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ON THE STRUCTURE OF LINEARIZED GRAVITY ON VACUUM
SPACETIMES OF PETROV TYPE D

STEFFEN AKSTEINER, LARS ANDERSSON, AND THOMAS BACKDAHL

ABSTRACT. In this paper we prove a new identity for linearized gravity on vacuum spacetimes
of Petrov type D. The new identity yields a covariant version of the Teukolsky-Starobinsky
identities for linearized gravity, which in addition to the two classical identities for the extreme
linearized Weyl scalars includes three additional equations. By analogy with the spin-1 case, we
expect the new identity to be relevant in deriving new conservation laws for linearized gravity.

1. INTRODUCTION

The black hole stability problem, i.e. the problem of proving dynamical stability of the Kerr
vacuum black hole solution is one of the most important open problems in general relativity.
Proving dispersive estimates for fields, including Maxwell and linearized gravity on the Kerr
background is an essential step towards solving this problem. In the paper M] a new conserved
energy-momentum tensor for the Maxwell field on the Kerr spacetime was constructed. This
construction relies on an analysis of the Teukolsky Master Equation (TME) and the Teukolsky-
Starobinsky Identities (TSI) implied by the Maxwell field equations. In this paper we shall,
motivated by the above considerations, study the TSI for linearized gravity on vacuum space-
times of Petrov type D, which includes in particular the Kerr spacetime. Our main result is a
fundamental new identity for linearized gravity which leads to a new, covariant form of the spin-2
TSI. This extends the two classically known TSI relations by three additional identities. In the
following, we shall refer to the two classical TSI as the extreme TSI.

In its classical form, the Teukolsky-Press, or Teukolsky-Starobinsky relations HE, @] relate
the solutions of the radial Teukolsky equations for +s, and is thus valid only for the separated
form of the equations. For the case of linearized gravity on the Kerr spacetime, a derivation of
the extreme TSI using the Newman-Penrose formalism, which does not require a separation of
variables, was given by Torres del Castillo ﬂﬁ], later corrected by Silva-Ortigoza ﬂﬁ], see the
paper by Whiting and Price ﬂﬁ] for discussion and background. We shall refer to this pair of
classical identities for the Maxwell and linearized gravity cases as the extreme TSI.

Consider a Petrov type D spacetime and let a principal null tetrad be givelﬂ Recall that in
this case, only one of the Newman-Penrose Weyl scalars, Uy is non-zero. Let k1 oc ¥, 1 3, let ¢;,

i = 0,1,2 the Maxwell scalars and let ¥o, ¥4 be the gauge invariant linearized Weyl scalars of
spin weights 2. In terms of the GHP operators p,b’,d,d" the TME take the form

(b—p—p) b (K10) — (0 —7 = 7) 0 (K1) = 0, (1.1a)
(b' =" = P) b(k1¢2) — (8" =7 — 7') B(k1¢2) = 0. (1.1b)

for the spin-1 case, while the spin-2 TME for linearized gravity are given by
(b=3p—p) P (k1%o) — (3 =37 —7) 3 (k1 W) — 3Uy(k1¥g) =0, (1.2a)
(b’ =3p" — 7)) b(k1 W) — (3" =37 — 7) B(k1W4) — 3Ws(k1Wg) = 0, (1.2b)

see [2]. The spin-1 extreme TSI are

95 (k200) = bb(r3d) (1.32)
D' (ki¢o) = DO(kTp2) (1.3b)
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and the spin-2 extreme TSI are
38DV (1k100) = bbb b(rily) + KWL T, (1.4a)
PB'P'D (1400) = 8BI(k1y) — k3L L Ty (1.4b)

where in the Kerr spacetime, x$Ws = M/27, with M the ADM mass, and the Killing field
& x (04), cf. Remark A version of the spin-1 TSI in Newman-Penrose notation can be
found in ﬂﬁ] For the extreme spin-2 TSI, see @] However, this form does not make the L¢
term explicit. In general xk3Wq and €% are a complex constant and Killing field, respectively. See
[22) for the definition of £%. Here we have stated the form of the equations for the case without
sources. The general version of the TME, with sources, is given in Corollary[3.3] and the a version
of TSI with sources can be deduced from Remark [£.3]

A naive argument counting degrees of freedom indicates that it should be possible to represent
the full dynamical degrees of freedom of the Maxwell and linearized gravity fields in terms of one
complex scalar potential, solving the TME. However, although one may use a Debye potential
construction to produce a new Maxwell of linearized gravity field from a solution of the second
order TME ﬂQ, @, ﬂ, E], both Maxwell and linearized gravity on a type D background have
conserved charges, which correspond to non-radiative modes, and these cannot be represented
in terms of Debye potentials. For the Maxwell field on the Kerr spacetime, the non-radiative
mode is the well-known Coulomb solution, while for linearized gravity, the non-radiative modes
correspond to variations of the moduli parameters M,a. Thus, it is only the radiative modes
which can be represented by Debye potentials. In particular, it must be emphasized that the
TME is not equivalent to the Maxwell or linearized gravity systems, and in particular, if we
consider a Maxwell or linearized gravity field, it is not possible to reconstruct either of these
fields given only one of the extreme scalars.

For the Maxwell field, the full set of TSI in fact contains a third relation, cf. ﬂm], which can
be written in the form

7' b(kig2) + bO(kT ¢2) = TP (ki) + b’ 0" (Kidho). (1.5)

As mentioned above, the full set of TME/TSI equations implied by the Maxwell field equation,
has the important consequence that the symmetric tensor V,; introduced in M] is conserved.
The tensor Vg is, in contrast to the standard Maxwell stress-energy tensor independent of the
non-radiative modes of the Maxwell field, and is therefore a suitable tool to construct dispersive
estimates for the Maxwell field on the Kerr spacetime.

