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1 Introduction and summary of results

There has been considerable interest in recent years in using gauge/gravity duality as a tool
for modelling strongly coupled physics, in particular with a view to possible applications
to condensed matter physics (see [1-5] for reviews). Several interesting condensed matter
systems exhibit strongly interacting non-relativistic scale invariant fixed points and one
may hope to use gauge/gravity duality to study them. With such applications in mind,
gravity solutions with Schrodinger [6, 7] and Lifshitz [8, 9] isometries were constructed and
studied.

A key idea in holographic approaches is that the gravity models may allow us to
uncover new universality classes, not easily accessible with perturbation theory, which may
be of relevance to condensed matter physics. One should note however that there is very
little a priori evidence that the holographic models actually describe physics appropriate
for the condensed matter systems under question. The predominant approach has been
to proceed phenomenologically and probe the relevance of these models by computing
observables holographically and comparing to experimental results. The goal in this paper
is rather to understand better the dual theory from first principles.

When the gravity solution contains a parameter which can be adjusted such that the
solution becomes a deformation of AdS one may use the standard AdS/CFT correspon-
dence in order to understand the nature of the dual field theory. This approach was ex-
ploited in [10] (see also [7, 11-14]) where it was shown that the theory dual to Schrédinger
geometries is a deformation of a relativistic CF'T by specific operators which, although
irrelevant from the perspective of the original relativistic CFT, are exactly marginal from
the perspective of the non-relativistic Schréodinger symmetry. Apart from elucidating the
holographic duality for the Schrédinger geometries, the analysis in [10] also indicated that
a new general class of theories with Schrodinger symmetry can be obtained from defor-
mations of relativistic conformal theories, see [15] for a recent application of these ideas.
These deformations do not have to be realized holographically and indeed these results are



interesting for field theory in its own right. In this paper we will present an analogous set
of results for Lifshitz geometries.

There are three different ways to adjust the dynamical exponent such that the theory
becomes a deformation of AdS. Firstly, one can consider the case in which z approaches
infinity, when the geometry about which one is deforming becomes AdS, x R%~!. This
limit is however not very useful for our purposes because the holographic dictionary for the
limiting spacetime is not fully understood (due to the non-compact R4~! directions and
the well-known subtleties associated with AdS, holography). The second case is that of
z = 2 Lifshitz which can be obtained by a reduction from z = 0 Schrédinger in one dimen-
sion higher [11, 16, 17]. These higher dimensional solutions are asymptotically AdS and
therefore holography for z = 2 Lifshitz can be derived by dimensional reduction, follow-
ing [18, 19]. This procedure for obtaining the holographic dictionary was followed in [20, 21],
reducing the results obtained in [22]. This system has the additional advantage that it can
be embedded in supergravity [23—-26]. However, the reduction circle becomes null at infinity
which implies the dual theory should be related to the Discretized Light Cone Quantization
(DLCQ) of the deformed CFT corresponding to the z = 0 Schrodinger solution, and thus
this approach suffers from the well-known subtleties associated with DLCQ.

The third way to view Lifshitz geometries as being close to AdS is when the dynamical
exponent z is near to one. This case is free of any subtleties and will be the topic of this
paper. When the dynamical exponent takes such a value, one can extend the standard
AdS/CFT correspondence in order to understand the dual theory. Focusing on the pure
Lifshitz solution! of the system of a massive vector coupled to gravity [9], we find that we
can achieve z ~ 1 4 €2, with € small, by tuning the mass of the vector field. Expanding
in e first, the solution indeed becomes asymptotically AdS and its interpretation can then
be extracted from its asymptotics. We find that the solution is dual to a QFT which is a
deformation of a CFT by the time component of a vector primary operator J* of dimension
d (recall that conserved vectors have dimension A = (d — 1)),

Srif = Scrr + e/dd:njt. (1.1)

This is our first key observation. In the deformed theory the vector operator acquires an
anomalous dimension at order €2 when d > 2 and at order ¢* when d = 2.

Note that the most commonly quoted examples of Lifshitz invariant theories are not
of this form. For example, the scalar theory with action

S = / dtd3z(d? + ¢(—0%)*p) (1.2)

which is often used in the literature as an illustrative example (especially when z = 2) does
not become of the form (1.1) when z ~ 1 + ¢2. This suggests that this field theory model
is unlikely to share key features of the holographic model.

'In this paper we will focus on exactly Lifshitz solutions but one could also explore Lifshitz solutions with
running scalar couplings (hyperscaling violation), which can for example be realized using Einstein-Maxwell
dilaton models.



A number of theoretical models with dynamical exponents close to one have appeared
in the condensed matter literature. A sample of such models include quantum spin systems
with quenched disorder [27], models for quantum Hall systems [28, 29], graphene [30, 31],
spin liquids in the presence of non-magnetic disorder [32] and quantum transitions to and
from the superconducting state in high 7, superconductors [33-35].

It turns out that none of these models are governed by an action of the form (1.1)
(although some can be viewed as a deformation of a (free) CFT, albeit a different type
of deformation). One may then wonder whether the Lifshitz invariant theories of the
form (1.1) arise only in holographic theories at strong coupling or not. In fact we show
that the opposite is true: any deformation of the type (3.1) leads to a Lifshitz invariant
theory with dynamical exponent z ~ 1+ €2, to leading order in e. This is our second main
result.

Let us briefly explain this result: at the classical level the deformation in (1.1) breaks
Lorentz invariance but the theory is still invariant under relativistic scale transformations.
Since € is small one may study the theory via conformal perturbation theory. The leading
order correction arises at order €? and can be computed using the OPE of the vector
primary operator. This OPE contains the following universal terms

I
Ji(@) T3(0) ~ —55 + - +Aij’“% o (1.3)

where I;; = 6;; — 2z25/ x2, Aijkl is some universal tensorial structure and 7;; is the CF'T
stress energy tensor. This follows from the fact that J; is a primary operator of dimension
d (see section 5 for the detailed argument). The leading order term gives rise to power law
divergences while the term with 7;; leads to a logarithmic divergence. These divergences
are exactly the same as the ones we find in holographically renormalizing the gravitational
theory. Removing the divergences requires in particular renormalization of the source of
Tij, i.e. the boundary metric. It turns out that the renormalized metric to this order
is actually equal to the bulk metric at order € with the cut-off replaced by the radial
coordinate! The renormalization leads to a beta function for the boundary metric and this
modifies the trace Ward identity which now becomes,

AT e + (T =0 (1.4)

where i = {t,a},a = 1,...,d and ( ). denote the computation up to order e?. This is

precisely the condition required for Lifshitz invariance!

This construction provides a new, general class of Lifshitz invariant models. The
emergence of Lifshitz invariance is derived using conformal perturbation theory and relies
on a universal part of the OPE of a primary operator of dimension d. The argument is
thus valid for any CF'T, weakly or strongly coupled. The dimension of 7; in the deformed
theory however in general depends on the specific details of the CFT. In the holographic
models the dimension of 7; is not corrected at leading order, which implies that the 3-point
function of J; should be zero. Moreover, if the OPE contains other singular terms beyond
the ones exhibited in (1.3), these induce relevant deformations of the critical point and the
r.h.s. of (1.4) contains corresponding terms.



The holographic model is based on a strongly coupled CFT, but weakly coupled models
may also have interesting applications. It would be interesting to investigate whether such
models could be of relevance for modelling real world systems (irrespectively of their holo-
graphic realization). As noted above systems with z close to one have already been studied
with a view to applications that range from quantum Hall system to graphene to high T,
superconductivity, etc. We also note that at long distances Horava-Lifshitz gravity [36] has
a dynamical exponent that approaches z = 1. We further add that experimental evidence
for critical behavior with dynamical exponent close to one has been reported in [37-39]
for the transition from the insulator to superconductor in the underdoped region of cer-
tain high T, superconductors and in [40] for the superconductor to metal transition in the
overdoped region.

From the bulk side, top down embeddings of Lifshitz solutions with z > 1 were found
in [41] and were further explored in [42] and [43]. We will discuss in the conclusions the
implications of our results for such top down solutions with z close to one.

This paper is organized as follows. In the next section we present the gravitational
solution with Lifshitz scaling and show that when z ~ 1 + € this model is dual to a
deformation of a CFT by a vector operator of dimension d. In section 3 we develop the
holographic dictionary for our theory. In section 4 the 2-point function of stress-energy
tensor in 2d Lifshitz invariant theory is computed and in section 5 we present the QFT
analysis for general dimension. We conclude in section 6.

2 Lifshitz solutions

Solutions with Lifshitz isometries were first presented in [8]. Here we will use the formula-
tion in [9] in terms of gravity coupled to a massive vector. The action is given by?

1 1 1

S=——— [d"aV/-G |R+d(d—1)— —F> - M*A 2.1
167G o / v Fdld=1) =78 =3 : 21)

where relative to [9] we have rescaled the fields and the coordinates as,
th“ejre — ZQGEBIere’ Azere — lA‘Lhere’ xﬁere _ lx/tlhere (22)

where ) )
-2 -1

2_ 7 +2(d—2)+(d—-1) . (2.3)

dd—1)
(We have also absorbed an overall factor of I?¢ in Newton’s constant.)
The action (2.1) admits an AdS solution with unit AdS radius. When the mass is
equal to

2 _ zd(d — 1)? (2.4)
224 2(d—2)+ (d—1)? )
the field equations also admit a solution with Lifshitz scaling symmetry given by
ds? = dr® — 2 dt? 4 2/l daduy; (2.5)
2(z—1
A=A dr, A2 = (zz ),

2Curvature conventions: R,,,° = oI, + Fﬁp ov— (e v), Ruw = Rus’.



zy >1 z_>1
d=2 0<M?<1 M?=1
d=3|0< M?<12/5~24 | 4/23(-1+4/13) ~2.33 < M2 <12/5 =24
d=4 0<M2<9/2 —1+2VT~429 < M? <9/2
Table 1. Allowed range of masses for Lifshitz solutions with dynamical exponent z; and z_ bigger
then one.
wherea = 1,--- ,(d—1). The Lifshitz symmetry is realized by the following transformation,
t — M, % — ez, r—r—Al. (2.6)

By the standard AdS/CFT dictionary the massive vector (at the AdS critical point)
is dual to a vector primary operator .J; of dimension

A= %(d + (A= 272 1401?) (2.7)

d d 2 zd(d — 1)2
_2+\/<2_1> TR d-rd-1p2

In other words, the action (2.1) governs the dynamics of a CFT whose spectrum contains a

vector primary of dimension A. The same theory contains a Lifshitz critical point if (2.4),
viewed as an equation for z, has real solutions with z > 1. In order (2.4) to have real
solutions the mass has to satisfy,

d(d—1)?
<M?P< L
0=M 3d—4 "

IN

(d>2). (2.8)

The lower bound comes from unitarity: M? > 0 is equivalent to the unitarity bound for
vector operators, A > (d — 1) (the massless case corresponds to a conserved current with
A =d—1). When the bound holds, there are two possible solutions,

14y dd—1* | 1 VAM? + (d—1)2)(d(d —1)2 = (3d — 4)M?)  (2.9)
2 2M? 2M? '
When M? ~ 0, z either goes to infinity or to zero, while when M? ~ d(d —1)?/(3d — 4), it
approaches (d — 1).

It remains to impose the condition z > 1. One can easily show that the z, > 1, while z_
starts from 0 at M2 = 0 and monotonically grows to z_ = (d—1) as M? — d(d—1)%/(3d—4).

It follows that it is greater than one only in the range

(d—1)%(8 — 3d + 4v/3d% — 6d + 4) 5 _ d(d—1)?
M < — 1
13d — 16 < — 3d—-4" (2.10)
where z_ = 1 at the lower limit and z_ = (d — 1) at the upper limit. We summarize the

bounds in table 1 for up to d = 4.



It follows from this analysis that a necessary condition for obtaining a top-down model
admitting a Lifshitz realization of the type discussed here is that the spectrum of the com-
pactification contains massive vectors with mass in the range (2.8). If in addition the mass
is within (2.10) then there are two possible Lifshitz critical points. These conditions are not
sufficient however because they only guarantee that the quadratic action equals (2.1). In
general there would be interaction terms between the massive vector and other modes. If
these interactions are quadratic or higher order in the new field, then one can consistently
truncate them. However, if the interactions are linear in the new fields then the massive
vector would source them and they cannot be ignored. Indeed, in all known consistent
truncations that involve massive vectors one needs to keep additional scalar fields, see for
example the first such truncation [44]. This is related to the fact that the OPE of the
vector operator with itself may contain operators other than the stress energy tensor and
we will revisit this issue in section 5.

