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We discuss the Iwasawa-decomposition of a general matrix in SL(n,Q,) and
SL(n,R). For SL(n,Q,) we define an algorithm for computing a complete
Iwasawa-decomposition and give a formula parameterizing the full family of
decompositions. Furthermore, we prove that the p-adic norms of the coordi-
nates on the Cartan torus are unique across all decompositions and give a closed
formula for them which is proven using induction. For the case SL(n,R), the
decomposition is unique and we give formulae for the complete decomposition
which are also proven inductively. Lastly we outline a method for deriving the
norms of the coordinates on the Cartan torus in the framework of representa-
tion theory. This yields a simple formula valid globally which expresses these

norms in terms of the vector norms of generalized Pliicker coordinates.
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1 Introduction

Let G(F) be a connected semisimple Lie group over a field F' with Lie algebra g(F). The
Iwasawa decomposition states that G(F) may be written!

G(F) = N(F)A(F)K (F). (1.1)

where N(F) is a nilpotent subgroup generated by the positive Chevalley generators in g(F),
A(F) is an abelian subgroup generated by a maximal abelian subalgebra of g(F') and K(F) is
a maximal compact subgroup of G(F'). The group elements of N(F'), A(F) and K(F) in the
decomposition of some group element in g € G(F) are called the nilpotent-, semisimple- and
compact parts of g respectively.

This paper discusses the field of real numbers and the field of p-adic numbers. We recall
some terminology regarding p-adic numbers and their norm.

Definition 1 (p-adic numbers). Let p be a prime number. The p-adic norm of a rational
number %/p“, where the primes denote that the integers m and n carry no factors of p, is
defined as

m/

—*

T = (1.2)

p

The p-adic numbers Q, are the completion of the rational numbers with respect to the
p-adic norm.
The p-adic integers Z, are the unit ball in Q,,

Lp={xe€Qy: |z, <1}. (1.3)
The p-adic units Z; are the unit circle in Q,

Zy ={recQp:|z], =1}, (1.4)

n the literature, one additionally encounters the equivalent decomposition G = K AN. Which one is used is

a matter of convention, and statements and proofs within this paper easily carry over.



Remark. The p-adic norm satisfies the ultrametric property
|z + y|p, < max{|z|p, |y|,} where z and y € Q). (1.5)

This property renders the p-adic numbers non-archimedean.
Remark. The p-adic integers form a ring and sit compactly inside the p-adic numbers.

In the case F' = R, the maximal compact subgroup is the exponentiation of the subalgebra
of g(F') consisting of the fixed point elements of the Chevalley involution.

By contrast, in the non-archimedean case F' = Q,,, the notion of a maximal compact subgroup
is defined by virtue of the fact that Z, forms a compact ring inside Q,. For matrix groups
(which are linear algebraic subgroups of GL(n,Q,)), the maximal compact subgroup is defined
by restricting G(Q)) to the subgroup of integers points

K(Zp) = G(Qp) NGL(n, Zp) = G(Zyp). (1.6)

K (Z,) defined in this way then sits compactly inside G(Qy).

The Iwasawa-decomposition is relevant for maximal parabolic Eisenstein-series, which are
automorphic forms and constructed by averaging a character of a Lie group over a discrete sub-
group. Since a character is only sensitive to the abelian part of a group, it is useful to possess
a formula which rewrites a group element in Iwasawa form, or at least that can extract the
semisimple part A given an arbitrary group element. Furthermore when dealing with automor-
phic forms, it is oftentimes advantageous to operate over the ring of adeles Ag which calls for
the formula in question to be applicable both for groups over real numbers and groups over
p-adic numbers. For a review of working with Eisenstein series over the adeles, see [1].

This paper treats G(F') = SL(n, F') in the fundamental representation for F' = R and F' = Q,
separately. In the SL(n, F')-case, the group element N becomes a unit upper triangular matrix
and A becomes a diagonal matrix of unit determinant. We have the following definition for their
matrix elements:

Definition 2 (Axions, dilatons and Cartan torus). For a matrix in SL(n, F') written in Iwasawa
form, the matrix elements above the diagonal in N are called axions. The matrix A is called
the Cartan torus and when parameterized as

1
Y2

Yn—1
Yn—2

Yn—1
the y’s are called dilatons.

Remark. It can be desirable to define yy = y, = 1 and write Z—é and yf—fl for the first and last
elements respectively.



Remark. The vocabulary comes from String Theory, where the moduli are referred to as axions
and dilatons.

i++. In the p-adic case, the Iwasawa-decomposition is not unique but the norms of the
dilatons are unique, which we prove below. It is these norms that are important for Eisenstein
series and a formula to compute them given an arbitrary p-adic matrix is derived. This formula
is the main result of this paper.

In the real case, the Iwasawa-decomposition of a given group element is unique and a formula
is given for the complete decomposition.

Throughout this paper, we use the convention that two integers separated by ellipses or a
dash are to be interpreted as an integer spaced interval. For example, given two integers a and
b, writing

a,...,b isshorthand for a,a+1,a+2,...,0—2,b—1,b and

€ is shorthand for

ia—1p Cigiat1iar. . ip—20p—17p"
If @ > b, the interval is defined to be empty. Furthermore, we denote matrix elements M;; of a
matrix M by a pair of indices, denoting the row and column respectively.

My personal motivation to pursue the results presented here comes from the study of auto-
morphic forms that appear in toroidal compactifications of type IIB String Theory [2, 3, 4, 5],
where in the case of compactification on a 3-torus, one finds Eisenstein series on the group

SL(5,R). The work [1] provides an introduction for mathematicians to this area of physics.

