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1. Introduction

Over the past decade, several superstring [1,2,3,4,5] and field-theory scattering amplitudes
[6,7,8] have been computed in manifestly supersymmetric form using the pure spinor for-
malism [9]. Computations in the minimal pure spinor formalism relied extensively on the
BRST invariance of the amplitude prescription as a way to organize the intermediate
steps and to simplify the answers. At tree level, this method led to a general solution in
closed form for the n-point integrand for both the open superstring [3] as well as its field-
theory limit [6]. At higher loops — apart from the four-point one- and two-loop amplitudes
of [1,10,2] — the superstring computations of [4,5] so far were restricted to the low-energy
limit of the integrand. This limit only receives contributions from a subset of the zero-
modes of the pure spinor b-ghost and leads to a simpler analysis of OPE singularities
among external vertex operators.

In 2012 [11], the one-loop open superstring n-point integrand restricted to the above
zero-mode contributions of the b-ghost was computed in closed form in terms of scalar
BRST invariants denoted by Cj 4, p,c- These BRST invariants were later given a recursive
construction in terms of ten-dimensional SYM superfields including a general expansion in
terms of field-theory tree amplitudes [12]. Although the permutation-invariant integrands
in [11] yield the desired low-energy behavior, they fail to reproduce the hexagon gauge
anomaly on the boundary of moduli space.

The long-term goal of this project is to lift the restriction of b-ghost zero-modes from
the one-loop analysis of [11] in order to obtain the complete and supersymmetric n-point
one-loop amplitudes of the open superstring. In this paper we take the first step and write
the complete six-point one-loop integrand for open and closed superstrings in pure spinor
superspace. These results reproduce the pure spinor analysis of the gauge anomaly in [13]
and match previous computations done with the RNS formalism. But unlike the RNS
answer which is restricted to gluon amplitudes (see [14] for the parity-even and [15,16]
for the parity-odd part), the result of this paper is fully supersymmetric and naturally
unifies the contributions from both the even and the odd spin structures. Moreover, the
worldsheet integrals for both open and closed strings are cast into a basis. For closed
strings, a new factorized representation of the five-point kinematics paves the way for an
efficient organization of the six-point result.

Since the gauge anomaly probes non-standard contributions from the b-ghost beyond
the zero-mode analysis of [11], the six-point one-loop result of this paper harbors important
insights about a difficult corner of the pure spinor formalism which currently inhibits

further progress in multiloop computations.



2. Review: the hexagon anomaly and its cancellation

2.1. The pure spinor description of the anomalous gauge variation

The gauge variation of the six-point open-superstring amplitude at one loop using the pure
spinor formalism was computed in [13]. This subsection briefly reviews that derivation.
The non-minimal pure spinor prescription to compute a one-loop amplitude in the

type-I superstring with a SO(N) gauge group is given by [17]

An =Y Giop /OOO dt/A dzadzs ... dzw (N (b, Vi [ Us(2))) - (2.1)

top top j=2

The sum is over the three worldsheet topologies at one-loop with Giop, and A¢op, de-
noting their corresponding Chan-Paton factors and integration domains for z;. Denot-
ing the generators of SO(N) in the fundamental representation by ¢, the Chan—Paton
factors for the cylinder with all particles attached to one boundary and the Mobius
strip are given by Gp = Ntr(t*t*2¢*3¢*¢%¢%) and Gy = —tr(t*t*2¢%sttts¢%),
When particles are attached to both boundaries of the cylinder one has, for example,
Gnp = tr(t®t*)tr(t*st*4t*>t* ). The integration domains will be elaborated in section 3.3.

Furthermore, t is the one-loop Teichmiiller parameter and g the Beltrami differential,
b is the b-ghost (see [17] for the expression in the non-minimal formalism and [1,18] for its
schematic form in the minimal formalism), and (b, 4) = [ d*w b(w)u. The massless vertices
are [9]

V=X"4q, U=080"Agq+1I" Ay + doW* + %Nmnan (2.2)

with pure spinor A* subject to (Ay™\) = 0, linearized superfields [A,, Ay, W, Fyp] of
ten-dimensional SYM [19] and worldsheet fields [00%, 11", d,, N™"] of conformal weight
h = 1 whose OPEs can be found in [9]. Finally, N regulates the integration over the
non-compact space of pure spinors [17].

As in the original derivation of [20], the gauge variation of the amplitude can be

computed directly by replacing the vertex operators by their gauge variation
oV1 = Q0 0Us = 0925, (2.3)

where §2; are scalar superfields, and the BRST charge is defined by

Q=)\"D, , Dazi-i-

o+ 5 OmO)ak™ (2.4)

N =

w



Since the total derivatives 0§2 = 2—222 from the integrated vertex operators are suppressed
by the boundary contribution z; — z; of the integrand, the gauge variation of the six-point

amplitude becomes

6
6 A = ZGtop/ dt/ - dzg (N(b, 1)(Q) H (2.5)
top Avop j=2
:-%Gtop/ dtatAtop dZG<NQIJ]‘:_[2U z

To arrive at the second line the BRST charge was integrated by parts. The only non-

vanishing contribution comes from {Q, b} = T and gives rise to a factor of (T, u) which in

9
ot

turn leads to a total derivative 5 on moduli space [21].

The correlator in the second line of (2.5) can be easily evaluated by consider-
ing the saturation of fermionic zero-modes of the fermionic field d,. It is well known
[17] that at one loop the regulator N provides eleven zero-modes of d,, so the ver-
tices contribute the remaining five in order for the variation (2.5) to be non-vanishing,
(dW2)(dW3)(dWy4)(dWs5)(dWs). Integrating the pure spinor zero-modes has the effect of

replacing do, Ao daa o, Qo —> (AY™) e (AY™) 0o (AYP) e (Yemnn Jawas 122], and (2.5) becomes
placing do, da,dagda,das = (AMY™)ay (A )as (AP)as (Ymnp)asas [22], (2.5)

5A; ~ K Giop / sz...dz6<ﬁeikj'm<%‘%>>zjff (2.6)
j=1

top top

with the following kinematic factor for the hexagon gauge anomaly [13]
K = (@i (A" Wa) (M W3) (AP Wa) (WsYnp W) - (2.7)

The standard correlator of plane waves e*¥3"#(%:%i) ig detailed in section 2.5. The component

expansion of (2.7) can be computed using the zero-mode integration prescription [9]
((M™0)(A"0)(AP0) (07imnpt)) = 2880 (2.8)

and, when restricted to gluonic fields, is proportional to €m0, ...msns kg 5" ... ki 7eg®. In
the next sections the result (2.6) will be re-derived from the gauge variation of an explicit

expression for the six-point amplitude at one loop.
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2.2. Multiparticle kinematic building blocks

The zero-mode structure of the six-point one-loop amplitude in the pure spinor formalism
(2.1) allows for two OPEs among massless vertex operators. Such OPEs can be recursively
addressed using non-local multiparticle superfields Kp € {AL, A% W Fmn} of ten
dimensional SYM [12]. They are referred to as Berends-Giele currents and defined by
Kp= i > Kixyy (2.9)
XY=P
where the multiparticle label P = 12...p encompasses p external legs. The sum in (2.9)
instructs to deconcatenate P into non-empty words X = 12...75and Y =j+ 1...p with
J=1,2,...,p—1. The shorthand K[x yj is used to represent all the four types of superfields

simultaneously. More explicitly [23],

APQ) = _% [AP (K7 - AQ) + AP (v"WQ),, — (P & Q)] (2.10)
AP = AR (R A9) + ALFG, — WP W) — (P Q)] (211)
1
Wik.a) = 5 (K8 + k) [Ap(1mWa)s — (P < Q)] (2.12)
Fpm = kpAp —kp AR — ) (ARAL — AXAY) . (2.13)
XY=P