We now recall the Debye potential construction of solutions of linearized gravity. We first
restrict to Minkowski space. Following Sachs and Bergmann ﬂﬁ], let Hapeq be an anti-selfdual
Weyl ﬁelcﬁ i.e. a tensor with the symmetries of the Riemann tensor, Haped = Hiapjea = Hedan,
:H:[abc]d = 0, satisfying H%,. = 0 and %Eabefg‘fefcd = —iHaped, and let

Gab = chdf}facbd. (1.6)

Then, if V¢V . Hupeq = 0, it holds that g, solves the linearized vacuum Einstein equation.

The analogous construction for massless spin-s fields on the 4-dimensional Minkowski space was
discussed by Penrose ﬂﬂ] In ﬂa] this was used to prove decay estimates for such fields, based on
decay estimates for the wave equation. We shall now describe the analog of the Sachs-Bergmann
construction in the case of a vacuum type D metric.

Introduce the following complex anti-selfdual tensors with the symmetries of the Weyl tensor

Zhed = dmanymeng),

Zapea = Mjami)lema),

where (1%, n% m® m®) constitutes a principal null tetrad. These are analogs of the anti-selfdual
bivectors Zgb, Zgb, see B, 82]. For a weighted scalar o, let Hapeq be given by

Hapea = H%ongbcd- (17)

2Here we use a complex anti-selfdual Weyl field for consistence with the rest of the paper, although this is not

used in [16].
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Define the 1-form U, by
U, = —V,log(k),
cf. ([21), and consider the following analog of (LL6]), which sends Hypeq to a 2-tensor gup,

gab = V(Va + AU H %)

A calculation shows that g, is a complex solution to the linearized vacuum Einstein equation
provided the scalar xo solves the Teukolsky Master Equation (TME) for spin weight +2 [12].

Applying the GHP prime operation [* <> n%, m® < m® to the above construction, leads to
the fact that the analogous construction with

Habed = K1XaZapea (1.8)

yields a solution to the linearized Einstein equation in the same way, provided that now the
scalar k{x4 solves the TME for spin weight —2. Note that in general, the linearized metrics gqs
constructed from (7)) and (LF)) are different. We are now able to state the tensor version of our
main result, which describes this difference.

Theorem 1.1 (Tensor version). Let dgqp be a solution to the linearized Einstein equation on a
vacuum type D background, and let o, Uy be the corresponding linearized Weyl scalars of spin
weight +2. Let R

Habed = H%\Pongcd - “leqlﬁlzsbcdv (1.9)
and let R

Mgy = VC(Vd + 4Ud)j'f(adb)c. (1.10)

Then there is a complex vector field A,, depending on up to three derivatives of the linearized
metric 8gap, and independent of the extreme linearized Weyl scalars o, U4, such that

Map = V(o Ap) + 3 V2K Lebgap. (1.11)

Remark 1.2. (1) From (I, it is clear that Map is a complex solution of the linearized
FEinstein equation.

(2) In the Mazwell case, the analogue of (III)) is that the vector potential arising out of
the Debye potential construction by taking the difference of the extreme Maxwell scalars
from the same Mazwell field is pure gauge, see Hftproposition 5.2.5]. In the spin-2 case
above, the term involving Ledgay s a new feature, which indicates an important qualitative
difference between the spin-1 and spin-2 cases.

As will be shown below, the identity (III]) implies the the full TSI for linearized gravity, a set
of five scalar equations of fourth order. To see that the extreme TSI follows from this identity, it
is sufficient to recall that the extreme linearized Weyl scalars ¥, ¥4 are gauge invariant.

In order to discuss further details of the main result and its proof, we shall use the 2-spinor
formalism, see ﬂﬁ] and ﬂ] for background. We shall further make use of the variational formalism
for spinors, which was introduced in [§].

The fundamental operators ¢, %g 1> Tl Di, acting on symmetric spinors of valence k, [ are
defined as the irreducible parts of the covariant derivative V AAPBCO...DB/Cr...pr Of the symmetric
Spinor ¢ap...pa pr...pr of valence k,l. They were introduced in the paper 5], which also contains
a detailed discussion of their properties. The main features of the type D geometry is encoded in
the Killing spinor kap = K104t p), satisfying

(Fa,0k)aBcar = 0.

We shall also make use of the extended operators %M,m,‘ﬁgl ms Thlyms> Dil,m, introduced here
for the first time, defined in an analogous manner as the irreducible parts of

(Vaar + mUaar)ppc...oBrcrpr, (1.12)
see Section below for details.
Given a 2-tensor dg,p solving the linearized Einstein equations, define
G=0¢°c, Gapap = 09(AB)(A'B)s
and let )
$aBcp = 5(%3,1%2,26'),43013- (1.13)
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Then ¢apcp is a modified linearized Weyl spinor, see [B3]). The extreme scalars ¢g, ¢4 coincide
with Uy, U, introduced above.

