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elimination of the auxiliary fields belonging to the hypermultiplet and imposing certain
gauge conditions, the dual action reduces to the one introduced in [20].

KEYwORDS: Extended Supersymmetry, Supergravity Models, Superspaces

ARX1v EPRINT: 1610.09895

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP03(2017)109


mailto:sergei.kuzenko@uwa.edu.au
mailto:joseph.novak@aei.mpg.de
mailto:ivo.sachs@physik.uni-muenchen.de
https://arxiv.org/abs/1610.09895
http://dx.doi.org/10.1007/JHEP03(2017)109

Contents

1 Introduction 1
2 The N = 4 vector multiplets 3
2.1 Kinematics 3
2.2 Dynamics 7
3 Minimal topologically massive supergravity 9
3.1 Action principle and equations of motion 9
3.2 Analysing the equations of motion 10
4 Component actions 17
4.1 The component conformal supergravity action 17
4.2 The component vector multiplet actions 18
4.3 N = 4 topologically massive supergravity in components 20
5 Discussion 24
A The geometry of N/ = 4 conformal superspace 25
B The geometry of SO(4) superspace 28
C Super-Weyl gauge conditions 30

1 Introduction

A unique feature of three spacetime dimensions (3D) is the existence of topologically mas-
sive Yang-Mills and gravity theories. They are obtained by augmenting the usual Yang-
Mills action or the gravitational action by a gauge-invariant topological mass term. Such a
mass term coincides with a non-Abelian Chern-Simons action in the Yang-Mills case [1-4]
and with a Lorentzian Chern-Simons term in the case of gravity [3, 4]. Without adding
the Lorentzian Chern-Simons term, the pure gravity action propagates no local degrees of
freedom. The Lorentzian Chern-Simons term can be interpreted as the action for conformal
gravity in three dimensions [3, 5, 6].!

Topologically massive theories of gravity possess supersymmetric extensions. In partic-
ular, ' = 1 topologically massive supergravity was introduced in [9] and its cosmological
extension followed in [10]. The off-shell formulations for N-extended topologically massive
supergravity theories were presented in [11] for A" = 2 and in [12] for N =3 and N' = 4. In

The usual Einstein-Hilbert action for 3D gravity with a cosmological term can also be interpreted as
the Chern-Simons action for the anti-de Sitter group [7, 8].



all of these theories, the action functional is a sum of two terms, one of which is the action
for pure N-extended supergravity (Poincaré or anti-de Sitter) and the other is the action
for M-extended conformal supergravity. The off-shell actions for N-extended supergravity
theories in three dimensions were given in [13] for N' = 1, [14, 15] for N = 2, and [14]
for the cases N' = 3, 4. The off-shell actions for N-extended conformal supergravity were
given in [5] for N =1, [16] for N’ = 2, and [17] for N' = 3, 4. The latter work made use of
the formulation for N-extended conformal supergravity presented in [18].

The off-shell structure of 3D N = 4 supergravity [14] is analogous to that of 4D N' = 2
supergravity (see, e.g., [19] for a pedagogical review) in the sense that two superconformal
compensators are required (for instance, two off-shell vector multiplets, one of which is self-
dual and the other anti-self-dual) in order to realise pure Poincaré or anti-de Sitter (AdS)
supergravity theories. We recall that the equations of motion for pure N' = 4 Poincaré
or AdS supergravity are inconsistent if one makes use of a single compensator [12]. By
construction, the off-shell N' = 4 topologically massive supergravity theory of [12] makes
use of two compensators. However, in [20] the consistent system of dynamical equations
was proposed for NV = 4 topologically massive AdS supergravity with a single compensating
hypermultiplet, following earlier work in [21-23] on ABJ(M) models. A peculiar feature of
this model, like those considered in [21-23], is that it has no free parameter. Consequently
the dimensionless combination, pf, of mass p and AdS radius £ takes a fixed value, puf = 1,
as in chiral gravity [24]. In [24] it was argued that ¢ = 1 is the only value for the quantum
theory to have a chance to be free of ghosts. It is thus interesting that the N' = 4 theory
of [20] picks precisely this value.?

In [20] a supergravity action functional was also postulated to generate the dynamical
equations given. This action was claimed to be off-shell without giving technical details. In
this paper we propose a new off-shell model for A/ = 4 topologically massive supergravity
which is minimal in the sense that it makes use of a single compensating vector multiplet.
The theory is consistent only if the term corresponding to AN/ = 4 conformal supergravity
is turned on. An important maximally supersymmetric solution for this theory is the so-
called critical (4,0) AdS superspace introduced in [25]. Our supergravity theory is first
presented in a manifestly supersymmetric form, and then its action functional is reduced
to components. By choosing appropriate gauge conditions at the component level and
performing a duality transformation, we show how to reduce our off-shell supergravity
action to the one postulated in [20].

This paper is organised as follows. In section 2 we recall the superspace geometry of
the two N’ = 4 vector multiplets and the corresponding locally supersymmetric actions.
In section 3 we present two models for minimal A = 4 topologically massive supergravity,
analyse their equations of motion and give a brief discussion of the maximally super-
symmetric solutions. Section 4 is devoted to the component structure of minimal N = 4
topologically massive supergravity. Concluding comments are given in section 5. The main
body of the paper is accompanied with three technical appendices. The essential details

2The only known models which pick precisely this value are the topologically gauged ABJ (M) models
of [21-23].



of the known superspace formulations for A/ = 4 conformal supergravity are collected in
appendices A and B. Some useful super-Weyl gauge conditions in SO(4) superspace and
their implications are given in appendix C.

2 The N = 4 vector multiplets

There are two inequivalent irreducible N' = 4 vector multiplets in three dimensions, self-
dual and anti-self-dual ones, as discovered by Brooks and Gates [26]. In this section we
review the superspace geometry of these supermultiplets in the presence of NV = 4 conformal
supergravity [14, 18] and the corresponding locally supersymmetric actions [14].

Throughout this paper we make use of both the SO(4) superspace formulation of
conformal supergravity, which was sketched in [27] and fully developed in [14], and the
conformal superspace formulation presented in [18]. These formulations are related to
each other since SO(4) superspace may be viewed as a gauge fixed version of the N = 4
conformal superspace [18]. Due to this reason, we will first start by formulating vector
multiplets in conformal superspace. We refer the reader to appendix A for the salient
details of the conformal superspace formulation. The geometry of SO(4) superspace in
briefly reviewed in appendix B.

2.1 Kinematics

To describe an Abelian vector multiplet in a curved superspace M38 parametrised by
coordinates 2™ = (2™, 6%), we introduce gauge covariant derivatives

V=EAV,, VA=V, V) =V-VuZ, [Z,V4=0, (2.1)

with B4 = dZMEyA the superspace vielbein, V4 the superspace covariant deriva-
tives (A.2) obeying the (anti-)commutation relations (A.4), and V = E4V4 the gauge
connection associated with the generator Z. The gauge transformation of V is

oV =dr, (2.2)

where the gauge parameter 7(z) is an arbitrary real scalar superfield.
The algebra of gauge covariant derivatives is

1 1
[V, Vi = =T Ve — S R(M)ap™Mea — SR(N) 4" Npg — R(D) 45D
— R(S)ap]S — R(K)ap°K: — FapZ, (2.3)

where the torsion and curvatures are those of conformal superspace but with Fpg corre-
sponding to the gauge covariant field strength F' = %EB/\EAFAB = dV. The field strength
F4p satisfies the Bianchi identity

dF =0, VuFpey+Tag”Fpicy =0 (2.4)

and must be subject to covariant constraints to describe an irreducible vector multiplet.



In order to describe an N = 4 vector multiplet, the superform F' is subject to the
constraint (see [14] for more details)

Ff = —2eqsG", G = -a7T, (2.5a)
and then the Bianchi identity fixes the remaining components of F' to be

1
Fof = g(%)gvvaGJK , (2.5b)
i

Fab == _@Eabc("yc)aﬂ [Vga Vé]GKL ; (25C)

where G!7 is primary and of dimension 1,
sig/K =0, K,G'=0, DG =G (2.6)

Moreover, the field strength G is constrained by the dimension-3/2 Bianchi identity

2
Vi = wlla - st 6rIt (2.7)

It is well known (see [14] and references therein) that the constraint (2.7) defines a
reducible off-shell supermultiplet.? The point is that the Hodge-dual of G!7,

~ 1
G = el K Gy (2.8)

obeys the same constraint as G!7 does,

VG = VUG 250y, Rt (2.90)
where e//5L is the Levi-Civita tensor. As a result one may constrain the field strength
G!7 to be self-dual, GI’ = G’ or anti-self-dual, G/ = —G!/. These choices correspond
to two different irreducible off-shell AV = 4 vector multiplets, which we denote by Gf;] and
G/, respectively. In what follows we will make use of an (anti-)self-dual Abelian vector
multiplet such that its field strength G’ is nowhere vanishing, G2 := %Gi‘] Gyirg #0.

