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Abstract

We compute one-loop amplitudes in six-dimensional Yang-Mills theory with half-maximal su-
persymmetry from first principles: imposing gauge invariance and locality on an ansatz made from
string-theory inspired kinematic building blocks yields unique expressions for the 3- and 4-point
amplitudes. We check that the results are reproduced in the field-theory limit o/ — 0 of string

amplitudes in K3 orbifolds, using simplifications made in a companion string-theory paper [1].
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1 Introduction

The last few years have seen significant progress on massless scattering amplitudes of string and gauge
theories with less than maximal supersymmetry. As an example, open-string 4-point 1-loop amplitudes
with minimal supersymmetry were discussed in [2, 3], and the closed-string counterparts for half-maximal
supergravity amplitudes can be found in [4, 5]. In a companion paper [1] we simplified and generalized
these results, using an infrared regularization procedure due to Minahan [6] to maintain manifest gauge
invariance.

In this paper, we will present novel representations for 1-loop 3- and 4-point amplitudes in 6-
dimensional gauge theories with 8 supercharges, inspired by their string-theory ancestors from the
companion paper [1]. In contrast to the 4-dimensional string-theory expressions in other work [4, 5, 3],
we maintain 6-dimensional Lorentz-covariance (the maximum allowed by half-maximal supersymmetry)
as we did in [1]. We use 4-dimensional spinor helicity variables only for specific checks.

The general philosophy of our calculational strategy will be:

e String theory motivates a generic “alphabet” of kinematic building blocks for field-theory ampli-
tudes. As we will see in examples, imposing locality and gauge invariance on a suitable ansatz
drawn from this alphabet fixes the amplitudes we consider. Building blocks with up to two loop

momenta and the systematics of their gauge variations will be discussed at general multiplicity.

e In general, there is a tension between manifest locality and manifest gauge invariance. We begin
from a local representation, with crucial input from the cancellation of gauge variations of different
diagrams. Then, by manipulating integrands we rearrange kinematic factors into gauge-invariants

of the same form as in the string amplitudes from the companion paper [1].

e In the pure-spinor description of 10-dimensional super Yang-Mills (SYM) [7, 8, 9], gauge invariance

and supersymmetry are unified to BRST invariance [10]. Along with locality, this has been used



to determine multiparticle amplitudes in pure-spinor superspace up to and including two loops
[11, 12, 13]. To extend this approach below maximal supersymmetry, we consider half-maximal

SYM in the maximal spacetime dimension D = 6 where 8 supercharges can be realized.

e A useful check is provided by comparison with [12]: the n-point 1-loop amplitudes in our half-
maximal setup follow the same structure as the corresponding (n+2)-point amplitudes with max-

imal supersymmetry.

This last feature is inherited from the structure of the string integrands, where comparison of the
pure-spinor superspace results in [14] with the orbifold amplitudes in [1] reveals the same +2 offset in
multiplicity. The counting is uniform with the relevant string compactifications: at complex dimension
2, we find the first nontrivial Calabi-Yau manifold (K3), that breaks half the supersymmetry. At
complex dimension 3, supersymmetry is broken to a quarter (M = 1 in 4-dimensional counting), and
the multiplicity offset in 1-loop amplitudes is +2 in the parity-even and +3 in the parity-odd sector,
respectively. This means the parity-even part of our results, written in dimension-agnostic variables,
applies universally to gauge-theory amplitudes with N' = 2 and N' = 1 supersymmetry. The parity-odd
contributions to 4-dimensional N” = 1 amplitudes, on the other hand, are quite different from the present
6-dimensional results with half-maximal supersymmetry. The methods of this work could be applied
there too, but we postpone this to the future.

This paper is mostly about gauge-theory amplitudes, but it is of great interest to pursue the analogous
calculations for supergravity. In particular, it is interesting to test to what extent the Bern-Carrasco-
Johansson (BCJ) duality [15] holds in our calculations, and whether the requisite supergravity (1-loop)
amplitudes with 16 supercharges can be obtained from the double-copy construction [16]. We report our
results on this in section 4, where we find that the 3-point function in half-maximal gauge theory satisfies
the BCJ duality, but — in contrast to the 4-dimensional expressions in [17, 18] — our representation of
the 4-point function does not naturally lend itself to the duality.

For comparison with the literature, we consider compactification on 72 from 6 to 4 dimensions, and
specialize to a 4-dimensional helicity basis, finding a perfect match with known results. The match
involves a single free numerical factor that depends on the field content of the specific model. Many
consistent string models contain exotic matter, whereas much of the work on field-theory amplitudes
does not, so a completely general match goes beyond the scope of this work. Instead, in appendix E
we describe simplified string models that are by themselves inconsistent (in particular when restoring

couplings to a gravitational sector), but can usefully be compared to existing work on amplitudes.



2 Kinematic building blocks for 1-loop

In this section, we introduce a system of kinematic building blocks for 1-loop amplitudes of half-maximal
SYM. The overall guiding principle is invariance under linearized gauge transformations, that can be

compactly implemented through the Grassmann (and thereby nilpotent) operator

5_Zwllam’ (2.1)

with vector index m = 0,1, ..., D—1 and n being the number of external legs. The fermionic bookkeeping

variables w; keep track of unphysical longitudinal polarizations e; — k; in the i*" external leg;
del" = k"w; . (2.2)

We will follow the ideas of Berends and Giele [19] to construct multiparticle generalizations of the

polarization vector €™ and its gauge-invariant linearized field strength,
M =klel — ket of™ =0. (2.3)

The multiparticle variables of this section are designed to represent tree-level subdiagrams with an off-
shell leg and therefore transform covariantly under (2.1). They provide a suitable starting point to

obtain both local and gauge-invariant expressions for the 1-loop amplitudes under investigation.

