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Abstract. This paper is devoted to the stabilization problem for nonlinear driftless control
systems by means of a time-varying feedback control. It is assumed that the vector fields of the system
together with their first order Lie brackets span the whole tangent space at the equilibrium. A family
of trigonometric open-loop controls is constructed to approximate the gradient flow associated with a
Lyapunov function. These controls are applied for the derivation of a time-varying feedback law under
the sampling strategy. By using Lyapunov’s direct method, we prove that the controller proposed
ensures exponential stability of the equilibrium. As an example, this control design procedure is
applied to stabilize the Brockett integrator.
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1. Introduction. Consider a control system
m
(1.1) $:Zuzfz($)5f($vu)v
i=1

where x = (z1,22,...,2,) € D C R™ is the state and v = (uy,uz,...,uy,) € R™ is
the control. The domain D contains the trivial equilibrium point z = 0. We treat all
vectors as columns and denote the transpose with a prime. The vector fields f;(x)
are assumed to be mappings of class C? from D to R".

It is a well known fact due to Brockett [9] that system (1.1) is not stabilizable
by a smooth feedback law u = k(z) such that k(0) = 0, provided that m < n
and f1(0), f2(0),..., fm(0) are linearly independent vectors. Note that Brockett’s
condition remains necessary for the stabilizability in a class of discontinuous feedback
laws provided that the solutions of the closed-loop system are defined in the sense
of Filippov [21]. To overcome this obstruction, two main strategies can be used for
the stabilization of general controllable systems. The first strategy is based on the
use of a time-varying continuous feedback law u = k(t, x) to stabilize the origin of a
small-time locally controllable system [12]. In the other strategy, the equilibrium of
an asymptotically controllable system can be stabilized by means of a discontinuous
feedback law u = k(z), provided that the solutions (“m-trajectories”) are defined in
the sense of sampling [11].

An approach for the practical stabilization of nonholomomic systems based on
transverse functions is proposed by Morin and Samson [18]. A survey of feedback
design techniques is presented in the book by Coron [12]. Despite the rich literature
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in this area and to the best of our knowledge, there is no universal procedure available
for the stabilizing control design for an arbitrary nonlinear system of form (1.1).

The paper [10] is devoted to the control design for a kinematic cart model with
two inputs. A coordinate transformation from the three-dimensional state space to a
two-dimensional manifold (parameterized by the arc length and the orientation error)
plays a crucial role in the analysis. Based on this representation, a discontinuous feed-
back law is proposed such that any solution of the closed-loop system exponentially
converges to an equilibrium point. The orientation angle is defined modulo 27 in such
equilibria.

Applications of sinusoidal controls to the steering problem for systems of form (1.1)
are considered in the paper [19]. A combination of constant controls and sinusoids
at integrally related frequencies is used to steer the first order canonical system to
an arbitrary configuration. Some modifications of this algorithm are presented for
chained systems. An overview of algorithms for the motion planning of nonholonomic
systems is presented in the book [15].

In the paper [1], the controllability and trajectory tracking problems are con-
sidered for a kinematic car model with nonholonomic constraints. A result on the
solvability of the motion planning problem is established for such a model by using
trigonometric controls. The error dynamics in a neighborhood of the reference tra-
jectory is studied to solve the tracking problem. It is shown that the error dynamics
is stabilizable by using a quadratic Lyapunov function. The controller design scheme
proposed is illustrated by examples of a state-to-state control and tracking a circle
with time scheduling at selected points.

The stabilization problem for a nonholonomic system in power form with bounded
inputs is considered in the paper [3]. The receding-horizon principle is used to solve
an open-loop optimization problem and to derive a sampling control. It is proved that
the family of controls obtained can be used to stabilize the destination state in finite
time with any chosen precision. The numerical implementation of this algorithm is
shown for a five-dimensional system.

The paper [24] is devoted to the stabilization problem of nonholonomic systems
about a feasible trajectory, instead of a point. For this kind of problem, a time-varying
feedback law is obtained by using the linearization around a feasible trajectory. The
Heisenberg system and a mobile robot model are considered as examples for stabilizing
a straight line trajectory in the three-dimensional space. This approach is shown to
be applicable for the trajectory stabilization of a front wheel drive car.

Assume that m < n and that fi(z), fa(z),..., fm(z) together with a fixed set of
the first order Lie brackets span the whole tangent space for system (1.1), i.e.,

(12) Span{fi(x)v [f]vfl](m) |Z = 1725 cee, I, (jvl) € S} =R"
for each x € D, where S C {1,2,...,m}?,
_ 0fi(z) 0f;(x)
[fi, fil(x) = O fg(ﬂf)—wfl(ﬂi),
and %ff) is the Jacobi matrix. Without loss of generality, we assume that each pair

(4, 1) € S is ordered with j < I.
Following the idea of [22, 23], we introduce an extended system for (1.1):

(1.3) g=Y wfilz)+ Y walfy fil(@) = flz,9)
=1

(4:Des
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with the control @ = (u1, ug, . .. ,um,uﬂ)’( Jes- Because of the rank condition (1.2),

