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1 Introduction

We consider conformal field theories in d-dimensional Minkowski space M?. A central
feature of conformal field theories is the existence of a symmetric, traceless and conserved
energy-momentum tensor 7' ab

T = b T =0, T =0, (1.1)

with 7, the Minkowski metric (of mostly plus signature). Let & = %0, be a conformal
Killing vector field of M?,

2
aafb + abga = Enabacfc . (1'2)

As is well-known, for every conformal Killing vector £ one can construct a conserved current
Ve as
Ve =T9%¢, . (1.3)
Conservation of V¢,
9, V®=0 (1.4)

is a consequence of the conservation and tracelessness of 7% (which hold on-shell).



In this note, we generalise the above construction, (7%, £%) — V9, to the case of
superconformal field theories in diverse dimensions in a manifestly supersymmetric way.
In the supersymmetric generalisation the traceless energy momentum tensor 7% will be
embedded in the conformal supercurrent multiplet while the conserved conformal current
V' will turn into the conserved superconformal current embedded in a supermultiplet.

A supersymmetric analogue of the energy-momentum tensor is the supercurrent multi-
plet introduced by Ferrara and Zumino [1] in the framework of four-dimensional (4D) N =1
Poincaré supersymmetry. A supersymmetric extension of the notion of conserved current
is the conserved current multiplet introduced by Ferrara, Wess and Zumino [2] in the 4D
N = 1 super-Poincaré case. The concepts of supercurrent and conserved current multiplet
also exist for different types of supersymmetry and in spacetimes of dimension d # 4. By
definition, the supercurrent is a supermultiplet containing the energy-momentum tensor
and the supersymmetry current(s), along with some additional components such as the
R-symmetry current. In this note, we define the conserved current multiplet to be a super-
multiplet containing a single conserved vector current (equivalently, a closed (d —1)-form),
along with some other scalar and spinor components.

Unlike the energy-momentum tensor, the functional structure of the supercurrent and
the corresponding conservation equation depend on the dimension and supersymmetry
type. As an example we recall the N' = 1 and N' = 2 supersymmetric extensions of
the conformal energy-momentum tensor (1.1) in four dimensions. The N' = 1 conformal
supercurrent [1] is a real vector superfield J,4 constrained by

D%Jpas =0 <= D%J,5=0. (1.5)
The N = 2 conformal supercurrent [3] is a real scalar superfield .J constrained by
DVJ=0 <= DYJj=0, (1.6)

where DU = DY Dl = Dit DU = Dngd = DJ% Tt is also pertinent to recall the
N =1 and N = 2 supersymmetric extensions of the conservation equation (1.4) in four
dimensions. The V' = 1 conserved current multiplet is described by a real linear superfield
L [2] constrained by

D’L=0 <= D’L=0. (1.7)

In the N/ = 2 case, the conserved current multiplet is described by a real linear superfield
LY [4], which is defined to be a real SU(2) triplet LY = LJ', L = L;; = eye;jLlF,
constrained by

pULiM =0 «— DY =0. (1.8)

In order to introduce a supersymmetric analogue of the construction, (79,£%) — V@,
we also need a supersymmetric counterpart of the notion of conformal Killing vector. It
was originally given by Sohnius [5] in the case of 4D N-extended Poincaré supersymmetry
and further developed in four [6-12] and other [13-17] dimensions.

In the next section we review the definition of conformal Killing supervector fields. This
is further elaborated in appendix A. Sections 3 to 5 are devoted to superconformal theories



in three, four, five and six dimensions, respectively. In each of these sections we first review
known results about the superconformal currents. We also state the general properties
of conserved current multiplets and their conservation laws. We then construct these
conserved currents in terms of the supercurrents and the conformal Killing supervector
fields, generalising eq. (1.3). Section 6 discusses modifications that occur for non-conformal
supercurrents and in the case of curved backgrounds.

2 Conformal Killing supervector fields

According to Nahm’s classification [18], superconformal algebras exist in spacetime di-
mensions d < 6. In superspace, the superconformal transformations are generated by the
so-called conformal Killing supervector fields. The latter can be defined in several different
but equivalent ways. We first recall the least orthodox but, probably, most useful definition.
We then present the more standard definition.

Let M9 be a Minkowski superspace with d < 6 spacetime dimensions and & fermionic
dimensions. We denote by z4 = (22, 6%) the bosonic (z%) and fermionic (%) coordinates
for M9, The index & of the Grassmann variable is, in general, composite; it is comprised
of a spinor index a and an R-symmetry index I. The superspace covariant derivatives are
DA = (04, Da) = ™0y such that {Ds, D3} = T,3°0c and [Ds, 9] = 0, where T}, 5¢ is
the flat-superspace torsion tensor, which is constant.