2.1 Local multiparticle polarizations

In order to attach the tree-level subdiagrams in figure 1 to a graph of arbitrary loop order, we define local
2- and 3-particle generalizations of polarizations and field-strengths. In the conventions for multiparticle

momenta and Mandelstam invariants where

N| —

S12 = (]{71 . ]{72> 5 S12.p = (]{712.“1,)2 y l{igp = ]{Zin + ka +...+ k;n ) (24)

the 2-particle polarization and field-strength

1
els = el (ko e1) —e'(ky - e2) + 5(1{:71“ — k") (e - e2) (2.5)
o = kisely — kisels — si2 (QTGS - 6711631) (2.6)

can be used to relate the factorization limit of n-point amplitudes on a 2-particle channel ~ (k;+k;) >

to an (n—1)-point amplitude with one gluon polarization replaced by eij. Their 3-particle counterparts

read
m — m m g _k,gn 512 em m
ela3 = e3' (ks - e12) — e (k12 - e3) + T(eu -e3) + 7( (e1 - e3) — €'(e2 - €3)) (2.7)
J193 = kig3€ia3 — kio3€T53 — (513"‘323)(6%6? - 6?26?) — S12 (eTeSS — efegy — (1 <_>2>) ) (2‘8>



and the combinations of €7, and f75" that we will encounter in the next section capture the polarization

dependence of 3-particle factorization channels ~ (k;+k;+k;) =2

2 2 3

S12 S12

m mn “ .. m mn
ey, fis" < , Clas, fis3 < 5123

FI1GURE 1: Cubic-vertex subdiagrams with an off-shell leg - - - can be represented by local

multiparticle polarizations ef}, f15" and ef33, f15%5, respectively.

These definitions can be motivated by a resummation of Feynman diagrams [19] or through OPEs of
vertex operators in string theory — see [20] for a supersymmetric derivation in the pure-spinor formalism
and appendix A for the bosonic RNS counterpart. The propagators of the diagrams in figure 1 are
cancelled by numerators containing the Mandelstam invariants (2.4). They appear in both the definition

of fi5™, fi5% and in the action of the gauge variation (2.1),

dely = k5w + s1a(wieh’ — woel)
0fz" = sia(wi fy"™ —wafi™) (2.9)
0¢tys = Kizgwizs + (815 + s23)(Wizes” — wsey) + s1a(wieyy — wasel’ — waefs + wizey')

5f1n5§ = (813 + 823)(w12f§m - W3f{5n) + 312(w1f2n§n - w23f1mn - w2f{7§n + w13f§7m> ,

which will play a central role in this work. Given that the right-hand side is entirely furnished by

multiparticle polarizations and multiparticle gauge scalars

1 1

Wiz = 5 [w2(/€2 : 61) - wl(kl : 62)} ) Wi23 = 5 [w3(/€3 : 612) - w12(k12 : 63)} ) (2-10)

the gauge algebra of the efy ,, f5",, and wia_, is said to be covariant. Nilpotency of the gauge variation

(2.1) can be checked from the covariant transformation of the fermionic gauge scalars wis. .
dwiz = S12W1Ws dwizg = (S13 + S23)wiaws + S12(wiwes — Wawis) - (2.11)

Note that the gauge algebra (2.11) of multiparticle gauge scalars resembles the BRST variation! of

multiparticle vertex operators Vis , in the pure-spinor superstring [20].

I'BRST invariance in pure-spinor superspace powerfully combines the supersymmetry of 10-dimensional SYM with

gauge invariance of the bosonic superfield components [10].



2.2 Berends—Giele currents

In order to simplify the recursive definition and the gauge algebra of the above multiparticle polarizations

ety , and fi3" it is convenient to change basis to Berends-Giele currents? [19],

..p?
em mn
m — 12 mn — J12
o = — 12 =
S12 S12
m m
e e
_ 123 321
elsg = + (2.12)
5125123 5235123
mn mn
mn 123 321
123 = +

5125123 5235123
As one can see from the 3-particle instances ef%; and f733, the cubic graphs in figure 1 are combined
according to a color-ordered 4-point amplitude with one off-shell leg, see figure 2.

3 2 3 3

512 5123
m mn R
8123,f123 AN 2 e = -+

FIGURE 2: Berends-Giele currents 73 ,, and f73" , combine multiparticle polarizations
with appropriate propagators so as to reproduce the cubic-vertex subdiagrams in a color-

ordered (p+1)-point tree amplitude with an off-shell leg - - - .

The 2- and 3-particle instances (2.12) can be reproduced from the compact recursion [19, 21]

1
P =5 [ (K - eX) + el " — (X + V)] (2.13)
5P Xy=p
B = ke — kpep — Y (Rl — ey (2.14)
XY=P
with multiparticle labels P = 12...p and initial conditions ef* = e", f{'" = fi"". The summation

> xy—p means to deconcatenate (i.e. split up) the word P = 12...p referring to external particles
1,2,...p into non-empty words X =12...jand Y = j4+1...p with j =1,2,...,p—1. As an example,
for p = 4 (four letters), the deconcatenation parts of (2.14) include ) vy _ 954 €€y = €]ehs, + el +
e153¢)
123%4 -

The same kind of deconcatenation pattern arises when translating the gauge variations (2.6) and

ZWe use the Frattur typeface to distinguish the non-local currents Berends-Giele currents 15 ps Fop ™ s17P from

the local multiparticle polarizations el}, f{5™,... in egs. (2.5) to (2.8).



(2.11) to the Berends—Giele framework,

Sep =kpQp+ > [Qxef — (X ¢ V)] (2.15)
XY=P
ot = D [ - (X o V)], (2.16)
XY=P
for instance
ety = k5o + (Qrey" — Qpel") 0fas = ifay” + Quafs™ — Qaafi™ — Qafy" . (2.17)

We have introduced Berends—Giele currents Qp associated with the multiparticle gauge scalars (2.10),

O =w , Q=212 Q= W (2.18)
S12 S128123  S235123
which are reproduced from the recursion
1
QP = 2— [Qy(k’y . ex) — (X <~ Y)] , (219)
5P xy—p
and translate the gauge variations (2.11) into the simple form
0Qp = > QxQy . (2.20)

XY=P

As exemplified by 0f5% in (2.9) and §f}%; in (2.17), the absence of additional Mandelstam variables
(2.4) on the right-hand side simplifies the gauge variation of Berends—Giele currents as compared to
their local constituents. Nevertheless, the all-multiplicity pattern of local gauge variations defs _,, 0 f15",

and dwis. , is well-understood from [22, 20].