Multiparticle momenta for P = 12...p and their associated Mandelstam invariants are

given by )
kp =k + k3 44 k) 3pz§k,23. (2.14)
Furthermore, we define the multiparticle version of the vertex operator V' in (2.2) as
Mp = XAL (2.15)
such that M; = V,. The zero-mode saturation in the pure spinor one-loop amplitude

prescription selects certain superfields from the integrated vertex operators U in (2.2), such
as Vi(AymWa) (A, W3) F™™ in the four-point amplitude [1]. Promoting the superfields to

their Berends—Giele currents such as W — W¢ suggests the following definitions,

1
Ma o = g()\vmWA)()\vnWB)fénn + (A<« B,C) (2.16)

1
Wikecn =15 [(Way™PWi) (A We ) (MpWp) + (A, B|A,B,C, D)]  (2.17)
Mypcp=Wisenp+ [A¥Mp.cp+ (A< B,C,D)] (2.18)
Mg cpep=AMWEcop et AWMEcpr+ (A< B,C,D,E), (2.19)
which automatically capture the results of iterated OPEs. In (2.17) and later places, the
notation (ai, ..., a,|ai, ..., a,) instructs to sum over all possible ways to choose p elements

ai, @z, ...,ap out of the set {ai,...,a,}, for a total of (Z) terms.
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2.8. BRST invariants

The zero-mode bracket in (2.8) which picks up the unique scalar of order 305 from the
enclosed superfields converts BRST invariants S(A,#) into supersymmetric and gauge-
invariant components (S(A,#)) [9]. Moreover, BRST-exact superfields are annihilated,
(Q(E(A,0))) =0 [9]. These properties already motivate to study the BRST cohomology to
foresee kinematic factors in field-theory and string amplitudes in pure spinor superspace.

From the covariant BRST transformations of one-loop building blocks in (2.16) to (2.18)

QMa= ) MxMy,

XY=A
QMa B.c = Z (MxMy,pc —MyMx pgc)+ (A« B,C), (2.20)
XY=A
QMi'pcp= E: (MxMy'p cp— MyMyY g cp)+kyMaMpcp+ (A< B,C,D),
XY=A

one can recursively construct BRST-invariant scalars [12] such as

Chi23as = MiMaz g5 + M1oM3 45 — MisMa 4 5,
Chi234,56 = M1 Maza 56 + M12M3zy 56 + MiasMy 56 — Mi2aMs 56
— M4 Ms3 56 — MisoMsz 5.6 + MiazMa 56, (2.21)
Chi23,45,6 = M1 M23 456 + M12Mays 36 — M13Mys 2.6 + M14Maz 56 — MisMa3 46
+ [Mi24M3 56 — MizaMa 56 + MiaoMs 56 — MiasMas 6 — (4 > 5)],

and vectors [12] such as

Cllosas = MiM3%y 4 5+ (k5 MioMs a5+ (2 ¢ 3,4,5)]
Cllasas6 = MiMgs 4 56 + Mo M3l 5 6 — MisMyly 5 6 (2.22)
+ [k§* Moz My 5.6+ (3 <> 4,5,6)] — [k5 MizaMase + (2 > 4,5,6)]
+ [k M14 Mo 5.6+ k" MiaoMs 56 — ki Miazs M 5.6 4 (4 <+ 5,6)] .

Their gauge-invariant bosonic components (Cjja 5,c) and (CﬁA B.C. p) determined from
the zero-mode prescription (2.8) can be downloaded from [24]. As detailed in section 3.1,
the scalars in (2.21) enter one-loop open-string amplitudes [11] but fail to explain the
hexagon anomaly in view of their BRST invariance QC1|4,p,c = 0. The vectors Cﬁ“ A.B.C.D
in turn are essential to efficiently represent the interactions between left- and right-movers

in closed-string amplitudes, see section 4.



2.4. BRST pseudo-invariants

The hexagon gauge anomaly can be equivalently seen from a breakdown of BRST invari-
ance, see appendix C for further details. Hence, the superfields in the anomaly kinematic
factor (2.7)

1
Ya,B,c,D.E = 5(MmWA)(M"WB)(MPWC)(WD%WWE) (2.23)

are required to appear in the BRST variation of the six-point open-string amplitude. We
will refer to gauge and BRST anomalies interchangeably in the rest of the paper.
The tensorial building block (2.19) selected by zero-mode arguments exhibits an
anomalous BRST transformation of this type in its trace component [25],
QM cpm =] > (MxMPhcpp—MyME%hcpp) (2.24)
XY=A
+ 26" MAMp) ¢, p g+ (A & B,C, D, E)| + 6™ Vapcnp .

The same anomaly building block Y4 B,c,p,r appears in the context of a scalar anomaly
current whose single-particle version reads [25]
1 m m m
Joj3,45,6 = §A2 (M3l 56+ Wsa56) (2.25)
QIojz,45,6 = ky' Mo M3y 5 6 + [s23MagMy 56+ (3 4+ 4,5,6)] + V23456 -
While the above definition suffices for the six-point amplitude, a general definition with
multiparticle labels can be found in [25].
Instead of a BRST-invariant completion such as the scalars and vectors in (2.21) and
(2.22), the recursions of [25] select the combinations
M ase = MM s 6+ 2[kS" M1z M3, 5 6 + (3 ¢+ 4,5,6)] (2.26)
+2 [kémkg)(Mms + Mis2) My 56+ (2,3]2,3,4,5,6)]
Pyj2i3.4,56 = M1J2j3,4,5,6 + Mi2ks' M3"y 5 6 + [s25Mi123 My 56+ (3 4> 4,5,6)] (2.27)

for the tensor (2.19) and the anomaly current in (2.25). Since their BRST variations are

exclusively furnished by the anomaly superfields in (2.23),

Q ﬁ£3,4,5,6 =—=0""V1)23.4556 QP1|2|3,4,5,6 = —V1)23456, (2.28)

these superfields are referred to as BRST pseudo-invariants. The motivation for this ter-
minology stems from the purely parity-odd bosonic components which appear in the cor-
responding gauge variations such as (2.7) [25]. This ties in with the linearized gauge trans-

formations e; — k; of the expressions for (Py2(3,4,5,6) and (C’{TQ"Z,, 156 on the webpage [24].

7



2.5. Worldsheet functions

String amplitudes augment kinematic factors with worldsheet integrals where the former
conspire to BRST invariants or pseudo-invariants once the integrals are reduced to a basis.
At one loop, the worldsheet integrand comprises doubly-periodic functions of the insertion
points of the vertex operators such as the bosonic Green function on a genus-one surface
with modular parameter 7,

27

— = (Imz;5)? (2.29)
T2

01 (z7) |°
01(0|7)

where z;; = z; — z; and 79 = Im(7). Derivatives w.r.t. the first argument of 6,(z|r) are

In

Gij = G(ZZ]|7'>

interchangeably denoted by a tick and by 0 = %. Exponentials of (2.29) give rise to the
Koba—-Nielsen factor from the plane-wave correlator seen for instance in (2.6):

I(syy) < H ik m(zg,zj)> _ ﬁ { exp [ o stij] . closed St.ring , (2.30)

exp [204 Sij Gij] : open string

see (2.14) for the conventions for Mandelstam invariants s;;. As a main result of this
paper, we give a representation for the six-point open-string integrand such that its BRST
variation builds up the modular derivative of (2.30) required by the anomalous gauge

variation (2.5). For this purpose, we recall a set of doubly-periodic functions f (”)(zij |T) =

f ™) With n = 0,1,2,... described in [26] which were identified as a convenient language
for one-loop superstring amplitudes. In particular, it turns out that
Im(z;
F = 0,G(zi517) = 06y (ziy|7) + 2 % (2.31)
1 Im(2;;)\ 2
fi(jQ) = —{ (6 In 6y (2;;|7) + 2mi %) — p(zm|7‘)} (2.32)
with symmetries fi(jl) f](zl ), fi(jz) = f](l2 ) and WeierstraB function [27]
67" (0|7)
= _ 5 Z1 AT
p(z|T) = =0 Inb(z|T) + 367 (0]7) (2.33)
suffice to describe the six-point amplitude. They are related via Fay’s identity as [26],
f(l)f(l) + f(l)f(l) + fk(j)f(l) f(2) + f(2) + f(2) (2.34)

and one can show that the short-distance singularities of (91n;)? and g drop out from
(2.32), rendering fi(f) non-singular as z;; — 0. The relation of fi(f) with the 7 derivative of

the Green function (2.29) is explained and applied in section 3.3. The net result

