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Abstract
Tensor network states, and in particular projected entangled pair states (PEPS), suggest an innovative
approach for the study of lattice gauge theories, both from a pure theoretic point of view, and as a tool
for the analysis of the recent proposals for quantum simulations of lattice gauge theories. In this paper
we present a framework for describing locally gauge invariant states on lattices using PEPS. The PEPS
constructed hereby shall include both bosonic and fermionic states, suitable for all combinations of
matter and gauge fields in lattice gauge theories defined by either finite or compact Lie groups.

1. Introduction

The importance of the standardmodel of particle physics, andwithin it, of gauge theories, could not be
overestimated.Nevertheless, a very important part of it, quantum chromodynamics (QCD), remains partially
unresolved, due to its highly non-perturbative nature. One of theways to tackle the non-perturbative physics of
the strong interactions described byQCD is lattice gauge theories [1–4], which have been very successful in the
study of a broad range of phenomena [5–12]. Themost traditionalmethods of investigation of lattice gauge
theories are based onMonte Carlo calculations in a Euclidean space–time and, in spite of their unquestionable
efficiency to achievemany tasks, they present some limitations in specific cases. For example, the
computationally hard sign-problem [13] hinders calculations in fermionic systemswith afinite chemical
potential, a situationwhich is important for several QCDphases, such as color superconductivity and quark-
gluon plasma [12, 14]. Another traditionally difficult task forMonte Carlo techniques is the implementation of
the real-time evolution inMinkowski spacetime: despite the development of new techniques [15, 16]which are
fruitful for various calculations, real-time evolution is still challenging in themost general situations.

Recently, alternative approaches to examine lattice gauge theories have been considered and there have been
several proposals for quantum simulations [17, 18] of lattice gauge theories [19–38], inwhich suchmodels are
mapped toAMO systems (mostly ultracold atoms in optical lattices [39]), which are highly controllable in the
laboratory and hence serve as analog- or digital-quantum-computers specially tailored to these problems.

Besides the quantum simulation proposals, newways for classical simulations of lattice gauge theories have
been developed and utilized, based on tensor network states, in particularmatrix product states and projected
entangled pair states (PEPS) [40, 41]; see, for example, [42–56]. Theseworks are of great importance, as they
suggest newways to overcome the problems of the conventionalMonte Carlo calculations and possibly to
observe and understand new physical phenomena. They are also closely related to quantum simulations, as
quantum simulators usually require some truncation of theHilbert space of the gauge theories [57], and tensor
network studiesmay help shedding light on the quantitative differences between the quantum simulators and
the fullmodels.

The study of lattice gauge theories within the tensor network framework takes its steps from the techniques
developed to describe quantum states with symmetry groups, which allow us to directly encode these
symmetries in the properties of the adopted tensors, especially in the case of translational invariant states. Several
works analyzed in detail the construction of both one-dimensional states with global symmetries [58–61] and
two-dimensional PEPSwith spatial symmetries and global gauge symmetries acting on inner degrees of freedom
[60, 62, 63]. In the description of gauge theories a further step is required: physical gauge degrees of freedom
must be included to gauge the symmetries from global to local.
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This last step has been undertaken for two-dimensional tensor networks in the recent works [46, 48, 55]. In
particular, Tagliacozzo et al [46] introduced a formalism for building bosonic PEPS describing pure lattice gauge
theories with arbitrary groups and adopted a truncation scheme for the representations whichwewill extend in
this work to includematter and fermionic PEPS (fPEPS) as well; Haegeman et al [48] developed, instead, a
general, conceptual formalism to build PEPSwhich describe both gaugefields and bosonicmatter through a
gaugingmap of injective PEPS. Finally, in [55], the authors presented an explicit analytical and numerical
construction for the specific case of a truncatedU(1) gauge-invariant state including both fermionicmatter and
bosonic gauge fields.

In this work, we develop amore general framework for the construction of PEPSwith local gauge invariance
for lattice gauge theories whose gauge groupG is either a compact Lie, or afinite group.We aim at unifying all
the elements required for complete descriptions of lattice gauge theories: in particular we focus on gauge
invariant states which include bothmatter and gaugefields andwe propose a constructive approach to define
tensor network states where thematter can be either bosonic or fermionic and is associated to an arbitrary
representation of the gauge group. A special attentionwill indeed be devoted to the construction of fPEPS
because of theirmore immediate relevance in the study ofmodels which are closer to the usual particle physics
theories.

Throughout this paperwe adopt themathematical stucture discussed in [57] to describe the physical
components of the PEPS and, in particular, theHilbert spaces used to describe thematter and the gaugefield
degrees of freedom.Wewill show that such description, based on the representations of the gauge group, can be
naturally extended to the virtual states constituting the links of the tensor network. Furthermore, tomake this
work self-contained, wewill summarize themain elements of the construction presented in [57]without
assuming that the reader is acquaintedwith PEPS or lattice gauge theories; the required PEPS details are
reviewed and constructed along the paper, as well as their relationswith lattice gauge theory.

2.Mathematical framework for the description of lattice gauge theories

The purpose of this paper is to build, with a tensor network approach, physical states which fulfill a local gauge
invariance under a gauge groupG. These states describemany-body systems living in a two-dimensional square
lattice and constitute paradigmatic or variational states for the study of lattice gauge theories. Following the
standard formulation of lattice gauge theories, the vertices of the square lattice host thematter degrees of
freedom,whereas its links host the degrees of freedom associated to the gaugefields.

The requirement of the gauge symmetrymust be translated to the invariance under specific operators that
describe the effect of the groupG on both thematter particles and the gaugefieldsmediating among them.
Matter particles and gaugefields, though, are described by differentHilbert spaces and obey different
transformation rules. Thematter particles require, in general, the introduction of an internal degree of freedom
(the ‘color’ in high-energymodels) over which the group elements can act. The gaugefield degrees of freedom,
instead, are associated to group elements since they come into playwhen considering the transformation that a
particle undergoes whilemoving between neighboring vertices.

Before turning into the PEPS construction, in this sectionwe shall briefly review some basic notation and
group theoretic properties required for the description of bothmatter particles and gauge fields.Wewill follow,
in particular, the construction of [57].

Consider a groupG, whichmay be either afinite or a Lie group.We denote its elements by Îg G, and, since
in generalGmay be non-Abelian, right and left group transformations have to be defined separately.We denote
the quantumunitary operators corresponding to these right and left transformationsQg andQg

˜ respectively. In
order to represent their action on thematter degrees of freedombymatrices, a suitableHilbert spacemust be
defined.

ThisHilbert space is spanned by the states ñjm∣ . First, j denotes the representation of the group under which

the state is transformed: the transformationsQg andQg
˜ are block diagonal in terms of the representation j—a

direct sumofmatrices with dimensions jdim( ) acting on the j subspaces. For SU(2), for example, the
representations are identifiedwith the total angularmomentumof a state, and the states are eigenvalues of the
quadratic Casimir operator J2,

ñ = + ñjm j j jmJ 1 12 ∣ ( )∣ ( )

a similar operatormay be defined for other Lie groups (such as SU(N)), and in any case onemay define a general
operator of the form

å ñáf j jm jm 2
j

( )∣ ∣ ( )
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whose eigenvalues are the representations. Here, and throughout this paper, a summation is assumed on double
indices, except for those corresponding to representations.

For rank 1 groups, such as SU(2), every representation appears once and jmay be treated as a simple index; in
other groups, representationsmay havemultiplicities dj (in SU(N), for example, there are -N 1 fundamental
representations), and one has to add to j another index, Îi d1 ... ;j in general, we shall treat j as either a single
index or a set of two indices corresponding to a particular representation.

To distinguish the orthogonal states within a given representation j, wemust define sets of group operators
which are block diagonal in the representations aswell—such as the angularmomentumoperators Ji for SU(2),
for example. Then, out of these operators wemay select amaximal set ofmutually commuting operators (which
will commutewith the representation as well, of course, thanks to the block-diagonal structure). Themutual
commutation allows formutual diagonalization of these operators alongwith the representation, which brings
us to the definition ofm—a set of eigenvalues of these operators. In the case of SU(2) the set of suchmutually
commuting operators has only one element—a single component of the angularmomentum, usually taken to
be Jz, and there, indeed, ñ = ñJ jm m jmz ∣ ∣ . In SU(3), on the other hand, there are two such operators,
corresponding (in particle physics terms) to the isospin and the hypercharge, and thusm is a set of two quantum
numbers.

We define theWignermatrices as the unitary representationmatrices of the right transformations

á Q ñ ºjm jn D g ; 3g mn
j∣ ∣ ( ) ( )

then, the right transformation lawunderG is

Q ñ = ñjm D g jn . 4g nm
j∣ ( )∣ ( )

All the jdim( ) states of the representation j are, in general,mixed by such transformations, but only among
themselves. The group element g determines the amplitudes of the transformation in (4).