2.3 Tree-level building blocks

Based on arguments in pure-spinor superspace [23], tree-level amplitudes of YM theories in arbitrary

dimension have been expressed in terms of the kinematic structure [21]
1 mgemn n
Mapc = 5eafp e+ cyc(A, B,C) . (2.21)

These building blocks are totally antisymmetric in A, B, C' and represent cubic diagrams where Berends—
Giele currents labelled by A, B and C' are connected through a cubic vertex. By the gauge-variations

(2.15), (2.16) and

EpFE = ) (eRfy™ — i) (2.22)
XY=P



they transform covariantly in terms of multiparticle gauge scalars (2.19)3,

OMa B = Z (QX&RY,B,C — Oy Mx o+ QpMxy,c — QCmX,Y,B) +cyc(A,B,C) , (2.23)
XY=A

for instance (59)?12,3’4 = le2’3,4 - ng173’4 + ng172’4 - 949.711’273 in a 4—pOint context.

As shown in [21], the Berends—Giele formula [19] for color-ordered tree amplitudes,
A"(1,2,...,m) = 519 n1(012.m1 - €0) (2.24)

is supersymmetrized by the pure-spinor superspace formula of [11]. Based on efficient manipulations
in pure-spinor superspace?, the expression in (2.24) can be converted to manifestly cyclic formulae for

n-point amplitudes such as

1
Atree(la 2,3,4) = 5(9)11273,4 + Moz a1+ Mas12 + My1o3)
Atree<1’ 2, 3, 4, 5) = 93?12,3745 + CyC(l, 2, 3, 4, 5) (225)
1

A¥ee(1,2,3.4,5,6) = 3

1
E)3712,34756 + 5(9ﬁ123,45,6 + 9ﬁ123,4,56) + CYC(L 2,3,4,5, 6) )

which only require currents of multiplicity < [%] as anticipated in [24]. It is easy to check gauge
invariance of (2.25) via (2.23), and manifestly cyclic expressions at higher-multiplicity can be found in

[11] in pure-spinor superspace.

2.4 Parity-even 1-loop building blocks

The Berends-Giele organization also applies to loop amplitudes: The uplifts of ¢}3 and 3" to pure-spinor
superspace [23] have been used to construct BRST invariant and local expressions for 5- and 6-point
1-loop amplitudes [12] as well as 2-loop 5-point amplitudes [13] in 10-dimensional SYM. To extend the
method beyond maximal supersymmetry, we shall now introduce kinematic building blocks for 1-loop
amplitudes in 6 dimensions with half-maximal supersymmetry. In absence of the no-triangle property of
maximal SYM [25], we expect loop integrals of bubble and triangle topology in the half-maximal setup.

Since we will be interested in both local and gauge-invariant amplitude representations, we start by

introducing local 1-loop building blocks before giving their Berends—Giele counterparts based on ¢ and

3The same gauge algebra holds in presence of fermions, see [21] for the supersymmetric completion of M4 5 ¢ via
10-dimensional gauginos.

4BRST integration by parts of their 10-dimensional ancestors in pure-spinor superspace straightforwardly relates

E Mx vy = E Mpxy ,» g Mozsa=Mas12, Mozas=Mioz45+Mi2345 .
XY=P XY=Q



FIGURE 3: Cubic diagrams of bubble topologies with kinematic numerator T4 g at

A=12...pand B=mn,n—1...p+1, where £ denotes the loop momentum.

™ in section 2.6. As motivated by the string-theory discussion of [1], suitable kinematic numerators

for bubble diagrams in figure 3 are given by
1 mn mn

The multiparticle labels A and B in the subscripts of the multiparticle field strengths fi5" ), see (2.6)
and (2.8), refer to the tree-level subdiagrams seen in figure 3. Their gauge variations in (2.9) imply

covariant transformation for T4 5 in (2.26) such as

5T1,2 =0, 5T12,3 = 812(W1T2,3 - W2T1,3)
5T12,34 = 512(0J1T2,34 - w2T1,34) + 534(W3T12,4 - W4T12,3) (2'27>
011934 = (S13 + S23) (w12T54 — wsTh2.4) + s12(w1Th3 4 — wasTy 4 — woTi34 + wisThy) -
As will become clearer from the examples in sections 3.1 and 3.4, loop momenta ¢, in the numerators of

triangle diagrams and higher n-gons require vectorial and tensorial kinematic building blocks to contract

with. This leads us to define generalizations of (2.26),

TX,LB,C = GTXTB,C + (A ~ B, O) s TABC’D = 2654m6%)TC7D + (AB — AC, AD, BC, BD, CD) s (228)

with (anti-)symmetrization conventions determined by 2€E4m6%) = efe'ly + e’jely. Again, the covariant

gauge variations (2.9) of local multiparticle polarizations propagate to the transformation of (2.28), e.g

0TV 3 = wik{"Ta3 + woky'Th 3 + waky T o
0Ty 34 = wiok5 T34 + wsky Tio 4 + waky Tioz + s12(wiTys 4 — woTi's ) (2.29)
5T{n2n3 4 — lek T 3,4 + 2(,02]{} Tl 3,4 + 2W3k(mTin% 4 =+ 2&)4]{}4 Tl % 3 -

In section 3, we will identify combinations of scalar, vector and tensor building blocks whose gauge

variation cancels (-dependent propagators (¢—kj2._,)?, i.e. which qualify as triangle- and box numerators.

10



2.5 Parity-odd 1-loop building blocks

The running of chiral fermions in the loop introduces Levi-Civita tensors into the integrands of multi-
plicity > 3. This requires a parity-odd completion of the above building blocks whose form is inspired

by the contribution of worldsheet fermions with odd spin structures in the RNS superstring [26, 27]

Emnpqrsezqu é’s = EZL|C,B : (230>

|

m
EXsc

The lack of symmetry under A <+ B or A <> C' (represented by the vertical bar A|... in the subscript) is
an artifact of the asymmetric superghost pictures in the string computation [1]. Throughout this work,
we will choose reference leg 1 to be part of A in each term.