A real even supervector field! over M40, ¢ = € = ¢4D 4 = €99, 4 €Dy, is said to be
conformal Killing if the following condition holds

€. Dslx Dy <= [6.Da] = —(Ds€")D; . (2.1)

This condition implies that the only independent components of £ are the vector ones, £°.
The set of all conformal Killing supervector fields forms a superalgebra (with respect to
the standard Lie bracket) which is isomorphic to the superconformal algebra.

The above definition was used to introduce the conformal Killing supervector fields in
the 5D [16] and 3D N -extended [17] cases. However, it differs somewhat from that used
in [12] in the 4D N-extended case, as a generalisation of the 4D A/ = 1 analysis in [9]. Let
us show that the definition used in [12] follows from the one above.

The coordinates of 4D N-extended Minkowski superspace M4V are 24 = (x®, 6%, 9_3),
where o and & are two-component spinor indices, and 7 = 1,..., N is an R-symmetry
index.? The spinor covariant derivatives obey the anti-commutation relations

(D, D3}y =0,  {Dsi, Dy} =0,  {Dj, Dy} =-2i850,;, (2.2)
where aaﬁ = (ac)aﬁﬁc. Given a supervector field & = £90, + £2D¢, + €, D¢, the condi-
tion (2.1) implies

Daie™ = 41 65¢0 . (2.3)

LA supervector field £ is real and even if £® is real and even for every real bosonic superfield ®. In what
follows, all supervector fields will be real and even.
2Our 4D notation and conventions follow [9, 19].



Making use of this result, a short calculation gives
DsiD; 7 =0 = Dug] =0. (2.4)
Equation (2.1) is thus equivalent to
(€, D] o< Dy, (2.5)

which is the definition of the conformal Killing supervector fields used in [12].
Eq. (2.3) is equivalent to the relations

£ = —éDdigw = & = —épaigad, (2.6a)
D655 =0 <= D¢ =0. (2.6D)

Relations (2.6a) express the spinor components of €4 in terms of the vector one. Eq. (2.6b)
is the 4D N-extended superconformal Killing equation, which is a supersymmetric coun-
terpart of (1.2). In conjunction with the definition (2.6a), it proves to contain all the infor-
mation about the conformal Killing supervector fields. An obvious consequence of (2.6b)
is that the vector superfield parameter {5, = (JQ)WB €%(x,0,0) obeys the equation

Ua(algp =0 - (2.7)

Switching off the Grassmann variables gives the vector field £%| := ¢%(x, 0,0)|p_g—_o, Wwhich is
an ordinary conformal Killing vector field. Indeed, (2.7) coincides with the d = 4 conformal
Killing equation (1.2) rewritten in the two-component spinor notation.

The traditional definition of superconformal transformations in superspace was origi-
nally given by Sohnius [5] in the 4D N-extended case.?> Park used this definition to intro-
duce the superconformal transformations in the 6D N = (p,0) and N = (0, ¢) [14] and 3D
N-extended [15] Minkowski superspaces. According to this definition, an infinitesimal co-
ordinate transformation §z4 = §A(z) generated by a supervector field €4 on M9 is called
superconformal if it at most scales the supersymmetric interval ds? = n,,e%e®. Here the su-
persymmetric one-forms [20, 21] e = dzMep 4 constitute the dual basis for D4 defined by
d = dz494 = eAD4. Using this definition, Park showed [14] that in six dimensions super-
conformal transformations and hence superconformal algebras exist only for the supersym-
metry types N' = (p,0) and N' = (0,¢). While one can define N' = (p, q) Poincaré super-
symmetry for any non-negative integers p and ¢, in the mixed case with p, ¢ # 0, the most
general conformal Killing supervector field describes only super-Poincaré, R-symmetry and
scale transformations. Analogous considerations may be used to show that in five dimen-
sions, where one can introduce N-extended Poincaré supersymmetry (with 8 N super-
charges), superconformal algebras exists only for ' = 1; see [22] for a recent derivation.

It is an instructive exercise to show that invariance of ds? leads to (2.1) which in turn
allows to express &% in terms of &% which itself satisfies the conformal Killing equation.
Equivalence of the two definitions of conformal Killing supervector fields may also be
established using a more general (third) definition, which is reviewed in appendix A.