2 Decomposing SL(n,Q,)

We begin with a more precise statement of Iwasawa-decomposition for matrices in SL(n, Q).

Theorem 1 (Iwasawa-decomposition for SL(n,Qy)). A matriz M € SL(n,Q,) may be written
M = NAK (2.1)

where N € SL(n,Qy) is unit upper triangular, A € SL(n,Qy) is diagonal and K € SL(n,Z,).

n(n—1
() |

n —1+n? —1 on the right hand side. The decomposition is hence not unique and we expect a

Remark. By counting degrees of freedom, we find n? — 1 on the left hand side and
<w — 1)-family of decompositions.

2.1 Preliminaries

We proceed by giving some definitions that will be relevant in the pursuit of a formula for p-adic
Iwasawa-decomposition.

Definition 3 (Minor). Given an m x n matrix M, a minor of order k
M (e ef) (2.2)

is the determinant of the submatrix of M obtained by only picking the k rows {r;} and k columns

{ei}.



If the rows and columns agree, i.e. r; = ¢; for all ¢ € {1,...,k}, then the minor is called a
principal minor.
If the rows selected are the first & rows in order,

M (L&), (2.3)

Ck

the minor is called a leading minor while if they are the last k£ rows in order,

M (m—k-i—l m) 7 (24)

C1 e Ck

we will call it an anti-leading minor.
Hence, the minors
M(fzf) and M(TZEH ) (2.5)
are called the leading principal minor and the anti-leading principal minor of order k
respectively.
The empty minor is defined as

M()=1. (2.6)
Remark. A minor is totally antisymmetric under permutations of the rows as well as the columns.
Hence it vanishes if some r’s coincide or some ¢’s coincide.
Remark. A minor can be expanded along a row or column according the formula

M(ga)= > ()™M ()M (&5 ot et o) =

M=

S|
Il
—_
—~
ro
EN{
~

(=) M (Ta) M (h o Tat et k)

I
N

e
Il
—

called Laplace expansion.

Next we recall the LU-decomposition of a matrix and an accompanying lemma.

Lemma 1. Given a non-singular square matriz M of size n, there is a permutation matriz P
such that the leading principal minors of M P are all non-zero.

A proof of this can be found in [6] and below we prove a more powerful version of this lemma
adapted for anti-leading minors.

Given a non-singular square matrix M, one can then always find a permutation matrix P
such that LU-decomposition of M P is possible.

Theorem 2 (LU-decomposition). Let F be a field. A matrizx M € SL(n, F) can be written as

M=MPP'=LDUP! =

1 Y1 I wip oo up
lor 1 % 1 ... ugy, p1 (2.8)
ln1 In2 1 T 1



where D has unit determinant and its elements are given by

=P (177), (2.9)

L is unit lower triangular with matriz elements
=P (1) ey (1) = @ep) (T ) fw ize (210)

U is unit upper triangular with matriz elements
wpi = (MP) (10200) fep)y (1o0) = Py (120000) Jop p<i (211

and P is almost’ a permutation matriz.

A proof of the formulae above can be found in [7].

2.2 New results

For the purposes of Iwasawa-decomposition, we will make use of a UL-decomposition rather than
the conventional LU-decomposition. In this case, leading principal minors get replaced by anti-
leading principal minors.®> We begin by proving a more powerful version of lemma 1 which lets
us construct a UL-decomposition with the added property that one may choose the rightmost
column in the matrix to be decomposed freely, as long as its bottom element is nonzero. This
stronger UL-decomposition will turn out to be useful in computing the Iwasawa-decomposition
of an arbitrary matrix in SL(n,Q,).

Lemma 2. Given a non-singular square matriz M of size n, there is a permutation matriz 11,
such that the anti-leading principal minors of MI1, are all non-zero where 11, moves column a
to the rightmost position and we require the bottom element of column a to be non-zero.

Proof. The permutation of columns is realized by multiplication of a permutation matrix from
the right. The proof works by induction and the cases n = 1 and n = 2 are obvious. Assume
that the statement holds true for matrices of size up to and including n — 1 and consider a
matrix of size n. Start by permuting the columns of M so that column a is not in the leftmost
position and consider the (n — 1) x n matrix obtained by deleting the top row of the permuted
matrix. This matrix contains n — 1 linearly independent rows and hence also contains n — 1
linearly independent columns where column a can be assumed to be one of them, since it is not
a zero-column. Permute these columns to the rightmost n — 1 positions and apply the induction
hypothesis to the bottom right (n — 1) x (n — 1) block of the permuted matrix, which is allowed
since this block is guaranteed to be a non-singular matrix. This establishes that the first n — 1

-1
1
2In the case that P is an odd permutation, we may replace it with for example . ) P to give it a

1
positive determinant and thereby preserve the determinant condition on both sides.

3Switching between UL and LU introduces no complications for proofs, which work analogously for the two.
Which one is needed depends on which of the conventions K AN or NAK is used.



anti-leading principal minors of MII are non-zero and the rightmost column of M1I is column a
of M, where II denotes the resulting permutation matrix. The last anti-leading principal minor
is simply det(M]II) which is non-zero since M1I is non-singular. Peano’s axiom of induction now
establishes the lemma. O

Theorem 3 (Strong UL-decomposition). Let F be a field. A matriz M € SL(n, F) with M, # 0
can be written as

M = MTLII;' = VAAIL, ! =

1 V12 ... Upil Uil 1
1 ... vy = Aoy 1 _— (2.12)
= . . . . a
1 e At Az ... 1

where A has unit determinant and its elements are given by

p+1l .. n -1
Tp = ((MHG) <p+1 n)) ’ (213)
V' is unit upper triangular with matriz elements

vpi = (ML) (P} 0) [ (MTL) (4 ) = (ML) (7 7 m)mr p<d, (2.14)

A is unit lower triangular with matrixz elements

Xip= (MIL,) (81 7)) (MIL) (8 ) = (ML) (i n)micr i>p (2.15)

and 11, is a permutation matrix which moves column a to the rightmost position, subject to the
caveat explained in footnote 2.