In contrast to the variations (2.26) and (2.29) of the parity-even building blocks, the gauge algebra

of (2.30) now relies on momentum conservation: Only by imposing k7 +k%+kZ = 0, one can show that

m _ m m m m
5E1|23,4 = 523(W2E1|3,4 - W3E1|2,4 + w1E3|2,4 - w1E2‘374) :

In analogy to the parity-even building blocks (2.28), the parity-odd vector (2.30) allows for tensorial

generalizations such as

B op = 265 Bl + 260 Bl p + 265 Bl g o (2.32)

Once the gauge variation of this tensor building block is simplified via
277mn€abcdef — nmaenbcdef + 77naEmbcdef . nmbenacdef o 77nbEmacdef + (ab o Cd, ef) (233>

based on “overantisymmetrization” €l®@/n9l" = (0 in 6 dimensions, the trace component contributes to

an anomalous gauge variation:
OBy s = n""wiYaza + 2[k" (2B, —wiEgly ) + (240 3,4)] . (2.34)

The scalar building block
?
YA,B,C’ = Zemnpqrsfzzn gq (rjs (235)

represents the chiral box anomaly specific to 6 dimensions [28], that we will encounter in the 4-point

1-loop amplitude.

11



2.6 Berends—Giele building blocks at 1-loop

Recombining the local multiparticle polarizations into Berends-Giele currents e%, f5" in (2.13) and

(2.14) leads to simplified gauge variations (2.15) and (2.16). Accordingly, the Berends-Giele versions

1
Tap = ——f’Zf” B Ti'sc=¢e¢iTpc+egTac+eTan

of the local 1-loop building blocks in (2.26) and (2.28) obey a gauge algebra with deconcatenation rules
and multiparticle gauge scalars Qp defined in (2.19),

0Tap= Y (UTvs— U Txp)+ (A B)

XY=A
Tisc = UkiTee+ ) (xTVhe — W Tpe) + (A B,O) (2.37)
XY=A
0T Bcp = 20k m7-nCD + Z OxTWEcep — T Bep) + (A< B,C, D),
XY=A

bypassing the Mandelstam invariants in (2.27) and (2.29). Similarly, adjusting the local parity-odd
building blocks in (2.30) and (2.32) to Berends—Giele currents,

" npgrsCAl B IC = ‘S'XTC,B (2.38)

EXBop = 295;”52?0,13 + 22((?152?3,13 + 295:?1523,0 g (2.39)

m
5A|B,c

|

translates the gauge variations in (2.31) and (2.34) into the following deconcatenation rules:

o= Y (WEpe— WERpe)+ Y [xExve — WELx e+ Qu(Ex e — Exfive)]

XY=A XY=B
+ Z [QngB,X — Uy Ehipx + (&5 x — g)rfn|B,Y)}
XY=C
04 pop ="V cp + Z (Qx&ABop — WX Bep) (2.40)
XY=A

+ [ Z (xEXY.cp — WEix.cp) + 4 Z (Ex.c0 — EXV.ep)
XY=B XY=B
+2;{;(m(QBgA|CD QAEB‘CD) + (B« C, D)]
with the obvious Berends-Giele version of the anomaly building block (2.35):

i mn rs
yA,B,C = Zemnpqrsz fg] C - (241)

We recall that the gauge algebra (2.40) relies on momentum conservation. Note that the above gauge

variations take a similar form as seen in the BRST algebra of maximally supersymmetric 1-loop building

12



blocks in [20] and [29]. In particular, the generalization of the BRST covariant building blocks to tensors

of arbitrary rank [29] can be easily adapted to the half-maximal framework, and the resulting definition

and gauge algebra of T 71" T{H or 52”1@22 m*H will be explored in the future.

2.7 Gauge-invariant and pseudo-invariant 1-loop building blocks

The covariant transformations (2.37) and (2.40) are suitable to construct gauge-invariant combinations

of Berends—Giele building blocks. The simplest parity-even examples
0T12=0(T123 + T3 — Tiz2) =0 (2.42)

turn out to exhibit the same pattern of combining different multiparticle labels as seen in the parity-odd

sector:
551|2 3= 5(51|234 + 5{2\3,4 - g|2,4) =0 (2'43>

While the parity-even gauge algebra (2.37) along with momentum conservation allows for invariants

with additional free vector indices,
O(T"s st kyTiaz + ky'Tis2) =0, (2.44)

the anomalous term 7""Q4Yp c.p in the variation (2.40) of ENE AlB.C,D obstructs tensor invariants in the
parity-odd sector. Hence, we follow the terminology of [29] to relax the requirement of gauge invariance
such that anomaly kinematics (2.41) are admitted: Kinematic factors whose gauge variation can be
expressed in terms of Q4 and V.o p ~ €mnpgrsf 5" frfs will be referred to as pseudo-invariant. Then,

one can view the combination of different tensor ranks in
5<51|2 34T 2k2 512\3 ian 2k(m51n3\2 ian 2k4 514\2 3) = w1234 (2.45)

as following the same pattern to achieve pseudo-invariance as seen in (2.44). Even though the special
role of the first slot A in SZL' p.c and 5:&1\%,0, p causes the parity-even and parity-odd gauge algebras (2.37)
and (2.40) to differ in their details, the examples in (2.42) and (2.43) as well as (2.44) and (2.45) suggest
that the construction of gauge-invariants follows the same rules. Accordingly, we introduce a unifying

notation for combinations of parity-even and parity-odd building blocks

1
Map=Tap= —éf?n B
m m m /L TS
Miipc=Ti'sc+Ehpc = [QA Mpc+ (A< B, C)} + menpqrsﬁﬁ;l o] (2.46)

mn mn _ m n n m n ™m
Miscp=Tisep +EABop = [335A|C,D +epMiicp + (B < C, D)] +ealBoD s