3Sohnius simply generalised the standard definition of infinitesimal conformal transformations of M¢ as
those transformations which at most scale the interval ds? = 1,,dz*dz®, where 745 is the Minkowski metric.



3 Superconformal theories in three dimensions

In this section we consider superconformal field theories in three dimensions. The 3D N-
extended conformal supercurrents have been described in [23] using the conformal super-
space formulation for NM-extended conformal supergravity, which was developed in [24].
In the locally supersymmetric case, the supercurrent of a superconformal field theory
coupled to conformal supergravity is characterised by the same superfield type and the
differential constraints as the super-Cotton tensor, which is the only independent cur-
vature tensor of N-extended conformal superspace [24]. Upon freezing the conformal
superspace to N-extended Minkowski superspace M3V we end up with the conformal
supercurrents which were discussed in detail in [25, 26] and which we are going to re-
view. Here we parametrise M3%V by real Cartesian coordinates 24 = (z*,6¢), where
I=1,...,N. The spinor covariant derivatives D on M?3I2V gatisfy the anti-commutation
relation { D, Dg} = 2i5”72"‘58m; see [17] for further details.

For every N' = 1,2..., the conformal supercurrent is a primary real tensor super-
field in the sense of the superconformal transformation law (5.1) in [25]. The conformal
supercurrents? for A" < 4 are specified by the following properties:

SUSY Type | Supercurrent | Dimension Conservation Equation
N =1 Jagy 5/2 D%Jopy =0
N =2 Jop 2 D% J,5=0 (3.1)
N=3 Ja 3/2 D' Jo =0
N =4 J 1 (D'*DJ — 167/ DIDLY T = 0

For N' > 4, the conformal supercurrent is a completely antisymmetric dimension-1 super-
field, JI/EL — JUJKL] gubiect to the conservation equation

DLJIKLP _ plI JIKLP] _ /\[4 DQRUKLSPIL (3.2)

In the N = 4 case, this equation is identically satisfied for J//KL = IJEL J That is why
the A/ = 4 supercurrent J obeys the second-order conservation equation given in (3.1).

In three dimensions, one may think of a conserved current V¢, eq. (1.4), as the Hodge
dual of the gauge-invariant field strength /' = dA of a gauge one-form A. For this reason an
N-extended conserved current multiplet may be characterised by the same superfield type
and the differential constraints as the field strength of an A-extended Abelian vector multi-
plet [29-33]. The conserved current multiplets with N' < 4 were reviewed in [25, 26]. In the
N =1 case, the conserved current multiplet is a real spinor superfield L® constrained by

DL, =0. (3.3)
For N > 1, it is a real antisymmetric superfield, L’/ = —L/!, constrained by
2
DI LK = pl 7Kl mD{;LL[JéKV . (3.4)

“The N = 2 (non-)conformal supercurrents were studied in [27, 28].



This equation is identically satisfied in the N = 2 case for which L/ = ¢!/ L. For N = 2
the conserved current multiplet obeys instead the conservation equation

1
(Dang — 25”DK°‘D§) L=0. (3.5)

When N = 3, it is more convenient to work with the Hodge dual of L!/, which is

L = %eSUKLJK. The latter obeys the constraint

pir?) — éé”foLK =0, (3.6)

which is equivalent to (3.4) with ' = 3.

The N = 4 case is very special. Given an N/ = 4 conserved current multiplet L7,
it can be uniquely represented as LI/ = Lﬁ:’ + L1 where Lf and L'/ are self-dual and
anti-self-dual, respectively,

1
g NI = 21l (3.7)

It turns out that each of Lﬁ_‘] and L'/ obeys the conservation equation (3.4) with A/ = 4.
Thus there are two inequivalent current multiplets in the A" = 4 case. This is in accord with
the fact that the N' = 4 R-symmetry group factorises, due to the isomorphism SO(4) =
(SU(2)L, x SU(2)R)/Zs.

For N' > 4, it turns out that the off-shell multiplet defined by (3.4) possesses more
than one conserved current at the component level. Moreover, it also contains higher spin
conserved currents for N' > 5 [34, 35]. Therefore, there is no conserved current multiplet
for AV > 4 in the sense of the definition given in section 1.

In the cases N = 2,3,4, it is often convenient to switch from the real basis for the
Grassmann variables 6% to a complex one in accordance with the rules described in [17].
Schematically, this amounts to replacements: (i) DL — (D, ,D,) for N' = 2; (ii) D! —
D¥ = D} for N = 3, where i,j = 1,2; (ii) DL — D for N = 4, where i,7 = 1,2. We will
use such types of parametrisation in the remainder of this section, where we discuss the
conserved currents for N'=1,2,3,4 in turn.

