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Abstract. In this work we complete the spin dependent conservative dynamics of inspi-
ralling compact binaries at the fourth post-Newtonian order, and in particular the recent
derivation of the next-to-next-to-leading order spin-squared interaction potential. We derive
the physical equations of motion of the position and the spin from a direct variation of the
action. Further, we derive the quadratic in spin Hamiltonians, as well as their expressions
in the center of mass frame. We construct the conserved integrals of motion, which form
the Poincaré algebra. This construction provided a consistency check for the validity of our
result, which is crucial in particular in the current absence of another independent deriva-
tion of the next-to-next-to-leading order spin-squared interaction. Finally, we provide here
the complete gauge invariant relations among the binding energy, angular momentum, and
orbital frequency of an inspiralling binary with generic compact spinning components to the
fourth post-Newtonian order. These high post-Newtonian orders, in particular taking into
account the spins of the binary constituents, will enable to gain more accurate information
on the constituents from even more sensitive gravitational wave detections to come.
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1 Introduction

The recent direct detections of gravitational waves (GWs) from binary black hole mergers
GW150914 [1] and GW151226 [2] by the twin Advanced LIGO detectors in the US [3] has
opened a new era of observational astronomy. With the upcoming operation of the advanced
Virgo detector in Europe [4], and the second observational run of LIGO with an improved
signal sensitivity, more events are expected to be detected, including also neutron stars in the
binary components. Using the matched filtering technique to detect the GW signal, and gain
from it as much information as possible, requires accurate theoretical waveforms, where the
continuous signal is modeled via the Effective-One-Body (EOB) approach [5]. The initial part
of the waveform corresponding to the inspiral phase of the binaries evolution is analytically
described by the post-Newtonian (PN) approximation of General Relativity [6, 7].

In order to enable an improved analysis of the GW events, and consequently have an
improved parameter estimation [8, 9], i.e. to gain more accurate information about the inner
structure of the constituents, high order PN corrections are required, taking into account in
particular the spin of the objects. Considering the recent completion of the 4PN order point-
mass correction [10-12], a recent series of works [13-18] based on an effective field theory
(EFT) approach for the binary inspiral [19, 20] has completed the same PN accuracy for
binaries with generic compact spinning objects. This line of work includes all spin interactions
linear and quadratic in spin up to the next-to-leading order (NLO) via an EFT for spinning
objects, which was formulated in [16], and further new results were obtained to next-to-NLO
(NNLO), as well as the leading order (LO) cubic and quartic in spin interactions, all via the
EFT for spin [16].

In this paper we complete this series of works to the 4PN order, and in particular the
recent derivation of the NNLO spin-squared interaction potential [18]. First, we derive the
physical equations of motion (EOMs) of the position and the spin, which are both obtained
directly via the action approach [14, 16]. Then we derive the Hamiltonian following the pro-
cedure outlined in previous works [14, 17], and specify it also for the center of mass frame.
We provide here also an equivalent potential and Hamiltonian to those of [13, 14] for the
NNLO spinl-spin2 sector for a total result consistent with the formulation and gauge choices



of [16] (which are also different than in [21, 22]). We proceed to construct the conserved
integrals of motion, which form the Poincaré algebra. As there is currently no other inde-
pendent derivation of the NNLO spin-squared sector, this construction actually provides a
crucial consistency check of our result. Finally, we provide complete gauge invariant rela-
tions among the binding energy, angular momentum, and orbital frequency of an inspiralling
binary with generic compact spinning components to the 4PN order.

The paper is organized as follows. In section 2 we obtain the equations of motion of the
position and the spin. In section 3, we provide the NNLO quadratic in spin Hamiltonians
consistent with the gauge choices in [16], and also specify them for the center of mass frame.
In section 4 we find the conserved integrals of motion, which constitute a strong check
of our potential and Hamiltonian result from [18]. In section 5 we complete the gauge
invariant relations among the binding energy, angular momentum, and orbital frequency of
an inspiralling binary with generic compact spinning components to 4PN order. We conclude
in section 6. In addition in appendix A we provide the NNLO spinl-spin2 potential with the
gauge choices of [16], and show its equivalence to the Hamiltonians provided in [14, 23].