13



whose relative coefficient is part of the string-theory input and which yield a compact form for the gauge

(pseudo-)invariants which have been identified in the string computations of [1]: The scalar invariants

Cl|2 = M172 (247)
Clzs = Moz + Miaz — M3 (2.48)
Cljoza = M o34 + Migs 4 + My s + Msgy o + Mig s + My 23 (2.49)
and vector invariants
o3 = Mijps + k3 Moz + k3 Mg (2.50)

Cln|3374 = er\n2374 + 1”2L|3A — {§|2,4 — k' Misoa + k5 Myog 4 — k' (M 23 + Mar23 — Myis2) (2.51)

are constructed from the same combinations of multiparticle labels as the maximally supersymmetric
BRST invariants Cij2,34, C1j23.4,5, C1j234,56 as well as C’ﬁ‘2345, Cﬁ23456 defined in section 5 of [20]. The

tensor pseudo-invariant
Ty = MU, + 2[R M+ (24 3,4)] — 2[kSTRY Maysa + (23 4 24,34)] (2.52)

on the other hand, resembles the 6-point tensor C{’f;& 45,6 11 pure-spinor superspace defined in (3.14) of
[29] — see [14] for its appearance in closed-string amplitudes. From the gauge algebras (2.37) and (2.40),
it is straightforward to check that

(50”,4 = 0 3 50{7&4,3 = 0 ) (50{?27?3’4 = 2iwlnmn€(k2, €9, 1{53, €3, k?4, 64) = wlnm"yQ,g,A s (253)

using momentum conservation for the vectors and the tensor. In addition to the tensor (2.52), one can

construct scalar pseudo-invariants from the additional building block

1
Trj2iz,a = (€2)m (e M3 4 + 5{"1374) + 5 [(62 ce3)Mia+ (3 ¢ 4)] (2.54)
0T 2134 = 1oz a + k;;"(QQMI’”'?)A — QlMg\ng) + [823(923M1,4 — W Mass)+ (3 < 4)} . (2.55)

Its covariant gauge variation (2.55) based on momentum conservation® implies that
Prigza = Jijajza + kg Migjz 4 + s23Miosa + 594 Moa 3 (2.56)
is pseudo-invariant as well:

OPijgj3.4 = 2iwr€(ky, €2, ks, €3, kg, eq) = w1dosa - (2.57)

®Note that the derivation of (2.55) is based on (kg4 - €2)T3.4 = K5V T3 4 + $23T23,4 + S247T24,3-
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Its composition from M4 p and MXTBC follows the patterns in the BRST pseudo-invariant Pjjg34.56 in
(5.22) of [29]. More generally, the recursion introduced in [20, 29] allows to construct BRST (pseudo-
)invariants at arbitrary multiplicity and tensor rank, including comparable generalizations of P34 in
(2.56). The master recursion for an arbitrary number of multiparticle slots in section 8 of [29] can be

used to obtain (pseudo-)invariants of higher multiplicity » > 5 in the half-maximal setup.

3 Constructing 1-loop field-theory amplitudes

In this section, we propose manifestly local expressions for the 3- and 4-point amplitudes of half-maximal
SYM in D = 6. The kinematic factors of individual diagrams are constructed from the string-theory
motivated family of building blocks introduced in the previous section, and designed to produce can-
cellations between their gauge variations when assembling the overall amplitude. To manifest gauge
invariance at the level of the integrand, we pick the convention for shifting the loop momentum ¢ such
that the only f-dependent propagators are inverse to €2, ({—k;)?, ({—ki2)?%, ..., (€—kyo. n_1)?, i.e. they

refer to momenta of the form
612_._1) Eg—k’lg_._p s D= 0,1,2,...,71—1 . (31)

where kis_, is defined in (2.4). Locality is implemented by drawing all cubic-vertex diagrams that are
compatible with color-ordering of the external legs and free of tadpole subgraphs®. Following the spirit
of the duality between color and kinematics [15], the quartic vertices of the SYM Feynman rules are
absorbed into the kinematic factors of the cubic graphs. Since quartic vertices arise from the gauge-
invariant completion of the SYM Lagrangian, checking gauge invariance of the amplitudes is sufficient
to make sure the quartic-vertex kinematics is appropriately captured. The general structure of a D-

dimensional n-point 1-loop amplitude in the cubic-graph expansion reads [16]

1loop n dDg
AJOP(1,2,...n) = / Z Ha 1pm<) (3.2)

ZEFI

The summation range I'5._, selects cubic 1-loop graphs i that are compatible with the cyclic ordering
1,2,...,n of the color-stripped single-trace amplitude in (3.2). Any graph ¢ is associated with (possibly

loop-momentum dependent) internal momenta py ;(€), p2.;(£), . .., pni(€) from its edges «, and the design

6Tadpole subgraphs are incompatible with the string prescription that motivates our choice of building blocks: The
tadpoles have n—1 propagators with external momenta only, that cannot arise from the maximum number of n—2 kinematic
poles s, ~; admitted by the singularity structure of the string-theory integrands in [1]. We note that this is not directly
related to the general consistency relations known as tadpole cancellation in string theory (see e.g. the textbooks [26, 30])

— we have not (yet) demanded tadpole cancellation in the models of appendix E.
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of their kinematic numerators N;(¢) is guided by the gauge variation (2.1):
Each term of §N;(£) must cancel a propagator, i.e. contain a factor of p,;({), a=1,2,...,n . (3.3)

By locality of the numerators, this is a necessary condition for gauge invariance of the overall integrand.
To ensure it is also sufficient, it remains to check that all the contributions from 0N;(¢) with fewer
propagators cancel between diagrams. The global delta function imposing momentum conservation
ki+ko+...+k, in (3.2) is left implicit. Finally, in slight abuse of notation, the specification of 4N su-
percharges through the subscript AV of A}\}IOOP(. ..) follows the 4-dimensional counting of supersymmetries

although the amplitudes constructed in this section live in 6 dimensions.