3.1 N = 1 superconformal symmetry
Any supervector field € on A = 1 Minkowski superspace M?/? has the expansion
§=6"Dp=E"00 + £ Do (3.8)

with the vector £* and spinor £¢ components being real. Requiring £ to be conformal
Killing, eq. (2.1), leads to the following conditions:

i
£ = 2 Dpg™, (3.92)
Diyéap) = 0, (3.9b)

of which (3.9b) is the N/ = 1 superconformal Killing equation. With the help of the
conformal supercurrent J*?7, which satisfies the conservation equation

D, J =0 = 93,J* =0. (3.10)



we construct the following spinor superfield:

1
L* = —ngfaf” : (3.11)

It follows from (3.9b) and (3.10) that L® obeys equation (3.3), which defines a conserved
current multiplet.

A few words are in order about the component structure of J**7 and L®. As follows
from (3.9b), the supercurrent has two independent real component fields, which are:

OBV = P TP .= DO Jos| = plehrd) (3.12)

where the bar-projection means, as usual, that the Grassmann variables must be switched
off. Here S“7 is the supersymmetry current, and 777 the energy-momentum tensor.
Both currents are conserved,

DapS™PT =0,  0apTP° =0. (3.13)
Switching to the three-vector notation, 79 — T% = 1(4%),3(¢g%),sT*° = T** and
Saby 5 gy = —%(va)aﬁSo‘ﬁV, the energy-momentum is automatically traceless, 74,7 =

0, and so is the supersymmetry current, 7,5 = 0.
Given a conserved current multiplet L® constrained by (3.3), it has two independent
real component fields, which can be chosen as

A=, V.= DPLY = Ve (3.14)

The vector field is conserved,
DoV =0 . (3.15)

To compute the conserved current contained in (3.11), one needs the explicit expression
for an arbitrary A/ = 1 conformal Killing supervector field. The most general N -extended
conformal Killing supervector field is given by eq. (4.4) in [25].

3.2 N = 2 superconformal symmetry

Any supervector field & on A = 2 Minkowski superspace M?/* has the form
§=E"Dy =00 + Do + €D, (3.16)

where £ is real, and &% is the complex conjugate of £€*. Requiring ¢ to be conformal
Killing, eq. (2.1), gives

£ = —=DpeP, (3.17a)
D(’y&aﬁ) = D(fyé‘aﬁ) =0 = DQfaB = DZfaﬁ =0. (317b)

Here (3.17b) is the N' = 2 superconformal Killing equation. Together with the N/ = 2
conformal supercurrent J*?, which satisfies

DpJ = DgJ =0 =  9,5J%° =0, (3.18)



we construct the scalar superfield
1 af a
L= 6™ = &uJ" . (3.19)
It follows from (3.17b) and (3.18) that L is a linear superfield,
D?’L=D’L=0, (3.20)

and therefore L contains a conserved current.
Because of the constraints (3.18), the supercurrent has four independent component
fields, which are

o8 = Jgef|, §9P .= pr el = glefn) - pebr.— (DO Doged)| (3.21)

as well as S%97 the complex conjugate of S®37. Here j*7 is the R-symmetry current, S**7
and S*?7 the supersymmetry currents, and 7*%7 the energy-momentum tensor. All these
currents are conserved, as a consequence of the constraints (3.18).

Given a conserved current multiplet L = L constrained by (3.20), it has five indepen-
dent components, which can be identified with

l:==L|, \*:=D"L| U:=iD*D,L|, V.= [D> DL, (3.22)

as well as A%, the complex conjugate of A*. The vector field is conserved, aaﬁvaﬂ =0, as

a consequence of the identity
[D?, D?] = —4i0,5[D%, D" . (3.23)

To compute the conserved current contained in (3.19), one has to make use of the explicit
expression for the most general N' = conformal Killing supervector field given in [25].