0
v —Z(si5) ~ Z(sij Z szjfl(f) (2.35)

0 =
with ' = 1/t connects the derivative in moduli space appearing in the gauge variation

(2.6) with the function fi(jz) in the anomalous six-point correlator (3.7).
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3. The complete six-point amplitude of the open string

In applying the pure spinor one-loop prescription (2.1), the non-zero modes of the b-ghost
lead to cumbersome CFT calculations. One way to address this difficulty is to use the
BRST invariance of the pure spinor formalism as a guiding principle to write down the
answers directly. This will be done in this section for the open-string six-point amplitude;
the result contains two classes of kinematic factors: BRST invariants (K¢) and pseudo-

invariants (KT'). Recalling the zero-mode prescription (...) in (2.8), our conventions are

o o oo dt
AG = ZGtop<Ag p> , Ag P — /0 t_5 A dzodzs ... dzg I(Sij) (ICGC + ICéD) . (31)

top top

A separate analysis will be performed for each sector, and the pseudo-invariants K will
shortly be defined such as to make contact with the kinematic factor (2.7) of the anomalous

gauge variation.
3.1. The non-anomalous part of the worldsheet correlator

A gauge-invariant subsector of one-loop open-string amplitudes which describes the low-
energy behavior has been analyzed to all multiplicities in [11]. Its kinematic factors are
captured by the BRST-closed scalars Cj 4 p,c in pure spinor superspace as exemplified
in (2.21). Their derivation considers only the zero-mode contributions from the b-ghost
leading to the scalar building blocks (2.16) and follows from integration by parts identities
of the worldsheet functions associated to OPE singularities to reduce the integrals to a

basis. More specifically, products of worldsheet propagators (2.29) and s;; in (2.14),
X = 5. fD _ 5. 0G 5.2
ij = Szjfw Sij ij s ( . )

can be conveniently manipulated by discarding! total derivatives acting on the Koba—

Nielsen factor (2.30):

OpL(sij) = &/'L(si5) > Xpg - (3.3)
q#p

. . . . . OL/S‘ 1
! Boundary terms in z; do not contribute since the exponential of a’s;;G; vanishes as Zi;
for z; — z;. This is obvious if s;; has a positive real part, whereas the vanishing for generic

momenta follows from analytic continuation [28].
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A basis of worldsheet functions in open- and closed-string correlators can be attained by
removing any explicit appearance of the fixed insertion point z; along with X;; through
the addition of total derivatives (3.3) with respect to z;.

In terms of the worldsheet functions (3.2) and the BRST invariants Cj4 p,c, a

permutation-invariant kinematic factor for the six-point amplitude (3.1) is given by [11]

K§ = [Xo3(Xoa 4+ X34)Chj23a,5.6 + Xoa(Xos + Xu3)Chj2az 5,6 + (2,3,4]2,3,4,5,6)]

(3.4)
+ [X23X45C1|23,45,6 + X24X35C1 24,356 + X25X34C1 125,346 + (6 <+ 5,4,3,2)] .

As initially observed in [11], the scalar BRST invariants C; 4 p,c can be re-expressed in

terms of color-ordered SYM tree amplitudes. At six points, the identities [12]

<Cl|234,5,6> = S56 [845AYM(17 27 37 47 57 6) - 335AYM(17 27 47 37 57 6)

— 53547 (1,4,2,3,5,6) + 50547 (1, 4,3,2,5,6)] (3.5)
(Chi23.45,6) = Saes36A M (1,2,3,6,4,5) — sses364" ™V (1,2,3,6,5,4)
— 546826AYM(17 37 27 67 47 5) + 556826AYM(17 37 27 67 57 4) ) (36)

allow to straightforwardly express all the polarization dependence of (3.4) in terms of
AYM(_ ). However, the above BRST-invariant integrand K§ cannot be the complete an-
swer for the six-point open string amplitude since it would imply manifest gauge invari-
ance?. In the following, we will show how the anomalous part of the amplitude can be

described using the BRST pseudo-invariants derived in [25] and reviewed in section 2.4.

3.2. The anomalous part of the worldsheet correlator

In order to correctly describe the anomalous part of one-loop amplitudes, the kinematic
factor KL in (3.1) cannot be BRST invariant. According to (2.5), its BRST variation must
add up to a total derivative in moduli space and reflect a parity-odd gauge variation. For
this purpose, the notion of a pseudo BRST cohomology was introduced in [25] along with
recursive method to construct pseudo-invariants of arbitrary multiplicity and tensor rank.
Its scalar six-point representative Pjo(3.4,5,6 has been defined in (2.27), and its BRST vari-
ation —V1)V2 3456 in terms of the superfields (2.23) tie in with anomaly kinematic factor
(2.7). That is why this superfield is suitable to describe the anomalous gauge variation of

the six-point integrand.

2 We are grateful to Michael Green for insisting on a clarification of this point.
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Using the above pseudo-invariants, the anomalous part of the six-point correlator (3.1)

will be argued to be
K& = [Slzfl(g)P1|2|3,4,5,6+ (24+3,4,5,6)] + [323f2(§)P1|(23)|4,5,6+ (2,312,3,4,5,6)] , (3.7)
with f) in (2.32) and

Py (23))4,5,6 = P2i31,4,5,6 — P2(113,4,5,6 T P1|2/3,4,5,6 - (3.8)

Its BRST and gauge variations

6 6
QK = -Vidasase Z Sijfi(;) ; SKE = - Ve 3456 Z Sijfi(jQ) +Q(..) (3.9)

1<j 1<j
will be identified as a boundary term in moduli space in section 3.3. Therefore the anomaly
cancellation for gauge group SO(32) can be proven as in the RNS formalism and will not

be repeated here [20,29,15,16].

In contrast to the BRST-invariant kinematic factors C;4 p,c in (3.5) and (3.6), the
pseudo-invariant Pjz3 45,6 cannot be expressed in terms of SYM tree-level subamplitudes.

Two classes of tensor structures in its bosonic components [24] pose an obstruction:

1. terms of the schematic form (e; - k;)® where all the six gluon polarization vectors e;
with ¢ = 1,2,...,6 are contracted with an external momentum

2. parity-odd terms involving the ten-dimensional Levi-Civita tensor €,,,m,...m0

It is easy to see from Feynman rules and worldsheet supersymmetry that parity-even

contractions (e;-k;)® are absent in tree amplitudes of both SYM and the open superstring?.

3.2.1. Motivating the BRST pseudo-invariant worldsheet correlator

The pseudo-invariants Pjjgj3.4,5,6 in (2.27) are symmetric under permutations of 3,4,5,6
whereas the “reference leg” 1 is fixed by the choice of unintegrated vertex V; in the ampli-
tude prescription (2.1). This motivates to associate P;|g|3,4,5,¢ With the worldsheet function
1(5) in (2.32). This reasoning associates five instances ff?, 1(?, cees 1(2) out of the 15 func-
tions {fi(jz), 1 <14 < j <6} with a natural kinematic companion Py|33.4.5,6, - - - » P1/6]2,3,4,5-
The form of the remaining kinematic factors can be inferred from the symmetry prop-

erties of the anomalous correlator KE'. In contrast to the permutation-invariant expression

3 For an exploitation of this property in the RNS formalism, see [30,31].
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for K§ in (3.4), symmetry of K under exchange of the unintegrated leg (1 <« 2) is
slightly broken by the anomaly. This can be traced back to the different response of un-
integrated and integrated vertex operator to gauge variations, see (2.3). The anomalous
BRST variation (2.28) makes reference to V; in the prescription, and different choices of

the unintegrated vertex are related by [25]

QV123456 = V123456 — Vod13.456 (3.10)

with a two-particle version )i23.4,5¢6 of the anomaly building block (2.23). This BRST
variation reproduces the antisymmetric part of the anomalous gauge variation (2.7), and
a detailed account on the emergence of V123456 can be found in appendix A. From this
discussion, the kinematic coefficient of the function fl(g) = 2(%)
BRST generator in (3.10) [25],

is symmetric up to the

<P1|2|3,4,5,6> = <P2|1|3,4,5,6 —V12,3456) - (3.11)

We interpret the superfield V234,56 as an anomaly-transporting term between external
legs 1 and 2. Just as the anomalous gauge variation (2.7), its bosonic components are
parity odd,

_ P3 1.P41.P5 1.P6 41 .42 de
<y12,3,4,5,6> - _6p3P4P5P6¢J1Q2~«QGk3 k4 ks k6 €1 €3~ €5 (3'12)

see appendix B of [25] for a general argument.