Looking at the spectrum of sphere compactifications one finds that there are indeed
massive vectors in the required range. The spectrum of AdSs x S% x K3 [45] contains a
massive vector with M? = 1 which leads to z = 1. The spectrum of AdS, x S7 [46] contains
two massive vectors in the allowed range. The first has mass M2 = 3/4 and the associated
dynamical exponent is z = (45+3v/209)/6 ~ 14.72 while the second has mass M? = 2 and
can be associated either with z = 1 and z = 4. The spectrum of AdS5 x S° [47] contains
one vector in allowed range, M? = 3, which is associated with z = 1 and z = 9 dynamical
exponents. The cases with z = 1 do not directly lead to a non-trivial Lifshitz geometry
but the dual operator may be used to deform the theory to a Lifshitz point as we describe
in section 5. It would be interesting to find whether any such case can be associated with
a consistent truncation.

We will instead here focus on the case where the dynamical exponent is close to one,
2z ~ 1+ €%, with e < 1. This can be achieved if the mass is

14+d—d?
M*~(d—1)+(d—2) + — e 2.11
(@) + (- 2)e e (2.11)
which implies that the dual operator has dimension
_ — 93 2 _
A:d—i—d 2 5 (—2d°+6d 7d+4)64+_“. (2.12)

gt Bd—1)

When M? = d— 1 the leading order solution is AdS. Recall that the asymptotic expansion
of the bulk vector field is given by

where A(g); is the source of the dual operator and A g); is related to its expectation value.

We would like now to interpret holographically the Lifshitz solution (2.5) with z ~ 1+4€?
as a perturbation of AdS with e < 1. The metric is AdS,;, 1 up to order €2 while the massive
vector becomes

Ay = V2e(1 4 O(€2)). (2.14)



Thus to order € the Lifshitz solution has the holographic interpretation as a deformation
of the CFT by a vector operator J; of dimension d

Scrr — Scrr + \/i/ddert. (2.15)

In the following sections we will set up the holographic dictionary for this case and analyze
the dual QFT.

3 Holographic dictionary

In this section we will set up the holographic dictionary between the bulk gravity and the
dual field theory, working perturbatively in the parameter e. Our aim is to derive the
holographic one point functions (in the presence of sources) and the Ward identities they
satisfy.

Holographic renormalization for Lifshitz solutions was studied in [48-53]. In particular,
it was established in [49], using the radial Hamiltonian formalism [54, 55], that these models
can be holographically renormalized for any z. Since the models are non-relativistic it is
natural to use the vielbein formalism [10, 48] and this is indeed what was used in [49].
Here however we will proceed by using the methodology in [56] and the metric formulation.
The reason for using the metric formulation is that we are studying the theory from the
perspective of the AdS critical point and the formulation in [56] gives the asymptotic form
of the metric in a more direct manner than the radial Hamiltonian formalism (which in turn
is more efficient in producing the counterterms etc.). In contrast to previous approaches
we have in mind deforming (by an irrelevant operator) AdS space into Lifshitz and do
not assume particular fall-off behaviour for the bulk fields, but derive bulk solution for
arbitrary Dirichlet data (see below).

We begin with the action (2.1) together with the Gibbons-Hawking boundary term

Share = 1/dd+1m\fc: <R +d(d—1) - E N A S Ve A“)
T 16mGy 4" 2 "
1
87Gt1

/ddm\/—ny, (3.1)
with M? given in (2.4). The associated field equations are

D, F" = M*A”, (3.2)
M2
RMV - _dGulI + 7

1
ALA, + iG’)"FupFW + FOAF NG .

4(1 —d)
Taking the trace of the Einstein equations and plugging back into (3.1) the onshell action is

1
167TGd+1
1
81G a1

S onshell —

/ dley/ -G (—Qd — 1FWF‘“’) (3.3)

2d—1)
+ /ddxMK.




This action diverges due to the infinite volume of spacetime and we need to add covariant
counterterms in order to render it finite. The counterterms at order €’ are well known.
Here we would like to compute the required counterterms through order €2. To obtain
those we need to compute the most general infinities that appear to this order and for this
we need to know the asymptotic solutions of the field equations.

We parameterize the metric and vector field as

ds? = dr* + €*"g;;dx'da? (3.4)
9ij(z,75€) = gjojij(w,7) + 629[211'3'(3377“) T+
Ai(x,r5€) = ee” Ayi(x) + ...

For the metric, the notation gjq);; captures the order in e. Each of these coefficients has
a radial expansion as well and the order in radial expansion will be denoted (as usual) by
curved parentheses. For example,

-2

910165 (T, 7) = gjoj(0yi; (¥) + €~ gjoj2)si () + -+ (3.5)

is the radial expansion of the metric at leading order in e. We would like to obtain the
most general asymptotic solution given gjg)(pyi;(z) and A (z) as arbitrary Dirichlet data.
Using this form for the metric the Einstein equations can be expressed as

, 1 d 1, 1 1
Riclgli; —€* { =g" + =g — =d'97 g + str(g g )g + ~tr(g ' g)g’ (3.6)
2 2 2 2 4 y
M2 1 €72r Ll
= TAiAj + §Fierr + N 9" Fip Fyy
1 _
+ mgkl(QFkrFlr +e 2T9manmFln)gij7
1 . 1 _ M? e 2
§Dﬂg;j — 5 Ditr(g 1) = 5 Aidr + = " FyiFyy, (3.7)
1 _ _ 1 _ _
—5tr(g L") —tr(g'g) + (g Y97 tq")
M? (d=2) 0 4 e
= AA Y i o U .
9 r r+2(d_1)e gLy r]+4(1_d) i (38)

where a prime denotes a derivative with respect to r; indices are raised and traces are taken
with the metric g%/ and D; is the covariant derivative constructed from the metric g;;.
The vector field equations are

8i(\/ _ggiijr) = M2€2T\/TQAT7 (39)
(V=g F*) 4 W=Dy, (=D /Zggim ) = M2e2\/—gA'. (3.10)

Taking the divergence of the last equation we obtain

e 20 (vV =997 Aj) + e, (e /=g A,) (3.11)
= e 20;(v/=99"7 Aj) + dvV/=gA, + 0.(v/—gA,) = 0.



These equations can now be solved order by order in e: note that the metric expansion
involves even powers of € whilst the vector field is expanded in odd powers. The details of
the analysis differ for different dimensions due to singularities in the numerical coefficients
of the expansion. These imply the appearance of logarithms in special dimensions. We will
thus study the two main cases of interest, d = 2 and d = 3, separately. It is clear that the
analysis can be straightforwardly extended to any d; the computations however become
increasingly more tedious as we increase the dimension (as in the standard asymptotically
locally AdS cases).

3.1 Analysis for d=2
3.1.1 Zeroth order in ¢

The analysis at order € (pure gravity) was done in [57] leading to the metric

9015 = 901055 (@) + € > gy + € gojayij- (3.12)

Note that in this case the Fefferman-Graham expansion terminates at order e~%", although
this will not play any role in this paper. The coefficient gjg)(2) is related to the holographic

energy momentum tensor

2 5Sren
<ﬂ>[0] - - 7 s i (313)
v 9[0](0) 910)(0)
where the subscript indicates that we work at order €, as follows [56, 57]
1
goli; = 5 (—g[o}(o)sz + (167rG3)<Tz‘j>[O}) (3.14)
1 241
=5 <—9[01(0)in + C<Tz'j>[0}>
where the holographic energy momemtum tensor satisfies [58, 59]
. i I
VUL =0, (THi = 51— (3.15)

and ¢ = 3/2G is the Brown-Henneaux central charge [60] (recall that we set the AdS radius
equal to one).
We also record the holographic counterterms:

g 1

1
Al = ~grch dzy=y(1 + 5 R]ro), (3.16)

where 7 is the radial cutoff.

3.1.2 First order in ¢

At this order the massive vector is non-trivial and the near-boundary expansions has
the form

i =€ (Ai(x) + e (Agyi(x) + rAgy(a)) ..), (3.17)
= e (A () + e (Ag)r(2) + rag)(r) .. ),



where we will take A(g);(7) = €A();(z) and work perturbatively in e. Note that A ), does
not represent an independent source; using the divergence equation (3.11) one obtains

€ i
Ay (z) = _ﬁviA(o) (), (3.18)

where we gave this expression for general d for later use and V denotes the covariant
derivative constructed from the gjo)(g);; (note that V; differs from D; in (3.7)!).

It will be useful to define Ag); = €A); and ./Zl’@ = ea’(é). Then the vector field
expansion coefficients are

S T S 127 . R
aly) = [2VkF(]B) — 5 VI(Vid) + <C<T]>[0] - 49[31(0)> A(O)a} (3.19)

1 . : 127 R .
= [2DA(0) = VIV + =T Aw); — 29[8}(0)14(0)3‘] :
CL(Q)T = eV,;a’@, (3.20)
R i i Lo j

+ < {T)0) = 29(%)> Vz’A(O)a}-

e
Here and later, when we present asymptotic solutions, indices are raised using the metric
]

J10)(0)°

The coefficient A(y); is left undetermined by the asymptotic analysis. As we will see
later it is related to the expectation value of the dual operator, as in the standard case [56].
Note further that the coefficients at order e depend locally on the sources gjoj(0), 4(0)i, as
expected,. In addition, the coefficients depend also locally on the zeroth order expectation
value of the dual stress energy tensor (1% )[o]> which at first sight appears problematic since

this coefficient is in general non-locally related to gjg)g) and this could lead to non-local di-
vergences. We will see later how this issue is resolved and the conceptual interpretation of it.

3.1.3 Second order in ¢

Let us consider the backreaction at order ¢2. The asymptotic expansion takes the form
9p2) = rhyg)0) + refzrhp](z) + e*2rg[2](2) + O(e™ ). (3.22)

One could also include a term at order r¥ in 92]ij» namely gpj(0)ij, but such a term would
correspond to a modification of the stress energy tensor source and here we analyze the
response of the theory with the sources kept fixed — hence this term is set to zero.

We provide details of the computation in appendix B. Here we collect results. h)(0)i;
and hjg)(2);; are determined by the sources (for later use this expression for hyyg);; is given

,10,



for general d):

1 k
hi2)0yij = —A)id); + 1)A(0)kA(0)9[0](0)z’j» (3.23)

3(d—
h »-—6“(14 AR (T i — Al (Tha) o1 A )+ Ayeal y
R12)i5 =~ Ok (0) i/ [0) T S0) LR [0]44(0) 910]1(0)ig (0)k%(2)9[0](0)i
R R
= VE(AyiFloyn + A Flo) = gAorAln oo + 7Aoo, (3:24)
1

1 k l kl
— 5 (Awia); + Awjaei) + 4 Vi (A(o)(VzA(o)) - SA(O)IF(0)>9[0](O)ij-

Moreover, divergence of gp2) is also fixed by (B.11) and:

tr(gp2) = Awyidly ~ 7A0i040) ~ Al T Al + 740l (3:29)

The part of gpg(2);; undetermined by the asymptotic analysis is linked to the expectaction

2

value of Tj; at order €, as we will soon find.

3.1.4 On-shell action and counterterms

Having computed the most general asymptotic solution through order €2 we now move on
to computing the order €2 terms in the regulated on-shell action to which the zeroth order
counterterms Sc;g] have been added. Computing the divergent terms at order €2 we obtain

-tz [ | A

At first sight this looks problematic since the divergences appear to be non-local, due to

2T0

127 R i

the term involving (7j;)(o). However, this is only a “pseudo non-local” divergence, similar
to those discussed in [61, 62]. The non-locality disappears when we express everything in
terms of induced fields at the regulated surface r = rg.

To find the counterterm action we invert equation (3.17):

EA(O)i = S_TAZ' + - (327)

Thus the counterterm needed to cancel the leading order divergence in (3.26) at order €2 is

N 1 .
Set[2)(2) = m/d%v—wmzfly (3.28)
Noting that

VI AA; = € =000 (900 Awideye” + 2rApyaig) + . (3:29)

we see that this counterterm cancels the apparently non-local piece in (3.26) involving

(Tij)0)-
After canceling the leading order divergence we are left with a logarithmic divergence
(which originates from the leading order counterterm):

¢ 2 1 i 2 1 ij
167G /d L/~ 910)(0)T0 (2(Vz’A(0)) - 4F(0)ijF(é)>a (3.30)

— 11 —



which in turn can be cancelled by the logarithmic counterterm

5 1 1 PO D
Set[2)(0) = “ 167G /d%\/—’yro (2(%/1 )? — JFuF J) : (3.31)

Thus, in summary, the total counterterm action in two dimensions becomes

1 1
Sct = Sct[()] + SCt[Z] = —FC;?) d2$\/ - <1 + 2RT0> (332)
1 2 AL A
+ 3onCh /d /=YY A A;

! 20/ =m0 [ L(V,402 — L pid
167rG3/dx 7r0<2(V1A) 4FUF >

These counterterms suffice to render the action finite to order €2.

