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The electron-phonon coupling and the corresponding energy exchange are investigated experimentally
and by ab initio theory in nonequilibrium states of the free-electron metal aluminium. The temporal
evolution of the atomic mean-squared displacement in laser-excited thin freestanding films is monitored
by femtosecond electron diffraction. The electron-phonon coupling strength is obtained for a range
of electronic and lattice temperatures from density functional theory molecular dynamics simulations.
The electron-phonon coupling parameter extracted from the experimental data in the framework of a two-
temperature model (TTM) deviates significantly from the ab initio values. We introduce a nonthermal
lattice model (NLM) for describing nonthermal phonon distributions as a sum of thermal distributions of
the three phonon branches. The contributions of individual phonon branches to the electron-phonon
coupling are considered independently and found to be dominated by longitudinal acoustic phonons. Using
all material parameters from first-principles calculations except the phonon-phonon coupling strength,
the prediction of the energy transfer from electrons to phonons by the NLM is in excellent agreement
with time-resolved diffraction data. Our results suggest that the TTM is insufficient for describing the
microscopic energy flow even for simple metals like aluminium and that the determination of the electron-
phonon coupling constant from time-resolved experiments by means of the TTM leads to incorrect values.
In contrast, the NLM describing transient phonon populations by three parameters appears to be a sufficient
model for quantitatively describing electron-lattice equilibration in aluminium. We discuss the general
applicability of the NLM and provide a criterion for the suitability of the two-temperature approximation
for other metals.
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I. INTRODUCTION

The interaction between electrons and lattice vibrations
is central to both ground state as well as out-of-equilibrium
properties of solids. The huge phase space of elementary
energy excitations of electronic and phononic origin
renders a universally valid description of electron and
phonon distributions virtually impossible. The most
common approach is to assume thermal Fermi-Dirac and
Bose-Einstein (BE) distributions for electrons and pho-
nons, respectively, and to describe the nonequilibrium
quantum statistics by a Boltzmann equation (see, e.g.,
Refs. [1,2]). These approximations are employed in the
description of near-equilibrium phenomena like electrical

or thermal conductivity as well as in the treatment of states
with pronounced nonequilibrium distributions.
Nonequilibrium states occur after impulsive perturbation

of a material, for instance, after excitation with femto-
second laser pulses. For the case of metals, Anisimov et al.
introduced an empirical two-temperature model (TTM)
describing the energy transfer from the excited electrons
to the lattice with a single electron-phonon coupling
parameter [3,4]. Allen refined this approach by developing
a microscopic theory and derived the electron-phonon
coupling parameter as the spectral integral of the zero-
temperature Eliashberg spectral function α2ðωÞFðωÞ [5].
α2ðωÞFðωÞ comprises the phonon density of states FðωÞ
and the phonon frequency-dependent electron-phonon
coupling α2ðωÞ, which incorporates all allowed scattering
processes of electrons with phonons of frequency ω. While
Allen’s work provides a link between the Eliashberg theory
of conventional superconductors and the electron-lattice
equilibration in laser-excited metals, the underlying
assumptions, in particular, the independence of α2ðωÞ on
the electron temperature and the assumption of thermal

*waldecker@fhi‑berlin.mpg.de
†ernstorfer@fhi‑berlin.mpg.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.

PHYSICAL REVIEW X 6, 021003 (2016)

2160-3308=16=6(2)=021003(11) 021003-1 Published by the American Physical Society

http://dx.doi.org/10.1103/PhysRevX.6.021003
http://dx.doi.org/10.1103/PhysRevX.6.021003
http://dx.doi.org/10.1103/PhysRevX.6.021003
http://dx.doi.org/10.1103/PhysRevX.6.021003
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/


distributions of electrons and phonons at all times, are
questionable in the case of pronounced nonequilibrium
situations [6,7]. This is rationalized by comparing the
phonon density of states (PDOS) and the Eliashberg
function; see the results of our density functional theory
(DFT) calculation in Fig. 1. In a thermal state, phonons
follow BE statistics (thin lines, plotted for three temper-
atures), and the phonon occupation is given by the phonon
DOS multiplied with the BE statistics. The coupling of
electrons to phonons is given by the Eliashberg function
and is strongest for the high-energy phonons, whose
occupation is the lowest in a thermal state. This implies
that energy transfer between electrons and lattice in non-
equilibrium states leads to transient nonthermal phonon
distributions.
In the past, a range of experimental techniques have been

employed to investigate the electron-phonon coupling of
metals quantitatively in equilibrium and nonequilibrium
situations. Among the first were measurements of the
phonon lifetime by neutron diffraction [8], which, however,
depend on electron-phonon and phonon-phonon scattering
rates. The Eliashberg functions of metals have been
determined by electron tunneling spectroscopy [9], which
have to be done in the superconducting state at low
temperatures. Angle-resolved photoelectron spectroscopy
has been used to measure the electron-phonon coupling
near surfaces through the experimental determination of the
electron self-energy [10].
The electron-phonon coupling in nonequilibrium situa-