Theorem 1.1’ (Spinor version). Let dgapap be a solution to the linearized Finstein equation
on a vacuum type D background, let g apcp be given by (LI3)), and let ¢o, 4 be the corresponding
linearized Weyl scalars of spin weight £2. Let 04,14 be a principal dyad. Define

GABCD = LALBLOLDK]$0 — 040BOCODK] b4, (1.14)
and let
Maparp = (%;,1%1,074$)ABA’B’- (1.15)

Then, there is a complex vector field A4/ depending on up to three derivatives of the linearized
metric 6gapa g, and independent of the extreme linearized Weyl scalars ¢g, ¢4, such that

Mapap = 3VanApp +iVepAaa + 20k (Ledg) apap:. (1.16)

Remark 1.3. Equation (LI4) can be written purely in terms of the Killing spinor kap, without
reference to a specific dyad, see Example[2.8.

We now apply two more derivatives to both sides of equation (LI6) (or equivalently, to equation
(CII)). This gives the following result, which is the covariant form of the spin-2 TSI

Corollary 1.4. For a vacuum type D spacetime, we have the covariant generalization of the
Teukolsky—Starobinski identities for linearized gravity

((v”f,gcgztgcggi1(5I70,4$)A/BIC/D/ = k30o(Led) arprcorn + (La¥)arpionpy, (1.17)
where papep is defined in (LI3), and
(LaP®)apop = 3Vapcep(Ziioeh) + 2@(A/B’C’F/ (Cgltl,O,Q‘A)D/)F/- (1.18)

is the Lie derivative on spinors.

Remark 1.5. Given a pair ¢, ¢4 of spin weight £2 scalars, we say that they solve the spin-2
TME/TSI system, provided they solve the second order spin-2 TME system ([L2) and also that
they solve the fourth order spin-2 TSI system ((LIT), or alternatively the second order identity
([CI6), in a suitable sense. In view of the result by Coll et al. mentioned above, it is natural to
conjecture at this point that the combined spin-2 TME/TSI system (L2) and [LIT) (or alterna-
tiely (L2) and ([LIG)) yields an equivalent system for linearized gravity, in the sense that given
such a pair of scalars, it is possible, modulo gauge conditions and charges, to reconstruct the rest
of the linearized gravitational field.

Recall that in the case of the Kerr spacetime, x3¥s and £ are real. This means that we can
take the real and imaginary parts of My, yelding the following result.

Corollary 1.6. On the Kerr spacetime, the imaginary part of (LIQ) is gauge invariant and for
the real part we get

ReMapap = %VAA/RG.ABB/ + %VBB/RG.AAA/ + 5L4M(L§5Q>ABA/B/. (1.19)

Remark 1.7. The spinor ReMaparp: can be interpreted as a linearized metric. It is independent
of the coordinate gauge of the original metric and constructed only from the spin-2 part of the
linearized Weyl curvature. Therefore it is gauge invariant. With a particular gauge choice one
could hope to set ReAaa = 0. One could then hope to reconstruct §gapa g from the curvature
through integration in time.

The paper is organized as follows. In Section [2] we give some background and preliminary
results. Section ] contains a review of the consequences of the existence of a Killing spinor
on vacuum type D spacetimes. In particular we introduce extended fundamental operators and
projection operators based on the Killing spinor. Example 2.8 introduces the spin-projected, sign-
reversed linearized Weyl spinor qAﬁ Apcp which will play a central role in the paper. The section
ends with two technical lemmata. In Section[Ba spinorial form af the field equations of linearized
gravity is presented. Corollary gives an equation for qAﬁ Apcp which is a consequence of the
linearized Bianchi identity. This equation plays a central role in the proof of the main theorem,
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given in section @ In Appendix [Al we give the GHP form of the vector field A4 4/ introduced in
the main theorem, and of the spin-2 TSI.

2. PRELIMINARIES

2.1. Geometric structure of Petrov type D spacetimes. It is well known ﬂﬂ] that vacuum
spacetimes of Petrov type D admit a non-trivial irreducible symmetric 2-spinor x4p solving the
Killing spinor equation

(Z2,06)aBcar = 0. (2.1)
Defining the spinors

Ean = (€3 oK) anr, (2:2)
Aarpr = (€], €5 gk) ar, (2.3)

the complete table of derivatives reads
Vaakpo = — 3éca€an — 5EBareac, (2.4a)
Vaalor = — 3daear — 365V arpcear, (2.4b)
Veodws =26 Vapop. (2.4c)

The fact that the system of equations (Z4]) for (kap,£a47, Aarp/) is closed, implies in particular
higher derivatives of k45 do not give any further information.

Remark 2.1. If we furthermore assume the generalized Kerr-NUT condition that §aar is real,
the middle equation simplifies to A\arp = %RB U apipror so the Ay is not an independent
field any more and the system reduces to

Vaakpe = — 38caeap — 5EBar€ac, (2.5a)
Vaabry = — %RB/C/‘I]A’L’B’C’GAL - %RBC‘I/ALB(J@A'L'- (2.5b)
Using a principal dyad the Killing spinor takes the form
KAB = — 2K10(AlB), (2.6)
with k1 o< ¥y !/8 Beside the Killing vector field ([2:2) another important vector field is defined
by

VISP
UAA/ = - 53 = 7VAA/ IOg(Hl). (27)
3K
Because it is completely determined by the Killing spinor (Z.6]), we have the complete table of
derivatives

- gAA’gAA/
(@171[]) = — 2y + —a 7 (2.8&)
9K
(¢1,.U)ap =0, (2.8b)
((51T,1U)A’B’ =0, (2.8¢)
T \A'B’ A¢ B
g kaB(€]1§) / n §a e
(Finl)aph'? = HABOLL) oy Wy By AT S8 (2.84)
6K7 9K7
in particular U4/ is closed.
From the integrability condition (£L:¥)apcp = 0 it follows that
(Z1,0Y)acprar = 5Y apcpUryar. (2.9)
The curvature can be expressed in terms of the Killing spinor according to
3\P2I€ ABRC
Uapcp = % (2.10)
K1
M

