An Index-aware Parametric Model Order Reduction Method
for Parametrized Quadratic Differential-Algebraic Equations

Nicodemus Banagaaya?, Peter Benner?®, Lihong Feng?, Peter Meuris®, Wim
Schoenmaker®

“Max Planck Institute for Dynamics of Complex Technical Systems, Sandtorstr. 1, 39106 Magdeburg,
Germany
{banagaaya, benner, feng}@mpi-magdeburg.mpg.de
bMagwel NV, Vital Decosterstraat 44 bus 27, 3000 Leuven, Belgium
{peter.meuris, wim.schoenmaker}@magwel.com

Abstract

Modeling of sophisticated applications, such as coupled problems arising from nano-
electronics can lead to quadratic differential algebraic equations (DAEs). The quadratic
DAEs may also be parametrized, due to variations in material properties, system con-
figurations, etc., and they are usually subject to multi-query tasks, such as optimization,
or uncertainty quantification. Model order reduction (MOR), specifically parametric
model order reduction (pMOR), is known as a useful tool for accelerating the simula-
tions in a multi-query context. However, pMOR dedicated to this particular structure,
has not yet been systematically studied. Directly applying the existing pMOR meth-
ods may produce parametric reduced-order models (pROMs) which are less accurate,
or may be very difficult to simulate. The same problem was already observed for lin-
ear DAEs, and could be eliminated by introducing splitting MOR techniques such as
the index-aware MOR (IMOR) methods. We extend the IMOR methods to parame-
terized quadratic DAEs, thereby producing accurate and easy to simulate index-aware
parametric reduced-order models (IpROMs). The proposed approach is so far limited to
index-1 one-way coupled problems, but these often appear in computational nanoelec-
tronics. We illustrate the performance of the new approach using industrial models for
nanoelectronic structures.
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1. Introduction

DAE:s arise in a variety of applications such as nanoelectronics, electrical networks,
gas transport networks, etc, and can be either linear or nonlinear. We consider a special
class of nonlinear DAEs in (1) which are quadratic and parameterized by a vector u €
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R¢, where d is the number of parameters

Ewz = Az + " Tz + Bwu, x(0) = x, (1a)
y = Cwz + D(wu, (1b)

where « € R” is the state vector, the matrix E(u) € R™" is singular for every parameter
vector u, thus (1) is a system of DAEs. The initial condition x, must be a consistent
initial condition, since the initial conditions of DAEs have to satisfy hidden constraints.
The system matrices are A(u) € R, B(u) € R™™", C(u) € R, D(u) € R, and the

T
tensor F(u) = [Fl(,u)T, e ,Fn(y)T] € R™™" is a 3-D array consisting of n matrices

Fi(u) € R™", Each element in £TF(u)x € R" is a scalar z'F;(u)x € R,i = 1,...,n.
The vector u € R? models the parameter variations. We assume that the matrices
(E(w), A(w), B(w), C(w), D(w)) and the tensor F(u) have an affine parameter dependence,
1.e.,

M) = My + > (M, 2)
i=1

where the scalar functions f; determine the parameter dependency, which can be non-
linear functions of u, and M; can be either a constant matrix or a constant tensor.
u = u(f) € R" and y = y(t,u) € R’ are the inputs (excitations) and the desired
outputs (observations), respectively. In order to ensure the uniqueness and existence of
the solution of (1), the matrix pencil AE(u) — A(u) must be regular for each parameter
u, where A € C, i.e., the polynomial P(4, ) = det(AE(u) — A(w)) is not identically zero.

In practice, realistic models have very large dimension n compared to the number
of inputs m and desired outputs £. Despite the ever increasing computational power,
simulation of these systems in acceptable time is very difficult, in particular if multi-
query tasks are required. MOR aims to reduce this computational burden by generating
reduced-order models (ROMs) that are faster and cheaper to simulate, yet accurately
represent the original large-scale system behavior [1]. The goal of pMOR is to generate
low cost but accurate ROMs that characterize the system response for different values
of the parameters. pMOR replaces (1) by a pROM

Er(ﬂ)wr, = Ar(ﬂ)wr + mrgr(ﬂ)wr + Br(ﬂ)ua ZBr(O) = Zyo, (33)
v, = G, + Dy, (3b)

where p is symbolically preserved and E,(u), A, (u) € R™ ,B.(u) € R™ C.(u) €

RO, D,(i) € R™". The 3D tensor F,(u) = [FF(u),....F} (u)]T e R™™" consists of
r matrices F,, (1) € R™, and , € R’ is the reduced state vector of the pPROM. The di-
mension r < n of the pROM in (3) is much smaller than that of the original model (1).
A good pROM should have small approximation error ||y —y,|| in a suitable norm ||-|| for
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arbitrary input w and every varying parameter y. There exist many pMOR techniques
which can be used to construct the pROM (3) such as the reduced basis method, Proper
Orthogonal Decomposition (POD), the implicit multi-moment-matching method, a sur-
vey can be found in [1]. Almost all these methods are based on (Petrov-) Garlerkin
projection.

pMOR based on Galerkin projection is done by constructing a projection matrix
V € R™ so that V'V = L. Then, the pROM of (1) is written in the form

E.wz, =AWz, + V'[z' Fwe,| +B,wu, x.0)=V'x, (4a)
Y, = Cr(ﬂ)wr + Dr(ﬂ)u’ (4b)

with the matrices E.(u) = VIEW)V, A.(u) = VIAw)V, B.(u) = V'B(u), and the
tensor F = VIF(u)V € R In order to project the original consistent initial values
onto the initial values for the ROM, the matrix V is constructed by first transforming
(1) into a zero initial condition system, for details see [2]. From, system (4a) we
observe that even if the order of the state vector is reduced, the nonlinear part has a
computational cost of full dimension O(n). This problem can be eliminated using the
fact that V[ F(u)x,] can be transformed into =" F(u)x,, where F, € R™*", using the
transformation below.

Proposition 1. Let W € R be a matrix, F € R™™ be a 3D tensor, and x, € R’, then
there exists a 3D tensor &, € R™"™" such that:

wT (mrTf;"a:r) =z, Fx,. ®))

~ ~ ~1T ~
Proof. Let W = [w;;] € R”" and F = [FT,...,FT| with F; € R™, then
n n n T
WTa:,Tg'“zc, =x,' Z FiTw,-l, e, Z F,-Tw,-j, e Z F,-Twi, x,,
i=1 i=1 i=1

ry?

n
T .
= er[FT Ff] x,, whereF,, = ZwijFi eER™,j=1,...,r
i=1

T
Hence, J, = [FZ, e Ff] € R, O

The above transformation is numerically feasible, hence, system (4) can be refor-
mulated as in (3). Although existing pMOR methods can be directly applied to param-
eterized quadratic DAESs, they may produce pROMs which are less accurate or are hard
to simulate. This problem used to appear for the case of linear DAEs and it was solved
by MOR based on first splitting the DAEs into differential and algebraic subsystems,
e.g. the index-aware MOR methods (IMOR) based on admissible projectors [3, 4] and



balanced truncation model reduction for descriptor systems based on spectral projectors
[5]. Applying spectral projectors efficiently to DAEs is described e.g., in the recent sur-
vey [6], but this depends on the structure of the singular matrix of the DAE, and may not
always be possible. The MOR methods based on splitting techniques always preserve
the index structure of the DAEs which guarantees the accuracy of the ROMs.

