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Abstract. The off-shell superspace formulation for six-dimensional conformal supergravity
given in arXiv:1606.02921 is presented here. We describe how the formulation may be used to
describe two invariants for N = (1,0) conformal supergravity in six dimensions. One of the
invariants contains a C'® term at the component level, while the other contains a COC term.
It is demonstrated that any invariant for minimal conformal supergravity must be a linear
combination of these two invariants.

1. Introduction

Conformal gravity invariants play an important role in conformal field theories, where on an
arbitrary background anomalies appear in the Ward identities which follow from the conformal
symmetry. These anomalies express the violation of the conservation and tracelessness of the
stress-energy tensor in certain correlation functions. It is well known [1] that there are two main
types of conformal anomalies in even dimensions: type A and type B. There is always exactly
one type A anomaly but an increasing number of type B anomalies by increasing spacetime
dimension D. The type B anomalies are associated with conformal gravity invariants, which are
locally diffeomorphism and Weyl invariant functions of the metric and its derivatives. In four
dimensions (4D) there is only one conformal gravity invariant (or type B anomaly), while in six
dimensions (6D) there are three.

In 6D and in the presence of supersymmetry conformal anomalies acquire further significance.
Supersymmetry places additional restrictions on the general structure of correlation functions.
Remarkably, 6D proves to be the highest spacetime dimension in which superconformal field
theories exist [2]. Furthermore, the only known non-trivial unitary conformal field theories in
6D are supersymmetric and arise in string theory, and realize either N' = (2,0) and N = (1,0)
superconformal symmetry. This places 6D superconformal field theories at a special point of
study in the space of conformal field theories.

An important step in the study of the general anomaly structure of 6D superconformal field
theories is the construction of the conformal supergravity invariants, which are supersymmetric
extensions of the conformal gravity invariants. For the minimally supersymmetric version, N’ =
(1,0), superconformal tensor calculus was developed over thirty years ago in [3] and later applied
to describe certain 6D A = (1,0) supergravity invariants, such as a supersymmetric Riemann
curvature squared term [4]. However, it has not provided insight into the construction of further
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higher derivative invariants, in particular the minimal conformal supergravity invariants, which
are important ingredients in the description of general supergravity-matter systems.

Apart from superconformal tensor calculus, there is another approach to N-extended
conformal supergravity for D < 6 based on using a curved N-extended superspace MP!%, where
0 is the number of fermionic dimensions. Within the superspace setting, one can choose to gauge
only part of the superconformal algebra and use the structure group SO(D — 1,1)xGg, where Gr
is some R-symmetry group. The superspace geometry is then constrained to describe conformal
supergravity and thus permits additional transformations known as super-Weyl transformations,
which are generated by a real unconstrained superfield parameter.! However, for applications
involving the construction of super-Weyl invariant objects, it is often more useful to make use of
another superspace formulation, known as conformal superspace [9, 10, 11, 12], which is based on
gauging the entire superconformal group and is more general since the conventional formulation
may be obtained by partially fixing the gauge freedom. Conformal superspace is technically
easier to reduce to components and has already proved useful in the construction of higher
derivative invariants, e.g. the 5D supersymmetric R? invariant in the standard Weyl multiplet
[12]. For these reasons it is useful to have a 6D N = (1,0) conformal superspace formulation
for the construction of 6D minimal conformal supergravity invariants.

Before moving on to presenting the 6D conformal superspace formulation, we will first
illustrate a conceptual difference in the 6D N = (1,0) case from its 4D N = 2 counterpart
in the construction of the conformal supergravity invariants. The invariant for 4D N = 2
conformal supergravity is a supersymmetric C? term and is remarkably simple.? It is given by
a chiral integral of the form

I = /d4snd2N05EC+c.c. = /d4xd2N05W0‘ﬁWa5+c.c. , (1.1)

where & is the chiral measure and Wo? is the super-Weyl tensor. However, the 6D N = (1,0)
case is conceptually different as there is no covariant analogue to the chiral action. Furthermore,
although it is natural to consider a full superspace integral of the form [ d%zd®0EL, where L
is a real primary superfield of dimension 2, an appropriate superspace Lagrangian £ cannot be
constructed from the 6D N = (1, 0) super-Weyl tensor W8 This makes addressing the 6D case
non-trivial as one needs to find an appropriate action principle analogous to the chiral action.