tions has been studied by time-resolved measurements.
Subsequent to impulsive excitation of electrons by a
femtosecond laser pulse, the electron-phonon coupling
governs the dynamics of equilibration of electrons and
lattice. The most common approach is time-domain ther-
moreflectance measurements [11–13]. While these mea-
surements are easy to implement, the relation between

spectroscopic observables, e.g., the reflectivity, and physi-
cal quantities of the nonequilibrium system is, in general,
nontrivial. In particular, the respective contributions of
electronic excitation, increasing phonon population, and
thermal expansion to the transient reflectivity are per se
unknown and approximated by linear dependencies.
Time-resolved photoelectron spectroscopy provides a more
direct access to transient electron distributions which can
be related to the electron-phonon interaction [14]. In the
case of simple metals, however, its intrinsic surface
sensitivity makes a disentanglement of electron relaxation
due to coupling phenomena and ballistic electron transport
out of the probed sample volume virtually impossible
[15,16]. In contrast, time-resolved diffraction provides
direct information on the vibrational excitation and
long-range order of the crystalline structure. In fact, the
first studies of photoinduced phase transitions with time-
resolved electron diffraction have been performed on thin
aluminium samples [17,18]. However, the quantitative
investigation of electron-phonon coupling in simple metals
requires a high temporal resolution not available in time-
resolved electron diffraction until recently.
In this article, we report a combined experimental and

theoretical study of the energy transfer from photoexcited
electrons to the lattice in the quasi-free-electron metal
aluminium by femtosecond electron diffraction and DFT.
The experimental and theoretical approaches are described
in Secs. II and III. In Sec. IV, we first apply a two-
temperature model to extract electron-phonon coupling
constants from the diffraction data and find a significant
deviation from the values obtained from ab initio calcu-
lations. In Sec. V, we introduce a nonthermal lattice model
(NLM) allowing for an approximate description of non-
equilibrium phonon distributions. The predictions of this
model are compared to the experimentally observed atomic
mean-squared displacements (MSD) and a quantitative
agreement of DFT calculations and measurements is found.

II. EXPERIMENTAL METHODS

The femtosecond electron-diffraction measurements
are conducted with a compact electron-diffraction setup
described in detail elsewhere [19]. We use near-infrared
pump pulses centered at 800 nm with a duration of
approximately 50 fs (FWHM) to photoexcite 30-nm-thick
films of freestanding, polycrystalline aluminium (Plano
GmbH) and femtosecond electron pulses to probe their
atomic structure at different delay times. The pump spot
size is 250 μm FWHM and about twice as big as the probe
spot. The energy of the pump pulses is varied to achieve
absorbed energy densities between 125 and 840 J=cm3.
The repetition rate of the laser is reduced from 1 to 0.5 kHz
for the highest fluences to allow for thermal relaxation back
to room temperature between laser pulses. The probe
electrons have a kinetic energy of 100 keV and the pulses
contain a few thousand electrons. According to numerical
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FIG. 1. Normalized phonon density of states (PDOS) and
Eliashberg function of aluminium, calculated with DFT and
the ABINIT package. The solid green lines show Bose-Einstein
statistics for three lattice temperatures.
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simulations, the electron pulse duration at the sample
position is approximately 100 fs [19]. The diffracted
electrons are detected with an electron camera and the
images are angularly integrated to retrieve radial averages,
as shown in Fig. 2(a) (diffraction image in the inset).
Comparison to powder x-ray diffraction data reveals that
the polycrystalline films exhibit partial texture with pre-
ferred (100) direction.
For each pump-probe delay, we fit an empirical back-

ground function (Lorentzian plus fourth-order polynomial)
and pseudo-Voigt line profiles to the peaks in the radial
averages. The fitting of background and Bragg peaks is
refined iteratively. The temporal evolution of the relative
intensity of three selected Bragg peaks, as well as changes
in the integrated background between scattering vector
s ¼ 0.2 and 1.95 Å−1, is plotted as a function of pump-
probe delay in Fig. 2(b) for an absorbed energy density
of 440 J=cm3. The intensity of all peaks decreases after
photoexcitation at t ¼ t0 and reaches a new steady state
in less than 1 ps. On the same time scale, the number
of diffusely scattered electrons increases, resulting in a
dynamic background signal.
The intensity of electrons scattered into aBraggdiffraction

peak depends on the atoms’movements, i.e., theirMSD hu2i
from their equilibrium position (see, e.g., Ref. [20]):

I ¼ I0 exp

�
−
4

3
π2hu2is2

�
; ð1Þ

where I0 is the scattered intensity of a perfect lattice and
s ¼ 2 sinðΘÞ=λ denotes the scattering vector. The observed
decrease in intensity can thus be attributed to an energy
transfer from excited electrons to the lattice, leading to a
higher MSD of the atoms.