To understand the name ‘right transformation’, we define a fermionic creation operator am
j†, such that

ñ = ñjm a 0 , 5m
j∣ ∣ ( )†

where ñ0∣ is a group singlet—invariant under any transformation—corresponding to the fermionic vacuum.
Then, the transformation law

Q Q =a a D g 6g m
j

g n
j

nm
j ( ) ( )† † †

simplymultiplies the vector (rank-1 tensor) am
j† from the right by the representationmatrix corresponding to g,

thus reproducing the right transformation law of the group states. From that, it is straightforward to define the
‘left transformation’

Q Q =a D g a 7g m
j

g mn
j

n
j˜ ˜ ( ) ( )† † †

out of which one obtains

Q ñ = ñjm D g jn 8g mn
j˜ ∣ ( )∣ ( )

aswell as

á Q ñ ºjm jn D g . 9g nm
j∣ ˜ ∣ ( ) ( )

Note that these fermionic operators both havewell defined right and left transformation laws, and thus they
are not equivalent to the rishonmodes present in the linkmodel formulation of lattice gauge theories [64]. The
fermionic operators, in our case, will not be used for the construction of the physical electric field.

To describe the gaugefield, wemust instead define amatrix operator, or a rank-2 tensor under the group,
Uj
mn, such that:

Q Q = ¢ ¢U U D g 10g mn
j

g mn
j

n n
j ( ) ( )†

and

Q Q = ¢ ¢U D g U . 11g mn
j

g mm
j

m n
j˜ ˜ ( ) ( )†

These operators act on a differentHilbert space, which describes the physical states along the links of the
square lattice and is spanned by the states ñjmn∣ , whichwe define as:

ñ º ñjmn j Udim 000 , 12mn
j∣ ( ) ∣ ( )

3
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based on a trivial state ñ000∣ . This results in their transformation rules

Q ñ = ¢ñ¢jmn D g jmn 13g n n
j∣ ( )∣ ( )

and

Q ñ = ¢ ñ¢jmn D g jm n . 14g mm
j˜ ∣ ( )∣ ( )

These transformations act separately on the m n, numbers, which define the left and right degrees of freedom:
the states ñjmn∣ arewhat we call representation states, or elements of the representation basis of the gauge field, and
may be seen as

ñ = ñ Ä ñjmn jm jn 15∣ ∣ ∣ ( )

i.e., thisHilbert space consists of two copies of the previousHilbert space with the restriction, however, that the
two copies share the same representation. This equivalence, however, is only in the level of group transformation
laws, and does notmean that theU operators are created out of two a operators representing right and left
modes; asmentioned before, the fermionic a operators are not intended to play the role of ‘left’ or ‘right’
particles. This sets a difference from the linkmodel rishon formulation [64] and their tensor network
simulations [49]. Differently from the linkmodel formulation, in our construction the right and left part are not
separate ingredients and they do not generate anymultiplicity. Furthermore the truncation schemewe adopt
will be different.

Then it is straightforward, using theClebsch–Gordan series, to expand theUj
mn operators in the

representation basis [57],

å= á ñá ¢ ¢ ¢ñ ¢ñá ¢¢U
J

K
JMjm KN KN JM jm KNN JMM

dim

dim
. 16

mm
j

J K,

( )
( )

∣ ∣ ∣ ∣ ( )

One can verify that ¢U
mm

j is in general a unitary operator.

For the practical purpose of simulating gaugefields with afiniteHilbert space, it is usually necessary to
restrict the set of representations that can appear on the link states. The previous decomposition of the operator

¢U
mm

j offer a possible and consistent way of applying this restriction: the sumon the right-hand side of (16) can be
truncated in awaywhichmaintains unaltered all the previous the transformation rules. This is achieved just by
considering only a small set of representations which are connected via non-vanishing Clebsch–Gordan
coefficients [57], and discarding all the other terms.

An alternative interpretation ofUj
mn is given by the fact that this operator plays the role of the connection

entering the kinetic term in theHamiltonian of lattice gauge theories [2]which assumes the form:

y y + +U k kx x x, h.c., 17m
j

mn
j

n
jp p p( ) ( ˆ) ( ˆ) ( )†

where y xm
jp ( ) is the annihilation operator of the form am

jp of a physicalmatter fermion in the lattice vertex x, with
jp the group representation associated to the single particles ofmatter. k̂ is a unit vector specifying a direction of
the lattice and the gaugefield degrees of freedomon the link between x and + kx ˆ are affected by the operator
U kx,mn

jp ( ˆ). Hencewe can considerUj
mn as a quantumoperator whose spectrum is given by theWignermatrix

elements

ò= ñáU gD g g gd . 18mn
j

mn
j ( )∣ ∣ ( )

Since it corresponds to the the transformation thatmatter particles undergowhen hopping fromone site to

another; thereforeUmn
jp must be diagonal in the group element basis, whose elements are states corresponding to

elements of the group- ñg∣ .
The group element basis and the representation basis are connected through the relation

á ñ =g jmn
g

G
D g

dim
, 19mn

j∣ ( )
∣ ∣

( ) ( )

where G∣ ∣ is the order of the group. In that sense, theWignermatricesmay be seen as wavefunctions of the
representation states in a coordinate space parametrized by the group elements.

It is important to notice that the right and left transformation rules in equations (6), (10) and (7), (11)
respectively enforce the gauge invariance of the tunneling term (17), oncewe consider a suitable convention for
the orientation of the link.

Concerning the gaugefield degrees of freedom, the choice of the representation or the group basis reflects
the different interpretations in terms of electric field and vector potential. Electric energy terms in theKogut–
SusskindHamiltonian for SU(N) [2] are given in terms of the representations—the square of the electricfield is
identifiedwith the quadratic Casimir operator. Thus, representation statesmay be also referred to as electric

4
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states, and thus aHilbert space which is truncated in terms of this basis is suitable for electric states or states in
phaseswith electric confinement, where the electric flux is concentrated. On the other hand, themagnetic
energy is given by traces of the sumofUj

mn products along a plaquette, and thus group element statsmay be
referred to asmagnetic states, since they are the eigenvalues of these.

A better intuition for this formalismmay be given if the groupG is a Lie group. Then, onemay use group
parameters and generators to parameterize the quantum transformation operators.

We can consider in further detail the case inwhichG is a compact Lie group. There, the transformation
operatorsQg may bewritten in terms of parameters and generators:

Q = e 20g
q Ri g ( )·

and

Q = e , 21g
q Li g˜ ( )·

where qg is the vector of group parameters for g, and L R, are the generators of transformations for the left and
right transformations, satisfying the algebra

= -
=
=

=

=

¢ ¢

¢ ¢

L L f L

R R f R

L R

U L T U

U R U T

, i ,

, i ,

, 0,

, ,

, , 22

a b abc c

a b abc c

a b

mn
j

a mm
j

m n
j

mn
j

a mn
j

n n
j

[ ]
[ ]
[ ]
[ ]

[ ] ( )

where fabc are the structure constants ofG, andT
j are the j-representationmatrices of the generators ofG. R L,a a

are then identified as the right and left electricfields on a link.
Onemay define the quadratic Casimir operator, = º =L L R RJ E a a a a

2 2 , and then
ñ = ñjmn C j jmnE2

2∣ ( )∣ , whereC2 is a function of the representation only, representing the square of the
electric field.

For =G SU 2( ), for example, = +C j j j 12 ( ) ( ).m and n represent sets of eigenvalues of some subset of
L R,a a operators,mutually commuting. In this case these are the eigenvalues of the z components of the angular
momentum, i.e. ñ = ñL jmn m jmnz ∣ ∣ and ñ = ñR jmn n jmnz ∣ ∣ : one has two sets of angularmomenta, left and
right one, corresponding to the angularmomentumof a rigid body,measured in two different systems of
principal axes: the space inertial frame and the body rotating frame; the total angularmomentumof both frames
has to be equal since it is a scalar under rotations. In fact, ñjmn∣ are simply eigenstates of the free isotropic rigid
rotator [2, 65], described by theHamiltonian

=H
I

J

2
23

2

( )

the eigenfunctions of thisHamiltonian in coordinate space—the space of Euler angles a b g, , were found by
Wigner (up to some conventions) to be

a b g
p

a b gá ñ =
+

jmn
j

D, ,
2 1

8
, , 24mn

j
2

∣ ( ) ( )

which is simply the SU(2) case of equation (19).

3. PEPSwith a global symmetry

Before considering local gauge symmetries, which are at themain focus of this paper, let us recall the structure of
PEPS in the case of physical states invariant under the action of a symmetry group (see, for example, [62, 63]). In
our case, this symmetry groupwill give rise to a global gauge symmetry, acting, in general, on an inner degree of
freedomof the physicalmatter particles.