In this paper we present the results of [13] in which the 6D minimal conformal supergravity
invariants were constructed. The invariants were constructed by achieving the following: (i)
developing the 6D N = (1,0) conformal superspace; (ii) deriving action principles capable of
supporting the Weyl invariants; and (iii) applying the action principles to describe the Weyl
invariants. We will describe each of these points in the main body of this paper.

This paper is organized as follows. In section 2 we give a brief review of 6D conformal gravity
highlighting important points of relevance for section 3. In section 3 we present the conformal
superspace formulation of conformal supergravity and demonstrate that there should only be
two invariants for minimal conformal supergravity. Section 4 is devoted to a review on the
superform approach to the construction of locally supersymmetric invariants and how it can be
used to construct the invariants for minimal conformal supergravity. Finally, conclusions are
presented in section 5.

2. Conformal gravity in six dimensions
Before diving into superspace it is useful to briefly review 6D conformal gravity and the conformal
gravity invariants emphasising some important points for the subsequent presentation.

L This is known as the conventional superspace approach. It was developed for the 4D N = 1 and N = 2 cases
in [5, 6] and presented for the 5D A/ = 1 case in [7] which was extended to the 6D N = (1,0) case in [8].
2 Here C schematically represents the Weyl tensor Cypcq.
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Conformal gravity in 6D may be viewed as being based on gauging the entire conformal group
SO(6,2), which contains the generators X4 = {P,, My, D, K,} corresponding to translation,
Lorentz, dilatation and special conformal transformations, respectively.® To gauge the conformal
group one begins with a 6D manifold parametrised by local coordinates ™, m = 0,1,---5. Then
one introduces the inverse vielbein e, = e, 0,, associated with P,, and the Lorentz connection
we?®, the dilatation connection b, and the special conformal connection f,; associated with each
of their respective generators. The transformations laws for the vielbein and the connections
are chosen such that

1
Vo=¢€4— iwabCMbc — by — fabe (21)

transform covariantly. Their transformation laws under the gravity gauge group may be
summarized by*

1
0kVa =K, V], K:=£&"V,+A2X, ="V, + §A(M)“bMab + oD+ AK) K*. (22)

It is worth mentioning that the transformation laws of the connections are such that the
generators X, act on the covariant derivatives in the same way as they do on F,, except with
P, replaced by V,.

In order to describe conformal gravity it is necessary to impose some constraints on the
geometry. These constraints fix the entire covariant derivative algebra in terms of the Weyl

tensor as follows 1 1

[vm vb} = —Jab = _5 adeMcd - évdc'abcdf(c 5 (23)
where Cypeq is the Weyl tensor which is primary,”> K #Cabed = 0, and satisfies the symmetry
properties, Caped = Clapjjca) a0d Clapq = 0. The Bianchi identity [V(,, Fyq] = 0 requires the
following differential constraint on the Weyl tensor

2

d d

ViaCog® = —gquabf[ 5;] . (2.4)
It is important to note that the covariant derivative algebra is expressed entirely in terms of the
Weyl tensor, which provides a very simple way of seeing that a vanishing Weyl tensor implies a

conformally flat geometry.
All conformal gravity invariants may be written down as integrals of the form

I:/d%eL, K,L=0, DL=6L, (2.5)

where the Lagrangian L is a dimension 6 primary field constructed out of the Weyl tensor. There
are exactly three possible Lagrangians that one may construct:

L(clg = CapeaC*Cy | (2.6a)

LE) = CapeaC™ C oy (2.6b)
1

LCDC = CadeDCabcd + §(vecabcd)vecab0d + g(vdcfabcd)vecﬂlbc6 5 (260)

where [ := V*V,.