In this paper, we extend the ideas of the IMOR method proposed in [7] to param-
eterized quadratic DAEs. We call this method index-aware parameterized model order
reduction (IpMOR) for quadratic DAEs. For simplicity, we assume that the index of the
system (1) of DAEs is independent of the parameter u and its nonlinearity. Thus, its
index can be computed using the index concepts for linear DAEs such as the tractabil-
ity index [7]. For convenience, we shall write E = E(u),A = A(w),B = B(w),C =
C(u),D = D(i) and F = JF(u), unless otherwise stated. The rest of the paper is orga-
nized as follows. In Section 2, we review the decoupling procedure for linear DAEs.
Then, in Section 3, we extend the decoupling procedure for linear DAEs to nonlin-
ear quadratic DAEs. Section 4 describes the implicit decoupling of index-1 quadratic
DAEs. We introduce the IpMOR for quadratic DAEs in Section 5. Section 6 discusses
the construction of projection matrices for pMOR of differential and algebraic subsys-
tems, respectively. Finally, we present some numerical experiments and conclusions.

2. Decoupling of index-1 linear DAEs

In this section, we review the decoupling of linear DAEs using projectors and cor-
responding bases proposed in [3, 4]. Here, we assume F = 0 in (1), thus system (1) can
be written as a linear system of DAEs as below

Ex' = Az + Bu, x(0)=x, (6a)
y = Cx + Du. (6b)

It is well known that for linear DAEs of the form (6a), all index concepts (differential,
perturbation, strangeness, tractability, etc. ) coincide. Thus the tractability index can
be chosen without loss of generality in this case. According to [3], in order to decouple
linear DAEs into differential and algebraic parts, we use the definition of the tractability
index to construct a matrix and projector chain. A square matrix Q € R™" is called
projector if and only if Q> = Q. A projector Q is called projector onto a subspace
S c R"if § is the column space of Q. It is called projector along a subspace S C R" if
S is the null space of Q.

Definition 1 (Tractability index [8]). Assume that (6) is solvable, i.e., the matrix pair
(E, A) is regular. We define a matrix and projector chain by setting E) := Eand Ay := A
given by

Ej+1 = E]_A]Q]’ Aj+1 = AJP], fijZO, (7)



where Q; € R™" is a projector onto the null space of E; and P; = I - Q; € R™".
Then there exists an index y such that E, is nonsingular and all E; are singular for all
0 < j <y — 1. This type of index is called the tractability index.

Next, we use the matrix and projector chain defined in (7) to decouple (6) as follows.
For the initial step, we set: Ey := E, Ay := A. Then (6) can be written as

Eyx’ = Agx + Bu, x(0) = x,

8
y = Cx + Du. ®)

We then choose the projector Qq such that it projects onto the null space of E, and its
complementary projector is Py := [-Qy. Using Definition 1, we can define the matrices,
E, =Ej)—AgQy, A := AgPy. Then (8) can be written as

El[Poa:’ + Qo:c] =Axz+Bu, x0)=umx,

9)
y = C[Poa: + Qoaz] + Du.
Assume that E; is nonsingular, then (9) can be written as
Poxr’' + Qur = E['Ajz + E['Bu, =x(0) = =, (10a)
y = CPyx + CQyx + Du. (10b)

Since E; is nonsingular, the system of DAEs in (6) is of tractability index-1 or is an
index-1 system of DAEs. If we left multiply (10a) by Py and Q,, separately, we obtain
the decoupled equivalent system of (6):

ap = POE['Agzp + POE['Bu, xp(0) = Py, (11a)
zo = QE;'Agzp + QuE;'Bu, (11b)
y =Cxp+ Cxy +Du, (11¢)

where xp := Pox and x := Qox. Here (11a) and (11b) are the differential and algebraic
parts of system (6), respectively, and the output can be obtained through (11c).

Note that the decoupled system (11) is of dimension 2n while the system (6) is of dimen-
sion n. This implies that decoupling using projectors does not preserve the dimension
of the original system. In [7], a remedy to this problem is proposed by using the linearly
independent columns of projectors Qq, Py € R™". Let n, be the dimension of the null
space of Ey, and n, = n — n,. Define matrices qo € R™" and p, € R™"» whose columns
are linearly independent and span the column spaces of Q, and Py, respectively. Then,
we can build an invertible matrix (po, qo) € R™”, whose linearly independent columns
form a basis of R”. The state vector « can then be represented with respect to the column



vectors of po, qo as © = &, + Poép, &, € R, &, € R, which implies that xp = poé,
and Ty = qoé,.

Let the inverse (po,qo)~' be defined and partitioned as (po, qo)~" := (p(*), qg) , where
p, € R, q; € R™", then we have

@'a=L, 4'Po=0, p;'q=0, p;'po=1,.

Therefore, q;" and p;' are actually the left inverses of gy and py, respectively. From
q."po = 0 and p;"qo = 0, we obtain

;P =pt, q'Qo = q. (12)

Substituting p = poé, and xy = qo&, into (11), and simplifying using (12) leads to
a decoupled system given by

é:;) = Apé:p + Bp'uw gp(o) = PSTiBP(O),
&g = Aysp + Byu, (13)
y=C¢,+Cié, +Du,

where A, = p;TE['Aopy € R, B, = p'E;'B € R A, = q"E;'A¢py €
R, B, = q'E;'B € R%*, C, = Cpy € R, C, = Cqy € R”. The total di-
mension of the decoupled system is n = n, + ny, hence it preserves the dimension of
system (6). In [7], the decoupled system (13) is used to derive the so called index-aware

MOR (IMOR) method for index-1 systems.

However, the above decoupling procedure is computationally expensive and needs large
storage requirements since it involves the inverse of E;. This motivated the implicit
version of the IMOR method proposed in [9], which does not involve E7!, and is called
the implicit-IMOR (IIMOR) method. Its decoupling procedure can be summarized as
follows. Instead of using system (10) to decouple the DAE in (6), system (9) can be used
which does not involve inversion of E;. Consider another set of matrices py € R”"» and
qo € R™ whose columns are linearly independent and span the null spaces of the
matrices qyA; € R" and Ej € R™", respectively. Then (6) can be written into an

equivalent decoupled system given by

E, & =A6, +Byu, &£,00) = Py zp(0), (14a)
E&, = A&, +Bu, (14b)
Y= Cpfp + quq + Du, (14¢)

where Ep = f)gEon, Ap = f)gAOPO € Rnpxnp’ Bp = f)gB € Rnpxm’ Eq = —(A]gAqu €
R"*", A, = §yAopo € R, B, = ;B € R">". We observe that (14) is an implicit
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version of the decoupled system (13) and their solutions must coincide. However, in
practice it is computationally cheaper to derive (14) than (13). Both decoupled systems
preserve the dimension and the stability of DAEs. System (14) was used to develop the
implicit-IMOR method for linear DAEs, see [9]. In the next section, we intend to extend
the above decoupling procedures to quadratic nonlinear DAEs.