3.1 The local form of the 3-point amplitude

At the 3-point level, our ansatz for a cubic-graph expansion for half-maximal 1-loop amplitudes without

tadpoles involves three bubble-diagrams and one triangle:

Al-loop(l 2,3) _/ dPy¢ T} 23 Tia3 1519 Nija3(€)
=2 T (27T>D 823626% 812626%2 8138%6?2 826%6%2 ’

see (3.1) for the ¢-dependent propagators. The bubble numerators in (3.4) have already been identified

(3.4)

with the scalar building blocks T4 5 in (2.26). By their gauge algebra (2.27) and the absence of tadpoles,
this is a canonical choice compatible with the general principle (3.3). The triangle numerator Nyjo3(¢)

is initially left undetermined, but the requirement to cancel the gauge variation of the bubbles,

( T 23 4 Ti23 1319 ) _ W1T2,3(f% — 32) + w2T1,3(f?2 — E%) + WsTLQ(E2 — 5%2) (3.5)
823526% 812£2€%2 8136%632 626%5%2 ’ ’
with 3, , = 0> = 2( - ka..,) + ki, fixes its gauge variation to be
(5N1|2’3(£) = 2(6 . kl)wlTQ’g + 2<£ . kz)WQTLg =+ 2(@ . k'g)bdgTLQ s (36)
using the vanishing of Mandelstam invariants (2.4) in 3-particle momentum phase space’
1 1
s12= 3 (k1 + ko) — ki — k3] = 3 (k3 —ki— k3] =0. (3.7)

In view of the gauge algebra (2.29), the minimal solution to (3.6) is 2(,,71% 3. However, we are led to

the nonminimal solution

Nip(0) = 205 (T1 3 + Effy3) + Thzs + Tis2 + Ths (3.8)

"We keep kinematic identities covariant and dimension-agnostic (except in section 5, for checks in D = 4). Hence, we
will not use the common strategy of factorizing s12 = % (k3 — k3 — kf) = 0 into 4-dimensional spinor brackets (12) and
[12], one of which is taken to be non-zero for complex momenta [31]. Instead, in the next section 3.2 we will introduce a

D-dimensional infrared regularization to track the cancellation of the vanishing 3-particle s;; in intermediate steps.
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which will appear in 4-point gauge variations and resembles the structure of the maximally super-
symmetric pentagon numerator in (4.5) of [12]. We have allowed for the parity-odd term émE{Tw ~
€(l, ey, ko, ea, k3, e3) defined by (2.30), for chiral fermions to run in the triangular loop.

The freedom to choose nonminimal solutions might seem to be at odds with the “fixing” of the
amplitudes claimed in the introduction. In fact, the parity-even extensions of the triangle numerator by
Tk in (3.8) vanish as detailed in section 3.2 below, but their inclusion parallels certain non-vanishing
contributions to the triangle numerators in the 4-point amplitude, see eqs. (3.24) to (3.27). The parity-
odd term ngﬁm is local and gauge-invariant by itself, but the string-motivated combination €mMZ‘| B.C

defined in (2.46) at generic multiplicity, tells us that ¢,,T; 1’53 should appear only in the combination
U (T3 + Efy3). As a check, this term can be directly calculated from string theory as in [1].

3.2 Infrared regularization

In (3.7), we see the usual vanishing s;; = 0 of 3-particle Mandelstam invariants for massless external
states. This threatens to introduce singular propagators of the form “1/0” in the bubble terms in (3.4).

Fortunately, their numerators are

1 mn pmn m _n m_n n_m m_n
Tio3 = Tol12 /3 = (kisely — s12e)"ey) (kyes” — k3'ey)
= —(813 -+ 523)<€12 . 63) — 812(61 . 63)<k3 . 62) =+ 812(62 . 63)(]€3 . 61) (39)

= s12[(e2-e3)(ka-e1) — (e1-e3)(k1-e2) + 5(er-ea) (K" — k3")ey" — (e1-e3)(ks-e2) + (e2-e3)(ks-e1)]

= 812(61 : 62)(k1 : 63)

using transversality (ks - e3) = — (k12 - e3) = 0 and no Mandelstam identity other than sis + s13 + S93 =

0. This identifies the bubble contribution L3

as a “0/0” indeterminate, that requires an infrared
regularization procedure to resolve.

The problem of singularities ~ s;5 , , in the phase space of n massless particles also arises in string
amplitudes in orbifolds with half-maximal supersymmetry. In [1], where we constructed the string-
theory input for the SYM amplitudes in this paper, we used the following proposal by Minahan in 1987
[6], that we referred to as minahaning. Infrared singularities are regularized by a lightlike “deformation”

momentum p", that deforms 3-particle momentum conservation to
KRy RS =", pP =0, (3.10)

which allows the Mandelstam invariants in the 3-point function to be nonzero in intermediate steps. For

instance, we have

ks p=hy-(ki+hky+ks) =k kz+ka ks=—s12, (3.11)
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SO sp2 is linear in the deformation p. (In string theory, the virtue of this particular regularization
procedure is that it preserves modular invariance of 1-loop amplitudes while keeping the external states
on-shell.) Then, by (3.9), the dependence on p™ automatically drops out from the bubble contributions,

and the singular propagator is cancelled as visualized in figure 4,

Tz (ks-p)ler-ea)(ki-e3) oo o
Mz = == = (ks - p) = (e1-ez)(k1-e3) . (3.12)

This casts the 3-point amplitude (3.4) into the following form,

_ de (62 . 63)(]{32 . 61) (61 . 62)(]{31 . 63) (61 . 63)(]{33 . 62)
AOP(1,2,3) = / 1
v (12:3) = [ 555 ee 1 ee, e (3:13)
I 2€m [67171(]{72 . 63)(k‘3 . 62) + 65”(]{33 . 61)(k1 . 63) + 6?(1{?1 . 62)(1{72 . 61) + iem(el, ]{32, €9, ]{33, 63)]
020202, ’

where we have dropped any term ~ s;; in the triangle numerator (3.8). Note that at the level of the
integrand, we are treating the one-mass bubbles (“shy snails” of fig. 4) on equal footing with triangle
diagrams. (This could also be natural for computing effective actions: wavefunction renormalization
and gauge coupling corrections are related by Ward identities.)