The measured relative intensities of the Bragg peaks
IrelðtÞ ¼ IðtÞ=Iðt < t0Þ can be represented in a form that
does not depend on the scattering vector and therefore
allows for averaging of all fitted peak heights:

−
3

4π2
ln½Irel;sðtÞ�

s2
¼ hu2iðtÞ − hu2iðt < t0Þ: ð2Þ

We include the (111), (220), and (311) reflections as well
as the averaged ð331Þ=ð420Þ and ð531Þ=ð442Þ reflections,
which are too close together to be separated in our
experiment, in the data analysis. As the analysis relies
only on relative changes of diffraction intensities, the
partial texture of the samples does not affect the time-
dependent signal. We fit the quantity of Eq. (2) with a
monoexponential function, convoluted with a Gaussian
function of 150 fs FWHM to account for the system
response. This yields a time constant of τ ¼ 350� 45 fs
for the data set shown. The background rises with a time
constant of τ ¼ 270� 20 fs. We note that these time
constants are significantly shorter than previously reported
values for the lattice heating time constant of (550� 80 fs
[21]), the Bragg peak decay time of aluminum
(1.0� 0.1 ps [22]), and the rise of the inelastically scat-
tered intensity (0.7� 0.1 ps [22]) at comparable excitation
levels. The solid lines in Fig. 2(b) are derived from the
global fit by the inversion of Eq. (2) and reproduce the
behavior of each diffraction peak.

III. THEORY

The time evolution of a system of electrons and phonons
including electron-phonon coupling can be studied theo-
retically by means of a set of Bloch-Peierls-Boltzmann
equations as proposed by Allen [5]. This system of
equations conserves the energy that is transferred between
electrons and phonons. In the spirit of the two-temperature
model, the change in temperature of each subsystem is
determined by the energy transfer from electrons to the
lattice Zep and vice versa. The electron-phonon energy-
transfer rate is then given by a moment of the Bose
distribution function nBðq; tÞ for the phonons [5]:

ZepðTe; Tl; tÞ ¼
∂EphðtÞ

∂t ¼
X
q

ℏωðq; Te; Tl; tÞ
∂nBðq; tÞ

∂t :

ð3Þ
Note that the phonon energies ℏω and therefore the energy-
transfer rate depend on the temperatures of the system. Zep

can be obtained from the appropriate Boltzmann equation
and reads in terms of the electron-phonon matrix element
Mq

kk0 [5]

ZepðTe; Tl; tÞ ¼
4π

ℏ

X
qk

ℏωqðTe; Tl; tÞjMq
kk0 ðtÞj2Sðk; k0; tÞ

× δðεðkÞ − εðk0Þ þ ℏωðq; Te; Tl; tÞÞ: ð4Þ
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FIG. 2. (a) Diffraction image of 30-nm-thick polycrystalline
aluminium (inset) and radial average, retrieved by angular
integration. Peaks with multiple labels are too close together
to separate experimentally. (b) Evolution of the relative intensity
of three selected Bragg peaks and the background (BG) of
diffusely scattered electrons with respect to negative time delays
for an absorbed energy density of 440 J=cm3. The solid lines
represent a global fit to the data (see text for details).
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The phonon and electron wave vectors are connected via
k − k0 ¼ q, and the difference in single-electron energies
εðkÞ has to match the phonon energy ℏωðqÞ. The thermal
factor Sðk; k0Þ is given by

Sðk; k0; tÞ ¼ ½fðk; tÞ − fðk0; tÞ�nBðq; tÞ
− fðk0; tÞ½1 − fðk; tÞ� ð5Þ

and accounts for Pauli blocking in the scattering process
of electrons via the Fermi functions fðk; tÞ. The standard
approach in calculating this expression is to introduce the
Eliashberg function as a generalized electron-phonon
matrix element [5]:

α2Fðε; ε0;ωÞ ¼ 2

ℏN2
cgðεFÞ

×
X
kk0

jMq
kk0 j2δðω − ωðqÞÞδðε − εðkÞÞ

× δðε0 − εðk0ÞÞ: ð6Þ

Here, gðεFÞ denotes the value of the electronic DOS at the
Fermi edge. We observe that the Eliashberg function varies
on a meV scale compared to the usual eV scale for the
electronic DOS. Following Wang et al. [23], we therefore
introduce the first approximation

α2Fðε; ε0;ωÞ ¼ gðεÞgðε0Þ
g2ðεFÞ

α2FðεF; εF;ωÞ

¼ gðεÞgðε0Þ
g2ðεFÞ

α2FðωÞ: ð7Þ

We also use, based on the same argument of scale between
the phonon energies and the electronic energies,

feðε − ℏωÞ − feðεÞ ¼ −ℏω
∂feðεÞ
∂ε ; ð8Þ

and gðεF þ ℏωðqÞÞ ∼ gðεFÞ. This results in [6]