3.1.5 Computation of renormalized one-point functions
To compute the renormalized one point functions we need to vary the total action. Note
that the variation of 6¢g* includes variation of the vector source dA(0);:
Y
dg" = 59[0](0) (3.33)

ij

' ' g 1
2 k i kgt k
+ € 7"<29[]0](0)A(0)5A(0)k: — 0ArA©D 900 ~ 3 )k4(0)99(0)(0)

1 i skl i kj i ki
~ 5 A0kA019(0]0)9f00) + A0 A0)kI9(0]0) T Alo)Ak09 W))

The variation of the renormalized action with respect to the vector source is finite by
construction and is given by

62

The corresponding vector 1-point function is defined as

. 1 5Sren 1 5Sren
TN =— = — 3.35
7 V9010 A/~ Y0i0) €040 (355
and is given by (J°) = €(J?) with
i 1 i i i j

As expected the part of the asymptotic expansion, AZ('Q), undetermined by asymptotics is

directly related with the 1-point function of the dual operator.
Now let us compute 1-point function of the stress-energy tensor:

(Tij) = (Tijdpo) + € (Ti + -+ - (3.37)

— 12 —



The stress-energy tensor 1-point function to order €2 is obtained using the finite part of
the action variation at order €’:
1

2
167‘(‘G3 /d JI\/—Q[()](()) (338)

1 1
Sh@s — 9 — <2t1"<h[2}<2> — 9@ 1) ~ tr(9[21<2>)>9[0} (0)ij

ij
9910)(0)
Ay A L 4t Lk Al L 4t
T 24045 ~ 5A0kA2)91010)i T 7 A(0)9101)k A (0)9[01(0)i5 — 74 O)k4(0)9101(2)i5 | -

After using (3.24) we obtain the correction to the stress energy tensor at order €2:

(Tij)jp) = ——— 55?““ (3.39)
V9010 35y
- 873(;3 [9[2](2%‘1‘ — Ayl — %A(O)kAI(E)g[O](O)ij - %(vk’Al(cO))Qg[O](O)ij
- gA(OﬁA(on + %A<o>kf4](“o>g[m(o>ij + %A(mkaé)gm}(om
+ 514(0)1'“(2)]’ + Aq)ja)) + évk (A(mlF o+ 5A’<“o)VlAl<o>>9[01(0)ij
1

— 7 (Flo* Foye + A0 V* Fopes + A(OMV’“F(owﬂ -

Again, as expected, the expectation value of 7;; is directly related with the undetermined
coeflicient, gjg)(2)i;-

These 1-point functions were obtained using minimal subtraction. We will shortly see
that they can be somewhat simplified in a different scheme, where certain finite boundary
terms are added to the action. We will first analyze the Ward identities, however.

3.1.6 Ward identities

The divergence of the order €2 contribution to stress-energy tensor can be obtained using

equation (B.11):

127
c

1 .
)+ §A(0)ivkkajA?0)

Floyij — 2A(o)i(VjAj )+

, 1 , .
VAT = A7 [214] © {Tj1) 10 V* (A0 Afy))

T 16nGs |7 ®@

121 ;1 v
- ?A(o) (Tr) o) ViA () — ZA(O)ivj(RAfo)

- ;F(O)ijvkvaZo)}
= A Vi{J7) = (J7) Foyis- (3.40)
The complete energy momentum tensor then satisfies
VI(Tig) = Aw0)iVi{T?) — (T Floyis- (3.41)

where we recall that A(g); = eA);, (J7) = €(J7) and Fg);; is the field strength of A(gy;.
This is precisely the correct diffeomorphism Ward identity. The terms in the r.h.s. represent

,13,



the contribution due to the coupling of vector operator (see for example [63]). There is
no explicit € dependence in this equation and this suggests it may hold beyond the small
€ limit.

Let us now turn to the trace identity. Computing <Tii>[2] leads to

,L' 1
<Tz‘>[2] = 87TG A(O)zA( 2) © A(0)< z])[O]A( 0) + 4F( )ZJF(O) (3-42)
R % 1 ki k %

= Ay (J) + A,
where we used (3.36) and

c

This is expected form of an anomalous trace Ward identity. The first term in the r.h.s.

of (3.42) is due to the fact that we deformed the theory by a dimension 2 vector operator.

The second term A is the correction to the trace anomaly and it must be a Weyl invariant.
In fact this term is related to the Weyl invariant action given in [64] which in our

conventions and in arbitrary dimension d > 2 can be written as

1 od— d—4 o d

-4 )
L=—-F;F7 — AN —— S A'AT — ——RAA, 3.44
4= 2d N et 2 Y 8(d—1) (344)

where
1 ( - R

S = g\ i ~ 55— 1)9’7')

(3.45)
is the Schouten tensor. This action is only valid for d > 2 because of the singularity
in (3.45) as d — 2. We note however that when d > 3, S;; = —gj(2) (see (A.1) of [56],
reproduced here for d = 3 in (3.56)) and moreover if in d = 2 we replace Si; by —gjo)(2)s;
(given by (3.14)) we get Al

One can check the Weyl-invariance of A by direct computation. The Weyl transfor-
157 (ViVjo — g(y;;00). This is a standard
result in CFT and it has also been derived holographically in [56]. With this information

mation of (Tj;) is well known: 0(Tjj)j0) =

at hand one can check that under a Weyl transformation such that dgjg0)i; = 209(0)(0)i;
and 514(0)1 = UA(O)i

127 o1 i R i
0 (cA(O) (Tij) o) Afg) — F(o)zg ( ) (V Alg))? — A(O)A(O)i> (3.46)

121 1 R
= 2 <C (0T Ay = 7 F0isF(g) + (V Alo)” = TAW0Aw)i >

up to a total derivative term. Thus the anomaly term in (TZ)M is indeed Weyl invariant.

— 14 —



The complete anomaly through order €2 is given by

N .
() — L Ay (T Al (3.47)
i ¢ 1 ij 1 i 2, R
= AilT") = 5 | B+ 1 F0uF0) — 5 (Vidi)” + 1 Al Aw)

2. As in the case of the diffeomorpshim Ward

where this formula holds through order e
identity, the e dependence is implicit and this formula may hold away from the small
€ limit.

As we will discuss in more detail in section 5, the term quadratic in .AZ('O) on the lL.h.s.
can be thought of as a beta function contribution to the trace Ward identity, where the
beta function is that of the source of 7;;, namely of the metric g(g);;. Indeed the asymptotic
expansion of the bulk metric contains a leading order logarithic term at order €2, the hi2)(0)

term in (3.22), which can be thought of as renormalizing the leading order metric.

3.1.7 Scheme dependence

One can simplify the one-point function of the vector operator by adding finite countert-
erms. The details of the computation are given in appendix F; here we only summarize
the results. Requiring that (J%) contains only non-local terms can be achieved by adding

1 . A
Sct, finite = _g / \F’Y (EjFZ] + 2(V1AZ)2 + RAQ) . (348)
Then
i 2e i 1 ij

The first term in this formula is in agreement with the result of [11] (upon continuation
2z — 1). The second term is related to the OPE coefficient of two J%’s to T*,

The addition of these finite counterterms modifies also the one-point function of the
stress-energy tensor, which becomes

1

540 (Tkt) Al 9101015

B 1
81G3

(Lij)e) = — g1 + Aide); (3.50)

1 § 1 R .
+ 5 A0rAR 900 — ; (Aiae); + Aoy + 15 Aok 00

5 4 l 1o o 1
= A0 ViAo g — 7 (VeAl) o0 + 5405 ViVEA)

1 3
+ 1 <A(O)inF(0)kj + A(O)jka(O)ki) — gA(O)lka(%l)

The addition of finite counterterms does not affect the Ward identities.

,15,



3.1.8 Recovering the Lifshitz invariance

Let us now fix the source terms to be those corresponding to the Lifshitz solution in (2.5)
with z = 1+ €%

Ay = Ve, gpo](0)ig = Mij- (3.51)
The trace Ward identity (3.47) becomes
AT +(T3F) = eV2(T"), (3.52)

where the contribution of the term quadratic in A(g); in the L.h.s. of (3.47) led to the change
the coefficient of (7!) from 1 to z = 1+ €2 . When (J?) = 0 then (3.52) is precisely the
condition for Lifshitz invariance ! (We will review this in section 5). When (J?) # 0 the
Lifshitz invariance is spontaneously broken.

Let us now evaluate the holographic formulas for the solution in (2.5) with z = 1 + ¢2.
Expanding first in € we find that gjgj2) = 0 which implies <T7;j>[0} = 0. Furthermore,
expanding the vector field we find A(;); = 0 and using (3.49) we conclude

(JH =0, (3.53)

so indeed we recover the Lifshitz symmetry from the QFT Ward identity (3.52).
= 9[2](2). Thus
). Using (3.50)

(
Expanding the metric in € also gives gy = —e = h2)(0)eas Pi2)2) = 0
hi2)(0) 1s traceless in agreement with our general results (see equation (3.23)
we finally obtain

(Tij) =0, (3.54)

which is indeed what we would expect, since this geometry should be dual to the (scale
invariant) vacuum of the Lifshitz theory. In [65] we will discuss the black hole solution in
the deformed theory, which corresponds to a thermal state in the Lifshitz theory.

3.2 Analysis for d=3
3.2.1 Zeroth order in ¢

The analysis at order € was carried out in [56] and we summarize the results here. The
asymptotic expansion of the metric is given by

9i0lis = 90y T € g0)@)i T € go)(ayi (3.55)

Here gjg)(2)i; 1s determined in terms of gjoj(g)i;

R
gp0)(2)i; = —Rij + 1 I010)ij> (3.56)
while g)(3);; Is traceless and divergenceless and is related to the holographic stress energy
tensor by
3
(Tij)o) = 71677(}49[0](3)"]" (3.57)

The gravitational counterterms are given by

! — / Poy/ (4 + BR)). (3.58)

Sctfo] = — 16
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3.2.2 First order in ¢
Only the vector has a contribution linear in e:

A; = BT(A(O)i(ﬂf) + 6_2TA(2)1-(JU) + +7“6_3TA(3)7; + 6_3TA(3)1-(JU) +...), (3.59)
Ar = e " (Ayr(z) + e_ZTA(Q)T<$) + re_?”"a(g)r + 6_3TA(3)T(.Z‘) +...). (3.60)

and (as in the d = 2 case) we will assume the source is linear in ¢, A();(z) = €Ay (7). It
is also useful to define “422) = eA’@ and fl(3)i = €a();-

Solving asymptotically the field equations we find for the spatial components of the

vector,
i 1 ki i i ij
Afg) = 2(d — 2) (v’fF(O) = (d =3)V* A()r — (tr(gpo)(2)) Afo) — 29[3}(2)14(0)3‘))
=3 1 i, S g

a(3)i = 90]()is o)
while the radial components are given by

€ i € R i i

a@)yr = ﬁviaésy Ay = GVz‘Aég). (3.63)

3.2.3 Second order in ¢

Next let us consider the backreaction on the metric to order €2. The asymptotic expansion
of the €2 term in the metric is

9i2lis = Thiz oy + e higy2yis € g2y e higyayig e gayi + o (3.64)

where we set to zero the possible contribution to the source at order €

. Using the ex-
pansions of the field equations given in appendix C, one can express these coefficients as
follows. The leading term hj(g);; is given by (3.23). The terms at order r in (C.1) give us

the expression for hgj(g);:

1
"l = [N’“A(O)l)(vk“ll(O)) — (ViAfy)? + 240 BOAfy) — 240 Vi ViAf,

k R

1 3
+ 2F(0)le(kol)] 9[0)(0)ij — gvivj(A(O)kA(o)) ~ 2 Ao (3.65)

1
+ ivk (Vi(A(O)jA(O)k) + V(A Aor) — vk(A(O)iA(O)j))
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From the terms at order one in (C.1):

| =

1 ) 3
A(O)iA(O)j + A(O)ZRJ]CA’(CO) — ZA(O)kA’(Co)RZCij + TGVZVJ(A(O)kA’(CO))

1
k(vi(A(O)jA(O)k) + Vi(Aw)iAor) — vk(A(O)iA(O)j)> + iF(O)ikF(O)jk

iV VAl + A ViViAb) + A0 VF Foys + Aw); V" Fo) k)

1 3 1
Lo (Vidfy)? = ZFmWF(a’) — 5 A0kA) = 740 ViVid() (3.66)