3 We refer the reader to [13] for the conformal algebra and conventions.
4 A tensor field U transforms as 6xU = KU.
5 A superfield U is primary if K,U = 0.
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We highlight that once we have gauged the entire conformal algebra the curvature and torsion
tensors are constrained such that they are expressed entirely terms of the Weyl tensor and
its covariant derivatives. Furthermore, the conformal gravity invariants are all described by
primary Lagrangians. In the remaining sections we seek to find an analogous description for the
supersymmetric case.

3. N =(1,0) conformal superspace

In lower dimensions [9, 10, 11, 12] conformal superspace possesses the following key properties: (i)
the entire superconformal algebra is gauged in superspace; (ii) the torsion and curvature tensors
are built out of covariant derivatives of a single primary superfield; and (iii) the covariant
derivative algebra resembles that of supersymmetric Yang-Mills theory. In this section we
present the 6D N = (1,0) conformal superspace developed in [13], which satisfies the three
aforementioned properties. For the sake of brevity we refer the reader to [13] for our conventions
and the superconformal algebra, which now contains, in addition to the generators in the bosonic
case, the fermionic generators @, and S, denoting the Q-supersymmetry and S-supersymmetry
generators, as well as J¥ the SU(2) R-symmetry generator.

3.1. Gauging the superconformal algebra

To gauge the superconformal algebra one takes a NV = (1,0) curved superspace M6I8
parametrised by coordinates zM = (z™,6Y), where m = 0,1,2,3,4,5, p=1,2,3,4 and 1 = 1,2.
One now associates with each generator X, = (Mg, Jij,D,S;, K¢) a connection one-form
we = (Q“b,<1>ij,B,§]§,3c) = dzMwy@ and with P4 the vielbein E4 = (E®, E%). They may
be used to construct the covariant derivatives

1 3 .
Va=EAMoy — 5QA“Z’Mab — ®4"Jij — BaD — §abS) — FanK® . (3.1)

It is important to note that the generators appearing in the structure group act on the covariant
derivatives in the same way as they do on P4 except with P4 replaced by V 4.
The supergravity gauge transformations of the covariant derivatives may be summarised as

1 . )
kVa=[K, Vs, K=V, + iAbCMbc + AN+ oD+ AL SY + ALK (3.2)

where the gauge parameters associated with K satisfy natural reality properties. It should be
mentioned that the supergravity transformations act on a tensor superfield U as §xU = KU.
The superfield U is said to be primary and of dimension A if K4,U =0 and DU = AU.

The torsion and curvatures appear in the the (anti-)commutation relations

1
VA, VB}=—Fap = —-Tap“Ve — iR(M)ABCndd — R(N) 45" Jx
— R(D)apD — R(S)aES) — R(K)apK* , (3.3)

where the torsion and curvatures are constrained to satisfy the Bianchi identities

[Via, Feey} =0 (3.4)

3.2. Conformal supergravity

It is clear that the geometric setup of the previous subsection contains too many fields to
describe conformal supergravity. In order to describe conformal supergravity it is necessary to
impose further constraints on the covariant derivative algebra. As in lower dimensions, suitable
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constraints prove to resemble those of the Yang-Mills multiplet. Here we explicitly present the
consequences in the 6D N = (1,0) case.
The covariant derivative algebra is constrained to resemble that of Yang-Mills theory:

(ViV} = —2ie9(y9)apVe
[vayv%}] = _fa] = ('Ya)aﬁwﬁi 5
i
Var Vil = =Fap = =5 (a)a (V5 Wi}, (3:5)

where the operator W is constrained by the Bianchi identity
i j 1 i j
ViaFoeyb =0 = (VW= o{viw}. (3.6)

The operator W' is further constrained to be built out of the super-Weyl tensor W? [8] as
follows

i « % 1 ata ai at
Wel = WPy + V) "My, + WW)¥D + W(W)¥ KB | (3.7)
where super-Weyl tensor W is a symmetric primary superfield of dimension 1,
W =whe  KAWP =0, DW =W . (3.8)

The Bianchi identity (3.6) is now equivalent to the following differential constraints on the
super-Weyl tensor:

VEVIW? = v VW (3.92)
1
v’;vykWﬁV—Zégvﬁvg,@Ww = 8iVa, W7 (3.9b)