When working with N' = 4 supersymmetric theories, a powerful technical tool is the
isospinor notation based on the isomorphism SO(4) = (SU(2), x SU(2)r) /Za, which allows
one to replace each SO(4) vector index with a pair of isospinor ones. In defining the
isospinor notation, we follow [14] and associate with a real SO(4) vector V; a second-rank
isospinor V; defined as

Vi = V= (DaVi, Vi=n"V;, (Vi) =V", (2.10)

where we have introduced the T-matrices

(7D s = (1,101,109, i03) I=1,---,4, i=1,2, i=1,2. (2.11)

i1

3Such a long N = 4 supermultiplet naturally originates upon reduction of any off-shell A" > 4 vector
multiplet to A/ = 4 superspace [28].



The isospinor indices of SU(2), and SU(2)g spinors v; and xj, respectively, are raised and

lowered using the antisymmetric tensors &% ,€4 and gt 1 €55 (normalised by e!? = e9; =
e!2 = g51 = 1) according to

O =Yy, di=eyy?, X' =eVx5, xp=epx’ - (2.12)

We then have the following dictionary:

VIU[ — VZZU%E? (213&)

Agji = A () a(r)) 5 = Ay +eAiy,  Aij = A, Ay = Az, (2.13b)
1 .. ==

§AIJB[J — Al]Bij + 141]sz7 (213C)

Ciijkkil = SEREICGE — CilSikEGERT (2.13)

where V! and U! are SO(4) vectors, A’/ and B!’ are anti-symmetric second-rank SO(4)
tensors. The left-hand side of (2.13d) is the Levi-Civita tensor in the isospinor notation.

In the isospinor notation, the self-dual (G1”) and anti-self-dual (G!7) vector multiplets
take the form

Gfﬁ GG 7 Gfﬁ — i ’ (2.14)
and the Bianchi identity (2.7) turns into
vngkl) — 07 VZ/)SEGED =0. (215)

At this stage it is useful to introduce left and right isospinor variables vr, := v’ € C?\ {0}
and vg := o' € C?\ {0}, which can be used to package the anti-self-dual field strength G%
and the self-dual field strength G into fields without isospinor indices, G( )( L) == Giv'vd
and G%)( R) = G——v i, respectively. The same isospinor variables can be used to define

two different subsets, V((Iy and Vg)', in the set of spinor covariant derivatives VZ by

the rule

v A v R VA L Y (2.16)

It follows from (A.17) that the operators V((llﬁ obey the anti-commutation relations:
(VO V7Y = 25T W LG e, e v W SO
I % 1k
—Zsaﬁsjv'y( )kv( ) WK/yé, (217)

where L) = viijij and Sc(yl)i is defined similarly to V&l)i. The rationale for the definitions
given is that the constraints (2.15) now become the analyticity conditions

vig® — g, Vgﬁgg —0. (2.18)



which tell us that each of G£2) and Gg) depends on half the Grassmann coordinates.
The constraints (2.18) do not change under re-scalings v* — cpv’ and o' — cgu’, with
cL, cr € C\ {0}, with respect to which Gf) (v1,) and Gg)(vR) are homogeneous polyno-
mials of degree two. We see that the isospinor variables v, and vy are defined modulo
the equivalence relations v’ ~ cp,v’ and vt~ CR’UE, and therefore they parametrise identi-
cal complex projective spaces CP! and CP}. The superfields Gg) (vr,) and Gg) (vR) are
naturally defined on curved N' = 4 projective superspace MBIB (CPﬁ X CPFli introduced
in [14].

The field strengths Gg)(vL) and Gg) (vr) are examples of the covariant projective
multiplets introduced in [14] in SO(4) superspace and later reformulated in [12] within the
conformal superspace setting. There are two types of covariant projective multiplets, the
left and right ones. A left projective multiplet of weight n, Qin) (ur), is a superfield that
is defined on some open domain of C?\ {0} and possesses the following four properties.
Firstly, it is a primary superfield,

QM =0, K.Q™=0. (2.19)
Secondly, it is subject to the constraint
viQn = ¢ . (2.20)

Thirdly, it is a holomorphic function of vr,. Fourthly, it is homogeneous function of vy, of
degree n,
W) = QM (),  ceC\{0}. (2.21)

Every left projective multiplet is inert with respect to SU(2)g and transforms under
SU(2), as

5AQ™ = AV LQM (2.22a)
AL = —(AP o — Al (2.22D)
where we have defined
A = Ay, A = T _pw 2.2
L Uilj s L (vL, ur) (2.23)

and made use of the differential operator

_ 1 ;
3£ )= u' 0

(vL,ur)  Ovt’ (vr,un) = v'u; (2:24)

Here we have also introduced a second left isospinor variable ur, := u® which is restricted

to be linearly independent of vy, that is (UL,QL) % 0. One may see that L(Z)Qin) =0,

and therefore the integrability condition {V&l)i, Vg)j }Q(") = 0 for the constraint (2.20)
holds, in accordance with (2.17). The right projective multiplets are defined similarly. The
covariant projective multiplets Gg)(vL) and Gg ) (vr) are known as the left and right O(2)
multiplets, respectively.



As shown in [14] the self-dual vector multiplet, Gg ) (vr), can be described in terms of a
gauge prepotential Vi, (vr,), which is a left weight-0 tropical multiplet and is real with respect
to the analyticity preserving conjugation called the smile conjugation. The interested
reader is referred to [14] for the technical details. Similar properties hold for the anti-
self-dual vector multiplet except all ‘left’ objects have to be replaced by ‘right’ ones and
vice versa.

2.2 Dynamics

General off-shell matter couplings in N' = 4 supergravity were constructed in [14]. The
action for such a supergravity-matter system may be represented as a sum of two terms
(one of which may be absent),

S=5L+5r . (2.25)

The left Sp, and right Sg actions, are naturally formulated in curved N' = 4 projective
superspace. The left action has the form

1
27

St (vr,, dvy) / BBEce® B =Ber(EsY), (2.26)
where the Lagrangian Ef) (vr,) is a real left projective multiplet of weight 2, and dsl8z
denotes the full superspace integration measure, d3®z := d32 d®0. Furthermore, the model-
independent primary isotwistor superfield C£_4) (vr,) has dimension —2, i.e. DC£_4) =
—201(;4). It is defined to be real with respect to the smile-conjugation defined in [14]
and obeys the differential equation

AW 1 (2.27)
Here A£4) denotes the following fourth-order operator?
@) _ L (g@ig®@ _ g@esy@) - Ly@iy®
AR = o (VEIVE vy ) = vV, (2.28)
with V& 1= vy and v® .= RGO - The action (2.26) is independent of the
ij (G "v9) af (a "Bk

representative CI(;4) in the sense that it does not change under an arbitrary infinitesimal

variation of 01(474) subject to the above conditions. The structure of Sy is analogous.
There are two equivalent action functionals to describe the dynamics of a single self-

dual Abelian vector multiplet coupled to conformal supergravity. One of them is a right

action formulated in terms of a right O(2) multiplet Gg ) (vr) = v;v;sz , which is associated

with the superfield strength GiJ of the vector multiplet. This action, has the form? [14]

2 _ G(2)
s = ff(vR,duR)/d?’Song e In— R (2.29)
T TR Th

4The operator A}jl) is a covariant projection operator. Given a covariant left projective multiplet Q£"> (v)

i”) = A£4)TIE"_4>, for some left isotwistor superfield

of weight n, it may be represented in the form @
TIE"_4)('UL), see [14] for details.
5We should emphasise that in this paper we have defined the vector multiplet actions with “wrong” sign,

because in our approach they correspond to superconformal compensators.



where the weight-one arctic multiplet Tg) and its smile conjugate YS) are pure gauge

degrees of freedom. The action (2.29) is the 3D N = 4 counterpart of the projective-
superspace action [29] for the 4D N = 2 improved tensor multiplet [30]. The other repre-
sentation for S\(,J{V)[ makes use of a left tropical prepotential Vi (vr,) of the self-dual vector

multiplet with gauge transformations
VL = AL+ AL . (2.30)

The gauge parameter Ap, is an arbitrary left arctic multiplet of weight zero. The gauge
invariant field strength, G% is related to Vi, through

@y i b (e don)  wiy i g 9 31
GR’(vr) = v0;G 4“11}7?{ o (UL,UL)ZV Vo V1, (vr) - (2.31)

Here u, = u’ is a constant isospinor such that (vr,ur,) # 0 along the closed integration
contour.® The action (2.29) can be recast as a left BF-type action [12]

1 _
st = 5 7{ (vL, doy,) / &PBzEc v G? (2.32)

where Gg) (vr) = v;v;GY is the composite left O(2) multiplet [12]

(2)

i dvr)  wu; s G
G(Q) _ 1 v (URv R vy aiiyg i ] R
- V2 o mun)? vty
i aiiTjj GT

The composite left superfield G¥ can be equivalently realised as the anti-self-dual SO(4)
bivector G17.