9@y = —

_|_

OO\!—‘ITHJ;M—*)&M—!OO
w T <
< b

3 k
(VA (VFAlg) + A(o)VleA( )+ mRA(O)kA(m]Q[O](O)z'f

Using e™" terms in (C.1) we find

3 2
hias)i; = fA( )kA( )910](3)ij gA(O) (g[o}(g)ikA(o)j +g[0](3)jkA(0)i) (3.67)
l
+ 3A( )9101(3 )klA(O)g[O](O)ij~
The term gjg)(3);; is left undetermined by the asymptotic analysis, up to trace and divergence

constraints. Its trace is

2 .5
tr(g21) = 3A0iAls) — 150901154 (3.68)

whilst its divergence satisfies

VI hig ey — 3V ey — Gy Vi — 3Mao Vidtoan (3.69)
= Vitr(hig)(s) = 391213) — 9p01(3)121(0))

= 2(A@i Ay + Aer A — T Foi Aok
+ A{o)(viA(S)j — ViA@y) — 2A( yF0yij + a(z) (0)ij

3.2.4 Counterterms

Evaluating the on-shell action we find that the leading order divergence is given by

62

1 .
3 3r i
167Gy / &z \/=900)¢ (_§A(0)iA(0)) +o (3.70)

There is in addition a logarithmic divergence containing the non-local combination
Al B Aj .
(0)9101(3)i5“X(0)*

Sdiv =

Saiy = — 167TG4/ /= 9010) (2A 9013 A(0)> (3.71)

Both these divergences are removed by the local counterterm

1 7
Serfe] = e / A3/ =y A AL (3.72)

Thus, we find again that all the counterterms are local.
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3.2.5 Renormalized one-point functions

Although there are additional local counterterms required to remove subleading divergences
at order €2, only this leading counterterm (3.72) can contribute finite pieces to the 1-
point functions. Therefore we do not need to construct explicitly all the counterterms:
it is enough to know that these are local. Defining the one point function of the vector
operator as

. 1 ren 1 ren
(77 = - Oren _ _ Doren (373)
V=900 0A©); —9l0)(0) A0
and using
(167TG4)6ASon—shell = —/dgl‘\/—’}/’yijFri(sAj + /dgl‘\/’?ﬁ/iin(;Aj (374)
we compute
i 3e i 1, s
(T) = ~ 1o Ao T 50 A0)S (3.75)
where we used (3.57).
From
167TG45ySon-shell = /d?’x\/ —’)/(Kij — K%‘j + 2")/Z‘j)5’yij (3.76)
1 1 g
+ 5 /dgl'\/j’)/ <A1A] - 2AkAk’7¢j> 5’7”
one can compute the stress energy tensor
2 6Son—s e
<7;> = ij b H' (377)
v ~910](0) 59[0](0)
Then
(Tij) = (Tijpo) + €(Tij) o) + - - (3.78)
where the leading order term is given in (3.57) whilst
1 1 i
T = ~Tgnc, | MR — 39210 — 7A0RA©QI0G) (3.79)

k l k
— A0y 903 k1A 0) 910105 T Ak A(3)91010)i5 + A©)iAE); + Aw©)AB)i |-

3.2.6 Ward identities

Using (3.70) we can check that the expected diffeomorphism Ward identity is satisfied:
VI Tij) g = A Vi () = (J7) Floyis- (3.80)

where we used (J%) = e (J).
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For the trace of stress-energy tensor we obtain

T = ~T6rcs <3A<0>iA<3> - 2A<o>9[01<3>ijA€o>) (3.81)

i L ]
= Ao (J') + iA(o) (Tij) 01 Ao

Thus through order € the complete trace Ward identity is

1 , .
(TF) = 3 Al Tis) Ay = AilT"). (3.82)
This is precisely the same as the d = 2 case in (3.47), except that in d = 2 we have
additional terms related to the conformal anomaly. The terms quadratic in A(g); can be
thought of as a beta function contribution to the trace Ward identity.

3.2.7 Recovering Lifshitz invariance

The discussion parallels that given for d = 2 in section 3.1.8. The quadratic terms in ‘A{o)
are responsible for producing the Lifshitz Ward identity

AT +(TF) = eV2(TY), (3.83)

once we set the sources to the values relevant for pure Lifshitz (3.51).
Furthermore, the 1-point functions evaluated on the pure Lifshitz solution (2.5) with
2z =14 € yield
(Jh=0, (T =0 (3.84)

Thus the geometry can be interpreted as the vacuum state in the Lifshitz theory, as antic-
ipated.

4 Lifshitz invariant correlation functions in two dimensions

To derive higher-point correlation functions in general spacetime dimension one needs to
solve the bulk field equations around the background. However in d = 2 the situation
simplifies: as we review below, in a relativistic two-dimensional CF'T conformal symmetry
is powerful enough to fix the 2-point function of stress-energy tensor with itself. (In fact,
all higher point functions of stress-energy tensor are fixed by the symmetry). We show
here that a similar argument applies to the Lifshitz invariant theory.

4.1 Correlation functions in the relativistic CFT

Let us start with the relativistic theory. Consider metric fluctuations g,,, = 7, +hyw. The
diffeomorphism and trace Ward identities in standard complex coordinates are given by

O (Tww) + 0 {(Twa) = 0, (4.1)
1 c
(Twa) = 1 %R[h]
_l_i 2 ww | A2 DB _ Aapwd _ §opwd
=1 50 (0°h"“™ + 0*h 00h QOR™™), (4.2)
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where in the last equality we have linearised the Ricci scalar which suffices for 2-point
functions.

The main idea of the argument is then the following. By taking further functional
derivatives of the diffeomorphism Ward identity we obtain a system of differential equations
for different 2-point correlation functions. For example, differentiating (4.1) with respect

o h*" yields
d (Tww (W) Tww(0)) = =0 (T (w) Tiww(0)) - (4.3)
Then we use the trace Ward identity to compute one of the terms (involving the trace)

and integrating these differential equations we obtain the 2-point functions.
Indeed, taking the functional derivative of (4.2) with respect to h*" we find

~ 1 € 242 - ) 2
(Twi(w)Tww(0)) = 42MM5( )248 wmm\ (4.4)
and using (4.3) we obtain
3MWWH@WD:—M%ﬂ@ﬂwmwrﬁzfﬁybgM? (4.5)

Integrating this equation (which amounts to cancelling the factor of  in the left and right
hand side) we find the well-known result:

1 ¢/2
(2m)2 wt’

(Tww(w) Ty (0)) = (4.6)

(The factor 1/(27)? follows from our “bulk” convention for the energy momentum ten-
2 08

ﬁéguu7
the 2-point function (Tq(w)Tes(0)) = 1/(27)%(c/2)/w* in the anti-holomorphic sec-

tor. Finally, functionally differentiating (4.2) w.r.t. h%* we find the 2-point function

(Two(w, ) Tws(0)) = —55-096%(w, w), which is a contact term as expected.

sor, i.e. Ty, = see the discussion around (5.20).) A similar computations yields

4.2 Lifshitz theory

Now we move on to the Lifshitz case. Our goal is to obtain the 2-point function by
exploiting the underlying symmetry. Let us decompose A = AP + a, where AP is the
constant background value of order € necessary to support the Lifshitz geometry and a is
a fluctuation around this background. Similarly, we write g, = 1 + hup.

The diffeomorphism Ward identity can be rewritten in complex coordinates (w, w) as

0 (Tww) + 0 (Twi) = Ay, (0 (Ja) + 0 (Juw)) + ..., (4.7)

where we omitted terms which do not contribute to the two-point functions in the scale
invariant vacuum (i.e. the vacuum with a = 0).

It is convenient to define a conserved spin two current by

T =Ty — AL, (4.8)
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In the scale-invariant vacuum we have

) <wa> +0 <qu7> =0, (4.9)
9 (Jaw) + 0 (Jgz) =0,
i.e. this operator is conserved.
The trace Ward identity reads
lL/.B B
{Twa) =5 (A[O}w (o) + Agjw <Jw>> (4.10)
1 ¢ 1 B o 1 B \2
+ 1o Blh] + 5 (Twe) (Ajga)” + 5 (Tww) (Ajg,)™

Similarly to the relativistic case we can use (4.10) to compute one of the 2-point functions.
Differentiating this identity with respect to a,, we get

1
(T J ) :§Aﬁ]w (JoJs) + O(?), (4.11)

where we have dropped terms which vanish in the scale-invariant vacuum; note also that
(Juwdw) is of order e or higher.

Similarly, differentiating (4.10) with respect to h,g and using (4.11) we get up to

B

quadratic order in A[o]w

(TuaTus) = § ((AB)? (o) + (ABo) (udu) ) + TuaTus) opr (4.12)
=+ %((A[BB]@)Q <Tw1T)Tww> + (A[Bé)}w)z <Tw1I)TzT)'LD> ) .

Note that we kept several contact terms, like (T\ygTwa)opp (see the previous subsection).
Using (4.11) and (4.12) we finally compute

(Jww (W) Jww(0)) = (Twas (w) Twa(0)) (4.13)

(T () T (0)) = (Tu(0)Tans(0)) — 5 (A8, (i) + (A () ).

Let us now return to the diffeomorphism Ward identity (4.9). This provides us with a set
of differential equations for correlation functions. Consider differentiating it with respect
to the source to which .J,,, couples. One gets

9 Juw(0)) (4.14)
8 (T (10) Ty (0)) = —8 (Juwes () Juws (0)) . (4.15)

One can obtain similar relations by complex conjugating (4.14) and (4.15), which amounts
to making the replacements 0 <+ 0 and w < 0.

This information suffices to derive all two-point correlation functions of J,,,,. Inserting
the background value for vector field:? Aoy = V/2€ or Aoyw = —Aoe = ¢/v/2 and

®0Our Euclidean conventions are w = x + itg, w = x — itg following those of [66].
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using(J, (w)J,(0)) = —(Cy/2)/(ww) and (Jz(w)Jz(0)) = —(C;/2)/(ww?) we directly
compute

o) To®) = -0 (ot L) @) T (416
€2
+ 5 (T (0) T (0)) + (T () T (0)) ).
o (0) i (0)) = (o () Fu )+ X (g ) (4.17)

Note that we keep local terms because they are needed for the derivation of subsequent
formulae. Using (4.15) we can integrate (4.16) once to obtain

Cc 1 log |w]|? e 1 ¢/2
<wa(w)t]wu_1(0)> - _GQTé <—2w2w2 +3 g’uLl | ) + 4(271_)21[{4 (418)
2
O ) T ) r + & (T T (0)) + € F(w),

4

where we have explicitly introduced a local term needed for Lorentz invariance (at order
€”) and absorbed other local terms in holomorphic function F(w). Integrating (4.14) we

obtain
Cy [ 1 wlog |w|? — 2w
(Jww (W) Juww(0)) = —ezﬁ <w3w + 12 e 4 (4.19)
5 /2 W 1 ¢/2

+e€

2 _
— —woF G
(27_‘_)2 wd (27’()2 wh te ( w (w) + (w))v
where G(w) is also local. A completely analogous reasoning applies to the antiholomorphic
components.

Likewise, starting from (4.17) one can compute (Jy (w)Jgw(0)) and other correlators.
Omitting all details we just quote the results:

¢ o 1
2 (2m)2 wt’

up to local terms which in particular involve the T}, correlator in the CF'T with the same
index structure. Here * denotes complex conjugation and all other correlators can be
obtained by complex conjugation.