Proof. Denote

W= =wL (2.16)
1

Note that conjugating a matrix by W “rotates” it by 180°. Write the matrix W MII, W ! using
the LU-decomposition (here we get P = 1 thanks to the action of I1,)

WMI,W~! = LDU. (2.17)
Solve for M and write it as
M=WlLtwWw DWW lUWII;!. (2.18)

The formula for the matrix elements of V, A and A follow from theorem 2. Alternatively,
the formulae may be proven from first principles using the same technique as for the UL-
decomposition in [7]. O



Remark. All minors in the formulae above contain column a of the original matrix M.

Next, we show how the family of Iwasawa-decompositions of a given matrix may be enumer-
ated given any Iwasawa-decomposition of the matrix. A corollary of this is that the norms of
the dilatons are unique across all Iwasawa-decompositions.

Theorem 4. Given an Iwasawa decomposition NAK of M, all other Iwasawa-decompositions
N'A'K' can be found by writing N' = NAXA™Y, A" = AY and K' = (XY) 'K and letting X
range over all unit upper triangular matrices in SL(n,Z,) and Y over all diagonal matrices in
SL(n,Z)).

Proof. Given two Iwasawa-decompositions of M

M = N1A1K1 = NQAQKQ, (2.19)

define the matrix
Z = (N1 A1)t Nody = K1 K5 (2.20)

Note that Z € SL(n,Z,) is upper triangular and [det Z|, = [1|, = 1 is the product of its
diagonal elements. This implies that the diagonal elements must all be p-adic units, since if
some had a norm less than one, others must have a norm greater than one which would violate
Z € SL(n,Zy,). We can therefore decompose Z = XY with X and Y as above. The matrix Z
takes the first decomposition into the second by writing

NAK, = NN\AWZZ YK = N1 AL (N A 7 No Ao Ko KTV K = Ny Ao K. (2.21)
We have at the same time
NiAK = NiALXY (XY) UK = NiAL XA A Y (XY) K. (2.22)
No 2 2

From the form of X and Y, it is clear that Ny and Y5 have the appropriate form for Iwasawa-
decomposition. The same is true for Ky since (XY)™! € SL(n,Z,).
This proves that any two Iwasawa-decompositions are related in the way claimed by the

theorem and by varying X and Y, one generates all other Iwasawa-decompositions. O
Remark. X and Y parameterize the <w — 1)-family of decompositions mentioned in the

remark after theorem 1.

Corollary 1. For a matrizx M € SL(n,Qp), the norms of the dilatons are unique across all
Twasawa-decompositions of M.

Proof. By theorem 4, the semisimple part of any Iwasawa decomposition of M is of the form AY
where A is the semisimple part of some Iwasawa-decomposition and Y € SL(n,Z,) is diagonal,
hence the norms of the diagonal elements are unchanged. Regarding the dilatons in (1.7), we
get that the norm of y; in unchanged, and hence also that of y etcetera. O

Next we prove two lemmas regarding minors which will be useful later.



Lemma 3. An m x n matriz M obeys
k
M (& B)M (G d) =Y (=DM (03 a) M (& e ) (2.23)
a=1
where r; € {1,...,m} and ¢; € {1,...,n} and d; € {1,...,n} and k € N.

Proof. For readability, we will drop r and write r; just as . To prove the identity, we expand
both sides using Laplace expansion. Start by expanding the first factor of the left hand side as

LHS = M( e )M(Ed) =
a+1 2 .. a a+l .. k 2 ..k (2.24)
= Z M )M(Cl ... Caq—1 Ca+1 --- Ck)M(dz dk)
Expand the first factor in the sum of the right hand side as
k
RHS = Y ()™M (L 2 f)M(& .2 el k)=
a=1
k k
_ a+1 2 ..k b+1 1o b=1 b+1 .. k
- Z(_l) " <M(Cla)M(d2 dk) +Z(_1) " M(CZ) M <d2 v dp dpyr e dk))
a=1 1 b=2
11
M(2 0, otk
(2.25)
The term labelled I corresponds to the left hand side. The term labelled II vanishes according
to
k
0=M (L2 k)= ()™M ()M (2o st k) (2.26)
a=1

for b € {2,...,k}, due to antisymmetry of minors. O

Remark. The lemma holds true as stated but the assertion is trivial unless £ < min{m,n} and
all r’s, all ¢’s as well as all d’s are different.
Remark. A special case of the lemma is the identity
k
M (e o mt )M (2 i) = (D) IM (L3 ) M (&0 et et e th)

Ck Tk+1 Tk+1 Tk+1 Ca—1 Ca+1 --- Ck Tk41
a=1
(2.27)

which will be used in the proof of lemma 4.

Lemma 4. An m x n matriz M obeys the following identity involving the determinant of a
k X k-matriz of minors of M

M (e imt) M(ermimi) oo M(e o)
M(&woni) M(Gunond) o M(@soan) |
: : . : B (2.28)
M (2t M(ert) o M(anl)
=M (ceep )M () M (5 D)

8



where i € {1,...,m} and ¢; € {1,...,n} and k € N.