Remark 2.2. On Kerr with parameters (M, a) in Boyer-Lindquist coordinates ¥o =

" (r—iacos0)3

and we can set k1 = —%(r —iacos). Then £ = 0, Wart = 5-M.
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2.2. Extended fundamental spinor operators. Based on the irreducible decomposition of
covariant derivatives on symmetric spinors, see ﬂa], we define the extended fundamental operators
with additional (extended) indices n, m,

(Drotmm®) Ay py, A1 = [VBB' +nUBBE 4 mUBB'} Oayn, g A g, (2.11a)
(%kvla”vm(p)f‘l---Ak+1A/1”'A271 = {V(AlB/ + nU(AlB/ + mU(AlB/} SDA2...A,€+1)A/1"'A2*131, (2.11b)
(%JJWM@AI__AHAQ»»,AZH _ {VB(AQ L pUBAL mUB(A’l} . e ) (2.110)

)

(«%@,l,n,m‘P)Al...Ak+1A1mAL+1 = |:V(A1 (41 + nU(Al(Al + mU(Al(Al} (PAQ,,,A;Hl)AQ'”AHl)- (2.11d

For n = m = 0 it coincides with the usual definition of the fundamental operators and the indices
will be suppressed in that case. Because Ua 4+ is a logarithmic derivative we have

(Diedinn®) Aso Ay 2040 = KERT(Dhoa by "Ry ™0) Ay Ay 11, (2.12a)
((gk,l,n,mw)Al...A;HlAIIMALI = H’ff_ﬁn((@”k,mf"ﬁfmsﬁ)m...AHIAll"'Azfl, (2.12Db)
(G 1 @) o 10 = BYRT(G] kTR 0) Ay a, A (2.12¢)
(%,l,n,m@)Al...Ak+1A/1”'A;+1 = fi’f?&}"(%,mf"?&fmw)m...AHlAll“'Aiﬂ. (2.12d)

In particular it follows that the commutator of extended fundamental spinor operators with
ni1 = ng,mi; = mey reduces to the commutator of the usual fundamental spinor operators. For
commutators of the extended operators with unequal weights n1, no, m1, ms one simply splits into
first derivatives and remainder with equal weights.

2.3. Projection operators and the spin decomposition.

Definition 2.3. Given the Killing spinor [2.8), define the operators JC}'CJ : 8k — Sk—2it21,1 =

0,1,2 via
(Kg,l@>A1...Ak+2A/l...Ai = QHIIH(AlAZSDAS...AHZ)A;...A;, (2.13a)
(Kzlc,zsﬁ)Al...AkA;...A; = Hflﬁ(AlF@AZ...Ak)FA;...A;, (2.13b)
(K7 1P) Ay Aoyl = — %HflﬁCDsﬁAl...Ak,ZCDA;...A;- (2.13c)

Example 2.4. The “spin raising” operator 3(271 on a symmetric (2,0) spinor ¢ ap has compo-
nents

(K00)o =0, (K3op)1=w0, (K3op)2=301, (KJo@)3=12, (X3 gp)s=0.

The 7sign flip” operator JC}CJ on a symmetric (4,0) spinor o apcp has components

(Kio®)o =0, (Kiop)r =101, (Kigp)2=0, (Kiop)s= —3ps (Kiop)s= — .

The “spin lowering” operator 5(%71 on a symmetric (4,0) spinor papcp has components

(K3 00)o0 = 1, (K3 00)1 = a2, (K3 00)2 = @3
Definition 2.5 (Spin decomposition). For any symmetric spinor ¢ a,.. A,.,

e with integer s, define s+1 symmetric valence 2s spinors (Té&ocp)Al__AzS,i =0...s solving

S

PAL. Ays = Z(?ES,O@)Al---Azsa (214)
i=0
with (‘:Pzé‘s,O()O)Al---AZs depending only on the components psy; and @s—;.
e with half-integer s, define s + % symmetric valence 2s spinors (fPéS’Oga)AlmA% 1= % ...8
solving

S

SDAl...AQS = Z (:Pé‘s,OsO)Al»wAZs’ (2'15)
i=1/2

with (?5870@)A1___A28 depending only on the components psy; and @s_;.
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Remark 2.6. The spin decomposition can also be defined for spinors with primed indices and

more generally for mized valence. In that case the decompositions combine linearly.

Example 2.7. (1) For s =2 the decomposition is given by

papcp = (P} op)asep + (Pyop)asep + (Pho¥)aBcD

and the components, written as vectors, are

©0 0 0 ©0
1 0 1 0
w2 | =2+ 0| +]0
3 0 3 0
P4 0 0 V4

In terms of the operators (2Z13)) they read

(9)2,0<P)ABCD = %(Kg,oxg,oxg,oxio@)ABCD,

(?i,OW)ABCD = (j{g,oj{%,oxé,oxi,o@)ABCDa

(fpi,o‘ﬁ)ABCD = (K}L,OK}L,OK};,OK};,O@ABCD - %(Kg,oxé,oxé,oxiow)ABCD

(2) For s =3/2 on a (3,1) spinor the decomposition is given by

PYABCA = (3%7/12410),430,4' + (?3{12410),430,4'

and the components, written as vectors, are

poAr 0 PoA

wiar | | prar 0
= +

5y Y24’ 0

P34 0 w34/

In terms of the operators [2I3)) they read
1/2
(:Ps,/1 Plapcar = %(K?,lxg,lSﬁ)ABCAH
3/2
(P30 anca = — 5 (K K3 19) apcar + (K31 K 19)apcar
Example 2.8. Given a symmetric spinor papcp, let
Papep = k1(Ki0P10p)aBep.