4.3 Lifshitz invariance of two-point functions

To obtain the scaling properties of the conserved stress-energy tensor J,,, under the Lifshitz

rescaling
T — Az, t— Nt (4.23)
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it is more convenient to rewrite the correlators in Cartesian coordinates, using the results
in the previous subsection. For example, we obtain

c/2 (t* — 6t222% + 2%) B 162 c/2 12— a2

<Jtt(t,l‘)Jtt(0)> = (1 — 62)2

Cr? (P+a?)T 6 (2m)? (P4 a2
c/2 (t2 —2?)(t! — 14t%2® + 2! 9
+2¢° (2;)2 ! )((;2 T 1'2;5 o) <10g(t2 + %) — 4) +...,

(4.24)

where we have omitted scheme dependent (local) terms. To simplify the result we have
also explicitly used ¢ = 672C; = 3/(2G3), where C is obtained from (D.2).
On general grounds one expects that 2-point correlation functions in a Lifshitz invariant
theory take the form
(O, 0ap,) = w2122 f(y), (4.25)

where the function f depends on the ratio x = ¢/z* but is otherwise in general undeter-
mined by the scale invariance. Our results take exactly this form, for example

4 2
_ ¢ 4| X 6+
<Jtt<tvx)Jtt(O)> (27{')2x (1 6) (X2+1>4 (4'26)
1, x*-1 o (D (X! —14x°+1) 2y 9
12¢ (X2+1>3+6 O2H1) log(14+x7) 1 +... |,

with the function f() being completely determined in this instance by the Ward identities.
Under the Lifshitz rescaling (4.23)

(e, 2) T (0)) = (TNt A2) T (0)) = ﬁ (Jus (£, ) T (0)) (4.27)

up to order €*.
The correlator (J,.(t,x)J..(0)) agrees with (Jy (¢, x)J(0)) up to terms without loga-
rithms at order €2 and therefore it scales as

1
(Joz(t,2)J22(0)) = (Jox (ANt Ax) J52(0)) = IV (Jpu(t, )12 (0)) . (4.28)
Similarly, we can compute
c/2 tx(t' — 56227 + 22
<Jta:(ta x)Jtt((])) - 862 (25[_)2 ( (t2 + .%'2>5 ) 1Og(t2 + 12) (4'29)
vaf1- i c/2 tx(t? — 2?) g c/2 tx(t? — 32%)(3t? — 2?)
2 ) (2m)? (12 + a2)* (2m)? (t2 4+ x2)5
145 ¢/2 tx
56 (27{)2 (t2 + x2)3 —+....
—4 € x7(1+z)72z X(X2 — 1)
(2m)? (*+1)*
€ x(=23x* +68x* —17)  Hx(x* —5x* +2) 2
+= E 1) +e E+ 1 log(1+x*)+...|.
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Under the rescaling (4.23) this transforms as

1
Recall that J,, is not symmetric and therefore Jy, and J,; are not equivalent. For example,
c 4 X0 - 1)
st (t =4 g2 A 2 4.31
<'] t( 7$)Jtt(0)> (271')2:1: (X2 + 1)4 ( 3 )
2 x(—23xT +68x2 —17)  ox(2x* —5x2+1)

M R N PER

log(14+x?) +... |,

and this scales under (4.23) as

1
EPUS

From these results we can now read off the Lifshitz scaling dimensions for the different

<th(t, l’)Jtt(O» — <Jwt()\z7f, )\x)Jtt(O)> th(t, l’)Jtt(0)> . (432)

components of J. From (4.27) and (4.28) we see that the scaling dimension of J;; equals
that of J,,
AL(Jtt) = AL(Jx;E) =1+ z, (433)

where the subscript L is used to signify that this is the Lifshitz scaling dimension. Fur-
thermore (4.30) and (4.32) imply that

ApL(Jie) =22, Ap(Je) =2. (4.34)

These scaling dimensions agree with those derived on general grounds in [49] and thus our
correlators indeed display the expected scaling properties. Note that one interprets Jy
and Jy; as the energy and momentum densities, respectively, while J;, and J,, are the
energy fluxes and momentum fluxes, respectively. Note that in a non-relativistic theory
momentum density and energy flux are independent quantities.

One can derive the remaining correlators using the diffeomorphism Ward identity

815 <Jtt(t, .T)) + 81 <Jm(t, l’)> = 0, (435)
O (Jut(t, ) + O (Juu(t,z)) =0, (4.36)

just as in the last subsection. For example, using the explicit expressions given above it is
straightforward to check that

833 <Jm(t, $)Jtt(0)> = *815 <Jtt(t, x)Jtt(O» . (437)
To display the full structure contained in the correlators it is useful to introduce the notation
(T (t,2) Ty (0)) = 2= B =8 Uoo) £ (). (4.38)

Note that f,., p0(X) is not a tensor but rather a bookkeeping device. One can then translate
the diffeomorphism Ward identities into simple differential relations between the different
components of f,,, ,-. For example

Fieae (00 = (1 + 32) fra,it(X) + 2X Frz.0t(X), (4.39)
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where a prime denotes a derivative with respect to y. It is easy to verify this relation
holds using (4.26) and (4.29). If the Ward identities do not get modified at higher orders
in € than this and analogous relations for other components would hold to all orders in !
Explicit expressions for all remaining correlation functions may be found in appendix E.

5 Dual QFT

In previous sections we found that the QFT dual to the Lifshitz geometries with z = 14 €2
is a specific deformation of a CFT. One might wonder whether such Lifshitz critical points
can only arise in strongly interacting QFTs with a holographic dual or whether there is a
general such construction of Lifshitz invariant theories, irrespectively of whether the theory
is strongly or weakly coupled, has a holographic dual or not. We show in this section that
this construction indeed holds in general. We consider a CFT deformed by a weight d
vector J i,

S = Scrr + ﬁe/dda:jt. (5.1)

(The factor of /2 is included only for the purpose of comparison with the earlier holographic
discussion.)

5.1 The classical theory

Let us first discuss the classical theory. After the deformation, the theory still has a
conserved energy-momentum tensor 7;;, since the theory is invariant under translations.
However, this tensor is not symmetric any longer because the deformed theory is not
Lorentz invariant [10, 48]. One can work out 7;; either as the Noether current corresponding
to translations or by coupling the theory to a vielbein ef and varying with respect to it
(hatted indices correspond to flat tangent directions). In our case the coupling to vielbein
is given by

Sle] = Scrrle] + e\@/dda:eeit:]i, (5.2)
and the stress energy tensor is defined by

Tk — _165]¢] (5.3)

e del
k

This is a conserved tensor, V?7;* = 0. In our case, it is given by

: o 5
k

From the energy-momentum tensor at hand we can construct the conserved current corre-
sponding to Lifshitz rescaling. Consider the following current

li = Ti;& (5.5)
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where & is the Lifshitz transformation,
ort=¢, =20 =2 (a=1,...,d-1). (5.6)
Taking the divergence of this current we find
'l = (0'Tij)& + T;;0'¢, (5.7)

where we now consider the theory in a flat background. The first term vanishes due to
translational invariance. In the relativistic case, 7;; is symmetric, and at this point one
symmetrizes, V& — 1/2(9°¢7 + 97¢"). Then the second term vanishes if ¢! is a Killing
vector (Poincaré transformations) or it can be made to be proportional to the trace of
stress energy tensor, T, if ¢! is a conformal Killing vector. In the latter case conformal
invariance is thus linked to the tracelessness of 7;;.

In our case, 7;; is not symmetric. However,

00" =z, 0 =0, 0.8 =80E" = 0. (5.8)
It follows that the conservation of [; is equivalent to
0=Vl = 2T+ T2 (5.9)

We conclude that a non-relativistic theory with a (non-symmetric) stress energy tensor 7;;
is Lifshitz invariant if 7;; satisfies the trace condition (5.9).
Taking the trace of (5.4) we find

Ti = V2e ((d+1)7" + (6p e’ ) = 0, (5.10)

where in the first equality we used the fact that the stress energy tensor of original CFT is
traceless and in the second, §pJ* = —(d+1).J?, which expresses the fact that .J* is a weight
d vector. Thus, at the classical level we have a non-relativistic z = 1 Lifshitz theory.

5.2 Conformal perturbation theory

We now turn to the quantum theory. We will eventually specialize to the case of a defor-
mation with only the time component participating but we start by considering a more
general deformation:

S = SCFT + €/dd$’A(0)fLJ2 (511)

Since the deformation is small we can study the theory using conformal perturbation theory.
Let us consider the partition function Ze] and expand in e,

Zlel = Zepr — e/ddxA(O)i<Ji(x)>CFT (5.12)
1 ) .
w3 [y (@) A ) (@) P ()orr
|lz—y|>A
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where ( )cpr denotes the computation in the conformal vacuum of the undeformed theory
and 1/A is a UV cut-off. Since CFT 1-point functions vanish, the leading non-trivial effect
is at order €2. To compute this we will use the OPE of the vector operators.
The general form of the OPE is
(@)
k k

Ji(@)J50) ~ > Ci—my (5.13)

where Ay, is the dimension of the operator Oy. Inserting this in (5.12) one finds divergences

whenever

Ay < d. (5.14)

To remove them we will need to renormalize the sources of Of. If we do not have couplings
to these operators we have to add them at this point. The OPE contains the following
universal terms

I;; T
Ji(@)J;(0) ~ Cos + - +,4ijkl$—’j ..., (5.15)
where
;X5
Lij = 6;; — 27 (5.16)

x2
and the overall normalization is correlated with the normalization of J;. The OPE coeffi-
cient Aijkl is completely fixed by conformal invariance in d = 2 while there is a 2-parameter
family of coefficients when d > 2. We will discuss the two cases in turn. The terms not
exhibited are theory specific rather than universal.

5.2.1 From a relativistic to a Lifshitz critical point

Before we move on to discuss in detail the two cases let us explain how the relativistic
critical point becomes a Lifshitz invariant critical point. After the relativistic CFT is
deformed there are beta functions and one finds that the dilation Ward identity becomes

(T) = —Z&-Oi. (5.17)

Zeroes of the beta functions will lead to a new relativistic CFT in the IR, since then

(T) = 0. As we reviewed above, Lifshitz invariance is characterized by
2(T) + (T7) =0, (5.18)

Thus in order to obtain a Lifshitz invariant fixed point starting from a relativistic one, one
of the operators appearing on the r.h.s. of (5.17) must be the stress energy tensor and it
should have a non-zero beta function such that

(TF) + 389 (Teg) = 2{T2) + (T2, (519)

for some z. In other words, this beta function, instead of generating a flow, changes the
condition of scale invariance from the relativistic one to a Lifshitz invariant one. If there
are beta functions beyond the one for metric in (5.17) then one needs these to be zero to
remain at a fixed point. We will show in the next subsections that the deformation we
consider is indeed of this type.
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5.2.2 The d=2 OPE

In this section we work in two dimensions, in Euclidean signature, introducing complex
coordinates z = 1 + ix9,Z = x1 — ixs.* The vector operator J = J, has dimension
(hy,hy), while J = J; has dimension (hj, h7). The stress energy tensor is defined as usual

by Tw = % 6ng and (following [67]) we also define

T(z) = —27nT,, (5.20)

with a similar formula for the anti-holomorphic part. 7" has the standard normalization

for a 2d CFT while the normalization of the holographic stress energy tensor is that of 7.
Recall that

w) ~ hyJ(w) n 0J(w)

(z—w)*  (z—w)

N2(Tcw)4+”. (5.22)

o, (5.21)

with obvious generalizations for antiholomorphic components of the vector and stress-
energy tensor. The central charge of the CFT is c.
On general grounds the OPE J(z)J(w) takes the following form:

O 73;@ o R wiz - (5.23)
J(2)J(w) ~ — o wc)"(f_ ot k o wiz 5t (5.24)
T w) ~ e, WD) (5.25)

(z —w)(z —w)

We now consider how to determine the constant k. We consider the 3-point function
(T'(z)J(z1)J(#2)) in the limit when (first) zo goes to 0 and (then) z; approaches zy. This
correlation function can be determined in two different ways. First we can exploit the
J(z1)J(z2) OPE directly in the correlator (neglecting a possible trace anomaly, which does
not play a role)

(T(2)J(21)J(22)) = <T(z)kT(ZZ)> _ . 1 1

k————, 5.26
2121 22121 z4 ( )
where we set z3 = 0. Note that in general the J(z1)J(z2) OPE contains also descendants
of T'. But such terms have less singular behaviour when z; goes to 0 and it suffices to keep
the most singular term only.

Another way to compute this limit of the correlator is to consider an inversion with

respect to zz (or a point very close to it)

= (5.27)

“We use the conventions in [67]. In partricular, 9 = (9, — i0s,), = 2(0py +102y), v:= 30" —
™), v:=L1" +iw"),g.2 =%, d’2=2dazidzs, 6°(2) = $6(x1)d(22) Note also the useful identity:

0 log |2)* = 27m6°(2).
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This way we may send z3 to infinity and then apply the short-distance expansion (5.21)
to calculate T'(2').J(2}). The inversion (5.27) corresponds to a local dilatation and a local
rotation, such that

1 1 1 72 zl ,22 <T

(T'(2)J(21)J (22)) = (22)2 (2121)2 (2022)2 22 21 29

)T (1) (25)) - (5.28)

The correlation function of the right-hand side then becomes
T P L DIED Y 5

VI (2))J(25)) = J 5.29

e = (G o) e (529

___Cyﬁj 1

2 (=25 - 2%)°(5 - %)

+...