1
every smooth curve is a trajectory of systzem (1.3). As subspaces spanned by the Lie
brackets of vector fields f;(z) play a crucial role in the dynamics study of system (1.1),
we note that harmonic inputs naturally appear as optimal controls implementing
the motion along a Lie bracket [8, 13]. A result on the convergence of solutions of
system (1.1) to a solution of (1.3) is established by Sussmann and Liu. It is shown
in the paper [22] that if a sequence of input functions {u’(t)}52, of class L'(0,7)
satisfies certain boundedness conditions and converges to an extended input @(¢) in
the iterated integrals sense, then solutions 27(t) of system (1.1) with initial data
29(0) = 20 converge to a solution z°°(t) of system (1.3), uniformly with respect to
t € [0,7]. This result is stated for an extended system with higher order Lie brackets
as well. The problem of approximating a given trajectory of the extended system by
trajectories of system (1.1) is solved in the paper [17] by using an unbounded sequence
of oscillating controls with unbounded frequencies. For a class of control systems with
periodic solutions and small controls, an averaged control system is constructed in the
paper [6]. It is proved there that solutions of the averaged system approximate all
solutions of the oscillating system as the frequency of oscillations tends to infinity.

In contrast to the above approach, we will use a time-varying feedback control
u = u(t, z) with bounded frequencies to implement a certain decreasing condition for
a Lyapunov functon along the trajectories of system (1.1). The rank condition (1.2)
implies that any positive definite function V(x) of class C1(R™) may be taken as a
control Lyapunov function for system (1.3), so its origin = 0 is stabilizable by a
smooth feedback law @ = u(z), @w(0) = 0. Suppose that such a feedback @(z) is
given, then our goal is to construct a time-varying feedback law u = (¢, z) for the
original system (1.1) in order to approximate the flow of the closed-loop system (1.3)
in a suitable way. By exploiting this idea, we establish a result on the exponential
stabilization in the sense of sampling controls and “m.-solutions.”

We prove that, for systems satisfying the rank condition (1.2), there exists a
feedback u = u®(t,z) such that any m.-solution x(t) together with u®(¢,z(t)) tend
to zero exponentially, provided that £ > 0 is small enough (Theorems 2.2 and 2.4
in section 2). The proof of this result, given in section 4, is based on Lyapunov’s
direct method and the representation of solutions by means of the Volterra series
described in section 3. The construction of a stabilizing control v = u®(t, z) is carried
out explicitly in section 5 for the Brockett integrator. We show that such a feedback
ensures exponential stability of the equilibrium.

2. Stabilization with sampling controls. For a given € > 0, we denote by 7.
the partition of [0, +00) into intervals

I =[tj,tis1), tj =¢ej, §j=0,1,2,....

The following definition extends the notion of m-trajectories, introduced in [11], for
the case of a time-varying feedback law.

DEFINITION 2.1. Assume given a feedback u = h(t,x), h : [0,400) x D — R™,
e >0, and 2° € R™. A m.-solution of system (1.1) corresponding to z° € D and
h(t,z) is an absolutely continuous function x(t) € D, defined for t € [0,400), which
satisfies the initial condition x(0) = 2° and the following differential equations

@(t) = f(x(t), h(t, 2(t5))), te€lj=[tjtj1),

for each j =0,1,2,....
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In order to stabilize system (1.1), we will use a time-varying feedback control of
the form

(2.1)  w(t,x) =v(@)+ Y aul@) {cos <Mt> e; + sin <Mt> el}

(i,1)es

on each interval I; of length €, where e; denotes the i¢th unit vector in R™, and
functions v(z) = (v1(x),va(x), ..., vm(x)), au(x), ky(x) will be defined below.

Note that there is no control Lyapunov function for the original system (1.1)
due to Artstein’s theorem [2] and Brockett’s condition [9]. Even though a Lyapunov
function may be constructed for system (1.1) in the sense of partial stability [25, 26],
such partial formulation is not sufficient to establish an exponential stability result.
Because of the rank condition (1.2), any differentiable positive definite function V' :
D — R is a control Lyapunov function for the extended system (1.3). Our main
idea is to choose the feedback control (2.1) in order to approximate the direction of
—VV (z) by trajectories of system (1.1), where VV (z) is the gradient of V(z). For
this purpose, we fix £ € D and € > 0, and consider the following system of second
order algebraic equations,

S i)+ 3 T g+ 5 Y w2 )
=1

(i,j)es ¥ i,j=1

(2.2) (X e Y | el = -V @)

i<j (¢.50es ¥ (g.5)es ¥

with respect to the variables v;, aq, ¢ € {1,2,...,m}, (¢,1) € S, assuming that the
numbers kg € Z \ {0} are chosen without resonances, i.e.,

(23) |kql| 7& |kjf’| for all (qvl) € Sv (.jar) € Sa (qvl) 7& (j,’l").

Let us denote by B,(0) C R™ the open ball of radius p centered at x = 0, and
let B,(0) be its closure. In this paper, we use the standard Euclidean norms for all
2p
vectors and treat ang]w(I) as the Hessian matrix of the jth component of f;(x).
The basic result of this paper is as follows.

THEOREM 2.2. Let V(x) be a function of class C?(D) such that

(2.4) IVV(@)|]? > anV (2), V() > Bil|z]?, V(0) =0,
and let
(2.5) Hafaz—;x)‘gL VeeD,ie{l,...,m},

with some positive constants aq, 1, and L. Assume that, for some pg > 0 and g > 0,
algebraic system (2.2) admits a solution

v = i (v), aj = a5(z), ky =kj(x), ie€{l,...,m}, (j,l) €S,

defined for all x € B,,(0) C D and € € (0,0, such that condition (2.3) holds and

(2.6) lim ( sup lo*(@)l + |a€(x)||€2/3> =0.