Proof. The proof works by induction. The base case k = 1 trivial. Assume that the formula
holds for k < ¢ — 1 for some ¢ — 1 € N. Expanding the determinant for k = ¢ along the first row
and using the induction hypothesis on the remaining (¢ — 1) x (¢ — 1)-determinants gives

q

_ a+1 1 T2 ... Tg41 2 ... Ta Ta41 ... Tq Tg+1 T3 ... Tg+1 Tq Tq+1 _
LHS = 2 :(_1) M (ca T2 ... Tq+1 ) M (Cl -+ Ca—1 Ca+41 .- Cq Tg+1 ) M (7’3 7’q+1) M (T’q 7’q+1) -

a=1
_ T ... Tq Tg41 T2 ... Tg+1 T3 ... Tq+1 Tq Tq+1
- M(Cl - Cq Tq+1)M(T2 Tq+1) M("S ) "'M(Tq ri1)
(2.29)

where we have used (2.27). Peano’s axiom of induction now establishes the lemma. O

We now have what we need to prove a formula for the norms of the dilatons.

Theorem 5 (Norms of the dilatons of an SL(n,Qp)-matrix). The norms of the dilatons in the

Twasawa-decomposition of a matriz M € SL(n,Q,) are given by

-1
— n—k+1.. n
Yn—kl, = <(,Hé%}§ {‘M( o) J(k)>‘p}> where ke€{l,...,n—1} (2.30)

and ©F detones the set of all ordered subsets of {1,...,n} of order kA
Alternatively in terms of the generalized Pliicker coordinates py,

—1
Yn—kl, = <§é%},f{|$|p}> where ke {l,...,n—1}. (2.31)

Proof. The proof works by induction. Suppose that the formula holds up to and including
SL(n —1,Q,) and consider SL(n, Q).

Restrict to the case [Myqal, > [Mp;|, for i € {1,...,n}, ie. the element with the largest
p-adic norm sits in column a. If there is no unique such element, any one of the largest elements
on the bottom row of M may play the role of M,,. Note that M,, # 0 since otherwise the
bottom row would be a zero-row, rendering M singular. Performing a strong UL-decomposition
on M where we move column a to the rightmost place gives

1
M (35 m)m 1
M =VAAIL! = VA : : I, !
Mgn;lg)nn_g Mgnglg)nn_Q o1
M (7)1 M (%) 11 M(nﬁl)nn—l 1

(2.32)
where we have denoted M = MTI,. Note that II;' € SL(n,Z,). Note furthermore that the
bottom row in the matrix A is simply a permutation of the bottom row of M divided by

ﬁ;_ll =M (7)) = Mpq. Because M, is assumed to have the largest p-adic norm, we get that

4In words: The norm of the dilaton y,_ is the inverse of the norm of the largest anti-leading principal minor
of order k. The formula produces the desired result yo = yn, = 1 for £ = n and k = 0 respectively.



every element in the bottom row of A is a p-adic integer. Thanks to the unit lower triangular
form, the bottom row easily factorizes out on the right and we are left with

M=VA ; : RIT;! (2.33)

M(n 1n)77n2 M(n ln),r}n2 1
0 0 ... 01

where R € SL(n,Z,) contains the bottom row of A. The block diagonal form implies that there
will be no further contributions to the dilaton y,_1 and its norm is now fixed at

-1

eyt = (e {r GRLY) L e

€0y

|yn—1| = |77n—1| i
),

again using the fact that the element M, has the largest p-adic norm. This expression is of

the form (2.30). Putting n = 2 here proves the base case SL(2,Q,). Next we treat the dilatons

Y1y yYn—2-
Note that we can write

1
M (33 m)m 1 B
M n—1n e M (n=1n e 1
~( 1 n)n 2 ~( 2 n)n 2 ~ L (235)
M3 mm MG3amm - M(,L3:0)m

| MGEEcm MGEnn)m M( 208 m)m
M ) e MM ) e oo M(RZ10) Maa

We apply the induction hypothesis to this (n—1) x (n 1)-diagonal block of (2.33) and compute
its contribution to the norm of the dilaton yn_(kH) for k € {1,...n — 1}. The formula (2.30)
implies that we need to compute minors like

- —k —k—i—l
. 1 2 1 2 ~ 1 2
M("o(l) nh2. )"“ k= ZM(na(z) k2. )””*kfz - M50 k2 )""”“’2 (2.36)

M(n—k n—k+1 .. n

5(2) n—k+1 . )nnfk—l ( —k n—k+1 .

5(k) n—k+1 . )’%HH

5 (50) ) AGanme - (G )
where ¢ € @Z‘l. Using lemma 4, this evaluates to
B (5 Bad ) b ) o M (R ) it s =
n—1n "~ n— n ’
M((l) &()n)M(ng ")

SWe choose to consider Yn—(k+1) = Yn—1—k SO that we get nice expressions in what follows. Later we send k
to k — 1 to compare with (2.30).

(2.37)

10



- -1
The dilaton y,,_ (1) already has a contribution 7, _34.1) = (M (Z:ﬁ . Z)) from the matrix
A. Multiplying these contributions together and considering all subsets & € @Z‘l gives the final

answer for the norm of the dilaton y,,_(x41) in the case |[Mpql, > [Mp;], as

~1
|Yn—(k+1)|, = (56%%,;}(1 {‘M (3(1'? R Z)‘p}) : (2.38)

Note that the exact form of the permutation matrix II, becomes irrelevant, since the expression
above anyway considers all order k subsets of the columns 1 through n—1 in M. Note furthermore
that any minus signs present in II, as discussed in footnote 2 make no difference since the minors
sit inside a norm.

