupling constant x2 , in 11 — d dimensions is defined by (2.2). For simplicity
we will always avoid writing the subscript, such that x = k,,_4. There is no scalar field in
11-dimensional supergravity, but the same computation can be repeated for the various fields of
the theory to find the same substitution (2.3) for the loop momenta.

The sum over discrete momenta n; breaks by construction U-duality to GL(d,Z), because
they only span part of an Fj4) multiplet of charges I'. For d < 7 this F4) multiplet of charges
is Ry, (conjugate to the coordinates of table 1) and branches as

I — (nbnIJ7n11...I57n11...I7,J) (2.6)

in GL(d,Z) decomposition. The n; only correspond to the highest degree components of T

L7 — plJ] can be interpreted as the winding of the M2-

I1IpI314 151617,

The additional integral charges n

hels — plh-Ts] a5 the winding of the M5-brane, and n

brane along the torus, n
pthlelslalslslz].] with plh--I7J] — 0 is the Kaluza—Klein monopole charge, see for example [39]
for a review. The Kaluza—Klein monopole charge is only non-zero in four dimensions, and in
this case reduces to a vector that defines the U(1)7 Chern class of the Taub-NUT solution over
any S2 surrounding the monopole. All the states carrying these quantum numbers are expected
to contribute to the amplitude in M-theory. The decomposition (2.6) includes more components
for d = 8, but they are not all associated to non-perturbative states. In D = 3 dimensions the
quantum numbers are defined by the Fg)(Z) monodromy of the corresponding soliton, rather
than an integral vector in the adjoint representation. This non-linear realisation is reflected in
exceptional field theory by the presence of an additional constrained Fg(g) gauge symmetry [12].
We do not necessarily expect our construction to be well defined in three dimensions, but be-
cause the formulae can be generalised straightforwardly, we will nevertheless discuss the naive
extension of our results to d > 7. In terms of the Kac-Moody extension to Ej; [40] one can
summarise the charges in terms of the so-called l; representation [41,42], truncated decompo-
sitions of which also give the F;4) multiplets of table 1, see [43]. We note, however, that the
constructions in [9,12] utilise additional vector fields whose relation to E1; is not clear at present.

For d < 7 one has the natural Ey invariant norm [44,45] (where we set the background
3-form ayyx and 6-form aryirpg along the torus to zero for simplicity)

5
1 1
‘Z(P) ’2 — 6—3¢MIJnInJ + §e(ﬁ—d)¢MIKMJLnIJnKL + 5e(l5—2d)(;§ H MIiJin11[213[415nJ1J2J3J4J5
’ i=1

7
+ ie(24—3d)¢ HMIiJZ-MKLnIII2I3I4ISIGI7’K nJ1J2J3Jads JeJ7,L (2.7)

|
7 i=1



A similar expression with more components exists also for Eg(g) and formally also for Ey(q) with
d > 8 but the precise interpretation of all the non-perturbative states is less well-established.
Below we will sometimes formally discuss the extension to these cases. Further comments on
the extension of our results to the Kac-Moody cases can be found in section 5.3.

Although the effective interactions between general non-perturbative states of arbitrary
quantum numbers are unknown, the interactions of states of quantum numbers restricted to
the U-duality orbit of the standard Kaluza—Klein momenta n; can be obtained from the stan-
dard eleven-dimensional supergravity interactions by symmetry. Eleven-dimensional supergrav-
ity preserves GL(d,Z) by diffeomorphism invariance, such that it admits a unique Fgyq)(Z)
invariant (minimal) extension, which is obtained by summing over all charges satisfying the
-BPS constraint (see e.g. [26,39,46))

nln, =0 3T KL —  IIKLP),
6n!l/nKLPQRl _ _ | LIKLPQRS ) ., SIJKLPQR,
Tl IK[PQRSTUV] _ o, (17 K,PQRSTUV plITKLP,QLRSTUVWX _ (2.8)

2.2 Fourier transform of the strong section constraint

As already mentioned, the charges I'" belong in general to the irreducible representation R,
of Ey(q) that is conjugate to the exceptional coordinates YV € R, , and it is associated to the
last node of the Dynkin diagram in the E; convention [lgﬁaud] (cf. figure 1). The %—BPS
constraint (2.8) can be written for any two charges such that their tensor product restricted to
the first node irreducible representation vanishes, i.e.

I'; x rj|Ra1 =0. (2.9)

In the following we will simply write I'; x I'; as a cross product that is restricted to the represen-
tation Ry, by definition. We will now argue that (2.9) is the manifestation of the strong section
constraint in exceptional field theory in Fourier space when the extended space is periodic.

In exceptional field theory one promotes the dependence of the fields in the internal space
coordinates T to coordinates Y (of the extended space) in the irreducible representation R,
of Eq(), such that any field ¢; admits a restricted Fourier expansion in the compact extended
space generalising (2.4):?

pi(Y)= > g (2.10)

I, eZ4d)
Fi X F,L =0

with the strong section constraint that for any two fields [8,9]

(V) a(Y) o

0 = 81Y X ;Y = —f 2 Z e £ <Y,F1+F2> (Fl X F2)¢1 F1¢2 Iy - (211)
I ez24(a)
FiXFiZO

3Compared to the introduction we now suppress the coordinate superscript on the coordinates Y. The notation
d(aa) denotes the dimension of the representation Ra, of Eqq). We also reiterate that by x in equations of this
type we always mean the projection of the product to the representation Ra, .



A general solution to the strong section constraint (2.11) therefore amounts to defining the field
product as the convolution with the Kronecker delta restricted to the charges satisfying the
strong section constraint, i.e.

¢1(Y) % ¢2(Y) = Z eiéfl(Y,F1+F2>¢1F1¢2F2 . (2‘12)
I;ez2d(eq)
[y xT;=0
This product is commutative and associative and the derivative satisfies the Leibniz identity.
All the exceptional field theory identities are therefore valid for this product. The section
constraint (2.11) is solved if the charges I'; of the fields entering in it satisfy (2.9). In analogy
with this condition for matrices we will call the corresponding charges ‘rank one charges’.
In this exceptional field theory framework a local cubic scalar field vertex is given by a
restricted sum over integral charges satisfying the section constraint (2.9), i.e.

1 / 4" pdl DY /=g o, Y)(Ve(x,Y), Vo(x,Y)) (2.13)
R

2
2k5 N-dxR,,

o [t o) (o, (2)6r, ) — (00, 2o, (2o )

Iez?da)

Ty xT;=0
In this form, the strong section constraint is solved and implemented by the restriction on the
charges (2.9). The exceptional field theory Lagrangian now is a standard Lagrangian in 11 — d
dimensions that involves infinitely many fields. It is important to note that this Lagrangian
then involves more fields than for any explicit solution to the section constraint defining a
consistent supergravity truncation. The section constraint only implies that the fields associated
to incompatible truncations (to e.g. the M-theory or type IIB frame) do not interact directly
through local monomials in the Lagrangian. For example, the explicit solution associated to
11-dimensional supergravity corresponds by construction to considering charges such that only
the Kaluza—Klein momentum n; is non-zero. A solution to the constraint associated to type IIB
supergravity is obtained by T-duality [14], by considering instead that only a rank 2 M2-brane
wrapping number ny; and its transverse momentum n; are non-zero, i.e.

ntnKH = ¢ | nlIn;=0. (2.14)

Without loss of generality, one can consider an SL(2) x SL(d—2) C SL(d) split of the indices I
to 7 = 1, 2 and r ranging from 3 to d, such that only n'? and n, are non-zero, and define the d—1
type IIB Kaluza—Klein momenta. By construction, one will have type IIB n-point interactions
with only the charges n}?, n;, being non-zero, and 11-dimensional supergravity interactions with

only the charges n;;, n;, being non-zero, but no interactions involving Fourier modes with both
n; and n;; non-zero for any i and j.

Exceptional field theory is invariant with respect to infinitesimal general coordinate trans-
formations along the internal extended space, that act on a generalised vector as [8,9,47]

AVM = ANoNVM — (o AM)|e, VN + XonAN VM (2.15)

leata)



where the matrix OyA™ in the second term is projected to the adjoint representation of Eqw)

and*

ng=d—1+ (d—2)(d—3%£ld—4)(d—5) n (d—2)(d—3)(d—4)2(g2—05)(d—6)d(4d—25) ' (2.16)

The variable A above denotes the density weight of the generalised vector under scaling trans-
formations. For a recent reformulation of the generalised coordinate transformation in terms of
a Borcherds algebra see [48].

All the fields in the theory also transform covariantly with respect to rigid transformations

9 € Eqay,
g (@Y) = g (@, Yg™") . A (@, Y) = Al (x,Yg g™, .. (2.17)

See for example [49] for an explicit construction in seven dimensions. On the dual lattice space
we will therefore get the action I'; — gI'; that will be a symmetry of the theory for g € Eq4)(Z).
The generalised diffeomorphism invariance of the exceptional field theory Lagrangian should
therefore ensure the theory on R'' =% x T? to be invariant with respect to the U-duality symmetry
E4)(Z). In even dimensions one should in principle moreover consider a generalised Henneaux-
Teitelboim formulation of the theory in order to define properly the £y Ward identities [50-52],
but in this paper we will assume without proof that the amplitudes satisfy the Fy) symmetry.

As alluded to in footnote 1, there is an additional section constraint in four dimensions
related to the invariant symplectic trace [9], but we will see in section 4.1 that the algebraic
constraint (2.9) in Fourier space is sufficient to imply that all the charge vectors must be isotropic
(i.e. that the symplectic products (I';,T';) vanish). Equivalently in three dimensions, we will
see that (2.9) implies the two eg(g) elements I'; to commute and to be orthogonal with respect
to the Cartan bilinear form such that the additional sections constraints [12] are automatically
satisfied.

2.3 Example: section constraint and propagators for Ejg

In this section, we will derive the modification of the exceptional field theory propagators due
to the charges I' € Ry, in the exemplary case of Egg). The final result is intuitive and used
in the next sections, so that the reader who is not interested in these technical details can skip
immediately to section 2.4.

For each integral charge I' one obtains a %—BPS massive multiplet of particles that can
be interpreted as a Kaluza—Klein mode of a massless multiplet in one space-time dimension
higher. The various fields of exceptional field theory related by generalised gauge transformations
combine in this way to carry massive degrees of freedom through a Higgs-like mechanism. We
discuss this point in some more detail in five dimensions as a preparation to a more general
discussion of the construction of Feynman-like rules in the next section.

“ng defines the multiplicity of the fundamental representation d of SL(d) C Eq in the representation Ra,,
such that for h € sly C eq, TrRadh2 = ngTrah?. For d = 8 the formula above does not include all representations
and one would have ng = 60.



In the D = 5 case a rank one charge I'j; satisfying (2.9) breaks the FEg6) symmetry to the
subgroup
Spin(5,5) x R' C Eg) | (2.18)

that represents the stabiliser of the charge. The dimension of the corresponding coset is 78 —
(45 4+ 16) = 17 in correspondence with (half) the size of the minimal nilpotent E7(C) orbit of
dimension 34. In the linearised approximation all free fields then decompose in representations
of Spin(5) x Spin(5) = Sp(2) x Sp(2) C Sp(4).

We consider the expansion around the Minkowski metric 7,,, and the moduli® MM¥ ¢ Eg6)

G =N+l MMV = MMP exp(M @) pY = MMN 1 oMY L O(9?) | (2.19)
where M =1,...,27 and with the constraint
tMpRtNQRMQS(I)PS =0, (2.20)

ensuring that My;p®FN € ¢6(6), where the Fg) invariant tensor ¢y p defines the Jordan cross
product and the cubic form through

(A x A)as = %tMNpANAP . detA= étMNpAMANAP , (2.21)
that satisfy®
(Ax A) x (AxA) = (det A) A . (2.22)

The gauge transformations of the bosons displayed in [8] reduce in the linearised approximation
to the following expressions in momentum space (where we avoid writing that all fields and
gauge parameters have momenta (p,, =T y)):

2
Shyw = 2p(u&,) + ge—ln,wrMAM , (2.23a)
SAM = 7 MMNT g, + puAM — MNPV E p (2.23b)
5B;WM = 2p[uEV}M + O,uuM ) (2'23C)
2

SOMN = 2 g APt popt M MNIQ — g~ 1D p AWM NP ge—lAPerW”N (2.23d)
= 1207 (T pAM) o o M (2.23e)

The charge T' defines the following generator Hy» € ¢6(6)

1
HMN = W <3FMMNPFP — 3tMpRtNQRFQMPSFS + 5A]\2MPQFPFQ) , (2.24)
that defines the following graded decomposition of eg(g)

eoe) = 16 @ (gl ©50(5,5)@ @16® , 272109 9167 ©10? | (2.25)

>The moduli matrix M™" is the extension of the torus metric M’” to include all Eg(6y moduli.
SFor convenience we define tMN” = 1/10d™ ™" and rescale accordingly By, a and Z,.0 by v/ 10 with respect

to the conventions of [8].
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The projection of I'y;AYN to the adjoint representation of Spin(5,5) includes the 1 singlet
and the 16® spinor component. The linearised diffeomorphisms and the singlet component
'y AM mix together the metric guv and the Spin(5,5) singlet components of Aﬂ/[ and MMN
producing the 9 = 5 4+ 3 4+ 1 on-shell degrees of freedom of a massive spin (1,1) particle. The
16 component of AM mixes the 16 components of the vector field and the scalar, producing the
4 = 3 4 1 on-shell degrees of freedom of a massive spin (%, %) particle in four dimensions. The
10 components of the vector and the tensor field mix under the tensor field gauge symmetry to
define 5 spin (1,0) and 5 spin (0,1) massive particles. The gauge parameter O, is a general
function satisfying I' x O,,,, = 0, and permits to gauge away the other components of the tensor
field, i.e. the 1 singlet and the 16 spinor components.

To understand this in general one must consider all the propagators together because they
potentially exchange all the bosonic fields associated to the same particles. In the linearised
approximation, one finds using [8] that the bosonic fields of the theory satisfy the following
equations with external sources (where @4 is the source of the field ¢*)

2Guw (h) + 072 Z(D)? (hyw — nuhe”) = 207 (p(Ayy = Muwp” Ao, T) — 1yl (DOT)
M (p* Ay, — pup” Ay + 0 Z(T)|P Ay, — 46727 x (M~H(T) x A,) — 207'T x p"B)

—07' (TN, Ay + PP by — puhy”) + 07 M (p®(1))
BM =71 oPRp, T x By, + 40T x M (pltAY) 4 ¢71T x BM™) |

iz
AN

Sarn = (12 + 2Z(0)P) Marp Mg @™ (2.26)
+607" Mp(y (—2e—er)rQ<1>PQ — 7Ty T MPh, " + 2FN)p“A5) .
where we use the notation
(M(Au)m = Mun Ay (M7 (Bu)) = MMV By (2.27)
(T,A) =Ty AM | 1Z(D)|? = MMVT Ty .
The linearised e¢g) current My, pauMP N acting on I is
(M (p @) mr = Mynp @ FTp (2.28)
and G, (h) is the linearised Einstein tensor associated to hy,, i.e.
2G,u (h) = Py — 2p(u0” oo + Dppvho” + N (7P hop — PPho”) (2.29)

Note that gauge invariance fixes all the corrections to the standard massless free field equations
for all these fields, consistently with the property that generalised diffeomorphism invariance
completely determines the bosonic action at the non-linear level [8]. To show this one uses in
particular

AT x (M~YI) x (' x B)) =T x B|Z(I)|?, (2.30)

which is a consequence of the strong section constraint, as well as the property that M € FEg ),
such that e.g.
M(T x M(A) =M1 I)xA. (2.31)
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Gauge invariance is translated into the property that the sources are not independent, but satisfy
the constraints
. - 1 - - - . -
(ptA, = (M (T)) — STh! s Py = — 0N, MYAL) ., p,B* =200 x A"
AT x (M™YT) x Bu,) = |Z(T)]*B, . (2.32)

To exhibit the spectrum it is convenient to consider the unitary gauge

huﬂ =0 ) puh,u,lj =0 ) pﬂAu =0 ) pVB,u,I/ =0 )
() =0, (T,A,) =0, I'x M(A,) =0,
taprt M T sB,g = MY T B (2.33)

where the first line corresponds to the usual space-time constraints whereas the two others
define algebraic constraints in internal space. The first constraint on the scalar fields states that
Muyp®PVN is in the semi-simple stabilizer of T'y; and MMNT 'y, and therefore parametrizes the
symmetric space SO(5,5)/(SO(5) x SO(5)). The two algebraic constraints on A, imply that
it is only non-zero in the spinor representation of Spin(5,5). The corresponding propagator
reduces in this gauge to the standard massive vector field propagator projected on the spinor
representation, i.e.

N + O ok

= ZOF MN 1 (;MPRNQS MP ) NQ
e p2 02| Z(D) |2 — e (M T ZOP (M RNCS MpsTplg + MMM FPFQ)> '
(2.34)

The constraint on By, implies that it belongs to the 10¢-?. The tensor field equations can be

inverted up to an O,, type gauge transformation to

1 ¢
P2+ 2 Z(D)]2 —ic (‘ 1Z(T)

J— - 5 2 P,
B = |25wopnpﬁM ) x BT + M (B — \Zz(?)lw[“paB”}“)) ’

(2.35)
The pole of the tensor field propagator

A;u/M,JpN (236)
2
_ _eg;uzapmplki tMNPMPQFQ + MMPMNQMRStPRTtQSUFTFU (Tlu[anp}u - %p[unu][app])
1Z(L)[2(p* + £2|Z(T)|? — ie)
projects out the polarisations to self-dual and antiself-dual tensors with respect to the little
group SO(4), according to their representation in the Sp(2) x Sp(2) C Sp(4) stabilizer of Z(T)

in the 27 of Sp(4), such that the 10 tensor field degrees of freedom decompose into 5 spin (1,0)
and 5 spin (0, 1) polarisations. Note indeed that ty;ypM P QFQ defines the split signature metric

for SO(5,5) vectors. The propagators project on the corresponding irreducible representations
of Spin(5,5) such that

— HPMAEJV = —A%N 5 HMPA/J,VP,O'pN = _2AuuM,opN . (2'37)

The massive spectrum in five dimensions is therefore defined by the same representations of
SU(2) x SU(2) x SO(5,5) as the massless spectrum in six dimensions, in agreement with super-
Poincaré representations [53].
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2.4 Exceptional field theory amplitudes and locality

In this section, we will argue that on-shell amplitudes in exceptional field theory can be computed
directly using unitarity, without referring to the explicit Lagrangian. For simplicity we will
restrict ourselves to four-graviton scattering amplitudes, although we expect the method to be
generalizable to any amplitude. Consider the L-loop 4-graviton amplitude in 11 — d dimensions
written in a double copy form [54]

2+2L

d''p 1 NE(ka,ea,p)
Myr(1,2,3,4) = 21+L / SR : (2.38)
Z H (27) 11 7 Sa Hzc(plg(k?mpz))

where the external momenta k4 and helicities e4 with A ranging from 1 to 4 are restricted to

massless states in 11 — d dimensions. Here Sg is a symmetry factor associated to the graph G
and Né(k: A,€4, D) 18 the associated kinematic numerator, that is a polynomial in the helicities
and the momenta. The latter is the square of the BCJ Yang—Mills numerator up to 4-loop [54],
but we shall not use this property in this paper. The amplitude integrand on R4 x T¢ is
obtained by discretising the component of the 11-dimensional loop momenta along the torus.
The scalar products of the loop momenta p; with the external momenta and helicities are not
modified, and only the terms involving the scalar product of loop momenta together is modified
according to the substitution (2.3)

(pr, o) = (propr) + 23 M gy (2.39)

so that one obtains

,/\/l (1 2.3.4) = 1+L< )2+2LZ Z /H - d NG(k:A,eA,plEDnl) . (2.40)

d
G nezld 27T 11 SG HI (pIG(kAvpl@nl))

These integrands are determined by the generalised unitary cuts and the tree-level 3-point
amplitudes [55,56]. In exceptional field theory, all the 3-point vertices are defined by restricted
sums as in (2.13), such that they are only non-zero if two adjacent charges satisfy the strong
section constraint.