=0 \ o< e[ <po [l /3
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Then there exist positive numbers p < pg and & < g such that, for any e € (0, ],
there is a A = A(e) > 0:

(27)  2° € B,(0) = [a(t)| = O(e™™), |[u*(t,2(t))]| = O(e™/*) as t = +oo,
for each w.-solution x(t) of system (1.1) with the controlu = u®(t,x) of the form (2.1).

Property (2.7) implies, in particular, that all m.-solutions z(t) of the closed-loop
system (1.1) and (2.1) with initial data ||z°|| < p are defined for all ¢ > 0.

To ensure the local solvability of (2.2) in some A-neighborhood of the point = = 0,
we use the following lemma.

LEMMA 2.3. Assume that the vector fields f1(x), fo(x), ..., fm(x) satisfy the rank
condition (1.2) in a domain D CR™, 0 € D, |S| =n —m, and let V € C?(D) be a
positive definite function. Then, for any small enough ¢ > 0, there exists a A > 0
such that algebraic system (2.2) has a solution

v (x) = (v1(2), ..., vn (@), af(2) = (a5 () gpyes)s k(@) = (k5 (2)Gpes)’s

such that conditions (2.3) hold for each x € Ba(0). The above solution satisfies
estimates

B4l
(2.8) v (@) < Myllzl], [la®(z)]| < M, — € BAa(0),
where positive constants M, and M, do not depend on .
The proof of Lemma 2.3 is based on the degree theory and will be presented in
section 4. Lemma 2.3 allows us to formulate a local version of Theorem 2.2 as follows.

THEOREM 2.4. Assume that the vector fields f1(z), fa(x),..., fm(x) satisfy the
rank condition (1.2) with |S| = n —m at © = 0. Then, for any positive definite
quadratic form V(x), there exist constants pg > p > 0 and g9 > & > 0 such that
algebraic system (2.2) admits a solution

vi = v5 (z), aj = a5,(x), ky = k5 (z), € By, (0) CD,e€(0,e0],
ie{l,...,m}, (4,1) € S,
and, for any e € (0,&], there is a A = A(e) > 0:
2% € B,(0) = [a(t)] = O(e™), |lu*(t,2(t)] = O(e™*%) as t — +oo,
for each w.-solution x(t) of system (1.1) with the controlu = uc(t,x) of the form (2.1).

Proof. The assertion of Theorem 2.4 is a straightforward consequence of Theo-
rem 2.2. To ensure condition (2.6), we use inequalities (2.8) from Lemma 2.3. O

The next section provides some technical results for the control design and sta-
bility analysis. Then the proof of Theorem 2.2 will be given in section 4.

3. Oscillating controls and representation of solutions. Any solution z(t)
of system (1.1) with initial data 2(0) = 2° and controls u; = u;(t), u; € L>[0, 7] can
be represented by means of the Volterra-type series (cf. [7, 20]),

o) =20+ 3 5ia) | w26 [Cuar [

4,j=1

1 i i 330 ’ t Uj U;(S) — Uy U\ S S T
B+ Unl6) [ [ 0us) — wou )} dsd + B,

1<j
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Here, and in the following, %(;0) stands for the Jacobian matrix of f;(x) evaluated
at z = 2°. The remainder R(7) of expansion (3.5) is estimated by using the following
lemma.

LEMMA 3.1. Let D C R™ be a convex domain, and let z(t) € D, 0 <t < 1, be
the solution of system (1.1) corresponding to initial value x(0) = 2° € D and control
u € C[0,7]. If the vector fields fi(x), fo(x),..., fm(x) satisfy assumptions

HM ‘M

(3.2) <L

f— )

<H, i=1m,j=1n

ox 0%x

in D with some constants H, L > 0, then the remainder R(7) of the Volterra expan-
sion (3.1) satisfies the following estimate:

M 1
1RO <+ {eLUT -5 (LUT + 1)% + 1)}
HM?\n (, v 2
kil A " —2)"+ 2007 - 1}
+ IV {(e ) +2LUT
M(L*+HM
(3.3) - M +6 V) gras o).
Here
M= g WA = g 3o
Proof. The proof of Lemma 3.1 is given in section 4. O

In order to use the control strategy (2.1), we consider a family of open-loop
controls

27 /€ 21k .
(3.4) wi(t) =v; + Z ajl{5zjcos< . )+5lls1n< gjt)},z:l,Z,...,m,

(7,1))es

depending on parameters v = (v1,v2,...,0,) € R™, a = (ajl)zj nes € R=™ k=
(k'jl)zj)l)es € (Z\{0})"~™, and € > 0. Here §;; is the Kronecker delta.