In order to give the operator W more explicitly it is useful to introduce the dimension 3/2
superfields

XkoF = SVhWe gl x Pk xel i L (3.10)

together with the dimension 2 descendant superfields:

- 5 ) ) 1 ) . ¢ ;
Bij . 2 (gliyBi) _ 58wy — _ Ol yvB9)
Yol = -2 <VaX TUAYD ) oVix) (3.11a)
1
Y= VX, (3.11b)
1 1
Yop™ i= Vi, X570 — gagv’;xakﬁp - g(sgv’;xﬁwﬂ : (3.11c)

The action of the spinor covariant derivatives, as well as with the S-supersymmetry generators,
on the defined superfields may be found in [13]. In terms of these fields one finds

i ; ; 1_ 5 5 .5 ,
i Waﬁvz XzaBM ’7—*XBZM a_ Cxagi 2 xoip
W gty M m g A Me AT g
1 i 5 4
— Y gl Sy, wreghi . oy g
EET R A 64
1 . 3 .
— 5 ()87 (VX = VX K, (3.12)
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The remaining covariant derivative algebra is constrained in terms of the super-Weyl tensor, its
descendents and their vector covariant derivatives [13].

It is important to stress that the entire covariant derivative algebra is expressed directly
in terms of the super-Weyl tensor and its descendents. In particular, it is trivial to see that
when W8 vanishes the supergeometry is superconformally flat. Furthermore, the standard
Weyl multiplet of 6D N = (1,0) conformal supergravity is encoded in the superspace geometry.
The component fields can be readily identified as certain 8 = 0 parts of the superspace gauge
one-forms and descendants of W5,

3.8. An immediate application: The number of independent invariants

Now that we have presented the conformal superspace formulation, it is possible to determine
what the maximum number of invariants for conformal supergravity is. The maximum number
of invariants was determined in [13] by making use of an argument based on analysing possible
supercurrents. It is illustrative to reproduce the argument below. Before moving on to the
constructive proof it is worth first recalling the definition of the supercurrent in 6D N = (1,0)
supersymmetry.

The supercurrent is a supermultiplet described by a scalar superfield J containing, amongst
its component content, the energy momentum tensor and the supersymmetry current(s),
together with additional components, e.g. R-symmetry current. In the curved case it is described
by a scalar primary superfield J satisfying the differential constraint

i i ok
AVAGRK (3.13)
Since this constraint must be annihilated by the S-supersymmetry generator to be consistent
with the superconformal symmetry, J must be of dimension 4.

Each of the invariants for conformal supergravity have an associated non-trivial supercurrent.
Thus a bound on the number of possible invariants for conformal supergravity is given by the
maximum number of possible supercurrents (up to irrelevant normalizations) one can construct
out of the Weyl tensor and its covariant derivatives. To determine the number of supercurrents
possible, one simply writes down the most general possible Ansatz which is

T = aVOVY + Y2 +ie3 XUV X +icy XEPTV5X 5% + 05 Yo PV
+¢6 Yap Y5 4+ et WOV 05V s WP 4 5V 5, WOTV. s WP
- COE g €y s WOLPL - W 04Ps (3.14)

where ¢, are arbitrary real coeffcients. Requiring that J be primary and satisfy the differential
constraint yields

32 2 6
C3 = —502 — 501 y Cqp = —ECQ — 1661 , C5 = BCQ + 561 s
2 1 2 1 1 1 1
€6 = 452 + 3¢ = TR TG BT 5T T2 Tl
cg=0, (3.15)

which tells us that we have a two parameter family of solutions and at most two invariants for
conformal supergravity.

4. Superform action principles and the invariants
Now that we have demonstrated that there can only be at most two invariants for conformal
supergravity, we would like to describe how they were constructed in [13] in this section. It
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turns out that there are exactly two invariants, one of which contains a certain combination
of C3 terms at the component level, while the other contains a COC term at the component
level. Their construction relies heavily on the use of the superform approach to constructing
supersymmetric invariants [14, 15, 16], which we now turn to briefly reviewing in the context of
6D N = (1,0) conformal supergravity.