Although all local interactions are between fields satisfying the strong section constraint,
there are 4-point tree-level amplitudes that violate it globally. Consider for example four com-
12

)

ponent charge vectors I' = (n1,ng,n3,n"°), where it is understood that all the other charge

components vanish. One can have non-zero 4-point amplitudes with the charges

>—(0,0,n3,0) {

(_n1707n370) (0,0,713,*1112)

(n1707070) (anaoa n12)

(2.41)

which corresponds to the scattering of two 11-dimensional Kaluza—Klein states into two type
IIB supergravity Kaluza—Klein states. This is an explicit example of the statement below (2.13)
that fields not interacting directly can violate a given solution of the section constraint.
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In D = 4 dimensions one can have even more extravagant scatterings at 5-point, with
23 12345 ,,1,1234567
n=n )

' = (ny,n*,
>—(O,n23,0, 0)—|—(0,07ﬁ6770){

(07 TL23, _ﬁ'67a 0)

(n1,0,0,0) (0,0,0,7%)

(_n17n237070) (0707ﬁ677_ﬁ1)

(2.42)

such that some outgoing charges do not satisfy any constraint with respect to the incoming
charges. One can think of the first diagram (2.41) as describing a T-fold transition and the
second (2.42), an S-fold transition, where outgoing states are S-dual to incoming states. Note
that in these specific scattering processes with the shown choice of charges, only one channel is
permitted, whereas a scattering involving only 11-dimensional Kaluza—Klein states would involve
all possible channels. One must therefore consider separately loop diagrams whose unitarity cuts
involve such processes from the ones that only involve external states with charges satisfying in a
pairwise manner the strong section constraint. In particular, divergences for diagrams where not
all charges satisfy the strong section constraint in pairs will not be treatable by counterterms
that are constructed from a local counterterm (in the strong section constraint sense). This
might have implications for the search for higher derivative corrections solely in exceptional
field theory [57,58] or double field theory [59,60], see also [61-63].

Because we restrict our analysis to scatterings of massless particles, one can forget about
external states in analysing possible charge transitions, and consider only vacuum diagrams. A
process like (2.41) can only occur if there are at least three independent loop momenta, and so
can only occur at 3-loop and beyond. For the Mercedes 3-loop diagram all loop momenta are
connected to common vertices, so there is no such a tree-level graph as (2.41) involved in the
unitarity cuts, see figure 2. However, the 3-loop ladder diagram admits a unitarity cut involving
such a tree-level graph. At 4-loop all graphs involved in the four-graviton amplitude [64] include
a tree like (2.41), and the 4-loop ladder diagram involves a tree amplitude of the same type as
(2.42).

<>

Figure 2: Example cuts of the 3-loop vacuum diagrams. The Mercedes diagram cut includes two 4-
point tree diagrams, but the unconstrained external lines are connected to constrained ones such that
the momenta satisfy the strong section constraint. On the contrary for the ladder diagram cut, the
unconstrained external lines are connected to unconstrained ones.

We conclude that the exceptional field theory amplitude will involve a sum over all loop
discrete charges I';, such that all pairs of charges connected to a common vertex satisfy the

14



strong section constraint. If, however, all charges for a given diagram happen to satisfy the
strong section constraint for all combinations the diagram describes a situation that could be
realised in a fixed supergravity frame. This is crucially not required in general by exceptional
field theory.

A general exceptional field theory amplitude at L loops will read

ME(1,2,3,4) = 21+L< )2+2LZ Z /H d'=dp, 1 NE(ka,ea,pi, 1)
11 d 2
G 1ezltdeq) 27T SG HI (pIG(kAvpl@Fl))
FlXFl/ 0 V<ll

(2.43)
where the notation (II') in the summation over the loop charges I'; indicates that the strong
section constraint only has to be satisfied for adjacent (nearest neighbour) charges. The scalar
propagators of loop momenta are promoted to the Ey) invariant quadratic form

(p1pr) = (puspr) + €73 Z(10), Z(Tr)) (2.44)
according to the discussion of the preceding section.

If the charges in the numerator satisfy the strong section constraint for any pairs (and
not only for nearest neighbours) it will be identical to the numerator that arises in standard
supergravity:

NE (ka, €A,pzafl)|plxpl,:0 = Né(ka,ea,p ®T) . (2.45)

In exceptional field theory Ng can differ from the supergravity expression by terms where non-
neighbouring charges violate the strong section constraint.

We separate the dependence in p; and I'; in the exceptional kinematic numerator NGE to
emphasise that it does not necessarily depend only on I'; through the scalar products (2.44).
It appears therefore that the kinematic numerator is only determined up to monomials in the
momenta that vanish when the charges are subjected to the strong section constraint, as for
example

82:;(T1) Z%(Ty) Ziy (1) Z%(Ta) — (Zij(T1)Z9(Ta)) + e, Iy(Ty1 +Ty) (2.46)

in N = 8 supergravity, where Z;;(I") is the antisymmetric rank two SU(8) tensor central charge,
and Iy the Er7) quartic invariant. One may expect nonetheless simplifications because the
kinematic numerators are low order polynomials in the loop mementa, such that the number
of possible corrections could be rather small. In particular, the kinematic numerators of ladder
diagrams do not depend on the loop momenta [64,65], and so one may expect that they will
not depend on the charges in exceptional field theory. The three-loop amplitude is moreover
expected to satisfy a non-renormalisation theorem such that the 3-loop kinematic numerators
depend at most quadratically in the loop momenta, as it is indeed the case in supergravity [64].
Therefore we expect the kinematic numerators of the exceptional field theory 4-graviton 3-loop
amplitude to be determined from the supergravity ones [64] by (2.45) for all charges.

In this paper we will only consider the 4-graviton amplitude at 1-loop and 2-loop, such that
this problem does not occur and the loop integrand is uniquely determined from the supergravity
one by unitarity and Eg4)(Z) invariance. In these cases the kinematic numerators do not depend
on the loop momenta, and therefore do not depend on the charges.
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(k1,0) (k2,0)

(p,T)

(k4,0) (ks,0)

Figure 3: The scalar box diagram that represents the one-loop amplitude in exceptional field theory.
The external legs carry no charges in the extended space but the loop particle has a D-dimensional loop
momentum p as well as a charge I’ € Z4a),

3 One-loop amplitude

In this section we will consider the 1-loop amplitude of four gravitons in exceptional field theory
without any charges on the external legs. For this purpose we proceed similarly as for the 11-
dimensional supergravity amplitude [16]. We factorize the amplitude into the polarisation term
quartic in the external momenta

ME(1,2,3,4) = —tgtg H R(ka,ea)A(kr, ko, k3, kq) . (3.1)

The appearance of the universal tgtg R term is a universal feature of supergravity and superstring
theory [66—68]. At one loop, there is only the box diagram contribution of figure 3 [16], and
according to the discussion of the last section we get

Al_loop(klv k27 k37 k4) (32)
A=y 1
_ 56,2 / 4 =+ O
(ZW)H_dFE;ad) 0+ ZE)(p— ka)® + ZE) (0 — k1 — ka)® + 22 (0 + ko) + 145
I'xI'=0

where O stands for the sum over external legs permutations. The external momenta are restricted
to 11—d dimensions, and the Newton coupling constant is x* = 1(27)8~4°~4 and |Z|? = |Z(T')|?
was defined in (2.7) as the Fyg)-invariant norm of I" as a function of the scalar moduli. We also
recall the notation d(cy) = dimR,, for the rank of the charge lattice and the strong section
constraint I' x I' = 0 from (2.9). The zero charge contribution defines by construction the
supergravity amplitude in 11 — d dimension, and constitutes therefore the non-analytic part of
the amplitude. We shall thus define the Wilsonian component of the amplitude as the sum over
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non-zero charges, indicated by an asterisk on the lattice sum:

Al_loop(klv k27 k37 k4) (33)
— fpp9—d Z /Oo dv /d:l?l/ dzo dx3ev((1 z1)(z2—x3)s+a3(z1—22)t— ‘5—2‘2)4_07
d(ad)
FXF 0

where we have rewritten the amplitude in terms of Schwinger and Feynman parameters to bring
out the (dimensionful) Mandelstam variables

—(k’l + k’g)2, t= —(k‘l + k‘4)2, U=-—-s—t= —(k‘l + k‘3)2. (3.4)

The expression (3.3) can be expanded in small values of the Mandelstam variables to obtain

264 2 t2 2
A (i o) = 7l (6(d = BB, aa + LR et 1)E,, an
aa s 720 o
w300 (s3 + 13 + ud)
18144 (d+3)E,, a0+ ) (3:5)

which represents the 1-loop contribution to the effective action in terms of F;4) Eisenstein series
multiplying V2*R* type supersymmetry invariants. These Eisenstein series are defined as Ep-
stein series in the fundamental representation R,, with s = % + k, in Langlands normalisation

1 —4S8
Eoys = 72((23) }: 1Z(T)] 2s _ E ( eMalH(YW)) (3.6)
rezd(eq) YEPI(Z)\E4(Z)
I'xI'=0

The series is only absolutely convergent for £ > 10 d (and k > 35 3 for d = 3), so we will define
them in general as analytic functions in d according to Langlands definition. See appendix A
for more details on Eisenstein series. The function £(s) appearing in the above expression is the
completed Riemann zeta function

E(s) = L (s/2)¢(s) (3.7)

that is also discussed in the appendix.
To compare with the results of [24, 28] it is convenient to recall the definition

£\ 4p+6q
Aw(kr ko ks ka) = €63 <§> (52 + 62 + WP (s3 + 13 + u®)1E,,.), (3.8)
(p,q)EIN?
such that we obtain for the first orders
oo 4
Epiyy = Ame(d — 3)Ead’% , Elloor = if(d +1)E oyt
oep _ ST 16
Eony = 567§(d—|—3) ag, 43 Eloor = m° §(d+5)E, a5,
14175 2 (3.9)
v = 2T a7, ooy _ 8T ’
D 66825 i g, T €50" = giroip s+ 9)E,, a0,
69767 8
gl—loop — d NE l-loop __ 167
(0,2) 638512 8756( + ) ad,# ’ g(znp = mi(d + 11)Ead,% .

We will now discuss these functions in each dimension separately.
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3.1 D=8 and SL(2) x SL(3)

Because the supergravity amplitude diverges logarithmically at 1-loop in eight dimensions [30],
one cannot directly disentangle the Wilsonian component from the non-analytic one as we did
in (3.3), and we will therefore rather consider the complete amplitude (3.2). For D = 8, the
representation R, is associated to a linear combination of two simple roots corresponding to
the decompactification limit to nine dimensions, i.e. the (2,3) of SL(2) x SL(3). The section
constraint enforces (2.9) the corresponding 2 x 3 matrix I" to be of rank one, such that it factorises
into the product of two vectors of Z? and Z?3, respectively. One can always rotate it with an
SL(2,7Z) x SL(3,7Z) transformation to a standard form multiplying a relative integer, such that

by by b
r— naiby naiby mnaibs \ [ ar X n 00 : ><2 j (3.10)
N nasg bl nag bg nas bg N as X 0 00 % % x ’ ’

with a; and b; respectively relative primes, such that the non-zero charge contribution to the R*
correction is

* dv _=x 2
Z /0 Ul—i—se o120 :26(23)E[8}E[0,5] . (311)
rez2x3
I'xI'=0

However, this series only converges absolutely for s > % We shall therefore consider the series as
the analytic extension of the function in s. Since this parameter is given by s = d;23 in general,
one can think of this regularisation as a natural extension of dimensional regularisation. To
regularise the 1-loop integral, we consider therefore the analytic continuation of d in dimension
11 —d = 8 —2¢ in the eight-dimensional expression while keeping the Cremmer-Julia group fixed.
At zero momentum with a sliding scale p to regularises the infrared divergence, one obtains

*® dv

A(0,0,0,0)""P = 27r£6< /0 T ™5 4 2¢(2¢) By E[O,E})

= 271'@6(% — vy —log(mpu?) — % +4y — 2 —2log(2) + 2£(2) Epy) + 25(3)]@[%’0])
s <4g(2)EM +2((3)Eg gy + 27(37 — 2 1og(47m2))) . (3.12)

It is remarkable that the ultra-violet divergence cancels out. Note that this cancelation is rather
universal at this level, since the leading constant term in EjqEq g = 1+ O(e) is enough to
ensure the finiteness of the amplitude. It follows that this cancelation would also hold if one
was restricting the sum to either the 11-dimensional Kaluza—Klein momenta or the type IIB
ones, with or without the string winding modes, consistently with the fact that it also cancels
in perturbative string theory. Here we use the definition F of the regularised Eisenstein series
used in [24] where the pole term is subtracted.

The cancelation of the logarithmic divergence is in fact to be expected. The R* type cor-
rection is %—BPS, and as such is expected to receive contributions only from %—BPS states and
to be one-loop exact in perturbation theory [31]. Exceptional field theory includes all the M-
theory %—BPS states and so this 1-loop amplitude is expected to be the exact M-theory result,
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which must be finite. This contribution defines indeed the exact threshold function in eight
dimensions [25].

Turning to the higher derivative corrections V2*R* we find in the standard normalisation
that

Eglor =2(2¢(2) Epy) + 2{(3)]@[%70} + 27(3y — 2 — log(47p?)) |
Eroy” = —420(4) Eg)20(-1E_1 ) ,

1-loo: 40
£y = 5 (2C(O)Flg) (2 (-3) Ey_3 ) - (3.13)

The functions all appear in the exact string theory effective action with the same coefficients [24].
They are not the unique contributions however, but it is rather remarkable that those are
precisely reproduced by a 1-loop computation whereas the higher derivative terms will also get
corrections at higher loop order.

3.2 D=7and SL(5)

In D = 7 dimensions the root a4 has to be understood as being the third root in the standard
ordering for SL(5) according to our Eg4) numbering convention of figure 1. For d = 4 + 2¢ one
then obtains a regular limit after using a functional relation (A.8) on the Eisenstein series

Eor” = lim A7 (1 4 26) By 11 0) = 2C3)Ey3 00,9 - (3.14)

The superficially divergent behaviour at ¢ = 0 is an artefact of Langlands normalisation, whereas
the lattice sum is itself finite, even if it is not absolutely convergent. However, the function at
next order in derivatives has a pole

43 22 7w

g(ll_,lg)op = —6(5 + 26)E[070’g+670} = ? + 1_5

15 C(5)Eg .0+ Oe) (3.15)

19

that could only be canceled by the supergravity amplitude divergence at 2-loop. In fact there is
no deep reason for the complete amplitude to be finite in this case, since we expect this function
to get corrections associated to %—BPS non-perturbative states that we have not taken into
account in exceptional field theory. We will comment on this more in Section 5. Nonetheless,
the regularised Eisenstein series above indeed appears in the exact threshold function with this
specific coefficient [24].

3.3 D=6 and SO(5,5)
Very similar results arise for R* in the D = 6 case. For the R* correction one finds

(3.16)

Eis = ATERIE], 0 = ATEBIEY, o) = X B,

after using a functional relation. This is the correct finite answer [24].
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The V4R*, however, exhibits a divergent behaviour at d = 5 + 2e:
_ 2¢(3) 8¢(6) »

1-loop — —E —E

Eio € ] + 45 {

0o
000
3

- ] + O(e), (3.17)
where importantly the divergence is in the minimal Eisenstein series. Despite the fact that the
finite term appears in the exact string theory threshold function with this specific coefficient,
this divergence indicates that the entire contribution to the V4*R* correction term that arises
at one-loop should be removed by a counterterm in all dimensions as will be discussed in more
detail in section 3.5.
For the VOR* higher derivative contributions one finds similarly a divergent contribution

878 16¢(8) ~

Egyr = Er 14+ 0(e) . 3.18
00" = 593025¢ T 189 L[aesg] T O (3.18)

As is known from [24,34] the coefficient functions &, o) and & ;) should have contributions from
two (regularised) Eisenstein series, corresponding to the fact that there are two independent
supersymmetric invariants [36,69]. Here, only one is recovered in the constant term albeit with
the correct coefficient.

34 3 < D < 5 and Eﬁ(ﬁ), E7(7) and Eg(g)

As in higher dimensions, the one-loop result from exceptional theory produces the correct R*
correction term for D < 5:

E(s) - Euey” = 2B)E, 5,.] (3.19a)
By - Easy” = 2AB)E o) (3.19b)
Eys) - €y = 20B)E] 0, 000) (3.19¢)

after using functional relations (A.8). We have formally included Fgg) although the application
of our methods in this case is not fully justified as we discussed in section 2.

For D < 5 space-time dimensions, there is a unique V*R* supersymmetric invariant [69]
and a single Eisenstein series contribution to the coefficient function & 4, [28]. This complete
function reproduced with the correct factor [28] from the one-loop calculation in exceptional
field theory:

E(s) - Eiey” = COIE o) (3.20a)
By - Eivey” = COVE[ 5 0000] (3.20D)
Eys) - Eiey” = COIE[ o) (3.20¢)

As we mentioned above and discuss in section 3.5, these contributions should nonetheless be
removed by renormalisation.
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For VOR*, the one-loop calculation in exceptional field theory yields

toop __ 9G(9) 2

E6(6) : 8(10,11)p = 5(4 )E[oogog }7 (321&)
o, 64C(10) -

E7(7) : g(loall) b= 1;9 )E[008005}7 (321b)
oop _ DG(11)

Eg(g) . 5(10711)p = 127 E{oogooo%]. (3210)

The coefficients correctly reproduce the string theory effective action [28]. The function £ '5y" is
nonetheless incompatible with string perturbations theory in three dimensions, but reproduces
correctly the 3-loop contribution [38].

3.5 Renormalisation of the V*R* terms

It is surprising that the 1-loop amplitude provides already so much information about the exact
string theory effective action, whereas one would naively expect only &£, to be exact at this
order. The contribution to the V*R* correction term is divergent in D = 7 and D = 6, as
we discussed in section 3.2 and 3.3, see equation (3.15) and (3.17), with a divergence in a
non-trivial function of the moduli in the second case. The one-loop exceptional field theory
effective action should be renormalised at this order to remove this divergence. However, it is
a fundamental property of the theory that the effective action is consistent in all dimensions
at the quantum level, and we should consider the theory for all D as a whole. Therefore, we
will assume a renormalisation prescription in which the contribution to the V4R?* term from the
one-loop exceptional field theory amplitude is consistently removed in all dimensions by adding
the corresponding V4R* counterterm.