Accordingly, the coefficient of f2(§) cannot follow from a naive relabeling of the legs in
the combination fl(g) < 812P1)213,4,5,6 Since QPy311,4,5,6 = —V2)1,3,4,5,6- However, we see
from (3.10) that the anomalous BRST variation can be corrected via V12 3.4 .5,6. In view of

(3.11), the natural candidate to multiply the function f2(§) is Py|(23)[4,5,6 in (3.8) with

QP (23)14,5,6 = —V1)2,3,4,5.6 - (3.13)

The 2 <+ 3 symmetry suggested by f2<§) = f:g) can be checked to hold,

<P1\(23)\4,5,6 - P1\(32)|4,5,6> = <P1\2\3,4,5,6 - P2|1|3,4,5,6 + cye(1,2,3)) (3.14)
=—(V12,3,45,6+ V231,456 + Vs1,2456) =0,
where the cyclic combination of )’s in the second line is BRST trivial under six-particle

momentum conservation k33,55 = 0 [25] (cf. (3.12) for the vanishing of the bosonic com-

ponents). In the interpretation of (Vi23456) as an anomaly transportation term, the
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vanishing of (3.14) can be made plausible since the second line describes an anomaly
transportation around a closed loop 1 —+ 2 — 3 — 1. Note that an alternative cohomology

representation of Pj|(23)(4,5,6 is given by [25]

<P1\(23)\4 5,6) = _< k' — k3" >01|23 4,56 T Pyi312,4,5,6 + P112/3,4,5,6
+ [33401|234,5,6 + 524C1 324,56 + (4 < 5, 6)]> . (3.15)

The symmetry properties of the anomalous correlator can be summarized as

2
(K |1ers = K6) = V12,3.456) ZSU 2(3)7 (K& | s —KE) =0, (3.16)

1<J

see appendix A for a derivation from the amplitude prescription (2.1). The analysis in sec-
tion 3.3 will also identify the failure of permutation invariance in (Kf') as a boundary term.

In addition to the above plausibility arguments in superspace, we have explicitly tested
the anomalous correlator (3.7) for consistency with the RNS computation of the six-gluon
amplitude. The technical aspects of this consistency check are explained in appendix B.
The RNS computation must be carried out separately for the parity-even and the parity-
odd sector. The former is presented in B.1, mostly guided by the results of [14,32,26]. The
parity-odd counterpart presented in appendix B.2 largely follows the computations in [15]
apart from the presentation of worldsheet functions. In the pure spinor representation of
the correlator in (3.7), both parity sectors are unified through the component expansion

of the pseudo-invariants (P;|2)3,4,5,6) and (Pi|(23)4,5,6)-
3.3. The BRST and gauge transformations as boundary terms

In this subsection, we discuss the scalar integrals accompanying the anomalous BRST and
gauge variations (3.9) of the six-point amplitude. In particular, they are now demonstrated
to describe boundary terms in the moduli space of open-string worldsheets.

In order to relate the BRST variation (3.9) of K} to a total derivative with respect
to the modular parameter, it is worthwhile to express the functions fﬁ) in terms of the 7

derivative of the bosonic Green function (2.29). For generic complex arguments, the heat

equation 47TZM 0%01(z|7) obeyed by the theta function in (2.33) implies that
/0G Im 2 07'(0|r) 7
(2) — £(2) _9 ( Pq Pq ) 1 - 1
f f (qu‘T) ™ (97' + Ty aqu + 39/1(0‘7_) Ty (3 7)
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In a convenient parametrization of open-string worldsheets, the arguments z,,, 7 of the
Green function (2.29) have constant real parts and are integrated over their imaginary
parts vpq = vp — V4 and t:

(1pq, it) : p and ¢ on the same cylinder boundary

(2pg> T) = { (iVpg + %,it) : p and ¢ on different cylinder boundaries (3.18)
(iVpg, it + 1) : Mobius strip

The integration domains Ay, for vertex insertions in (2.1) and (3.1) are then given by

Ap={0<1 < <...<ys <t}

AN:{0§V1§V2<...§V6§2t} (319)

Anp={0<v,ru<tand 0<wv3...<vs <t},

where Ap and Ay are adapted to the single-traces over t%¢®2t*3¢%4¢?t% and Ay p refers
to the non-planar cylinder diagram with color factor Gxp = tr(t®1t%2)tr(t*sttst%).
Hence, the functional dependence of G, on the real parameters v,, and t is given as

follows in the three inequivalent configurations:

(
Gpq = G(ivpg +0lit+) , (d,e) =1 (
(

,0) :pand g on the same cylinder boundary
0) :p and g on different cylinder boundaries
3) : Mdbius strip

O O

(3.20)
Since the difference between planar and non-planar cylinders and the Mobius strip amounts

to a constant shift of its arguments, G, in (3.20) satisfies a universal differential equation,

oG Vpq OG 0G,,\2 0°G

4 ( pa | Vpq pq) _ _( pq) _ Pq . 3.91
"ot Tt o, v, gz W (3:21)

The function ¢(t) does not depend on v, and will therefore drop out from the later discus-

sion. The differential operator on the left hand side can be recognized as a derivative* in

the Jacobi transformed modular parameter:

1 y_V 0  Vpg 0 2 0

t

/ - e ____/
b=qv T T Wi

(3.22)

The original modular parameter ¢ can be interpreted as the circumference of the cylinder

or the worldline length in the field-theory limit®. Its Jacobi transform #, on the other

4 The partial derivative w.r.t. ¢ is understood to be evaluated at constant /.
® A pure spinor description of the six-point one-loop amplitude in ten-dimensional SYM in-

cluding its hexagon anomaly can be found in [7].
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hand, describes the length of the cylinder or the proper time in the closed-string channel.
Analogous statements hold for the Mobius strip.
From (3.21) and (3.22), one can derive a universal relation for f;gg) analogous to (3.17),

0
f@ (ivpg + 0lit + ) = —27?(1&’)2%6‘(2'%(1 + dlit + ) + c(t) . (3.23)

This allows to rewrite the ¢’ derivative of the Koba—Nielsen factor (2.30) in terms of fi(f),

0 o . O
%I(Sij) = —Wz(szj) ;jsijfij ; (3.24)
which is valid for all topologies and where ¢(t) in (3.23) cancels by momentum conservation

Z? <;8ij = 0. Moreover, the pattern of Mandelstam variables and fi(jz) on the right hand

side reproduces the anomalous BRST transformation (3.9) of the six point correlator,

27(t? 0
Q(Z(sij) Ke) = ViVaza56 (i,> %I(Sij) . (3.25)
Together with the Jacobi transformed integration measure dt = —%, one can finally

identify the BRST anomaly of the six point amplitude in (3.1) as a boundary term in ¢':

2 o0
QA%OP = a—TV1y273747576/ dt,i/ dZé dZé dZé I(Sij> ) (326)
0 Atop

ot’
where the transformation dz; = itdz} has compensated for the factor of t=° in (2.30).
Note that modular invariance of the Koba—Nielsen factor allows to collectively replace
G (ivpqlit) — G(v,,lit’). By the universality of (3.23), this analysis is valid for all topologies
of open-string worldsheets and the anomaly is canceled for the gauge group SO(32) [20].