We can think of the order k-subsets ¢ € @Z_l as order k + 1 subsets o € O}, | restricted
such that o(k + 1) = n. Writing the equation above in terms of M and replacing k by k — 1

[yl = <;ggx {\M ("t U?m)\p})_l (2.39)

where the prime on ©'} indicates that all subsets must contain a. To finalize the proof, we must
show that (2.30) reduces to (2.39) in the case [Mpq|, > |My;[,. This is equivalent to showing
that for every anti-leading minor which doesn’t include column a, one can find an anti-leading

gives

minor which does include column a and whose p-adic norm is at least as large as the original
minor. To see that this is true, pick an anti-leading minor of order k which doesn’t contain

column @ and consider its norm®

k
("5 )| = [ DM (o) M (P )

(2.40)

p

where 0, € OF and a ¢ 0,. Define (—1)*u; as the minor under consideration but with o)
replaced by a. This minor is then already present in (2.39). Laplace expansion gives
ko k1 o ki1 n—k4i n—k+itl ... _
(=1D)"u; =M (naa(l) D) a oty Uar(Lk)> =
i—1

o k+7 n. n—k+1 ... n—k+j—1 n—k+j ... n—k+i—2 n—k+i—1 n—k+i ... n—1
- Z(—l) M (o,05)) M( Ga(1) o Gali=1) Ta(j+1) ... oali—1) a  oali+l) .. Ua(k))

~

[y

j:
k+i n n—k+1 ... n—k+i—1 n—k+i ... n—1
+(-1) M(a)M( oa(l) o cali-1) oa(itl) .. Ua(k))

k
k47 n n—k+1 ... n—k+i—1 n—k+i n—k+i+1 ... n—k+75—1 n—k+5 ... n—1
+ Z (=1) +JM(aa(j))M( oa(l) .. oa(i=1) a  oa(i+l) .. aa(j—Jl) Ja(j—i-l]) Ua(k))’
j=it1

(2.41)

We now show that the norm of the minor under consideration (2.40) can be expressed in terms

of the norm of a sum of u’s as
k

‘M (na_alzfr)l - aﬂk))‘p = 'Mtfi) > M (oi) ui

(2.42)
=1

p

5By operating inside of a norm, we don’t need to keep track of the overall sign.

11



By making recourse with (2.40), it is easy to see that the terms in the right hand side of (2.40)
come from the second line in the right hand side of (2.41). To see that the remaining terms
cancel, consider the term inside the sum in the right hand side of (2.42) with ¢ = I and j = J
where J < I (coming from the first line of the right hand side of (2.41))

n n n—k+1 ... n—k+J—-1 n—k+J ... n—k+I1-2 n—k+I-1 n—k+I ... n—1
M (o4(n) (_1)JM(%(J))M< 2 S T et Ja(k))‘

(2.43)
This cancels with the term ¢ = J and j = I (coming from the third line of the right hand side
of (2.41)) as is seen by writing

n T n
M (o.(2)) (=1)'M (o4(n))
M <n—k+l . n—k+J—-1n—k+J n—k+J+1 ... n—k+I-1 n—k+I ... n—1 ) _

oa(l) ... oa(J—1 a oo(J+1) ... oq(I=1) oo(I+1) ... oa(k
1) (J-1) (J+1) (I-1) oa(I+1) (k) (2.44)

=M (o,(n)) (=) M (o(n))

M n—k+1 ... n—k+J—-1 n—k+J ... n—k+I1-2 n—k+I1-1 n—k+I ... n—1
0a(l) ... o0a(J—1) o0a(J+1) ... ca(I-1) a oa(I+1) ... oa(k) ) -

This establishes (2.42). The ultrametric property of the p-adic norm now gives that the norm
of the minor under consideration (2.42) is dominated by the norm of the largest u

k n
M oa(t Mn Oq
Z ( rf))ul gmax{‘T(l)ul }gmax{|u1|p,...,|uk|p}
’ (2.45)

M (%)
where we have used | Mg, > [My|,. Since the u’s are all present in (2.39), we can safely include

M, o4 (k)

Uf;
Ma

Sy
p

1=1 p

the minor under consideration as its would never be picked over the u’s. This argument holds
for all anti-leading minors of order & and we may threfore include them all in the right hand
side of (2.39), successfully reproducing (2.30). Peano’s axiom of induction now establishes the
theorem. O

Remark. The proof shows that in the case [Mpql, > [Mn|,, the expression (2.30) reduces to
(2.39).

Remark. The method of using strong UL-decomposition to reduce the problem of Iwasawa-
decomposition of an n X n-matrix to that of an (n—1) x (n—1)-matrix can be iterated and defines
an algorithm for a complete Iwasawa-decomposition M = NAK of any matrix M € SL(n,Q,).
All other Iwasawa-decompositions can then be found by using theorem 4. Using this method
to derive a general formula for the matrix elements of N and A (and hence K) given M seems
feasible. Such a formula is expected to express also the axions in terms of a conditional clause
like max. It this endeavour, it would probably be convenient to use theorem 4 to impose some
standard normalization on the axions and dilatons, for instance one may normalize the dilatons
to be just pure powers of p.

3 Decomposing SL(n,R)

Throughout this section we take the liberty of using a wide array of indices, all of which range
from 1 to n. We employ the summation convention for repeated indices provided that one stands

12



upstairs and the other downstairs.
We begin with a more precise statement of Iwasawa-decomposition for matrices in SL(n,R).