Of course this renormalisation will affect the 2-loop amplitude through the 1-loop form factor
of the supersymmetric V4R?* counterterm. These contributions can in principle be obtained by
analysing the 3-loop sub-divergences. It appears that these counterterms only affect the V8+2+ R4
type 2-loop threshold functions [22], and one can avoid them for lower order couplings like
VOR*. We will not carry out this analysis in this paper. The same renormalisation prescription
implies that we must also renormalise the VOR?* threshold function, as well as other higher
derivative couplings. But these additional renormalisations will only become essential for the
3-loop computation.

3.6 General remarks on higher order terms

All the functions 56;;’;’ P produced in the computation (3.5) admit a string theory limit consistent
with string perturbation theory. They admit in general a 1-loop, a k-loop and (2k — 4)-loop
contribution to the V#R* threshold function, that is compatible with the %—BPS protected
F?~=474R* threshold function for k > 4 [36]. Assuming that these functions do indeed con-
tribute to the exact threshold functions would give some information about the ultra-violet

divergences in supergravity. This computation predicts for instance a correction in

Lioop 2048

= — —_((18)E 22
@0 = 25025m ¢ (8 o] (3.22)

o
oooooQ]
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to the V' R* threshold function in four dimensions. This function admits a pole and a cor-
responding logarithmic dependence in the string coupling constant at 10-loop which suggests
the appearance of a logarithm divergence at 10-loop in N' = 8 supergravity. However, this
conclusion has to be taken with care in view of the discussion of the preceding section.

The decompactification limit of Eisenstein series in the fundamental representation is simple
because g is in the highest weight representation of Eg) in the parabolic subgroup with Levi

factor R} X Eg_1(4—1), and the Poisson summation formula gives’

1 —2s
Ead,s = m Z |Z(F)| 2

rezi*?
I'xI'=0
. Z T / o5 (2 (N )2 1T 2 )
26(25) $+s
170 NeZ
Ta- 1><Fd 1=0
(10—d)2s 2¢ — 1 s
=1r 9-d —|—MT92*‘1+1E [ (3_23)

£2s)
such that the relevant Eisenstein series in this computation gives in the decompactification limit

Qo—d)d—3+2k)  £(d — 4+ 2k) 23+k)
9—d +mr 9—d Eadfl,%-i-k_‘_"" (3.24)

However, note that the terms we neglect here are not subleading for all values of d and k, and
this approximation is only meaningful for large enough k (or k = 0).

Let us finally comment on the differential equation satisfied by the integrand function. With
the normalisation r = e~O=9% one computes that

AF(¢) = 20 d)1(10 0 (85 + (d(19 — d) — 30)94) F(9) , (3.25)
such that (10k — (3 + k)d)(d + 2k — 3)
AE, as. ;= 0 d B iy, - (3.26)

For the cases k = 0,2, 3 this reproduces the eigenvalues of the Laplace equations of [24].

4 Two-loop amplitude

In this section, we will evaluate the four-graviton amplitude at two loops in exceptional field
theory in D = 11 — d non-compact dimensions. As in the preceding section, we will start from
the representation of the amplitude in terms of cubic scalar diagrams. According to [31] the
2-loop amplitudes is a sum of a planar and a non-planar diagram given by:

The calculation of the amplitude proceeds in a similar way to the one-loop case. There
are now two internal momenta and associated charges I'y and I'ys. The manipulations here are

"This can also be evaluate using the constant term formula of Mceglin-Waldspurger [70].
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similar to [18]. A very important point for us here is that the strong section condition has to be
enforced for any pair of charges.

We start with the planar diagram that is expressed with Schwinger parameters for all seven
propagators as

6 4 - dp - dq 7 00 7 ,
AZ loop(k1=k27k37k4 =2’k Z / 214 (2)11 4 H/ dor| exp —Zalk‘]
Fl FQEZd(ad) =1 0 =1
I xT;=0
-2 2 -2 2 -2 2
xeXp{—(O’1+0’2+03)€ |Z(T1)|° — (04 + 05 + 06)0" *|Z(T'2)|* — 07| Z('1 + T'9)] }
+0O (4.1)
with
kr =, p—Fki,p— k1 —k2,q,q — ka,q — k3 — ka,p + q), (4.2)

and we have separated the non-compact integrals from the momentum sums. The symbol
O represents the sum over the five additional non-trivial permutations of the momenta. We
introduce the dimensionless combinations of Schwinger parameters

14 25_2 (0'1—1—0'24-03), L2:f_2 (04—1—0’5—1—0’6), ngf_20'7 (4.3)

that we assemble into the (2 x 2)-matrix

Q=09 = (lef?’ L2L+3L3> , detQ = LiLy+ LoLs + LsLy, (4.4)

and introduce Feynman parameters for the remaining four fractions of the L;. After carrying
out the Gaussian momentum integrals and using the definition of x the result is

d3Q B
AR (ky, ky, ks, k) = —610 Z ——— L L3e Qig(Ti,Ty)
I, FgeZd(&d) (det Q) 2
FXF]:(]

/wmw/m/@w“wwwmmWwﬂ%#WMMWMMﬂmwmme

+0 (4.5)
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The Schwinger parameters L; in {2 are all integrated from 0 to co. The integral over the Feynman
parameters v; and w; can be done order by order in the dimensionless Mandelstam variables

—(k1 + k)%, t=—(k1 + k), u=—(k +k3)? (4.6)

to obtain the low energy expansion of the amplitude.
The contribution from the non-planar diagram can be evaluated similarly to be

d*Q
AZoP (R kg, Kes, Ky ) = elO > —— LyL3Lge™ 90T
Iy, erZd(ad) (det Q
I xT;=0

L3(L1+L
/du dor duw /dw 642 15283 (uy —v)) (wp —w1) +£25 {%(wl(l—u1)+v1(U1—w2))+%w1(1—u1)
1dvidws 1

+ O (4.7)

Combining the planar and the non-planar diagrams and summing over all permutations, one
obtains the following result expanded at low orders in the Mandelstam variables

AP (K ko, k3, k)

oS P gy (P 4P O +8° 4+ 0°
— 1 /je QJQ(F“F])< ( . )q>(1 O)(Q) + ( — )q)(o 1)(9)
Iy, Daezé(ea) (det )™
FiXFj:(]
3(s% + 2 + u?)? CO(s* + 8% +u?)(s* + 17 +u?)
D 5,0) (D D11y (Q) + ... 4.
8640 o)+ 1088640 an () + ) (4.8)

where the functions ®, ,(€2) of the Schwinger parameters (4.4) can be computed iteratively
from the low momenta expansion of the two-loop amplitude. At low orders, one finds

P10 =1,
D1y (Q) =Ly + Lo+ Ls — 5%,
Bp0)(Q) = A(Ly + Lo + L3)? — 22(Ly + Lo + Lg)LclleLt?é?’ ~3det Q + 32(%3253)2, (4.9)
B0 (Q) =45(Ly + Ly + L3)* — 65det Q(Ly + Lo + L3) + 250L1 Lo L3
_ogr (L1 + Lo ;_ef;z)2LlL2L3 N 347(L1 + Ly ji—efgs,))Q(LlLQLgy ~ 145<%)3

We note that compared to the one-loop calculation (3.5) the two-loop amplitude starts con-
tributing at order ¢'° rather than ¢% and therefore its lowest order correction is of the form
V4R* rather than R*.

Let us briefly argue that this formula is consistent with the large radius limit in one dimension
higher. At leading order in the large radius modulus, we will neglect the sum over the charges
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components of lower degree such that

5-d B (0 T)
& Z P00 (Qe
2o (det Q) 2
r;ez, ¢
[ xT;=0
5 d — 07 e2(10-d) ¢y
S [T e
€Z2 detQ
LD DD / By, o) (Q)e 2 (FOOTI it @D+ g(0uTy) |
2d(ad=1) ni €72 (det Q
I,ez,
[ixT;=0
10—d)(d+2p+3¢—6)¢ _ 5—d —Qiin;n,
—2( )(d+2p+3q—6)¢ Z / (pq)(Q)e nin;
n; €Z2 det Q
d3Q i
—2(34+2p+3 5—d+1 —QWg(T;,T;
(42300 p5-d+1 5 / 5P S(@)e Ty | (4.10)
2d(ad—1 det Q)
;i xT;=0
This implies that
0o W 2(3+2p+3q) oo
g(zplQ)z - -d CpgpdtT o7 g(zplq) ot (4.11)

in agreement with the appropriate decompactification limit. However, similarly as in (3.24), the
terms included in the dots are not subleading in general, and moreover the integral defining the
constants c, , 4 and the threshold functions themselves must be regularised to avoid singularities
associated to degenerate orbits.

In the following we will discuss the contributions to the threshold functions &£, ,, that are
implied by (4.8) in various dimensions. The first point to be addressed is the sum over the
charges I'1 and I's running in the loops and that have to satisfy the strong section constraint.

4.1 Orbits of two charges

We are interested in characterising the space of charges I'1,I'y € Z%@4) that satisfy the strong
section constraint

VSN =0 (4.12)

j)‘Ral
for ¢ = 1,2. The ‘diagonal’ components ¢ = j imply that the charges I'; have to be of rank one
each, meaning that they are %—BPS charges. They can also vanish. It turns out that one can
give a convenient parametrisation of the solution to (4.12) for arbitrary rank one charges.

4.1.1 Example: Ey~)

Before discussing the general case, we study the example of E;;) where the charges I'; are in
Z4@a) = 756 and the representation for the constraint R, = 133 is the adjoint e7(7). Note that
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the constraint in the 133 implies by construction that the symplectic product of the two charges
vanish, so the strong section constraint is indeed satisfied. We consider the decomposition of
representations of e7(7) under its eg) @ gly subalgebra:

ern =27 7 @ (gl @ eg6) @27
56~ 1Y @270 927" 1@ | (4.13)

where the superscript denotes the weight under gl;. As was proved in [71], an integral element
I'y € Z°% satisfying the constraint that its tensor product square vanishes in the adjoint repre-
sentation can be rotated by an E7(7)(Z) element such that it is a relative integer in the highest
weight component (degree 3) in the above decomposition of the 56. The stabiliser in Fr(7)(Z)
of such a charge is Eg)(Z) x Z*7 [72].

The second charge I's € Z% has to satisfy the constraint

[ x| 55 =0. (4.14)

If I'; is chosen (without loss of generality) to have only the highest degree component, it follows
directly by inspection of the degree 0 and degree 2 components in the adjoint that I'y is only
non-zero in the degree 1 and 3 components, i.e.

I el®, Tye2tV@1® . (4.15)

Note that this solution satisfies by construction (I'1,T's) = 0, such that this additional section
constraint [9] is a consequence of T'; x I‘j‘133 = 0. This justifies that we do not consider it
separately in this paper.

Using now that I'y also has to have rank one, i.e.

Fg X FQ 0 s (416)

|133 =

one obtains that the degree 1 component F(Ql) of I'y in the 27 satisfies itself the constraint

Y x 1y” 0, (4.17)

|27 -

that is formally the same as the section constraint for d = 6. As the stabiliser of I'; contains Fg),
we are still free to use it to obtain a convenient representative of F(Ql) in the same way as above
for I'y. That is, we consider the graded decomposition (associated to the decompactification
limit)
eo6) =16 @ (gl ®50(5,5))"” © 16
2722102 316" ¢ 1@ . (4.18)

The results of [71] imply now that one can rotate F(Ql) € Z*" by a discrete FEg(6)(Z) transformation
such that it lies in the singlet highest weight component (degree 4). In summary, using Eq7 ey (z)
we can choose I'; to have at most one non-zero component (in 1® of (4.13)) and T's to have at
most two non-zero components (in 1% of (4.13) and 1 of (4.18) in the 27" of (4.13)).
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This statement can be made more uniform by considering yet another grading of E;).
Denoting the gl; generator defining the graded decomposition (4.13) as h7 and the one defining
(4.18) as hS, one finds that hg = %h7 + %hg satisfies

hel; = 4T (4.19)

for © = 1,2. The element hg defines the graded decomposition of E7(7) with respect to its
next-to-last node oy

ern 21007 6 (20 16) 2 @ (gl B sl Bs0(5,5)” @ (2016)2 & 109,
56 =209 216~ @ (2210)° &16® g2 | (4.20)

We conclude in this way that any doublet of charges I'; in Z% can be rotated using an appro-
priate E7(7)(Z) element to the highest weight component (degree 4) associated to this graded
decomposition. In other words, we can consider the doublet of charges I'; satisfying the section
constraint as an integral (2 x 2)-matrix M and this matrix transforms under left-multiplication
by SL(2,Z). There are now different orbits depending on the rank of the matrix M and we
focus first on the generic case when the rank of M is two. For such a generic doublet of linearly
independent charges (¢"T;['; # 0) the stabilizer in SL(2,Z) is trivial. The full stabiliser of such
a doublet of I'; in E7(7)(Z) is therefore defined as the discrete parabolic subgroup

Spin(5,5; Z) x Z2*16T10 (4.21)

Choosing to leave the sum over the Z? doublets in M unconstrained, we conclude that the sum
over linearly independent charges of a given function ® of the charges in Z reduces to®

Yoem= Y Y eqm= Y Y ), (4.22)

F¢EZ2X56 ’YEE7(7)/P6 MeZz2%2 ’YEE7(7)/P6 MeZz2%2
Iy xT;=0 det(M)#£0 det(M)#£0
where
Ps = (SL(2,Z) x Spin(5,5)(Z)) x Z>*10+10 | (4.23)

Whenever the two charges are linearly dependent, i.e. M is of rank less than two, they can both
be rotated to the highest weight component (degree 3) associated to the graded decomposition
(4.13), such that their common stabilizer in Er(7)(Z) is

Pr & Eg)(Z) x Z°7 . (4.24)

In general, we therefore have

Y oem= S Y o+ Y Y q@m)] . (4.25)

I;€72%56 YEE7(7y/Ps MEZ?*? YEE7(7)/ Pr meZ?
I';xI'j=0 det(M)#£0

8The notation here is such that M should be thought of as being embedded in two copies of the 56 repre-
sentation such that it lies only in the 2 component of the decomposition (4.20). The multiplication vM then
represents the action of v € E7(7) on both copies of the 56. In the last equality we have used an alternative
notation for the action that is also used in appendix A.
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The last sum could be further decomposed into the trivial case m = (0,0), corresponding to
the case when both charges vanish which is the strict four-dimensional supergravity calculation,
and m # (0,0). We will mainly be concerned with the contribution from the case of linearly
independent charges det M # 0, also called the non-degenerate orbit in [18].

4.1.2 Cases Ed(d) for 3<d<7

The same logic can be applied to 3 < d < 7. In general, a rank 1 charge can always be rotated
by E4a)(Z) to a maximal degree component with respect to the ay decomposition of e gy, i.e.

~ P d=9) _
eq(d) = R ©® (g[1 ©® ed_l(d_l))(o) e RO-D

ag—1 ag—1
~ 53 A RES AR/ M (10—d)
Rad - 6d,7 o2 ROq ® Rad—l o1 ’
~ (4(d—1)) o (d=7) )
Ro, = ... 05 "®R,, ®R, , (4.26)

where R,, and R
the first and the last node of E;_1(4_1), with the labelling of roots associated to the convention

ag_, On the right-hand-sides are the irreducible representations associated to

we use for E;.° The notation 04, indicates a one-dimensional component for d = k and empty
space otherwise. This decomposition generalises (4.13) for d = 7 where the section constraint
representation Ry, = 133 did not arise separately.

As above, we use Eq(4)(Z) to bring the first charge I'y into the single component of top degree
and analyse the consequences of the section constraint (4.12) for the second charge I's. From
the gradings displayed in (4.26), one deduces that the second charge necessarily belongs to the
positive degree components

re1®? IyeRY @100 (4.27)

d—1

with furthermore the degree 1 component of I'y being a rank 1 charge of Eg_;(q—1). This implies
that this degree 1 component can itself be rotated by the stabiliser Eq_14_1)(Z) (of I'1) to a
similar form. Altogether, one obtains that the two charges I'; € R, can both be rotated to the
degree 11 — d (doublet) component of the decomposition of eq(d) associated to next-to-last node
Ag_1, 1.€.

ca) Rt "V @ (20 Ra, )0 @ (gl Bl B eg_ga2)” @ (20 Ra, ,)0 P &R

R,, = .. ®(2oRy)“ " eR,  ®20

R, = o R, . (4.28)
This doublet of charges is then stabilised by the subgroup

By_a(4-2)(Z) x 22" a=2)Fdlen) (4.29)

Equivalently, the parabolic subgroup Py—1 C FEgyq) (that includes then the SL(2,Z) factor)
generated by the non-negative degree pieces in the above decomposition of ¢4y with respect to
ag_1, preserves a generic doublet of grad (11 — d) elements.

9For d < 3 the expression becomes less uniform, but the decomposition always corresponds to the decompact-
ification limit at large circle radius modulus.
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For d < 7 one can also check that the dimension of the space of two rank 1 charges matches
the dimension of the orbit associated with the Py C Egy) parabolic. For this purpose, let us
define the dimension of the highest weight irreducible representation of Eq(4) associated to the
simple root ay, as d(ag), the second line of (4.26) implies that

d(ag) =1+ d(aﬁj) + d(acll_l) + 04,7 - (4.30)

The parabolic subgroup P,gl over the reals is generated by the non-negative degree component
with respect to the Cartan generator associated to the simple root a%. The dimension of the
parabolic coset over the reals OP;j = Eya) /Py equals the dimension of the negative degree

component, and we have therefore according to (4.26) and (4.28)
dim Opg = d@4=ly,  dim Ops =2 d(@372) + d(af?) . (4.31)

Now using (4.27) one computes that the dimension of the space of doublets of charges in Ré(ed)
satisfying the strong section constraint is equal to the dimension of the space of a charges in
R satisfying the strong section constraint, plus 1, plus the dimension of the space of charges
satisfying the strong section constraint in Rd(aillj). For Ejq), the dimension of the space of
(single) charges satisfying the strong section constraint is computed as follows. A rank 1 charge
in R,, can always be rotated to the highest weight component associated to the grading under
node o (cf. (4.26)) and is then stabilised by the subgroup of P¢ with the GL(1) factor excluded.
Therefore the corresponding space has the dimension of the parabolic coset Eg(g) / Pél plus 1.

It follows that the dimension of the space of doublets of charges satisfying the strong section
constraint is

dim (Opi‘pixpjzo) - (1 + dim (Opg)) r14 (1 + dim (opgjll))
=3+ d(ag 1) +d(ag73)
=4+ d(af ) + 2d(a}y3)
=4+d(Opy ), (4.32)

where we have used (4.30), (4.31) and d < 7. The last equality shows that the dimension of
the orbit of two charges satisfying the strong section constraint equals the dimension of the
parabolic coset associated to ag_l plus the dimension of the space of 2 by 2 matrices.

From the above analysis we therefore conclude that for any sum over a doublet of rank 1
charges the following rewriting is possible

Yo o em= Yo ove@n+ Yo Y yem) (4.33)

I;ez?4(eq) Y€Eq(a)/Pa—1 MeZ?*? YEEq(ay/Pa meZ?
I';xI'j=0 det(M)#0

where
Py Ey_y(q—1)(Z) x Z4*a-1)
P12 (SL(2,Z) x Ey_y4_9)(Z)) x z?Ua-2)tde) (4.34)
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As before, the second sum in (4.33) (over m) can be further decomposed into the trivial orbit m =
(0,0) (corresponding to the rank 0 matrix M = 0) and the non-trivial m-orbit (corresponding
to rank 1 matrices M).