ZepðTe; Tl; tÞ ¼ −
2πNc

gðεFÞ
Z

∞

0

dωðℏωÞ2α2Fðω; Te; Tl; tÞ

× ½neBðω; TeÞ − npBðω; TlÞ�

×
Z

∞

−∞
dεg2ðεÞ ∂feðε; TeÞ

∂ε : ð9Þ

The Bose functions contain the electron temperature in neB
and the lattice temperature in npB. Input quantities are
therefore the electron DOS gðεÞ and the Eliashberg function
α2FðωÞ.
The heat capacities can be obtained from the various

density of states. For the electrons, one finds

CeðTe; tÞ ¼
Z

∞

−∞

∂fðε; Te; tÞ
∂Te

gðεÞεdε: ð10Þ

Similarly, the lattice heat capacity is given by

ClðTl; tÞ ¼
Z

∞

−∞

∂nBðℏω; Tl; tÞ
∂Tl

FðωÞℏωdω; ð11Þ

where we denote the PDOS with FðωÞ.
The calculated energy-transfer rates Zep allow us to

connect the microscopic theory to the diffraction experi-
ments. The standard approach in describing the temporal
evolution of the excited material is the two-temperature
model, which assumes that all phonons follow Bose
statistics at all times. In the following sections, we compare
the TTM to our data and then expand the model to
investigate the implications of a nonthermal lattice on
the temporal evolution of electron and phonon distribu-
tions. We assume the electronic subsystem to be thermal at
all times in both models, since the electronic potential does
not significantly change for excitations up to 6 eV [24] and
the nonequilibrium electron distribution induced by the
laser pulses relaxes on the time scale of 10 fs [15,25], which
is much shorter than the time scales of interest of this work.
Additionally, we assume that the electronic excitation
equilibrates spatially on the sub-100-fs time scale due to
fast electron transport [15] in the surface normal direction.

IV. TWO-TEMPERATURE MODEL

In the TTM, the temporal evolutions of the thermal
electron and phonon distributions are described by two
coupled differential equations with the energy flow
between the subsystems being proportional to the electron-
phonon coupling parameter Gep ¼ Zep=ðTe − TlÞ and the
temperature difference TeðtÞ − TlðtÞ:

CeðTeÞ
∂Te

∂t ¼ GepðTe − TlÞ þ fðt − t0Þ; ð12aÞ

ClðTlÞ
∂Tl

∂t ¼ GepðTe − TlÞ: ð12bÞ

The function fðt − t0Þ models the energy input from the
laser to the electrons. Its integral is the absorbed energy
density uE and its temporal shape is modeled by a Gaussian
function with a FWHM of 50 fs centered at t ¼ t0.
The predictions of the TTM can be compared to the time-

resolved diffraction data by extracting the atomic MSD
from the measured Bragg peak intensities according to
Eq. (2) and the subsequent conversion to lattice temperature
using a fourth-order polynomial parametrization of the
(equilibrium) Debye-Waller B factor [20]. A modification
of the B factor due to phonon renormalization caused
by electronic excitation is expected to be marginal as the
phonon band structure is independent of electronic exci-
tation in aluminium [24]. The lattice temperatures reached
at long delay times are in good agreement with the expected
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temperature rise calculated from the laser fluence and the
static heat capacity of aluminium.
We continue by solving the differential equations (12)

numerically to obtain TeðtÞ and TlðtÞ with Ce and Cl taken
from the DFT calculations as described in Sec. III. With
Gep ¼ GepðuEÞ, uE, and the zero time of the experiment as
free parameters, we minimize the difference in TlðtÞ
between experiment and the TTM. Three data sets are
exemplified in Fig. 3(a) together with the best fits of the
TTM. For all employed excitation densities, we find
that the TTM is able to excellently reproduce the time-
dependent data using the fitted coupling parameters shown
in Fig. 3(b). The increase of GepðuEÞ with uE suggests a
significant dependence of Gep on Te, as introduced by Lin
et al. [6], since larger uE results in transiently larger Te. We
thus include a Te dependence of the coupling parameter,
Gep ¼ GepðTeÞ, in the TTM. We restrict the dependence
to being linear, GepðTeÞ ¼ g0 þ g1Te, in order to keep the
complexity of the fit to a manageable level. The result of
global fitting of all data sets is shown in Fig. 3(c) as solid
blue lines with the shaded area indicating the standard
deviation. The data are plotted up to Te ¼ 4000 K, which
corresponds to the highest TeðtÞ reached transiently in
the measurements. While the experimentally determined
GepðTeÞ is in very good agreement with the theoretical
results from Ref. [6], we observe qualitative and quanti-
tative disagreement with GepðTeÞ calculated in this work
[green solid line in Fig. 3(c)]: (i) the low-excitation limit of
the experimental Gep is approximately a factor of 2 smaller
than the value obtained from ab initio calculations and
(ii) the Te dependence of the theoretical GepðTeÞ is much
less pronounced compared to the experimental results.
We consider the good agreement between our exper-