Theorem 6 (Iwasawa-decomposition for SL(n,R)). A matric M € SL(n,R) may be written
uniquely as
M = NAK (3.1)

where N € SL(n,R) is unit upper triangular, A € SL(n,R) is diagonal with positive entries and
K € SO(n). Furthermore, denoting the row-vectors in M by Vi, i € {1,...,n}, and parameter-
izing N and A as

1, 1=7
Nij = g Tij, 1< and Aij = yiéw with Yo = yn = 1, (3.2)
i—1
0, 1>
we have that the axions and dilatons are given by
T = Yo 1€ Vi, Vst oo Vs Vi Vg, ., V), w<v,  and (3.3)

y;2:E(Vu+17...,Vn;Vu+17"'7Vn)

where € denotes the totally antisymmetric product

€(A1,..., AmiBi,...,Bp) = 65 m (A)™ . (Vi)™ (B1);, -+ - (Bm);,, (3.5)
where the A’s and B’s are n-vectors and
11— % T 1 11 —%m Qm —CQn
5a11 7&’; = m'5[;1 ... 5am} = m&u O Q1 —n € ! +1 (3.6)

denotes the generalized Kronecker delta.

The procedure of writing a real matrix M in Iwasawa-form is tantamount to Gram-Schmidt
orthogonalization of the n row-vectors in M for which there are recursive formulae. The or-
thogonal matrix K consists of n orthonormal row-vectors and the unit upper triangular matrix
N together with the normalization in A then specifies the appropriate linear combinations of
these row-vectors to build the row-vectors in M. Oftentimes in the literature, people denote the
product of A and N as R and speak about the QR-decomposition”.

A very quick way to arrive at the non-recursive formulae (3.3) and (3.4) given above is by
means of the UL-decomposition as done in [7]. The argument goes like this: Write MM7T =
NA2NT. The right hand side is then a UL-decomposition of MM7T and the matrix elements
of A2 and N must then be given by (2.13) and (2.14) respectively. As a complement to this
method, we give a proof for the formulae above which doesn’t rely on the UL-decomposition.

"This is in the case M = KAN, where K = Q and AN = R.

13



Proof. We have the equality
MMT = NA2NT, (3.7)

To illustrate the idea behind the proof, we write out the right hand side explicitly for the case
n =4

2 2
a? y2 x14 x13y3 5‘31292 1‘145024 L13723Y3 x14x34 x13y3 14
+ M2 Ty + + + 21
y yz yl y y% yS y2 yg
x1292 _|_ 9014124 + 5‘3131’5393 yz + 2 T24 + 1’2393 90249634 + x23y3 90_221
yl y3 Y3 y1 yg Y3 y3 yz Y3 (3 8)

T :r: m13?J 24T 23Y z3 y T
14734 | T13Y3 24234 4 LE Ty 4 Y L3g
y3 yz Y3 Y3 y3 y2 Y3
14 24 34 1
v3 v3 v3 v3

Starting from the (4,4) entry and working “backwards”, i.e. proceeding as (4,4) — (3,4) —
(3,3) = (2,4) — ..., we notice that each equation is solvable in terms of variables that have
previously been determined. The (u, 1t)-equation allows for determination of y,_; and the (u,v)
(1 < v) allows for determination of x,, all in terms of known variables. We now carry this out
for the general case.

Matrix elements of the left- and right hand sides of eq. (3.7) evaluate to

(MMT)/,U/ = V;U' ' VV = (V/J)A (VV)I 5}4 =€ (V/.M Vl/) (39)
and (assuming p < v)
(NA2NT) ZZNM (42), (NT), ZZNM v 2 OrsiVos
r=1 s=1 r=1 s=1
yr Y2
= ZNH 2 ZNu 2 Nor (3.10)
Yo - 2
= Ty 2V + Z Lpr 2T Tyr
Yo r=v+1 r—1

respectively. Solving for z,, gives

. yz%—l . - y,?
xuy—? eV V) — Z 5Ty Ty | - (3.11)

v r=v+1 Yr—1

We assume that all y, for p > p, and z,, for p > p, and x,, for ¢ > v have been found, and
are of the form in egs. (3.3) and (3.4). The sum telescopes through the identity
E(Vuav;”-i-lw”7Vn;VV7‘/;”+17”’7Vn) yg E(Vuu‘/;”7”’7Vn;VV7‘/;”7---7Vn)

rdyr — 3.12
Vrirr ViV V) 2w Vo ViV vy 312

which is proven in appendix A. Applying (3.12) to (3.11) term by term starting with r = n
allows one to step down through the sum and obtain

N Ye 1€V Vigts oo, Vs Vi, Vi, ., Vi)
" yg e(vl/-i-lu"'7Vn;vl/+17---7vn)

=92 e (Vi Vi1, oo Vs Vi Vi, -, Vi)
(3.13)

14



which is exactly (3.3).
The dilaton y,—1 is found through the (i, p1)-equation

n n
(NA*NT) ZZNM A%) (N, Ny 2 5TSNHS =
r=1 s=1 r=1 s=1 -1
2
y Y
= ZNu - 2 ZNu - gz N (3.14)
312 - Y
H 2
=3 T Z ur 2T
yl‘_l r=p+1 Yr—1
Solving for y;gl gives
—2 1 - 2 1172«
yu—l = _2 (VLHVM) - Z qu 2 . (315)
Yiu r=u+1 Yr—1

We assume again that all “lower” variables are given of the form of egs. (3.3) and (3.4). The
sum then telescopes through eq. (3.12) with v = p in precisely the same way as above. The

result is
Z/H21 _ _26(Vu,Vu+1,...,anVu,VuH,...,Vn) B
Yir eWVigts - Vi Vg1, -, Vo) (3.16)
=e(Vu, Vit Vs Vi, Vi, -, Vo)
which is exactly eq. (3.4). O

Remark. The matrix K is given by solving equation (3.1) for K.