Similarly, the action for the anti-self-dual vector multiplet [14] can be recast as the
right BF-type action [12]

_ 1 _
S = 5 f (vR, dvg) / Bz ECC Y VRGY (2.34)

where Gg) (vr) = wv;Gw is the composite right O(2) multiplet [12]

. (2)
@ _ 1 f(undon)  wivy Caig 5, GL
6 = — g f g g PYRER
i aiix7ij Gl
_ WU;ZV Vi <G_]> 7 (2.35)

and Vg (vR) is the tropical prepotential of the anti-self-dual vector multiplet. The composite
right superfield (2.35) can be equivalently realised as the self-dual SO(4) bivector G*”.

6One may show that the right-hand side of (2.31) is independent of ur..



The composite O(2) multiplets can be expressed in terms of SO(4) vector indices as
follows [12]

1 1
GIJ = X:{:J + §€IJKLX:FKL s §€[JKLG§L = ZI:Gj:[J s (2.36)

where we have defined
2i
0GE

i

6G+

XV =~ vllv (¢ 4+ 2 VPG pVaGl e . (2.37)

To show that Gij is primary and satisfies the Bianchi identity, the following identities
prove useful

1
GIEG Lk = 55{,(:2 , (2.38a)

EIJKLGiLP = :F35¥>Gilq . (2.38b)

It is worth mentioning that the two N = 4 linear multiplet actions (2.32) and (2.34)
are universal [12] in the sense that all known off-shell supergravity-matter systems (with
the exception of pure conformal supergravity) may be described using such actions with
appropriately engineered composite O(2) multiplets Gg) and Gg ),

3 Minimal topologically massive supergravity

In this section we present two new supergravity-matter systems as models for minimal

topologically massive supergravity.

3.1 Action principle and equations of motion

Our models for minimal topologically massive supergravity are described by N = 4 con-
formal supergravity coupled to a vector multiplet, either self-dual or anti-self-dual, via the
following supergravity-matter actions:

1
kSt = ;SCSG + S\(/:;/)[ , k2=1 , (3.1)

where Scgg denotes the conformal supergravity action [17]. We will refer to the theories
with actions S and S_ as the self-dual and anti-self-dual topologically massive supergrav-
ity (TMSG) theories, respectively.
As shown in [12], the equation of motion for the vector multiplet derived from the
action (3.1) is equivalent to
G+7 =0, (3:2)

while the equation of motion for the conformal supergravity multiplet (that is, the N' = 4
Weyl supermultiplet) is

1
WATe=0. (3.3)



Here T’y is the supercurrent, which corresponds to the action S&,il\/)[,

Ty = +Gy . (3.4)
One can check that the supercurrent T’y obeys the conservation equation [31]
1
vy, = 15“ VevET (3.5)

when the matter equation of motion (3.2) is satisfied.
Making use of the Bianchi identity (2.7) as well as the equations of motion (3.2)—(3.4),
one finds the following equations on G4:

1
<VWV§> - 45”v}(vff> Gy =0, (3.6a)
(v}vﬁ + 81W) a7l =o0, (3.6b)
1
;W +G1L =0, (3.6¢)
I oJl ~—1 L 1ikr —1

We now turn to an analysis of the consequences of the equations of motion (3.6).

3.2 Analysing the equations of motion

To analyse the equations of motion corresponding to the action (3.1) we need to fix the

gauge freedom. Firstly, we use the special conformal transformations to make the dilatation

connection vanish, B4 = 0. This corresponds to degauging of conformal superspace to

SO(4) superspace [14] and gives rise to new torsion terms’ which can be expressed in terms

of superfields S/, S, C,’/ and their covariant derivatives. We refer the reader to [14] for

details and provide a summary of the salient details of SO(4) superspace in appendix B.
Upon imposing the gauge B4 = 0 one can show that (3.6) is equivalent to

(DWD? - ia”p;f(pff — 413”) Gi =0, (3.7a)
(D;(Df +8i(2S F W))G;E1 ~0, (3.7b)
1
W EGx =0, (3.7¢)
. _ 1 . _
(DL D)) — 4iCag")GT! = + 56" M (Do Dy — 4iCasr1) G2, (3.7d)

where D! is the SO(4) superspace covariant derivative [14, 27] (see also [18]). In isospinor
index notation, for the self-dual vector multiplet one obtains

(D7D, + 8125 - W) G5! =0, (3.80)
(DEFDg — 4iCas”)GT = 0, (3.8b)
(Dv(i(fpjv‘)ﬁ) _ 413ij53)G+ =0, (3.8¢)
W+ puGy =0, (3.8)

"See [17] for more details. It is important to note that the SO(4) connection of SO(4) superspace differs
from the one of conformal superspace by a redefinition, for details see [18].

~10 -



while for the anti-self-dual vector multiplet one finds

(DD, + 8i(25 + W) G=! =0, (3.92)
(DD Y — 4iC,57G~ = 0, (3.9b)
(Dw(i@p%')j) — 4STNHG_ =0, (3.9¢)
W—uG_ =0. (3.9d)

One should keep in mind that the equations of motion for G4 and G_ derived from the
actions S; and S_, respectively, were used in the above results.
Under super-Weyl transformations the SO(4)-covariant derivatives and the torsion

terms transform as®
DL DI = b (Dg + (Do) Mg + (DQJJ)N”) , (3.10a)
S 81 = %e% <DWD§> — 35” DED, i — 4iST ) e, (3.10b)
S—8 = —%(D}Df + 161S)e” , (3.10¢)
O = Ol = () (DD — 40" (3.10d)
W =W =e"W, (3.10e)

where o is a real unconstrained superfield. Within the superconformal framework, all
supergravity-matter actions are required to be super-Weyl invariant.

The super-Weyl gauge freedom may be used to impose useful gauge conditions. For
instance, one can make use of the super-Weyl transformations to gauge away the self-dual
or anti-self-dual part of C,’’ such that the remaining torsion components are expressed
directly in terms of the matter fields. For concreteness, let us consider the theory described
by the action Sy, with corresponding equations of motion (3.8), and gauge away C, via
a super-Weyl transformation. We then find

W = —uG. (3.11a)

S = —%G;1®7<i<5pg>5>a+, (3.11b)
25 — W = éG+D7’7DWG;1 : (3.11c)
Cop® = —%GJFDQ’%DﬂJ’),;G;l, (3.11d)
C,7=0. (3.11e)

In this gauge, we see that the geometry is determined in terms of a single superfield, which
is chosen to be the scalar G . After imposing this super-Weyl gauge condition it is possible
to show that there is enough super-Weyl freedom left to impose the additional condition

2S+W =0, (3.12)

8The infinitesimal form was given in [14, 25].

- 11 -



see appendix C for the derivation. This condition proves to lead to the following nonlinear
equation for G:

DD G+ 16 =0 . (3.13)

Yyit

The main virtue of the super-Weyl gauge conditions imposed is that all the torsion
and curvature tensors are descendants of the single scalar superfield G,. However, this
gauge choice is not particularly useful from the point of view of studying (maximally)
supersymmetric backgrounds. A more convenient super-Weyl gauge fixing is G, = const.
We spell out the implications of such a gauge condition below.