3. Decoupling of index-1 quadratic DAEs

In this section, we extend the implicit and explicit decoupling proposed in [7] and
[9], respectively, to quadratic DAEs. Assume system (1) to be of tractability index 1
and its index to be independent of the nonlinearity. Setting E; = E, Ay = A and using
the fact that I = Py + Qy, where Q, and P are projectors as defined in Section 2, then
system (1) can be written as

Eo [Py + Qol T’ = Ao [Py + Qol + =" [Py + Qol" F [Py + Qo] = + Bu, (15a)
Y= C[Poac + Qoa:] + Du, (15b)

with consistent initial condition x(0) = xy. Using Definition 1, we can define matrices
E, =E; - AyQo, A; := AyPy, which satisty the identities

E/Py=E;, A;-EQo=A,. (16)
Substituting the identities (16) into (15a) and simplifying, we obtain:
E, [Powl + Qom] =Ax+ wT [PO + Q()]T gj[PO + Q()] x + Bu. (17)

Here, and below, for any two matrices W € R"*", V € R  we use the notation

W@V:kwmwﬂmxwmvﬂTUWMW,

which is a 3D tensor with F; € R™", i = 1,...,n. Expanding the nonlinear quadratic
part of (17), we obtain
[Py + Qol" F [Py + Qo] = PyFPy + PyFQy + Q) TPy + Q) FQy. (18)

Let \ffp = ng:P() S RanXn’ ?pQ = ngjQ() S RanXn’ f_pr = Qggjl)o S Rnxrzxrz’ \(fQ =
QgH’QO € R™™" and substitute (18) into (17), we obtain

E| [Pox’ + Quz] = Ajx + ' Fpx + " Fppx + ' Fppx + ' Fpx + Bu. (19)

The matrix E; is nonsingular due to Definition 1 since we have already assumed that (1)
is index-1. Otherwise the iteration continues until a nonsingular matrix E, is obtained.
Thus (19) can be written as

Pz’ + Quz = E'A iz + E|'z"Fpx
+E'2"Fppx + B 2" Fppz + E'2"Fpx + E;'Bu.  (20)



Left multiplying (20) by Py and Q,, respectively, we obtain the differential and algebraic
parts of system (1). Let xp = Py and o = Qpx, then (1) can be written as

33;;. = PoEIIAlwp + P()El_lwggjpl'p + PoEflwngpwp

+ PoE 'z Fpoxg + PoE; @ Foxo + PoE'Bu, (21a)

o = QQEIIA]CUP + QoEIlw;?pQBP + Q()EIIQ?E?QPQ?F
+ QuE; '@ Fpoxg + QuE] ' Foxo + QE] 'Bu, (21b)
y = Cxp + Cxy +Du, (21¢)

with initial condition xp(0) = Pyx,. Inspecting (21), we can observe that there are still
cross couplings between the state variables of the differential part (21a) and the algebraic
part (21b). For the linear part, we can obtain a complete decoupling if we choose the
projector Q, to be the canonical projector [10] in advance, i.e., it satisfies the condition
Qo = —QE;'Ay. Then, it can easily be proved that QoE;'A; = 0 [10]. Thus assuming,
Qo is a canonical projector simplifies (21) to

33;) = P()El_]Alwp + POEflw;pra:p + P()EIIJJEEFQPCL'IJ

+ PoE[ 'z Fpoxg + PoE; @ Foxo + PoE'Bu, (22a)

o :Q()El_]l‘;l;g:pmp + QQEIlwgng$p + Q()EIICB};HTPQCEQ
+ QE; 'z, Foxy + QE; 'Bu, (22b)
y =Cxp+ Cxy +Du, (22¢)

with initial condition xp(0) = Pyx(. Considering (22), we need to make some assump-
tions on the tensor J such that we can obtain at least a one-way coupling between the
differential and algebraic parts in order to avoid cross-coupling. This can be done as
follows.
(i) Coupling from differential to algebraic parts
In order to obtain this coupling, we require the assumption that Fpp = 0,Fpp =
0,Fp = 0. Thus (22) simplifies to

xp = PoE['Axp + PoE 21T pxp + PoE['Bu,  p(0) = Pyxo, (23a)
zo = QE; 'z, Fpxp + QE;'Bu, (23b)
y =Cxp+ Cxy + Du. (23¢)
(ii) Coupling from algebraic to differential part

In order to obtain this coupling, we require the assumption that Fyp = 0,Fpp =
0,3p = 0. Then (22) simplifies to

xo = QE 'z )Fpxo + QE;'Bu, (24a)
xp = PoET' Ay + PoE '@ Fpwo + PoE;'Bu,  xp(0) = Poxo,  (24b)
y=Cxp+ Cxy +Du. (24¢)



We note the above one-way couplings depend on the structure of the tensor . One may
wonder if such tensors exist in practice, fortunately they do exist in applications such as
the electro-thermal coupled models as illustrated in Section 7. We can observe that the
above decoupled systems double the dimension of the quadratic DAE (1a). However,
we can use the same technique as for the linear case in the previous section to avoid
this. If we substitute xp = po&, and xy = qo&, into (23) and (24) respectively, then we
obtain:

@

(i)

Coupling from differential to algebraic parts

& = A, + Py EE,T,6, + Byu,  £,(0) = pgl o, (252)
& = qET'E T8, + Byu, (25b)
y=C,¢, +Ci, +Du, (25¢)

where A, = p;"E;'Agpy € R, F, = p;Fppy € R B, = p;'E;'B €
R B, = quEl‘lB e R C, =Cpy € R, C,=Cq € R>" . Using the
transformation (5), we can rewrite the nonlinear terms of (25) as

po Ei'6,5,6, = 6,86, and q'E'E5,€, = £8,6,,

where f, € R f,, € R Thus, system (25) can be rewritten as

& =Apép + f;fpfp +B,u, &,(0) = py' o, (26a)
&y = E 8,6, + Byu, (26b)
Y= Cpfp + quq + Du. (26¢)

From (24), we obtain
Coupling from algebraic to differential part

&= ) E 6T 8, + By, (27a)
&, = Apé, + Py E[E T L, +Byu,  £,(0) = pg o, (27b)
y = Céy + Cpép + Du, (27¢c)

where F, = q}Fpqo € R B, = q;'E;'B € R, A, = p;"E['A¢p, €
R, B, = p;"E;'B € R"*". Using the transformation (5), we can rewrite the
nonlinear terms of (27) as

(ISTEflfgiﬂé“q = fgquq and pSTEflfggjqé:q = fgqufq’

where f, € R">">% _f, € R"">" _ Thus system (27) can be rewritten as

&y = E 8,6, +Byu, (28a)
& = Apéy + E 88 +Bou,  £,0) = pilay, (28b)
y=C, +C,é, +Du. (28¢)



We see that both of the above decoupled systems (26) and (28) involve the inverse of
E,, which might be computationally very expensive for large-scale applications. In the
next section we discuss decoupling avoiding matrix inversion.