3.3 N = 3 superconformal symmetry

Any supervector field € on A = 3 Minkowski superspace M3l% has the form
E=¢"Da=€"0.+ DY, =65 (3.24)

where i, j are SU(2) R-symmetry indices. Requiring £ to be conformal Killing, eq. (2.1), and
making use of the anti-commutation relation { Dy, Dgl } = —2ie'kelig, 5, we deduce that

g = —%ijfam (3.25a)
D &gy = 0. (3.25b)

Here (3.25b) is the N/ = 3 superconformal Killing equation. An important consequence
one may derive from (3.25) is the identity

Dt = 0. (3.26)



The N = 3 conformal supercurrent J satisfies
DY J*=0. (3.27)
Let us define a real SU(2) triplet LY = L7% associated with J and ¢4 by the rule:
LY =ig9 ] + %gaﬁpgjg : (3.28)
The properties of J* and £ imply that L% is a linear multiplet,
DU LF) =, (3.29)

and therefore L¥ contains a conserved current.

Here we do not discuss the component content of J* and LY. It can be readily
determined, e.g., by making use of the N'=3 — N = 2 superfield reduction of the N’ = 3
supercurrent and conserved current multiplets described in [25]. We only point out that
the conserved current, which is contained in L%, is given by

Vs = ie DEDY Lij| = Vo, - (3.30)
3.4 N = 4 superconformal symmetry

Given an N = 4 conformal Killing supervector field

€ =Dy = €90, + ELDY (3.31)
it follow from (2.1) that
il i i1 ¢ B
gait — gDﬁgﬁ , (3.32a)
(wésy = 0. (3.32b)

Here ij is the N/ = 4 spinor covariant derivative defined as in [17], with the two-component

indices i and i corresponding to the left and right subgroups of the R-symmetry group

SU(2)1, x SU(2)R, respectively. Eq. (3.32b) is the N' = 3 superconformal Killing equation.
The N = 4 conformal supercurrent .J satisfies the conservation equation

e pipy=o0. (3.33)
Associated with ¢4 and J is a left SU(2) triplet L = L defined by
L — igaﬁDgED%,;J 4+ ¢ DD g 4 AT (3.34)
where we have introduced [17]
I R .
A9 = ZDQ(‘,;%)’“, DUAIR) = ¢ . (3.35)
The properties of €4 and J imply that L7 is a left linear multiplet,

DU LR =0, (3.36)



and therefore L% contains a conserved current.

In complete analogy with LY, one can also introduce a right SU(2) triplet LU = Lﬁ;
it also contains a conserved current.

Here we do not discuss the component content of J and LY. It can be readily deter-
mined, e.g., by making use of the ' = 4 — N = 3 superfield reduction of the N' = 4
supercurrent and conserved current multiplets described in [25, 26]. We only point out
that the conserved current, which is contained in L%, is given by

Vg = iz DEDY Lij| = Vs - (3.37)

4 Superconformal theories in four dimensions

In four dimensions, we consider only the N' = 1 and N/ = 2 superconformal theories,
because these cases allow the existence of conserved current multiplets without higher spin
fields [37].

4.1 N = 1 superconformal symmetry

Consider an arbitrary N’ = 1 conformal Killing supervector field,
§= faaa + gaDa + géch . (4'1)

Its components are constrained according to (2.6). Let J,4 be the N' = 1 conformal
supercurrent. It is a primary real vector superfield of dimension +3, as discussed, e.g.,
in [36]. The supercurrent conservation equation is given by eq. (1.5). Then the real scalar

1 .
L= _ifanad (42)

is a conserved current multiplet,
D’L=0 <= D?’L=0. (4.3)

It follows from (1.5) that the conformal supercurrent has four independent components,
which can be chosen as follows:

Jaa = Jaal,  Sapa = DpJaal = S@pas  Tapap = [P Digllayel (4.4)

as well as the complex conjugate of S,g4, SadB'

Sapa and S adf the supersymmetry currents, and T, B

Here jag is the R-symmetry current,
3= T(aﬁ)(dB) the energy-momentum
tensor.® All these currents are conserved,

0% Joa =0,  0%Sapa =0, 0T, 4.5=0, (4.5)

as a consequence of (1.5). We point out that the energy-momentum 7% is automatically
traceless and the four-component Majorana supersymmetry current is y-traceless.

®The definition of the energy-momentum tensor given in section 5.7.3 of [9] contains an error.

,10,



Here we do not list all the component fields of L. We only point out that the conserved
current contained in L is given by

Vaa = [Da, Ds|L| . (4.6)

In order to compute the conserved current contained in (4.2), it is necessary to make use
of the explicit expression for the most general N' = 1 conformal Killing supervector field,
which is given, e.g., in [9, 36].