4 Representation theoretic viewpoint

Here we outline a quicker derivation for the norms of the dilatons relying on representation
theory. I would like to thank Stephen D. Miller and Solomon Friedberg for helpful comments.

Throughout this section we assert that k € {1,...,n— 1} and use the notation Q. = R. We
start with a definition.

Definition 4 (Generalized Pliicker coordinates). For a matrix M € SL(n, F') over a field F,
the k' generalized Pliicker coordinate py(g) € F (+) is the vector consisting of all anti-leading
minors of order k£ of M.

See [8, 9, 10, 11] for general definitions and some interesting properties.

Let wy denote the fundamental weights of SL(n) and (pg, V) denote the associated fun-
damental representation p, with highest weight w; and representation space Vji. These are
algebraic representation and hence make sense both for the real and p-adic cases. Furthermore,
let vy, € Vi denote the highest weight vector. One then has [9]

pr (97) ve = Pr—i(9). (4.1)
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Let || - ||, for p < oo and arbitrary N € N denote the vector norm on Qév which is invariant
under the maximal compact subgroup of SL(NNV,Q,). More explicitly, in the p-adic case p < oo
we have

Ikelly = llollp = mx feslp,  p < 00 (42)

for a matrix k € SL(n,Z;) and v € Q) and in the real case p = oo

(4.3)

for a matrix £ € SO(n) and v € R™. Furthermore for a group element g € SL(n,Q,) with p < co
written in Iwasawa-form g = nak, one may show that

k(g™ vellp = o (B~ ) pe(a™) pr(n™ ok llp = llok(a™Dorllp = lykl, ', p< oo, (4.4)
—_———
Vg

We therefore have
klp = llpa—r(9)Il,*, p < o0 (4.5)

which is precisely (2.30) for the p-adic case p < co. That this formula agrees with (3.4) in the
real case p = oo is an indirect proof of the following lemma.

Lemma 5. Given a matric M € GL(n, F') over a field F', denote the row n-vectors in M by V;
forie{l,...,n}. One then has the identity

Wit Vi Vistseou Vi) = > (M(fj{l; . J(n"_k))f (4.6)

ccen~k

Proof. Indirect by the results above, or by direct calculation using induction and similar tech-
niques as in appendix A. O
Acknowledgements

I would like to thank Axel Kleinschmidt for helpful discussions over the course of this work. I
am supported by the Erasmus Mundus Joint Doctorate Program by grant number 2013-1471
from the EACEA of the European Commission.

A  Proving (3.12)

After putting in explicit expressions for the axions and dilatons, proving eq. (3.12) is equivalent
to proving

X =V Voo Vi Vi Vo Vi) € Vot oo s Vi Vet o, Vi)
= eV, Vigr, - Vs Vo, Vg, o V) e (Ve o Vi Vi 0 V) (A.1)
— eV, Vigr, oo, Vs Vi o V) e (Vo Vg, o Vs Vi o V) =Y = Z
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To this end, one may use Laplace expansion for the generalized Kronecker delta

m

m
51 i1 —im 55{511 —im E (5%(521 — k=1 T Tk+1 —im — 55{511 —im E 51 (5i1 k1 G k1 — i,
ag
k=1

Aai—am a1—am a1 —O0k—1a0k+1—am a1—am a1—0k—1 A Qk+1—am "
k=1

In what follows, we will not write out the V’s. The expressions are assumed to be fully con-
tracted with vectors corresponding to the indices. For example, an index a,4; is assumed to
be contracted with (V,41)* ! and in particular the index A is contracted with (VM)A and I is
contracted with (V,),. We get

_ sl iy —in Jr+1—17Jn _
X - 5Aa7"7an5b7-+17 n

n
_ 51 52}- —in 5% 6i7~ — g1 ] ki1 —in 5jr+1*jn _
- A%r—an AYar—Aak—-1a,0k+1—an br41—bn
k=r

n
Y~ — I Jjr+1—Jn Jk sir+1—Jk—11 Jk+1—Jn
=04, —an | Oab .y b T+ E : OA O by 1 bibgss—bu

k=r+1
n . . n . .
_ } :5z‘r =1 I Ul —ip [ gikIrt1—dn + 2 : Sl gIrtr—Ji=1ikdit1—gn | _
ar—Ak—1agdk+1—an A br41—bn A bry1—b—1b; bl+1*bn -
k=r l=r+1

n
—Y -7+ §ir —in Z 5£g5jr+1—jk711 Jk+1—Jn

ar—an bry1—bg—1bkbr11—bn
k=r+1
n
g i —in Z 5jl§jr+1*jl71i7«jl+1fjn (A.3)
ArQr41—0n A bry1—bi—1b; bl+1*bn
l=r+1

n
. Sir —ik—1 T Gkt1 —ip 5k 5jr+1—jk—1ik Jh+1—Jn _
ar—0k—-1a%k+1—an " A b7.+1*bk,1bkbk+1* n
k=r+1

n
=Y _-Z+ Z 5% <5ir —in st Jra+1—Jk—1Jk+1—1Jn

ar—an bibrt1—bg—1bp11—bn
k=r+1
_ SIrt1—Jk—1ir Jk+1—Jn I drq1—in
br41—bg—1 bkbk+1*bn ArQar41—0an