4. Implicit-decoupling of index-1 quadratic DAEs

In this section, we derive decoupled systems by using (19) instead of (20).

4.1. Coupling from differential to algebraic parts
Here, we also assume that Fpp = 0, Fpp = 0, F = 0, thus (19) simplifies to

E, [Pyz’ + Qux] = AgPyx + 2" Fpx + Bu. (29)

Substituting @ = (o o) (€] &!)' into (29), we obtain

(Eipo 0) (Z)’ = (Aopo —Eiqo) (?) (& &) (Po)ﬁrp (o ) (?) +Bu. (30)

Consider another set of matrices py € R and q, € R™", whose columns are linearly
T
independent, respectively. Then left multiplying (30) by (f)g (jo) € R™", we obtain

DoEipo 0\(£,\  (DoAopo —DiEiqo) (£, f,fpg? Poép\ . (DB
T + T +1. T u, (31)
q,E1po &) \@tAopo —aiEiqo/\é, oB

ppg? pOf p
since pyFpqo = 0,q;Fppo = 0,q,Frqy = 0 and pyFppy = p,Fpo. Note that if
qOElpO = 0 and p, TE;qo = 0, we obtain a one-way coupled system from (31). This
is archived by constructing p, and o such that their linearly 1ndependent columns span
the null spaces of qoA, and pJE/, respectively. Let F, = pJFpy € R, then (31)
simplifies to

PoE1po 0) (fp) (PngPO 0 ) (fp) N ( fT?pfp) N ( B) . -
( 0 0/1s AP0 —GE1qo/\&,) \@jEN T é, B (32)
Using (5), we get the transformation f)gff,&"pfp = &8y, Goé,Tpé, = E)8,pE,, Where

f, e R f,, € R"*"*" Using the fact that E; = Eg — A¢Qo, (32) 51mp11ﬁes to an
implicitly decoupled system equivalent to (1) given by

E & = Apé, +E8,E, +Byu,  £,0) = py'a, (33a)
E &, = A, +E 8,6, +Byu, (33b)
y=C,é, +Cié, +Du, (33¢)

where Ep = ﬁgEop(), A = p()AOpO S Rn”xn” B pTB S Rnl,xm E = —qOAOq() S
Ri, A, = 41 Agpo € R, B, = GIB € R, C, = Cpy € R, C, = Cqy €
Ré’xrzq.
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4.2. Coupling from algebraic to differential part

To obtain this coupling, we assume that Fpp = 0,Fpp = 0,Fp = 0, thus (19)
simplifies to

E; [Poz’ + Qyz] = AoPox + ' Fpx + Bu. (34)

Substituting @ = (¢ o) (€] &1 into (34), we obtain

0 Emfe) - am)(E)+ @ ) f)ete pfg)en oo

Consider another set of matrices py € R and q, € R™", whose columns are linearly
T
independent, respectively. Left multiplying (35) by ((]o f)o) € R™", we obtain:

(0 nglpO) (fq) _( a4, Eiq0 quopo) (fq) +( quoff%fq) N (QgB)u (36)
0 PIEipo/\é PoEiq0 PoAopo/\E)  \PoélagTaos,)  \DoB

Analogous to (31), if §Aopo = 0 and P Eqo = —pOAoqo = 0, we can obtain a one-

way coupled system from (36). Similarly, we construct py and §, such that their linearly

1ndependent columns span the null spaces of qyA] and pjA,, respectively. Let F, =
qyFqo € R">"> then (36) can be written as

0 0 ’ q.E 0 q Tff
o spele) =00 o €)+ Gisie) Gla) o
0 PoEipo/\és 0 PoAopo/\&p)  \BoéyT ety B

Using (5), we get the transformation §yé;F €, = E1f,&., PoéyTE, = € pq€,, Where

f, e R £, € R Using the fact that E; = Eg — AgQo, (37) simplifies to an
implicit decoupled system equivalent to (1) given by

E ¢, = 1.6, +Byu, (38a)
EPf; = Ayé, + fgqufq +B,u, §£,00)= PSTiCo’ (38b)
y = C,é, + Cé, +Du, (38¢)

where E, = f)OEOpO, A, = PyAopo € R, B, = piB € R E, = —-q,A¢qo €
R"*", B, = q,B € R”qx’" C, = Cp, € R, C, = Cqp € R™".

Due to their equivalence, system (38) is solvable if and only if (1) is solvable. We
observe that,since E, is nonsingular, (38a) can be re-written into a classical fixed point
equation which can, e.g., be solved using Newton’s method. After solving (38a), fgf pqq
can be considered an extra input for the differential subsystem (38b) which can be solved
using any existing numerical integration technique, such as implicit Euler method. Fi-
nally, the output solution is obtained through (38c).
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5. Index-aware pMOR (IpMOR) method for quadratic parameterized DAEs

After decoupling system (1) into a one-way coupled system, we are ready to apply
model order reduction to the one-way coupled system rather than to (1). Here, we
propose an IpMOR method for quadratic parametrized DAEs. The IpMOR method is
an extension of the IMOR method for DAEs proposed in [3, 9]. We consider the weakly
coupled systems (33) and (38) discussed in Section 4 to construct the corresponding
IpROMs for weakly coupled systems from the differential to algebraic part, and from
the algebraic to differential part, respectively. In order to obtain an I[pROM for the
system coupled from the differential to the algebraic part, we consider system (33) in
parametrized form

Ep(ll)§;7 = Ap(/l)é:p + f;l;fp(ﬂ)fp + Bp(ﬂ)ua ‘fp(o) = paTmO’ (39a)
E, (€, = Ayé, + £,8,,(10é, + By(u, (39b)
y = C,&p(w) + C,(wé, + Dwu. (39¢)

We construct projection matrices V, € R"*", r; < n, and V, € R"*" r, < n, for
the differential and algebraic parts, respectively, using the existing pMOR based on
Galerkin projection. The reduced-order system is as below,

E, (&, = A, ey, + & T, (WE, + B, (u,  £€,(0) = V1£,0), (40a)
E, (&, = Ay, (Wé,, + &) By, (0E,, + By, (W, (40b)
y, = C,.&,, () + Cy (WE,, + D(pyu, (40c)

where E,, (1) = VIE,()V,, A, (1) = VIA, )V, € R, B, () = VB, (u) € R,
E,(u) = VgEq(,u)Vq e R A, (u) = V?Aq(p)Vq e R, B, (1) = Vng(,u) e R>™
and C,.(u) = C,(wV, € R C,(u) = Cy,wV, € R . The nonlinear terms are
obtained using the transformation (5) leading to: V)& £, ()¢, = &N T, (L€, where
£, (W) = VIV, € R f, e R and VIENE,, ()€, = &1, (Wé,, where
fqp,(:u) — V;fqp(/l)vp € Rnxrxng fqp, € RINXxnxr:

Next, we obtain an [pROM for the system (38) coupled from the algebraic to the
differential part,

E,(wé¢, = ggfq(/l)‘fq +B,(Wwu, (41a)
Ep(:u)f;; = Ap(ﬂ)fp + f;;qu(/l)‘fq + Bp(/l)'u'a ‘fp(o) = p(*)TwO’ (41b)
y= Cp(ﬂ)é:p + Cq(ﬂ)gq + D(/J)'U' (41c)