By computing the integrals in (3.1) for functions u; = u;(¢) given by (3.4) and
exploiting assumption (2.3), we get

e)=2"+ Ezvifi(xo) + § > v afg(jo)fi(ﬂco)

4,j=1

(35) + E Z[fu £l > % {dji(aqdiq — 2vi) — du(aqdjq — 2v;)} + R(e).

i<j (g,es 4

To estimate the decay rate of the function V' (z(t)), we use the following lemma.
LEMMA 3.2. Let V(z) be a function of class C*(D) such that inequalities

(3.6) Billzl* < V(x) < Bollz|®, 1 >0,

(3.7) a1V (z) < ||VV(2)|? < aaV(x), a3 >0,
o*V

(38) |55 <

hold with some constants a1, as, 1, B2, 1 in a convexr domain D C R™.
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If x : [0,e] — D is a function such that
(3.9) z(e) = x(0) —eVV(2(0)) + re, 2(0) # 0,

with some r. € R™, then

R e ]

Proof. Let us denote 2° = z2(0), y = —eVV(2°) + r., and apply Taylor’s theorem
for the function V (2° + y) with the Lagrange form of the remainder,

0%V (x
Z 83:1333]

,j=1

8V

(3.11) V(@ +y)

)

z:ro—i-Gy

where 6 € (0,1). By applying the Cauchy—Schwarz inequality to expansion (3.11) and
exploiting assumptions (3.7), (3.8), we get the following estimate:

V(e) < V@) —e (1= ) IVV @)+ 1 +epl VV @) | el + £l
s g0 sl
< (1= e+ 20E) V) 4 e Vaav @l +
e areplrel | plr]?
(3.12) <V(z )(1—a15+ 22 + e +2V(x0)>

if V(2°) # 0. Then application of estimate (3.6) to (3.12) yields inequality (3.10). O

By using Lemmas 3.1 and 3.2 for m.-solutions of system (1.1) corresponding to a
partition m. = {€j};>0 and control v = u®(t, z), we prove Theorem 2.2.

4. Proof of the main result. In order to prove Theorem 2.2, let us first prove
the auxiliary lemmas.

Proof of Lemma 2.3. Let us enumerate the elements of S in (1.2) as

S = {(il,jl), (i27j2)7 ceey (infmajnfm)}

and introduce the n x n-matrix

Az) = (A@), - @), Ui F) (@) fins fien (2)])-

As the vector fields f;(z) satisfy the rank condition (1.2), there is a closed bounded
domain 2 C D, 0 € int €2, such that the map

(4.1) d(z) = —A" (2)VV ()

is defined for each x € Q and continuous. To study the solvability of (2.2), we

introduce new variables )

~ ] .
azg — 47Tkij’ (7’7]) € Sa
and rewrite system (2.2) as follows:
~ ~ /
(42) FI(&) +GI(£) = 07 5 = (Ul,.-.,Um,gailjl,---,6ain_mjn_m) 5
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where
Fp(§) = £ = 0(),
S {21

3,j=1

Z i mz Z '% A7 @) fir f)(0)-

’L<] (q,z)GS ql J
Here the integer constants Eij may be chosen as

=n—-—-m.

kll]l - 1 klzjz - 2 k

In—mJn—m

If €= (vi, .., Um,EQiyjys---3EQip_,jn_nm) i a solution of system (4.2) for given x €

R™ and € > 0, then the components of a solution of (2.2) are

(43) V1,02, ..+, Um, Qjj = 2\/7T];Zij|dij| signdij, (Z,]) S S,

with k;; = ki; if a;; > 0 and k;; = —k;; otherwise. Thus, the solvability of system (2.2)
is reduced to the study of (4.2).

Note that ®(z) = 0 for z = 0 as V(z) is positive definite, so & = 0 is a solution
of (4.2) for x = 0.

To prove the existence of solutions for (4.2), we find a A > 0 and show that the
degree of a continuous map

(4.4) €es,—

Fo(§) + Ga(9)
EGERRG]

1E2(8) + G (9l

is equal to 1, under a suitable choice of p > 0 depending on z if 0 < |lz] < A,
Ba(0) C Q. Here the spheres

Sp ={§ e R"|[|¢]l = p} and Sy = {§ € R™ | [|¢]| = 1}

are oriented as (n — 1)-spheres in R™.
As Q is compact then there exist positive constants My, My, and L such that

’afi(x)
ox

A @)l < Mo, || fi(=)]| < M,

‘gL, i=1,2,....m, Vel

If ||&]| € S, then the Cauchy—Schwarz and triangle inequalities yield
_ 2e M ~
|G (&) < eM Y |vivs| + == (n—m)**[a|*/> Y (|vil + |os])
i<j ﬁ 1<j

_ 4eMn nd/4
(4.5) < eltnljo” + ¢—IWMW<MMw{ }

where M = LMyM;. We have also exploited formula (4.3) together with the following

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/27/16 to 193.175.53.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1686 ALEXANDER ZUYEV

properties of components of £ here:

. 1
(4.6) lll < llell, llall < Zli€ll-
Then the maps F,(§) + G (§) and ¢ are homotopic on S, provided that
(4.7) €l > @) ]| + G2 V€ € Sp.
To satisfy condition (4.7), we observe that [|[VV (z)|| = O(||z||) in a neighborhood of
2 = 0 for a positive definite function V(z). Hence, there exist positive constants A
and ¥ such that

(4.8) [@(@)| < ¢llzl vz € Bx(0).

By taking into account inequalities (4.5) and (4.8), we conclude that condition (4.7)
is satisfied for © € Bz(0) if

™

- 5/4
p = vlel + ny/2 {2 1 VB

The function ¢(p) = p — Mn\/8p3{Lj; + 2P} = p + O(p3/?) takes positive values
for p € (0, po), where

27n5/4 s
—rg= [ J1 4+ ——r —1
VPo=ro == ( e >

is the positive root of the following equation

4nb/4 1
—7ry — —= =0
\ET Mne

Then we choose any 7 € (0,79) and check that

2
o+

d(p) > Kp for0<p<i?,

where

_ 4ns/4
K =1—+/eMni® +7er > 0.
N3
Let us take
_ K72
A:mm{A,—’"} >0

G

and observe that, for any z : 0 < ||z < A, condition (4.7) holds if

Y

(4.9) p="Llz.