Given a vector multiplet with a superfield strength G such that G is nowhere vanish-
ing, one can always make use of the super-Weyl transformations to choose a gauge where

1
G= 5G”GU =1, Dlg'/K=0. (3.14)

Such a gauge condition has slightly different consequences on the superspace geometry for
the two vector multiplets GI7 and G!7 satisfying the equations of motion (3.2) and (3.3).
In both cases the super-Cotton tensor is constant,

W=const — &I/=o0, (3.15)

while the constraints on the remaining torsion components differ. For the on-shell self-dual
vector multiplet one finds the following consistency conditions

1
551JKLCaKL =Cary, 285-W =0, (3.16)

while for the on-shell anti-self-dual vector multiplet one finds

1
— §€]JKLC,1KL =Cyurj, 254+W =0. (3.17)

In the case where CI7 vanishes, the algebra of covariant derivatives coincides with that
of (4,0) AdS superspace in the critical case where 28 + W = 0, see [25]. In general,
however, C,’/ does not vanish and instead satisfies some differential conditions implied by
the Bianchi identities

[Da,Dg}, Do} + (=1)°4E2 ) ([Dp, Do}, Da}
+ (—1)70Cat=B)[De, Da}, Dp} =0 . (3.18)
To analyse the Bianchi identities in detail it will be useful to convert to isospinor notation.
We consider in detail the self-dual TMSG theory. In the isospinor notation, the co-
variant derivative algebra which follows from the equations of motion is
[D¥, DY} = 270Dy + dicape?W LY + 4iCop7 LY
+2i5a55ij07‘%M75 - 2i5ijsEWMa5 . (3.19a)

9The N = 4 super-Cotton tensor is denoted by X in [14, 25].
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Analysing the Bianchi identities (3.18) determines the remainder of the covariant derivative
algebra:

[ D] = —,WDES + (25(aC)s" + eaaCay, D
26,0 Cl)s," " MOP — 2C, 5, L " | (3.19b)
[Dags Dos] = i64(aCrr5pri D™ + i€5(aClyypri D7
+es@W* My, + W M)
+1l255(a (Dg’)gpvkicpol’cl’) MP? + %25”/((% (DgDWJCPUEZ) MPe
—25(aCla)iC" " Mo = £4(aCsiiC* " Mpo (3.19¢)
as well as the following differential constraint on C,4
DI % = 260, 5,%) . (3.20)
The above constraint implies, in turn,
Do Cy 7 + C 1150 Ca), % 4+ 2W s = 0. (3.21)

Since the SU(2)r curvature vanishes, we can completely gauge away the corresponding
connection. Such a gauge condition is assumed in what follows. In this gauge, the field
strength G becomes a constant symmetric isospinor subject to the normalisation condition
G Gy; = 1. It is invariant under a U(1) subgroup of SU(2)g.

We are now in a position to describe all maximally supersymmetric solutions of the the-
ory. In accordance with the general superspace analysis of supersymmetric backgrounds in
diverse dimensions [32-34], such superspaces have to comply with the additional constraint

DiCsF =0, (3.22)
which leads to the integrability conditions

(Do — WM,)Cy/* =0, (3.23a)
C77C, M = 0. (3.23b)

The general solution of (3.23b) is
Cap = CapC¥ (3.24)

where C% is a constant symmetric rank-2 isospinor. Without loss of generality, C can
be normalised as C”Cy; = 1. The covariant constancy conditions (3.22) and (3.23a) now
amount to

DiC, =0, (Dy—WM,)C,=0. (3.25)
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We recall that the Lorentz generator with a vector index, M,, acts on a three-vector by
the rule M,Cy = €4p.C°. The second condition in (3.25) implies that Cj, is a Killing vector
of constant norm,

D.Cyp +DpCo =0, C?=(CC, = const . (3.26)
Thus there are three types of backgrounds depending on whether the Killing vector C* is
chosen to be time-like, space-like or null. The algebra of covariant derivatives for such a
background is

(DI, D)} = 272U (Dyog — WMag) + dicase?WLY + 4iCTCopL?

+ 2i€a/36ij0ijCW§M75 , (3.27a)
2 2 kj 7\ 190

Do DA | = —e WD + (53aCips™ +esaCiy ™D (3.27)
[Das Dys] = W (es(aMpyy + €4(aMp)s) = (e5(aClyy + 81aCs) C*"Mpo - (3:27¢)

One may think of this algebra as a Lie superalgebra.'? By construction, the theory involves
the constant symmetric isospinor G being invariant under a U(1) subgroup of the group
SU(2)g. If C' does not coincide with G, then the group SU(2)g is completely broken.
This indicates that C% = G,

The simplest maximally supersymmetric solution of the theory is characterised by (see
also [20])

C,7=0. (3.28)

It corresponds to the critical (4,0) AdS superspace introduced in [25]. Its algebra of co-
variant derivatives is as follows:

{D¥, D)} = 217 (Dog — WMag) + dicape? WL (3.29a)
. 1 .
[Da, DF] = 5W()s"DY [Da, Dy) = —W2My, . (3.29b)
The last relation shows that the cosmological constant is A = —W? = —¢~2, in agreement

with [20, 25]. Here ¢ is the radius of curvature in AdSs. The latter relation is equivalent
to puf = 1, which corresponds to chiral gravity [24].

More generally, the (p,q) AdS superspaces, p + ¢ = N, in three dimensions were
classified in [25].17 In the N = 4 case, the (3,1) and (2,2) AdS superspaces are necessarily
conformally flat, W = 0. The distinguished feature of (4,0) AdS supersymmetry is that the
super-Cotton scalar W may have a non-zero value. The algebra of covariant derivatives is
given by [25]

(DY, D)} = 217Dy + 2icape (28 + W)LY + 2ieqse™ (28 — W)RY

—4iSe e M5, (3.30a)
[P, D] = S(1a)s"D¥, [P, Dy] = —48> M, (3.30b)

100More precisely, (3.27) is isomorphic to the Lie superalgebra corresponding to the isometry supergroup
of the background superspace under consideration.

111 three dimensions, N-extended AdS supergravity exists in several incarnations [7] known as the (p, q)
AdS supergravity theories, where the integers p > g > 0 are such that ' =p +q.
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where the positive constant S determines the curvature of AdSs. For a generic value of W
the entire SO(4) R-symmetry group belongs to the superspace holonomy group. But there
are two special values of W for which either the SU(2)gr or the SU(2), curvature vanishes
and the structure group is reduced. These are given by

W = +28 (3.31)

and correspond to the critical (4,0) AdS superspaces. As briefly discussed in [35], the
isometry group of (4,0) AdS superspace is isomorphic to D(2,1; ) x SL(2,R) in the non-
critical case W # 28, where D(2, 1; ) is one of the exceptional simple supergroups, with
the real number o # —1,0, see e.g. [36, 37] for reviews. The supergroup parameter « is
related to the (4,0) AdS parameter ¢ = 1+ J¢ introduced in [35]. If the values of a are
restricted to the range'? —1 < a < —%, then we can identify —2a = 1 + % The case
o= —% corresponds to the conformally flat (4,0) AdS superspace, for which W = 0. Its
isometry group is OSp(4]2) x SL(2,R). The limiting choice & = —1 corresponds to one
of the two critical (4,0) AdS cases, W = 25.'* The isometry group of this (4,0) AdS
superspace is SU(1,1]2) x SU(2) x SL(2,R), see also the discussion in [38].

If C® # 0, the maximally supersymmetric background (3.27) describes a warped criti-
cal (4,0) AdS superspace. The bosonic body of such a superspace is warped AdSs spacetime
associated with the Killing vector ¢®(z) = C*(z)|gp=o. Warped AdSs spacetimes have been
discussed in detail in the literature, see [39-43] and references therein. In the N' = 2 su-
persymmetric case, the (super)space geometry of maximally supersymmetric warped (2,0)
AdS backgrounds was described in [11] and further elaborated in [34]. Supersymmetric
warped (1,1) AdS backgrounds, which are necessarily non-maximal, were thoroughly stud-
ied in [40].

It is worth giving a few general comments about maximally supersymmetric warped
AdS backgrounds in N-extended supergravity theories. Such backgrounds do not exist
in the case of N' = 1 supergravity. This result was first demonstrated by Gibbons, Pope
and Sezgin [44], and it follows trivially from the general superspace analysis of supersym-
metric backgrounds in diverse dimensions [32-34].!% However, maximally supersymmetric
warped AdS backgrounds do exist in extended supergravity, N/ > 1, if the structure group
includes not only the Lorentz group SL(2,R) but also a nontrivial R-symmetry group. For
instance, the structure group for N’ = (2,0) AdS supergravity is SL(2,R) x U(1)gr, and
thus this theory possesses maximally supersymmetric warped AdS backgrounds, which
were described in [11, 34] using the superspace techniques, and some time later in [41, 42]
using the component approach. On the other hand, the structure group for N' = (1,1)

12Not all values of « lead to distinct supergroups, since the supergroups defined by the parameters a®?,

—(1+a)*! and —a* (1 + a)T! are isomorphic [36, 37].