Then the components of papcp are

%o Hil@o
o1 0
oo | = 0
o3 0
P4 —K1pa

(2.16)

(2.17)

(2.18a)
(2.18D)
(2.18¢)

(2.19)

(2.20)

(2.21a)
(2.21b)

Lemma 2.9. For any symmetric spinors pApcD, PAB, ©, PAA, PABCA and an integer w, we

have the algebraic identities

(Kzll,oﬂ)};,OW)ABCD = %(Kg,oj{%,oj{i,ow)ABCDa
(K%,lxilw)AA/ = QpAA,
(9(;09(%70@) =0,
(933,/12%1),1@143014' =0,
(K%,OK%,OK%,OQS)AB = (K%,OQ/’)AB,
(Ké,lxé,ﬂ{éJ@ABCA’ = - %(j{?,quJK%J(b)ABCA’ + (j{é,1¢)ABCA';
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and the first order differential identities

((gjo ch4 0¥)ABCAr = (j{s 1%4 owP)aBCA + l(«72,0,—4+w9@1,090),43(1,4/, (2.23a)

((54 0, wj<2 op)aBcar = (3{1 1652 0—14+wP)aBca — (P20, —at0 X3 oP)ABCA, (2.23b)

((53 1 wj<1 1P)aBarp = (Ko 2651 1—1+wP)ABA' B’ — —(91 1 73+w9<1 19)ABA'B/ s (2.23¢)
(44 0wXKs @) aa = (X3 €] 0w?)anr + (To.0,—24wK3 00) A, (2.23d)

(%QTO WwKiop)aa = (j{s 1%4 014w P)AA; (2.23e)

(€5 0.0K0 00) aar = — 2(K3 1 To.0,—24wP) Adr, (2.23f)
(Z1,10K116) = 2(K3 061 1,240 ), (2.23g)
(Z1,1,0K3510) = (K3 0Z3,1,14+00), (2.23h)
(Kéylj)g,/f%vowW‘b)ABCA/ = - i(%I,O,4+wj<g,og<%,og<%,0¢>ABCA’ + 3(Z2,0,0K3,00) aBcar. (2.231)

Proof. For ([2:22a) we calculate

(Kiofpzl;,o@)ABCD = (K}L,Oxg,ojg,ojg,o%ioSD)ABCD
(Kg,oxé,oxé,oj@,oj{i@@)ABCD

1
2
1/q0 qrl qe2
§(Kz,oxz,oj<4,090)ABCD-

In the first step uses (ZI8H), the second one is a commutator of X and X° and the third step

makes use of the fact that three sign-flips are equal to one sign-flip. For ([2:22L)) we note that X'
on a (1, 1) spinor changes sign in two of the four components,

(Ki19)oo = poo,  (Kii@)or = o, (Ki0he = —@wr, (K9 = — e,

so K] ,Xi; = Id. Equation (Z22Zd) is true because X, cancels the middle component of ¢ap
and JC;O singles out that middle component. The rest of the algebraic identities are proved anal-

ogously. The proof of the differential identities relies on a straightforward but tedious expansion
of projectors (ZI3) and fundamental operators (ZI1). We only calculate (2.23€]).

UB 4 k“Phapcp “BC(C@TOWABCA’

(€5.0.-1K3 00) anr — (K3,6] g8) anr = o + o + (%53 00) aar
_ UB 4 kCPhapcep - dapcp(Ta,ok)BOP 4
2K 2K1
kPoapcep(Tooki)B a
+ p)
2K
=0.
The rest are proved along similar lines. (]

Lemma 2.10. The following identities hold

0= (K872(€1T71,75%,O,fBSﬁ)ABA’B’ + 2(A1,-4K1 1 To,0,—69) ABA B/

— 3(A1,-7K1 1 %0.0,-39) ABA B, (2.24a)
0= (%41 1K1 T0.00) anap +2K0 26, 1 To.00) aparn +12(55 271 0,00) aparp

— 2(F11,15 1 Do.0.3/20) ABA B! (2.24b)
0= —15 (%?n —1j<1 1922,49) ABA B + (%311,_15@,,1(52,2,1(,0),43,4'3' - ‘1’2(9@72(,0),43,4/3/

- (K%72%;1%2,2@>ABA’B’ — 2 (K30711D220) aBA B + (LEQ%

+ %('%,1,—1j<%71@2,2,1§0)ABA’B’ - %(f%,1,—1j<§71(g272,_2(,0)ABA/B/. (2.24c)

Proof. This can be verified by expanding in components. O
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3. SPINORIAL FORMULATION OF LINEARIZED GRAVITY

In this section we review the field equations of linearized gravity for a general vacuum back-
ground and allow for sources of the linearized field. The spinor variational operator ¥ developed
in HE] will be used. Let dgapa g be a solution of the linearized Einstein equations

12eAB€ar g N — 40P pparpr = Udgaparpr — VaaFpp — Vpp Fan
— 20 4 p6gasS P — 20 apcpdgCP arp, (3.1)

with A the Ricci scalar, ®sp4-p/ the trace-free Ricci spinor, ¥ apcp the Weyl spinor and
FAA = —%VAA/(SgBBB/Br + VBBrégABA/B/ the gauge source function. Observe that we make
the variation with the indices down, and raise them and take traces afterwards. We define the
irreducible parts of the linearized metric as