4. The complete six-point amplitude of the closed string

This section is devoted to the six-point one-loop amplitude among massless closed-string
states of type ITA/IIB superstring theories. Before presenting the six-point function we

revisit the five-point amplitude result of [33] to rewrite its kinematics in a factorized form.
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4.1. The one-loop five point function for closed strings

In [33] the pure spinor representation of the five-point closed-string amplitude in both type
ITA /TIB was obtained® (in the type IIA the chirality of the right-movers is reversed)

d*r 2 2 ” 7T
M5 = F d“zy...d%z5 I(Sij) (IC5IC5 + T—2£5) , (41)
2

where K5 is the open-string five point correlator and L5 encodes the interactions between

the left- and right-movers (marked with tilde),

Ks = X23C1j23,4,5 +(2,3]2,3,4,5), (4.2)
Ls = M1M2773,4,5M1M2773,4,5 + [812M12M3,4,5M12M3,4,5 + (24 3,4,5)]
+ [823 M1 Moz 4 5 My Moz 45 — $23C1123.4.5C1 23,45 + (2,3]2,3,4,5)] (4.3)

see (2.16) and (2.18) for the definitions of M 5,c, M}'p ¢ p and (2.21) for Cyj4 p,c with
(Chi23.a,5) = 545[524A™(1,3,2,4,5) — s34 AM(1,2,3,4,5)]. (4.4)

The characteristic coefficient :_2 signals the mixing between left- and right-movers and

arises from either the contraction II"(2)II (z) or from left-moving derivatives acting on

right-moving propagators in integration by parts identities,

I ()T (Z5) = 0™, 9 F) = ——. (4.5)

T2 T2

While the amplitude (4.1) is BRST invariant the kinematic factor L5 is not manifestly
BRST closed. However, by adding terms to L5 that vanish in the cohomology one arrives

at a manifestly BRST invariant expression (C’{TQ 345 18 reviewed” in section 2.3),

Ls + [QD1|2|3,4,5M12M3,4,5 + M1o2M3,45QD1jap3,45 + (2 4 3,4, 5)] =i 345CT 25450
(4.6)

where (note that ()1 2.3.4.5) = 0 in the five-particle momentum phase space) [25],

Dijg3,a5 = Jopzas + k5 M3 545 + [s23Mizs a5+ (3 ¢ 4,5)], (4.7)
QD1j2j3,45 = V12,345 + ki M1 M3 4 5 — s10M1oMs 45+ [M1 Moz a5 + (3 < 4,5)].

6 The RNS and GS representations can be found in [34] and [28], respectively.
" The shorthand C{T27374756~'{T2737 45 was assigned a different meaning in [33] and differs from
the right—hand side of (46) by 82301|23’4’5C~(1|23,4,5 + (2,3’2, 3, 4, 5)
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Therefore the five-point amplitude (4.3) becomes

d*r -
M5 — / /d22’2 . d z5 (82]) {IC5IC5 + Ol|2 3’4’50172 3.4 5} (4.8)

up to the Q-exact terms in (4.6) that do not contribute upon zero-mode integration. This
representation is manifestly BRST invariant (since QCija,p,c = QC’{TA’BC’D = 0) and
organizes the kinematic dependence in a factorized form w.r.t. left- and right-movers.
The compactness and manifest BRST invariance of (4.8) demonstrate the virtue of
vectorial BRST invariants to describe closed-string amplitudes. From the five-point exam-
ple, one can anticipate that BRST (pseudo-)invariants of rank r find a natural appearance
in closed-string amplitudes at higher multiplicity r» — 4, along with r powers of % In the

subsequent, this expectation is confirmed for the six-point amplitude.

4.2. The sixz-point closed-string correlator

The six-point closed-string correlator Mg combines the doubling of its open-string coun-
terpart Kg = K§ + KL with an extended set of left-right interactions,

2 m 1 2
M6_/ = /d 2o Pz <slj){/c6zc6+ T Km R +(72) L) @9)
where (see (3.4) and (3.7) for the expressions of K§ and KF)
Km —X2301|23456+( ,312,3,4,5,6) .

Note that Kf resembles the five-point open string correlator (4.2) where the scalar invari-
ants C1|23,4,5 are replaced by their vector counterparts (2.22). The appearance of IC%”/@%”
has been carefully checked by keeping track of all the sources of iz shown in (4.5).
Finally, the kinematic factor L¢ along with the quadratic piece 75 in (4.9) contains the
two-tensor generalization of left-right contractions supplemented by a quadratlc expression

of the pseudo-invariants (2.27),

1 mn ~mn D
Lo = 501|2,3,4,5,601|2,3,4,5,6 — [Pr2j3,a5,6P1j23,4,5,6 + (2 < 3,4,5,6)] . (4.11)

The pseudo-invariants in (4.11) obstruct a representation of L4 as a tensor contraction of
the form K"K but their presence compensates the anomalous BRST transformation
(2.28) of the tensor CT3'; ; 5 ¢ such that QLg = 0. In addition, we will show in the next
section that the form of (4.11) is fixed by the low-energy limit.

Since the functions f(™ and 7, ' have modular weight (n,0) [26] and (1, 1), respec-
tively, K¢ and g carry modular weight (2,0) and (1,0) such that the expression in (4.9)

manifests modular invariance of the closed-string amplitude.

17



4.83. Low-energy limits and S-duality of type IIB

In this subsection, we discuss the low-energy limit of one-loop amplitudes among massless
closed-string states and relate it to the S-duality implications in type IIB theory.

As explained in [35,36,28,33], the momentum dependence of torus integrals of the
form (4.8) and (4.9) can be split into analytic and non-analytic contributions®. The leading
analytic behavior o’ — 0 follows unambiguously by setting Z(s;;) — 1 after taking the
kinematic poles due to integration over dzzI(sij)ﬁGgggGgg — 2wdras r%”rl with re3 =

|z23| into account, see e.g. [28,33]. This gives rise to low-energy limits

M|, = 1Crp23.” (4.12)
M| o = [s231C1j2,05" + (2,312,3,4,5)| + [CTly 5 4 51 (4.13)
M6 a’—0 = [823|C{r\b23,4,5,6 2 + (27 3|27 37 47 57 6>:| + »CG (414)

+[523545/Chj23.45.6]> + $24535|C1j24,35,6]° + 525534|C1j25 34.6)° + (6 > 5,4, 3,2)]

+[523534|C1j234,5.6> + 524543 Chj243,5,6]° + 523524|Chj324,5.61> + (2,3,4/2,3,4,5,6)]

with the shorthand notation |Cﬁ23’4’5’6 2 = 0%37475765’{723’4’5’6 and obvious generaliza-
tions. In the six-point case, the expressions (3.4) and (4.10) for K§ and KZ* have been
inserted into (4.9), whereas the expression (4.11) for Lg is treated as unknown at this
point and will be derived in the subsequent. Note that the anomalous part KL of the
open-string correlator does not contribute to the low-energy limit due to the non-singular
nature of the fi(jz) as z; — z;, see the discussion below (2.32).

At four and five points, the type IIB graviton components of (4.12) and (4.13) are
proportional to the o 3 order of tree-level amplitudes [37,33]. They originate from the R?
operator in the type IIB low-energy effective action whose tensor structure is determined
by supersymmetry and whose coefficient (determined by S-duality) is given by the non-
holomorphic Eisenstein series F3 /5 [38,39,40]. The non-linear extension of R* equally affects

multiparticle amplitudes at the o % order at tree level and in the low-energy limit at one

loop and leads to the following S-duality prediction,

1IB
a’—0

(Mn

y=cg > A™M(1,0(2,3,...,N—-2),N,N 1) (4.15)

0,pESN_3

x (SoM3) ,AY™M(1,p(2,3,...,N —2), N —1,N)

8 The interplay of the analytic and non-analytic parts of the amplitude as well as subtle

ambiguities at higher o’ order and their resolution are discussed in [36].
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whose proportionality constant ¢, does not depend on the multiplicity N. The right-hand
side borrows the notation of [41] for the low-energy expansion of tree-level amplitudes
involving N closed-string states. The entries of the (N — 3)! x (N — 3)! matrices Sy and
M3 are polynomials of degree N — 3 and 3 in the dimensionless Mandelstam invariants
o/(k;-kj), and Sy is the momentum kernel [42] which appears in the field-theory limit of the
KLT formula [43,44]. The matrix M3 captures the o/ 3 order in the low-energy expansion
of genus-zero worldsheet integrals®.