In the following it will be also important to observe that the highest weight representation
associated to the root ay_; is the irreducible representation obtained from the antisymmetric
tensor product of two copies of the R(ay), with the symplectic trace removed for d = 7, such
that under the graded decomposition (4.28) associated with the node ay_1 one has

Ro, .2 ... ©&Ra,;+3%Ry +Ra)Y B (23R, )" " @172 (4.35)

The singlet component is the highest weight space of the irreducible representation.

4.1.3 Cases Ey) for d > 8

A similar construction also holds for Fgg), although in that case there are some extra components
in the graded decompositions, and we do not have a theorem generalising the one in [71] to prove
that all integral charges in the adjoint representation can be rotated using Fgs)(Z) to the highest
weight (degree 2) component in the graded decomposition under

88(8) >~ 12 & 56(71) ©® (g[l @ 97(7))(0) D 56(1) D 1® s
38751332 ¢ (56 ©912) " © (19133 ©1539)” @ (56 ©912)" ©133® . (4.36)

The functional identities due to Langlands [73] applied to the constrained lattice sum in (3.23)
suggest, however, that one can still bring any rank 1 charge to the top degree component.
For the following analysis we shall assume that this is true. From the constraint in the 3875,
one directly obtains that the second charge can only lie in the positive degree components.
I’y x T's|gg7s vanishes for I'y admitting a grad zero singlet component, but then I's x I's|3875
would not vanish. We conclude that

L X Tj|ggrs =0 - (4.37)
is enough to imply the strong section constraint
T X Tj| 375024801 = 0 - (4.38)

So one obtains that a generic doublet of rank 1 charges in the adjoint 248 = eg(g) can be rotated
to the degree 3 component of

eg(s) 2200 270 @ (20 27) 7V @ (gl B sk @ egq)) " © (20270 @277 § 20,

3875~ ... @ (27T®302T®351)7 e (2020 78)Y @279 .
30380 = . ®(BLle3R2T02T)Y 3 (2227 1 | (4.39)
where the last line reproduces indeed (4.35).
For d > 9, the (conjectured) symmetry groups Eg4q) are of infinite-dimensional (indefi-

nite) Kac-Moody type [74]. The highest weight representations R,, and R,, are also infinite-
dimensional, and it is not clear that one can make sense of the associated constrained lattice

30



sum. Nevertheless, one can formally define the constrained lattice sum as the right-hand-side
of (4.33) and use it as a definition for Kac-Moody groups. A definition of Eisenstein series in
the sense of Langlands as orbit sums for affine gy was given in [75,76] and an analysis of the
minimal and next-to-minimal series for Eyqy with 9 < d < 11 was presented in [77].

4.1.4 Solutions to the strong section constraint

Before closing this section, let us mention that our analysis permits to prove that a general linear
space solution to the strong section constraint is always associated to either M-theory or type
IIB. If we consider tensors in the three-dimensional theory depending on one coordinate Y'!, we
have seen above that we can always consider an embedding of GL(1) x Er7) C Egg) such that
this coordinate lies in the highest (GL(1) degree 2) component in (4.36). The strong section
constraint then implies that these tensors can depend additionally only on other coordinates Y
in the GL(1) degree 1 component 56 of the same decomposition (4.36) these Y™ coordinates
have to satisfy the four-dimensional strong section constraint in order for the three-dimensional
one to be fulfilled. Assuming then that the tensors depend on at least one additional coordinate
Y2 (chosen among the Y™), one can always chose an embedding GL(1) x Eg) C Er(7y such
that this extra coordinate Y2 lies in the GL(1) degree 3 component (4.13). Tt follows then from
the four-dimensional strong section constraint that these tensors can only depend then on the
GL(1) degree 1 component 27 in (4.13) that in turn has to satisfy the five-dimensional strong
section constraint.

Iteratively, one concludes that each new coordinate that the tensor fields can depend on
according to the strong section constraint always corresponds to an additional compactification
circle up to duality. One obtains iteratively that tensors depending on six independent coordi-
nates Y1, Y2 Y3 Y4 V5 V6 in the 248 of FEg(g) can always be defined in a frame such that the
latter span the momenta along 7°¢ for the reduction of supergravity in nine dimensions, i.e. the
degree 7 component of the graded decomposition with respect to the a4 node:

egs) = o0 @ (gh @ gl Bsh @ 5[6)(‘” ®(6,92_;26)d (2, ®15)? ¢ 20%)
@1_5;4) P (271 ® 6)(5) P (174 P 23)(6) P 6™ ,
3875 = - o6 @202 (4.40)

By the same argument, the dependence of the tensor fields on any additional coordinates requires
them to belong to the degree 6 component and to satisfy the strong section constraints in nine
dimensions. In this case however, there are two independent solutions, either the additional
coordinates belong to the 1_, or to the 2;. In the former case the tensor fields can be defined in
type IIB supergravity, in the second the tensor fields may depend as well on the two additional
coordinates in the 2, and the tensor fields can be defined in eleven-dimensional supergravity. The
argument being inductive in the dimension, it follows that it applies for any d < 8. Let us remark
that the type IIB and eleven-dimensional solutions as maximal linear spaces are inequivalent
under Egyg) [14] although the strong section constraint is covariant. This is no contradiction
with the fact that any single coordinate vector in the solution space can be thought of as a point
in the associated generalised coordinate representation R,, and that there is only a single Fy4)

31



orbit of solutions to the strong section constraint in R,, for a single charge for d > 3. Our
argument is similar to Kaluza—Klein oxidation and level decompositions of hidden symmetry
groups [78-80].

4.2 The V*R* non-degenerate orbit

The analysis of the preceding section showed how to rewrite the sum over a pair of charges
satisfying the strong section constraint (4.12) in terms of a sum over integral (2 x 2)-matrices
M and orbits of Eyqg) /Py—1. We will now apply this rewriting to the two-loop amplitude (4.8)
expanded at low orders in the Mandelstam variables. The lowest non-trivial order in (4.8) is
proportional to s + t2 + u?, contributing to E1,0), and corresponds to the V4R?* correction.
Recalling the definition

1
on = 2 (8" 1" "), (4.41)

the threshold function &, is the coefficient of ohod in the expansion of the four-graviton
amplitude in string theory. It is convenient to consider the properties of the Schwinger integrand

function, and we therefore define the exceptional field theory 2-loop threshold functions 55;;’;’"
as the integrals
-100 3
gfp}q)p = %3 d’Q ‘7:(1741) . (4'42)
IF’Ur

The functions F,,, are given by sums over the charges I'; and also involve the functions ®, ,

from (4.9). The corresponding contribution to 55{}8{"’ is the integral of

27T5_d d—7 —Qig(Ty,T;)
]:(1,0) = —3 Z (det Q) 2 e i) (4,43)
FiEZQd(ad)
I xT';=0

We now analyse the contribution to 5(21'}8)0 ? coming from the non-degenetate orbit corre-

sponding to det M # 0 in (4.33) in a fashion similar to [18]. Integrating (4.43) over Schwinger
parameter space, this gives the 2-loop contribution to the V4R? type invariant in the Wilsonian
effective action coming from the sum over linearly independent rank 1 charges (indicated by
‘n.d.” for non-degenerate)

3 o
8(21-18)013, nd. _ 271_5—d d Q7 . e~ Vgl 1y)
) 3 1—<
I;ez2Hea) (det 2) 2
[ xT;=0
a”FiFﬁéO
5_d 4V dridry _Veszdw(w_zmn)
=80 3 V5d — D e o
+ T -
V€L (ay/Pa-1 0 ¢ 2 0<j<m
m>0,n#0

[e.e] [ee) m2
S VLT S DY A S A e
0 0

1
. m 5 —d 3
VE€Eq(a)/Pa-1 0<j<m vz 22
m>0,n#0
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11 1 [ 46 [ d—7 _ 2(11*d)¢(m72 +n2u x)
— 471'?_6[ ,7 e_(ll—d)d) U - / diUIET / dnye e ug Yy 2
2 vz >, o i

YE€Ea(a)/Pa—1 0<j<m

m>0,n#0
= 8mé(d — 5)&(d — 4) Z ~ [6—2(11—d)(d—4)¢>]
YEP3—1\Eq(a)
= 8n&(d — 5)&(d — 4)Ead71’% . (4.44)

Unlike [18] we do not use Poisson resummation but consider the integral over the original
Schwinger parameters. Let us explain the individual steps of this calculation. In the first step
we have used (4.33) to rewrite the sum over charges using elements ~y of the coset Fy4y/FPy—1 and
~[-] denotes the action of v on the charges or dually on the symmetric space as in appendix A.
We have also redefined the Schwinger parameters contained in € as

Ls (det )Y/

Tl:Lg—l—Lg’ 7= Lo+ Ls’

V = (det Q)12 (4.45)
that can be used to map the Schwinger parameters integral to the one of V' over RY and 7 over
the fundamental domain of the congruence subgroup I'g(2) which is three times as large as that
of the modular group PSL(2,Z). Permutation symmetry then allows to further reduced to the
fundamental domain of PSL(2,Z) that also arises naturally in the corresponding string theory
calculation [81]. Going from SL(2,Z) to the I'g(2) therefore yields a factor of 6; the change
of variables (4.45) additionally provides a factor of 2 from the Jacobian. Afterwards, we have
unfolded the PSL(2,7Z) fundamental domain to the full upper half plane C* at the expense of
taking a representative of the non-degenerate matrix M appearing in the rewriting (4.33) as
follows. The sum over j, m and n is over representatives (’(’]"” jL ) of the action of SL(2,Z) on
integral (2 x 2)-matrices M with det M # 0. Furthermore, we have denoted by u the complex
scalar field parametrising the Levi component SL(2)/SO(2) in the parabolic subgroup, while
¢ is the dilaton associated to the root agy_1, normalised according to (4.28). The change of
variables © = V/1y, y = V1y factorises the integral into two I'-integrals and the integer sums
can then be evaluated as Riemann zeta functions.

In the last step, we have identified the coset sum with an Eisenstein series associated with the
maximal parabolic for node ag_1. The normalisation of the Eisenstein series weight parameter
s = # is fixed by noting that for 6 < d < 8 the highest weight representation associated to the
node g1 is the antisymmetric tensor product of R, with itself, minus the symplectic trace for
E7(7y. Therefore we conclude that the highest degree term in the decomposition of the R, in
(4.28) is 12729 which gives

Eoy s = Z ~y [6_43(11_d)¢] ] (4.46)
v€Ps-1\Eq(a)

Qg —1

One must consider the case d < 4 separately, although the decomposition still corresponds to
the large T2 volume decompactification limit.
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We will now discuss the 2-loop result for linearly independent rank 1 charges

gt = 8mé(d —4)¢(d —B)E 4 (4.47)

Qg—1,

in various dimensions. The manipulations in (4.44) converge absolutely for d > 5 where the
result is rather uniform. The cases d < 5 are a bit less regular but they can be defined by
analytic continuation, although there is a pole at d = 5 as we will see.

4.2.1 The non-degenerate orbit and V4R* for SL(2) x SL(3)

In D = 8 space-time dimensions (d = 3) there are two distinct orbits, associated to the decom-
pactification to type IIA and type IIB, coming from the fact that the constraint on the charge
I" in 9 dimensions has two distinguished orbits, either the charge is a Kaluza—Klein momentum,
or an M2-brane. The M2-brane leads to the type IIB decompactification limit:

sly @ sly = (1,2) 0 @ (gl @ sb @ sl)” @ (1,2)02,
(2,3) = (2,2) Ve (2,1)7 . (4.48)
In this case the associated root is 2as of SL(3), and one obtains

8mE(2)€(=2)Epo,—1) = C(B)E5 ) - (4.49)

which is the expected answer.

The type ITA decompactification limit from 9 dimensions corresponds instead to the removal
of the nodes ap and a3 of the Fy(3) = SL(2) x SL(3) Dynkin diagram 1. The associated graded
decomposition is

sl @sl3 2102 209 @ (g @shgl)” @20 @102
(2,3) 219 @200 1% ¢ 2 | (4.50)

where the degree corresponding to ¢ is now given by the combination 2as + a3. One obtains in
this case

87E(2)E(—2) By By o) = —4(2¢(4) Epg) (20(-1) E_ 1 o)) - (4.51)

27

The sum of the two contributions gives the complete V4R* threshold function
E2197 4 = ((5)Ejg o) — 4(2C(4) E) (2C(~1)B_y o)) - (4.52)

whereas the one-loop amplitude already included the second factor that was, however, removed
by the renormalisation at one loop within our prescription. This result is in agreement with [82].

4.2.2 The non-degenerate orbit and V*R* for SL(5)

In D = 7 space-time dimensions (d = 4) one gets that the antifundamental representation
decomposes in the decompactification limit as

5209 320 1@ (4.53)
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In this case the function is evaluated at zero with a divergent coeflicient, and one must consider
the analytic continuation of the parameter. One works out that this graded decomposition is
associated to ag + ay (a9 + a3 in the Ey labeling), and the corresponding Eisenstein function is
2 . 66(5)6(4) £

8mE(26)€(2 — 2€) Ejp e 0, = 5t C(5)E5,0,0,0 + TE[O,O,g,o] ; (4.54)
which gives the correct answer. Note again that there would have been a double counting
with the 1-loop computation without the renormalisation prescription to remove all the V4R*
contributions at one-loop. Note moreover that the 2-loop € contribution cancels precisely the
2-loop logarithm divergence in seven dimensions. For this purpose we consider the infrared
regularised component of the amplitude (with d = 4 + 2¢)

* dVv drdr s 272 Agp?
5—d —Vu? _ 2
4 /0 m /]: T22 e = ¥ - T(’Y + ln(ﬂ'M )) + O(E) . (455)

4.2.3 The non-degenerate orbit and V*R* for SO(5,5)

The case of D = 6 space-time dimensions (d = 5) is particularly interesting and subtle because
in this case the degenerate orbits contributes non-trivially to the threshold function. This fact
is related to the existence of a 1-loop form factor divergence of the R* type invariant into the
V4R* invariant, which is reflected in inhomogeneous terms in the differential equation satisfied
by the threshold function [32]. The associated form fact carries also an infrared divergence that
is responsible for the non-trivial contribution of the degenerate orbit.

The prefactor in (4.47) is divergent for d = 5; it has a double pole; and the Eisenstein series
has a simple zero, such that the full expression will exhibit a single pole for d — 5. We regularise
by d = 5 + 2¢ and find

Eqoyr = 8mg(1+ 26)5(26)E{00%+€°] = 8mE(26)€(3 — QE)E[ (4.56)

3 €
2_€OO€:|

after using a functional relation for the Eisenstein series. This brings out the simple pole at
€ — 0 in terms of the prefactor, multiplying a function that is regular for ¢ — 0. We determine

the expansion of that function up to order € as follows:'’
Ei, a=E;, +el0E, . + O(e?
{E.EOOE] {Eooo] 6( |:§—soo€:|> =0 (e7)
= F;, o +e€l0Er, o +0FE;, o +0F, . + O(é?
[301] ( [$+ec] (30 {é.eooo]) L, TOE)
=FE, o +E, g+E, 4-2E, +0(
{§+eooo] {5'50 6] [i—eooo] {5000] (6 )
_ 5(2—26)5(5—26)E {(4—26)5(6—26)E

E(1—20)EB3 +26) [0t T €(1—26)E(3—2¢) " [000s.]
£(4 —2¢)€(6 — 2¢)
P 20e3 =20 oo

10Tn the second step, we use the following general equality for the directional derivative of a function f in the

direction W = 3 @Wa: e f(T 4 éW)|emo = W - V(@) = X2, Wa - V(@) = 3, e f(T + €a)|e=o-

2

] — 2E[3oo§] + 0(62). (4.57)
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In the last step, we have used the functional relation for Eisenstein series to bring three of the
terms into simpler representatives in terms of vector and spinor Eisenstein series.
Putting the above rewriting together with (4.56), one then finds

5(21—}8;)p, nd. _ 8776(25)6(3 — 26)E{%—5002] (458)
_8n £(2—26)&(3 —26)&(5 — 2e¢) iy _ 9
=8 < 5(3 n 26) E{%_eooz] + 5(4 2 )5(6 2 )E{ooogl]
+£(4 — 2€)£(6 — 2€)E{0003:] —2¢(2€)€(3 — 26)EBOO§]>
_ (. 2€(3) : 8¢(6) - 8¢(6) »
_ (_T + C)E[gooz] + C(5)E{%OOZ] 0 Bl a5 Bl T O(e) .

This isolates the divergent piece in % that we will discuss further in connection with the de-
generate orbit rank M < 2 in section 4.4. The finite terms contain the regularised vector and
spinor Eisenstein series as well as a finite piece proportional to the series F [goog] that we do
not specify.!’ The resulting threshold function as it stands in inconsistent with supersymmetry
because the series E{ooog] does not satisfy the appropriate differential equation [32]. However,
we will see that this contribution will be cancelled by the degenerate orbit contribution, together
with the pole in %

4.2.4 The non-degenerate orbit and V*R* for Eg(6)

In the case of D = 5 space-time dimensions (d = 6) the prefactor in (4.47) still has a single pole,
however, this is compensated by a single zero in the Eisenstein series for the relevant s-value.
We demonstrate this by letting d = 6 + 2¢ and using a functional relation to find

_ g 826~ DERe —2)E(4e —4)

EGloyr e = 8mwE(2 4 2€)€(1 + ZE)E[0081+60 | = (a2 [5oneetor ] - (4.59)
Taking now the ¢ — 0 limit yields
€y " =CO)E] 5,0 » (4.60)
the full V*R* function with the correct coefficient since
g £ = DE@e=Aelde—8) _ 1 Lo

e—0 6(46 — 2) 8w

4.2.5 The non-degenerate orbit and V*R* for Erer

For D = 4 space-time dimensions (d = 7) the prefactor in (4.47) is finite. Putting d = 7+ 2¢ we
find
£(2 — DE(2e — 2)€(de — 1)
¢(4e — 2) [ 5-2¢ 02000
(4.62)

Ef;}g;’p’ = 8rE(3 4+ 2€)€(2 + 26)E[ | = {7

[+
0000 % +eo

1 0One could straightforwardly compute the precise coefficient ¢ for a given prescription for the regularaised
Eisenstein series, but its explicit value is rather complicated and will not be relevant in this paper.
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the full D*R* threshold function for ¢ — 0 with the right coefficient.

4.2.6 The non-degenerate orbit and V*R* for Ey(s)

For D = 3 space-time dimensions (d = 8) the prefactor in (4.47) is finite. The prefactor in (4.47)
now is finite. Putting d = 8 + 2¢ we find

£(2¢ — 1)&£(2e — 2)€(4e — 4)
£(4e — 2) [ 2-2¢00000]
(4.63)

5(21-718)013 nd. _ 871'5(4 + 26)5(3 + QE)E{ } = 81

Q
000002+€0

the full D*R* threshold function for e — 0 with the right coefficient.

4.2.7 The non-degenerate orbit and V*R* for Eqq) and d > 8

We can also formally consider the case d > 8 where the hidden symmetry group becomes of
Kac—Moody type. Using functional relations one can map the Eisenstein series on node ag_1 to
a series on node aq for 9 < d < 11. The resulting two-loop threshold function is

ELo " = (O] (4.64)

2080004 . }
in all cases, corresponding to the correctly normalised Eisenstein series discussed in [77] for the
V4R?* correction. This ‘next-to-minimal’ series has the special property that it only possesses a
finite number of constant terms.