Gapa'B = 69(AB)(A' B G =069 o, (3.2)
and introduce
pacp = 1GVapcp + 9V aBcD. (3.3)

as a modification of the varied Weyl spinor ¢W¥ 4 g . Then we get, see ME], for a general vacuum
background

paBcp = 5(%31622G) aBcD, (3.4a)
Iapap = 3GP 45V apep + %(ngil%,zG)ABA/B/ + +(F1,1%22G) aBarp

— §(711%,0G) aBar B, (3.4b)

A = — 5:(211%22G) + 35(21,1.%,0G). (3.4c)

In particular (3.4D]) and ([B.4d) together are equivalent to (B.I)). Note also that JA =0 = 9P spa 5
in the source-free case. As a consequence of ([B.4]) we derive the linearized Binachi identity.

Lemma 3.1. For a general vacuum background the modified Weyl spinor [B.4al) satisfies
(%loqﬁ)ABCA/ = (6229®) apca + 2V apcp(Zo2G)P 4 — 3V 45 (622G)cypra
— YWaupen(Z,0G)P 4 + %GDFA/B/(%,O\II)ABCDFB/- (3.5)
Restricting to a type D background this simplifies to

(%ioqﬁ)ABCAf = (€2,299) apcar — 3W2(€2,21G) aBcar — %‘112(K?71K}11@2,2,4G)ABCA’
+ 2o (K] 1K1 1 Z0.0G) aBcar + V(K (K35 162,21G) aBoar- (3.6)

Proof. We apply 3,2 on (8.40), commute %2,2%311, use (34a)) to get

(€¢2,20®) aBcar = %(%2,2%;1(52,26'),430,4' + (622711 %22G) aBcar — 5(622711.%,0G) aBC A/
— 2 Vapen(Z22G)P ar + 3 (" (622G)cyprar
- %GDFA/B,(%,Oql)ABCDFB’ (3.7)
= :(€2,2%11222G) apcar — £(622711%,0G) aBcar + (%loﬂﬁ)ABCA'
— YU upen(Z22G) P ar + 3V 4" (622G)cyprar

— 1GPT 4 BT 0W) apoprs — 2(Ta0P51%2,2G) apcar- (3.8)

3In a type D principal frame this modification only affects the middle component.
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We then commute the % 2.71,1 operators, and in the last step we commute Z31%22 and use
%171%70 =0 to get
(62,20P) apcar = (%10(15),430,4' — W apcp(Z22G)P a4 + 2V 4" (62,2G)cyprar
+ 2V apen(%,0G) " 4 — LGP 1P (F409) ancprs:
=+ %(%,0(51,192,2G)ABCA/ - 1_16(%,0%1,1 T0,0G) aBcar

— 3(220%3122G) aBcar (3.9)
= ((gzio@ABCA' - %‘I’ABCD(QQQG) A+ 35 ‘If AB (%2 2G) o C)DF A’
+ é\I/ABCD(%,OG)DA’ - %GDFAfB (Z4,0Y)aBCcDFB - (3.10)

This gives (88). On a type D spacetime, we can use (Z9) and [ZI0). The resulting U4/ spinors
can be incorporated as extended indices, and the k4 p spinors can then be rewritten in terms the
XK* operators to get (B.6]). O

Note that on a Minkowski background and without sources the right hand side of ([B.5]) vanishes
and the linearized Bianchi identity reduces to the spin-2 equation. The linearized Bianchi identity
B3 is of fundamental importance and next we derive some differential identities for it which are
needed for the main theorem.

Corollary 3.2. The rescaled spin-projected Weyl spinor ngBCD = H%(Kio?ioﬂs)ABCD satisfies

n 3/2 3/2
(%1,0,4@143014’ = = ( KS 1(P ! Cg 9)411 0¢)ABCA/ - %(H%W2K§,1?3(1 6521271(;),430,4/

+ (kA% ?3/2%2219@ 3.11
1431

ABCA""
Proof. Applying the operator X3 1?3/ 12 H%%Z’O to (ZI0) and using [2:23a)) gives the identity
" 3/2 3/2
(%AI,OA(b)ABCA’ - (K3 19) / 654 04( 13)411,0‘;5)),430,4/ (K%, 19) / ( Lllcgj,o‘ﬁ))ABCA/- (3~12)
The result follows from (fP3(1 X9 10)aBcar = 0 together with (B.6). O

Corollary 3.3 (Covariant TME). The covariant form of the spin-2 Teukolsky Master equation
with source is given by

((53,1%4]:074%)ABCD = —3Wsdancp + K1(P70K1.0%5,1,-1462,20®) aBcp. (3.13)

Proof. Apply the operator ?2,0‘5371 to (BII) and use
(3)4 0’63, 19{3 19)3/2%30 NG lefP};,O(b))ABCD =0, (3.14a)
(P2 06315, P32 (K162,209)) ooy = KH(P2 0K 0 Gs1,—1G2,20®) anCD, (3.14b)
(3’421,0(@”3,19%713’;/12(H?‘IJQ%,QJG))ABCD = Uok (P} 0K} 0651%2,2G) aBoD- (3.14c)
U

4. MAIN THEOREM

We shall now prove our main theorem. The following is the detailed statement of Theorem [L.T]

Theorem 4.1. Let dapcp be the modified linearized Weyl spinor given in (B3) and let