T12,3 = 512(61 : 62)(/ﬁ : 63) M12,3 = (61 : 62)(k1 : 63)
2 2

FI1GURE 4: The singular propagator 5131 in the one-mass bubble diagram is compensated
by the formally vanishing numerator 1123 = s12(e1 - e2)(kq - e3). If the diagram on the left

is a “snail”, then the diagram on the right is a “shy snail”. All our snails are shy.

One might worry whether the deformation (3.10) of the kinematic phase space interferes with the
gauge algebra, since we used momentum conservation in section 2.6 and 2.7 to identify gauge-invariants.
This worry is unfounded — indeed we used momentum conservation for our vectorial and tensorial
building blocks, but only scalar building blocks are minahaned. For instance, we use n-particle mo-
mentum conservation to cast §Ef,, , in (2.31) into covariant form and to rewrite 6777 5 in (2.44) as
kS (woTh 3 —wiTh3) + (2 <> 3) where the gauge-invariant completion is more evident. The gauge algebra
for the scalars My g ~ f"f3", where minahaning is required in case of single-particle slots A or B, is
not tied to any phase-space constraints.

In more general terms, the vector and tensor building blocks seen in section 2 are built from products

of at least 3 Berends—Giele currents, see (2.36) and (2.38). Hence, the associated external propagators

18



contain at most n—2 massless momenta, and the naively singular propagators of the scalars Mis_ ,,—1.,
are bypassed. To summarize: in the sector of the gauge algebra that relies on momentum conservation,
we are in fact free to set the deformation vector p in (3.10) to zero from the outset.

As expected, the representation (3.13) of the 3-point amplitude integrates to zero in dimensional
regularization: the scale-free bubble integral vanishes by cancellation between infrared and ultraviolet
divergences, and the triangle contributions with tensor structure ™ — k" vanish upon integration, on
kinematic grounds. While the main emphasis of this work is on integrands and their systematic con-
struction via gauge invariance and locality, we will also study the integrated expressions as consistency

checks.

3.3 The gauge-invariant form of the 3-point amplitude

By the minahaning prescription (3.10) explained in the previous section, the bubble contributions %
are well-defined expressions (3.12) in the 3-particle phase space. With the choice of triangle numerator
in (3.8), the 3-point integrand in (3.4) is gauge-invariant due to bubble/triangle interplay. Alternatively,
we can make gauge invariance manifest at the level of individual diagrams, as follows. Eliminate the

second and third bubble in (3.4) by adding

T12 3 2 2 T13 2 2 2
0:—’[€ —/ 2€-k‘] ——|* = 2£-k} 3.14
512€2€%€%2 12 1 + ( 2) + 31362636%2 12 + ( 3) ( )
to the integrand, setting s12 = 0 in the brackets [...]. With the definitions (2.48) and (2.50) of the scalar

and vectorial gauge-invariants Cjp3 and C’{TQ 4, we arrive at the alternative representation

dPy {Cl|23 2€mC{T2’3 + 823C1 23 } (3.15)

ANOP(1,2,3) = /
v=z (1,2:3) (2m)P | 202 (20303,
with manifest gauge invariance. (We also included the vanishing scalar triangle so3C 23 to make contact
with the maximally supersymmetric pentagon in (5.5) of [12].) To compare (3.15) with the manifestly

local expression (3.13), we write out polarizations and momenta:

] dP0 [ (ex-e3)(ka-e1) + (e1-e3)(ks-e2) + (e1-ea)(ky - e3)
1-loo 2 3 2 1 1 3 3 2 1 2 1 3
A/\/:Qp(172’3) :/(QW)D{ 626%
2€m [QT(kQ . 63)(]{73 . 62) + 65”(]433 . 61)(l€1 : 63) + 6?(k}1 . 62)(]{?2 . 61)]
+ 202
G,
2€m [/{:5”(61 . 62)(]€1 : 63) + k:g”(el . 63)(/{31 . 62) + iEm(€17 kg, €9, k‘g, 63)}
+ 22 :
£2€1€12

(3.16)

We see that the gauge-invariant form (3.16) of the 3-point amplitude happens to also have manifest
locality, but as emphasized earlier, amplitudes at higher multiplicity generically exhibit a tension between

locality and gauge invariance. At 4 points, for instance, the gauge-invariant triangle “numerators” such
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as /¢ C’1|23 , that will appear in section 3.5 involve kinematic poles (say sj,) that do not match the
propagator structure of the triangle diagram under discussion (say (s930*(3(%,;)"" along with U Cllog, 1)
When all diagrams of the amplitude (3.2) are assembled, those superficially non-local contributions will
collapse to local expressions, as is guaranteed from the manifestly local starting point of our construction.

The gauge-invariant bubble coefficient in (3.16) can be recognized as the 3-point tree,
Cl|23 = (62 . €3)(l€2 . 61> + (61 . 63)(]{33 . 62) + (61 . 62)(]{31 . 63) == Atree(L 2, 3) . (317)

It arises as the leading UV-divergence of (3.15) when performing the dP/-integral in (3.16) in D > 4

dimensions, for which we introduce the shorthand |yy, as in

A} lOOp(l 2,3) |UV = Clp3 = ATe(1,2,3) . (3.18)

3.4 The local form of the 4-point amplitude

The 4-point analogue of the ansatz (3.4) in terms of cubic diagrams without tadpoles reads

D
d“/ {M12,34 Myro3  Mioza  Migss  Msagyo My

AOP(1,2,3,4 /
L2390 = | Gop\ e, " ae, T re, T e T ae e,

N12|3,4(€) N1\23,4(£) N1|2,34(f) N41|2,3(€) Nﬁgxg 4(@
22 2 T YT R YT 222+2222
s1902015 003 So3l2lilioy  s34l2010Ty  S1al7l1al093 (L7050 093

(3.19)

The propagators in the first line are associated with bubble diagrams, and the numerators N g c(¢)

and Nﬁg"?) 4(€) of the triangles and the box, respectively, will be inferred from gauge invariance.