In the limit when z; goes to 0 we obtain

(T'(2)J(21)J (22)) = 9 azj (5.30)
Comparing (5.26) to (5.30) we obtain the relation
ke=—Cyhy=—Cjhy. (5.31)

A particular example of such a deformation is given by combining free boson and free
fermion CFTs (such that ¢ = & = 3/2). In such a theory the vector operator J,, = id, Xy
of the correct dimension and using the standard free field OPEs

1
X (2)X (w) N—Eln|z—w|2—l—..., (5.32)

B()p(w) ~ o —

2mz —w

(5.33)

it is straightforward to check that C; = ﬁ and k = 1)3 in agreement with (5.31).

T (2n

5.2.3 Conformal perturbation theory in d=2

Next we use the general OPEs (5.23) in order to obtain the beta function and anomaly in
the deformed theory. This will allow us to reproduce the structure of our three-dimensional
gravity results.

Consider a deformation of the CFT by a term of the form € [ d*z A, J* = € [ d*z(AJ +
AJ), ie.

S = Scrr + 6/d2z(AJ + AJ). (5.34)

Then J has dimension (3/2,1/2) and J has dimension (1/2,3/2) in the case of interest.
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Expanding exp[—e [ d?z(AJ+ AJ)] to the second order in A and using the OPEs (5.23)
we get

exp [—e/d%(;u + AJ)] ~1-— e/d2z(AJ + AJ) (5.35)

2

B %CJ / d*z1d%z (Cl (A(Zl)/_l(zz) + A(zl)A(z2)> *(z12212)

212212

+/_1(z1)/_1(22){ ! +3T(22)]+A(z1)A(z2)[ ! +3T(22)D.

22%2512 2c 212212 22122%2 2C 212212

Let us take a closer look at possible divergences. All the zo integrals can be explicitly
evaluated in polar coordinates, e.g.

/ Pl oy VA o joean) [ a0 ac), (5.36)
212219
where A~! <« 1 is a UV cutoff. The cutoff introduces a scale and thus breaks Weyl invari-
ance, and the logarithmic divergence is removed by a logarithmic counterterm. Noting that
AD*A+ADP*A = LF;;Fii—1(0;A")?+total derivative we see that it precisely mimics (3.31).
Another divergent term arises from

/d%ﬁ%gwf(z’g) —47T10g(A1)/d2z1A(zl)A(z1)T(z1). (5.37)
212712

This involves the stress-energy tensor and thus renormalizes the metric (05 = @T uwoghs
recall that T'= —277T,,)

55 53 55 3C
97 o g =g — 16w22—c‘] log(A™1)ALA.. (5.38)
Equivalently
angz 2 3CJ
dlog(A—1) " o (5.39)
and similarly
OgRrz= 23Cy
oy = AT A A= AR Az, 4
dlog(A-1) " 2¢ (5.40)

where we used the relation C; = ¢/(672) which follows from (D.2). In the gravity compu-
tation this renormalization arose from the () correction in 2 dimensions. Recall that

higoyig = —Aidj + 3 ArA*g0)0)ij- Using

1 X X . X
h[?}(O)Zz =AA, = Z(AtAt — AYAY + 2iA At); (541)
1 Cw
hiojoyss = AzAs = J(ATA" — ATAT — 2iATA"); (5.42)
1
hij0yet = 2022 + Pp2j(0)zz = _h[2](0)ac;v:§(AtAt — A Ay). (5.43)
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If we want to compare with the gravitational results we should analytically continue to
Lorentzian signature A;A; — —A;Ar and by — —hp)0)rr- Then the CFT expression
for h)(0) agrees exactly with the gravity computation. Switching on only the deformation
by the time-component of the vector leads to z = 1 + €2, in agreement with our bulk
computation.

The most leading divergence comes from

_ 62 z 5 _
/ Pord 2 A2y Az) D12 712) g / ap20) / P21 A(21)A(2). (5.44)
212212 A1 P
This divergence is removed by a local counterterm which is the counterpart of (3.28).
The generating functional of connected diagrams transforms under Weyl variations
as [68]

AW oW .
SwW = Tlog(A) ~ Flog() +Zi:5io +a, (5.45)

where f3; are the beta functions for the operators coupled to O and a is the trace anomaly
(not to be confused with A). In our case there are non-vanishing beta functions for the
metric g.

On the other hand [68]

ow i i
dlog(A) — —(T3) + (") As. (5.46)

Comparing with (3.42) this gives us an interpretation of the non-local term A't;; A7 ap-

pearing in A: it comes from beta functions!

We can compute % directly from the renormalized action. A arises essentially from

the logarithmic divergences (5.36) and (5.37), which combine to give a total logarithmic
divergence proportional to

<A52A + Aaﬁ) - 42%(211’21 + ATA). (5.47)
Note that
APA + A0%A — %Fijpiﬂ' - é(aiAi)2 } total derivative (5.48)
and
ATA + ATA = %AinjAﬂ’. (5.49)
Thus the logarithmic divergence (which is equal in this case to the anomaly) is
(%FijFU - é(aiAi)Q) + %Aiﬂjm . (5.50)

To compare to the gravitational computation recall that Newton’s constant is related to
the central charge of the underlying CFT through ¢ = % We rewrite our holographic
anomaly (3.43) as

A= 5A0(Ti) A — 55 (ZF(O)MF(S) = 5(Vid{g) ), (5.51)
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where we omitted the curvature term as we cannot see it in our CF'T computation because
we are working in a flat background. Recalling that Tocpr = —27Tuk we see that the grav-
ity and CF'T computations indeed produce exactly the same Weyl anomaly. Recalling that
in our holographic model C; = 1/(4w2G3) one can check that even the overall coefficient
of the anomaly agrees with the gravity computation.

5.2.4 d>2

In this section we adapt the discussion of [69] to the case of the 3-point function
(T (z1)J5(22)Jp(23)), where J is a vector field of dimension A (equivalent results can
be obtained using the embedding formalism [70]). Here we will assume that there is a
unique spin-2 conserved current i.e. the stress-energy tensor is unique. Our goal is to
derive the general OPE and compute the beta function for the metric.

Our starting point is the following expression [69] for the 3-point function under con-

sideration:
1 ~
(T (@1) o (22) T (@) = —5— 5w =g Ly (118) o (@23) 160, (X12) (5:52)
L12T13T23
1
= ———xi—Loa(®13)L,5(23)t yras(Xa3)
2A—dlow P e ’
17‘1i2$il3x23
where x;; = z; — x;, I;w(x) = 5IW - 2%’ X12 = % B % and
1 1
Tynsop(@) = 5 U (0 T () + T () (@) — 00 (559

The tensors ¢ and ¢ are homogeneous of degree zero in X and they satisfy

tuwop(X) = Ioa(X)tuwap(X),  tuvep = tupop = tuwpes  tupep = 0. (5.54)
We can write the OPE of T}, with J, in the form
Tw,(xl)Jp(xg) ~ Aul/po-(x12)g]o—(x2) + Buyp)\g(xlg)a’\f’(xg) 4+ ... (5.55)

Using the methods of [69] one can show that

d
- T
tysap(X12) = Cr— 2 Avsap(X12). (5.56)
L1323
The OPE coefficient A,,,;, must be traceless and symmetric in the first two indices and it
must satisfy 0" A6, = 0. Furthermore, I,5A,,, 5, must be symmetric in ¢ and p (this can
be shown by multiplying the OPE (5.55) with J) and taking expectation value on both

sides). This fixes its form to be

Apop(@) = (@ + db)hy, (2)gop + (d* — 4)bhy,, () hg (@) (5.57)

~ 1
b1y (@) = Wiy (@)) + hpnp()| —
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with so far undetermined constants a, b, e. We have introduced the following notation
from [69]

TuTy 1

1

hyw (%) = = 5= = 9, (5.58)

9 T, 4,1, 4,1, 4
huuo‘p(x) - 72 Gup + (,LL <V, 0 & p) - E?gUp - g?guu + ﬁgul/go’p7

2

hiuap(x) = JuoGvp + Gup9vo — gg,uugopa
~ T, T, TuT, T,
huvep(T) = 7914) + mgagup T2 Jvo — 22 o

Under conformal transformations the transformation of the current is given by the
integral over the sphere [71]

§J5(0) = — / ) ot (2) T (2)2” 2772 T, (0)dQ (5.59)

where df) is normalized such that f dQ) = 1. If we now consider a dilatation o* = az*
under which 6J,(0) = AaJ,(0) we get

AJH(0) = — / 2224 (2)77(0)d0 (5.60)
— / % ((d +1)(d - 2)bz,z, + W’m?gm) JP(0)dS).

(this is equivalent to the Ward identity at coincident points). Evaluating the integrals we
obtain an additional relation A
a+db= T (5.61)
The leading coefficient of the OPE is not restricted by the special conformal and translation
transformations because their contribution to the integral in (5.59) vanishes (the integrand
is odd in z;). Thus, the leading term in the OPE of T}, with J, is fixed up to two
independent coefficients.
As an aside, we note that the two dimensional case is special. In his case, the scaling
of operators is characterized by two parameters, hy and hy, instead of one (the overall

conformal dimension A = hj; + hy = d). In two flat dimensions (5.58) becomes

A,uzzdp(££) = [(a + 2b)h}“/($)gap + eil/u/crp(x)} % (562)
[ e ]

: 2 3
since hWUp(a:) — Nworp

termined entirely by the holomorphic weight hy. One can see this by considering the

(z) vanishes identically. The only independent constant e is de-

OPE (5.63) in complex coordinates:

1 e
Tt~ (71 n 5) ., (5.63)
where we have used hl, = £, hl, = &, Ponoz = =
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In two dimensions the Ward identity (5.59) can be rewritten as

1 _
0J,(0) = ,/[v(z)TZZ(z) —9(2)Tz2(2)]J.(2), (5.64)
21 Jr

where T' is some contour around the origin. Using a holomorphic rescaling v(z) = =z,

9(z) = 0, under which 6.J,(0) = h;J,(0), we identify
e=2(hy+1). (5.65)

Going back to (5.52) we can determine part of the JJ OPE. Recall that
Cr

<T’75(I2)TMV (x1)> QdI'yd ,LLI/(I].) (566)

where C7 is a constant determining the overall scale of the correlator; it is an analog of
the central charge. Evaluating (T'JJ) by first using the JJ OPE and comparing it then
o (5.52) we deduce that

(@) 7, (0) ~ CJI“;Q(;’“) P g,;]‘IW(a:)Awm,(x)Tw(O) b (5.67)

Note however that A5, (x) is traceless in v, 0.
From this OPE we can immediately derive the leading divergence in the partition

function
5 [ dlad'y At ) A" @) 1), 0) (5.68)
CQJ/dd d‘ (A“(x)—l—...)A”(:c)I(’Z(_yx_)il)

 oyAd
_ (’;J(ddf)A /dda:A#(a:)A“(x) b d>2)

In d = 2 leading divergence equals %AQ [ d*zA,(z)A*(z). This divergence can be can-
celled by the obvious local counterterm.

The OPE (5.67) also allows us to compute the beta function for the background metric.
To this end we expand the deformed action up to second order in the deformation

/ dlrdy AR () A (2) T (y) T () (5.69)

=...+ g; / A zd®y (A" (z) + .. VA (@) Loy — ) Arsan (Y — 2)Tos(x) + . . ..

The logarithmic divergence comes from the y-integral

[ L) Assent) (5.70)

1 dA d—2
= [t = s (4 e 2k

d 1-d
+b(d* — 4)hl, <dh1 + 2 g,“,>+e( 25, + 4Rk shl,)

4(2 —d) 4(2 d)
+b ( d h15h d2? hléguy + hvtﬁw - h’it?lw :
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Using

YiYi _ Gij YiYiYkYr  9ij9kl T Gikgjl + GilGk;
ol = [at aavy o O
this integral can be evaluated to give
2 A (d—2)(d+1)
d
[ At =tosa 2y (2 oA S, e

where Il 5., = gyu9s0 + 9w 9su — %guvgwé is the projector on symmetric traceless part.
Thus the beta function is

y 2 — A Ay—fA A vl .
Ba d+2Cr (d—l b d ¢ " - In (5.73)

Note that it is traceless because A,s5q, is traceless in its first two indices by construction
(this just reflects the fact that the stress energy tensor it multiplies is traceless). Thus we
indeed obtain the expected beta function.

5.3 Three-dimensional examples

We now turn to specific examples of three dimensional field theories.

5.3.1 Example I

Consider a theory of two free scalar fields ¢ and ¢o with the stress energy tensor
1
T = 0ud10,01 — g(auay + 5,w<92)¢% 4 (14 2). (5.74)

The propagators are (¢1(2)¢1(0)) = (pa2(x)p2(0)) = S%,%’ where S3 is the volume of the
3-sphere. For notational convenience we set S3 = 1. The constant C7 = 3/2 in this theory.
We can construct a dimension three vector operator as

Ju = (¢ — $3)($20,61 — 10,62). (5.75)

It is straightforward to check that this vector is a conformal primary operator of dimension
3, i.e. it transforms according to

a1 0z

JH)y=J"a e

with A = 3 and where J is the Jacobian of the coordinate transformation.