2 EOMs of position and spin

As noted in [14, 16] the derivation of the EOMs of the positions is straightforward using a
variation on the action, which contains higher order time derivatives of positions up to a.
Hence we use:
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The EOMs of the spin are also directly obtained in the EFT of spin [16] in a simple
form via a variation of the action. Apart from time derivatives of the squared spin length,
which can be dropped at this stage, the potential contains higher order time derivatives of
the spin up to S;. Hence we use:
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The complete EOMs up to 4PN order can be provided in a Mathematica notebook upon
request.

3 Hamiltonian

Although it is beneficial to have the potential, given in terms of the widely used harmonic
coordinates, an order reduction at the level of the EOMs is required in order to numerically
integrate the dynamics. In this section we perform an order reduction at the level of the
action, which enables to transform to a Hamiltonian. The Hamiltonian has the advantage
that it leads directly to the first-order Hamilton’s equations. Furthermore, the Hamiltonian
is most useful for implementation to the Effective-One-Body model for GWs from compact
binary coalescence.

The spin-dependent Hamiltonian and its center of mass expression up to the 3.5PN order
can be found in [14, 17]. In order to complete the 4PN order Hamiltonian, we need to add the
NNLO spinl-spin2, NNLO spin-squared, and LO quartic in spin Hamiltonians. The latter



can be found in [15]. For the NNLO spin-squared part we start with the potential recently
derived in [18] using the formulation developed in [16]. For the NNLO spinl-spin2 part we use
the potential given in appendix A, which we derived with the formulation and gauge choices
in [16] in order to have a consistent expression for the spin-dependent Hamiltonian to 4PN
order. The NNLO spinl-spin2 potentials and Hamiltonians in [13, 14, 23] are canonically
equivalent.

For the NNLO Hamiltonians we follow the computational steps outlined in our previous
work [16, 17]. The first step is a reduction of higher order time derivatives at the level of
the action through suitable variable transformations [24], with its extension to the spinning
case found in [14]. We are eliminating the higher order time derivatives successively at each
PN order This reduction is generally not equivalent to a substitution of lower order EOM,
which is crucial for the nonlinear in spin sectors. That is, the transformation of the position
required at LO spin-orbit [16, 25-27] given by
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adds nonlinear contributions.
The next step is a standard Legendre transformation, with the relation between velocity
and canonical momentum given by
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where we use the abbreviation ﬁa = Pa/Ma, and the dots denote the terms up to 3.5PN order
given in eq. (4.10) of [17].



The NNLO spinl-spin2 Hamiltonian now reads
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which as we noted is in agreement with previous results [13, 14, 23] as we detail in the
appendix A.
The NNLO spin-squared Hamiltonian is given by
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This completes the spin-dependent Hamiltonian to 4PN order, together with the LO quartic
in spin Hamiltonian at 4PN order from [15], and the Hamiltonian up to 3.5PN order in
[14, 17].

It is useful for applications to further specify to the center of mass frame, which con-
siderably simplifies the Hamiltonians. We proceed with the conventions and notations of
our previous work [17]. That is, we utilize a triad 7, X, [, where | = I_:/L, X =1 x 7, and
L =riix p. Furthermore, we employ dimensionless variables denoted by a tilde, with units
of length given by the total mass Gm = G(m; + mz) and masses given in terms of the re-
duced mass p = mymg/m. The result is expressed using the mass ratio ¢ = mq/ms, and the
symmetric mass ratio v = pu/m. These conventions lead us to the following spin-dependent
Hamiltonians at 4PN order:
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The spin-dependent center-of-mass Hamiltonians up to 3.5PN order, consistent with our
conventions and gauge choices, can be found in [17]. The above expressions complete this
knowledge to 4PN order.

4 Conserved integrals of motion: The Poincaré algebra

The conservative action is invariant under global Poincaré transformations. This gives rise
to conserved integrals of motion, which were constructed for a non-spinning PN Lagrangian



containing higher-order time derivatives in [28]. On phase space the integrals of motion form
a representation of the Poincaré algebra, which was studied in the PN approximation for the
non-spinning [29] and spinning cases [30-33].