Homotopic equivalence of the maps F,(£) + G5(§) and € on S,, ensured by (4.7),
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1mphes that the degree of the map (4.4) is equal to 1, i.e., to the degree of the map
an : S, — S1. By exploiting the degree principle (see, e.g., [16]), we conclude that
there exists a £ € B,(0) such that F,(§) + G»(§) = 0, which means the existence of
a solution to (2.2) according to formulas (4.3) if x € Ba(0). Then estimates (2.8)
follow from inequalities (4.6) and (4.9). O

A useful a priori estimate of the solutions of system (1.1) is given by the following
lemma.

LEMMA 4.1. Let z(t) € D C R, 0 <t < 7, be a solution of system (1.1) with
the control u € C[0,7], and let

lfi(z") = fi(2")|| < L||a" = 2"|| Va',2" € D, i=1,2,....,m

Then
M ruo
(4.10) [|lz(t) = z(0)] < f(e —-1), telo,T],
where
M= s IO U = g 3l

Proof. By differentiating the function w(t) = ||z(t) — z(0)|| along the trajectory
of system (1.1) we get

d
sz()—2< Zuz Vfilx )
< 2Uw(t) max Hfi(x( ) = fi(x(0)) + fi(x(0)[| < 2Uw(t)(Lw(t) + M),
S0,
(4.11) w(t) <U(Lw(t)+ M), t>0.

We solve the comparison equation for differential inequality (4.11) to obtain the fol-
lowing estimate (cf. [14, Chap. III]):

w(t) <

~| =

eVt —1), teo,7]

This proves estimate (4.10). O
Now we use Lemma 4.1 to prove Lemma 3.1.

Proof of Lemma 3.1. For a solution x(t) of differential equation (1.1) with the
initial condition z(0) = 2° and control u € C[0, 7], we represent the coordinates of
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Az(t) = x(t) — 2° by the following integral equations:

Azy(r Z/ wi(t) fir (a: +Z/ u;(s)f(2° + Ax(s))d )dt
-3 [T {fm )+ LS [ (16

D 5y o
+ % (W&@,Am)) }dt

(4.12) = Vig(7) + Var(7) + Re(7), k=1,2,...,n,
where

Vik(r Zfz / wi(t) dt,

Vor(7) = le 0f(a7) fz / / w; (tyug(s) ds dt,

Ry(r) = 2 1 af““ / / ‘%éi( D Aw(s) dsat
(4.13) g Z/ (a Jur Ax(t),Ax(t)) wi(t) dt.

Expression (4.12) is obtained by Taylor’s theorem with the Lagrange form of the
remainder, 0 < [|(s) — 2°|| < [[Az(s)[|, 0 < [[n(t) — 2°|| < [[Az(t)[| for 0< s <t <.
By comparing expression (3.1) with (4.12), we conclude that

3 a—fj(a:O) ‘{EO 7-’U,‘ T'u,-
> il )/O z(t)dt/o j(t)dt

F 30051 [ [ us0us) — uituy(s) ds e
(4.14) = (2Var(7), ..., 2Van (7).

Indeed, let us apply Fubini’s theorem to the function ¢(t, s) = u;(¢)u;(s) on the square
= [0, 7] x [0, 7]:

(4.15) /O ")t /O "y (t)dt = /O ’ /O s (61 (5) + s )y (6) ds it

Here we split the integral over I' into two integrals over I'_ : 0 <t < 7,0 < s <t
and 'y : 0 < s < 7,0 <t <s. By applying inequality (4.15) to the left-hand side of
formula (4.14) and splitting the sum for 4,7 = 1, m into three sums with i = j, i < 7,
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and ¢ > j, we get

> 2D ) [Mwttar [ oy

i,7=1

+Z[fufy //{ug wi(s) — ui(t)u;(s)} ds dt

_22‘% //u Yug(s) ds dt

8fﬂfﬁ//“l Juj () + wi(s)u; (b)) ds dt
= 8fjfl/ / i (£)u; () + i()u; (1)) ds dt
+Z (%= %5 [ [ st ey o) s
_zzafj 1) [ [ i

1,0=1

which proves identity (4.14).

Thus, it follows from representations (4.12) and (4.14) that the components of
R(t) = (R1(7),...,Rn(7)) for the Volterra expansion (3.1) are given by formu-
las (4.13).

Now we use estimate (4.10) from Lemma 4.1 and the triangle inequality together
with the Cauchy—Schwarz inequality to evaluate the Euclidean norm of R(7) in (4.13):

1Rl < 2207 [ [ (o) asde+ T [ et P

< % {eLUT - % (LUT +1)* + 1)}
(4.16) +H]gf{( LUT—2)2—|—2LUT—1}.

The right-hand side of formula (3.3) is obtained as the Taylor expansion of for-
mula (4.16) with respect to Ur. O

Proof of Theorem 2.2. Let us denote Dy = B,,(0) C D and choose a positive
number € < g¢ such that all solutions z(¢) of system (1.1) are well defined on ¢ € [0, ¢]
for each € € (0, €], provided that 2° = 2(0) € Dy and the control u = u® (¢, 2°) is given
by formula (2.1) with parameters

vi =05 (2°), aj = a5, (), kj = k5, («°)
obtained from algebraic system (2.2).