Likewise, the projection matrices V, € R"*"!, r; < ng, and V,, € R"*?, r, < n,, for
the algebraic and differential parts, are constructed separately, using the existing pMOR

12



methods. The resulting reduced-order system is

E, (Wé, = éf, (Wé, + B, (W, (42a)
E, (W&, = A, (WEp, + € By (&, + B, (1w, €,(0) = V)£,(0), (42b)
y, = C,(wé,, + C, (wé, +Du, (42¢)

where E,, (1) = V;Ep(,u)Vp,Ap,(,u) = V;AP(/J)V,, e R>"2, B, (u) = VIT,BP(,u) e R,
E, () = VgEq(,u)Vq € R, B, (n) = Vng(,u) € R and C, (u) = C,(wV, €
R C, (u) = C,(wV, € R™ . The nonlinear terms are obtained using the trans-
formation (5) leading to: V&7 f, (wé, = ;Frfqr(;z)gqr, where f, (1) = V £,)V, €
Rty f, e RN and VIENE, (1), = 1T (W&, where £,, (1) = VIf,,(1)V, €
RMXnxnp qur € RIxnxr

The next step is to construct projection matrices V, and V, that lead to a good
ROM with small approximation error ||y — vy,|| in a suitable norm ||.|| for every arbitrary
input u(?) and parameter y. There are many existing pMOR methods such as the ro-
bust pMOR algorithm in [11], based on implicit multi-moment matching or snapshot
methods such as the reduced basis methods [12]. See [1] for a general discussion of
PMOR methods. The snapshot methods are not flexible for input dependent systems
as considered in this work, since the snapshots depends on proper sampling of the in-
puts. As a result, the ROM may only be accurate for those training inputs which are
used to generate the snapshots, and may loose accuracy for the inputs other than the
training inputs. Therefore, input-independent pMOR methods are more appropriate for
input-dependent systems. Here, we choose the pMOR method based on implicit multi-
moment-matching, because of its simplicity, low complexity, and input independency,
but other pMOR approaches could also be used, such as interpolation of local bases and
interpolation of local matrices, see, e.g., [1].

6. Construction of projection matrices using the implicit moment-matching method

In this section, we discuss how to construct the projection matrices V, and V, for
the differential and algebraic subsystems, respectively, using the pMOR method based
on implicit multi-moment matching.

6.1. Construction of the projection matrix V,,

We discuss constructing the projection matrix V,, for either (40) or (42). We can
observe that the nonlinear term §gqu(,u)§q can be treated as part of the input of the dif-
ferential subsystem (41b), since it is known after first simulating the algebraic subsystem
(41a). In general, we cannot ignore the nonlinear term in (39a) during the reduction but
for most of our applications, fgf,,(p)fp is negligible. Thus, we consider only the linear
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part of the differential subsystem in (39a) or (41b),

Ep(/l)g;; =A,(Wé, + B,(wu,  £,(0) =&y, (43a)
C,(Wwé,. (43b)

Taking the Laplace transform of (43a) and assuming &,(0) = 0', we obtain
SE, (1) — Ap(u)X,(s) = B,()U(s). (45)

The state X,(s) is the Laplace transform of the unknown vector &,() in (43a). Assuming
each of E,(u), A,(u), B, (1) exhibits an affine dependence w.r.t. the parameter y, then
also (45) exhibits an affine dependence of the form

Eo+ 51E; + - + 5.E)X,(5) = By + 5By + - -+ + 5Bg)U(s), (46)

where E; and B; are the coefficients of (45) after substituting the affine expansion (2)
of each of E,(u),A,(u),B,(u). Here, the newly defined parameters §;,i = 1,...,k,
where k = max(a, 8), might be some functions (rational, polynomial) of the original
parameters y and the Laplace variable s. The state X,(s) in (46) can be expanded into a
Taylor series at an expansion point §° = (sl, 55 e, 3*2), as follows:

X,(5) = [I= (1M + - + M) E7 [B+ 0By + - + 03By | UCs),
Z [ M + -+ + 0o Mo 1" By, + 0By, + - + 0By, | UCs),

= By, + oBy, + -« + 0By, | Uls)

+ oM + -+ 0, M,] [BMO +o0 By, +-- 4 o-ﬁBMﬁ]U(s) + -

+ (oM + -+ + 0o Mol [By, + 0By, + -+ + 0By, | U(s) + -+, (47)
where o; = 5, - 5%, E = Ey + lel +--+PE,,M; = -E7'E;,i = 1,2,...,a, and
By, = E—lﬁ,BM, = E'B,i= ,8 = By + 3B, + -+ + 3)Bg. Using the

B
coeflicients in (47) we can define a subspac e R spanned by the vectors in R; given by

R = colspan{R¢, Ry, ..., R;,..., Ry},

Let&, = &, —&,,, then system (43) can be transformed into a system with zero initial condition given
by [2]

Ep(:u)g;; = Ap(:u)g:p + Ep(;u)ﬁ’ Yp = Cpgp(/i) + Cpfpo, g:p(o) =0, (44)

where B, (1) = [B, (), A &, ] € R0 = [T 1]
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where

Ro = |By, Bus,, . Bug, |, R = [M{Ro, MRy, ..., MRy, ..,
R, = [M|R,_1,M;R,,_,..., M,R,]. (48)

The columns of the required projection matrix V, constitute an orthonormal basis of the
subspace R that can be constructed by the Algorithm 1 in [11]. Note that the size of
the ROM is equal to the number of columns in V. To avoid exponential increase of the
number of columns in V,,, it is preferred to use only the first few R ;. However, this may
lead to ROMs which are not accurate for the whole frequency range. Therefore, multiple
expansion points need to be used. Given a group of expansion points 3,i = 1,...,¢,
where i indicates the ith expansion point, a matrix VS? can be computed for each 3V as

S
i

range{V} = colspan{Ry, Ry, ..., R, }«. 49)

The desired orthonormal basis matrix V, is obtained from orthogonalization of the col-
umn vector in all matrices Vo, i.e.,

V, = orth{Vp,V

6.2. Construction of the projection matrix V,,

The same technique discussed in the previous subsection to construct V,, for the
differential subsystem can also be used to construct the projection matrix V, for the al-
gebraic subsystem of either (39) or (41). Taking the algebraic part (39b) as an example,
we consider also the linear part,

E,(wé, = A (w)é, + B (wu, (50a)
Yq = Cq()&,. (50b)

Substituting &, = V&, into (50a), where V,, is the already computed projection matrix
for the differential subsystem, leads to

Eq(/l)g:q = Aq(,u)vpfpr + B, (Wu. (51)

where &, approximates the algebraic variable &, in (50). Here, &, can be considered as
an input from the differential subsystem. Then (51) can be written as

Eq(ﬂ)g:q = ﬁq(ﬂ)ﬂ" (52)

where B, (1) = (Aq(,u)Vp Bq(,u)) and @t = (fIT,r uT)T . Assume that each of E, (1), B, (1)
exhibits an affine dependence, then (52) can also exhibit an affine dependence of the
form

Ao+ 51A1 + ...+ 5,A)E, = By + 5By + ...+ 5Bp)a(r), (53)
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where A; and B; are the coefficients of (52) after substituting the affine expansion (2)
of each of E (1), ﬁq(u). Here, the newly defined parameters §;,i = 1,...,k, where k =
max(a, ), only depends on the original parameters u. It is easy to see that the system in
(53) is of the same form as the system in (46). Therefore, the algebraic state Sq can also
be written in the form (47). Hence, the projection matrix V, can be constructed similarly
as in (48). The construction of V,, for the coupling from the algebraic to the differential
part can be deduced from the above discussion. Note that ROMs of systems (26) and
(28) can also be derived based on the implicit moment-matching pMOR method. Since
(26) and (28) are not computationally efficient, construction of the ROMs based on them
will not be discussed.