(EABCD = H%(j{}x,oﬂ)ip@ABCD (4-1)
be the rescaled spin-projected field as in example[2.8, and let
Mapap = (%311(5270,4&),43,4'3'- (4.2)
Then we have
Mapap = 3VanApp +iVepAaa + 20k (Ledg) apan, (4.3)
where the complex vector field AAY g given by

Aan = — 3UarieBP (K0 1K3 0G) aparpr + 26365 40 (K3 03 00)
+ (K11 90,05 0K3 0 (K19)) aar — §2r1 (K11 J0,02G) aar- (4.4)
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Proof. Apply the operator €' to BII) and moving out the scalars U5 and k1 we get
~ 3/2 3/2
(6311040 anarm = K1(ES, K31 P57 C208) anars — m1(6]1 3G, P5 €] Pho0) anap
— 30k} (G, XS P 600G aBas. (4.5)
The second term can be rewritten by expanding the spin-1 projector according to (2.I8H) and

commuting out the X9, using (2Z230) together with 222d)),[222d),
4 1 p3/2 1 4 1 p3/2 1 a2
“1((5§,1,—45<3,1?3,/1 %2709)4,()(15),43,4'3/ = — Kl(%§71,_4j<311?3,/1 T2,0,-4%K5 0K3 00) aBar B!
4 0 1 q02
= %Kl(%;,1,—4j<1,1(g;,0,—1j<2,oj<470¢)ABA’B’
= 26} (i1, 4G 0,49, 0K5 0K3 00) aparpr. (4.6)

In the second step (2231) and ([2230) with ([222d) and a commutator is used. To commute out
the X5 (K3 o in the first term, we first use (223d) and (Z236) to get

((gg,l,—4j<?,1%QT,O,AK%,OK?;,O@ABA'B' = (‘5;,17_43<(1)713(%715@,1(5170@,43,4,3,
+ ((g?il,—4j<?,1%,0,73K§,0K§,0¢)ABA/B/a
= (Cg;,1,74903,1K%,1K§,1(€I70¢)ABA/B/
- %(%71,_45@,1 «70,0,—69@,05{121,0(?)143:4’3’- (4-7)

In the second step (2.23d) is used together with ([2.24al). Using (7)) in (£0) and the linearized
Bianchi identity (86 in the first term of (L1 yields

4 1 p3/2 1 4 0 qrl a2
“1(%;,1,—43%,1?3,/1 %1,094,0¢)ABA’B’ = i"il(%?,T,1,—4j<1,1K1,1j<3,1<527219‘1’)ABA’B’

— gk (%;,1,74561),15{%,1 (5(X1,1%2,2,4G)) ) ABA'B’

(1,450, XL 1 (2K, %006)) )

ABA' B’
- ’{11(yl,17—4%5,0,—436,05{%,05{121,0(?)143#3'

4 1 2 a2
- %’11(91,1,749<1,1 %,07*6K2,0K4,0¢)ABA’B’- (4.8)

The second and third term on the right hand side can be simplified further using (222h)). Using
(£Y) in (@A) and expanding the spin decomposition in the last term of (&3] leads to

(64,6]0.40)aBarn = (65;,15@,,1?3,/12 (“411(652,219@)))143#3/
+ %\1125411(%3111,1K?71-@2,2,4G)ABA/B/
- %Iﬁl(%;117,43@713(%715(;1%2,219‘1)),43,4'3'
- %‘1’2’{11((5;,1,—1K?,ljciljc%,l(@@,lG)ABA’B’
— 3—12‘1125411(65;,1,—15&1),1 Z0,0G)ABA B
- %‘1’2“411(%311,71Ké,lj{é,lj{é,l(@z,1G)ABA/B/
+ %Iﬁl(91,1,—4%;0,7456,05{%,09{421,0@:4314’3’
+ %K%(%,l,fﬂqg %,0,76K§,0K?1,0¢)ABA/B“ (4.9)

The fourth and sixth term on the right hand side can be combined via (222f). Defining the
complex vector field

Aanr = — %“411(%J,O,—ﬁ{g,o%%,oxioﬂﬁ)AA’ + %’i%(%;,o,%xio(b)f“" + %\IIQK%(Kil@Q»Qle)AA'
— $VorT (K] 1 T0.0,3/2G) aar — Var{ (K3 160, 2G) an (4.10a)
= - %‘I’2“?§BB,(K8,2K§,2G)ABA’B’ + %“?gBA’ (K%,Oxio(b)AE

+ (K11%,0%5 0K3 0(£19)) 40 — $Y251(K11:%0,02G) anr + 261(K3 1 62,20P) anr
(4.10b)

+ 3541

+ %’ﬁl (%g,l,—ﬂ{(l),ﬂq,l (‘1’2(5@,1%2,2716')))
2
3

AAY
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(for the second version we used the linearized Bianchi identity (80)) we find
(‘5;71‘5270,4(];),43,4/3 = ((5311%%,1?2,/12(5%%27279‘1)))ABA/B/ - 3‘1’25%(9<5,219‘I))ABA’B’
- i’f%(ng,1,—4j<?,1gq,13@,1(52,219@)14314/3/ + %‘PW@%(LEG)ABA/B’
+(FS11A) apa b (4.11)

by using (Z24]). Setting sources to zero, 9P spa g = 0, and using ([@I3) proves the theorem. In
general the third term on the right hand side can be rewritten using (Z21al), see Remark 3] O

The following lemma collects some properties of the vector field A.

Lemma 4.2.