We define

(4.17) M= sup |fiz)], d= op I =4l > 0.
z€Do, 1<i<m GD
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If D = R™ then we take d = +00 and € = ¢, otherwise € < ¢ is obtained as a positive
solution of the inequality

M RN
(4.18) — (eLU@E - 1) <d,
where L is given in condition (2.5),

U= sup > |ui(t,2)],

t€[0,é], z€ Do i=1

and u(t,z) are given by (2.1). Condition (2.6) implies that U(¢)é — 0 as & — 0.
Thus, the set of solutions & € (0,eq] of inequality (4.18) is not empty. Let & be such
a solution, then from inequality (4.18) and Lemma 4.1 it follows that

(4.19) lz(t) — 2% < d, teo,e],

for each solution z(t) of system (1.1) with 2° € Dy and u = u®(t,2°), € € (0,4].
Inequality (4.19) means that z(t) € D for ¢ € [0,¢].
Let V(x) be a function that satisfies conditions (2.4). We introduce level sets

L.={zeD|V(z)<c}
and define
= inf V = inf .
0=, V@, p=_ inf el

It is easy to see that ¢y and p < pg are positive numbers as V() is positive definite.
By the construction,

B,(0) C Le, € Do and L, C Le,

for each ¢ < ¢g.
The next step is to show that, if € > 0 is small enough, then there exists a positive
o =o(e) < 1 such that

(4.20) V(z(e)) < (1—0) V(2

for any solution x(t) of system (1.1) with the initial data 2° € L., and the control
u = uf(t,z%) given by (2.1).

As V € C?(D) is positive definite then VV(0) = 0, and Taylor’s theorem implies
the following inequality:

(4.21) V(z) < Bo|lz||> Va € Dy,
where 32V( )
X
2 = =
Bo=p Iseugo 92 ‘

is finite by Weierstrass’s theorem due to the compactness of Dy. By applying similar
argumentation to the function ||[VV (x)||?, we conclude that

IVV(@)]* < dof|z|* Va € Do
with some positive constant @s. Because of conditions (2.4), it follows that

(4.22) [VV(2)||? < aeV(z) Yz € Dy,
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where ay = az/f1 > 0. Inequalities (2.4), (4.21), and (4.22) imply that all conditions
of Lemma 3.2 are satisfied in Dy if z(¢) (0 <t < ¢) is a solution of system (1.1) with
the control u = u®(t,z), 2° € Dy.

In order to satisfy condition (4.20), it suffices to assume that

Cageu pl|RE)P Vel +ep)||RE) 0
SRETAIE VAl 27 e Dol

because of Lemma 3.2. Here the remainder R(e) of the Volterra series can be estimated
by Lemma 3.1 as follows:

(4.23) oe

(4.24) |R(e)|| < HW?(2°)e®  for 2° € Dy and W(a%)e < 1.

Here H is a positive constant,

(4.25) W(a%) = sup Y |uf(t, 2],
te(0,e] ;4

and uf(t,z") is given by (2.1). Condition (2.6) together with representation (2.1)
implies that

(4.26) W (z°) < C||2°||}/3e2/3

with some positive constant C for all z° € Dy.
Estimates (4.24) and (4.26) imply that condition (4.23) holds if

_ague pH?C%e? ~Vaea(l +ep)HC3e .

2 2/, N

Here & = o/e is a positive number. As «; is positive, we conclude that there exist
€max > 0 and & > 0 such that inequality (4.27) holds for all € € (0, emax]. With-
out loss of generality we suppose that such e, corresponds to the assumption of
formula (4.24), i.e., W(2%)emax < 1 for all 2° € Dy. Thus we have proved that
condition (4.23) is satisfied for each € € (0,emax] With o = o(e) = min(ge, 1). Let
us define € = min(é, emax), where € is a positive solution of inequality (4.18). Then
inequality (4.20) holds for any ¢ € (0,&] with o = o(¢) < 1 provided that 2° € Lo.

If 2° € B,(0), € € (0,], and u®(t,z) is given by formula (2.1), then the corre-
sponding m.-solution of system (1.1) z(¢) is well defined:

(4.27) o

x(ne) € Ley €Dy for n=0,1,2,...,

and z(t) € D for all t > 0 because of inequality (4.19). By iterating inequality (4.20)
for 29 € B,(0) C L,, we conclude that

(4.28) lz(@®)] < %onﬂe*;‘t for t=0,¢,2¢,...,
1

where

L k) S TR
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and X is an arbitrary positive number if ¢ = 1. For an arbitrary ¢t > 0, we denote

the integer part of £ as N = [L] and denote 7 = t — Ne < £. Then we apply

inequality (4.28) together with Lemma 4.1 to estimate x(t):
@) = lz(t) — x(Ne) + x(Ne)|| < lz(Ne)|| + [|=(t) — x(Ne)|

(429) < %”{EO”@_S\N‘S + % (eLW(z(Ns))s o 1) ’
1

L

where L, M, and W(z) are defined in (2.5), (4.17), and (4.25), respectively. Esti-
mates (4.26) and (4.28) imply the following asymptotic representation:

W (z(Ne)) = O(||z(Ne)||*/?) = O(e_S‘Ns/B) as N — +oo.
Then if follows from inequality (4.29) that
lzt)]| = O(e ™) as t — +o0
with A = A\/3 > 0. By using formulas (4.25) and (4.26), we conclude that

|us(t, z(2))]| = O(e™ /3) as t — +oo. 0

5. Stabilization of the Brockett integrator. Consider the control system
known as the Brockett integrator [9]:

(5.1) T1 = U1, T = ug, T3 = U1Ty — U2T1,

where © = (21, 72,73)" € R? is the state and u = (u1,us)’ € R? is the control. The
stabilization problem for system (5.1) has been the subject of many publications over
the past three decades (see, e.g., the book [5] and references therein). In particular,
it is shown that system (5.1) can be exponentially stabilized by a time-invariant
feedback law for the initial values in some open and dense set Q # R3, 0 ¢ int Q [4].
In this section, we construct a time-varying feedback law explicitly in order to stabilize
system (5.1) exponentially for all initial data.
System (5.1) satisfies the rank condition of form (1.2) with S = {(1,2)},

span{ fi(z), f2(2), [f1, fo](x)} = R® for each z € R3,
where the vector fields are fi(z) = (1,0,z2)’, fo(z) = (0,1, —z1)’,

(i, fl(e) = 229 1y ) — 2B gy = 0,0, -2

The family of controls (3.4) takes the form

2k
ul(t):U1+a12COS( il 12t),
3

5.2
( ) 27Tl€12

UQ(t) = V2 4 a12 sin <

t) , k12 € Z\ {0}.

For an arbitrary initial value 2° = (29, 29, 23)’ € R3 at t = 0, the solution z(t) of
system (5.1) with controls (5.2) is represented by (3.5) as follows:

z1(e) = 29 + vy, xa(e) = 2§ + evo,
2

£
(5.3) z3(e) = 2§ + € (v12§ — vox?) — S

a12 (alg — 2’U1 )
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Note that representation (5.3) is exact (i.e., the higher order terms R(¢) in the Volterra
expansion vanish) as system (5.1) is nilpotent. This implies the following lemma.

LEMMA 5.1. For arbitrary 2° = (29,29,29) € R3, 2! = (2}, 21, 23) € R3, and
e > 0, define the controls u; = u1(t) and us = ua(t) by formulas (5.2) with

g —af xy — aj
V1 = , U2 = )
€ €
1 0
Ty — 21

1
a1y = + g\/(x% —29)2 + 27mky2(2§ — 2 + 22l — 20a2l).

3

Then the corresponding solution x(t) of system (5.1) with initial data x(0) = a°

satisfies the condition x(g) = z*.

To solve the stabilization problem for system (5.1), consider a Lyapunov function
candidate

1
5(3:% + a:% + a:%)

Following the approach of Theorem 2.2, we define a time-varying feedback control to
approximate the gradient flow of —VV (x) by trajectories of system (5.1):

Vix) =

(5.4) W (8, 7) = o1 () + a() cos (2”’;(“”) t) ,
(5.5) WwS(t,x) = v () + alz) sin (27”2(9”) t> ,
where
or(@) = —a1, va() = a2, k(z) = signas,
o ={ [rEVE L o g

Without loss of generality, we may assume any integer value for k(x) if x5 = 0.

By Theorem 2.2, the feedback control (5.4)—(5.5) ensures exponential stability
of the equilibrium =z = 0 in the sense of m.-solutions, provided that € > 0 is small
enough.

6. Simulation results. In this section, we perform numerical integration of the
closed-loop system (5.1) with the feedback law u = wu(t, z(t)) of form (5.4)—(5.5).
Trajectories of this system are shown in Figures 1 and 2 for ¢ = 1 and the following
initial conditions:

I (0)

2(0) =0, 3(0) 1 (Figure 1),
x1(0) x3

To (0) =1 (Figure 2).

These simulation results show that the feedback law (5.4)—(5.5) steers the Brockett
integrator to the origin not only in the sense of 7.-solutions (as stated in Theorem 2.2),
but also in the sense of classical solutions.

7. Conclusion. In this paper, a family of time-dependent trigonometric poly-
nomials with coefficients depending on the state has been constructed to stabilize the
equilibrium of a nonholonomic system. These coefficients are obtained by solving an
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Fi1G. 1. Trajectory of the closed-loop system (5.1), (5.4), (5.5) for z1(0) = z2(0) =0, z3(0) = 1.

-1
0.8
0.6 x3
0.4

F1G. 2. Trajectory of the closed-loop system (5.1), (5.4), (5.5) for z1(0) = z2(0) = z3(0) = 1.

auxiliary system of quadratic algebraic equations involving the gradient of a Lyapunov
function. An important feature of this work relies on the proof of the solvability of
such a system for an arbitrary dimension of the state space provided that the Lie
algebra rank condition is satisfied with first order Lie brackets. It should be empha-
sized that this result is heavily based on the degree principle as the implicit function
theorem is not applicable for a nondifferentiable function G, (§) in Lemma 2.3.

Another important remark is that our design scheme produces small controls
u®(t, x) for small values of ||z||, and the frequencies of the sine and cosine functions
are constant for each fixed € > 0. This feature differs from the approach to the motion
planning problem that uses a sequence of high-amplitude highly oscillating open-loop
controls (see [22, 17]).
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The proof of Theorem 2.2 is considered as an extension of Lyapunov’s direct

method, where the decay condition for a Lyapunov function is guaranteed by exploit-
ing the Volterra expansion instead of using the time derivative along the trajectories.
Although the exponential stability result is established for 7.-solutions under a sam-
pling strategy, simulation results demonstrate the convergence of classical solutions of
the closed-loop system to its equilibrium. Thus, the question of the limit behavior of
classical (or Carathéodory) solutions of system (1.1) with the feedback control (2.1)
remains open for further theoretical studies.