4.2 N = 2 superconformal symmetry

Consider an arbitrary N’ = 2 conformal Killing supervector field,
€ =800+ &' D, + & D7 (4.7)

Its components are constrained according to (2.6). Let J be the N’ = 2 conformal super-
current. As discussed in [12], J is a primary real scalar superfield of dimension +2 and
obeys the conservation equation (1.6). We introduce the following real SU(2) triplet

19 = LoD DL - AV 4 (€°0D)) + £0D2) 7 (1.9

Here the real SU(2) triplet A% is defined as

g i o
AU = — DU, DIjged .
32 [ [e'R) o ]§ (4 9)
and has the properties [12]
DUAM =0 « DUAM =0. (4.10)

One can check that L% is a linear multiplet,
DYLi® = Pk =, (4.11)

and therefore it contains a conserved current.
The component content of J and L¥ is discussed, e.g., in [12].

5 Superconformal theories in five and six dimensions

The unique feature of five spacetime dimensions is that there is only one superconformal
algebra [18], which is isomorphic to the exceptional superalgebra F2(4) and corresponds
to the supersymmetry type N' = 1 with eight supercharges. Our 5D superspace notation
and conventions correspond to [38] with one exception. Instead of using Greek letters with
a hat, such as &, B, for the four-component spinor indices [38], here such indices will be
denoted by ordinary Greek letters.

Any real supervector field £ on 5D N = 1 Minkowski superspace M°®l® has the form

£ =¢E4Dy = €99, + D!, i=1,2, (5.1)

— 11 —



where £ is real and £ obeys the pseudo-Majorana condition defined in appendix A of [38].
Requiring £ to be conformal Killing, eq. (2.1), one obtains [16] (see also [39])

. i .
gé = EDmfﬁom (5.2&)
, 1
Diabpyy = =5 D" &saepyy s (5.2b)
where the traceless antisymmetric rank-two spinor &, is obtained from £* by the stan-

dard rule &5 = (I'¢)ap€, with the Imatrices defined as in [38]. Eq. (5.2b) is the 5D
superconformal Killing equation. One can deduce from (5.2) the following identities:

il 1 icj i i
D¢ gg)zieaﬁm( &) = DD =0,  ([)as D¢ =0. (5.3)

The N/ = 1 and N = 2 supercurrents in five dimensions were introduced by Howe
and Lindstrém [40]. The conformal supercurrent, J, is a primary real scalar superfield of
dimension +3, which obeys the conservation equation [39]

D*p)J=0 = D{DIDPJ=0. (5.4)
Given a conformal Killing supervector field €4, we consider the following descendant of the
supercurrent: '
L = égaﬁpgjpg)J — DD 4 AT (5.5)
where AY is defined by
D
AV — ZD‘()‘Zgj)a (5.6)

and obeys the constraint
DUAR) =0 (5.7)

Making use of the identities (5.2) and (5.3) and the conservation equation (5.4), one may
check that L% is a linear multiplet,

DUL*) =0, (5.8)

and therefore it contains a conserved current.

The expressions (4.8) and (5.5) look very similar. This feature is not accidental and ac-
tually it follows from the fact that the 4D N = 2 and 5D N = 1 supersymmetries describe
eight supercharges. Another case with eight supercharges is the 6D A = (1,0) supersym-
metry, to which the above 5D analysis extends almost without changes. The only difference
between the 5D and 6D cases is that the 6D N = (1,0) conformal supercurrent, J, is a
primary real scalar superfield of dimension +4, which obeys the conservation equation [41]

D{DLDY.T =0, (5.9)

which differs from the 5D conservation equation (5.4). However, the only property of the
5D supercurrent, which was crucial in order to establish (5.8), was the relation on the right
hand side of (5.4). The latter is the 5D counterpart of the 6D conservation equation (5.9).
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6 Non-conformal supercurrents, curved backgrounds

In this paper, we have presented the supersymmetric extensions of the construction
(T, ¢%) — V9 where T is the conserved and traceless energy-momentum tensor, £
is an arbitrary conformal Killing vector field, and V¢ is the conserved current defined
by (1.3). As is well known, the field-theoretic construction has a simple modification to
the non-conformal case when T% is no longer traceless,

T = b T =0 . (6.1)
The vector field V' defined by (1.3) is still conserved provided £ is a Killing vector field,
8agb + abgat =0. (6'2)

This non-conformal construction also admits a supersymmetric generalisation. We will
describe it only in the 4D case. To start with, we will briefly recall the structure of N’ =1
and N = 2 non-conformal supercurrents.