We consider a two dimensional (spatial) square lattice, and begin our construction by associating a fiducial
state to each of its sites x. These localfiducial states are obtained by the use of tensorsAp

lrud, and assume the form:

ñ = ñ ñA A p l r u dx , , , , 25lrud
p∣ ( ) ∣ ∣ ( )

where summation on the indices p l r u d, , , , is implied. The ñp∣ state belongs to the physicalHilbert spacep

on the vertex x, with dimension d; the states ñl r u d, , ,∣ belong to four virtual identical Hilbert spaces Ä v. Each
of themhas dimensionD (called the bond dimension) and it is associated to one of the edges of the links departing
from the vertex x (see figure 1(a)). In order to obtain a physicalmany-body state, several localfiducial states
must be connected by suitable projectors. To this purpose wemustfirst define a globalfiducial state as the tensor

5
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product of the previous local states on the vertices of the lattice. In particular, wewill impose to have translational
invariance, which is implemented by choosing the same tensorA in all the positions (this conditionwill be
slightly altered section 6 to include a staggering in the fermionic systems to account for positive and negative
charges). The role of possible boundaries is neglected here for the sake of simplicity although it can be handled
with standard tensor network techniques (see, for example, [55], for the specific case of theU(1) gauge
symmetry). This choice of building a translational invariant state reflects the translational symmetry that is
customarily considered in the study of lattice gauge theories without background static charges. This results in
the product state:

F ñ = ñA A x . 26
x

∣ ( ) ⨂∣ ( ) ( )

Wealso define the followingmaximally entangled states along the bonds (seefigure 1(b)),


å+ ñ = = + = ñ
Î

H
D

r i l ix x e x x e,
1

, 27
i

1 1

v

∣ ( ˆ ) ∣ ( ) ( ˆ ) ( )

and


å+ ñ = = + = ñ
Î

V
D

u i d ix x e x x e,
1

, 28
i

2 2

v

∣ ( ˆ ) ∣ ( ) ( ˆ ) ( )

for the horizontal and vertical links (bonds) of the lattice respectively1. The product state of all links (bonds) shall
be denoted as ñ = + ñ + ñHV H Vx x e x x e, ,

x
1 2∣{ } ⨂∣ ( ˆ ) ∣ ( ˆ ) . Eventually, one projects thefiducial state F ñA∣ ( )

onto the entangled bond states ñHV∣ , thus factoring the virtual states out (and hence their name). This allows us
to correlate the physical states in different sites and to create amany-body physical state, inwhich the indices of
the Ap

lrud tensors are properly contracted:

yñ = á F ñHV A . 29∣ { }∣ ( ) ( )

Supposewewish our state to be globally invariant under some transformation groupG.We then
parametrize all our states in terms of their transformation properties underG: i.e., by an irreducible
representation j and a set of eigenvaluesm ofmutually commuting operators (identifiers within the
representation). For example, the physical state will be denoted as ñj mp p∣ .

Each such ñjm∣ statemay undergo either right or left group transformations, parameterized by the group
elements g, which are represented by the unitaryWignermatrices

= -D g D g . 30mn
j

nm
j 1( ) ¯ ( ) ( )

as explained in section 2.
The physical and virtual statesmay belong to any representation.However, if we further impose that the two

virtual states lying on the edges of a single link belong to the same representation, we get that the entangled states
ñ ñH V,∣ ∣ are invariant under the above group transformations (see figure 1(c)). For example

Figure 1.TheA tensor and its symmetries. (a)The vertex tensor, with the physical state p and the virtual states l r u d, , , , as defined in
(25). (b)Projection to amaximally entangled state on the bond. (c)The symmetry of thefiducial state—a virtual Gauss law (33). (d)
Invariance of the projectors underG (31).

1
Onemay, of course, replace these by other, similar entangled bond states.

6
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Q Q Q Qñ = ñ ñ

= ¢ñ ñ = ñ¢ 
-

H
D

jm jm

D
D g jm D g jm H

1

1
. 31

g
r

g
l

g
r

r g
l

l

mm
j

r m m
j

l
1

˜ ∣ ˜ ∣ ∣

( )∣ ( )∣ ∣ ( )

† †

Hereafter wewill adopt the notationΘg for gauge operators acting on the virtual states, andQg for operators
acting on the physical level. In equation (31) the indices l and r simply refer to the two states on the edges of the
virtual bond2 andwe exploited the unitarity of theWignermatricesD. Similarly, for vertical
bonds,Q Q ñ = ñV Vg

u
g
d˜ ∣ ∣† .

Wewish our state yñ∣ to be globally invariant underG. Thismeans that the state is invariant under the global
transformation operatorQ = Q xg g

p

x

⨂ ( )3:

y yQ ñ = ñ. 32g ∣ ∣ ( )

This is achieved if the localfiducial states ñA x∣ ( ) satisfy

Q Q Q QQ ñ = ñA Ax x x x x x x 33g
p

g
l

g
r

g
u

g
d( )∣ ( ) ( ) ˜ ( ) ˜ ( ) ( )∣ ( ) ( )† †

(see figure 1(d)). This equationmay be interpreted as aGauss law for a lattice gauge theorywhose gauge group is
G[56],with virtual ‘electric’ fluxes on the linkswhich are not physicallymeasurable.

The global physical symmetry is guaranteed since

y

Q Q Q Q y

Q ñ = á Q ñ

= á ñ = ñ

HV A

HV A

x x

x x x x x , 34

g g
p

g
l

g
r

g
u

g
d

x

x

∣ { }∣⨂ ( )∣ ( )

{ }∣⨂ ( ) ˜ ( ) ˜ ( ) ( )∣ ( ) ∣ ( )† †

as the state ñHV∣{ } is invariant underG (see equation (31)).
The condition (33) is satisfied if one chooses, for example

åa= á ñá ñá ñA j m j m j m j m j m j m j m j m j m , 35j m j m j m j m
j m

j j
j j j j
j j j

l l d d p p r r u u; ; ; 1 1 1 1 2 2 2 2
l l r r u u d d

p p

l r u d

p

1 2

1 2 ∣ ∣ ∣ ( )

where a j j j j
j j j

l r u d

p 1 2 are free (variational) parameters and the coefficients á ñj m j m j ma a b b c c∣ are theClebsch–Gordan
coefficients of the group. This expression generalizes the construction of the vertex presented in [46] to include
also thematter states. The proof of the gauge invariance ofA can be found in the appendix and a graphical
representation of the tensor is depicted infigure 4.We emphasize that theClebsch–Gordan coefficientsmust
account also for the presence of possible degeneracies dj of the representations. As previously discussed j andm
indices are potentially sets ofmultiple indices.

If onewishes to increase the bond dimension, further copies of the virtual irreducible representationsmay be
used (see section 5). On the other hand, the dimensions of the requiredHilbert spacesmay be reduced if one
chooses only a few representations, as long as all the states of every chosen representation are considered, and the
representations chosen are connected by non-vanishing Clebsch–Gordan coefficients [57].

As an example, consider the simple Abelian case where =G U 1( ). The irreducible representations are all
one-dimensional, therefore the representation index j is irrelevant, and theClebsch–Gordan coefficients are
simply dá ñ = +m m m m m m1 2 ,1 2

∣ . Thus one obtains that a d= + - -Am m m m
m

m m m m
m

m m m m m,l r u d
p

l r u d
p

r u l d p
fromwhich the

AbelianGauss lawwith a physical chargemp on the vertex and virtualfluxes ml r u d, , , on the links around it is easily
recognizable.

4.Gauging the symmetry

The next step is to gauge the symmetry, or tomake it local, i.e. to change our PEPS such that it will be locally
invariant underG: we shall define a local unitary transformationQ xg ( ) acting on the physicalHilbert space, such
that for every vertex x

y yQ ñ = ñx . 36g ( )∣ ∣ ( )

This is a local symmetry, in the sense that the above equation holds for any vertex x independently of the other
vertices: one could choose different group elements to act with on different vertices ( g g x( ) ).

For that, wewill need to introduce new physical degrees of freedom, residing on the links of the lattice. Since
we have already interpreted the virtual states as eigenstates of some virtual electric flux (orfield), and the PEPS

2
The superscripts of the gauge operatorsΘ are added just for the sake of clarity and, differently from the indices in (25), they are not indices

to be summed.
3
The state is considered as invariant also for equality up to a global phase, butwe shall ignore this possibility as this corresponds, in gauge

theory terms, to the presence of static charges.
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symmetry (33) as aGauss law, it would be natural now to ‘physicalize’ the virtual states, i.e. to add physical
degrees of freedomon each linkwhose transformations rules are identical to the virtual ones, andwill satisfy a
physical Gauss law. For that, we introduce a new type of tensors,Gauge Tensors, residing on the links.