imental results and the theoretical results of Ref. [6] to be

artificial, as we discuss in detail in the Appendix. In brief,
the function GepðTeÞ reported in Ref. [6] does not purely
result from first-principles calculations but employs an
input value GepðTe ¼ 300 KÞ obtained from thermoreflec-
tance measurements employing a TTM analysis [26]. The
agreement in the low-Te onset of Gep compared to Ref. [6]
therefore does not prove the validity of the TTM but only
indicates consistency of our data with the experimental
results of Ref. [26]. Additionally, we assign the exact shape
of the Te dependence of Gep reported in Ref. [6] to an
insufficient number of k points resulting in differences in
the computed electronic structure of aluminium.
Summarizing this section, we observe a significant

disagreement between the GepðTeÞ extracted from time-
resolved diffraction data in the framework of a TTM
and the respective function obtained from first-principles
calculations. In the following section, we introduce an
alternative approach that lifts the assumption of incessant
thermal distribution of the phonons.

V. NONTHERMAL LATTICE MODEL

The comparison of Eliashberg function and PDOS
shown in Fig. 1 reveals an enhanced coupling to phonons
of high frequencies. This implies that the laser-induced
nonequilibrium between electrons and phonons sub-
sequently leads to nonthermal phonon distributions; i.e.,
transiently, the phonon distribution is not resembled by the
product of a Bose-Einstein function and the PDOS. It is
well established that nonthermal phonon populations occur
after photoexcitation of materials with strong coupling of
electrons to specific optical phonons. Examples include
graphite exhibiting strongly coupled optical phonons
[27,28] and crystals susceptible to displacive excitation
of coherent phonons like Peierls-distorted crystals [29,30]
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and certain transition-metal oxides [31]. The energy flow
between electrons and vibrational degrees have been
described by modifications of the TTM. For the case of
Peierls-distorted lattices, the TTM has been expanded by an
explicit description of the optical phonon mode linked to
displacive excitation of coherent phonons [32,33].
In the following, we introduce a minimal model beyond

the two-temperature approximation allowing for an
approximate description of nonthermal phonon distribu-
tions in a simple metal where no optical phonons are
present. For three-dimensional crystals with monoatomic
unit cells, the phonons uniquely group into three acoustic
branches with distinct dispersion relations purely due to
symmetry. The partial contributions of the branches to the
PDOS have been studied by static diffraction techniques
and have been found to be well separated in frequency
[8,34]. Similarly, the contribution of the three phonon
branches to the Eliashberg function can be identified.
Dacorogna et al. calculated the momentum- and phonon
branch-resolved electron-phonon coupling in aluminium
along high-symmetry directions and conjectured that there
is no dominant contribution from a specific phonon branch
[35]. Our DFT calculations performed in the full Brillouin
zone, however, reveal a pronounced phonon branch
dependence of Gep. Figure 4(a) shows the individual
contributions α2FiðωÞ of the three phonon branches to
the Eliashberg function, calculated as described in the
Appendix. There is a clear spectral separation of the three
contributions, in particular, the high-frequency peak domi-
nating α2FðωÞ can completely be attributed to the longi-
tudinal acoustic (LA) phonon branch. We use Eq. (9) with
the partial Eliashberg functions α2FiðωÞ to calculate the
heat capacities Cp;i and coupling parameters Gep;i of the
three branches i ¼ TA1, TA2, LA as a function of Te and
compare these to the values of the entire phonon spectrum
in Figs. 4(b) and 4(c). Whereas the partial heat capacities
are very similar for all Tl relevant in this work, the electron-
phonon coupling differs by up to a factor of 4 between the
TA2 and LA branch.

Consequently, we employ the natural grouping of the
phonons into their three acoustic branches and introduce a
nonthermal lattice model that accounts for nonequilibrium
between them. Each phonon subset is assumed to be thermal
and defined by the temperature Tp;i. This is justified by the
fact that the spectral shape of the α2FiðωÞ agrees signifi-
cantly better with the respective partial phonon density
of states FiðωÞ compared to the overall functions α2FðωÞ
and FðωÞ, as shown in Fig. 8. Additionally, for a given
temperature, the Bose-Einstein function varies less over the
spectral width of any FiðωÞ compared to the full phonon
spectrum. The NLM therefore is a refinement of the TTM.
We use Eq. (9) to calculate the energy transfer to subsets of
phonons by replacing the Eliashberg function α2FðωÞwith a
reduced counterpart, α2FiðωÞ, containing only the coupling
of electrons to the respective phonon branch. The energy
flow is determined by their temperature difference and the
evolution of all subsystems is given by the set of coupled
differential equations:

CeðTeÞ
∂Te

∂t ¼
XN
i¼1

Gep;iðTeÞðTe−Tp;iÞþfðt− t0Þ; ð13aÞ

Cp;iðTp;iÞ
∂Tp;i

∂t ¼ Gep;iðTeÞðTe − Tp;iÞ
þ
X
j≠i

Gpp;ijðTp;j − Tp;iÞ; ð13bÞ

where Gep;i is the electron-phonon coupling parameter of
the ith phonon subsystem to the electrons. The total energy
transfer between electrons and lattice is then simply given
by the sum of all partial energy transfers. We introduce a
phonon-phonon coupling parameter Gpp;ij to account for
phonon-phonon scattering processes, leading to a direct
energy transfer between branches i and j. Because of a lack
of experimental or theoretical results, we choose to use
the same phonon-phonon coupling between all branches
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Gpp;ij ¼ Gpp, the magnitude of which we determine by
fitting to the experimental data. Note that, in the limit of an
infinitely large Gpp, the NLM converges to the TTM.
In the situation of a nonthermal lattice, a conversion

of the measured MSD to a lattice temperature via the
Debye-Waller B factor is invalid. Instead, the contributions
of each phonon branch to the MSD can be calculated from
the respective temperature calculated by the NLM. The
connection of temperature and MSD is given by [36]

hu2i ¼ 3ℏ
2M

Z∞

0

coth

�
ℏω
2kBT

�
FðωÞ
ω

dω; ð14Þ

where M is the mass of an atom. By integrating over the
partial PDOS FiðωÞ and using the respective temperature
Tp;i, we obtain the contribution of all three phonon
branches hu2i i to the total MSD. With the phonon branches
being orthogonal, this is given by

hu2i ¼
X3
i¼1

hu2i i: ð15Þ

Figure 5(a) compares the MSD determined experimen-
tally with the MSD obtained with the optimized solution of
the NLM, where CeðTeÞ, Cp;iðTp;iÞ, and, in particular,
Gep;iðTeÞ are taken from the ab initio calculation, and
Gpp, uE, and t0 are optimized iteratively. The only free
parameter affecting the dynamics of the MSD is Gpp.
We find excellent agreement between data and NLM
using a phonon-phonon coupling of approximately
3.5 × 1017 WK−1m−3 for all performed measurements.
Even though literature values for phonon-phonon coupling
are elusive, it has been concluded from neutron-diffraction
measurements that electron-phonon and phonon-phonon
coupling are of similar magnitude [37], which is consistent
with our observation.
Figure 5(b) shows Te and Tp;i of the optimized solution

of the NLM. The different evolution of the temperatures of
the three branches is pronounced and shows the transient
nonthermal state of the phonons. As expected from the
previous discussion, Tp;LA rises faster than the temperature
of the transverse branches. Tp;LA overshoots before the LA
phonons eventually equilibrate with the two other branches.
The time scale of lattice thermalization is sensitive to Gpp

and is found to be approximately 2 ps.

VI. DISCUSSION AND CONCLUSION

Whereas the TTM and the NLM can both be applied to
describe the temporal evolution of the measured MSD with
similar quality, the two models differ significantly in the
electron-phonon coupling constants.Gep extracted from the
data employing theTTMisa factor of2 smaller than thevalue
obtained from ab initio calculations, i.e., the integrated
electron-phonon coupling of all phonon branches. While

assuming thermal phonon distributions, which is a basic
approximation of the TTM, is inappropriate in nonequili-
briumstates, theNLMallows for an approximate description
of nonthermal phonon distributions. Our results imply that
the determination of the electron-phonon coupling of metals
with time-resolved measurements by means of a TTM
analysis may lead to systematic errors. In contrast, the
excellent agreement between data and NLM employing
electron-phonon coupling constants from theory suggests
that the NLM represents a minimal model capturing the
physics of the electron-phonon coupling in aluminium with
sufficient accuracy.

0 1 2 3 4
300

350

400

450

500

550

600

650

]
K[

T
em

pe
ra

tu
re

]s[p Time

electrons

.0 2− 0 0.2 0.4 0.6 0.8 1 .2 1

500

1000

1500

2000

2500

3000

3500

p ]s[ emiT

]
K[

T

(b)

]s[p  yaleD
0 1 2 3 4

(a)

0.5

1

.5 1

2

.5 2

3

0

]
Å

01[ ›
u ‹- ›

u ‹
2

2-
2

2
0

1 J/cm25 3

680J/cm3

360 J/cm3

LA

TA2

TA1

0.4

FIG. 5. (a) Measured mean-squared displacement (MSD) as a
function of delay (circles) and calculated evolution predicted by
the nonthermal lattice model with a phonon-phonon coupling of
3.5 × 1017 Wm−3 K−1 (lines). All other material parameters are
taken from DFT calculations. In the bottom, the residuals for the
highest excitation density are shown. (b) Evolution of the
temperatures of electrons (blue) and the three phonon branches
according to the NLM for an excitation density of 680 J=cm3.
The inset shows the full range of TeðtÞ.