A slightly modified argument applies to the components of (4.15) which violate the
U(1) R-symmetry of type IIB supergravity. This is indicated by the subscript g of the
proportionality constant ¢, in (4.15). The simplest non-vanishing amplitude with U(1)
violation occurs at multiplicity five and charge ¢ = £2, involving for instance four gravitons
and one axio-dilaton, see [50,51,33] for its a’-expansion. It was argued via S-duality and
confirmed through explicit calculation that the constants in (4.15) for charges ¢ = 0,42
are related by c4o = —%co [33]. An analogous discussion of the low-energy limit of two-loop
five-point amplitudes and their dependence on R charges can be found in [5].

Since the coefficient Lg of :—5 in the six-graviton amplitude (4.9) contributes to the
low-energy limit (4.14), it can be?, determined from the S-duality prediction (4.15). More
precisely, the form of Lg in (4.11) is inferred from the following reasoning.

The double contraction I I’ — 26’”(”5‘1)”(%)2 gives rise to a contribution of
the form %M1M$3747576M1M§737f47576 whose unique BRST pseudo-invariant completion is
given by Lg = %CW£3,4,5,66?F£3,4,5,6 + - -+ [25]. However, the BRST variation (2.28) and
the trace relation 0mnCly's 4 5 6 = 2P1j2/3,4,5,6 + (2 <> 3,4,5,6) [25] yield

QCW£3,4,5,6@{T£3,4,5,6 = —2V1)2345,6 [151|2|3,4,5,6 + (24 3,4,5,6)]. (4.16)

Now the S-duality prediction relates the low-energy limit of the closed-string amplitude and
the tree-level o/ terms via (4.15). Demanding the low-energy limit to be BRST invariant
and permutation symmetric!? uniquely fixes Lg to the form (4.11). A component evaluation

for six external gravitons confirms the matching with the tree-level amplitude at order o s,

9 The explicit form of these matrices for multiplicity N < 7 and the building blocks for N =
8,9 can be downloaded from [45]. Initially addressed via hypergeometric functions [46,47], the
o’-corrections at tree level for any multiplicity can be recursively generated from the Drinfeld
associator [48]. The organization of these integrals in (N — 3)! x (N — 3)! matrices has been
essential to reveal the structure of the o’-expansion [41], see [49] for relations to the associator.

10 Demonstrating permutation invariance of (4.14) with L¢ given by (4.11) requires the canon-

icalization techniques in section 11 of [25].
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4.4. The BRST wvariation as a boundary term

It will be demonstrated in this section!! that the BRST (or gauge) variation of the closed-
string amplitude (4.9) gives rise to a total derivative in moduli space.
BRST invariance of ' and L4 implies that

d?
QM(; == —V1y2 3,4,56/ T /d222 . d 2‘6 SZ] ZS” (2) ]C(; . (4.17)

1<j

Using the representation (3.17) of the fi(jz) function, the factor of qu sijfi(f) can be

expressed in terms of derivatives of the Koba-Nielsen factor with respect to 7 and z;:

Z(s4j Z si; f (2) = T(sy; (Zgwﬁ Gij+ — ZIm 2 st@GU) (4.18)

i<j 1<j J#i
270 Im 2,1
SETENSS L0, ) (s (419)
p=2
The second step is based on translation invariance 017 = — 2?22 0;Z. It turns out that

the differential operator in (4.19) annihilates the right-moving correlator Kg since [26]

—(k
—(k—1) (9f1(~j) B wImzZ] f(k 1)

o7

——LJ 5 . k=1,2 (4.20)

7'2

with fg.)) = 1 imply that its constituents 7532) and ?EJ” = gGij satisfy

( 0 % TIm Zp1 (k)
24y @V —0 k=1,2. (4.21)

T T
or =

Hence, the BRST variation in (4.17) can be rewritten as

4 a2 ) I _
QA46____154)@3456/Q 7 /d?@. de(—— }: “l%lag(zwﬁ)Kg).(4zm
p:

or To

In order to identify this as total derivatives we have to commute the differential operators

% and 0, past the factors of L = and et L respectively. The commutators

[i 6]: 51 [Imzpl i

— —_— = — 4.23
757 0T $ p} 278 ( )

—
27,

1 We are grateful to Michael Green for fruitful discussions which led to the results of this

section.
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mutually cancel after summing p over 2,3, ..., 6, so we conclude'? that the BRST variation

of the six point function is a surface term in both 7 and z,:

47 0 1 ~
QMG = —7V1y273747576/d27'{ /d22’2 d22’6 I(Sij) ’C6

a9 -5
or 5

6

Im 2z ~

+> / A2 ... A2 0y~ T(si5) Ko (4.24)
p=2 2

The surface integral over the vertex insertions in the second line vanishes because the torus

has no boundaries while the vanishing of the surface integral on moduli space follows from

modular invariance [52,53,54].

5. Conclusion and outlook

In this work we combined the one-loop cohomology analysis of [25] with the worldsheet
functions studied in [26] to write down the complete six-point one-loop amplitudes of
the open and closed string. In doing so, we supplemented the BRST-invariant six-point
correlator (3.4) that captures the worldsheet singularities among the external vertices with
the non-singular pseudo-invariant correlator (3.7). The pseudo BRST invariance allows us
to describe the hexagon gauge anomaly in pure spinor superspace while the non-singular
worldsheet functions capture the regular parts of the correlator. Their composition given
in (3.7) is such that its non-vanishing gauge variation (3.9) gives rise to a total derivative
in moduli space (leading to the usual mechanism of anomaly cancellation [20,29]). This
condition fixes the superspace form of the anomaly-containing part of the open-string
correlator (3.7) and reproduces the bosonic results from earlier analyses within the RNS
framework [14,15].

The (pseudo-)invariant vector and tensor building blocks from the open string allow for
elegant representations for closed-string one-loop amplitudes. As elaborated in section 4,
any basis integral of the closed string is accompanied by a manifestly (pseudo-)invariant
kinematic factor quadratic in the open-string (pseudo-)invariants. In order to arrive at the
novel six-point result, in addition to an OPE-driven derivation of the singular part of the

correlator, we also used S-duality considerations to completely fix its regular terms. This

12 The action of 8_87' on the 7 dependent integration domain for z; drops out because the resulting

boundary term z; = 7 is suppressed by the Koba—Nielsen factor.
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organizing principle for closed-string one-loop amplitudes has a natural extension beyond
maximal supersymmetry, see [55] for examples in orbifold compactifications.

While the results of this paper demonstrate the value of the (pseudo-)cohomology
framework of [25], it is imperative to derive them from first principles within the pure spinor
formalism. This endeavor is expected to require a more in-depth understanding of how the
non-zero modes of the b-ghost contribute to the final expressions. These contributions
are currently poorly understood and give rise to difficulties in extending the results for
higher-loop amplitudes in [4,5] beyond their low-energy limits.

Furthermore, for gauge groups different than SO(32), additional boundary terms along
the lines of [56] arise from regularizing the divergent modular integral'3. These boundary
terms give rise to worry about additional BRST anomalies and ambiguities associated
with the choice of the regulator N for the non-compact space of pure spinors [17]. Sub-
tleties of this type are not addressed in this work, and their treatment in a manifestly

supersymmetric formalism is left as an interesting open problem.
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Appendix A. Permutation behavior of the open-string correlator

In this appendix, we derive the asymmetry (3.16) of the six-point correlator Kf from the
prescription (2.1) for open-string amplitudes. It will be demonstrated that an exchange of
the unintegrated leg V1Us; — VLU, yields a boundary term accompanied by the kinematic

factor (V12,3,4,5,6) in (2.23) with parity-odd bosonic components (3.12).