13The isometry groups of the two critical (4,0) AdS superspaces are isomorphic.

Tndeed, the superspace geometry of A = 1 supergravity is determined by two torsion tensors, a scalar S
and a symmetric spinor Cagy = C(ag~), see [13, 14] for more details. According to [33, 34], every maximally
supersymmetric background is characterised by the conditions Cpy = 0 and S = const, see also [45]. The
resulting algebra of covariant derivatives corresponds to N/ = 1 AdS superspace for S # 0, or Minkowski
superspace for S = 0.
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AdS supergravity coincides with the Lorentz group, and therefore this theory possesses no
maximally supersymmetric warped AdS backgrounds, see [11, 34] for more details.

We now linearise the equation (3.21) around the critical (4,0) AdS superspace and let
C,4 = §C,1 where §C,% is a small disturbance. Eq. (3.21) turns into

Do6Cs, 7 —2u5C,57 =0 = D*C,7 =0, 3.32
By B

where D, denotes the vector covariant derivative of the critical (4,0) AdS superspace.
After applying another vector derivative one finds the equation

(DD, — 242)5C,"7 =0 . (3.33)

One can also derive further equations on descendants of 50,15;3 using the con-
straint (3.20). In particular, one finds

3 i1 i1 1 i ij
(Dcf —~ Qu(sg) 6Cs.5" =0, 0Capy" = 3Da'50Cs," (3.34a)
(Do’ — 162)8C3,5, = 0, 0Capys = D0Cs 505 (3.34b)

where ’Dg denotes the spinor covariant derivative of the critical (4,0) AdS superspace. The
component projection of 500(%”' is proportional to the linearised gravitino field strength,
while dC,g,s is proportional to the linearised Cotton tensor. These superfields can be

shown to satisfy the following consequences of eqs. (3.34):

<D“Da + iy?)é(?agﬁ =0, (3.35a)
(DD, + 211%)6Coprs = 0 . (3.35b)

In the above we made use of the following result for a symmetric rank-(2s) superfield
Toyaze = Tay-as,) (With isospinor indices suppressed):

2
<'Da15 _ 5(}16";)]#&2”.&25[3 =0 = <DaDa — % + (s+ 1),u2>T041~~a25 =0, (3.36)

with 7 a dimensionless parameter. Computing the bar-projection of the equa-
tions (3.32), (3.34a) and (3.34b), we can determine the representations of the AdS group
SO(2,2) to which the fields 6C,5"|, 6Cp, | and dCup.s| belong. We recall that the uni-
tary representations of SO(2,2), denoted D(Ejp, §), are labelled by two real weights (Ey, §),
where Ej is the lowest energy and § is the helicity, see e.g. [46]. The weights obey the
unitarity bound FEy > |§| for § > 0, where the representations with Ey = |§| > 0 are called
singleton representations. For a superfield Ty, .4, obeying the first-order equation (3.36),
its lowest component Ty, q,.| transforms in the representation with
1 sn

E():l—l—f s =

9 TR (337)
bl |
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as follows from the analysis in [46] (see also [47]). Thus the gravitational field 6Cqp,s| is a
helicity 2 singleton, while the spin-1 and spin-3/2 fields, 5Ca5”| and 6Cpp," i|, are massive.

In the above we worked with the self-dual TMSG theory, however the analysis of the
equations of motion corresponding to the action S_ is completely analogous. There one
finds the covariant derivative algebra is

{D¥, DY} = 217 Dy5 — dicage?WRY + 4iCo5" R
+2ie0567 CVVU M5 + 2ieeTW Mg, (3.38)
where C,% satisfies the Bianchi identity
DIiCF = 26105, H)7 (3.39)
Using the above equation one finds
'Da'YCg,yij + C(an(iCm Dk _ QWCQBW = (3.40)

The solution C,* = 0 corresponds to (4,0) AdS superspace in the critical case 25 = —W.
We now linearise around the (4,0) AdS superspace and set C," = §C,% where 6C,¥ is a
small disturbance. It can be seen that §C,“ obeys the equation

’DJ(SOM —2u0Cy, 5” = (3.41)

where D,, corresponds to the vector covariant derivative of the (4,0) AdS superspace. After
applying another vector derivative one finds

(DD, — 2*)6C,Y =0 . (3.42)

4 Component actions

In this section we give the component results corresponding to the minimal N = 4 topo-
logically massive supergravity action (3.1).

4.1 The component conformal supergravity action

The complete component analysis of the A-extended Weyl multiplet was given in [17]. Here
we specialise to the N = 4 case where the auxiliary fields coming from the super-Cotton
tensor are defined as:

1 1 i
w: EgleLwIJKL =W, Y= 4,6IJKLy”KL = —ZV?VQW\ ) (4.1a)
1 i
Wn ‘— 3'€[JKLwaIJK = —ivaLW‘ . (4.1b)

The full N/ = 4 conformal supergravity action was given in [17] and is
1 2
Scsa = S/dgwe {E“bc <Wangbcfg 3Waf I wen ! — ‘Ifbcf (Ya)a” (Va) g% U of!

4
— 2R Ve — 3Va”vaﬁ<vcm)

— 32iwfwl — 8wy — 161 ¢ (7)o whw — 2ie™°(Ya)agthrf 0 w2} : (4.2)
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where the component curvatures R, and Rqp!” are defined as

Rade = 2eameb”8[mwn} ed _ 2W[acfwb}fd , (4.3&)
RabIJ = 2€am€bna[mvn]IJ _ 2‘/[(11[(%]](]

4.2 The component vector multiplet actions

The component N = 4 linear multiplet actions were given in [12]. Making use of the results
there, one can construct the left and right vector multiplet actions.

The component fields of the vector multiplets are defined as

=GY, (4.4a)
Ao = g Va G, (4.4b)
hgy' = %VV[IVvKGfK! ) (4.4c)
f)ab = —igabc(’Yc)aﬂvgvéGiKﬂ - %(Tb[aK’Yb})\(i)K) + %%7[(%5 g+kr, (4.4d)

where g.!7 is (anti-)self-dual

1 IJKL

5¢ grir = +g:" (4.5)

The component gauge one-forms v(4), are defined as
V(£)a = eamv(:l:)m7 f(:t)ab = 2€am€g 8[m’U(:i:)n] » U(E)ym = Vim‘ ’ (46)

where V4 is the superspace gauge one-form associated with the field strength G4/.
It is useful to replace h(i)I 7 by the fields

. 1 B
he!” = S (he + b))

2
= he" F2wg", (4.7)
which proves to be (anti-)self-dual
1EIJKL]AH:KL = :bItLIiJ . (48)

2

The component self-dual vector multiplet action is

1
S\(/:il;/)[ = /d3$6< af bc+ h—i— g+IJ+ h— _IJ — iAaI)\a[

1 1
- 5(7“)yawa?(Wg_f =+ >\5J9+JI) + §€abc(’7a)»y5¢b¥<¢c% 9+KP9_LP> ;
(4.9)
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where the bolded component fields correspond to those of the composite vector multiplet,

i

3
1

Vg = eam‘/m| = Va‘ + §'¢a?VC{| , (410b)

JIK

9 .
g =G|, N = VwGY|, R = VUV GET  +2wg T (4.10a)

i 1 i
Fya = *ﬂfabc(’Yc)aﬁvaéG—Kﬂ - §(¢[aK%])\K) + §¢a7K¢b€ g i - (4.10c)

The component anti-self dual vector multiplet action is

- 1. 1. i
ngl\/)[ =— /d3$6<€abcv(_)af(_)bc + Zh+IJg+L] + Eh,]‘]g_jj — 5)\‘”)@[
1

= 5 (7)sta] AN gs" + X g ") + %6““(%%5%}(%% g. " g—LP> , (411)
where
g =GY|, A= %VaJGiJ!, h ! = %WuvaGfK’ —2wg, ", (412a)
va = ea™Vin] = Val + 50§V, (1120)
F oy = —iéabc(”yc)aﬁvé(VéGJrKd - %(w[aK’Yb]AK) + %%A’waﬁ 9.k - (4.12¢)