_ Sl —in 5L gr —Jk—1Jk+1—3jn | —
br41—bn apar—0k—10k+1—ap | —

Y—Z+ Y & (Ri—Ry—Ry).
k=r+1
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The job is now to show that the remainder vanishes. We expand R

i —in o] Jr41—Jk—1Jk+t1—Jn __
Ry = 5ar*an brbry1—br_1bgr1—bn

n
— | §ir gir+r —in _ §it §ir+1 =1 G U1 iy 51 Jrl—Jk—1Jk+1—jn _
ar®ary1—an § : ar®ar41—0-1a;AU+1—an b by 1 bg—1bgr1—bn

l=r+1

— §ir+1r—in [ gir ] Jr4+1—Jk—1Tk+1—Jn 4 gir gL Jr41—Jk—1Jk+1—jn
ar41—an | “arbgbry1—by_1bgi1—bn by, arbry1—bp_1bry1bn

Rs3 I

k—1 k—1
+ 51}- 51 Jr+1—Jm—1jmIm+1—Jk—1Jk+1—Jn + 5ir 51 Jr41—Jk—1Jk+1—Jm—1jmIi+1 —jn
Z bm " Arbry1——bm—10r b1 —bg_1bgy1—bn Z b " Arbry1 b _1bg 11 bm—10r bypt1—bn
m=r—+1 m=r—+1

II II1

Gr41—M-10;U+1—an arbibry1—bg_1 by bn b arbry1— bp—1bgi1  bn

n
. 2 : gir+1 81 G U1 i, <5il I Jr41—Jk—1Jk+1—1Jn _|_5il 51 jr+1b— Jk=1Jk+1—Jn +

N

Ro> I

k—1 n
i oI Jr4l—Jm—1jmIm+1—Jk—1Jk+1—Jn i oI Jr41—Jk—1Jk+1—Jm—1jmIm+1—/Jn
+ 3 Gt e S s .

m ' Okbrg1—bm—10r b1 —br_1bgi1 m ' Okbrp1—bg_1bk41 " bm—10r b1 —bn
m=r—+1 m=k-+1

l=r+1

11 11T
(A.4)

The terms marked I, IT and III cancel out by writing

n n
Ir Slptl —n . Sl trg1 —in 1y (Y —1—1 ir'il+1 —fin __ 1 T4l —i—1 i 141 —in
bk 6ar+1*an - 5bkar+1*an + Z 5bk 6ar+1fal71alal+1fan - 6bk5ar+1—a171 a;A+1—an (A5)
l=r+1 I=r+1

and similarly for terms II and I with 52:'” 5@111:2’; .

References

[1] P. Fleig, H. P. A. Gustafsson, A. Kleinschmidt, and D. Persson, “Eisenstein series and
automorphic representations,” arXiv:1511.04265 [math.NT].

[2] M. B. Green and M. Gutperle, “Effects of D instantons,”
Nucl. Phys. B498 (1997) 195-227, arXiv:hep-th/9701093 [hep-th].

[3] M. B. Green and P. Vanhove, “Duality and higher derivative terms in M theory,”
JHEP 01 (2006) 093, arXiv:hep-th/0510027 [hep-th].

[4] M. B. Green, S. D. Miller, J. G. Russo, and P. Vanhove, “Eisenstein series for higher-rank
groups and string theory amplitudes,” Commun. Num. Theor. Phys. 4 (2010) 551-596,
arXiv:1004.0163 [hep-th].

[5] M. B. Green, S. D. Miller, and P. Vanhove, “Small representations, string instantons, and
Fourier modes of Eisenstein series,” J. Number Theor. 146 (2015) 187-309,
arXiv:1111.2983 [hep-th].

18


http://arxiv.org/abs/1511.04265
http://dx.doi.org/10.1016/S0550-3213(97)00269-1
http://arxiv.org/abs/hep-th/9701093
http://dx.doi.org/10.1088/1126-6708/2006/01/093
http://arxiv.org/abs/hep-th/0510027
http://dx.doi.org/10.4310/CNTP.2010.v4.n3.a2
http://arxiv.org/abs/1004.0163
http://dx.doi.org/10.1016/j.jnt.2013.05.018
http://arxiv.org/abs/1111.2983

[6]

[7]

8]

[10]

[11]

R. A. Horn and C. R. Johnson, Matriz analysis. Cambridge university press, 2012.

A. S. Householder, The theory of matrices in numerical analysis. Courier Corporation,

2013.

I. M. Gel’fand and V. V. Serganova, “Combinatorial geometries and torus strata on
homogeneous compact manifolds,” Russian Mathematical Surveys 42 no. 2, (1987)
133-168.

S. Fomin and A. Zelevinsky, “Recognizing Schubert cells,” Journal of Algebraic
Combinatorics 12 no. 1, (2000) 37-57, arXiv:math/9807079.

S. Friedberg, “Poincaré series for GL(n): Fourier expansion, Kloosterman sums, and
algebreo-geometric estimates,” Mathematische Zeitschrift 196 no. 2, (1987) 165-188.

D. Goldfeld, Automorphic forms and L-functions for the group GL(n, R), vol. 99.
Cambridge University Press, 2006.

19


http://arxiv.org/abs/arXiv:math/9807079

	1 Introduction
	2 Decomposing SL( n, Qp )
	3 Decomposing SL( n, R)
	4 Representation theoretic viewpoint
	A Proving (3.12)