ELECTRON-PHONON COUPLING AND ENERGY FLOW IN A … PHYS. REV. X 6, 021003 (2016)

021003-7



The important practical difference between the models
is the predicted dynamics of the energy flow between
electrons and phonons. Figures 6(a) and 6(b) visually
summarize the two-temperature and nonthermal lattice
models and show the channels of energy flow. The width
of the arrows indicates the effective coupling strengths.
Figure 6(c) shows the evolution of the energy content in
electrons and phonons added by the laser pulse after
excitation of the electrons at t ¼ 0. The energy content
is calculated from the electronic and phononic temperatures
given by the two models and the respective heat capacities.
In the NLM, the energies of the three phonon branches
are summed to obtain the added energy in all lattice degrees
of freedom.
It can be seen that the total energy transfer from electrons

to the lattice proceeds significantly faster in the NLM. The
dotted line depicts 95% of the energy, which is eventually
transferred to the lattice. Between the two models, the time
at which this level is reached differs by 40%–60% depend-
ing on the excitation density. While the TTM is perfectly
suitable for describing the time-resolved diffraction data, as
shown in Fig. 3(a), it returns an “effective” electron-phonon
coupling constant that underestimates the rate of energy
flow between electrons and phonons approximately by a
factor of 2. This has implications wherever the electron-
phonon coupling is used to predict the energy flow between
the subsystems, for instance, in nonequilibrium MD sim-
ulations, the modeling of laser-induced ablation, shock
wave and plasma generation, as well as in the description of
ultrafast magnetization dynamics, where the energy flow
between electrons, lattice, and spins is decisive [38]. In
addition, the few-100-fs time scale of energy transfer in
aluminium implies that photoinduced structural dynamics,

e.g., laser-induced phase transitions, may occur on the
subpicosecond time scale purely due to incoherent energy
transfer. We note that nonthermal electron distributions
might need to be considered additionally for materials
exhibiting weak electron-electron scattering [25].
The refinement of the description of electron-phonon

coupling including phonon specificity is not only relevant
for the evolution of impulsively generated highly non-
equilibrium states [18,39]. Equally important, in quasista-
tionary nonequilibrium situations like the flow of electrical
current, energy dissipation from the electrons to the lattice
is governed by the same coupling phenomena. In other
words, the phonon branch dependence of the electron-
phonon coupling may also be applied to the description of
electron transport with a Boltzmann equation [40].
The experimental basis of this work is the time-resolved

measurement of the atomic mean-square displacement
caused by all phonons of aluminium. The energy transfer
from electrons to phonons is then inferred on the basis of
two models, as it is not an observable itself. However, a
more detailed view on transient phonon distributions could
be obtained by time- and momentum-resolved measure-
ments of inelastically scattered electrons [41] or x-rays [42]
from single-crystalline thin films of aluminium. Such
studies can provide direct experimental evidence of tran-
sient nonthermal phonon distributions, as very recently
demonstrated for the noble metal gold [41].
Heterogeneous coupling of electrons to different types

of phonons is well established for materials exhibiting
strongly coupled optical phonons [27–33]. Our work
indicates that phonon-specific coupling has to be consid-
ered even in simple crystals lacking optical phonons, like
the free-electron metal aluminium.
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The concept of subdividing the lattice degrees of free-
dom into individual phonon branches for describing the
energy flow in a material, as introduced here for the case of
aluminium, may be applied to a range of materials. In the
case of metals, a pronounced spectral dependence of α2ðωÞ
suggests that this approach is required, and we expect
partitioning into phonon branches to be a generally suitable
approach. More complex materials may require partitioning
into a larger number of phononic subsystems. Ab initio
calculations can guide us in identifying the appropriate
subsystems and provide the partial coupling constants, as
demonstrated here.
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APPENDIX: COMPUTATIONAL DETAILS

All simulations are performed with the ab initio
simulation package ABINIT [43,44]. The electron-phonon
coupling calculations’ capabilities are described in
Refs. [45,46] and are implemented similarly to the one
in Ref. [47]. We use a Troullier-Martins-type norm-
conserving pseudopotential from the Fritz-Haber-Institute
(FHI) database with the outermost three electrons taken into
account explicitly and the remaining ten electrons frozen
in the core [48]. The plane wave cutoff is Ecut ¼ 13 Ha and
the maximum angular quantum number is l ¼ 2. We check
the results for the electronic DOS and the Eliashberg
function with a calculation featuring a harder pseudopo-
tential requiring a plane wave cutoff of 40 Ha and confirm
our results. The exchange correlation potential is taken in
the generalized gradient approximation [49]. Additionally,
we perform a calculation in local-density approximation,
which gives a slightly different shape of the Eliashberg
function in phonon frequency space but leaves the
first moment of the Eliashberg function unchanged. We
take the experimental lattice constant for fcc aluminium
a ¼ 7.652aB. The k-point grid is unshifted featuring
32 × 32 × 32 points. The q-point grid is commensurable
with the k-point grid at 8 × 8 × 8 points. The occupation
of the eigenvalues is determined by a Fermi distribution
with 0.03 eV smearing.
Such a calculation is performed for the unit cell of fcc