Plugging in the superspace expressions for G+ one one can construct the component
fields of the composite vector multiplets. The component fields are found to be

1. 1 i
g = —ht — NG A g I RPN 0N g PR, (4.13a)
g+ 291 4g1
2 2 1 -
I I 1J I JK
Abya = g:voz’y)\(i)'y + Efiaﬁk(i)ggi + @hq:JK)\(i)ag:l:
2

o hr s A1) hgs

1
wkr L
391

heTI N\ K girr
327 "W

2 4
+73Vaﬁg:tJK)\(:t)BIg:tJK + ﬁvaﬁgﬂK)\(i)wgiKI
391 39

2
_Tvaﬂgilj)\(:t)Bng:JK
9(x)

1 8i
:i:fU))\(i)é + flwajgil‘] + O(/\Z) R (4.13b)
9+ g+

N 4 2 4
hi!l = —0gt + S franfe®gs’) + e frapVegr k! g
g+ 9% 9+

R N 2
——3h:|:KLh¢KL9:I:IJ - TQ:I:KLaniKLvag:I:IJ
49 9+
1 2 2
+—59+""Vagik L Vige ™t — —wge" £ Zygi !’
9% 9+ 9+

+ fermion terms, (4.13c)
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Feymn = em“en” F(2)ab

4 2 1
= 8[m <f(:t)n] - Vn][Jg:tIJ> - Ta[mgﬂ:lKan]g:tJKg:tIJ
9+ 9+ 9+

+ fermion terms, (4.13d)
where 1
fen™ = 5™ feaymp - (4.14)
Here we have introduced the following:
1 1
Vagil? = Doge?’ + iwa““Aii] + Zal‘lKLwa?{)\iaL , (4.15a)
1
Og+! == D"Dogs!’ + ZRgiU + fermion terms, (4.15b)
and!®
m 1 be 1 1J
Da = €q 8m—§wa Mbc_ §Va N]J—baD . (416)

4.3 N = 4 topologically massive supergravity in components

To simplify our results it is useful to make use of the gauge freedom to impose some gauge
condition. One can always choose a gauge condition where

Ba=0, Gi=1. (4.17)
At the component level these require
gr=1, M =0, b,=0. (4.18)

The first gauge condition fixes the dilatation transformations, the second fixes the S-
supersymmetry transformations and the third fixes the conformal boosts. For a right G%
and left G vector multiplet we can use the respective SU(2) symmetry to fix their lowest
components to a constant. This then gives

Vage' =2V, "V gp g (4.19)
With the above gauge conditons we find
~IJ 1. .
hy girg = 2R+ 4fsapfs™ — ithUh:FIJ

—Wag L VL L qv 1By eIlg 1 gikr

—4w? % 4y + fermion terms, (4.20a)
Wgiry =0 hars, (4.20Db)
f(:l:)mn = O (4f(i)n} — 2Vn}ugiu) + fermion terms . (4.20c)

15WWe have denoted the component vector derivative D, in the same way as the SU(2) superspace covariant
derivative. It should be clear from context to which we are referring to.
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Using the above conditions one finds (upon integrating by parts) the self-dual vector
multiplet action is

S\(/T\Z =- /dgfﬂ €<§R - f(—&-)abf(a.ﬁ) - 2f(a+)VaIJg+IJ - %VaKLVaKL
+ VaIKV“JLgHJngKL + éfz{‘]ﬁ,u — w? + y + fermion terms) , (4.21)
while the anti-self-dual vector multiplet action is
Sint = — /dgﬂ? 6(;72 — fOafty =200V g1 — %VaKLVaKL
+ VaIKVaJLg_IJg_KL + éilfibﬂj —w? - y + fermion terms> . (4.22)

The complete component action for minimal A/ = 4 topologically massive supergrav-
ity (3.1) is then given by

1
kSt = ;SCSG + Sgi) , (4.23)

where Scgg is the component action (4.2). As a simple check one can readily verify that
the equation of motion on the field y gives

w = Fy, (4.24)

which is consistent with the supergravity equation of motion being W = FuG4 in the
presence of the vector multiplet compensator.

For completeness we will also give the component action in isospinor notation. The
N = 4 conformal supergravity action (4.2) becomes

1 2
Scsa = 8/d3a:e {e“bc <wangbcfg - gwafgwbghwchf
ij 8 v kv i i 8 G ki, i
— AR Veij = 5Vai’ Vi Ver' — ARap Veij — 5 Vai' Vi Ver
1«

— 32wl — 8wy — 1612 (7)o whw — 2iaab0(~ya)a5¢b%¢ﬁw2} . (4.25)

where the component SU(2) curvatures Rq% and R are

Rabij — 2€am6bna[mvn]ij _ 2V[aik%]kj ’ (4.26a)
Ry = 2eameb"3[mvnﬁj - QV[aEEVb]I_c; : (4.26b)

The self-dual vector multiplet action in isospinor notation is
S =~ [dre(ir - b Af Vol g s — Vi VO
VM = ve| gR = fal(t) = 4 Va" 9435 — Vaig

R — 1oiin
+ 2Valkvaﬂg+g§g+7€[ + Zhl_]h_ij — w? + y + fermion terms> , o (4.27)
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while the anti-self-dual vector multiplet action is
S(_)__ d3 ER— ab —4f0 V’Lj _Vva’L]
VM — ze 2 f(—)abf(_) f(_) a " 9—ij aij
. . 1 an
+ 2Valkvaﬂg—ij9—kl + zhfﬁ hyi; — w? — y + fermion terms> . (4.28)

Having derived the component actions for minimal A/ = 4 topologically massive su-
pergravity, it is worth elaborating on these results further. For instance, if we consider just
one of the vector multiplet actions without the conformal supergravity action, one can see
that the equation of motion for y leads to an inconsistency. This is equivalent to the fact
that the superfield equations of motion for the N/ = 4 gravitational superfield'® derived
from the actions S&r\/){ and S\(;N)[ are G4 = 0 and G_ = 0, respectively, and these equations
are inconsistent with the requirements G # 0. However, one gets consistent equations of
motion if one adds the left and right vector multiplets [12] and considers the action

S =90 +50) . (4.29)
Now the superfield equation of motion for the N' = 4 gravitational superfield is [12]
G+ - G, - 0, (430)

which is completely consistent. Moreover, this equation is consistent with our gauge con-
ditions because imposing the gauge G4 = 1 implies G_ = 1, which in turn implies that
the auxiliary field y cancels. Furthermore, the fields w and h!7 become auxiliary and their
equation of motion is the requirement that they vanish. The equations of motion on the
SU(2) connections requires f(_ya = f(1)a = 0 and we are left with just the N’ = 4 Poincaré
supergravity action (up to a normalisation factor)

S =- /d%eR + fermion terms . (4.31)

In the presence of the conformal supergravity action the gauge conditions G, = G_ =1
are no longer consistent [12] and instead one has to use the results in subsection 4.2 in the
general gauge. If one also adds to (4.29) the supersymmetric cosmological term [14], the
resulting theory corresponds to (2,2) AdS supergravity as was described in detail in [12, 14].

It is worth mentioning some simplifications that can be made to the N' = 4 topologi-
cally massive supergravity actions upon using the equations of motion. To illustrate this
let us consider the theory with a self-dual vector multiplet. In this case the equation of
motion for the SU(2);, gauge field is

R =0, (4.32)

which tells us that the SU(2)y, gauge field can be completely gauged away. The equation
of motion for the auxiliary field A% sets the auxiliary field to zero and removes it from the

16The N = 4 gravitational superfield is a scalar prepotential describing the multiplet of " = 4 conformal
supergravity. It is the 3D N = 4 counterpart of the N' = 2 gravitational superfield in four dimensions [48].
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action. The equation of motion on y just sets w = —u and gives rise to a cosmological
term. The resulting action is

1 2
kS :/d3$€ |:8M{5abc (Wangbcfg - gwafgwbghwchf

- 8 - o -
— AR Veiz — 3Vaij‘/bjk‘/::kl) }

1 a a ¥ aij
- 57—\)’ + MZ + f(—l—)abf(f) + 4f(+)va jg-l-ﬁ + Va{jv J

— QVaﬁ“V‘lﬂg 477945 T+ fermion terms] . (4.33)

Similar simplifications can be made for the anti-self dual vector multiplet action.