4.1. Gauge tensors
Wedenote each link by two indices: x, the lattice vertex fromwhich it emanates (rightwards or upwards), and k,
its direction. On each linkwe define afiducial state based on a newkind of tensors,Bp

ab,

ñ = ñ ñB k B p abx, , 37ab
p∣ ( ) ∣ ∣ ( )

where a=l, b=r for k=1 (horizontal links) and a=d, b=u for k=2 (vertical links)—see figure 2(a). Here
ñp∣ is a physical state that is associated to a gaugefield in the lattice gauge theory framework.
One needs tomodify the entangled bond states to connect theB and theA tensors. For that, we define two

projectors on each link, connecting eachB tensor to the two neighboringA tensors (see figure 2(b)). For
example, instead of ñH∣ ( ñV∣ )wewill nowproject to two states, ñH1∣ ( ñV1∣ ) connectingA from its right (upper)
edgewithB, and ñH2∣ ( ñV2∣ ), connectingA from its left (lower) edge toB. These states define a new, generalized

ñHV∣{ } , under the assumption that the virtual Hilbert spaces ofBmatch those ofA.
In order to keep the newbond states invariant under group transformations, all we have to do is to demand

that the left/down virtual states of the linkswill transformwith a right transformation rule, while the right/up
transformwith the left ones. Then, a result similar to (31) is immediate for both the horizontal and vertical links.
The physical states for the gaugefield on the linkswill take the form ñ = ñp j m np p p∣ ∣ . These are representation
states[57], following both a left (mp) and a right (np) transformation rules—the physical transformations are

Q ñ = ¢ ñ¢j m n D g j m n 38g
L D

p p p m m
j

p p p
p p

˜ ∣ ( )∣ ( )

and

Q ñ = ¢ñ¢j m n D g j m n . 39g
R U

p p p n n
j

p p p
p p

∣ ( )∣ ( )

(as described in section 2).We define thefiducial product state

F ñ = ñ ñ º F ñ F ñA B A B k A Bx x, , 40
kx x,

∣ ( ) ⨂∣ ( ) ⨂∣ ( ) ∣ ( ) ∣ ( ) ( )

such that the physical state that includes both vertex and link degrees of freedom reads:

yñ = á F ñHV A B, . 41∣ { }∣ ( ) ( )

Following the ‘physicalization’ of theGauss law (33), wewish the local physical transformation around the
vertex x to be:

Q = Q Q Q Q - Q -e ex x x x x x, 1 , 2 , 1 , 2 . 42g g
p

g
L

g
D

g
R

g
U

1 2( ) ( ) ˜ ( ) ˜ ( ) ( ˆ ) ( ˆ ) ( )† †

Wehave defined all the ingredients required for equation (36), and thuswe canfinally turn to its fulfillment.
For that, what we need is to impose, on top of the symmetry requirements onA (33), twomore similar symmetry
requirements onB:

Q

Q

Q ñ= ñ

Q ñ= ñ

k B k k B k

k B k k B k

x x x x

x x x x

, , , , ,

, , , , 43

g
L D

g
l d

g
R U

g
r u

˜ ( )∣ ( ) ( )∣ ( )

( )∣ ( ) ˜ ( )∣ ( ) ( )

(see figure 2(c)).

Figure 2.TheB tensor and its symmetries. Only the horizontal case is drawn; the vertical link tensors are similar. (a)The link tensor,
with the physical state p and the virtual states l r, , as defined in (37). (b)Projection to entangled states on the bonds. (c)The
symmetries of thefiducial state (43).
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If theB tensors satisfy these properties, the local gauge symmetry is guaranteed. Let us verify it:

y

Q Q Q Q

Q Q Q Q F y

Q ñ= á Q F ñQ Q

´ Q - Q - F ñ

= á

´ - - ñ = ñ

HV A

e e B

HV

e e A B

x x x x

x x

x x x x

x x x x

, 1 , 2

, 1 , 2

, 1 , 2

, 1 , 2 , , 44

g g
p

g
L

g
D

g
R

g
U

g
r

g
l

g
u

g
d

g
l

g
r

g
d

g
u

1 2

1 2

( )∣ { }∣ ( )∣ ( ) ˜ ( ) ˜ ( )

( ˆ ) ( ˆ )∣ ( )

{ }∣ ˜ ( ) ( ) ˜ ( ) ( )

( ) ˜ ( ˆ ) ( ) ˜ ( ˆ )∣ ( ) ∣ ( )

† †

† †

† †

where the second equality follows from the symmetry requirements (33), (43), and the third one—from the
invariance of themaximally entangled bond states underG.

It is straightforward to see that a generalB tensor which satisfies these requirements is

b d d d d=B . 45j m j m
j m n j

j j j j m m n m;l d l d r u r u

p p p
p

p l d p r u p l d p r u ( )

Just like theA tensors, onemay also truncateB and include only some representations, as long as the
truncation scheme discussed in [57] is fulfilled.

Note that the gauging procedure described above is quite general, and depends only on using, for theB
tensors, the same virtual subspace as the one of theA tensors, and the fulfillment of conditions (43); this is
completely independent of the choice of theA tensors, given that they satisfy the symmetry requirement (33),
and the bond states satisfy the respectively required invariance properties.

In the simple case of =G U 1( ), one does not need to consider separatem and n values, asm=n. Then,
simply, on top of theU(1)Gauss law ofA, here one obtains that b d d=Bm m

m m
m m m m, ,l d r u

p p
p l d p u r

.

4.2. Unification of tensors
TheB tensors are very important for a constructive derivation of a locally gauge invariant PEPS, but actually one
does not need two types of tensors to get such a state. In fact, theA,B tensorsmay be united into a single tensorC,
residing on the vertices, consisting of four virtual states l r u d, , , and three physical states p s t, , , where p is the
physical state ofA, and s t, (standing for ‘side’ and ‘top’) are the physical states of theB tensors from the right
and the top neighboring links of the vertex.Mathematically

ñ = á Ä á ñ Ä ñ Ä ñC H V A B Bx x x x x x x x; , 1 ; , 2 , 1 , 2 461 1∣ ( ) ( { ( )}∣ { ( )}∣)(∣ ( ) ∣ ( ) ∣ ( ) ) ( )

(see figure 3(a)), or, simply

åñ = ñ ñC C j m j m n j m n j m j m j m j mx ; ; ; ; ; , 47
j

j m j m j m j m
j m j m n j m n

p p s s s t t t l l r r u u d d; ; ;
; ;

l l r r u u d d

p p s s s t t t∣ ( ) ∣ ∣ ( )
{ }

Figure 3.TheC tensor and its symmetries. (a)The definition ofC, based on the previously definedA andB (46). (b)The symmetry
properties ofC (49).
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where

b d d b d d

º

=

C A B B

A 48

j m j m j m j m
j m j m n j m n

j m j m j m j m
j m

j m j m
j m n

j m j m
j m n

j m j m j m j m
j m j

j j n m
j

j j n m

; ; ;
; ;

; ; ; ; ;

; ; ; , , , ,

l l r r u u d d

p p s s s t t t

l l s s t t d d

p p

s s r r
s s s

t t u u
t t t

l l s s t t d d

p p
s

s r s r
t

t u t u ( )

here, no sum is intended for repeated indices, and the last equality is obtained by equation (45) and links the
physical indices j n j n, , ,s s t t with the virtual indices j m j m, , ,r r u u respectively.

The only remaining bond states are the ones previously denoted ñ ñH V,2 2∣ ∣ .
The symmetry relations (33) and (43) are now simplymapped to

Q Q

Q

Q ñ = Q Q ñ

Q ñ = ñ

C C

k C k k C k

x n x x x x x

x x x x

,

, , , , 49

g
p

g
l

g
s L

g
t D

g
d

g
sR tU

g
r u

, ,( )∣ ( ) ( ) ˜ ( ) ˜ ( ) ( )∣ ( )

˜ ( )∣ ( ) ( )∣ ( ) ( )

† †

(see figure 3(b)).

4.3. Physical description of the states
Let us now elaborate a littlemore on the physicalmeaning of these states. Our PEPS are simply states of a lattice
gauge theory, whose gauge group isG. The physical degrees of freedomon the vertices are simply thematter
fields, with charges ñj mp p∣ . The physical states on the links, ñjmn∣ , are simply eigenstates of the (generally non-
Abelian left and right) electric field [2, 57]. TheGauss law, aswe have already argued, simply corresponds to
equation (36).

In the case inwhichG is a compact Lie group, as explained in 2 the transformation operatorsQg may be

written in terms of parameters and generators. For example,Q = ep q Qi g· ,Q = eL q Li g˜ · ,Q = eR q Ri g· , where qg is

the vector of group parameters for g, and Q L R, , are the generators of transformations for thematter (charge)
and the gauge field (left and right electric fields), satisfying the group algebra

=
=-
=
=

Q Q f Q

L L f L

R R f R

L R

, i ,

, i ,

, i ,

, 0 50

a b abc c

a b abc c

a b abc c

a b

[ ]
[ ]
[ ]
[ ] ( )

(fabc are the structure constants ofG).
We can alsofind the generators G x( ) of the gauge transformationsQ x ;g ( ) it is straightforward to deduce

from equation (36) that theGauss law for the generators is simply

y yñ º - - + - + - ñ =e eG x Q x L x L x R x R x, 1 , 2 , 1 , 2 0 511 2( )∣ ( ( ) ( ) ( ) ( ˆ ) ( ˆ ))∣ ( )

which is recognizable as the discrete divergence of the lattice Gauss law. Furthermore, since equation (36) does
not allow the introduction of any additional phase, we obtain that yñ∣ is in the kernel of G x( ) and thus there are
no static charges.

5. Properties of the vertex tensors

As shown in appendix, the gauge invariance of the physical states is derived from the particular form chosen for

the tensorA in equation (35). For the sake of simplicity, so far we have considered the parameters a j j j j
j j j

l r u d

p 1 2 as

single parameters. This provides aminimal requirement to obtain the gauge invariance of the states, eventually
considering the truncation to suitable representations.