13 We are grateful to Michael Green for enlightening discussions on this point.
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The key tool is the multiparticle version of the integrated vertex operator
— a 12 m A12 leY 1 mn
Z/{12 = 80 Aa + H Am + dOtWIQ + ENmn 12 5 (A.l)

where the linearized superfields in (2.2) are promoted to their multiparticle versions defined
in section 2.2. As a consequence of their multiparticle equations of motion, the BRST

variation QU = 0V generalizes to [12]
QU2 = ViUs — VoUr + OMys . (A.2)

When inserting the left hand side into the amplitude prescription (2.1) in the place of
V1Us, the analysis of {Q, b} around (2.5) can be repeated to show that

> Giop / dt /A dzodzs ... dzy (N(b, 1) (QUr2) T Us(2)) (A.3)

top top 7j=3

:—ZGtop/ chs—/A

top top j=3

After integrating do, da,dasda,das = (AY™)ar (AY)as (M) as (Ymnp)asas [22] for the only
term (dWi2)(dWs3) ... (dWs) with a sufficient number of d,, zero modes, (A.3) evaluates to

dt
(V12,3456 Z G'op / / . dzg Z smf(z)I (sij) (A.4)
Atop

top i<j
by the definition (2.23) of the anomaly superfield. Using the Jacobi-transformed vari-
ables t' = % and 2’ = % in intermediate steps, the modular derivative on the Koba-
Nielsen factor Z(s;;) in (2.30) can be evaluated via (3.24) and gives rise to the functions
fi(jz) defined in (2.32). In the conventions of (3.1), one can read off the contribution of
(V12.3.4.5.6) 21<3 szjf(z) to the kinematic factor K¢ from (A.4).

This needs to be compared with the amplitude prescription (2.1) involving the right
hand side of (A.2): The total derivative M7, decouples by the suppression of boundary
terms in z; via z?jlsij, and the leftover term ViUs; — VoU; yields the desired difference

between K¢ and its image under (1 <> 2). This completes the proof of (3.16).

Appendix B. Comparison with the RNS computation

We have checked the six-point open-string amplitude (3.7) in pure spinor superspace to
reproduce the gluon amplitude from the RNS formalism upon component expansion [24].
Since this comparison rests on the availability of both expressions in a basis of worldsheet

integrals, we will sketch the underlying integral reduction on the RNS side in this appendix.
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B.1. The parity-even part

The RNS prescription for the parity-even part of one-loop amplitudes is given by

AEOSVQHN/OOdt/ dzpdzy ... dzg Y (=1)" (9717(07))4
e 9,(0,7)

top v=1,2,3

x (Vi(er, k1, 21) Va(ea, k2, 22) ... Vi(es, ke, 26))v,r (B.1)
where V; denotes the vertex operator of the gluon in the superghost picture zero:
Vi(er, ki, 21) = €' [0m(21) + 20 Kabnthon (21)] 120 (B2)

The bracket (...), r instructs to evaluate the correlator in (B.1) on a genus-one Riemann
surface with modular parameter 7, and v = 1,2, 3 encode the even spin structures of the
worldsheet spinors 1™ associated with partition functions (—1)¥ (02?(1()(?7!;—))4 [14].
Correlators among ™ and ¥ can be straightforwardly evaluated using Wick con-
tractions " (z; )" (z;) = —2a/6™" Gy and Y™ (2;)Y" (z5) = 0S8, (2i5|7). The latter give
rise to spin structure dependent Szegoé kernels
01(017)0y +1(z|7)
0,+1(0]7)01(z|7)

with v = 1,2, 3. Together with the partition function in the first line of (B.1), the summa-

Sy(z|T) = (B.3)

tion over spin structures can be described by the following building block

<6u+1(0|7-

Gl @a, e vaalr) = > (~1) 9’1<0\T))) Sy (21|7)Su(x2|7) ... Su@n]r)  (B.4)

v=1,2,3
with 1 + 22 + ...+ x, = 0. As is well known, correlators with less than eight ™ yield

a vanishing spin sum, and G4 is the first instance where Riemann identities yield a non-

vanishing result,
Qngg(xl,xg,...,xnh) =0 y Q4($1,x2,x3,x4|7) =1 N (B5)

reflecting maximal spacetime supersymmetry. Representatives at multiplicity five and
higher have been evaluated in [14,32] using Fay trisecant identities in slightly different
guises. The results of these references are equivalent to [26]

5

g5($1,$2,$3,$4,l’5|7> = Zfz(l) (B6>
=1
6 6
gG(aj17 T2,X3,T4,T5, $6|T) = Z fq,(2) + Z fz(l)f](l) 9 <B7)
=1 1<J
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where fi(k) = fB)(x;|7) are defined by (2.31) and (2.32), respectively.
In order to cast the RNS amplitude (B.1) into the same basis of integrals as seen in
the expression (3.4) and (3.7) for K§ and K in pure spinor superspace, we organize the

integral reduction into three steps:

(i) elimination of double derivatives: Bilinears in dz™(z;) from the vertex operator
(B.2) contract to a double derivative 9?G;; of the Green function (2.29). Since there is
always a partner term o’s;;(0G;;)? with the same tensor structure from the fermionic
part ~ 1% of the vertex operators, the double pole of 8?G;j, (0G;;)? ~ Z% turns
out to be spurious. This can be seen from a total derivative relation involxlzjing the
Koba—Nielsen factor Z from (2.30):

0; (0G4 T) = [0°Gyj + o' 55(0Gi;)* + o/0Gi; Y Xip|T (B.8)
PFi,J
Double poles which cannot be removed via (B.8) would signal tachyon propagation.

(ii) partial fraction relations: Step (i) leaves two topologies of bilinears in the prop-
agator: 0G;;0G;, with j # k and an overlapping leg i as well as the disconnected
configuration 0G;;0Gy, with all of 1, j, p, ¢ distinct. The former requires an applica-
tion of the Fay identity (2.34) before the pattern of functions X;;(X;; 4+ Xji) suitable

for step (iii) is manifest:

Sjk(fi(jZ) + fi(lf) + f;?) . Xii(Xik + Xji) n Xin(Xi5 + Xij)

Sijk SijSijk SikSijk

0G;;0G;, = (B.9)

(iii) integration by parts: As explained below (3.3), the minimal set of worldsheet func-
tions X;; is obtained by eliminating any instance of X;; by discarding derivatives of
the Koba-Nielsen factor (2.30) w.r.t. z;. This amounts to two equivalent manipula-

tions after step (ii):

Xi2(X13 + Xa3) = (Xo3 + Xog + Xos + Xo6) (X34 + X35 + X36) + 02(...) + 03(...)
X12X34 = (Xo3 + Xog + Xos + Xo6) X34 + 0a(. . .) (B.10)

The fi(jz) functions from (B.7) and step (ii) do not admit further simplification, in particular

the five instances of f1(32) are independent on f,g? and quadratic monomials in X, with
p,q # 1. After performing the above steps, the agreement of bosonic components in the
two formalisms,

AR = (A7)

6,even

(B.11)

parity —even ’
can be checked along with each instance of fi(jz), Xi;j(Xik + Xji) and X;; X, see (3.1) for
the definition of the right hand side.
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B.2. The parity-odd part

The parity-odd sector of the RNS six-point amplitude stems from the spin structure of
Y™ with anti-periodic boundary conditions along both cycles of the Riemann surface. In
this case, zero modes of the 3, ghosts as well as the ten components of 1" have to be

saturated in the path integral. This gives rise to the amplitude prescription

AP~ / dt /A dzodzs ... dz (B.12)

top

X (0zp(20)P (ZO)‘/}I<€17]{71721)V2<€27k2722) ... Vis(es, ke, 26)) 7

where 171 (e1, k1, 21) denotes the gluon vertex operator in the picture of superghost charge

—1, and the zero mode integration for the 3, system has already been carried out [57]
Viler, k1, 21) = €t (21)e*1 21 (B.13)

The worldsheet supercurrent dz,1? is a remnant of a picture changing operator whose
position zy drops out from the correlator. In the evaluation of the correlator (B.12), the
Wick contraction of ™ is adjusted to the spin structure ¢ (z;)9"(z;) = 6™"0G;;, and

the zero mode integration amounts to absorbing

”(pml (wl)wmz (’wg) . wmlo (wl()) — gmima.mio R (B14)

independently on w;. After simplifying the parity-odd kinematic factors and eliminating

the double derivatives of Gy; in a way similar to (B.8),
aQGojI(Sij) = Oé/I(Sij)aGoj Z ij + 8J( . ) , (B15)
p#j

we arrive at the following expression for (B.12):