4.3 Differential equations for V*R*

The full threshold function &, o) for the V4R? has to satisfy differential constraints in order to

be consistent with supersymmetry [32,69]. In particular, the threshold function should be an

5(4—gdzgz+1) [24].

In order to investigate this, one computes in a first step that the Laplace operator A on
Ey(q)/Ka acts on the integrand function F, 4, defined in (4.43) as

(almost) eigenfunction of the Laplace operator on Eyq) /Ky with eigenvalue

5(4 — d)(d + 1)
(- 2oy
0 kil O 2 i O 82 —13d +d?* .
= =7 (20 o + QTN o - ST T Ry (4.65)

One obtains therefore that the integrated threshold function 5(21'}8)‘"’ satisfies a Laplace equation,
up to potential boundary contributions. The ultraviolet boundary terms at L; = 0 all vanish,
and the infrared boundary terms at L; — oo vanish for the non-degenerate orbit det M # 0.
For the degenerate orbit the infrared boundary terms only vanish for d < 4. For d = 5 one
obtains a boundary term that simplifies to the minimal representation function

(A + ?) / dBQ Fug = 14{(3)E[%000] . (4.66)

o
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In space-time dimensions D < 6, corresponding to d > 5, the boundary term diverges in L;To
times the minimal representation function F 0a, 43> plus additional subleading terms.

In the preceding section, we have carried out the integral and obtained the contribution
from the non-degenerate orbit at two loops in terms of an Eisenstein series, cf. (4.44). Let us
also analyse the differential equation satisfied by this partial answer. This Eisenstein series was
induced from a parabolic decomposition of Ey4) with Levi factor GL(2) x Eg_9(4—9). For any

function of ¢ and u in the GL(2) subgroup of FE4(a), the Laplace operator reduces to
1
(9—d)(11 —d)

The Eisenstein series F,, , s is obtained from a function on GL(2) by summing over Ey4)(Z)

(07 +2(d(20 — d) — 39)0y) F(¢,u) — (u—)*0,0aF (¢, u) . (4.67)

AF(pu) =

images and invariance of the Laplace operator then implies that
25(2(11 — d)s + 39 — 20d + d?)

B 9—d

= that arises in the two-loop calculation (4.44) satisfies indeed

AFE., | . By 15 - (4.68)

In particular, the function Ead

AE,,  aa= WE%L% , (4.69)
as required by supersymmetry. This function satisfies the correct Laplace eigen value equation
for all d, but actually fails to satisfy the additional tensorial equation derived in [32] in six
dimensions. We will see that the complete six-dimensional threshold function including the
degenerate orbit contribution does indeed satisfy the tensorial differential equation required by

supersyminetry.

4.4 Infrared divergences and the degenerate V*R* orbit at 2-loop

In section 4.2 we have only considered the orbit of non-degenerate charges satisfying the strong
section constraint. After the rewriting (4.33) this corresponded to (2 x 2)-matrices M of full
rank, i.e. det M # 0. We saw that the non-degenerate orbit produces the full and correctly
normalised V4R* threshold for d # 5. In this section, we discuss the relevance of the degenerate
orbits with det M = 0. In terms of the charges I'y and I's circulating in the loops this means
that they are collinear. Our main focus will the case of D = 6 space-time dimensions (d = 5)
where we found a divergent contribution from the non-degenerate orbit in (4.59).

The first task is to separate the amplitude into its analytic and non-analytic parts. This
analysis was carried out in detail in string theory in [81]. For this one must consider an infrared
regularisation and a sliding scale p which will appear in the Wilsonian action that defines the
analytic part of the amplitude. We will therefore consider the lowest order term @, o, of the two-
loop amplitude (4.8) with charges I'; satisfying the strong section constraint and the collinearity
condition €% I';I'; = 0 of the degenerate orbits (denoted by ‘d.” for degenerate):

3 g
gret = 2omt 5 [ T -avarry (1.70)
N 3 d 1—9
et{) 2
Fiezzd(ad)
Iy xI';=0
4T ;=0
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After manipulations as in (4.44), the sliding scale is introduced in the infrared domain of
Schwinger parameter space according to

Tav ' Fa It
_v(e201-d)g Imtnul® | o
5(21‘,18)013, d. — 47T5_d Z ’Y /Vs_d / dTl / T_T22 Z e V(e Toug +Tmop )
v€Eq(ay/Pa-1 0 ~1/2 0 2 (mn)ez2
d—5 7 — |m nu\z_
ot Y| Y [l [Tyt
Y€Eq@a)/Pa—1 | (m,n)€Z2 ]
2 _3_
A CONCO N SR (c2n-mo 1y 755
U
YEEq(a)/Pa-1 (mn)ez2 2 |
= 4r 3 I (GR)E(d - B)E, oo (471)
2

To consider the contribution in D = 6 space-time dimensions, we will regularise the expression
using d = 5 + 2¢, such that this reduces to

gxloom @ 4(% —2(y+ 1n(7w)))<(2 + ZE)E{OO%ie] : (4.72)
Note that the In(u) divergence is associated to the infrared divergence one obtains by expanding
the degenerate orbit contribution in the external momenta whereas it is not an analytic function,
while the X - pole corresponds to the ultra-violet divergence of the integral over the massless
momentum. To understand the second, note that the integral over the massive momentum
attached to the non-zero charge effectively produces a local R* type coupling equal to the one
we derived at one loop, so that the subsequent integral over the remaining massless momentum
corresponds effectively to the 1-loop R* type form factor in supergravity. This ultra-violet
divergence then corresponds to this form factor divergence in supergravity.

We note moreover that we can rewrite the non-degenerate result (4.59) as

8¢(6) »

o ] + C(5)E[%OOO] + —E[oooo] (4.73)

5(21—,18)@’ nd. _ 871'5(1 — 26)6(2 + 26)E[0°°1+ 45 S

by reabsorbing the conjugate spinor representation function in the first derivative of the minimal
series with respect to e. Summing up the two contributions, one obtains the expected finite result
. 8¢(6) 5,
CB)E + = o1 —4In(2rp)C(3)Er, o - (4.74)
(3] T a5 oo [#o:3]

As emphasised before, we have not been careful in computing the constant part in section 4.2.3
since this precise coefficient would only be relevant to define the complete amplitude, and we do
not work out the non-analytic component of the amplitude in this paper. The complete answer
for the 2-loop threshold function now reproduces the exact answer in string theory [24].

To further justify the infrared regulator we have used, let us consider the specific components
of the amplitude that diverges in the infrared, i.e. when either one of the charge I'; or their sum
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vanish. In this case we will give a soft mass u? to the massless propagator to regularise the
integral. One obtains

1 0o
dL/dx/dLiL(L(Li + (1 — x)L))%e_L\Z(p”z_ng
=1 FEZd(ad) 0 0 0
I'xI'=0
o 1
5—d Z / dL d p5 T (453, Lar(1 — x)lu2)eL(x(l_x)u2_|Z(F)‘2)
Tez(aq)
I'xI'=0
> 5-d i
= 2P d Z / dL/ dz < (75) a -+ L([ng(l . ﬂj‘))%)QL(I(l_I)“2_|Z(F)\2)
0 L% 5-d
Tez(aq)
I'xI'=0

=2 N (IR Z() T -2

rezd(eq)
I'xI'=0

I(d—5)(%2)
T(d— 3)T(d— 4)

— 42 ST (458 (d — 3)B,, 4 — 87 £(2d — 8)Eq, 44- (4.75)
We see therefore that we get the same dependence on the infrared regulator u, and therefore
our prescription in (4.71) is equivalent to including a soft mass to the propagator whenever it
becomes massless. Note that the second term does not depend on the infrared regulator, and
is an artefact of the specific truncation to infrared divergent contributions carried out in this
computation.

Because we have disregarded power law divergences, the degenerate orbit contribution van-
ishes in dimension D > 6. In dimension D lower than six, the degenerate orbit contributes a
term that diverges as a power of the infrared regulator when the latter vanishes, and it does
not contribute to the Wilsonian effective action. In D < 6 one understands therefore that the
degenerate orbit only contribute to the non-analytic part of the amplitude.

It is important to note that the degenerate orbit contribution vanishes in d = 4, because this
exhibit that the cancelation of the ultraviolet divergence in the sum of (4.54) and (4.55) indeed
extends to the complete 2-loop amplitude.

4.5 The V°R* threshold function

We will now consider the higher derivative corrections, understanding that the infrared divergent
contributions have already been reabsorbed in the non-analytic component of the amplitude
according to the discussion of the preceding section. In particular, we will find that the function

5—d
gQ—loop 27T

=g 2

RXS
Fiezid(&d) +
Fi XFj =0

3 d—7 LiLyL3\ _qijgr,r;)
QO (det Q)T (Ly+ Lo+ Ly — 9(TiL
d’Q) (det Q) ( 1+ La+Ls—5 Tot e

(4.76)
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satisfies an inhomogeneous differential equation as required by supersymmetry [28, 36], and
provides an explicit integral formula for this function, defining an alternative formula to [34]
valid in all dimensions D > 4. The sum over the pair of charges is restricted to sz(ad) which
excludes the trivial orbit I'y = I'y = 0 but includes the degenerate orbit discussed in section 4.1.

4.5.1 The Poisson equation

As written out above, the two-loop contribution to the VOR?* threshold function is defined by
the integral of

F _ 2! Z det QT @y, (Q)e 2 79TiT)) 4.77
(o1 = g e (o,nldt)e ) (4.77)
r,ez2td
FiXFjZO

over three copies of the positive half real line, where ®,,(€2) is the function defined in (4.9),
and satisfies

0 ikenil O i
This equation exhibits that the function ®,,,(£2), pulled back to SL(2)/SO(2), satisfies a Pois-

son equation, which implies that 5(2(;}‘1’)0 P itself satisfies a Poisson equation as obtained in 9 di-

mensions in [18]. One computes similarly as in section 4.3 that

6(5 —d)(d +3)
<A B W)}—(O’” (4.79)
= =5 (2070 o + QM 2 001) F
3 0 {o—d d—7 2 Q1 (T )
+28—L1< 9 Z det2 2 (LI +3Lry1Lr42 — Li(Li4q +L1+2)>e g(Ti,T; ) .
= r;ez," 0
FiXFjZO

The right-hand-side gives a boundary term in the Laplace equation for 5(2(;}5’)0 ” that we are going to
analyse now. For degenerate orbits one gets a potentially divergent boundary term at L; — oo
in space-time dimensions D lower than eight, but we assume here the use of an appropriate
infrared regulator such that these contributions vanish. The lower boundary term at Ly — 0
has contributions from the first and second line in (4.79) and they are equal for the three L;.
They result in an expression that is an integral over only two remaining Schwinger parameters
and that factorizes such that the total boundary term is

o o
_yd L1 1ag(ri 1) / AL2 - 12g(rs 1)
0 2 0 2
FiXF]‘ZO
* dL * dL
5—d 1 —Lig(T1,I1) 2 —Lyg(l2,T2)
—4n A . aC
2 2
rezdead L, ryezded L,
I'1 xI'1=0 T'; xI'o=0
* dL *© dL
— 1 — 2 2
R L tagrn) / 2 ~Lai? (4.80)
0

0 2 2
FEZf(ad) Ll L2

I'xI'=0
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where we have separated the degenerated orbit piece I'; = 0 (for one of I'; or I') in the last line
and have regularised the corresponding expression by introducing a sliding scale p in the second
integral, such that

—8mo—d - —dfild e~ L1g(I.I) /OO —dslizd e_L2ﬂ2
R 0 L,®
I'xI'=0
T—d g _
=—167 2 [(%53)u? dé(d—?))Ead’% . (4.81)

The sliding scale defines the splitting of the amplitude into its analytic and non-analytic com-
ponents. This term can always be reabsorbed in a redefinition of the function 5(2(;}?;’ ” by adding a

term proportional to Ead 4—3 that will be considered to be part of the non-analytic component
’ 2

of the amplitude, except for d = 6. In D = 5 dimensions the Laplace eigenvalue of 5(2(;}‘1’)0 P and

the minimal representation series are the same, but one can still reabsorb the infrared divergent
source term in the expression analytically continued to d = 6+ 2¢. In eight dimensions this term
contributes to a logarithmic infrared divergence, and one cannot disentangle unambiguously the
analytic and the non-analytic components of the amplitude. We will discuss this case separately
in section 4.5.2. We define therefore the infrared regularised 2-loop threshold function as

A od—d d3Q ij (T, .
5(267117)013 _ ﬂ-T Z / . ﬁq)(o,l)(g)e_g I g(Ti+u2,Tj4+p?)
R detQ) 2

r;ez24ea)

Fi XFjZO

9—-d 5;d de 3—d
TS T T (4nt(d - 3B, as)  (482)

that should be understood as a meromorphic function of d — d + 2¢ evaluated at ¢ = 0.

We now analyse the first term in (4.80) for d > 3 using the decomposition (4.26) of R, and
the constraints (4.27)
454 /OO d,ilde_ng(FuFl) Z /OO —d,L2d e~ L29(I'2,T'2)
reziea”? Ly® reztca 0 Ly®
1 xI'1=0 I xT2=0

(10—d)(d—3) (10—d)(d—3)
=4r? Y o [2§(d e = <2§(d e =

Y€L (ay/ Pa

X dt (25 (D)2 T
. Z/o e z (2T (n+(T,0)) 212 92<r>|2)>]

d(ag:i) nez

ez,
I'xI'=0
(10—d)(d—3) (10—d)(d—3)
=4r® 7[2§(d—3)r79d <2§(d—3)r79d +26(d — 4)rTTE a1 4
v€Eq(a)/Pa o
6 d—4
1Yy (X nd_4>uKd4(27T7"|Z(F)|)e27ri<r’“>>
iz 7
d(ad=ly nlged(T)
rez, ¢
I'xI'=0
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(10—d)(d—3)
=4r® >y [2§(d =3)r o 2%(d=3)E,, s
YE€Eq(a)/Pa

= (4rea- 3)Ead7%>2 . (4.83)

Let us explain the various steps in this calculation. First, we have written out the sum over
the pair of charges using (4.27) up to Eg)(Z) transformations modulo the stabiliser of the
representative charge I'y € 11°~% and the two terms in the parenthesis correspond to vanishing
and non-vanishing component of I'y € ﬁ(al;il. The next step is the Poisson resummation of n
together with a Bessel integration. The resulting terms in the parenthesis are then recognised as
the minimal automorphic series. The property that it is enough to sum over the positive degree
components of the lattice in the parabolic decomposition associated to a4 to get an automorphic
function is a distinguishing feature of the minimal unitary representation Eisenstein series. One
can indeed check that it is the case for d = 5 using [83]. More generally one proves this identity
using Langlands constant term formula, and the explicit form of the Whittaker vector given
in [37]. We exhibit in appendix B through an explicit computation that this property holds
in particular for orthogonal groups. Note that this proof requires the Fourier decomposition
be abelian to match all Fourier modes to simple root representatives determined by Whittaker
vectors. Therefore the before to last line in (4.83) is not correct for d = 8, since in this case
the minimal series also admit non-abelian Fourier coefficients with a non-zero Kaluza—Klein
monopole charge, which are not included in the third line of (4.83). Supersymmetry nevertheless
implies the differential equation to be satisfied, so for the exceptional field theory amplitude to
be consistent with supersymmetry in this case, one would require the last line to remain correct
for d = 8.

As
2 > dL > dL
5—d E 1 —Lig(I,I E 2 —Log(Te,T"
<47T£(d — 3)Ead7d53> =47 / —5-a¢€ 19(T'1.I') X / —5-a¢€ 29(T2 2),
0 2 0 2
r, ez L, ryezded L,
F1><F1:0 FQXFQZO

(4.84)

the equality (4.83) means that for the specific powers of L; and Ly appearing in V6R?*, the
contribution from I'y such I'; x 'y = 0 is not satisfied in (4.83) vanishes. This is only expected
to be true in the minimal representation.

4.5.2 5’(2011")°p in eight dimensions
Because the above series is not absolutely convergent, this identity is only true for the analytic
continuation of the series as a function of d, evaluated at the specific value. Moreover, one must

therefore be careful in eight dimensions because the series has a pole at d = 3.
In eight dimensions

= ¢ #2205 (4.85)
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with a + ie~2%2 parametrizing SL(2)/SO(2) and €3 the scalar associated to the first root in
SL(3), and one computes for d — 3 = 2¢

e Y / dlLl L) 3 / d1L2 —Log(T'5,T'3)
L Ly

rez2<3 70 Tl ez
FlXF1=0 F ><F2 0
= 472 Z 5 2{(26)6_26¢2+46¢32£(26) <e_26¢2E[0,€] + e4€¢3EM — e_2€¢2+46¢3>]
YEE3(3)/Ps

— 47r2(2£(2€))2 <E[2e] (Epp,q)* + (Eiq)*Ep,2q — E[2E}E[o,2e}>
2
(4715(26) aEp. 4) +O(®) . (4.86)

The sum of the two terms in (4.80) finally gives

2
—(47€(20) B Blo.qg ) — 167 T()u*€(2) By Blp g

- 4772((:;))6) (4¢(2) By + 2 (3) Eig  + 27(3y — 2 — log(4mpi2)))* . (4.87)

where the first term must be reabsorbed in the threshold function to regularise it,

RLY) ol T2y T3 —4de s T(e) \2
2-loop — -Q JQ(FH‘M 7F +u ) -
£ = lim <97725 2 / derai—e T ($Ye ’ 33— 5e ((mﬂ)ﬁ) ’

I, ez?*
lerj_o

(4.88)
whereas the second defines the regularised source term, which is precisely the 1-loop amplitude
square (3.12) such that

(A —12)E3% = —(¢754(0,0,0,0)"*)* . (4.89)

4.5.3 Sliding scale independent formula

Coming back to the general case, it would be more satisfying to have a definition of the function
5(201;’)0" independent of the sliding scale p. We will therefore consider the infrared safe sum over
non-zero charges of non-vanishing sum, understanding that the remaining contribution must be

included in the non-analytic component of the amplitude as pointed out in section 4.4. One
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obtains then the boundary term

* dL > dL
5—d 1 —Lig(l'1,T1) 872 —L2g(I'2,T2)
—A7 ; ——e i —e
2 2
ryezied L, ryezied L,
I'y xI'1=0 I'; xT'2=0
* dL * dL
5—d L 2 —(Li+L2)g(T,T)
Hdm . el /0 —a®
2 2
rezded) L, L,
I'xI'=0

£(2d —6)Eq, a-3 , (4.90)

where the second term removes the sum over opposite charges. The latter does not appear in

the infrared regularised amplitude, and must therefore be reabsorbed in a redefinition of the

threshold function, such that there is no such boundary term. This is always possible, provided

it is not an eigenfunction of the Laplace operator with the same eigenvalue, i.e. unless
(3—d)(30 —7d+d*) 6(5—d)(d+3)

- - . —dd—17)=0. (4.91)

This signals that the sum actually diverges in four dimensions, and the logarithmic term gives
rise to such a right-hand-side. However, the correct coefficient is not reproduced by this formula,
because the series itself diverges in that case, such that one cannot safely assume that the sum
and the integral commute. Nevertheless, the formulse derived by assuming that the sum and
the integral commute should be valid, up to anomalous corrections associated to logarithm
terms in the threshold function, which only correct the differential equations by anomalous
linear sources proportional to Eisenstein series. Taking into account the possible anomalous
corrections, we conclude that an appropriate infrared regularisation should permit to define the
threshold function such that [28,34,38]

2100 005 = d)(d+3) 231000 2
N %gé}n ~ (4ne(d - 3)E,, os)
4 3
047 6(d + DE, a1 +1200647E(d — ), ws + 70005 - (4.92)

We will not derive the precise coefficients here (they can be found in [34,38]), which would require
a careful analysis of these integrals and the analytic continuation of the divergent series to define
the consistent split between the analytic and the non-analytic component of the amplitude.
From the point of view of string theory, the source terms arise from boundary degeneration
contributions when integrating over the moduli space of Riemann surfaces [81,84].