We can now show how to derive the supergravity action postulated in [20] from our
theory S_. The crucial observation is that the U(1) gauge field appears in the action (4.28)
only via its field strength f(_qp, and therefore it may be dualised into a scalar field. To
implement this, we replace (4.28) with an equivalent first-order action

_ 1 g g N
Séo) =— /<313$€<27z - f(—)abf(a_b) —4f\Va" 9i5 — Vais VY + 2V, *Vailg. iigim
1530
+ thﬁhg; —w? —y+ 2f(_yDa¢p + fermion terms> , (4.34)

where f(_yq, is an unconstrained antisymmetric tensor field, and ¢ a Lagrange multipler.
Varying ¢ gives D, f(‘i) = 0, and therefore f(_),, becomes the field strength of a U(1)
vector multiplet. Then Séa) turns into the original action (4.28). On the other hand, we

may integrate out f(_yq, from S}({)) using its equation of motion

L 1
f(,)a = Val]gij - ipa(p . (435)

Plugging this back into (4.34) gives the dual action

Sﬁyger - / Fze <2R B 51)“901)(1@ + 2Da‘PVm]gij - 2Vaijvaw
1asn
—i—zhiﬁ hys — w? — y + fermion terms> , (4.36)
where we used
. . g 1 g
Vvl g = VIV g g — ivaijvmj . (4.37)

If we impose a Weyl gauge ¢ = 1 and make use of the equation of motion for the auxiliary
field ﬂfﬁ, which is ﬁﬂf = 0, we recover the bosonic matter sector of the topologically massive
supergravity action in [20] up to conventions and fermion terms. Since the auxiliary field
ﬁﬁi has been integrated out, the action given in [20] does not appear to be off-shell.
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5 Discussion

In this paper we constructed minimal N = 4 topologically massive supergravity. It has
several unique features that we summarise here.

e Unlike the other N-extended TMSG theories with A < 4 [9-12], its action cannot be
viewed as the supergravity action (with or without a supersymmetric cosmological
term) augmented by the conformal supergravity action playing the role of a topolog-
ical mass term. The point is that the theory becomes inconsistent upon removing
the conformal supergravity action, as was explained in section 4.3.

e Our theory makes use of a single superconformal compensator. We recall that all
known Poincaré or AdS supergravity theories with eight supercharges in diverse di-
mensions require, in general, two such compensators in order for the corresponding
dynamics to be consistent. One known exception is the off-shell formulation for
4D N = 2 AdS supergravity given in [49], which makes use a single massive ten-
sor compensator (described by an unconstrained chiral scalar prepotential) and no
compensating vector multiplet.!” In the case of higher derivative theories, two com-
pensators are no longer required. This was observed in four dimensions for models
involving the N/ = 2 supersymmetric R? term [57], and in three dimensions for V' = 4
topologically massive supergravity [20].

e Our minimal TMSG theory does not allow any supersymmetric cosmological term.
However, a cosmological term gets generated at the component level upon integrating
out the auxiliary fields. This is manifested in the fact that the critical (4,0) AdS
superspace [25] is a maximally supersymmetric solution of the theory.

e The theory has only one coupling constant.

e Our minimal TMSG theory is the first off-shell NV = 4 supergravity theory in three
dimensions with the property that the critical (4,0) AdS superspace [25] is a solution
of the theory. Upon integrating out the auxiliary fields we recover the model discussed
in [20].

e Our theory is an off-shell N' = 4 supersymmetric extension of chiral gravity [24]. Tt
is obvious that such an extension, which has never been constructed before, must
involve a single conformal compensator.

The above features demonstrate the physical relevance of the theory proposed.

As mentioned in section 1, there exist A= 6 and N' = 8 supersymmetric extensions of
chiral gravity [24]. Unlike our theory, these TMSG theories are necessarily on-shell. The off-
shell structure of our A/ = 4 theory is indispensable for at least two reasons: (i) it allows for

"The vector multiplet has been eaten up by the tensor multiplet. The vector compensator acts as a
Stiickelberg field to give mass to the tensor multiplet. This is an example of the phenomenon observed
originally in [50] and studied in detail in [29, 51-56].
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the general coupling to matter supermultiplets; and (ii) at the quantum level, it allows one
to derive supersymmetric power-counting rules through the use of supergraph techniques.

In the on-shell construction of topologically gauged N' = 6 and N' = 8 ABJM type
theories [21-23], a crucial role is played by a sixth order scalar potential. In the off-
shell approach, such a scalar potential is automatically generated upon elimination of the
auxiliary fields, as was demonstrated in [58] where the N'= 6 and /' = 8 ABJM models
were realised in A/ = 3 harmonic superspace. There is an analogous feature in our actions.
Specifically, before imposing any gauge condition there is a term w?g4 in our actions
and upon eliminating the auxiliary fields the term p?gi is generated. This term plays
a similar role as the sixth order polynomial in [21-23] in the sense that its coefficient is
fixed by the equations of motion (in terms of the coupling coefficient of the conformal
supergravity action) and the conformal coupling between the Einstein-Hilbert term and
the O(2) multiplet. In this respect our model is akin to those of [21-23].

Both models for minimal N = 4 topologically massive supergravity constructed in
this paper possess dual formulations. They are obtained by replacing the vector multiplet
actions S\(,JFN)I and Sé,?\/)l with off-shell hypermultiplet actions SI({JFN)I and S(?\/)I, respectively,
such that

St = _i j{(URydvR) /d3'82E0§4)T§)Y§) ; (5.1)

and similarly for the left hypermultiplet action Séﬂ\/)[ In the dual formulation, its compen-

sating multiplet is the so-called polar hypermultiplet described by the weight-one arctic
multiplet Tg) and its smile conjugate Tg ), Duality between the theories with actions S&;/)[

and SI({T\/} can be shown in complete analogy with the 4D N = 2 case [29].
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A The geometry of N = 4 conformal superspace

Here we collect the essential details of the N' = 4 superspace geometry of [18]. We refer
the reader to [14, 18] for our conventions for 3D spinors.
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We begin with a curved three-dimensional A/ = 4 superspace M3 parametrized by
local bosonic (z™) and fermionic coordinates (6%):

M= (2™, 07), (A.1)

where m = 0,1,2, 4 = 1,2 and I = 1,---,4. The structure group is chosen to be
OSp(4]4,R) and the covariant derivatives are postulated to have the form

1 1
Va=FEs—walXy,=Eq— 5QAbCM,,C — 5<I>APQJ\IPQ — BsD — §4PKp . (A.2)

Here E4 = E4M0) is the inverse vielbein, My, are the Lorentz generators, Nj; are
generators of the SO(4) group, D is the dilatation generator and K4 = (K,, S.) are the
special superconformal generators.

The Lorentz generators obey

[Map, Mea) = 20cjaMyja — 20410 My » (A.3a)
[Maba Vc] = 277c[avb] ’ [Maﬂa V»Iy] = 57(avf3) : (A3b)

The SO(4) and dilatation generators obey

[Nkr, N'| = 26( N7 = 260 Ny [NKL, Vol = 20(Var) (A.3c)
1
D,V = V., D,V!] = ivg : (A.3d)

The Lorentz and SO(4) generators act on the special conformal generators K 4 as
[Map, K] = 20Ky, [Mag, S5] = €4Sk » (A.3e)
[Nk1, SA] = 26{kSari (A.3f)
while the dilatation generator acts on K4 as
DKl = ~Ka, 2,51 =35 (A.3g)
Among themselves, the generators K4 obey the algebra
{81, 85} = 216" (v*)apK. . (A.3h)

Finally, the algebra of K4 with V 4 is given by

[Ka, Vo] = 200D + 2Mep (A.3i)
[Kaa V(I;] = _i(’}/a)aﬁsé ) (A3J)
[Sgu Vil = i(’)/a)o/jvl ) (A.3k)
{SL,V3} = 2e456""D — 26" Mg — 264N . (A.31)
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The covariant derivatives obey the (anti-)commutation relations of the form

1 1
[Va,Vp}=-TapVe — 5R(M)ABC“U\@,Z - 51~2<J\f),43f’QJ\pr
— R(D) 4D — R(S) a5} SE — R(K)ap°Ke, (A.4)

where T4 is the torsion, and R(M)ap, R(N)ap"?, R(D)ap, R(S)ap}) and R(K)4g°
are the curvatures corresponding to the Lorentz, SO(4), dilatation, S-supersymmetry and
special conformal boosts, respectively.