J" () (5.76)

Now we compute the A,,,, coefficient in the OPE of T}, with J,, see section 5.2.4).
The result is

Ty ()72 (0) ~ (5.77)
o % B 5:@:3;;:;30:% 7,(0) - 3:E,,$UJH(O) + $“$;iy(0) + 2,2,J5(0)
+ 35“”;7;%%(0) + = (Gt + o) 1, 0)
+ %(&,UJ“(O) + 8,00, (0) + %%,JU(O)) TR
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where we omitted contributions which are not proportional to J,,. This form matches (5.58)
with coefficients b = —3/4 and e = —3/2.
As a consistency check we compute

Tl@)Tof0) ~ S Tuw) + = (36 — T3 ) 63(0) (5.78)
+ 261(0) (400610) — 20,1 (0))
+ % (36W - 7%)%%(0)5@1(0)
+ 55 00100,610) + 5 (2,0061(000,01(0) + (1 0 )
- 5 (38— 7252 0,61 (010,610
;[_ ;Wg”a 0, 43(0) + 1%(35,”,— T ) 050,05 (0 )]
+(1—=2)+...

First, we can read off C'; = 16. Secondly, we note that the last line includes descendants
of ¢7. Since the 2-point function (7}, (x)¢3(y)) vanishes, these terms do not contribute to
the 3-point function (7)., (x1)Js(x2)J,(23)) and therefore they do not contribute to A sq,
coefficient in the 3-point function or OPE. The remaining terms which are quadratic in
derivatives and fields (fourth and fifth lines) are what we are really interested in since these
should be equal to 1,4 (2)Aysaw(x)Ty5(0). We find that

Lo (2) A5 (2)Ths(0) (5.79)
= 83[8u¢l( ) 1/¢1( ) Lo (x“ a¢1( ) l,(ﬁl(())—i-(,u,Hy))
;x;xg (35W — 7$;3:,,) O0s01(0)0,01 (0)} + descendants of gb%
+ (1 —2).

We conclude that up to unimportant descendant fields this theory reproduces (5.58) with
coefficients b = —3/4 and e = —3/2. This immediately gives the beta function for the
background metric field according to (5.73).

5.3.2 Example 11

In our second example we consider the theory of one free real scalar ¢ and one free real
fermion 1. The stress-energy tensor is given by

Ty =T, + T, (5.80)
with
1 2 2
0ud0u — 3 (a”ay + 6,0 >¢ , (5.81)
v 1. <« <
Ty = V(Y 0v + 10 u)1. (5.82)

2
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Note that any linear combination of T;fl, and T;f,, is still a conserved current. which leads to
some complications as we see below. We can construct a conformal primary A = 3 vector

Ju = ¢2@Z'7M/}- (5.83)
The basic propagators are
1 _ :
(@(@)0(0)) =~ (B(@)b(O) = T, (5.84)

where the Dirac gamma matrices satisfy as usual {v,,7,} = 2¢,,. Using this information
it is straightforward to obtain

C;=4, C2=3/2, Ch=-3. (5.85)

We compute the relevant term in the OPE as

Ty () T (0) ~ (5.86)
1/3 9,y 3z,
~ ...+ ; (2‘9“,/2]0' — 57:]0 + iﬁ(guo-ivy + g,,U:cM)Jp
3 xs

— Eﬁ(wyju +xujy)) + ...

which matches (5.58) with b = 0, e = —3/2, determining the beta function for the back-
ground metric field according to (5.73).

Computing the JJ OPE we find

J(2)7,(0) (5.87)

~ +%I/¢a($€) ((4@5(53)9&” 2D 0 () L35(0) — 4h#5($)ga”T$5(0)> T
~ .. +$Iua(m) <(12h}y6($)gav + 4?175&,,(1‘))(T;€;(0) * Tfﬁs(()))

+6(4h}/6(x)gau + iL'y(SOcl/(':E)) (C%wT»;/jS(O) - ;¢T$5(0)> ) +.o
T T

where we again omitted descendants. The first term on the right-hand side is precisely
g—;I o) Aysan (2)T5(0) while the remainder gives a vanishing contribution to the 3-point
function (7}, (x1)Js(x2)Jp(x3)). As we might have anticipated, a generic linear combina-
tion of T,‘fl, and T;fl, can appear in this OPE. However this can always be rewritten in terms
of the true stress-energy tensor (i.e. the one obtained by varying the action with respect to
the metric) plus another linear combination which is orthogonal to the stress-energy tensor.
The beta function for the metric arises from the factor multiplying the true stress-energy
tensor.
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5.4 Summary

Let us conclude this section by summarising the general structure of the deformed theory.
We observed that the singular terms in the JJ operator product expansion are associated
with the renormalisation of the background metric and the emergence of Lifshitz symmetry.
Using conformal perturbation theory, the universal terms in this OPE give rise to a volume
divergence and a divergence involving the stress energy tensor. Non-universal terms in the
OPE can generate beta functions for other background fields (apart from the metric) which
in general break the Lifshitz symmetry. Such additional terms in the OPE also imply that
one cannot truncate to just the stress energy tensor and the vector operator, which will be
reflected by the absence of a corresponding consistent truncation in the bulk.

In the two dimensional example, there were no non-universal divergences occurring in
the OPE and therefore this case exactly realised the bulk scenario. In a typical higher
dimensional model one may well obtain additional divergences and therefore running of
associated background fields. In the first of our three dimensional examples there would
be divergences arising from relevant operators such as ¢>. We observed using our other 3d
example that generically additional operators of dimension d can also arise in the OPE,
both descendants of lower dimension operators and primary operators which are orthogonal
to the stress-energy tensor, and in this example there was a beta function for a second
dimension d operator.

6 Conclusions

In this paper we have developed holography for Lifshitz spacetimes with dynamical expo-
nent z = 1 + €2, working perturbatively in e. We showed that the bulk theory is dual to
a d-dimensional CFT deformed by a vector operator of dimension d. Such a continuous
deformation changes the relativistic fixed point into a non-relativistic one.

Conformal perturbation theory was used to study such deformations of a generic con-
formal field theory from the field theory perspective. We argued and demonstrated in
specific examples that the Lifshitz invariance indeed appears generically in a deformed
CFT. Without reference to any holographic dual, we could see directly from the vector
operator OPEs that a renormalization of the background metric is induced by the vector
deformation; this renormalization is responsible for the emergence of Lifshitz symmetry.

In standard QFT discussions, after deforming the CFT infinities give rise to beta
functions and these drive the theory towards a new fixed point in the IR where the beta
functions vanish. In our discussion, the effect of the beta function is to change the condition
of scale invariance from that of relativistic invariance (i.e. tracelessness of the stress energy
tensor) to Lifshitz invariance (i.e. vanishing of the z weighted trace). In other words, as
soon as the operator is switched on the theory finds itself in the non-relativistic fixed point
rather than flowing to it in the IR.

Various extensions of this work would be possible. Firstly, deformations by other
dimension d tensor operators are likely to lead to similar results since their OPEs should
have a similar structure to that of the JJ OPE discussed here. In particular, one expects a
logarithmic divergence proportional to the stress energy tensor, which should then induce
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a beta function for the metric. It would be interesting to systematically investigate all such
possibilities.

The finite temperature behaviour of the system studied here will be explored in our
subsequent paper [65]. As mentioned at the beginning, one could also explore Lifshitz so-
lutions with running scalar couplings (hyperscaling violation). In such a case the dual field
theory may admit a similar interpretation as a specific deformation of a relativistic theory
which either already has or acquires a running coupling (corresponding to the hyperscaling
violation).

Top down embeddings of Lifshitz solutions with z > 1 were found in [41],%> with flows
between such solutions being discussed in [42]. Solutions with z close to one are inter-
pretable in terms of a vector deformation of the dual CFT [65]. However, these solutions
are obtained from hyperboloidal reductions of (massive) gauged supergravities, which in
turn can be uplifted to ten or eleven dimensions. In these cases the CFTs dual to the AdS
solutions are not well understood; the reduction on the hyperboloid restricts the dynamical
exponent z to be discrete and there are clearly many additional fields in the bulk description
relative to the Einstein-Proca model explored here. As discussed in the previous section,
these fields (and their corresponding dual operators) are expected to be associated with
deformations of the Lifshitz points. Despite these complications it is clearly interesting
to explore the dual theories in these models using the techniques of this paper and these
solutions will be further discussed in [65].

Given that the bulk theory is relativistic, it is perhaps not surprising that the non-
relativistic dual theory could be related to a relativistic field theory, but it is nonetheless
highly non-trivial that they are continuously connected. It has been argued in various
works, see the recent discussions in [73, 74], that holography for Lifshitz theories would
more naturally be described using non-relativistic Hotava-Lifshitz type gravities. It would
be interesting to explore the relationship between the non-relativistic and relativistic de-
scriptions for z close to one. In particular, one might wonder whether they are dual to
different universality classes of Lifshitz invariant theories.
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A Useful formulae

Under a general transformation g;; — g;; + 0g;; the Christoffel symbols and Ricci tensors
transform as:

. 1 .
0% = igll(vjfsgkl + Vidgji — Vidgr), (A1)
5R~—3(vkv5 At VIV S0 — V20055 — ViV itr (8,5 A2
i = 09k + j03ik Gij iVj I‘( gz]) 5 ( . )
SR = 09" R;;j + g 6 R;j. (A.3)

In particular, under a Weyl rescaling dg;; = 20g;; we get:

<5F§-,C =8 V,o+ 5§Vka — gjxV'o, (A.4)
6Rij = —gi; V%0 + (2 - d)V;V o, (A.5)
SR = —20R+2(1 — d)V?0. (A.6)

B Expansion of Einstein equations in d=2

To obtain the coefficients in the expansion (3.22) we need to work out (3.6) at order 2.
Note that although e appears in M? it always multiplies a vector field and hence it can
contribute only at higher order in the e perturbation theory. Therefore to this order we
can set M? = 1. The r.h.s. of (3.6) can be expanded near the boundary as follows

)0y + € (ta 2y + T12)(2)i) + Ole™), (B.1)
where
1 k
tp)0i = Aido); — 340k 09010 (B.2)
1 o
l2)(2)i5 = B (A(O)ia(Q)j + A(o)ivj(VkA?o)) + (i < J)) (B.3)

1 1
+ 5 Foi Foir = 3 FomFo)900)i
+ (A0 ek — Aw aer - A0 Ve(TaAl) ) g0y

6m
+ ?(<Tkl>[O]A(O)kA(O)lg[O}(O)ij - A(O)k:Af:o) (Tij) ()
i = Ao a@)rg00)is- (B.4)

Note also the identity

tr(tp)2i + 1 )2)) = 240)iAl) + (2r — DAy — Al Vi(V;f)
127

i j 1 i

The leading term in r on the right-hand side of (3.6) indicates that a logarithmic
correction hygj(g);;7 must be included at leading radial order in gppj. It is given by (3.23).
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In d = 2 the following identities hold

tr(hm(o)) =0 (B.6)

127 127

L i i j
(g he0) = — - (Dohee) = ;R0 Ao = — Ao (Ti) oA

Equation (3.8) allows us to compute tr(h(2)):
tr(hiz ) = %(V%’Afo)f - iF(O)ijF(O)z‘j- (B.7)
Note also the following useful relation:
tr(hy2) — h210)9012)) = A)ile) + %Vj (A{O)(Vz‘flﬁo)) - A(o)ﬁ{é)- (B.8)
Collecting terms of order €2 and ¢ in (3.6) we get (for general d)

d—4
- [(2 — d)g)(2) + (2 = )rhpye) + —5—hp)e) (B.9)

RZC[Q}U
+ 9101 9p0i(0) 1210) T 11210 Ippi(0) 9101(2)
1
+ 5“((27” — Dhpjo)9p0)2) + (1 = 2r)hp)2) — 29[2](2)>9[0](0)

R
+ 1A+ 2he0) | = @)y TR

4]

where the trace is taken with g[_o]l(o)' Taking the trace of the last equation and using (A.2)
and properties of Ricci tensor in 2 dimensions

. T
meij . = 5 (V’“th[g}(o)ik + V’“Vihm(o)jk — V2h[2}(0)ij) (B.lO)

we see that terms proportional to r cancel separately and we obtain (3.25).