4.5.4 Tensorial equation

Now we would like to consider the tensorial equation satisfied by the threshold function in order
to disentangle the inhomogeneous solution to (4.92) from the homogeneous solution defined by
the Eisenstein function we obtained at 1-loop. The two functions satisfy two distinct tensorial
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equations [36], and in dimensions D =4, D =5 and D = 6, the tensorial equation satisfied by
the inhomogeneous solution is

(Djd gWD )5(20‘;’;’1” - —iDad (47T§(d - 3)Ead’%)2 , (4.93)
where we have neglected the anomalous terms for simplicity. In order to check this equation
on the integrand function in the form of a sum over Fyq)(Z)/Py—1(Z) as in section 4.3, it
is convenient to decompose the covariant derivative in a parabohc gauge associated with the
parabolic subgroup P;_;. On a function that only depends on the subspace R x SL(2)/SO(2) x
Ey_o(4—2)/Ka—2 of the Levi factor, one obtains straightforwardly that the restriction of the
covariant derivative D, to the highest weight component 20"'~% in (4.28), reduces to

_ 4(91 79 + Sy Ous 211L2 am (4.94)
¥ |o(11-d) 2i26 4(9 ) Op — 5 e | '

To compute the third order differential operator D2 restricted to the same component, we use

a1
the known constant terms associated to the parabolic subgroup P;_o of the Eisenstein series
that are solutions to the homogeneous equation obtained from (4.93) by setting the source to

zero. They are

s(2s —17)
D56E[sooooo] = < 2 + 6) D56E[sogooo} ’
1
D37 B[ 500 ] = (s = 5) (25— IDxr B, -
25(2s —T7)+3
Dl?éE{osoo] _ 2@ oD F3 1 ) DlGE[OSOo] : (4.95)

This permits to determine (where we write the 2 by 2 matrix in terms of Pauli matrices o;)

1 5) 3 3
536‘2(4) - 12(8_8‘; * _8¢2 * —8¢ + (5305 +2) A ZAD5>

+( 3%us 5u2+01 )( 07+ g8¢+26+%AA1),
237‘2(5) =112<%63+ Tl + 8¢+ %(ia¢+5)AA1 AA4>
+( S50 8u2+al 8“1)<4_1§36 +_8¢+10+1AA1),
136‘2(6) (1638¢ + 8¢ + 3506+ %(%aﬁ + 1)AA1 - —(AA, +AA2))
+< 20,0 T g, )(122 05 + 5¢> + ? + 1AA1> (4.96)

To determine how much the component 20~% of the differential equation (4.93) constrains
the function, it is important to consider the general homogeneous solutions to this differential
equation
3 _32+d(5—d)
gm0 T 27 9 —q

0|y oy (4.97)
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Taking the expansion of the adjoint Eisenstein series at s = 6, %, % for d =7, 6, 5, one finds a
term in e—2(11—d)(d—3)¢E[4} (u, @), which always satisfies (4.97) by construction. One can argue
that equation (4.97) together with the Laplace equation (4.92) is enough to determine uniquely
the independent modular invariant solutions as being either 6_2(11_d)(d_3)¢E[4] (u,u) or the se-
ries 1, 6_15¢E[%](u,ﬂ) and 6_24¢’E[1] (u,u) for d = 5,6 and 7, respectively, that are solutions
corresponding to the anomalous source term in 1, F [00803 ] and F,3004]- We conclude that this
component of the differential equation is strong enough to disentangle the solutions to (4.93)
from the one of the homogeneous differential equation satisfied by EA'ad’ ats for5<d<T7.

The equation linear in the SL(2)/SO(2) covariant derivative is more complicated to im-
plement. Therefore we would like to only compute the component of the third order equation
proportional to the identity. We note indeed that the latter, together with the Laplace equa-
tion, is enough to determine the correct solution, up to a solution of type e‘“¢E[ 3 ir] (u, ) for

some specific positive number r (i.e. r = % 151, r = @ and r = @ for d = 7, 6 and 5,
respectively). The homogeneous solution Eisenstein series we want to disregard involve instead
as a solution e_(ll_d)(dJrg)‘f’E[i}s}(u,ﬂ), which is ruled out by the singlet component of (4.97).
It is therefore enough to check the singlet third order equation to identify the complete third
order differential equation satisfied by the function &7y

For E7(7), one computes that!?
<D536 + 9D56>-7:(o,1)

. — Qe8P (M. .
~on? > Pen(@ ) {ﬁaf+%8¢2+28—18¢+(%8¢+2)Au,...}e Q17 €5 (M;, M;) u

V€E7(7)/ Fo Mez2*?
0 0 (3 4 o 0 1 .. 0 3 . oo 0
— pq - ik ]l— e 1Y) k;l— _ 20ij _ OPg pi_qj
{amq <Q e (29 Vo + 1M g — 50 ) QP74 2ePi9 et (Q)—mij)f(l,o)
+3 23: 9 (LI(_2L12(LI2+1 + L[2+2) + L1LoLs(Ly+ Lo+ L3) + 3L12+1L12+2) o ]:(1,0)>
0Ly det Q OL; ® )
=1 :
+§ Z o ((Lr+ LJ)(—2L1LJ(L1LJ+2LI%)+L1Lst(LI+LJ)+3LI§(L,2+LJ2)) o ‘F(LO))
2 ik O det 2 OLj @0
3
-2 Z ’ (_3L12+1L12+2+3(L12+1_LI“LI”+L12+2)L12+(LI+1+L1+2)L13 ]:<1,o)) A } (4.98)
— 0L det D10
where

(M1 + w1 Mi2) (M1 + w1 Mj2)
U2

(M;, M), = + up My Mjs (4.99)

12Even though the Eisenstein series Ead,# is indeed ruled out by this differential equation, we note that the
general solution we obtain does not permit to distinguish the general homogeneous solution to the inhomogeneous
equation in d = 7, and that all solutions depending only on ¢ and SL(2)/SO(2) then belong to terms that already
appear in the V*R* threshold function, i.e. E{%ogooo} in this case. This does not alter the conclusion that the
series E[oo%oos] is ruled out.

'3The notation here is such that the components of the 56-dimensional vector {(Dsg + 9Ds6):[32,} are ordered
in such a way that the singlet component in the 2 of (4.28) is the first entry (D + 9Ds6)1
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The corresponding boundary term at Ly = 0 gives the right-hand-side

1
=Y / dleL2{ o +2 20 1420 L, ,}Llee_em<M1,MI>U+L2<M2,M2>U>
T

oL OLo
YEE7(7y/Ps
Mez2x?
=—Dsxg % / dLlLle_ng r'1,T) / dLoLoe™ Lag(T'2,T'2)
7T F Z2><56
I xI';=0
1“1;&—1“2;&0
Do (4me(4)E L Da(Ce(8)E 4.100
__Z 56( 7T§( ) [008002}) + 56(35( ) {008004}) ' ( ' )
In these equalities we have only spelt out the first component of the 56 according to footnote 13
and left the remaining ones unspecified as .... This is justified as the covariant derivative is

restricted to this first component. Indeed, only an E7(7) left invariant differential operator can
safely be passed through the sum over the discrete parabolic coset. The total derivative terms in
this equation are therefore uniquely determined to rearrange the integrand into a linear deriva-
tive in ¢, such as to reproduce the form of the covariant derivative in this component.

For Eg ), one computes similarly that

<D237 + 2D27) f(o,1)

> (@) > {ﬁ@f’ + 15505 + 5305 + 1 (395 +5) Ay, ... }G_Qij610¢<M¢,Mj>u

’YEE6(6)/P Mez?2*?
5 9 tkjl 9 1j )kl 9 v ] 5 Pq Pl qj 9
{Z aQU <Q Q anl_ﬁQ Q W__Q >+EQ + e det(Q)W)}—(w)
§ ( 2L (L1+1+L1+2)+L1L2L3(L1+L2+L3)+3LI+1L12+2) 9 detQ%f(l’O))
2 det Q2 oL ®uy
+§ 0 ((LI+LJ)(—2LILJ(LILJ+2LI%)+L1L2L3(LI+LJ)+3LI%(LI2+LJQ)) 0 det Qéf(m))
4 ;éJ;ﬁKa ! det Q2 OL; D,
3
B R N
aL[ det Q @(LO)
The correspondlng boundary term at L; = 0 gives the right-hand-side
1 5 0 5 0 10¢
—= dL1dLa< —0, L1+ Lo, LyLg)ze e " (La{My,Mijut Lz (M2, Mo)u)
DD / ! 2{ ° 3oL, T 3oL, }(12)
YELg(6)/ s
M6Z2><2
=—Dy; l Z / dLi\/Lie —L1g(T'1,T'1) /oo dLo /L26—L29(F2,F2)
Q Iez2%27 0
T; xT;=0
#-T27#0
1 2 3
=~ Dar (47T§(3)E[0080§ }> + D27<Z§(6)E[00803 ) (4.102)
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Note that the second term in the right-hand-side is an artefact of the restriction on the sum
used for the infrared regularisation, and should be reabsorbed in the threshold function.

For SO(5,5), one computes that
3 3
(D16 - —D16>f<o,1>

— Q13126 (M, M)
Z Do) (02 Z {4096845 +648¢> + 5106 + 3 (312a¢+1)Au7--.}e Q120 (M, M;)

7650(5 5)/Ps MGZQXQ
3 0 0 0 K 0 11 .. I 0
-2 g ik (gl _ 20Ukl aial 017 g Pl qj
N {samq (0 o0 Gt ao 3 gam 3¢ )+ 0 26 et det (Q)am>f0 0
+ § 23: 8 (LI (_2LI2(L12+1+L]2+2)+L1L2L3(L1+L2+L3)+3LI2+1LI2+2) 5 det QJ:(LO))
4 : OLp det 2 OLr  ®u
+§ Z 0 (L[+LJ)(—2L1LJ(L1L(]+2L12<)+L1L2L3(L1+LJ)+3L12((L12+LJ2)) 0 det Qf<1,0)>
8 [£T£K 8L[ det Q2 3LJ q)(l,O)
3 .
_ §Z 0 (_?)LIZHL12+2+3(L12+1—LI+1LI+2+L12+2)L12+(L1+1J’L”?)LI3 ]:“»0)) } (4.103)
4 T 8L[ det Q q)(l,O)

The corresponding boundary term at L; = 0 gives the right-hand-side

3 0 3 0 _12¢
_ L1dL Ly + = Lo. ... e 2P (Ly (My1,My)u+La(M2,M3).)
/d 1d 2{168¢+28L1 LTS, }e

7630(55 /Ps3

Mez2*?
=-Dy; l Z / dLie L9 F1,F1)/ dL2e—ng(F2,F2)
Z2><16 0
lerj_o
[1#-T2#0
1 2
— 7Dy <4W§(2)E[OOOO]) n D16<2C(4)E{oooo]) . (4.104)
1 2

Up to the terms due to the infrared regularisation, we see therefore that we have indeed
verified formula (4.93). This exhibits that the homogeneous solution Eisenstein series appearing
at 1-loop does not appear in the 2-loop threshold function. Comparing with the literature
[28,34], we conclude that the sum of the 1-loop and the 2-loop threshold function (appropriately
regularised) must reproduce the exact string theory threshold function

Eon = oy + EG - (4.105)

The first function indeed appears in the exact string theory threshold function with the cor-
rect coefficient [38], and the second satisfies the correct Poisson equation that determines the
normalisation. However, the latter equation admits an automorphic homogeneous solution that
is in contradiction with string perturbation theory [38]. Assuming that the 2-loop threshold
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function is consistent with string perturbation theory would rule it out, but we have not proved
at this level that it is the case. It is nonetheless likely, given that this threshold function admits
by construction a decompactification limit to nine dimensions that reproduces the threshold
function computed in [20].

oop

In three dimensions 5(0 1. is inconsistent with string perturbation theory, and there is a

unique supersymmetry invariant such that one cannot disentangle the series 5§(217rl)E 00800011 ]

from the solution to (4.92) by a tensorial differential equation. We do not prove that the 2-
loop threshold function satisfies (4.92) with the correct right-hand-side, however, it is likely to

do so. We therefore expect this integral formula to reproduce the exact string theory threshold

function up to a term in 541(2173) FE 0080002 | that could be determined by computing the perturbative

contributions of 5(20'f;’p in string theory.

4.6 Higher order threshold functions

At higher order we expect the threshold functions to get corrections to arbitrary high orders in
perturbation theory. It is therefore not clear that one can extract informations about the exact
string theory threshold functions from these amplitudes. Note moreover that the renormalisation
prescription we adopted in section 3.5 would require to consider corrections associated to the
inclusion of the relevant V*R* type supersymmetric counterterm at 1-loop.

We shall nonetheless study the corresponding 2-loop corrections in this section. For this
purpose we define an E;(4) automorphic function depending on two parameters by

1 ~frg(T1.T) ~739(I2.T2)
Ea o s g 1,11 59 ’ 4.1
451,82 — 46(281)5(282) Z / t1+51 Z / t1+52 e 2 ( 06)

I EZ Iy EZd(ad)
i xi= 0 I X Fy=0
= Z - Tz(éodd) L rz(éo:dd)sz +M7’9%52+1E L
6(232) Qg_1:52773
YEE4(ay/ Pa
2s9—1 7’191* 52+2 .
28 Z < Z 2 ) Sz—l KS2__(27T7"|Z( )|)e 7'('Z< ,[l>>
2 (d ) n|ged (T’ ’ ( )‘ 2
ez,
FXF 0

which is symmetric in s; and s by construction. According to the discussion in the preceding

section, this function reduces to a product of two Eisenstein series if and only if s; = d;z?’ or
so = 453 (for d < 7), in which case
Eocm%ﬂc,% = Ead7%+kEad7% , (4.107)

for almost every k. In general the series are defined as meromorphic functions of d and one must
carry out a more detail analysis if there is a pole in the specific dimension. In eight dimensions
one can compute it exactly, and one obtains

EO!3,81782 = E[31+32]E[0751}E[0’s2] + E[sl]E[sz]E[O,sl+32} — E[s1+sz]E[0,sl+32] . (4,108)
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In this case (4.107) is reproduced by the infrared regularised series EA'OK,”;CJFQE including the de-
generate contribution when I'y vanishes (and is set equal to p?) in (4.106)

(47€(2€)) (A€ (2K + 2€)) By kot c
= (4m€(2€) B Ejp g + 2" T (€)™ %) (47 (2K + 2€) Epgy  Epo )
= (4¢(2) By +2¢(3 )E[%m +27(3y — 2 — log(4mp?))) (4m€(2k) Egy Elg g) - (4.109)

Note that the pole in € cancels out, consistently with the property that the 2-loop logarithmic
divergence is in VOR?, and does not contribute to higher derivative corrections.

4.6.1 V°R?
The function £ is defined from the integral of

5—d

T =7 — Qi (T T

Foo = I35 D> detQz Dy (Q)e I (4.110)
I;ez24(@q)
Iy xT;=0

In this case the function @, ¢y (€2) does not satisfy a projective Poisson equation on GL(2)/SO(2),
and one must split it into four eigenfunctions as in [21]. We define accordingly

D 2,0 Z oL (0 (4.111)
such that the functions
L) (Q) = —@det Q, (4.112)
D (02 ( Ly + Lo+ L3)? — det Q)
o)) (9 < (L + Lo + L3)? — 35L5Lt2£3 (L1 + Ly + Lg) + 2det Q) ,

32 L1LoL L1LoL3\2
™ _ 94 B 1L2L3 1loLs3
0y (V)= o <7(L1 + Ly + Lg)? =126- 2% (Lo + Lo + La) + 231( 2 ) +16det Q)
satisfy
0 i 0 i . s
agm( 20— zm)cpggo)(sz) — s(s — 1)B,, () . (4.113)
The 2-loop threshold function splits accordingly such that
() o d=T _ () —QW g(T;,T;)
Fow = T35 D> et @, (e oli) (4.114)
I;ez2d(oq)
FiXFJ‘ZO
One computes accordingly that
(17 — 7d)(d — 2) . oBRY
(a- s —s(s— 1) Fidh = o (4.115)
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where B((g)éf is a vector field that we will not display explicitly. We shall only discuss the
ultraviolet boundary term that contributes to the Poisson equation. For s = 1 this boundary
term vanishes, and 5((21?0) is an Eisenstein series. Repeating the computation of section 4.1, one
obtains similarly that

(1) 527'('3
5(20) - —@é(d - 3)6((1 - 2)E0ld—17% . (4116)
For 5((5,)0), one obtains a boundary term
4  dL  dL
_%ﬂ_g,_d /0 % e~ L1g(T'1,l') Z /0 3%2d e L29(T'2,I'2)

1, ez L, ryezdead) L,

Fl ><F1:0 1"2.><1"2:0
16073

=6 = (A~ ) B, s s

16073

where we assume that the function is appropriately regularised in the infrared. In eight dimen-
sions the appropriately regularised function appearing on the right-hand-side is finite according
to (4.109). Note that the diagonal contribution associated to the charges I't +I's = 0in E,, g—2
can always be removed, but in dimension six, in which case the function is in fact Ead’ af1. This

is the sign of a logarithmic divergence of the 1-loop VAR?* form factor in V®R?, together with a
logarithmic divergence of the 2-loop R* form factor. We conclude that

R (17 — 7d)(d — 2) 5 16073
AED, = ( o+ 6> £y~ Tgg @ =3¢ -V E,,

8 . .
015 (175 C(6) Basa + 1C(5) By 3 + 122 (3)E,, 3) - (4118)

d73Ea d—1
T o dr»" 5

One computes in the same way that

s 17 — 7d)(d — 2 5 8073
néQy = (YT 4 o)en, — et - 9)6(a - 1) B, asB,, 00
64¢(10) ,
+5d,7 <’71 WEQ%E) + ’718(071) + 72((5)Ea17%> . (4119)

Here again we included a possible anomalous term allowed by the Laplace eigenvalue, and

which is also suggested by the property that the infrared diagonal contribution in E,, 42 is

proportional to Ead’ ats in four dimensions. Such a contribution is associated to the logarithm

divergence of the 1-loop VOR?* form factor, respectively 2-loop V4R* form factor, in V8R?.
The last function satisfies

17 — 7d)(d — 2)
9-d

102473
207

AED, = (( + 42) EDy — £(d—3)€(d —1) E,a3E, o1 .

ds~ 5

In this case there is no potential anomalous contribution in dimension lower than eight.