Here we construct the conserved quantities on phase space to 4PN order from an ansatz.
These conserved quantities generate the Poincaré transformations on phase space and hence
must fulfill the Poincaré algebra. It turns out that the Poincaré algebra uniquely fixes the
ansatz for the conserved quantities.

The Poincaré algebra reads

(P, H} =0, (JLHY =0, {J P} =epPt,  {J, 7} =epd®, (4.1
("G} =euG*, {G' H}=P', {G' P}=¢;H, {G',G7} = —eijn ", (4.2)

where P is the total linear momentum, J is the total angular momentum, G is the center of
mass, and H is the full Hamiltonian (including rest-mass terms). In order to arrive at this
form the explicit time dependence of the boost generator was split as K* = G* — tP*. Since
P and J are the generators of translations and rotations, respectively, and our gauge choices
do not affect these symmetries, one obtains the simple representations

P =1 + pa, J =11 X P+ 12 X Pa+ 51 + S, (4.3)
see [29, 30]. A useful ansatz for the center of mass is obtained by considering
{G', P’} = 6;;H, (4.4)
which is solved for a G of the form [29)]
G=mii+hipp+Y,  hi+he=H, (4.5)

where hy and Y are translation invariant, i.e., {h4, P?} = 0 and {Y?, P/} = 0. Due to the
condition h; + hy = H it is useful to write

H
ha = = + M+ 50+ W%+ B3P (4.6)
where no cubic and quartic in spin contributions are needed. The condition hy + ho = H is
now equivalent to the antisymmetry of h'™ etc. under exchange of objects. In contrast, the
ansatz for Y must be symmetric under exchange of the objects, and we write it in the form

Y = PPM L P8O psiSe | pss. (4.7)

where again no cubic and quartic in spin contributions are needed. Finally, the ansatz for G

is uniquely fixed only by 4 ‘
{GZ’H} — PZ, (48)

where the other relations are automatically fulfilled.
The unique solution for h4 in terms of eq. (4.6) is given by

my 1 1 ¥ G2m%m2
pPM 7L N e
1 5 + 4m1p1 16m1p1 + 12

(14 2), (4.9)
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G2m1m2

—4§1 X5152(451ﬁ—352ﬁ)]+ {31§1Xﬁ-51—4§1><ﬁ'52

473
G2
+ 25 [1551 X 7Py + 1951 x 7 - pg] _(12), (4.10)
G
o2 = — >3 [ - S1p1 - So — 28y - Sy + 3p2 S, - 1Sy - 7t — 3py - fipy - S1 S - 7
2o~ = o
3 Do - n51 np1 SQ + 3p1 npg n51 SQ] 1 [Sl -S89 — 251 -11Sy -1
—(1¢2), (4.11)
3Gm >z > 3 > .3 - &
hi® = T : [P1 Sipa - Sy + pEST — P - p2ST — (p1 - S1)* + 3p1 - @S, - 7ipy - Sy
—p2‘n51 -’I’Lpl '51—2])1 -’I’LSl 'ﬁﬁg'gl —|—51 ﬁﬁQﬁS%—S%(ﬁl . ) —2p1(§ )
G*C 2\ G?m
»R a2 WES?) ™22 orad  =2] _\2
+ 261 - po(S1 - 7)?| + T — 87— 3(8) - )7 — [sl (S - i)
(ES?)""2 2 2 m2 2
_ . TiEST) 2 _ . ) _ 192
S 58T = 6(S 1) |+ T (S ) — (1 2), (4.12)

and similarly for hy. The solution for Y in terms of eq. (4.7) is given by
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This completes the construction of the integrals of motion and the Poincaré algebra, which
provides a strong check for our new NNLO spin-squared Hamiltonian.

5 Complete gauge invariant relations to 4PN order with spins

We proceed with a completion of the gauge invariant relations to 4PN order with spins
following section 8 in [14], and section 5 in [17]. These relations express the binding energy
in terms of the orbital angular momentum or the orbital frequency. The relations hold for
circular orbits and spins aligned with the orbital angular momentum. The spin-dependent
relations to 3.5PN order can be found in [14, 17].