The full gauge group of conformal supergravity, G, is generated by covariant general
coordinate transformations, dcgct, associated with a parameter &4 and standard supercon-
formal transformations, 64, associated with a parameter A2. The latter include the dilata-
tion, Lorentz, SO(4), and special conformal (bosonic and fermionic) transformations. The
covariant derivatives transform as

0gVa=[K, V4], (A.5)
where I denotes the first-order differential operator
K = Ve + %A“bMab + %A” Niy+AD+ MK, . (A.6)
Covariant (or tensor) superfields transform as
ogT = KT . (A.7)

In order to describe the Weyl multiplet of conformal supergravity, some of the com-
ponents of the torsion and curvatures must be constrained. Following [18], the spinor
derivative torsion and curvatures are chosen to resemble super-Yang Mills

{véa vé} = *21504,3W]J ) (A8)

where W!7 is some operator that takes values in the superconformal algebra, with P4
replaced by V4. In [18] it was shown how to constrain W/ entirely in terms of the super
Cotton tensor (or scalar for N' = 4). The super Cotton scalar W, is a primary superfield
of dimension 1,

Slw=0, K,WV=0, DW=W. (A.9)

The algebra of covariant derivatives is
(V5.V} =2i6""Vop +icape’ MW Nk, — ieape’FH(VEW)S, L

1
+ faﬂ(76)765]JKL(V7KV5LW)KC, (A.10a)

1
[Va, V3] = 56779 (72) 5, (Vi W) Neg

1
- Z(’Ya)ﬁvngLP(vzvéPW)SzSK

i

— 51005 (1)ape " (VEVEVEW) K, (A.10Db)
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1 . oo
V2 V4] = g0 )as" O (73950

+ %aL”K (VIVIVLIV)S, .

1
+ 50 KUK ) (A.100)

where the super Cotton scalar W satisfies the following dimension 2 Bianchi identity
1
vAvIwW = Za”vgzvfjw : (A.11)
For each SO(4) vector V; we can associate a second-rank isospinor V;

Vi Vo= (t);Vis, (Vi) =V7. (A.12)

The original SO(4) connection turns into a sum of two SU(2) connections
Sa=(@L)a+ (Pr)a, (Pu)a=2a"Lu,  (Pr)a =" Ry . (A.13)

Here Ly; is the SU(2)1, generator and Ry is the SU(2)Rr generator. They are related to the
SO(4) generators Nk, as

Nk — Npgp = cpilu + Ry (A.14)
The left and right operators act on the covariant derivatives as
(LM Va] =0V [RY Va] = VD (A.15)
In the isospinor notation, the Bianchi identity on W becomes
S 1 .. = -
VOIIW = Ze”s”vg,;v’jﬁw : (A.16)
The algebra of spinor covariant derivatives becomes
(VE, Y3} = 29TV 45 + 2icase T W LY — 2ieo5e VW RY
— ieaﬁsijVWkgWS’ﬁ + ieagngV”’i,gwsf
1 e = s
+ 4eas (VW VEW — 79 VW) KO0 (A.17)

and the action of the S-supersymmetry generator on VZ is

{Sfj, Vg} = 2604/36176;3}]) — 26ijsﬁMa/5 + 2504/355Lij + 25%35in%3 . (A.18)

B The geometry of SO(4) superspace

For many applications it is useful to work with a superspace formulation with a smaller
structure group than that of conformal superspace. The superspace formulation of [14,
27], known as SO(4) superspace, provides such a formulation and may be obtained from
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conformal superspace via a degauging procedure [18]. For the N/ = 4 case one chooses

the structure group to be SO(4). The SO(4) superspace formulation for N' = 4 conformal

supergravity has been used to construct general off-shell supergravity-matter couplings [14].
The covariant derivatives have the form:

Dy=FEs—Qyu—Dy . (B.1)

Here E4 = EAoM(2)0) is the supervielbein, with dy; = 0/02M, Q4 is the Lorentz con-
nection, and &4 = %@ AKENgr is the SO(4)-connection. The supergravity gauge group is
generated by local transformations of the form

1 1
SxDa = [K,Dyl, K =K% 2)D¢ + 5ch(z)md + 5KPQ(z)z\fPQ , (B.2)

with all the gauge parameters obeying natural reality conditions.
The covariant derivatives satisfy the (anti)commutation relations

1 1
[Da,Dp} = —Tap“Deo — gRABKLNKL — 5RAB“UWCd, (B.3)

with T4 the torsion, R4p°® the Lorentz curvature and R 45" the SO(4) curvature. The
algebra of covariant derivatives must be constrained to describe conformal supergravity.
The appropriate constraints [27] lead to the following anti-commutation relation [14]:

{DL,Dj} = 216" (v°)apDe — 2icagC?®!’ M5 — 4iS" M5
o+ (ieapW 75 — iy S5 UG 4+ iCo5 L6 — 4iCas U5 ) Nicy, . (BAa)
Here the dimension-1 components are real and satisfy the symmetry properties
WKL — wlUIKL) _ JJIKLy, — gld _ g() o 1) — ¢ 1] (B.5)

It is useful to decompose the torsion superfield S77 into its trace (S) and traceless (S'7)

parts as
S — 851 4 SIS = %ms” St =0 (B.6)
The torsion superfields satisfy the Bianchi identities
DISTE — o 1UEK) 1 5 (sHT _ %50/5‘”(, (B.7a)

2 7 NV —4)
DéCﬂVJK _ gga(ﬁ <CV)IJK+37;)JKI+4(D’Y)S)5K]I+ 7 Sy)[J(;K]I

+Cnpy 7K — 20,5, 1 65N (B.7b)

0= (DWD:P — ié”DVKDW - 4iS”)W : (B.7¢)

It is often useful to make use of the isomorphism SO(4) = (SU(2)1, x SU(2)R)/Z2 and
make use of isospinor notation, Dé — D% by replacing each SO(4) vector index by a pair
of isospinor ones. For our notation and conventions we refer the reader to [14].
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After introducing isospinor notation, the covariant derivatives are
Du = (Do, DY) = B4 — Qa — B4, (B.8)
where the original SO(4) connection ® 4 now turns into a sum of two SU(2) connections
Oa=(PL)a+ (Pr)a, (Pr)a =MLy, (Pp)a= 04" Ry . (B.9)

The two SU(2) generators act on the spinor covariant derivatives D¥ := DI (77)# as follows:

=

4 (B.10)

[Lkl,p(z‘ﬂ _ ei(k:DQi’ [RIE[’ DZ} _ cikp
The algebra of spinor covariant derivatives is
{DE, DY} = 2icUe(1°) o5 De + 2icage™ (28 + X)LY — 2icqpelSMT Ly + 4iC,57 LY
+2ie057 (28 — X)RY — 2ie 05 SUF Rip + 4iC, 57 RY
+2ie05(e9CTU 4 £ CVIY M5 — 41(STY 4+ 9T S) Mg, (B.11)

where the torsion components satisfy certain Bianchi identities given in [14].18

C Super-Weyl gauge conditions

In this appendix we show how one can use the super-Weyl freedom to impose certain gauge
conditions in SO(4) superspace. In particular, within the SO(4) superspace formulation we
will show that one can impose either

C.7 =0, 254+W =0 (C.1)

or

C,9=0, 25-W=0. (C.2)

We begin by introducing, within the SO(4) superspace geometry, an off-shell self-dual
vector multiplet G¥ and an anti-self-dual vector multiplet G*. They are constrained by
the differential constraints for O(2) multiplets

piligiM =0, DG =0 . (C.3)

Using these constraints it is possible to build some of the components of the torsion in
terms of these multiplets. In particular, one finds

25 —W = %Dvﬁ%gagl , (C.4a)
25+ W = %DW’EDWGT : (C.4b)
Cap”? = —iG+DS%Dﬁj)/§G117 (C.4c)

18 As compared to [14], we have relabelled the superfield Bag™ by Cus™.
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Cogl = _iG,Da’f@DﬁkDG:l, (C.4d)
Stk iighr — —%{DW’@,DWD}GM, (C.4e)
Sii(kGhP — _%{D’Wﬁ,mi)ﬁ}cﬂf[, (C.4f)
where G3 = GYGy; and G2 = GYG;.
The vector multiplets transform homogeneously under super-Weyl transformations
G -G, GY — "G, (C.5)

which tells us that the super-Weyl freedom can be completely fixed by imposing the gauge
condition G4 =1 or G_ = 1. If we impose G4 = 1 we find the conditions (C.1), while if
we impose G_ = 1 we find the conditions (C.2). Therefore, these conditions can always be
imposed by an appropriate super-Weyl transformation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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