A general non-conformal N' = 1 supercurrent is naturally associated with the non-
minimal off-shell formulation [42, 43] for A/ = 1 supergravity. The supercurrent conserva-
tion equation (see, e.g., [44]) is

D%Jas = aD%o —bDaDsCP . DiuCs) =0, (6.3)

with a, b real parameters. Setting (, = D,~Z leads to the supercurrent multiplet derived
in [45] using a version of the superfield Noether procedure elaborated in [36].

An alternative form for the general N' = 1 supercurrent, which is simply related
to (6.3), was presented in [46]. It naturally follows from the classification of the linearised
N =1 supergravity actions given in [47] and is described by the conservation equation

D%J.s = Xa +10a + Do X, (6.4a)
DiXa = Dana = Do X =0, D% — Dax® = D®no — Dsif =0 . (6.4b)

The chiral superfields ya, 7o and X constitute the so-called multiplet of anomalies. In
principle, one may always solve the constraints imposed on X, 7, and X in terms of
unconstrained potentials as follows

1_ 1 - 1 -
Xa==3D*DaV,  na=-7D"DolU, X =- D2, (6.5)

where V and U are real. However, in some cases this is accompanied by the loss of locality
(that is, some of the potentials are not well-defined local operators) and gauge invariance.
This point of view was advocated in [48]. The supercurrent (6.4) with xo = 7o = 0
was introduced by Ferrara and Zumino [1], and it is associated with the old minimal
formulation [49-51] for ' = 1 supergravity. The supercurrent (6.4) with n, = 0and X =0
corresponds to the new minimal formulation [52] for A/ = 1 supergravity. Sometimes it is
called the R-multiplet [48]. The supercurrent (6.4) with x, = 0 and X = 0 corresponds to
the exotic minimal supergravity formulation [53], which is known only at the linearised level.
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This supercurrent is sometimes called the virial multiplet [54, 55]. The supercurrent (6.4)
with 7, = 0 is known as the S-multiplet [48]. It does not correspond to any irreducible
supergravity theory, although it was argued [48] to be universal in the case of N' = 1
Poincaré supersymmetry.%

Let us also reproduce a non-conformal deformation of the A/ = 2 supercurrent mul-
tiplet (1.6) that supports a large family of N/ = 2 supersymmetric field theories. The
corresponding conservation equation [56, 57] is

1 .. g g
(D7 = wT — gy, (6.6a)

where T% and Y are the trace multiplets constrained by

pUT*) = pUTit) =0, T =Ty, (6.6b)
DLY =0, DY = DVY (6.6¢)

The right-hand side of (6.6a) involves two constant parameters, complex w and real SU(2)
triplet ¢%/, which may be thought of as expectation values of the two conformal compen-
sators in the off-shell formulations for AN/ = 2 supergravity developed by de Wit, Philippe
and Van Proeyen [59]. The supercurrent multiplet with g%/ = 0 is equivalent to the one
discovered originally by Sohnius [5].

In the remainder of this section, our analysis will be restricted to the N’ =1 case and
only the Ferrara-Zumino supercurrent [1] will be studied (all technical steps are analogous
for the other supercurrents). The corresponding conservation equation is

DY .4 = Do X , DsX =0, (6.7)

with X the chiral trace multiplet.” If X # 0, the real scalar L defined by (4.2) is no longer
a linear superfield. Conservation equation (4.3) turns into

D?L = 2i6X = 2i(£%0, + £°Dy) X . (6.8)

Here the right-hand side is chiral, because £X is the variation of the chiral superfield X
generated by the conformal Killing supervector field £ = 4D 4. If £ is a Killing supervector
field, then it obeys the additional constraint [9]

Do = D4 =0 = 0,9=0. (6.9)
In the case that ¢ is Killing, the relation (6.8) is equivalent to

DL = 2i€X = 21{8a(§“X) - Da(gaX)} . (6.10)

5The S-multiplet does not exist in the case of A/ = 1 anti-de Sitter supersymmetry [56], for which the
Ferrara-Zumino supercurrent is universal.

"Since D*X — D?*X = —2i0aaJ**, the chiral trace X in (6.7) is in fact an example of the three-form
multiplet [44, 58].
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Since D(dﬁfé)ﬁ =0, eq. (2.6b), we can represent
.= 15
gad = —QIDQTQ — {a = _ZD Ta, (611)

for some spinor Y. Making use of this representation, eq. (6.10) may be rewritten in the
form

D*L=0, L:=L+ %{D“(TQX) - Dd(TdX)} . (6.12)
We conclude that L contains a conserved current.