The structure presented in (35), though, can be generalized to accomodate a larger number of variational
parameters that are necessary for the purpose of using our PEPS construction as a variational family to
numerically investigate the properties of systemswhose dynamics is dictated by a gauge-invariant lattice
Hamiltonian.

With this aim, the parameters a j j j j
j j j

l r u d

p 1 2 can be promoted tomatrices acting on a larger space of virtual states.

To this purpose wemust extend the basis to describe the virtual states along each link: each virtual state of the
form ñjm∣ can be substitutedwith a newHilbert ‘degeneracy space’ generated by ñjm i,{∣ }with = ¼i d1, , j

˜ an

indexwhich distinguish dj
˜ orthogonal states (the virtual states ñjm i,∣ must not be confusedwith the physical

states ñjmn∣ which represents the gaugefields). In this waywe are increasing the bond dimension of the PEPS

construction.We emphasize that the degeneracy dj
˜ is only a technical feature of the construction of the tensor

network and it is not relatedwith the possible physical degeneracies dj of the representations of the group
discussed in section 2. In particular, each of the states ñjm i,∣ obeys the same transformation rules (4), but now,
each element of ¢D g

mm

j ( )must be extended to an arbitrary unitary operator ¢ ¢D g
mm

j
ii( ( )) thatmaps the basis
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ñjm i,{∣ } into the basis ¢ ¢ñjm i,{∣ }. This approach constitutes indeed in adding a given dj
˜ -degeneracy at the

virtual level for each representation of the group. In this way each representation is considered dj
˜ times on the

virtual links and the operatorsΘgmust be generalized accordingly. The entangled statesH andVmust account
for the newdegeneracies as well.

Finally, the tensorBmust be suitably extended as well. In particular, the parameter b jp in equation (45) is
now lifted to a ´d dj jp p

˜ ˜ tensor of variational parameters. The tensorCmust bemodified accordingly and is still

described by the construction (46).
An analogous approach to the construction of variational tensor network states with degeneracy spaces has

been discussed in detail in [46] for the case of pure gauge theories.
Beside this additional degeneracy of the virtual states, there is also an intrinsic degeneracy of the tensorA that

can be exploited: it is the one given by the ‘inner indices’ j1 and j2 in a j j j j
j j j

l r u d

p 1 2 . j1 and j2 label, from the perspective of

the fusion algebra of the irreducible representations ofG, are independent fusion channels which can be
separately addressed.

Let us analyzemore closely the role of these indices. ñj m1 1∣ is an intermediate state of the coupling of three
group states (such as the addition of three angularmomenta in the SU(2) case, for example), which can be
performed in three different ways (depending on the two states which one chooses to addfirst, before adding to
the third one); therefore it is possible to give different definitions of the tensorA by adopting the two other
options. In particular, by changing the order of the fusion of the first three representations, j j,l d and jp, we can

use two alternative formulations for A j m j m j m j m
j m

; ; ;l l r r u u d d

p p (see figure 4 for a pictorial representation):

a= á ñá ñá ñA j m j m j m j m j m j m j m j m j m , 52j m j m j m j m
j m

j j j j
j j j

d d p p l l r r u u; ; ; 1 1 1 1 2 2 2 2
l l r r u u d d

p p

l r u d

p 1 2˜ ˜ ∣ ∣ ∣ ( )

a= á ñá ñá ñA j m j m j m j m j m j m j m j m j m . 53j m j m j m j m
j m

j j j j
j j j

l l p p d d r r u u; ; ; 1 1 1 1 2 2 2 2
l l r r u u d d

p p

l r u d

p 1 2ˆ ˆ ∣ ∣ ∣ ( )

Besides the external representations, the coefficients a a, ˜ and â depend on the two internal fusion
representations j1 and j2, which assume a different physicalmeaning in the three cases. Therefore, independently
of the chosen form for the tensorA, the coefficients a a, ˜ and â can be freely chosen as a function of j1 and j2
without breaking the gauge invariance. The three choices, however, are not independent. The properties of the
groupfix indeed the relations between the different orderings that we adopted to represent the fusion of the first
three external group states ñ Ä ñ Ä ñj m j m j ml l d d p p∣ ∣ ∣ . The three choices correspond to three different bases

representing the sameHilbert space. In particular one can introduce the so-called 6j-symbols,  ¢j j j

j j jl d p

2 1 1
which

constitute suitablemappings among these bases. For examplewe have (see, for instance, [66], for the SU(2) case):

åá ñá ñ = á ¢ ¢ ñá ¢ ¢ ñ
¢

¢j m j m j m j m j m j m j m j m j m j m j m j m , 54l l d d p p

j
j j j

j j j
d d p p l l1 1 1 1 2 2 1 1 1 1 2 2

l d p

1

2 1 1
∣ ∣ ∣ ∣ ( )

where, as usual, the summation over repeatedm indices is implied. Therefore:

åa a=
¢

¢
¢

. 55j j j j
j j j

j
j j j

j j j
j j j j
j j j

l r u d

p l d p

l r u d

p1 2

1

2 1 1

1 2˜ ( )

To expressα in terms of the coefficients â, it is also necessary to introduce amatrix  which describes the
exchange of two representations fusing in aClebsch–Gordan coefficient. For the case of SU(2), suchmatrix does
not depend on the group indecesm andwe have:

Figure 4.The possible formulations for the vertex tensor, A A, ˜ and Â, are depicted (see equations (35) and (52)). They differ by the
ordering of the fusion of the representations of the external virtualmodes l d r u, , , with the physicalmode p. Therefore the inner
indices j1 and j2 assume a differentmeaning in the three cases which amount to three different basis for the state defined by the fusion
of thefive external fermionic states. The red dots in thefigure represent Clebsch–Gordan coefficients relating virtual states with the
inner indices j1 and j2, whereas the green triangles depict Clebsh–Gordan coefficients involving also physical states. The ordering of
the fusions ismeant to be from left to right.

11

New J. Phys. 18 (2016) 043008 EZohar andMBurrello



á ñ = á ñj m j m j m j m j m j m , 56a a b b c c j
j j

b b a a c c
c

a b∣ ∣ ( )

with  = - + -1j
j j j j j
c

a b a b c( ) . In this case, by combining  and  transformationswe get:

   å åa a a= = ¢
¢

¢
¢

¢ 
¢

¢
-

¢


¢ . 57j j j j

j j j

j
j j j

j j j
j j j j
j j j

j j
j j j

j j j
j j
j

j j j

j j j
j j j j
j j j

,

1
l r u d

p l d p

l r u d

p l d p

d p

l p d

l r u d

p1 2

1

2 1 1

1 2

1 1

2 1 1

1

2 1 1

1 2˜ ( ) ˆ ( )

Similar relations hold for themore general case inwhich  depends on them indices aswell.
The previous equations are the transformations related to the first representation fusion

ñ Ä ñ Ä ñj m j m j ml l d d p p∣ ∣ ∣ but, of course, similar arguments can be extended also to involve the outgoing

representations ñ Ä ñj m j mr r u u∣ ∣ and, bymixing ingoing and outgoing representations, one can obtain further
equivalent parameterizations ofA involving also transformations of the other inner index j2. In this case,
however, due to the different gauge transformation rules of the right and up states, additional caremust be
devoted inwriting the  matrices, whichmust be rewritten to account for the conjugate of theClebsch–Gordan
coefficients.

Let us observe here that, similarly to the virtual bondmodes, we can impose a truncation in the
representations of the inner indices j1 and j2 as well. This corresponds to amapping from a gauge group to the
corresponding quantumgroups [67] and it requires a suitablemodification theClebsch–Gordan coefficients
whichmust be transformed in quantumClebsch–Gordan coefficients. Furthermore, if we do so, the  matrices
of the theorymust be corrected accordingly, in such away that, by changing the order of the fusions appearing in
the definition of the tensorA, all the possible inner fusion outcomes fulfill the same truncation.

For the specific case of SU(2) this procedure is consistent with strengthening the SU(2)Gauss law in such a
way that all the fusions of three representations fulfill the rules of a truncated SU 2 k( ) algebra, where k specifies
the truncation and each representation is limited to = ¼j k0, , 2 (see [67] for details on quantumgroups and
their truncated representations). This is the first step required for obtaining a tensor network state with
topological order in the spirit of string-netmodels [68, 69]. In particular, after the introduction of the link
physical states s and t, we can set all the physicalmatter states to jp= 0, in such away thatwe obtain the condition

=j j1 2 in the inner indices of the tensorsA. This new construction gives a new honeycomb lattice where each
edge is associated either to a representation carried by a physical link state, or to a representation carried by an
inner =j j1 2 edge. By promoting the latter to physical states as well, through the introduction of suitableB
tensors, wefind a state that satisfies all the fusion requirements of a string-netmodel in a honeycomb lattice (see
figure 5).