52



4.6.2 VIIR!
The function Sf{}f)o P is defined from the integral of

opb—d
8505

Fany =

3 detQF By (Q)e I (4.120)
;7?4
FiXF]‘ZO

In this case on must split the function @, ;,(€2) into five eigenfunctions of the projective SL(2)/SO(2)
Laplace operator [21]

D1, (2 Z o) (2 (4.121)

such that the functions @Ei?l)(Q) defined as

245

(I)g?l)(Q) = _g(Ll + Lo + Lg)det Q,
14

() = 155 (679(L1 + Ly + L3)® + 6714 L1 Ly L3 — 2565(L1 + Ly + Lz)det Q> 7
98 LyLyL3

o, (Q) = (Ly + Lo + L3)? + 211 Lo L3

(7(L1+ Lo + La)* — 63

39 det
+3(Ly + Lo + Lg)det Q) ,
3724 LiLsLs
oY) (Q) = 7903 (9(L1 + Ly + L3)® — 198 qoto (L1 + La + Lg)?
LiLoL3\?2
+429( 56593) (Ly + Lo+ L3) — 12 Ly LoLy + 28(Ly + Lo + Ls)det Q) :
145 LiLoLs
P10 (Q) = 11(Ly + Lo + L3)3 — 42 Ly + Ly + L3)? 4.122
00 () = g (1U(L1 + Lo + Lo)* — 4295228 (L + Ly + Ly) (4.122)
L1L2L3 L1L2L3 3
2145( ) Li+ Lo+ L —2431( )
+ et ) It letla) det 0
—9264 LyLoLs + 7T2(Ly + Lo + L3)det Q) ,
satisfy
8 1 a 17 s s
a7 ( 20— 3m)q>§131)(9) = s(s — 1)®%, () . (4.123)
The 2-loop threshold function splits accordingly such that
7o, = detQ 7 ) ()7 9ToTs) 4124
(1,1) — 8505 Z et (1,1)( )e N ( : )
ez @q)
FiXFJ‘ZO

One computes accordingly that

4(7—2d)(d -1 L oBYY
(a- ( . _)(d ) (s D)FD, = S (4.125)
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where B((g)éf is a vector field that we will not display explicitly. We shall only discuss the
ultraviolet boundary term that contributes to the Poisson equation. Similarly as in the preceding

section one computes that

; A7 —2d)(d — 1) 7 /Ar? 2 A7 ¢(4)
@ _ 5(2) _
A“;‘(1,1) = ( 9_d + 2> 8(1 1) + 66< 9 f(d 1)) EO%%,% + 5d,371 745 Ea3,2
A7 — 2d d 347 2
A& = ( 2% 12>5<(1 bt 143( 5( )> Ead,%,%
1356 473 6C(8) - s
1287 (4”5 (@ =3By, a8 )( 15 St DE, d“) - 56“’( s Deat +ME0 +72) ’
A7 — 2d . 70 2
agy, = (AT=200 =i +30)80, - (1) 'E,, e
392 473 1675
- F?(4 me(d =3, %3)( 35 St DE,,, d“) o4 14175§(d+5) antg?
© A7 —2d)(d — 1) ve 26068 2
g, =1 (25— ey, - 0 (=) b
13300 473
7293 <4 §d=3)E,, « 3)(4_£(d+1)E%%) ’
, A7 —2d)(d — 1) ; 2610 2
A = ( 9—d + 90>5<(113)) 2431 (_5( )> By a5t 41
290
- @(zmg(d 3)E, & 3) (Eg(m 1)Ead’%> . (4.126)

In dimensions seven and six the series Ead 411 is divergent, so one cannot necessarily use identity
’ 2

(4.107), such that one should rather write the corresponding function as Ead d—3 d+1.
2 0 2

4.7 Wavefront set of £>'°°P

(p.q)

In this section we would like to describe the wavefront set of the functions appearing at 2-loop.
In order to do this, let us first determine the homogeneous part of the differential equations
satisfied by the threshold functions.

The function ®, () is homogeneous of degree 2p + 3¢ — 2 in , and defines a function on
SL(2)/S0O(2) through the change of variable

q>(p,q)(Q) = V2p+3q_2q)(p,q)(7—v7_—) ) (4.127)

where we use the same symbol for the rescaled function for short. ®, ,(7,7) can be decomposed
into eigenfunctions of the Laplace operator on the upper complex plane as

ADY) (7,7) = s(s — )DL, (7,7) (4.128)

(p,q)

such that the non-degenerate orbit 2-loop contribution to the threshold function 55;;’;’" decom-

poses into functions of the form

Z o av dridTs 8 (7.7) Z —V62(117d)¢(w—2mn)
e ToUg
VT—d—2p=3q |, 722 (p.9) v

0 -
V€L (ay/Pa-1 0<j<m
@ m>0,n#0

(4.129)
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Using the property that

. 2 . 2
_ye21l=d)g (ImT+G+nu)l® o _ _ve21=d)g (Imr+(+nu)l” o
( T2u2 ) = —(u—1u)%0,0z¢ ( 242 ) ,

(4.130)

— (1 —7)%0,0se

one obtains that modulo a boundary term

dTldT2 . _ _ye2i-dye (lmrGanw®
aa/ Vwk o0, (7)) > et (s mn)

2 0<j<m
m>0,n#0
< dV drdry (g _ _ve2(11—d)¢(\mr+(j+nu>\2 —~2mn)
NS(S_D/O VE—d—F /(C+ 2 Do (7,7) Oggm e 242 . (4.131)
m>0, n#£0

All Ey(4) Casimir operators acting on this function decomposes into polynomials in the derivative
with respect to ¢ and the Laplace operator on u, such that these functions are by construction
eigenfunctions of all Casimir operators, up to a source term associated to a boundary integral.
To determine the eigenvalues, we can by construction choose to compute this integral for an
arbitrary solution to the Laplace equation <I>(p (7, 7), which we choose to be 7,°. One computes
with k = 2p 4+ 3¢ — 2 that

o0 2(11—d [mr+(i+nu)|?
_ 27T5—d/ av / drydry Z Ve )¢(T—2mn)
0 C

5—d—k 2—s
v T 0<j<m
m>0, n7é0
:27r1_21 —(11— d¢\/— Z / _ k/oo d372 6—62(11711)@5(%22‘/7.2_’_”2@&2%)
0<j<m V7_ T2 "
m>0,n#0
— g ¥ e (=d s Z /d:z:xd+k s 6/ dy e T -2t D9 (2 yn2uzz)
0<j<m
m>0, n#0
2 TRE(d + ki + 5 —5)E(d+ k — s — 4)e 2= Dd=AFk)9, 5 (4.132)

This function is by construction an eigenfunction of all Casimirs: it is the character associated
to the weight vector A = (d—4+k —s)Ag_1 +2sAg— p. This weight defines the Eisenstein series

Bussiay, o, = 3 [ 200 B g (4.133)
YE€Ea(a)/Pa—1

that describes some of the contributions to the threshold functions £2'°% for k = 2p + 3¢ — 2.

(p,a)
One checks that this series is consistent with the various large radii limits, such that one has for

instance
Ed—5+k—s)d—6+k+s) 25tk

Ed74;_k78/\d71+3[\d - Ed—4+k—s5)&d-5+k+ S)T 7dEd75;kfsAd72+sAd71 o, (4134)

where for d = 3
E—1+2k75 Aotshy — E[S}E[O,k—l} + E[k_l}E[fprkfs’s] s (4.135)
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according to the convention that A, is associated to the type IIB limit for the first function and
to the type ITA limit for the second. Note that the terms hidden in the dots are not necessarily
subleading in the large radius limit.

The string perturbation theory limit of these series for d = 7 corresponds to corrections at the
various loop orders 2, #, %, k,k—s—3, k+s—4, ?”“_TS_E’, w, 2k — 5. Consistency
with string perturbation theory suggests therefore that s must be an integer, although for generic
integral values of k£ and s, none of these contributions vanish and one necessarily have components
corresponding to half integer loop order. Producing formally half-integer loop contributions is
a generic property of homogenous solutions, and one sees that they cancel eventually in the
complete solution. The facts that s ranges over integers follows from the property that ®, ,, (7, 7)
descends from a homogenous rational function of 2. We note moreover that the series satisfy
the functional relation

£(2s—1)
Ed74;kfsAd71+sAd = WEd—5J2rk+sAd71+(l_s)Ad 3 (4136)

which exhibits the symmetry s — 1 — s that is manifest in (4.133). For d = 7 this series is
equivalent to the one with the replacement k — 7 — k, such that

_ E(2k—6)E(2k—2)€ (k+5+2)€(k+s—1)E(k—s+3)€ (k—s)
E[oogo%k—ss] - £(2k—11)5(21@—7)5(k+s—9)§(k+s—6)§(k—s—8)§(k—s—5)E[oogo¢s] . (4.137)

We conclude that consistency implies that the relevant homogeneous solutions must be

g2loop  _ Z AIE(d—64+2p+3q—98)E(d—T+2p+3q+ 3)Ed*6+2;2)+3qfsAd7

(p,q) ho
SEZ

e, s (4138)

where the coefficients ¢5'? do not depend on d, and are only non-zero for finitely many values of
s. The range of s can be determined by the Laplace equation, using

((4—k—d)(5— 11k + (5 + k)d)

94 + s(s — 1)>Ed—4;k—sAd71+sAd .

(4.139)

This reproduces indeed the correct £35;" threshold function with = 8mdso. For EGF

AEd—zlerkfs Ag_1+sAg ==

the Laplace equation implies s = 4, and using (4.142) one obtains in four dimensions (with
d =T+ 2e¢)

0716(7 + 26)5(9 — 26)6(12 — 26)

0,1 _
Cy 6(26)6(7 + 26)E{008064} =Cy 6(4 — 26) {(6—5)080025] . (4140)
This reproduces the homogeneous solution displayed in [38] for
4% £(8

Using this one can also infer which loop orders in string perturbation theory can get contributions

from the exceptional field theory 2-loop amplitude. One concludes for instance that 5@}8;"” gets
contributions at 0, 1, 2, 3, 4, 5 loops, and €29 at 0, 1, 2, 3, 4, 5, 6, 7 and 9 string loops. It

(1,1)
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is rather striking that 5(211;’)0" does not get any 8-string loop contribution, which is the order

at which & ;) could exhibit a logarithmic term in the string coupling constant that would be
associated to a potential 8-loop divergence in supergravity.

In four dimensions the threshold functions Efplfl’;’ " are therefore associated to the Eisenstein
series E{oogo %S] Up to a Weyl group transformation, this series is related to E{ %ﬂogoo(,ﬁ_l)],

by the functional relation

~ €(25 —8)¢(25 — 11)
E{oogost] - 6(28)5(28 — 3) E[(6_3)0800(23+t_4)} ’

(4.142)

Therefore one expects the wavefront set of such functions to be associated to the dimension 86
nilpotent orbit associated to the weighted Dynkin diagram [,.8...]- In order to prove this one
needs to show that the wavefront set of such a function includes this nilpotent orbit, and does
not include the orbit of type Az + 3A4; associated to the weighted Dynkin diagram [ooze00], a8
one deduces from the closure diagram 4. The fact that the Eisenstein series E[,q8..:] is attached
to the degenerate principal series of dimension 86 implies also that generically the wavefront set
has the (A3 + A1)” orbit as a maximal component. The harder part is showing the absence of
the Ay + 34, orbit.™

In order to argue that this is indeed the case, we will now discuss the wavefront set associated
to the product of Eisenstein series in the fundamental that sources the 2-loop functions respective
Laplace equations. Let us consider first the M-theory limit decomposition

ey 2TV @35 Y @ (g @sl)” @352 0T, (4.143)

in order to show that the wavefront set does not include the orbit of type Ay + 3A4;. In this
decomposition, the Fourier modes of the series E[,.8.s] satisfy the constraint

quT’QStupp =0, (4.144)

nrstuvw _ 0 mnqrstu
- )

€ ArstQuulpdgm]w €

that gives 27 = 21 + 6 linearly independent solutions, with typical representative
1
Eqmnpdym Ady™ Ady? = dy' A (qdy® A dy® + gedy® A dy® + gsdy® Ady”) . (4.145)

Because all components of this representative include the first direction dy', it follows that the
n'™ power of gmnp decomposes into irreducible representations of SL(7) that contain at least n
columns, whereas all the others vanish according to the constraint (4.144). Therefore the n'®
power of gy, is only non-zero in the following irreducible representations

¢€10,0,1,0,0,0]
¢*>€10,0,2,0,0,0] & [1,0,0,0,1,0]
¢ €[0,0,3,0,0,0] & [1,0,1,0,1,0] & [2,0,0,0,0,0]
¢*€[0,0,4,0,0,0] & [1,0,2,0,1,0] & [2,0,0,0,2,0]
"€ B [r2+2n5,0,11,0,n,0] (4.146)

ni1+2ns+3ns=n

MFor the labelling of the orbits with Bala-Carter labels we are following the convention of [85].
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Figure 4: Nilpotent orbits associated to Eisenstein series in the E7(7) closure diagram, where we removed
the non-special orbits on the left. (There is another orbit of dimension 94 that is not depicted as it is not
relevant to our discussion.) The diagram on the left indicates also Eisenstein series associated with the
various orbits. If generic parameters s or ¢ are chosen one obtains the orbits shown; for specific values
the wavefront set of the Eisenstein series (or its leading residue) can be smaller. The reduction of the
wavefront set can be studied by analysing the degenerate Whittaker vectors as in [37, 38].
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A generic antisymmetric rank 3 tensor g, admits a non-zero septic invariant

— ninangangnsngny ~P1P2P3P4P5P6PT7 ~919293949596497
Iz(q) = ¢ € € Aninan3dp1paps 9919293 Inanspa Apsqags Inepeprdnrgsqr »

(4.147)
whereas there is no singlet in the tensor product of the representations involved in the n'®
product of a charge satisfying the constraint (4.145) and its (7 —n)™ tensor product, as one can
easily conclude using (4.146). The sum of two 3-form satisfying (4.145) admits a vanishing septic
invariant, and is therefore not generic. We conclude that the product function E 08005 | B 00800t
wavefront set does not include the nilpotent orbit [,.3000] Of type A2 + 3A4;.

However, the tensor product of two [1,0,1,0,1,0] includes the [0,0,0,1,0,0] such that the
derivative of the septic invariant does not vanish. Therefore the wavefront set does include the
nilpotent orbit of type As + 2A4;.

The orbit of type (A3 + A1)” is instead associated to the graded decomposition

e 219 3162 @ (100 16) 7 @ (g @ gy @50(5,5))” @ (109 16)? @ 16" ©1© |
56=17 910V @ (1016) "o (1216)" ©10% ©1© . (4.148)

A representative of the nilpotent orbit is obtained as a generic doublet of a vector ¢® and a
Majorana—Weyl spinor (, in the grad two component, that satisfy

M’ #0,  Ta®q°¢als #0, (4.149)
with stabilizer Spin(3,4) C Spin(5,5). An element of the 3A; nilpotent orbit satisfies instead
Ga = CPaaBCOcCB ) (4150)

for some ¢, which implies that ¢® is a null vector and that (, satisfies the corresponding Dirac
equation. An element of the minimal nilpotent orbit can be realised by a vanishing vector and
a pure spinor, or a vanishing spinor and a null vector. If we add to ¢® an arbitrary null vector
p%, it is clear that

Nab(0® + ") (@ + %) = 2eTa™pCals #0,  To®(¢" +p")Cals = T Cals # 0, (4.151)

for an appropriate p®. It follows that the generic sum of an element of type A; and an ele-
ment of type 34; defines a generic element of type (A3 + A1)”. We conclude that the product
function Eo300s]E[oc800t] Wavefront set does include the nilpotent orbit [,.8...]. Note that be-
cause one element can be in the minimal nilpotent orbit, this applies also to the degenerate case
Eo8002] Fo08003] Televant for the V8R* 2-loop threshold function.

5 Concluding comments

In this concluding section we collect various comments on our analysis.
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5.1 Massive states as BPS solitons in supergravity

The sum over the rank one charges I' was interpreted here as a sum over %—BPS states in
M-theory. One can also interpret these corrections directly in supergravity in D = 11 — d
dimensions. One understands then this sum as a sum over %—BPS solitons, that are the %—BPS
black holes in 11 — d dimensions. According to [86], the contribution of zero size solitons is
not necessarily exponentially suppressed, and cannot be disregarded in perturbation theory. By
construction, both %—BPS and %—BPS black holes have a vanishing horizon area as classical (two
derivative) solutions, and as such can be considered as zero size solitons. In four dimensions
there are moreover %—BPS black holes of vanishing horizon area. It was argued in [87] that
these solitons should not be considered in supergravity (in four dimensions) because they define
singular solutions for which the horizon is replaced by an infinitely red-shifted naked singularity.
However, singularities of classical solutions are standard in quantum field theory (e.g. the static
electron in quantum electrodynamics), and we shall argue instead that the vanishing horizon
solitons cannot consistently be removed from the spectrum in perturbation theory, whereas the
finite horizon black hole soliton contributions should be exponentially suppressed and considered
as non-perturbative corrections in quantum field theory.

The effective theory describing these solitons involves by construction additional massive
states with the BPS mass equal to the largest eigenvalue of the central charge matrix Z(T").
Semi-classical Dirac—Schwinger—Zwanziger quantisation of the charges I" implies that this effec-
tive theory should be invariant with respect to the arithmetic subgroup Fyq)(Z) of the classical
Cremmer—Julia symmetry. Although this effective theory would be extremely complicated to
derive from first principles, it seems reasonable to conjecture that the effective theory describ-
ing %—BPS solitons is uniquely determined by symmetry to be the exceptional field theory on
R110-4 % 74 studied in this paper. The fact that the effective theory takes almost the form of
a higher-dimensional local field theory naturally follows from the property that %-BPS massive
irreducible representations of the maximally extended super-Poincaré group are homomorphic
to massless irreducible representations of the maximally extended super-Poincaré group in one
dimension higher [53].

We have exhibited in this paper that the ultra-violet behaviour of the theory was improved
by the consideration of such %—BPS states, through the cancelation of the 1-loop divergence
in eight dimensions, and the cancelation of the 2-loop divergence in seven dimensions. These
cancelations suggest that the theory including all zero-size solitons could possibly be free of
ultra-violet divergences, and would define a consistent perturbation theory free of the usual
ambiguities inherent to non-renormalisable field theories. One may wonder then if the appro-
priate quantisation of supergravity including all relevant soliton contributions could reproduce
the complete M-theory low-energy effective action. This paper exhibits that supergravity does
include the exact corrections to the BPS protected threshold functions in string theory, provid-
ing a first hint that this proposal is not completely wrong. However, these BPS couplings are
known to be entirely determined by the symmetries of the theory up to an overall factor, and at
this level we have to admit that the evidence for the proposal is not very strong. Our proposal
does relate to some extent to the conjecture that the complete (2,0) non-abelian conformal field
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theory in six dimensions on a circle is described by the supersymmetric Yang-Mills theory in
five dimensions including ‘instanton-like’ solitons [88,89]. In this later framework it was pro-
posed that the 6-loop logarithmic divergence [90] could be canceled by soliton contributions [91].
This kind of cancelation between massless ultraviolet divergences and soliton contributions is
advocated by the cancelations we exhibited in exceptional field theory.

On the contrary to the %—BPS massive multiplets, the %—BPS massive multiplets do not
correspond to massless multiplets in higher dimensions. In four dimensions, one has for example
the lowest spin massive multiplet [53]

pin | 0 | 3| 1 [ 3 |2[]]s
Sp(6) | 429¢ | 572 | 429, | 208 | 65 | 12 | 1

N T

(5.1)

where the symplectic traceless antisymmetric rank 6 — 25 tensor representations of Sp(6) split
into irreducible representations of the Sp(2) x SU(4) C Sp(2) x Sp(4) C Sp(6) subgroup of
automorphisms of the supersymmetry algebra with a i-BPS central charge. It is rather clear
form the structure of this multiplet that the effective theory describing such massive states
does not naturally admit a higher dimensional realisation, and cannot be described within a
framework similar to exceptional field theory.