It is clear, that different expansion points §; may lead to ROMs with different accu-
racy due to the varying dimension of the projection matrices V, and V, for the differen-
tial and algebraic parts, respectively. The construction of these projection matrices can
be automated by adaptively selecting the expansion points using the global a posteriori
error bound A(u, s) derived in [13], which is used to produce the simulation results in
the next section.

For completeness, we introduce Algorithm 1 from [13] as below:

Algorithm 1 Automatically computing projection matrix V
V=LV =[]
Set € > €,;
Initial expansion points §;
Eqain - @ large set of samples of § taken over the interesting domain;
r : Determines the number of R; or R?“;
while € > ¢, do
range(V:) = colspan{Ry,--- ,R,};
range(V‘é“) = colspan{Rg", - - - ,R%};
V = orth{V, Vi
Vé = orth{ V4, V‘;“};
§= arg max A(3);

SeEImin
€ = A(5);
. end while

R A O o e

,_.,_.
—_ O

—_— =
W N

In Algorithm 1, R‘j.“ are the vector sequences (48) computed using the matrices from
the parametric dual system of (45) (see [13] for details), while § are the expansion
points we need to select, because of (47) in order to obtain V automatically. Note that
to implement Algorithm 1, a training set Z,,,;, of the parameter samples must be given
as one of the inputs to the algorithm. They can be randomly or equidistantly selected,
and should cover the whole parameter domain.
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7. Numerical experiments

In this section, we illustrate the robustness of the Ip)MOR method using coupled
problems from industry. We consider electro-thermal simulation of a power-MOS de-
vice model and a package model as shown in Figure 1, originating from [14, 13].

(a) A power-MOS device. (b) A package.

Figure 1: Physical models considered in the numerical tests.

Mathematical modeling of these problems leads to the electro-thermal (ET) coupled
systems in the form of (1) with system matrices

(0 0 _(Au@ 0 _(Biw) ~_
E(.u)—(o Ezz(ﬂ)),A(,u)—( 0 Azz(ﬂ)),B@—(Bz(ﬂ)),c—(clw) C(w),
F@ =[0,....0,F) ,@,... Fiw]', (54)

where F; = (Flh(“) g) e R F () € R™M i = ny +1,...,n, En(u), An(u) €

R, Api(u) € R By () € R, By() € R, Cy(u) € R, Cyl) € RO™,
Here, E;>(u) and Aq;(1) are nonsingular matrices for each u. If ¢ is also partitioned

T
according to (54) as © = (:cf, azg) , the consistent initial condition is given by x(0) =

(:cl(O)T, wz(O)T)T . This system can be decoupled as follows. We observe that the index
of the matrix pencil (E(u), A(u)) of (54) is independent of its nonlinearity and parameter
u. Let Eqg := E(w) and Ay := A(u), then we can choose the projectors

I 0 00
Q0:(0 0)9 P0:(0 I) (55)
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such that Qq is a projector onto the null space of Ej, and obtain the complementary
projector as Py = I — Q. Using (7), we obtain

E  =E;-A¢Qo = (_A:)l(ﬂ) Ez?(ﬂ)) )

so that E; is uniformly nonsingular, which implies that (54) is an index-1 system. The
next step is to check the type of coupling in the nonlinear part. Since Fpp = Qy F()Py =
0, Fpo = PoF()Qo = 0,F» = PyF()Py = 0 and Fp = Q;F()Qy # 0, the decoupled
system will take either the form (27) or (38) which is a one-way coupling from the
algebraic to the differential part. Here, we only consider deriving the computation-
ally cheaper decoupled system (38). The column matrices py and qq are the linearly

independent columns of the projectors Py and Q in (55) given by py = (0 I)T and

qo = (I O)T , respectively. The inverse of the matrix (py, (o) is given by

I * *
= (po’ qO) H

0
(Po,q0) ' = [I 0

where piT = (0 I) and " = (I 0) are the left inverses of py and qq, respectively. In

order to obtain the decoupled system of the form (38), we need to construct another pair
T T

of matrices ¢y = (I 0) and py = (0 I) , whose columns span the null spaces of EJ

and q)A,, respectively. Substituting the above projectors and bases into (38) and since
f,(1) = 0, we obtain,

A (W&, = Bi(Wu, (56a)
En(é, = An(é, + €5,y + B, £,(0) = 25(0), (56b)
y = Ci(wéy + Cr(w)é, + D(wu, (56¢)

where f,, (1) = [F;1111+1T(#)’ .. ,F’]’f(y)]T € R From (56) we see that the system of
quadratic DAEs (54) is decoupled into n, = n; algebraic equations (56a) and n, = n,
differential equations (56b), with n = n; + n,. Here, the initial condition x;(0) = &,(0)
must satisfy the hidden constraint £,(0) = —A, 1 () 'Bi(u)u(0) and x,(0) = £,(0) can
be arbitrarily chosen. We can now apply the proposed IpMOR method for quadratic
DAE:s to (56) instead of (54).This is illustrated in Examples 7.1 and 7.2, for the case of
the device and the package models, respectively.

Remark 1. Note that with the special structure of (54), the one-way decoupled system

in (56) can be directly obtained by inserting the partition of « = (fg, g—‘;)T into (54). The
above analysis shows a formal derivation of (56) without taking advantage of the special
form of (54). In particular, if the structure of the tensor J is unclear, then derivation of
(56) cannot be straightforward.
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All simulations were done using in MATLAB® Version 2012b on a Laptop with
6GB RAM, CPU@ 2.00 GHz. The sparse tensor computations were performed with
the MATLAB Tensor Toolbox [15, 16]. All used methods are defined as follows:

(a) We use D-pMOR to denote the method directly applying the existing pMOR based

on multi-moment-matching (Algorithm 1) to the original system of quadratic DAEs
in (54).

(b) IpMOR is the proposed method in Section 5, where pMOR using Algorithm 1 is
applied to the subsystems (56a) and (56b) separately.

(c) For the power-MOS device model, we will see from Remark 2 that the differential
subsystem (56b) can be approximately considered as a non-parametric system, so
that MOR based on moment-matching, such as PRIMA [17], rather than pMOR
based on multi-moment-matching, can be applied to construct the ROM of (56b).
Therefore, for this special structure, we apply pMOR (Algorithm 1) to (56a), and
apply PRIMA to (56b). We call this method IpMOR-PRIMA.