Figure 5.Transformation from a gauge invariant state with physicalmatter and gauge bosons on a square lattice into a topological
state with physical bosons only on a honeycomb lattice. (a)Aplaquette of the PEPS for the lattice gauge theory on a square lattice is
represented. The gauge bosons s t s t, , ,u r d d live on the four edges of a square plaquette. The jʼs represent only the inner irreducible
representations needed to express the tensorA in equation (35).When the physical fermionic states p are set to the vacuum state, then

=j j1 2 and ¢ = ¢j j1 2
. The red dots represent Clebsch–Gordan coefficients involving virtual states only, whereas the green triangles are

Clebsch–Gordan coefficients referring to the physicalmatter states which define the vertices of the lattice plaquette. (b)Toobtain a
topological PEPS reminiscent of a string-netmodel on the honeycomb lattice, we substitute the physical fermionic degrees of freedom
pwith new gauge bosons j. In particular wemust introduce additionalB tensors (see equation (45)) for the new ‘physicalized’ degrees
of freedom jwhose representations are related to the previous inner representations by = =j j ju 1 2 and = ¢ = ¢j j jr 1 2

. The lattice is
now a honeycomb lattice and the plaquette is defined by the six physical states j s t j s t, , , , ,u u r r d d . In (b) the red dots represent
quantumClebsch–Gordan coefficients. In both panels the blue squares depictB tensors and the projectors are not illustrated for the
sake of simplicity.
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6.Gauge-invariant fPEPS

Onemay also use fPEPS [70] for the creation of locally gauge invariant states. These are particularly useful in the
cases where onewishes to describe the dynamic charges in terms of dynamical fermions, as in the standard
model of particle physics.

Themain difference is in the definition of thefiducial state ñA ;∣ sincewe are dealingwith fermions here, one
has to consider the fermionic algebra and statistics, which arise in this context. For example, the tensor product
structure ofHilbert spaces used along the PEPS construction in the previous sections has to be reworked, since
tensor products are not defined for fermionicHilbert spaces (one has to perform an appropriate
antisymmetrization).

Themain strategy is then to exploit a second-quantized approach that allows us to describe thefiducial states
and projectors in terms of fermionic operators actingwithin a suitable Fock space [70]. In this way the
anticommutation relations between operators are naturally satisfied. Keeping inmind this difference, wewill
follow an approach similar to the previous sections to build the gauge-invariant states with fermionicmatter as
well: wewill start from a global symmetry, in a purely fermionic systems and thenwewill localize it, by adding
suitable physical bosonic degrees of freedom in the links, whichwill play the role of the gauge fields.

6.1. fPEPSwith a global symmetry
First, we consider the fermionic fiducial states ñA∣ and the projectors connecting them to a physical state.We
denote the fermionic vacuumby Wñ∣ , and the physical and virtual vacua by W ñp∣ , W ñv∣ respectively.Wewill
sometimes use these notations for either local and global vacua, as will be clear from the context; we emphasize,
however, that the vacuummust be intended as a Fock vacuum rather than a product state. Thus, for example, the
vertex fiducial state of physical and virtual fermions, before the projections, is

F ñ = WñA x , 58
x

∣ ( ) ( )∣ ( )

where is a second quantized operator composed of fermionic creation operators which acts on the global Fock
vacuum state Wñ∣ .

Wewant the operators x( ) to commutewith one another for different vertices x, and thus they should all
have an even fermionic parity, considering physical and virtual fermions together; this requirementwill be
satisfied by all the following examples.

More generally, the fermionic parity plays an important role in the construction of the fiducial states of
fPEPS [70]. This becomes evident whenwewant to combine fermionicmatter, local gauge invariance and local
fiducial states with even fermionic parity only.

Following the usual approach to lattice gauge theories, our aim is to describe systemswith fermionicmatter.
A singlematter fermionmust obey the transformation rules dictated by a suitable irreducible representation,
that we label with kp, of the gauge groupG. Aswewill discuss in the following, however, not all the gauge groups
allow for an irreducible representation kpwhose fusion rules are compatible with the conservation of the
fermionic parity, whichmust characterize the construction of the localfiducial states. The local physical states

associatedwith a single fermion are described by the operators ym
kp†, which are of the form am

jp †
and obey the

transformation rules (6) and (7) given by the representation kp. Therefore, on a lattice vertex, the single-particle
states are defined by the set y W ñm

k
p

p{ ∣ }† , where W ñp∣ is the Fock vacuumand obviously transforms following the
trivial representation of the group.

A local physical state withmore than onematter fermion, instead, will transformwith rules specified by the
fusion algebra of the irreducible representations of the groupG.Wemust observe, however, that the
requirement of even fermionic parity of the operator implies that, beside the gauge symmetry, theremust be
also a conserved 2 fermionic number (of physical and virtual fermions together) already encoded in the local
Gauss law for thefiducial states.With respect to this conserved 2 charge, the irreducible representation kpmust
have an odd fermionic parity. These conditions can be fulfilled if the algebra defined by the fusion of the
irreducible representations of the gauge group has a non-trivial 2 grading [71]: thismeans that the irreducible
representations ofG can be distinguished into two non-empty subsets characterized by even or odd parities, and
the tensor products among them respect the conservation of such parity. SU(2), for example, satisfies this
condition sincewe can associate an even fermionic parity to its integer representations and an odd fermionic
parity to the half-integer ones. Therefore we can adopt, for example, =k 1 2p . In this case, by choosing the spin
1/2 representation for the single-particlematter states, the 2 conservation of the fermionic number is
automatically fulfilled independently of the truncation chosen for the virtualmodes. This is related to the
structure of SU(2)which is a double covering of SO(3) such that  ´SU SO2 32( ) ⋍ ( ).

Among the virtualmodes, then, therewill be, in general, a set of states, associatedwith an odd fermionic
parity, which can be represented by a single fermion, and a set of states, associated to even fermionic parities,
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which require an even number of fermions for their construction. In the simplest case we can consider only two
representations for the virtual states: the trivial representation, which is always associated to an even number of
fermions and, for example, can be represented by either a vacuum state or a pair of fermions; and a non-trivial
representation j, whichmay coincide with the representation kp adopted for thematter and is associatedwith an
odd fermionic parity, in such away that it can be encodedwith a set of single-particle states.

In this case, the virtual states will be created by applying suitable operators am
j† which transform following the

rules (6) and (7). To build thefiducial state ñ º WñA x x∣ ( ) ( )∣ on each vertex, we combine the physical

operators ym
kp† and the virtual operators of the kind am

j† that we label l l u d, , ,m
j

m
j

m
j

m
j† † † †, depending on the link.

The operator will be a sumof even products of these fermionic operators built to guarantee the consistency
with the fusion rules of the gauge group and the associated local Gauss law. Let us consider, in the following, the
twomain examples provided by theU(1) and SU(2) symmetries where this schemewhich exploits only two
representations is easily applied. As oneAbelian group and one non-Abelian group, these examplesmanifest the
fundamental properties shownby such states and thuswill suffice for the purpose of this paper.

In both cases, wewill eventually arrive at truncated lattice gauge theories, once the physical gauge fields are
introduced as well. The truncation scheme for theU(1) case will be such that electric fieldsmight take the values

0, 1, and for the SU(2) case wewill choose =k 1 2p andwewill allow the trivial and =j 1 2 representations
for the gaugefield. In both cases, these are the simplest non-trivial truncations possible. As for the fermions,
which shall be discussed first as we are dealingwith globally symmetric theories at this stage, theU(1)will involve
one physicalmode at every vertex x, associatedwith the creation operator y x( )† .Wewill use staggered fermions
[72], and thus the charge operator will be

y y= - +Q x x x1 59x x1 2( ) ( ) ( ) ( ) ( )†

(see [55] for further details). To get the ‘real’ lattice gauge theory fermionic degrees of freedom from these, one
has to perform a particle–hole transformation on the odd sublattice [55].

In the SU(2) case, therewill be a =k 1 2p fermionic doublet at every vertex; wewill adopt the short-hand

notation y xm ( )† wherewewill write = m for = m 1 2. The charges are defined as

y s y=Q x x x
1

2
, 60a m a mn n( ) ( )( ) ( ) ( )†

where sa are the Paulimatrices and =a x y z, , is the SU(2) group (color) index, satisfying a right SU(2) algebra:

=Q Q Q, i . 61a b abc c[ ] ( )
To get the ‘real’ lattice gauge theory fermionic degrees of freedom fromour state, one has to perform a particle–
hole transformation on the odd sublattice, of the form

y y , 62m mn n ( )†

with  = - = 112 21 . Note that  ymn n has the same transformation properties as ym
† , and that transformation

(62) leaves the non-Abelian chargesQa invariant (thanks to the fact that SU(2) is a special unitary group).
For bothU(1) and SU(2), one can use the same virtualmodes. Each of the bondsmay be occupied by two

virtual fermionicmodes, l r u d, , ,m m m m
† † † † , with = m . In theU(1) case, they undergo group transformations

generated by the virtual electric fields

= -+ + - -E a a a a a 63( ) ( )† †

with =a l r u d, , , . Then

=f f f


- 
a ae e e 64E Ei i ia a ( )† †

and the generator of the virtual Gauss lawwill be

= + - - -G E E E E Q. 65r u l d ( )

In the SU(2) case, the right and left transformations of awill be generated by

s=R a a
1

2
66a m a mn n( ) ( )†

and

s=L a a
1

2
67a m a nm n( ) ( )†

which are consistent with equations (6), (7), (20), and (21).With these relations, we see that Wñam ∣† is
transformedwith the =j 1 2 representation, and thanks to the fermionic statistics, Wñ+ -a a ∣† † is a singlet (as
well as Wñ∣ of course) .
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TheGauss lawwill then be generated by the operators

= + - - -G L r L u R l R d Q 68a a a a a a( ) ( ) ( ) ( ) ( )

satisfying a right SU(2) Lie algebra.
In theU(1) case, the operator creating the fiducial state is

 å a d y= + + +
=

+ -
+ -a a , 69

n
n n n n n Q E E E E

n

a l r u d

n n
,

, , ,
p l r u d p l d r u

p
a a

( )
{ }

† † †

where the sum is over all the indices =n 0, 1i , = Q np p is thematter charge, whose sign is determined by the
parity of the vertex (see equation (59)), and = -+ -E n na

a a is the virtual electric field along the link a (see
equation (63)), in such away that the Kronecker delta enforces theGauss law; this implies that the proof of the
appendix applies also for fermions andwe have the right symmetry.