5.2 1/4-BPS states and renormalisation

Because the R?* type supersymmetric invariant can only be written as a superspace integral over
sixteen fermionic coordinates in the linearised approximation [92], it follows that R? is subject
to a non-renormalisation theorem, such that only %—BPS states can contribute to it [93]. More
precisely, it is known that the Fourier support of the R* threshold function in string theory only
includes %—BPS instanton charges [26,29]. This is a consequence of supersymmetry, through
the differential equation that the threshold function must satisfy in order for this coupling to
extend to a supersymmetry invariant [32]. It is therefore expected that only %-BPS solitons can
contribute to the threshold function & ), explaining that the exceptional field theory amplitude
we computed at 1-loop provides the exact result. On the contrary, the V*R* threshold function
is known to admit %-BPS states contributions [29], and one does not expect the %-BPS soliton
contributions to cancel. Nonetheless, it appears that the 1-loop and the 2-loop amplitudes we
have computed contain the exact V4R* and VOR* threshold functions in string theory, while
the second also receives %—BPS states contributions. Although this could be a consequence of
the strong constraints implied by supersymmetry on these coupling, it is tempting to extend the
analysis further and define the exceptional field theory amplitude on its own right.

The fact that the one-loop exceptional field theory R* coupling is finite is a consequence
of the property that it includes all M-theory state contributions, and as such should be free of
any divergence. On the other-hand, the one-loop contributions to higher derivative threshold
functions does not include all the M-theory states in the loop, and one finds indeed that the
corresponding contribution diverge in various dimensions. In particular, the V4R?* threshold
function then diverges in seven and in six dimensions. It is expected that the contribution from
the %—BPS states in M-theory should compensate precisely this divergence in an appropriate
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regularisation scheme. However, we verified in appendix C that the naive formula one could
write for a candidate function obtained as a lattice sum over %-BPS charges admit singularities
at finite moduli, and it is yet unclear how such a sum could cancel the divergent Eisenstein series
contribution we obtained in this paper. We shall nonetheless assume that this happens through
some mechanism that remains to be clarified.

Because one expects such a contribution to arise independently in all dimensions, it appears
that if one has to renormalise the exceptional field theory in order to obtain finite amplitudes, one
should do it consistently in all dimensions. We therefore propose the following renormalisation
prescription for the theory: If a given threshold function diverges in dimensional regularisation
at a given loop order for some value 3 < d < 7, one should add a local counterterm in D
dimensions to remove this contribution in all dimensions.

This is indeed the renormalisation prescription we have adopted in this paper, such that
one removes completely the 1-loop contribution to the V4#R* threshold function by adding the
relevant counterterm. Then the 2-loop contribution to this threshold function turns out to
provide the exact string theory function, and the full amplitude is finite. Note that the V4R*
1-loop counterterm should be taken into account at 2-loop, but one can check that it only
contributes to V872¢R? type threshold functions [22].

Although we have obtained that the sum of the 1-loop and the 2-loop VOR* threshold func-
tions define the exact string theory threshold function, it is divergent in dimensional regularisa-
tion and should be removed by adding the corresponding counterterm within our prescription.
We expect the contribution of the 3-loop Mercedes diagram in exceptional field theory to define
again the exact string theory VOR?* threshold function, in such a way that its pole in dimen-
sional regularisation would cancel precisely the 3-loop divergences in supergravity, ¢.e. the 3-loop
4-graviton divergence in six dimensions, and the R* and V*R* sub-divergences in five and four
dimensions.

Our analysis might have some bearing on the role of the strong section constraint for the
construction of higher derivative effective actions in exceptional field theory. As we already
pointed out in section 2.4, it is possible to construct Feynman diagrams already at tree-level
with external charges I' that do not all satisfy the strong section constraint in a pairwise manner,
see e.g. (2.41), and it is also possible to embed such processes in loop diagrams, as for example

N

(—’I’Ll,O,TLg,O) (Oa07n37n12)

oL

where we use the same notation as in (2.41), and the sum over the momentum n3 in the loop

(n1,0,0,0) (0,0,0,n'?)

(—n1,0,0,0) (0,0,0, —n'?)

(5.2)

should be extended to the sum over all momenta consistent with the strong section constraint
with (ny,0,0,0) and (0,0,0,n'?). Although we have not computed this diagram, we expect
that it might carry a divergence in dimensional regularisation for the massive V*R* threshold
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function in seven and six dimensions, as for the massless case. Note that the low energy expansion
of such amplitudes only makes sense if the masses of the external states are much lower than
1 in units of £~!, but one can easily check that this can be achieved for some specific choice
of moduli near a specific (cusp) boundary. Divergences in such diagrams would have to be
removed by counterterms for massive modes in exceptional field theory, which will be local in
D dimensions. However, they will be defined by construction as products of fields that do not
satisfy the strong section constraint, and that we expect to be non-local in the extended space
(i.e. not with a polynomial dependence in the integral external momenta). In fact, we suspect
a close connection between the notion of locality and the strong section constraint for such
counterterms in exceptional field theory.

5.3 Extension to the Kac-Moody case E;4) with d > 8

We can also formally consider the case d > 8 where the hidden symmetry group Ey) becomes
of Kac-Moody type [40,74,94-97]. Expression for the correction functions &, and &, ) have
been conjectured in [77] and passed further consistency tests in [37]. Exceptional field theory
for Kac-Moody groups has been discussed in [41,98].
For the R* correction term E0,0) the result from the one-loop calculation in exceptional field
theory takes the form (cf. (3.9)):
Eingy” =4m€(d —3)E 43 = 2((3)E,

ad, 2

(5.3)

17%7

after formally using the functional relation (A.8) applied with elements of the Kac-Moody Weyl
group for Eyq) with9 < d < 11.'° This function agrees with the ‘minimal’ series proposed for R*
in [77]. The fact that it could follow from a truncated E1y(;1) one-loop calculation with %—BPS
states circulating in the loop was later proposed in [99]. We also note that our expression (4.83)
provides a conjectural alternative definition of the minimal Eisenstein series in the Kac—Moody
case.

Interestingly, the V4R* contribution from the non-degenerate orbit at two loops given
in (4.47) can also be converted into a more standard form using a suitable Kac-Moody Weyl
group element. One can map the Eisenstein series on node g1 to a series on node «y for
9 < d < 11. The resulting two-loop threshold function is

Enn " =C(5)En, 3 (5.4)

in all cases, corresponding to the correctly normalised Eisenstein series discussed in [77] for
the VAR* correction. Just as the ‘minimal’ series above, this ‘next-to-minimal’ series has the
special property that it only possesses a finite number of constant terms [77] and very simple
(degenerate) Whittaker vectors [37].
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A Eisenstein series a la Langlands

In this appendix, we summarise briefly the pertinent definitions from Langlands [73] for Eisen-
stein series on split real hidden symmetry groups Eg) with invariance under Fyq)(Z). The
material here is discussed also in previous publications [28,34,38,77], we follow in particular [38].

An Eisenstein series can be defined for almost all weights A of the Lie algebra egq) of Eg(g)-
Let us denote the fundamental weights by A; for i = 1,...,d. They are dual to the simple roots
a; in the Cartan—Killing metric (a;|A;) = ;5. Let g € Egq) be a representative of the coset
Eqa /K4 with K; the maximal compact subgroup of Eq(q)- Using the Iwasawa decomposition

h

g = nak with a = € in a fixed maximal split torus (and h in the Cartan subalgebra), k € Ky

and n a unipotent element one can define the map

using the pairing between the Cartan subalgebra and the space of weights. p = Z?:l A; is the
Weyl vector. Depending on the weight A, the function H (), -) has a stabiliser P C Eg4)(Z) that
always contains the Borel subgroup B(Z) and therefore is contained in a parabolic subgroup.
We will parametrise the weight A as A = 22?:1 s;A; — p and write it as a labelled Dynkin
diagram. For example for E77) we would have in general

7
A=2) sihi—p T (A.2)
i=1

The stabiliser P is the parabolic subgroup determined by the vanishing s;; if only one s; is
non-zero P will be a maximal parabolic subgroup.

The Eisenstein series defined by Langlands then is given by averaging the exponential of the
function H(A,-) over the action of the discrete subgroup Egq(q)(Z):

E(\g) = Z eflA79), (A.3)
YEP\E4(a)

Here, it is understood that the sum is over elements of the discrete subgroup Egq)(Z). For
compactness we also denote the Eisenstein series with a labelled Dynkin diagram and suppress
the dependence on g, e.g.

E . (A.4)

Sz
8183584858657

The action of v € Eg(4) transforms the coordinates on the symmetric space Eq(q)/Kq. We will
denote this action by ~ [-], where - stands for any function of the coordinates on the symmetric
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space. For example, for d = 1 and Fy(;) = SL(2,R) (in the case of type IIB)'% we can choose
standard coordinates 7 = 7 + 479 on the upper half plane such that the fraction linear action

T — Z:IS under v = (%) € SL(2,R) leads to

T2

m. (A.5)

v ) =

The Eisenstein series (A.3) can also be written as

E(\g) = Z ~y [eH()"g)} . (A.6)

YEP\Eq4(a)

For the standard non-holomorphic Eisenstein series on SL(2,R) we would simply get

Eg= Y, 7B, (A7)

~EB(Z)\SL(2,Z)

with B(Z) the upper triangular Borel subgroup of SL(2,Z).

The definition of Eisenstein series (A.3) is only absolutely convergent when Res; > 1 for
all ¢ = 1,...,d. The definition can be analytically continued by using Langlands’s functional
relation

E(X\, g) = M(w,\)E(wA, g), (A.8)

where w belongs to the Weyl group of Ey). The coefficient appearing in this relation is

E((Ae)
H fl—i— €1+ (MNo) (A.9)

wa<0

in terms of the completed Riemann zeta function &(s) = 7%/2T'(s/2)((s) that satisfies £(s) =
&(1 — s) and has simple poles at s = 0 and s = 1 on the real axis. FEisenstein series can be

expanded into constant terms and Fourier modes and general formulas for this can be found
in [28,70,73,77].

B SO(n,n) Eisenstein series at special values

In this appendix we want to demonstrate that the minimal unitary representation SO(n,n)
Eisenstein series are determined exactly by their approximation to the two summands of highest
degree in the graded decomposition with respect to the maximal parabolic P; associated to the
first root. This was claimed below (4.83).

For orthogonal groups, the minimal unitary representation series can be realised both in the
Weyl spinor S and the vector representation V', owing to the Langlands functional identity

£(n — 2)E5¢3 . =E(EF" . (B.1)

$For type IIA in D = 10, the corresponding group would be just the scaling R%.
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We will analyse this equation in the following for SO(n + 1,n + 1) rather than SO(n,n) since
it makes some formulas more compact. The starting point is the parabolic decomposition

so(n+1,n+1) =V @ (g @so(n,n)” @ Ve
V12 gVOp1® Sy =SV asy. (B.2)

Let us first consider the spinor series, which is a sum over the non-zero Weyl spinor P € S
subjected to the constraint that P, _3P = 0, where ~;, is the antisymmetric product of £ gamma
matrices of SO(n 4 1,n 4 1).!” Using this decomposition one obtains

26(25)Eg™t =7 °T(s) > |Z(P)|7*
Pesy,
P'YnfSP_O

=2£(20)e B 4 Y D / e 2O IZ0R) (g )

qeS* pES L
qYn—4q=09Vn—-3P= 0

To be able to Poisson resume the sum over ps, we use the fact that the spinor ¢ can always be
rotated to a relative integer in the highest grad component of the parabolic decomposition

V & n~? ¢ a®
nn—1)"% nn—1(4)
s0(n,n) = ( 5 ) <) (g[l 695[(71))(0) &) % ;
. L nm—1m—2)m—4) >
24 ’
R L nm—1m—2)*
= - 5 )
(n—4)
S =~ nn-1) o1
2
—1)(n—2)""°
S, = ® n(n é(n ) ®&n" . (B.4)

such that the sum over ps reduces to the unconstrained sum over Z" in the grad n—2 component.
Using this one obtains

D / el (c212(p+da) P+e2 2(9)?) (B5)

qeS* pESH
qYn—2q=04Vn—3p=0

D D 3 BN i

YESO(n,n)/Pn €L« pEZ™
_ 2 Dn
=2¢(25 —n)e*CTOED

2 ST Y,

~ESO(n,n)/ Py 4€Z PEZT

s_n

|:e—2n(s—1)v (€4UQ2M(}5)) Tj
q2s—n

K, . (27Te—2¢+2v sz(ﬁ)) e2milap,a)

7Strictly speaking the pure spinor constraint gives Py,41_4xP = 0 for all k£ > 1 such that 4k < n+ 1, but the
first equation for k = 1 implies the others.

66



Now we note that p only appears in the sum through the vector @ = (py1¢q), which satisfies by
construction

Rq=0, (@Q) =0,  ged(qg)lged(Q) - (B.6)

and the sum over ¢ and p reduces to the sum over all pure spinor ¢ and integral vectors Q
satisfying these constraints. It is convenient to analyse this second sum in terms of the graded
decomposition (B.2), such that

s_n

—2n(s—1)v ( 4v 2 ~ .
Z Z Z ’Y[e (qe%jlnM(P)) ° KS_%(27T6—2¢+2U sz(ﬁ))e%qu,cL)]

vyeSO(n,n)/Pp €L PELY

—2(s—1)v —2(s—1) ( ,2v s—% ‘
= Z Z Z 7|:6 M (q)| _ (e IQ) Ks_g(27Te—2¢>+2u1Q)e27r2<Q,a>:|

vE€SO(n,n) /Py QEZLy q€S* ng(q)
ged(q)|Q

d(q s—1 .
_ Z Z Z [ gc |2s - ( Q n_sz_g(2W6_2¢+2”1Q)62”Z<Q’“>] . (B.7)

v€SO(n,n)/PL QEZy qeS* €2U1Q) 2
ged(q)|Q

One can therefore rewrite the series as

26(25) By =26(25)e 20 BE |+ 2£(25 — n)e OB (B3)
- e ng _ D - Ti(Q,a
2 (Z 2) )n T By L (vg) K g (2me 2| Z(Q)) O
QEZZ” r|Q Q)2
(Q.Q)=0

where vg is the SO(n — 1,n — 1) coset representative in the stabilizer of Q.
This series evaluated at s = 1 gives

26(2)BL = 26(n — 1)e 2019 4 9g(2)e 2 B

Syl
e e ;
+4 ) (Zr" 2) e K (2me | 2(Q )|)e2mitQa) (B.9)
QEZE" T|Q Q)|
(Q.Q)=0

If we now evaluate the vector series according to the same decomposition, one gets equivalently

26(25) Byt = 26(2s)e ™40 4+ 26(25 — 1)e 2¢ED"

V,s—1
(2s+1)¢ |
+4Z (Z 25— 1> e s_lKs—%(276_2¢|Z(Q)|)62M<Q’a>
gezr i (@)
(Q,Q)=0

LYY /dt (oo ({Qtma0ima) ) ¥y 7(Q 4 ma) e~ 10m2) (B.10)

meZ* Q€Z2n
2ml(Q,Q)

Using the Langlands functional relation (B.1) and comparing with (B.9), one concludes that the

1

last line evaluated at s = "5~ vanishes. Strictly speaking this series is not absolutely convergent,
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so the cancelation holds for the analytic continuation of the series in s evaluated at s = ”T_l,

1.e.

_m (Q+maQ+ma 2 ma e—4m, n—
> 2 /t8+1 ! ) HZQ4ma)rente 2)2(’)(3—71). (B.11)

meZyx QCZ>
2ml{(Q,Q)

This is the vanishing of the extra term as claimed below (4.84).

C 1/4 BPS-Epstein series

We would like to consider the possibility that an Eisenstein series is produced by 3 7 BPS solitons
through a lattice sum over ——BPS charges. A ——BPS charge defines two quantities invariant
under the maximal compact subgroup Kgq C Egg). In particular in seven dimensions, the
matrix central charge Z,, (") for an arbitrary charge I' in the 10 of SL(5) is an antisymmetric
tensor Zg, of SO(5), that satisfies

D2 = 0, 2" - %@lbzcd . (C.1)
One computes using this equation that for a general function £(Z3, Z4) depending on
Zy = 22", Zy=Zu4Z"Zg2% (C.2)
that
D& (Zo, Z4) = [2(Zaczbc — 160422) 0o + 4( 20" Zcq 2% Zp — éaabz4)a4} E(Zs,Z4)  (C.3)
and

DaCDbc 5(227 Z4)

9 L33 7 41
= 20 Zpe + =04 2 — 207 aZ% Z o + 27520 Zpe + — O 2
[(10 be T gp b 2>82+( 5 d bt 22220 Zbe + 5pOab 4)84
+4(Z ZeaZ% 7y — gZ Lo T + 55abz2 )822 (C.4)
+<—ZQZ °Z dZdeZ b+ (§Z4 —2Z )Z Zpe + E(S bZ2Z4>82(94
5 a c e 5 2 a C 25 a
12 16
((222 — = 24) 2 BeaZ" Ly + (22221 — 25 20) 20" Ly + 2—55abz42>a42]5(22, Z) .

Using these equations it becomes straightforward to solve the differential equation [69]

4s — 5 3(2s —5)
D N 7
50 Davbs + =52

that is also solved by the Eisenstein series Ejq g 0. One obtains the solution

—s+1 _
E(Zo. Zy) = 2 Zo+\1Zi— 27\ _ o= (C.6)
2,44 /7424—Z22 4 5 .

DaCDbcgs = — 5abgs ) (05)

24 — 2—
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with the definition

o+ \JAZy — Z2

= 1 ,
such that z; > z_ > 0 define the BPS mass W = ,/z}" + /z_ of the soliton, and are the two
eigen values square of the tensor Z,,. z_ is necessarily strictly greater than zero for a rank

2+

(C.7)

4 charge I', but can reach z, at finite moduli, on a subspace of dimension 10. Therefore the
automorphic function defined as'®

F)—s—i—l

g1+ — _ Ao C8
LR Dl a1y (C8)
I'x [0

admits singularities at finite moduli, and must be different from the Eisenstein series Ejg
that satisfies the same differential equation. This solution is unique up to an exchange of the
two eigenvalues, so there is no solution £(Z2,Z) to this differential equation that is regular
everywhere on moduli space.

We expect this property to generalise to all dimensions. For example in four dimensions, a
1-BPS central charge satisfies (i,, ... are fundamental SU(8) indices)

. 1 1 .
Zip ZM 2,271 2,4, 77 = —Z(Zklel)ZiprqurZ” +3 (Z0 2% Zpy 2% — (2 2"2) 2,27
(C.9)

and determines two SU(8) invariant functions
Ty =779, Zy=Zi; 7% 722" (C.10)

that determine the BPS mass W > 0 and the ratio parameter 0 < x < 1 such that

N Za+ /82y — Z}  Zo—\/8Zy—Zy
W = , x = . (C.11)
8 Zo+ /87y — Zy

We expect the %-BPS differential equations constraining the V4R* threshold function to admit

for solution a function of W and z for an arbitrary rank 2 charge I'. However, we also expect
this function to be singular at x = 0.
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