Example 7.1. In this example, we consider a power-MOS device model illustrated in
Figure la. It is a parameterized quadratic system described in (1) with matrices and
tensor in the form of (54) and n = 13216 state variables. There are m = 6 and ¢ =
12 inputs and outputs, respectively. The matrices E(u), A(w), B(w), C(u), D(u) and the
tensor F(u) exhibit a parameter dependence of an affine form given by

M) = My + uM;, (57)

where M(u) indicates any parametrized matrix or tensor in (1) and M; are parameter-
independent coefficients. For this example, u = o describes the electrical conductivity
of the selected materials of the power-MOS device. The system is excited by the input
u®) = (ui(0),...,us®)", where u (1) = uz(t) = 0, us(t) = us(t) = ug(t) = 300
107, if0<r<107° _ . , , ,
and u,(¢) = ) This system is decoupled into the form (56) with
10, Otherwise.
n, = n; = 11556 differential equations, and n, = n, = 1660 algebraic equations. The
initial condition for the algebraic subsystem has to satisfy (56a) at = 0 and the initial
condition for the differential system is 300 for all variables since it can be arbitrarily
chosen. We intend to reduce the decoupled power-MOS model using the proposed
IpMOR method combined with Algorithm 1, so that the projection matrices V, € R"*"!
and V, € R™*" are automatically constructed for (56a) and (56b), respectively. To
construct V, we use a training set of 100 randomly distributed parameter samples (5§ =
o) in the interval o € [10°, 107] for Algorithm 1. To construct V,, we pair 10 randomly
distributed samples of frequency f with 10 random samples of parameter o € [10°, 107]
to form the training set. Then samples of s are obtained from the relation s = 2mx;f,
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where j = V-1(§ = (o, 5)). In addition, we use r = 2 and r = 4 in (49) to construct V,,
and V, respectively.

Table 1: Convergence behavior of Algorithm 1 using IpMOR.

Algebraic subsystem, i, = 1660, €, = 107> Differential subsystem, n, = 11556, €, = 107

Iterations Selected sample & Error bound 12 Selected pair (&, §) Error bound r,

1 13396 x 10°  9.70 x 1071 (9.1263 x 105,4.9450x 107))  2.68x 10> 6
9.9917x 10°  6.28 x 10712 4 (17314 x 105,2.0427 x 107))  2.59x 10! 12

- - - (8.5282 x 105,3.5865 x 107))  2.88x 10° 18

- - - (9.1829 x 10°,5.7256 x 107))  2.08 x 10" 24

(1.7314 x 106,2.9001 x 107)) 2.52x 102 30
- - - (1.7314 x 106,5.4763 x 107))  1.93x 10 34
- - - (3.7886 x 106,2.9760 x 107;)) 1.03x 105 38
- - - (9.1263 x 105,3.7540 x 107))  2.76 x 1078 42

[\

01N N kW
|
|
|

Table 1 shows the selected expansion point: (s = &) or (§ = (6, 9)), the calculated
output error bound and the number of columns (r, ;) of the projection matrices for
each iteration. Algorithm 1 terminates after 2 and 8 iterations with the reduced order
of 4 and 42 for the algebraic and differential subsystems, respectively. Thus using the
proposed IpMOR method, the algebraic subsystem is reduced from order 1160 to order
4, and the differential subsystem is reduced from order 11556 to order 42. Hence the
power-MOS model is reduced from order 13216 to order 46.

Remark 2. We note that, in general, the parameter dependence of the power-MOS
device model takes the form (57). However, after being decoupled into the one-way
coupled system (56), we observe that the system matrices of the differential subsystem
are of the form M(0) = Mg+ ocM;, (M = Ex, A, B,, C,), with [Ml]ij < Enach
where €,,., 1s the machine precision. Therefore, the parameter part cM; can be ig-
nored, so that M(o0) ~ M, for the differential subsystem. This implies that we can
apply Algorithm 1 to the algebraic subsystem and conventional MOR such as PRIMA
[17] to reduce the non-parametric differential subsystem, which constitutes the [pMOR-
PRIMA method mentioned before. We construct V, as before and construct V,, using
PRIMA by matching 10 moments associated with the expansion point at f = 102 [17].
We were able to reduce the algebraic subsystem from order 1160 to order 4, and the dif-
ferential subsystem from order 11556 to order 44, respectively. This leads to a pPROM
of order 48 using the [pMOR method.

For comparison, we also use D-pMOR to construct the ROM of (54), i.e., we apply
Algorithm 1 to the linear part of (54) with M(0) = My+oM;, M =E,A,B,F,C,D),
using the same training set used by the IpPMOR method for the differential subsystem.
Table 2 shows the selected expansion points, calculated output error bound and the num-
ber of columns of the projection matrix V € R at each iteration. We observe that the
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algorithm terminates after 8 iterations with r = 48 columns of V at an accuracy of
€0, = 1078, Hence the power-MOS device model is reduced from 13216 to 48, using
D-pMOR.

Table 2: Convergence behavior of Algorithm 1 using D-pMOR.

n=13216, €, = 107°.

Iterations Selected samples (o7, $o) Error bound r

1 (9.1263 x 10°,4.9450 x 107;)  2.68x 10> 8
(9.1263 x 106,2.0427 x 107))  3.32x 10" 14
(9.8768 x 106,5.7256 x 107))  4.34x 10° 21
(1.9860 x 106,2.9001 x 107)) 1.59x 10~' 29
(1.2646 x 105,3.7540 x 107;)  2.95%x 1073 35
(9.8768 x 10°,5.4763 x 107;) 2.40x 10+ 39
(3.7886 x 106,2.9760 x 107)) 9.02x 106 44
(9.1263 x 10°,3.5865 x 107)) 3.34x 108 48

o0 O\ LB WIN

Table 3: Simulation efficiency comparison.

Original model Reduced order

PMOR methods n m £ r Speed-up Reduction rate (%) Error

D-pMOR 13,216 6 12 48 538.9 99.6 7.5 %1072
IpMOR 13,216 6 12 46 2116.5 99.7 4.1x 1073
IpMOR-PRIMA 13,216 6 12 48 1288.3 99.6 5.1x1073

Next, we simulate all the above three ROMs within the time interval ¢ € [0, 10‘6] and
the electrical conductivity o € [10°, 10%]. We discretized the time and the electrical con-
ductivity into 100 and 50 grid points, respectively, using the implicit Euler integration
method for the differential subsystem. The efficiency comparison of these ROMs are
summarized in Table 3 and the error is defined as

emax - max 160 =i Gl /0l (58)
where y;(u) and y; (u) are the outputs of the original large model and ROM, respectively
at port j depending on the electrical conductivity u = o of the power-MOS device. They
are vectors containing the output values at #;,i = 1, ..., N uniform time instances in the
time interval [0, 107%5].

It is seen that the ROMs derived by IpPMOR and [pMOR-PRIMA are much faster to
be simulated and more accurate than is ROM derived from D-pMOR. Figure 3 shows the
comparison of the thermal flux density and its relative error at port 9 for each method.