Now we can solve for hig(9);; from (B.9). The result is given in (3.24). The divergence
of gp)(2)sj is determined from the e~? terms in (3.7), leading to

\V& (h[Q](Z)ij - 29[2}(2)@‘) — vz‘tr(h[g}(g) — 29[2](2) — g[O](Q)h[Q](O)) (B.11)
ik 6w o i 1 4
= 902 Vehi21(0)is + ~ A0 A Vil — ZA(O)Z-Azo)VjR

. | |
= ~90) A0 F 0y + Ay (0idi2); — 0 Ay) — Aw@u(Vid)
+ (a‘ZQ) - A%Q) + Vj (va(O))>F(O)l] + A(O)ZA(Z)T‘
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C Expansion of Einstein equations in d=3

Collecting €2 terms (up to e~") in (3.6) gives (we keep explicit d in our formulas, since
some of our results apply to arbitrary dimension)

T d 1 .
? [— Sh210) — Qtf(h[z}m))gm(m] ~+ Riepy (C.1)

J
tr [(d = Dhjayz) + tr(p) — hj0)90)2))90i0) + tr(9{01<2>>h[21<o>}
4—d 1 -1

Or
te {2 hiay2) + (d = 2)91212) = i2)(0) 90} 0)9101(2) ~ 91012 Ij0)(0) P121(0)

T

ij

1 1
+5t(29p12) — hp212) + i) 901(2) 9101 0) + 2“(9[01@))’1[21(0)]

_|3(d—3 3
+re [ ( ; )h[2}(3) + §tr(h[2](3) - h[2](0)g[0](3))g[0}(0):|

)

ij
L [6—d 3(d — 3) 3 i, »
te {2 hpye) + ——5 91213 — 5 <h[2}<o>9[0}(0)9[01<3> + 9013)900)(0) 1210)

1 1
+ 4 tr(hi20)90)3) + 5tr(3921(3) + hiz0)910)3) — h[21(3>)9[01<0)] )
ij

r d 1 k r 1 kl
= ¥ | S Aid©) + 50— AokAl 9010)i | + €| 590010y FoyieFloyt
5 2(1—d) 5

d—2 1
+ 5 (Aide); + Awo)yAei) = 5(A0iVider + Ao);Vidor)
P — 4(A AL, + A VEAQ),) Y R i y
i1—d rAR) + AV Aw)r) 9010y + FlopFio)9010)is

k 1 k —r
__zAanmm@mu%mgmme‘¥2Amvﬁ%mQMme>]‘*Te a3y A 9001 (0)is

[d-3 2 A
te {2 (Aide); + AoyAe) + g7 A0kAE 900

1 k l 1 k
T 5= Aogerdn o ~ 5z Aordo e

1 k
+3 <a<3>w4(o>j +ag);A — a<3>kA<o>9[01<o>ij>} :

The trace of it in d = 3 gives:

tr(Ric[2]|,~) — e [3tr(h[g](0)) + (—4r + 1)672%1‘(}1[21(2)) (C.2)
—2r 1 —2r 1 —2r
—de”"tr(gpy(2)) + | 3r + 5)e tr(g012)P2100) — (7 + 5)e¢ tr(gj0)(2))tr(hi20))

9 9 s, 1 —3r
= Sre T tr(hpis) = 5o tr(gye) + 5 (Or +3)e? tf(9[01<3>h[2}<o>)]

2
3 o i or D i L1y 1 ij
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3 7 ] 1 % —r %
+ 2409040 ~ 4tr(9[0](2>>A(o>iA<0)> +3re™ ag3)iAfg)
—r 7 3 i J 1 i
e (3doide) + 74090140 ~ 3%t |-
The R,, equation (3.8) gives:

3 —or
= tr(hpyo) + e (b)) + Gre” (g hao) — hrie) (C.3)
3
2hpy(3) — *9[01<3>h[21<o> - 9[21(3))
= ZA(O)’L
1*2’“ VAL )2 — Al Al 9A Al 4 Al ViV AL Lp i
+ 1° (Vi (o)) — A0)91012)ii A0y ~ 2A0)iAe) T Ao) ViVid) T 9 (034 (0)
—3r 7 —3r 1 ] 1 7
—re a(S)iA(o) + e A(O)g[O](B)ZJA( 0) A( 0)i A(S) =+ 50,(3)214(0) .
The R,; Einstein equation (3.7) reads at order €
VY higj(0)ij — Vitr(hp () (C.4)
—2r ik ik ]
e (2h5 ) Vgt + G Vihiziose — 27 haja;
k
+ 90k 2V iy o) — VFtr(ha0))) — 2Vitr(gj0)2) Pra) o) — h[21(2>))
. . 1 .
—2r k
+e (th[mm — 2V 1312057 — Ty 2) VR 0)is = 50 Vigoi@)ik
1 ik k
- §h[2](o)ik(2vj9fo](g) — V*tr(gp0)(2))) — Vitr(hyg2) — 2912)(2) — g[o}(z)hp](o)))
s . 3 . ‘
+re” (3hf§<0)vk9[o1(3m + 5900 Vikeiomk — 397 b
3 k
+ 5901 2V ) — VFtr(h ) — 3Vitr(gos)ho) — h[z](:'»)))
1 .
—3r k
(V]hm( D5~ 3V 935 — T VR0 — 50 Vi@
= Vitr(hpg () — 39p2)3) — 9yo) (3>h[21<0>))
= 24(0)iA(0)r
+e (Q(A(ZﬁA(mr + AiA@r) = 9 ForiAok
. 1 o
+ Al (Vid(2); = ViApy) — Ay Floyis + *F<o>ijVJVkA<o>)
+re 3" (2(0(3)1'A(0)r + a(3)rA(0)i) + A(' )(V a(3); -V, FO(3)i )—2 ZS)F(O)U>
e (2(A(3>iA<o>r + A@rAo)i) = 9 ForiiAok

+ Al (Vid); — ViAg)y) - 2A( yF(0ij + a(3) (0)i )
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D Normalization of the current

To fix the normalization of the current in the QFT dual to the Lifshitz geometry in three
bulk dimensions we need to compute the 2-point function (J;(z).J;(0)) holographically and
compare its normalization to that in the CFT. Our discussion follows [75]: note that
in [75] only the case of non-integer conformal dimension was considered but the result can
be extracted from there by analytic continuation.

The Euclidean action for the bulk vector field is

1 1 1
=—— [ d™ VG | F? + —m?A%) . D.1
167G / * {4 taom (D-1)

Note that the action in Euclidean signature acquires an overall minus sign. With such a
normalization the two point function in d = 2 for the dual operator of dimension two is [75]

@ T0) = = (35— 2757, (D.2)

In complex coordinates z = x1 + ix9, Z = 1 — ix9 the form <(5Z~ — 22?) equals

22472 izQ—ZQ
2z% 2z%

Z-z2—z2 22472 :
22Z 22Z

Using J, = %(Jl —iJy) we get

1 .
<JZJZ> = Z(<J1J1> — 0 <J1J2> — <J2J2>). (D.3)
If the two point function (J;J;) = % <5ij — 2%?) one obtains
Cy 1
L) = —————, D.4
(rry == (D.4)

which has a sign in agreement with our CFT computation in (5.35). Comparing (D.2) to
the CF'T normalization we can then fix Cj = ﬁ.

E Stress-energy tensor correlation functions in two-dimensional Lifshitz
theory.

In this appendix we give the 2-point correlation functions of the conserved stress-energy
tensor in the two dimensional theory. Starting from (Jy(t, ) Ji(0)), (Jzt(t, ) J1(0)) (which
are given in (4.26), (4.31)) and (Jy(t,z)J22(0)) (see below) and applying the diffeomor-
phism Ward identity one can derive all other correlation functions. In terms of the quantity
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Juvpo defined in (4.38) the relevant identities are

ftac tt(X) 42 frz 12 (X) + ZXft/w,ta:(X)? (E.1)
fmt wa(X) = 200+ 2) faz 22 (X) + 2X 2,20 (00 (E.2)
fatet(0) = B+ 2) fatae(X) + 2X Frt ze (X), (E.3)
fa:t () = 2(1 + 2) fat 22 (X) + Zng/vt,tx(X)’ (E.4)
xt () = 2(1 + 2) fazt(X) + ZXf;x,tt(X)v (E.5)
fat () = (1+32) faz 2 (x) + ZXfa,m:,tz(X)' (E.6)

These relations together with the symmetry of f with respect to the exchange of the first
pair of indices with the second pair provide enough information to construct all 2-point
correlation functions. We summarize the results here:

c X —GX +1
sz t;iﬂ sz 0)) = T 2(1+2) |: E.7
(sl 2) 1 (0) = G AT B
L2820 A5 SO DAL, +x2>]
3 (X2+1)5 (X2+1)5 )
2
4 e [ XX D) E
<Jmt(t7$)<]xw(0)> 4(27T)2x |:(X2+1)4 ( '8)
2x@2xt =52 +1 2x' —5x* +1
€ x(2x i x5+ 2 X(2x —5x 5+ )log(1+xz)],
6  (x2+1) (x*+1)
c _ X(X - 1)
i _ 4 (142)—2z E.9
ia(t:2)22(0)) = ~4 5557 EER (E.9)
Ex2x' =5 +1) 2X(X4—5x +2) 2
_ < log(1
TR + € R og(1+x )],
4 2
Cc 4z X _6X +1
i _X o+t E.1
(Jea(t, ) 7(0)) = 553 [ 021D (E.10)
€N 2097+ 203 11 25X — 100" +1 log(1 + X2)]
6 (X2 + 1)5 (X2 + 1)5 )
4 2
C 9 9, X —6x"+1
() = X o6+l E.11
(Jat (t, ) J12(0)) 2n2” [ (x2+ 1) .
EOI-DME-94+T) (- =14 +1) log(l—i-xQ)]
3 (x2+1)5 (>+1)5 ’
4 2
C 4 X 76X +1
. _X Ot E.12
(Jat(t, 2) T2t (0)) (2m)? { (2 + 1) (E.12)
110 —203x +200x2 — 9, 3(* — 10y +5) log(1 + X2)}
6 (X2 + 1) (X2 +1)° ’
4 2
_ ¢ ot X O+ E.1
(Jt(t, ) J22(0)) (2r DRl [ (2 + 1) (E.13)
L EOEDMA-9CHT) L0 D14+ log(1+x2)]
3 (X2+1)5 (X2+1)5 .

— 46 —



F Scheme-dependence and Weyl invariance

Here we collect some formulas which ae used in our discussion of scheme dependence

and the check of Weyl invariance. We will consider three specific integrals: [ \ﬁFijFij ,

[ VA (ViAD?, [ \/YRA?. These are finite in two dimensions and thus one could have added

these as finite counterterms. In this section we consider contributions of these terms to

one-point functions, their Weyl transformations and their possible effect on Ward identities.
Let us begin with [ \/yF;; F . The variation of such an action is

- . 1 .
b / VFiiF9 = / ﬁ[—wiF”aAj + (2F Fjy* — iFle“%j)&w . (F.1)

We hence obtain the following contributions to one-point functions:

(J)) = -4V, (F.2)
(Ti3) = 4F0)ixFl0)1n90)0) — FoomFlo) 91010 (F.3)
The Weyl variation is
Sw[FijFY) = —20F;;FY + 4FY A;V,0. (F.4)
The trace of the stress-energy tensor is:
(T}) = 2F0)i; Fg). (F.5)
Next we consider [ ,/7(V;A%)?. Its variation is
§ / VAV ADH? = / V| = 2VI(V; AN A; (F.6)
+ (;(VkAk)Q%j + APV Al — 2Ajvivak> 57”] :
From here we get the following contributions to one-point functions:
(J') = =2V (V,Ag), (F.7
(Tij) = (VA gi0)ij + 2400 ViVidig o — 440, ViVidi.  (F8
The Weyl variation is
Swl(ViAY)?] = —20(V;A")? 4+ 2(V,; A7) A; V0. (F.9)
The trace of the stress-energy tensor is:
(T}) = 2(V:A")?. (F.10)
Finally, consider [ ,/7RA?. Its variation is
5 / JIRA% = / ﬁ[QRAiéAi + RAA;6719|. (F.11)
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From here we obtain contributions to one-point functions:

(JY = 2RA", (F.12)
(Tij) = 2RA;A;. (F.13)

The Weyl variation is
Sw[RA?] = —20RA? — 2A%0o. (F.14)

The trace of the stress-energy tensor is:
(T}) = 2RA%. (F.15)

Putting these results together it is also straightforward to check the Weyl invariance of the
d = 2 analogue of the Deser-Nepomechie action:

127 1 g 1 i 2, By
Loy = === Ao)(Tijio) Aoy + 3 F 0 Fo) = 5(Vidio)” + T A A (F.16)
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