4.1. The superform approach to constructing supersymmetric invariants

The superform approach to constructing supersymmetric invariants is a general approach based
on the idea that a closed super D-form automatically leads to a supersymmetric invariant. In
six dimensions, one introduces a six-form J = £dz™s A+ A d2M Ty in 6D NV = (1,0)
superspace satisfying the closure condition,

_ !

dJ ol

dZJV[G/\--~/\dZ]MO(9]\/[0(]]\/[1...]\/[6 =0. (4.1)

Such a superform immediately leads to the action principle

1

S = i*J = / dze*J|o—g , *J = 5amnpqmjmnpqm , (4.2)
M6 !

where i : M5 — MO® is the inclusion map and i* is its pullback, the effect of which is to project
6! = do! = 0. Invariance under supersymmetry follows since under a superdiffeomorphism with
£ =EAE, = M9y, the superform J transforms as

(5£J = [f,] = igd:]—i-digj = digJ , (4.3)

which corresponds to a total derivative. It is important to note that the component action may
be obtained by expressing the action in terms of the tangent frame

1
S = /de @Emr--mGEmGAe . -'EmlAlel...A6’.9:0 ,

1 ; 15 .
= 6l A0y e g0ras |:JCL1-~-CL6 + 3a, 5 S ag-as + Z¢a2?¢a1? &éag...aﬁ

5 y
5 Was Y Vo £ TR asasas + O |loo - (4.4)

In order to have a sensible action it must be invariant under all other gauge transformations,
which form the subgroup H. Therefore, we require J to also transform by (at most) an exact
form under these transformations, dyJ = dO(A%), where © is some five-form. For conformal
supergravity this requires invariance under the standard superconformal transformations. Under
the superconformal transformations, it is worth distinguishing two cases: (i) © = 0; and (ii)
© # 0. The first case corresponds to when the closed six-form is itself invariant, which is of
relevance to the construction of the C® invariant, while the second case is of relevance to the
COC invariant. We now move on to describing the first case and the construction of the C3
invariant.

4.2. A primary superform and the C3 invariant

A special case is given by when the superform J is itself closed. This implies that the components
Ja,..ag Of J = éEAG - BA1Jy, .4, transform covariantly. In particular, with respect to the
special conformal transformations we have the conditions

Sjﬁ'] o e = —in (’?[m)ﬁ’yJ’YjaQwan]gf e KbJAl"-A(s =0, (4.5)

airanay Qa6—n a6—n
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which allows us to express the closure condition (4.1) in terms of the tangent frame as follows

ViayJageary + 3714, 4,7 Iy ageany = 0 - (4.6)

We define primary superforms as those superforms satisfying the condition (4.5).

Under certain weak assumptions one can show that a closed primary six-form in 6D N = (1, 0)
superspace is unique [13], and is given in [17] in the context of SU(2) superspace. In conformal
superspace, the six-form corresponds to choosing the lower dimension components of J to vanish
and the dimension 9/2 component as follows:

Jabcgéi = S(Vabc)(a,b’Afy)ijk ’ (47)

where, due to eq. (4.5), A,¥* is primary KZA,Y* = 0. The closure condition (4.6) can be
shown to hold identically once one imposes the following differential condition on A,%*:
(i jkl) _
Vieds =0. (4.8)
Closure (4.6) also fixes the remaining components of the superform, e.g. the top component of
the superform is '
i -

Jabedef = —@&?aﬁwéabcdefvmVﬂjvykAauk . (4.9)
The remaining components of the superform are given in [13].