For SU(2), wewrite the operator creating the fiducial state as:

 å  d t d= + +
=

+ -A a a a1 70
j m

j m j m j m j m
j m

a p l r u d
j a j m

,
; ; ;

, , , ,
,0 ,1 2

l l r r u u d d

p p

a a a
[ ( ) ] ( )

{ }

† † †

withA defined in equation (35), such that the proof of the gauge invariance in appendix applies. In this equation
we adopted a slight abuse of notation: for a=p the fermionic operators ama

† corresponds to ymp

† . In the previous
fiducial state we introduced a set of free variational parameters ta. If t ¹ 0a , then the representation state ja= 0
is implemented twice, either with the vacuum state orwith the creation of a singlet + -a a† †. For virtual states this
implies a redundancy in obtaining the trivial representation on the links. For the physicalmatter state, the empty
state and the singlet correspond to different physical situations inwhich thematter vertex is in the trivial sector,
and the case t = 0p can be interpreted as the case of infinite repulsive onsite interspecies interaction.When all
the parameters ta are set to zero, these degeneracies in theway of obtaining the trivial representation disappear.

One can easily verify the even fermionic parity of the operators for both equations (69) and (70). First
consider theU(1) case. There, we have = - - + +Q E E E Ep l d r u, thus
- - + + - =E E E E n 0 mod 2l d r u p and, given the definition of the electric fieldsE, we find that the total
fermionic parity is even. The generalization to SU(2)with the virtual truncation =j 1 2 is simple, becausewe
get a similar result from considering theGz component of theGauss law.

In this case, the bond projectorsmay be created from the vacuumby the following operators:

= + +H l rx x e x1 71
m

m m1( ) [ ( ˆ ) ( )] ( )† †

in the horizontal case and

= + +V u dx x x e1 72
m

m m 2( ) [ ( ) ( ˆ )] ( )† †

for the vertical bonds.Here wewrote explicitely the product over them index, no summation is intended. These
operators to create the bond states are not a straightforward generalization of the previous entangled states (27)
and (28). The difference relies on the inclusion of the doubly occupied state generated by the terms ta in (70). As
we discussed, these parameters correspond to amultiplicity in obtaining the trivial representation along the
bonds and the projectors on the states defined by equations (71) and (72) correctly account for thismultiplicity.
The combination of thefiducial state (70) and the previous link states ismapped in the construction of the
previous sections in the case t = 0a .

The previous procedure has to bemodifiedwhenwewant to include different representations on the links,
whichmay be associated to even or odd fermionic parities. Let us consider the SU(2) case.We keep =k 1 2p for
the physicalmatter, butwe allow formore general virtual states.

All the virtual states in a half-integer representation can be built with the previous construction just by
introducing further operators am

j† that define +j2 1 single-particle states thatmust be adopted to represent the
group states of the related irreducible representation. Therefore, for these half-integer representations it is
convenient to introduce the further constraint of having only one fermion per link, therefore å =n 1m m

a . This
easily extends the construction of thefiducial state (70) in the case t = 0a , where no redundancies in the
definition of the physical link states are present. In principle, we can introduce also additional components of the
fiducial state with a larger occupation number for the virtual half-integer representation states with >j 1 2a .
Such virtual states with higher occupation numbers will in general be associated to the representations obtained
by the fusions rules of the ja representations. Thismust be handledwith the introduction of additional
redundancy parameters which generalize ta and are related to the possible outcomes of the fusion of the single-
particle states in the ja representation. An even occupation number of half-integer ja states, for example, will
correspond to an integer representation (in the sameway the singlet + -a a† † is associated to the trivial
representation).

For integer representations, indeed, the associated fermionic paritymust be even to be consistent with the
SU(2) fusion rules. If we consider the integer spin j representation, the +j2 1group states can be conveniently
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represented as the set of states with å =n j2m m
a fermions, or, equivalently, with the set of states representing

single holes built through the operators a jm applied to the fully occupied state. This implies onlyminor
corrections to the previous constructions related to the different transformation laws of a jm and the different
projectors required to link thefiducial states.

Inmore detail, we need to redefine the operators acting on the virtual links and associated to the integer
representations of SU(2). These operatorsmust be substituted by,first, fully populating the states associated to
the integer representation j on the virtual link actingwith the operator am m

j† on the vacuum state. Hencewe

define the virtual link state Wñam m
j ∣† which is an SU(2) singlet composed by +j2 1 fermions thanks to the

fermionic statistics [57]. After that, we introduce the following operators for the integer representations:

= - -b a1 73m
j m

m
j( ) ( )†

which fulfill the transformation properties of am
j† . The operator bm

j†, acting on the fully occupied state for the j
representation, creates a holewhich is indeed amany body-state composed by an even number of fermions.
Therefore, by reformulating all the operators (A H V, , ) in terms of bm

j†, their fermionic parity is guaranteed to
remain even.

As an example, let us consider an SU(2) invariant state corresponding to a truncation =j 1max . For the sake of
simplicity we specialize to the case without redundancies (thuswith t = 0a for each virtual a). The localfiducial
state is obtained by the operator:

 å

 

d t y y d y

d d d

= + +

´ + +

+ -

=

= =

¢
¢
=

A

a b a

1

. 74

j m
j m j m j m j m
j m

j p j m

a l r u d
j j m

j
j m

j

m
m
j

,
; ; ; ,0 ,1 2

, , ,
,0 ,1 2

1 2
,1

1 1

l l r r u u d d

p p

p p p

a a a
a

a a
a a

[ ( ) ]

[ ( ) ( ) ( ) ] ( )
{ }

† † †

† † †

and the localfiducial state results ñ = WñA∣ ∣ . Thisfiducial state can be easily generalized through the
introduction of further operators a j and b j for half-integer and integer representations respectively.More
complicated states with redundancies in the generation of the virtual representation statesmay be obtained by
relaxing the constraints on the number of particles in each representation species.

Concerning finite gauge groups, it should be possible to generalize such construction, based on even and odd
irreducible representations, to all the double point groups (see, for example, [73, 74]), which constitute thefinite
subgroups of SU(2)with the required 2 grading of their irreducible representations.

6.2. Gauging the states
Analogously to the previous sections, we could introduceB tensor-operators for the links for the fPEPS aswell,
in order to include the degrees of freedomof the gauge fields and lift the global gauge symmetry to a local
symmetry. In this case the operatorBwouldmix fermionic operators for the virtual fermionicmodes and non-
fermionic physical states describing the gauge bosons. As shown before, however, theB tensors can be unified
with theA tensors into a new tensorC;B tensors constitute indeed a good starting point for a constructive
explanation of the PEPS, but hereafter wewill focus instead on theC tensors, which allow for amore compact
construction of the PEPSwith local symmetries on the square lattice. TheC tensors, ideally corresponding to a
suitable concatenation of anA tensor with twoB tensors, will again correspond to operators in the fermionic
case andwill involve thematter fermions on a lattice vertex and the relates ‘top’ and ‘side’ bosonic degrees of
freedom, analogously tofigure 3.

The virtual degrees of freedom, as well as the physical ones of thematter,must be transformed to fermions as
described above, in the globally symmetric case.One can then defineC as a ‘stator’ [75], which is a combination
of a state and an operator: this will be a state in the bosonicHilbert space (which admits a tensor product
structure, and is connected via a tensor product to the total fermionicHilbert space) and an operator in the
fermionicHilbert space (whose problemswith the tensor product structure we have already explained).
However, onemay avoid the stator description, remembering that a stator is obtained from an operator acting
on twoHilbert spaces, after it acts on a state in only one of the spaces. Thus, we can defineC as an operator acting
on both the bosonic and fermionic vacuum,within a Fock space composed of fermionic and non-fermionic
modes.