aluminium in order to obtain the values for the Eliashberg
function. Similarly, the electronic DOS is obtained using
the tetrahedron method featuring a k-point grid up to
128 × 128 × 128 for the ideal lattice at Tl ¼ 0 K, see
Fig. 7. Electronic temperature effects on the DOS and

the Eliashberg function up to Te ¼ 20000 K are checked
and found to be small. In order to analyze lattice temper-
ature effects on the electron-phonon energy transfer, we
prepare density functional molecular dynamics runs with
Ni ¼ 32 aluminium atoms in a supercell at normal density
of ρ ¼ 2.7 g=cc. The MD part uses a Verlet algorithm and
Nosé thermostat with a time step of Δt ¼ 0.2 fs. We allow
the ions in the supercell to equilibrate over several thousand
time steps at Tl ¼ 300 K, Tl ¼ 500 K, Tl ¼ 700 K,
Tl ¼ 900 K, and Tl ¼ 1100 K. From the equilibrated part
of the runs representing fcc lattices with irregular harmonic
and anharmonic lattice distortions, we randomly take ten
snapshots each and subject these snapshots to the same
electron-phonon calculations as the initial ideal unit cell. As
usual, three perturbation directions per atom have to be
considered in order to build the electron-phonon matrix
elements, requiring 96 separate calculations per temper-
ature and snapshot. In addition, due to the size of the
supercell and constraints in the available computer
memory, we choose to reduce the k-point grid for these
cases to 4 × 4 × 4 and the q-point grid to 2 × 2 × 2. We
also run simulations with 8 × 8 × 8 k points to check on the
error introduced this way and find only very minor
deviations in the Eliashberg function. We found no
dependence of the electron-phonon coupling on the lattice
temperature within this approach. As the electronic DOS in
aluminium is already close to the one for an ideal free-
electron gas, we observe only small changes in the DOS
with an increase in lattice temperature. Using the electronic
DOS, we can also obtain the electronic heat capacity
needed in the TTM [6]. The lattice heat capacity is obtained
using the same phonons as used for the calculation of the
electron-phonon coupling.
The partial Eliasberg functions for the NLM can be

obtained from the phonon linewidths and the partial PDOS
as computed with ABINIT. A practical and simple approxi-
mation is given by dividing the total Eliashberg function by
the total PDOS and using the quotient together with the
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partial PDOS to obtain partial Eliashberg functions. In
Fig. 8, the partial PDOS Fi and the so-obtained partial
Eliashberg functions α2FðωÞ, normalized by their respec-
tive integral, are plotted.
There are two different reasons for the difference in Gep

between our result and the one from Lin et al. [6]; see Fig. 3.
Firstly, there is the difference in the electronic DOS. The
pronounced oscillations in the DOS in Ref. [6], in particular
near the Fermi level, cause the strong rise ofGepðTeÞ for Te

increasing from 0 to 5000 K. As such features are absent
in the DOS of this work, see Fig. 7, which is in very
good agreement with other ab initio calculations [50,51],
the Te dependence of Gep is weak. We note that the DOS
of aluminium in Ref. [6] is reproduced by the tetrahedron
method with 11 × 11 × 11 k points. Secondly, and
more importantly, there is a difference in the value for the
moment of the Eliashberg function λhω2i. Our result,
λhω2i ¼ 4.81 × 10−7 Ha2, λ ¼ 0.47, is obtained entirely
on the basis of our DFT calculations and agrees well
with other DFT calculations (λ ¼ 0.43 [52]),
(λhω2i ¼ 4.79 × 10−7 Ha2, λ ¼ 0.44) and experimental
results (λhω2i ¼ 5.1 × 10−7 Ha2, λ ¼ 0.42) given by
Savrasov and Savrasov [47]. In addition, our prediction
for the superconductivity temperature Tc as obtained from
thevalues for the electron-phononcouplingvia theMcMillan
formula [53] is Tc ¼ 1.35 K, compared to the experimental
value ofTc ¼ 1.2 K.Thevalueof λhω2i ¼ 2.51 × 10−7 Ha2

used by Lin et al. is not obtained from DFT but is based on
experimental results employing a TTM in the data analysis
[26] anduses the approximation hω2i ¼ θ2D=2,withθD being
the experimental Debye temperature.
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