The superform constructed in terms of A,“* can be used to describe supersymmetric
invariants in an analogous way as the chiral action principle in the 4D N = 1 and N =2
cases. In particular, all that one must do is search for a composite expression for A,“* such
that it is built out of the superfields of the theory in consideration. This very approach can
be used to describe the supersymmetric C® invariant. By allowing A,%* to be built out of the
super-Weyl tensor and its descendents yields the following unique solution [13]

” . i . i vi B vk)sa
A* = 5icass XPUXT XM — ie 5,5 XPUXT 19 X100
641 (2 / ; ’ k)(S /
3 Eama Xo W Xp T X
HeapysY, WX — 32,5, T XRIWP0 (4.10)

The solution (4.10) automatically describes a supersymmetric invariant. By plugging the
result (4.10) into eq. (4.9) and keeping in mind the component reduction formula (4.4), one can
show that the component action contains a C® term proportional to

1 IAN) ! q! /
bed Vo dd
-3 Seayoae ;Cap™” Ceg”* Ces®

1= 8Ll . (4.11)
4.8. A non-primary superform and the COC invariant
We have presented a primary superform that may be used as an action principle in constructing
invariants. However, it becomes apparent that the primary superfield A,%* cannot be used to
describe a supersymmetric COC invariant due to its uniqueness. In particular, one can construct
another object of the right index structure as A,“* that satisfies the right differential constraint,
but it can be shown to not be primary. This suggests that we should generalise our approach
to look for non-primary closed superforms.

The obstruction we encounter in using the previous action principle for the construction of
another conformal supergravity invariant is the special conformal transformations. To remedy
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this we introduce the special conformal connections § 4 into our ansatz for the closed superform
as follows:

J=Jo+ TN TsE +Fa A JK, (4.12)

where Jy is a six-form, and Jg$* and Jx® are some 5-forms. The purpose of the five-forms
Jg and Jg® is to capture the “anomalous terms” arising from the transformations of J under
S-supersymmetry and special conformal transformations such that

0sJ = —d(AghJs?) . OxJ = —d(AkaJK") . (4.13)

Given our ansatz (4.12), it is still necessary to know how to constrain the components of the
superform. A clue comes from considering the full superspace integral

S = /d%df‘eEL : (4.14)

where L is a primary superfield of dimension 2. If we replace £ by a tensor superfield ®, which
satisfies

BoBij _ %gaﬂvévgvycp -0, (4.15)

the full superspace integral (4.14) vanishes since ® has a prepotential formulation [18]. This
suggests that there should be an action principle based on a primary superfield of the form B*%%
< By¥, which provides a way of describing the full superspace integral as a closed superform.
A solution based on the ansatz (4.12) was found in [13] such that all components of .Jy, Js$
and Ji® are constructed in terms of a primary superfield of dimension 3 satisfying the constraint

; . 9 ; .
v poik) = _gagvg Bk (4.16)

The superfield B*%% appears in the component of the Jx with lowest mass dimension.

JKbcdiai;a = —64i(Yped)ap B*Y (4.17)

while all other higher dimension components are expressed in terms of spinor derivatives of
BB e.g.

1 y
Jo arazagasasag — — €ajazazasasag ( - 3v?jklcwm + - ) ) (4'18)
where Ckl .= —ﬁvﬁf V%Bo‘ﬁkl) and the ellipses represents terms that directly involve the Weyl

tensor. We refer the reader to [13] for the remaining components and details.

The supeform based on Balgij provides an action principle analogous to the one in the previous
subsection, in the sense that an invariant action may be constructed by allowing B“%% to be
composed of the superfields involved in the theory of interest. For example, if one requires B*%%
to be expressed in terms of the super-Weyl tensor and its covariant derivatives, one finds the
following unique solution:

BB — ey A | gj x dlo x58h9) % xlati x819) | (4.19)

One can check that by plugging this result into the superform (4.18), one finds (upon integration
by parts) a CupegC% term at the component level.
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5. Conclusion

In conclusion, we presented the 6D N = (1,0) conformal superspace constructed in [13] and
demonstrated it is well adapted to describing the invariants for conformal supergravity. The
formulation was used to give a simple proof that there can only be a maximum of two invariants
for conformal supergravity. We described a primary superform that can be used as an action
principle and showed how it can be used to describe the supersymmetric C® invariant. We
also showed that a non-primary superform action principle was required to construct the
supersymmetric COC invariant. Due to the supercurrent analysis presented here, all invariants
for minimal conformal supergravity must be a linear combination of the two invariants. The
complete component actions for the invariants are given by their component projections and the
bosonic sectors will be explicitly given in a forthcoming publication.
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