Wewill choose as the bosonic vacuum the statewhich has electric field zero everywhere (the singlet
representation for the SU(2) case). Thanks to the ability to describe the bosonicHilbert space as a tensor product,
we consider each link separately. In theU(1) truncated case that we analyzed in the previous section, each such
localHilbert space is three dimensional. In the basis ñ ñ - ñ1 , 0 , 1{∣ ∣ ∣ }, we define the operators
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S =
-

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

1 0 0
0 0 0
0 0 1

75z ( )

for the electricfield, raised by

S =+

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

0 1 0
0 0 1
0 0 0

76( )

and lowered byS = S- +
† .

With these operators, ñ = W ñ0 b∣ ∣ , and  ñ = S W ñ1 b∣ ∣ , where W ñb∣ stands for the local bosonic vacuum.
Thus, in the definition ofC as an operator, one should include, instead of bosonic states for the t s, links, the
appropriate operators whichwill act on the physical vacuum.

In particular this is obtained by substituting the operators r
† and u † in (69)with the products S r s† and

S u t† respectively, where the superscripts s and t label the side and top bosonic spaces over which theΣ
operators are acting (see [55]). This is consistent with the previous truncation scheme. If we increase the bosonic
Hilbert space in order to include +2 1ℓ possible values of the electric field, then a larger number of virtual
modes along the linksmust be considered and theymust be suitably coupledwith the 2ℓ matrices
corresponding to adequate powers of the raising and lowering operatorsΣ defined in this enlargedHilbert space.

As discussed in section 2, for non-Abelian groups like SU(2), the inclusion of the physical link states in the
fPEPS ismore elaborate. In this case we impose a vacuumdefined by ñ = W ñ000 b∣ ∣ andwe define the gaugefield
states in the representation basis by exploiting the operatorUj

mn and following equation (12). The truncation is
reflected in a truncation of the representations entering in equation (16) (see also [57]).

In particular we obtain = W ñmn U2 mn b
1

2

1 2 ∣ withUmn
1 2 describing the truncated group element (rotation

matrix) in the representation =j 1 2. In this caseU1 2 is a 2×2matrix of operators acting in a five-
dimensionalHilbert space, but it is applied to the vacuum state W ñ = ñ000b∣ ∣ , thus simplifying the previous
expression.

For the simple truncation based on the representations =j 0, 1 2a only, we can obtain the correct operator

C by substituting in equation (70) rm
† and um

† with the productsU rmn n
1 2 † andU umn n

1 2 † respectively. The extension to
larger truncations require amore elaborate approach inwhich further operatorsUj

mn are introduced and
coupledwith the correct fermionic operators defining the virtual states. In the case provided by equations (73)
and (74), this amounts to the substitution b U bm

j
mn
j

n
j† † for the ‘right’ and ‘up’ links.

7. Summary

In this work, we have reviewed (globally) symmetric PEPS and have shownhow to lift the symmetry to be local.
This allowswriting PEPS for lattice gauge theories, based on any gauge groupGwhich is either a compact Lie or a
finite group.One can alsoworkwith truncated gaugefieldHilbert spaces, which are suitable for classical
simulations, following the truncation scheme of [57].

We have described a general gauging procedure, inwhich, once the vertex tensorsA satisfy the symmetry
condition (33) and the gauge tensorsB satisfy (43), alongwith properly constructed entangled states on the
bonds, a local gauge theory is guaranteed as a direct consequence of the globally symmetric one.We also
presented a detailed example, based onClebsch–Gordan coefficients, for theA tensor, which then completely
parameterizes the PEPS (up to bond dimensions and variational parameters).

One can also turn to a fPEPS description, which allows the inclusion of fermionicmatter as in high energy
physics, as was done in [55] forU(1)withGaussian states. In this paper, we showed examples for the
construction of such states, for the lattice gauge theories of the groupsU(1) and SU(2)with given truncations.

Although our discussion in this paper has been limited to the 2+1 dimensional case, one should note that it
is easily generalizable to any +d 1dimensional scenario in a straightforwardmanner.

Acknowledgments

The authors would like to thankThorsten BWahl and J IgnacioCirac, who have significantly contributed to this
workwhile collaboratingwith us on PEPS for lattice gauge theories.We are also thankful to L Tagliacozzo andH
HTu for helpful discussions and suggestions. EZwould like to thank the Alexander vonHumboldt fundation,
for supporting this project through its fellowship for postdoctoral researchers. This workwas supported by the
EU grant SIQS.

17

New J. Phys. 18 (2016) 043008 EZohar andMBurrello



Appendix. Gauge invariance from the localfiducial states

In this appendixwe discuss the gauge invariance of the fiducial states originating from the expression of the
vertex tensorA in equation (35). In particular, we show that plugging the tensor (35) into (25) satisfies theGauss
law (33):

å

å

añ = á ñá ñá ñ

´ ñ º ñ

A j m j m j m j m j m j m j m j m j m

j m j m j m j m j m A j m j m j m j m j m; ; ; ; ; ; ; ; . A.1

j
j j j j
j j j

l l d d p p r r u u

p p l l r r u u d d
j

j m j m j m j m
j m

p p l l r r u u d d

1 1 1 1 2 2 2 2

; ; ;

l r u d

p

l l r r u u d d

p p

1 2∣ ∣ ∣ ∣

∣ ∣ ( )

{ }

{ }

To this purpose, let us apply the transformations on the fiducial state ñA∣ :

åQ Q Q Q¢ ñ º Q ñ = Q ñ =

´ ¢ ¢ ¢ ¢ ¢ñ¢ ¢ ¢ ¢ ¢

A A A A

D g D g D g D g D g j m j m j m j m j m , A.2

g g
p

g
r

g
u

g
l

g
d

j
j m j m j m j m
j m

m m

j

m m
j

m m
j

m m
j

m m
j

p p l l r r u u d d

; ; ;l l r r u u d d

p p

p p

p

l l

l

d d

d

r r

r

u u

u

∣ ∣ ˜ ˜ ∣

( ) ( ) ( ) ( ) ( )∣ ( )

† †

{ }

using theClebsch–Gordan series [57], we obtain

å= á ¢ ¢ ¢ñá ñ¢ ¢ ¢D g D g D g j m j m JM JM j m j m A.3
m m
j

m m
j

J
M M
J

l l d d l l d d
l l

l

d d

d( ) ( ) ( ) ∣ ∣ ( )

and

å= á ¢ ¢ ¢ ñá ñ¢ ¢ ¢D g D g D g KN j m j m j m j m KN . A.4
m m
j

m m
j

K
N N
J

r r u u r r u u
r r

r

u u

u( ) ( ) ( ) ∣ ∣ ( )

Using completeness within the representations, we get:

d dá ñá ñ =JM j m j m j m j m j m A.5l l d d l l d d J j M m1 1 , ,1 1∣ ∣ ( )

aswell as

d dá ñá ñ =j m j m j m j m j m KN . A.6r r u u r r u u j K m N2 2 , ,2 2∣ ∣ ( )

Thus

åa¢ ñ =

´ á ¢ ¢ ¢ñá ñ

´ á ¢ ¢ ¢ ñ ¢ ¢ ¢ ¢ ¢ñ

¢ ¢ ¢A D g D g D g

j m j m j M j m j m j m

j N j m j m j m j m j m j m j m . A.7

j

j
M m
j

N m
j

m m

j

l l d d p p

r r u u p p l l r r u u d d

1 1 1 2 2

2

p p

p

1

1

2

2∣ ( ) ( ) ( )

∣ ∣

∣ ∣ ( )

{ }

{ }

Weuse theClebsch–Gordan series and completeness again, to obtain

å= á ¢ ¢ ¢ñá ñ¢ ¢ ¢D g D g D g j M j m JI JI j m j m A.8
M m
j

m m

j

J
I I
J

p p p p1 1 1
p p

p

1

1 ( ) ( ) ( ) ∣ ∣ ( )

and

d dá ñá ñ =JI j m j m j m j m j m A.9p p p p J j I m1 1 1 1 2 2 , ,2 2∣ ∣ ( )

resulting in

åa¢ ñ =

´ á ¢ ¢ ¢ñá ¢ ¢ ¢ñ

´ á ¢ ¢ ¢ ñ ¢ ¢ ¢ ¢ ¢ñ

¢ ¢A D g D g

j m j m j M j M j m j I

j N j m j m j m j m j m j m j m . A.10

j

j
I m
j

N m
j

l l d d p p

r r u u p p l l r r u u d d

1 1 2

2

2

2

2

2∣ ( ) ( )

∣ ∣

∣ ∣ ( )

{ }

{ }

Finally, thanks to the unitarity of theWignermatrices

d= =¢ ¢ ¢ ¢
- ¢ ¢D g D g D g D g A.11

I m
j

N m
j

I m
j

m N
j

I N
1

2

2

2

2

2

2

2

2( ) ( ) ( ) ( ) ( )

and altogetherwe obtain

¢ ñ = ñA A A.12∣ ∣ ( )

which completes the proof.
Note that for the proof one does not have to sumon the representation indices—every summand respects

the symmetry, and thus the representations are the indices of the tensor.
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