A Uppr = — %ni’(ﬂgxgyoxioﬁ\@, (4.12)
(P11A) = — 5—14M55G, (4.13)
Proof. Equation [@I2]) can be verified by a direct calculation. To prove [I3)), we start with
Aaar = — %(%J,ojcg,oxg,oxio(“?@)AA/ + %((@,oj{io(’i%ﬂﬁ))Ay + %(K%,1@2,2,2(H%‘1’2G))AA,

— H(K11%0,0,5/2(K102G)) , ,, — (K5 16,2, -1(k1V2G)) (4.14)

AAY AAT
Applying 2,1 to this and using the commutator relation @1,1‘5;0 =0 gives
(Z11A) = §(211K11Do,2,2(k192G)) — 5(211K11%0,05/2(K1¥2Q))
— (@1@%%11%2721,1(%%\1/26:)). (415)
Using on the first two terms, and (2230 on the last term gives
(211A) = %(K;o(vﬂl,l,ﬁ@zzz(fﬁl‘PQG)) — %(3@,0(51,1,—2%,0,5/2(H%TQG))

— (K§10@3,171<g2,27_1(H%‘I’QG)). (416)
The first and the last term cancel due to the general identity
(K§70@3,1,1Cg2,2,71¢) = %(9{3,0(51,1,7292,2,2@- (4.17)

This identity can be proven by expanding the extended indices and commuting the derivatives.
In the same way we can also prove the identity

(w —v)(Le9)

(Kg,ocgl,l,v%,o,w(b) = ) (418)
6,‘<&1
for arbitrary weights v and w. This finally gives

(‘@111./4) = — %WZK;%(L&G), (419)
where we in the last step commuted Wsrk$ through the Lie derivative. O

Remark 4.3. If we allow for sources the general form of ([3) is given by

" 1/2 3/2
(%;1(51,074@,43,4/3/ = - (%31L71(H4119<§,1333,/1 (5272§¢))ABA/B' + ((g?:r,l(’iéllj{al%,/l (527219(1)))ABA’B’
— 3U5k1 (K3 29®) aparp + 5V2r (LeG)apars + (110 A) aBa B

(4.20)

Lemma 4.4. For linearized diffeomorphism of the background metric, generated by a real vector
Caar of the original metric we get

Gapap =2(7110)aBa B, G =2(21:10). (4.21)

For the curvature and Aaa we get
VP apap =0, (4.22a)
bapcp = Va2 (K9 K0 0Z1,1,6¢) ancp + SVa(K3 (K3 01,1,2() aBC D, (4.22Db)

AAA’ = — \IIQH?(ng)AA/. (4.22C)
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Proof. For the curvature, one can use the results of ﬂé] and transform it to the operators of this
paper using the type D structure of the curvature. Applying X3 (X3, or X3 (K3 onto ¢apcp
gives

(j{g,oj{?m(b) = %‘112(@1,1,6()’ (4-23)
(K%,OKE,OQZ))AB = %‘1’2(3{%,03{%,0(51,1,20AB- (4~24)
These relations can then be used in the definition of A4/ to yield
Apgar = — \Pzni’EBB/(9<8,29<§72<%JC)ABA'B' + WarTe" 4 (K5,0K5,0%1,1,20) A
- %‘112%(9(%71«%,0,2@1,10,4,4/ + %‘112"511(5(%71%,0,—1@1,1,60,4,4/- (4.25)
An expansion of the extended indices and a reformulation of the Lie derivative in terms of fun-
damental spinor operators gives the gauge dependence of A4 4. O

Remark 4.5. (1) In view of [E22d), TmAa: is gauge invariant, and further, ReAaa =0
1s essentially pure gauge.
(2) Moving the last term in (LI9) to the left hand side, we can interpret

ReMABA/B’ —_ 5L4M(L§59)ABA’B/

as a pure linearized diffeomorphism since it is a symmetrized covariant derivative of a
real vector field.

APPENDIX A. GHP FORM OF SOME EXPRESSIONS
The components of the complex vector field A 44/ defined in ([£4) are given by
Aoy = — 3G11Vakip + 3G10VakiT — 2617 ¢1 — 2Wok] (b +2p)G + k1(b—4p)d2,  (A.la
Aoy = — 3G12WakTp + 3G11/\I/2K,411T — 2/-@411p/¢1 — 411\112/1411(5 +27)G + /1411(5 —47) o, (
Aty = 3G10 Wakip’ — 3G11VakiT + 2k1ps + 2Wsk1(0' +27')G — k1 (0 —47")¢2,  (Allc
At = 3G Uakip — 3G12 Ukt + 261Tds + 2Waki (D +20)G — k1(D —4p )d2.  (A.1d
The dyad components of ([LI7) on a Kerr background are given by
LMLegs = PP DD ¢o+0090 ¢, (A.2a)
5 MLeds = (0'(b — p) = 69'7) (b +20)) (b +20")0
+(p@ —7) = 6p7) (@ +27)(D +27) bu
+ 3o (b — o + 20" ) Ao — 2050 — 7+ 27) A1y, (A.2b)
EMLedy = (0 —7) b — 1277) (0 +27) (b + 37)) — 25'7) o
+((® =) b —1257) (@ +27)(b + 3p) — 2p7')
— 3Us(b — p+5p) A1 — 3U2(p' — p' + 57) Ao
+ 250 — 7+ 57 ) A1 + 3920 — 7' + 57) Ao, (A.2¢)
LML = (P —7) — 657) (D + 27) (D + 27) o
+(3(b — p) = 607') (b +29)(b + 29)
+3Us(b — p+2p) A1 — 3T2(D — 7' + 27) Agor, (A.2d)
£ MZLeho = bbbbos + 35T 9 go. (A.2¢)
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