21



gy
linggting,

gttty
lieg M0ty iy,

1
R
g tbogitagg ey g
g 0agy iy

iy

17

Wiggylioyy,
gy :m,',',l,l':’ ',"l'
i

Relative error

1.0e-6 " 1.0e-6
8 7.5e-7 7.5e-7

10 8

. 2.5e-7 S0e77 0 . 5.0e-7
o (S/m) 10" © Time (s) o (Sim) 10° 0 Time ()
(a) Thermal flux at port 9, yo. (b) Relative error of D-pMOR.

Relative error

Relative error

1.0e-6

8 7.5e-7 1.0e-6

10 5 067 10° - 7.5e-7
2.5e-7 2.5e-7

o (S/m) 10° 0 Time (s) o (s/m) 10" 0 Time (s)

(c) Relative error of [pMOR. (d) Relative error of the [pMOR-PRIMA.

Figure 2: Comparison of thermal flux and its relative error at port 9.

Example 7.2. We consider a package model [18] illustrated in Figure 1b. It is also
a system with matrices and tensor of the form (54) with dimension n = 9193. This
system has m = 34 and { = 68 inputs and outputs, respectively. The system matri-
ces and tensor exhibit affine parameter dependence M(h) = My + hM; + %Mz, where
M(h) is any parametrized matrix or tensor in (1) and M; are parameter-independent
coefficients. For this example, & represents the different thicknesses of the top layer
of the package. The system is excited by the input w(f) = (u(?), ..., us3(t))", where

w (1) = Lua(r) = -+ = u7(r) = 0, and u19(7) = - -+ = uaq(r) = 348.15,
75 x 108 + 348.15, ift <1078,

us(7) = . -8
423.15, ift > 107°.

The initial condition for the algebraic subsystem has to satisfy (56a) at t = 0 and the ini-
tial condition for the differential system is 348.15 for all variables since it can arbitrarily
chosen. This system can also be decoupled into a one-way coupled system of the form
(56) with n, = n; = 8071 differential and n, = n, = 1122 algebraic equations. The pro-
jection matrices V, € R"™*"" and V,, € R"”"? are constructed by the [p)MOR method with
Algorithm 1 for (56a) and (56b), respectively. To construct V, we use 100 randomly
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distributed parameter samples (5 = k) of i € (0, 100] as training set for Algorithm 1. To
construct V,, we pair 5 randomly distributed samples of s = 2x;f, f € [0, 10*] with 10
random samples of the parameter 4 € (0, 100] to form the training set of Algorithm 1
(§=(h,s)). We used r = 4 and r = 2 in (49) to construct V, and V,, respectively.

Table 4: Convergence behavior of Algorithm 1 using IpMOR, ¢,; = 107>.

Algebraic subsystem , n, = 1122 Differential subsystem, n, = 8071
Iterations  Selected sample h  Errorbound r Selected pair (h, §) Error bound 1,
1 99.9743 3.86x 107 24 (77.1617,1.7189 x 10*))  4.07 x 10" 98

- - - (5.3648,5.7132x 10*)) 537x 107" 196
- - - (48.757,5.7132x 10%)) 2.39x 1072 294
- (8.9365,5.7132x 10*)) 1.87x 107 392
- - - (5.3648,4.1597 x 10*;) 336 x 107 490
- - - (77.1617,5.7132 x 10*))  5.02x 107> 588
- - - (5.3648,1.7189 x 10*))  2.60x 10° 675

N NN R W
|
|

Table 4 shows the selected expansion point, the calculated output error bound and the
number of columns (7, r;) of the projection matrices for each iteration. Algorithm 1
terminates after 1 and 7 iterations with the reduced order of 24 and 675 for the algebraic
and differential subsystems, respectively. Thus using the proposed adaptive [pMOR
method, the algebraic subsystem is reduced from order 1122 to order 24, and the dif-
ferential subsystem is reduced from order 8071 to order 675. Hence the package model
is reduced from order 9193 to order 699. For comparison, we apply D-pMOR to the
linear part of the quadratic DAEs in (54), by making use of the same training set which
we applied for the IpMOR method on the differential subsystem. Table 5 shows the se-
lected expansion point, calculated output error bound and the number of columns of the
projection matrix V € R™" at each iteration. The algorithm terminates after 6 iterations
with r = 48 number of columns of V. Hence this model is reduced from 9193 to 719.

Table 5: Convergence behavior of Algorithm 1 using D-pMOR.

n=9193, €,; = 107.

Iterations  Selected samples (hg, s9)) Error bound r

1 (77.1617,1.7189 x 10*;) 5.49x 107! 124
(5.3648,5.7132 x 10*))  1.60 x 107> 248
(77.1617,5.7132 x 10*))  5.69x 107 372
(48.757,5.7132 x 10*)) 634 x 107* 496
(8.9365,5.7132 x 10*;) 294 x 107 619
(5.3648,4.1597 x 10*;) 294 x107% 719

(@) RV, I VSIS
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Table 6: Simulation efficiency comparison.

Original model Reduced order

pPMOR methods n m £ T Speed-up Reduction rate (%) Error
D-pMOR 9193 34 68 719 - 92.2 -
IpMOR 9193 34 68 699 6.4 924 7.7%x 107

Relative error

0.002 0.002

0.0015
0.001
0.0005

h (um) 10° 0 Time (s) h (um) 10° 0 Time (s)

0.001

0.0005

(a) Output solution of the [pROM. (b) Relative error of the outputs.

Figure 3: Output solution and relative error of the [pMOR for the package model.

We tried to simulate both parametric ROMs in the time interval ¢ € [0,2 X 1073s] and
thickness interval i € (0, 10?], using the implicit Euler integration method on the same
grid points. It is observed that it is impossible to simulate the ROM constructed by
D-pMOR while the ROM derived by IpMOR is easy to be simulated, and results in a
speed-up of 6.4 as shown in Table 6. This is due to that fact that applying D-pMOR to
the system of quadratic DAEs leads to a ROM of ODEs which behaves like a system of
DAEs with higher index. In Table 6, we used the same error definition as in (58) with
i = h in the time interval ¢ € [0,2 x 107*]. Figure 3 shows the thermal flux density
produced by IpMOR, and its relative error at port 45 at different thicknesses of the top
layer, indicating that the proposed IpMOR method is sufficiently accurate.

8. Conclusions

We have proposed an index-aware parametric model order reduction (IpMOR) method,
and have illustrated its superiority over the existing approaches with examples from in-
dustry. We have observed that IpDMOR is computationally cheaper and more accurate
than directly applying pMOR to the original coupled system, and it always preserves the
index-structure of the original quadratic DAEs. This technique accelerates uncertainty
quantification and simulation of quadratic parameterized DAEs. Note that the [pMOR
method is independent of the choice of the existing pMOR method used to reduced the
subsystems. However, for more general structured DAEs, one has to be aware that the
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numerical computation of the bases for the decoupling may involve serious difficulties
because of the accuracy sensitive rank decisions. Finally, our method could be extended
to more complicated quadratic DAEs whose index always depends on the nonlinearity,
and those DAEs with higher index. This could be a topic in the future.
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