In order to obtain the gauge invariant binding energy the gauge dependent radial coor-
dinate must be substituted, where its expansion for a circular orbit reads
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16
11349 665 Vo 912 o~
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32 ~y 32 .
+ 8 (50 (ES4) + 1201(ESQ))51 + —q(501(B83) + 12CI(ESQ))51 52 + [1 < 2] B (51)

and the dots denote the terms up to 3.5PN order given in eq. (5.1) of [17]. Similarly, extending
eq. (5.2) of [17] to 4PN order leads to

1 65 v252
7 :---+x5{ [ (549 — 98v) + (117 + 518V)Cl(Esg)} Wl
vS?
6777 + 2964 + 41902) + (29 — )0 g2 S

15502 81771/ 313 2 e~
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I/254

V2 .-
+(11C¢ (Es?) — 501(ES4))?21 + (220 (g2 — 1001(]333))?5%52 +[1 2]}, (5.2)

where © = ©%/3. This relation between the orbital angular momentum and the orbital

frequency is in fact also gauge invariant for the configuration considered. The gauge invariant
relations for the binding energy then read

§ 1 v25%
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L10 28
S2
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~ 3]/2 o~
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252
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w53
12¢q
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with the spin-dependent lower orders given in egs. (5.3) and (5.4) of [17], and the spin
independent part given in [10]. The relation e(x) can be directly applied to improve the
phasing of gravitational waveforms for the GW detectors.
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6 Conclusions

In this paper we completed the spin dependent conservative dynamics of inspiralling compact
binaries at the 4PN order, and in particular the recent derivation of the NNLO spin-squared
interaction potential [18]. These high PN orders, in particular taking into account the spins
of the binary constituents, will enable to gain more accurate information from even more
sensitive GW detections to come.

We have derived the physical EOMs of the position and the spin, and the quadratic
in spin Hamiltonians, as well as their expressions in the center of mass frame. We have
constructed the conserved integrals of motion, which form the Poincaré algebra. As there is
currently no other independent derivation of the NNLO spin-squared interaction other than
[18], this construction actually provided a crucial consistency check for the validity of our
result. Finally, we provide complete gauge invariant relations among the binding energy,
angular momentum, and orbital frequency of an inspiralling binary with generic compact
spinning components to the 4PN order.
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A Equivalent NNLO spinl-spin2 potential

The NNLO spinl-spin2 sector was already completed in earlier work [13, 23]. Yet, we want
to complete here the line of work from [16-18], which follows specific different conventions
and gauge choices. For completeness we therefore present in this appendix the NNLO spinl-
spin2 potential obtained within the formulation and gauge choices of [16]. This is needed to
complete all spin potentials to 4PN order in a consistent manner.

Due to the length of the potential we split it according to the number of higher-order
time derivatives as follows:

© O @ 6 @
VR =V AV AV +V +V, (A.1)
and
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V=V, + Vs. (A.Q)

These specific parts are given then by
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The Hamiltonian resulting from this potential is given by eq. (3.3). It is canonically equiv-
alent to the NNLO spinl-spin2 Hamiltonians in [14, 23]. The generator of the canonical
transformation, which connects it to the ADM-gauge Hamiltonian [23] is given by eq. (7.5)

of [14], with the coefficients being equal to

7 9 9 9
g1 5 g2 4, g3 12’ g4 ; g5 45 g6 ; gr 4,
_ 1 Ly 9 ) 1 1
gs = > 99—4, gio =Y, g11 = 9 gi2 =Y, 913—4, 914—2,
_ ! =0 = -3 =0 _ 3 9 =0
gi5 = 1’ gi6 = Y, gi7 = ,  g1s = U, g19 = 2 920 = 1’ g21 = U,
_0 _0 3 3 5 _0 3
g22 = U, g23 = U, 924 = 1’ 925 = 1’ 926 B% g2r =Y,  g28 5%
11 13
929==2 go=—"1 gn=-2 gp=-7, g=0, g34 = 4. (A.9)
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