Acknowledgment. The author is grateful to Prof. Bronistaw Jakubczyk for

valuable discussions.

REFERENCES

A. A1iLoN, N. BERMAN, AND S. AROGETI, On controllability and trajectory tracking of a kine-
matic vehicle model, Automatica J. IFAC, 41 (2005), pp. 889-896.

Z. ARTSTEIN, Stabilization with relazed controls, Nonlinear Anal., 7 (1983), pp. 1163-1173.

M. ALAMIR AND N. MARCHAND, Constrained minimum-time-oriented feedback control for the
stabilization of nonholonomic systems in chained form, J. Optim. Theory Appl., 118
(2003), pp. 229-244.

A. AsTOLFI, Discontinuous control of the Brockett integrator, Eur. J. Control, 4 (1998), pp. 49—
63.

A. M. BLocH, Nonholonomic Mechanics and Control, Springer, New York, 2003.

A. BOMBRUN AND J.-B. POMET, The averaged control system of fast-oscillating control systems,
SIAM J. Control Optim., 51 (2013), pp. 2280-2305.

S. Boyp, L. O. CHuA, AND C. A. DESOER, Analytical foundations of Volterra series, IMA J.
Math. Control Inform., 1 (1984), pp. 243-282.

R. W. BROCKETT, Control theory and singular Riemannian geometry, in New Directions in
Applied Mathematics, P. J. Hilton and G. S. Young, eds., Springer, New York, 1981,
pp. 11-27.

R. W. BROCKETT, Asymptotic stability and feedback stabilization, in Differential Geometric
Control Theory, R. W. Brockett, R. S. Millman, and H. J. Sussmann, eds., Birkhiuser,
Boston, 1983, pp. 181-191.

C. CaNuDpAs DE WIT AND O. J. SORDALEN, Ezponential stabilization of mobile robots with
nonholonomic contstraints, IEEE Trans. Automat. Control, 37 (1992), pp. 1791-1797.

F. H. CLARKE, Y. S. LEDYAEV, E. D. SONTAG, AND A. 1. SUBBOTIN, Asymptotic controllability
implies feedback stabilization, IEEE Trans. Automat. Control, 42 (1997), pp. 1394-1407.

J.-M. CoroN, Control and Nonlinearity, AMS, Providence, RI, 2007.

J.-P. GAUTHIER, B. JAKUBCZYK, AND V. ZAKALYUKIN, Motion planning and fastly oscillating
controls, STAM J. Control Optim., 48 (2010), pp. 3433-3448.

P. HARTMAN, Ordinary Differential Equations. 2nd ed., Classics Appl. Math. 38, SIAM,
Philadelphia, 2002.

F. JEAN, Control of Nonholonomic Systems: from Sub-Riemannian Geometry to Motion Plan-
ning, Springer, Cham, Switzerland, 2014.

M. A. KRASNOSEL'SKIJ AND P. P. ZABREJKO, Geometrical Methods of Nonlinear Analysis,
Springer-Verlag, Berlin, 1984.

W. Liu, An approzimation algorithm for nonholonomic systems, STAM J. Control Optim., 35
(1997), pp. 1328-1365.

P. MorIN AND C. SAMSON, Control of nonholonomic mobile robots based on the transverse
function approach, IEEE Trans. Robot., 25 (2009), pp. 1052-1073.

R. M. MURRAY AND S. S. SASTRY, Nonholonomic motion planning: Steering using sinusoids,
IEEE Trans. Automat. Control, 38 (1993), pp. 700-716.

H. NIUMEIJER AND A. VAN DER SCHAFT, Nonlinear Dynamical Control Systems, Springer, New
York, 1990.

E. P. RyaN, On Brockett’s condition for smooth stabilizability and its necessity in a context of
nonsmooth feedback, STAM J. Control Optim., 32 (1994), pp. 1597-1604.

H. J. SussmMANN AND W. Liu, Limits of highly oscillatory controls and the approximation
of general paths by admissible trajectories, Proceedings of the 30th IEEE Conference on
Decision and Control, IEEE, New York, 1991, pp. 437-442.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/27/16 to 193.175.53.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1696 ALEXANDER ZUYEV

[23] H. J. SUSSMANN, New differential geometric methods in nonholonomic path finding, in Sys-
tems, Models and Feedback: Theory and Applications, A. Isidori and T.-J. Tarn, eds.,
Birkhauser, Basel, 1992, pp. 365-384.

[24] G. WALsH, D. TILBURY, S. SASTRY, R. MURRAY, AND J. P. LAUMOND, Stabilization of Tra-
jectories for Systems with Nonholonomic Constraints, IEEE Trans. Automat. Control, 39
(1994), pp. 216-222.

[25] A. ZUYEV, Stabilization of non-autonomous systems with respect to a part of variables by means
of control Lyapunov functions, J. Automat. Inform. Sci., 32 (2000), pp. 18-25.

[26] A. ZUYEV, Partial Stabilization and Control of Distributed Parameter Systems with Elastic
Elements, Springer, Cham, Switzerland, 2015.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	Stabilization with sampling controls
	Oscillating controls and representation of solutions
	Proof of the main result
	Stabilization of the Brockett integrator
	Simulation results
	Conclusion
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