Agogdd / dt/A 2o ... dze I(8s5 { Z €pq Nopg —N01p —101q — (6G01)2}}. (B.16)

top 2<p<q

The worldsheet functions contained in 7;;; = 0G;;0G;, + cyc(i, j, k) can be rewritten as
f(z) + f(2) + f(2) via (2.34), and the shorthand &,, encoding the polarization dependence
is defined by (permutations of)

]' T S T S
Eo3 = 5@1” [(62 k3)ky — 82363}Gmnr353mr686]€33633 o kgfe (24 3) . (B.AT)
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The sum of the ten inequivalent &,, can be written as an antisymmetrization in eleven

vector indices such that

> &y =0. (B.18)
2<p<q
This is crucial to cancel the contributions of BG%l and féf) in Mopg — Mo1p — No1g — (0Gp1)?

such that the position of the supercurrent in (B.12) drops out. We are left with

AP = /dt/A dzpdzy ... Az I(siy) { Z f2e, +Zf<2>5}, (B.19)

top 2<p<q

where the functions f1(§) pick up polarization dependencies such as:

1
_ m_n m_n m_n r3 _S3 6 .S
Ey = — E qu —2 el~k2)k2 ey + (62 . k:l)kl e; — S12€ ez]emnrgs}um%k?) es” .. kG € -

(B.20)
The kinematic factors (B.17) and (B.20) are easily seen to be gauge invariant w.r.t. e* —
k" for j # 1. However, the variation ef® — k7" in the first leg (represented by the vertex

operator (B.13) of superghost picture —1) gives rise to

mo n2 me Mg
gpq‘e’lﬂ_)k;m Spq X €mans.. m6n6k €y .- k6 €6 (B.21>
— moa N2 me M6
Ep em k= S1p X €mans..meng ks €57 ... ki Ceg® (B.22)
since an € contraction of all the six momenta k1, ko, . . ., kg vanishes by momentum conser-

vation. The resulting gauge anomaly

Ag?gdd‘e?tﬁkm €Emana...meng m2 nz‘ ka n6
6
/ dt/ dzodzs ... dze Z(sij) Z Squ(Q) (B.23)
Aeop 1<p<q

is the fingerprint of the anomalous BRST variation (3.9) on the bosonic components, see
appendix C for a superspace discussion of gauge variations. The parity-odd part (B.19) of
the RNS amplitude agrees with the bosonic components of the superamplitude in (3.1),

g = (AE7)]

6,0dd — (B.24)

parity—odd ’
which is found by comparing the coefficient of any fi(jz).
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Appendix C. Gauge transformation versus BRST transformation

In this appendix, it is demonstrated that linearized gauge transformations of the external
states are encoded in the BRST variations of the kinematic factors. We thereby prove the
equivalence of the anomalous BRST and gauge variations (3.9) of the six-point open-string
amplitude (3.4) and (3.7).

C.1. Gauge variation of multiparticle superfields

The response of linearized SYM superfields to a superspace gauge transformation ¢; in

particle ¢ is given by
5 AL = Do, 6AL =k QW =8F" =0, (C.1)

for scalar superfields ;, leading to the variations (2.3) of the massless vertex operators.
For the choice €); = e?*'* the gauge transformation (C.1) amounts to a transverse gluon
polarization e[ — k™.

The recursive construction of multiparticle superfields AL, AT WS Fmn in (2.9) to
(2.13) determines their linearized gauge variation from (C.1). As pioneered in appendix B of
[25] and generalized in [23], multiparticle gauge transformations are conveniently captured

by multiparticle gauge scalars
1
Gp=— > [Gy(ky-Ax) - Gx(kx - Ay)] . (C.2)

Performing a linearized gauge transformation (C.1) in a single external leg (say leg i = 1)
amounts to the initial condition G; = d; ;§2; for the recursion (C.2), i.e. to having only one
non-vanishing single-particle scalar G;. The induced gauge transformation of multiparticle

superfields is given by [23]

0gAL =DoGp+ > (Gx AL — Gy AY) (C.3)
XY=P
Sg AR = kpGp+ Y (GxAY — Gy AR) (C.4)
XY=P
SgWi = D (GxWg — Gy WR) (C.5)
XY=P
SgFp™ = > (GxF¥" — Gy FR™) | (C.6)
XY=P
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where the dg operation reduces to the linearized variations (C.1) in any leg ¢ for appropriate
choices of initial conditions. As a consequence, the one-loop building blocks in (2.15) to

(2.19) transform as

0gMa=QGa+ > (GxMy —GyMcx) (C.7)
XY=A

dgMa Bc = Z (GxMy,pc—GyMx pc)+ (A« B,C) (C.8)

XY=A
59M174n,B,C,D = Z (gXM{/T?B,C’,D - gYM;?,B,C,D)

XY=A

+ kQQAMB,C,D + (A ~ B,C, D) (Cg>

59M,T,%,C,D,E = Z (gXM{/T?g,C,D,E - gYM;?,%,C,D,E)

XY=A

+ 2k GaMpy o+ (A4 B,C,D,E), (C.10)

and the anomaly current (2.25) exhibits the following gauge variation:
5QJ2|3,4,5,6 = k;nggMg;l’E)’G + [323923M475,6 + (3 e 4, 5, 6):| . (Cll)

The multiparticle response to gauge variations can be conveniently interpreted by assem-
bling both the gauge scalars Gp and the multiparticle superfields A%, AL ... in a gener-
ating series: While latter solve the non-linear equations of motion of ten-dimensional SYM
[58], the resummation of the gauge scalars encodes their non-linear gauge transformations.
The recursion (C.2) is obtained by demanding the non-linear gauge transformations to
preserve the Lorentz-gauge condition for the generating series of AL [23]. The benefits of

certain different choices of multiparticle gauge scalars are discussed in the reference.

C.2. Gauge variation of BRST (pseudo-)invariants

For all of the kinematic building blocks {M 4, M4 p.c, ...} in the amplitudes under discus-
sion, the BRST variations (2.20), (2.24) and (2.25) closely resemble the gauge variations
(C.7) to (C.11). It is therefore not surprising that BRST invariants such as the scalars

C1)a,B,c and the vectors C’{TA B.c.p 0 section 2.3 give rise to a Q-exact gauge variation
0gChja,B,c = Q[CllAvB,C‘MP%gP} J 5QCWA,B,C,D = Q[ frA,B,C,D‘MP%gP} , (C.12)
leading to vanishing components,

(0gC11a,8,c) =0, (06Ci{apcp) =0- (C.13)
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For instance the five-point BRST invariant C|23 45 = M1Mag 4 5+ Mi2 M3z 45— Mi3Ms 4 5
translates into the gauge variation 0gCijagas = Q(G1Mazas + GraM3z a5 — GizMa 4 5)
captured by the replacement Mp — Gp.

For the tensor M} - p  and the anomaly current J33 45,6, however, the superfields
Ya.B,c,p,E in their BRST variations (2.24) and (2.25) do not have any correspondent in the
gauge variations (C.10) and (C.11). That is why the gauge transformation of their pseudo-
invariant completions C7)5's ; 5 ¢ and Pijgj3.45,6 in (2.26) and (2.27) exhibit anomalous

admixtures

dg ﬁ£3,4,5,6 = Q[ ﬁ£3,4,5,6‘MP—>gP] - 5mngly2,3,4,5,6 (C-14>

0gP1|213,4,5,6 = Q[P1|2|3,4,5,6}MP_>QP} —G1)23.4,5,6 - (C.15)

The components <(5g0{7|12723’4’5’6> and (6gP1|2(3,4,5,6) only depend on G; whereas any other
Gj»+1 drops out. This reflects the initial observation in section 2.1 that gauge transfor-
mations of the integrated vertices Us,...,Us annihilate the six-point amplitude while
the unintegrated vertex V;j yields the anomaly (2.6) upon variation to Q. Setting

G; — 0;11€™® reproduces the anomaly kinematic factor K in (2.7):

<5g01|2,3,4,5,6> — —55 K, (6gPi23,45,6) — —EK ) (C.16)

Since the gauge anomaly in (C.14) and (C.15) matches the anomalous BRST variations
(2.28), the mechanism of anomaly cancellation is completely analogous for gauge and BRST

transformations, see [20] for open strings, and section 4.4 for the closed-string discussion.
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