So far, our discussion in this paper has been restricted to theories in flat superspace.
However, practically all considerations and conclusions may be extended to supersymmetric
field theories defined on curved superspace backgrounds with symmetries. As an exam-
ple, let us consider a curved superspace background M** of the 4D A = 1 old minimal
supergravity.® Let J,q be the conformal supercurrent,

Do =0 = (D*—6R)Joa=0. (6.13)

Let £ = £4E 4 be a conformal Killing supervector field of M**. As demonstrated in section
6.4 of [9], its explicit form is

= (en68) = (5”, S —;D%a> (6.14)
where the vector component &,4 is real and obeys the equation
Dagp=0 = (D’ +2R)éaa=0. (6.15)
Then the real scalar L := —%fadJad is a conserved current multiplet,
(D* —~4R)L =0 . (6.16)
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A Conformal symmetries of curved superspace

The material in this section is taken almost verbatim from [60].

Let M%® be a curved superspace, with d spacetime and & fermionic dimensions, chosen
to describe a given supergravity theory. We denote by z™ = (2™, %) the local coordinates
for M4%. Without loss of generality, we assume that the zero section of M%® defined by
9" = 0 corresponds to the spacetime manifold M?,

8Qur supergravity conventions follow [9] and slightly differ from those used in [19].
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The differential geometry of curved superspace M%® may be realised in terms of co-
variant derivatives of the form

Da=(Dy,Ds) =Es+Qa+ D4 . (A.1)

Here E4 = EAM(2)0/02M denotes the inverse superspace vielbein, Q4 = 104%(2) My, is
the Lorentz connection, and ® = ®47(2).J; the R-symmetry connection.’ The index & of
the fermionic operator Dy is, in general, composite; it is comprised of a spinor index « and
an R-symmetry index.

The covariant derivatives obey the (anti-)commutation relations of the form

1
DA, D} = Tag“De + §RABCndd +Rap'Jr, (A.2)

where Tap®(2) is the torsion tensor, Rap°(z) and Rap’(z) are the Lorentz and R-
symmetry curvature tensors, respectively. In order to describe conformal supergravity,
the superspace torsion Ty has to obey certain algebraic constraints.

The supergravity gauge group includes a subgroup generated by local transformations

1
oxDa = [K,Dal, K :=¢%(2)Dp + §Kbc(z)Mbc + K'(2)Jp, (A.3)
where the gauge parameters ¢8, K = — K and K! obey standard reality conditions but

are otherwise arbitrary.
In order to describe conformal supergravity, the constraints imposed on the superspace
torsion should be invariant under super-Weyl transformations [61] of the form

06Dy = 0Dy + - - - s 06Ds = z0Dg + - - - s <A4)

where the scale parameter ¢ is an arbitrary real superfield. The ellipsis in the expression
for 6,D, includes, in general, a linear combination of the spinor covariant derivatives DB
and the structure group generators M.; and Jg. The ellipsis in d,D4 stands for a linear
combination of the generators of the structure group. Consider the superspace vielbein
FEA = dzMEp4(2) to which E4 is dual. The specific feature of the super-Weyl transfor-
mation is that the vector one-form E* transforms homogeneously,

§,E* = —gE" . (A.5)

This implies that every super-Weyl transformation at most scales the superspace interval
defined by ds? := 1, E?E®. The Lorentz and R-symmetry transformations preserve the
interval.
Let us now fix a background superspace. A supervector field ¢ = é8Ep on (MY D)
is called conformal Killing if
(0x +05)Dy =0, (A.6)

9The superspace structure group, Spin(d —1,1) x Gr, is a subgroup of the isometry group of Minkowski
superspace M?°. This subgroup is the isotropy group of the origin in M/,

,16,



for some Lorentz K%, R-symmetry K and super-Weyl o parameters. For any dimension
d < 6 and any conformal supergravity with up to eight supercharges, the following proper-
ties hold: (i) all parameters K, KT and o are uniquely determined in terms of &7, which
allows us to write K = K*[¢], KT = K'[¢] and o = o[¢]; (ii) the spinor component ¢ is
uniquely determined in terms of £°; (iii) the vector component £° obeys a superconformal
Killing equation, which contains all the information about the conformal Killing vector
field and, in particular, implies the ordinary conformal Killing equation

2
Z)agb + ,Dbfa = gnab,Dch . <A7)

Unlike (A.7), the explicit form of the superconformal Killing equation depends on the
spacetime dimension and supersymmetry type chosen. For instance, in the case of 4D
N =1 supergravity this equation [9] is given by (6.15).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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