3.4.1 Bubbles

Our ansatz for the bubbles in the 4-point amplitude (3.19) is again based on the scalar building block
T4 pin (2.26). At 4 points, the tree-level subgraphs connected to an external bubble as depicted in figure
5 involve 3 external legs and 2 propagators. There are two pole channels ~ (s125123) 7" and ~ (S935123) !
admitted by the cyclic ordering, that are combined into the Berends—Giele current f{3% — /53 in (2.12).
This is why the bubble kinematics in (3.19) is chosen as T4 p = M4 g, see (2.46).

Similarly to our previous discussion around (3.12), the propagators of an external bubble include a
3-particle Mandelstam invariant sjs3 that naively vanishes in 4-particle phase space, but this is com-

pensated by a zero of the numerator 7753 4. In more detail, we extend the minahaning procedure from

section 3.2 to 4 points: a lightlike deformation momentum Z j=1 ki = p™ amounts to using no Man-
delstam identity other than >_r_ = 0. Given the cancellation of #12t513+523 — | — _ s1afsaatsas jp
] 5123 5123

intermediate steps (which can also be found in [18] in the context of the same diagrams), we ultimately
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M123’4 = Tizsa + (1 e 3) 5 3 S23

$125123

2 4 4 + 4

FIGURE 5: The kinematic factors Ti23 4 and 7321 4 of an external bubble compensate the
singular propagator 31_213 upon minahaning. The leftover poles in s12 and sa3 correspond to

tree-level subdiagrams whose local numerators in the ellipsis can be assembled from (3.20).

arrive at finite expressions like [1]

M123,4 = (61 : 63)(62 : 64) - %(61 : 62)(63 : 64) - %(61 : 64)(62 : 63)

+ (1 - €2) (k‘Q . 63)28_12(]61 - e3) (ks - e1) — (K - 6432(3k2 . 63)}
+ (e3 - e3) (kg . 61)28_23(1433 -eq) (y - e4) — (ko - 618)1(53 . 64)}
+ (er o) [ 625) s -ea) , '648) s ey (3.20)

that still exhibit the 2-particle propagators sy, sy and can be visualized through the collapsed prop-
agators in figure 5. The same kind of regulation procedure was instrumental for the 4-point 4-loop
amplitude of N' =4 SYM [32].8

The remaining bubble topology with 2 external legs on each side and propagators of the form
~ (812834) " does not need regularization. Still, one can identify a global prefactor of s;5 = s34 in the

numerator 71, 34, cancelling one of the propagators [1],

Mg 34 = S_L [812(61 . 64)(62 : 63) - 812(61 : 63)(62 . 64) + (813 - 823)(61 . 62)(63 : 64) (3.21)

+ (61 . 62)((1{31 . 63)0{2 . 64) — (k’z . 63)(k31 . 64)) + (63 . 64)((/454 . 62)(k3 . 61) — (]{34 . 61)0{3 . 62))} .

Upon insertion into (3.19), this pinpoints the bubble contributions to the 4-point amplitude in its local

8 Another related topic is the ”cancelled propagator argument” in string theory (see for example fig. 9.9 in [33]): an
external bubble in a gauge-boson amplitude at 1-loop could cause a mass shift in the effective action, which would naively

interfere with gauge invariance. For recent related work, see e.g. [34] and references therein.
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form. Their gauge variation

5 (M12,34 M41,23 M123,4 M1,234 M341,2 + M41273)
(G, Ry PRy 24 (o0 (plia
wi2T34(By — %) + w3Tipa((s — (15) + wiTia3( — Byy)
512%6?2@23

n wa3Tha(Uys — ) + wiTaza (€] — 02) + wiToz1 (° — ()
823626%6%23

" 603,4T1,2(£2 — 0, + w1T2,34(€% — ) + w2T1,34(€%2 —03)
$34020303,

n wiaTo3(0s — ) + woTun 3(0ly — 3) + wsTur 2(Log — 11,)
514013033 ’

+

_|_

(3.22)

is compatible with (3.3) and takes the right form to conspire with the triangle diagrams.

3.4.2 Parity-even triangles

By analogy with the 3-point expression (3.8), the numerators of the 4 triangle diagrams in (3.19) will have
both parity-even and parity-odd contributions, to be denoted by Ny33, (¢) and Nf2d|§7 4(£), respectively:

Nas,c(0) = N5 () + Nijg o (0) (3.23)

The requirement (3.3) on the triangle numerators’ gauge variation interlocks the scalar and vectorial

parts. For instance, the parity-even expressions (with 7’5 - defined by (2.28))

1334 (0) = 26015 5 4 + Tioza + Tioaz + Ti 34 (3.24)
ffé?z;(@ = 20,113 4 — To314 + T1 231 + T1a23 (3.25)
112.34(0) = 20T 34 + Thio 30 — T3a12 — Taa21 (3.26)
n2s(0) = 2(lm + kn ) T4t 05 + Tz + Thasg + Turos — s1a[€f Ty 5 + (e1 - €4)To 3] (3.27)

extending the pattern of (3.8), provide the right interplay between scalar and vector contributions to

produce differences of the inverse propagators £2, ; and s;; in their gauge variation:

Y f;ﬁ»,%(ﬁ) = S12 [wleffZ(@ +wizTh g +wisgToz — szleng(é) —wasTi g — w24T1,3]

+wiaTa (% = 0y) + wiThi2a(y — Llo3) + waTrz3(llos — €7)
J 10|\’203n4(€) = So3 [W2Nf},02(£) + w1234 + wosTh 3 — W3N107VQC,Z(€) —wizda4 — w34T1,2}

+ wosTy 4 (07 — 01o3) + wiTo3.4 (02 — 03) + wyToz 1 ((gy — £7) (3.28)
0 f|vze§4(€) = 834 [WSN%GE(@ +wizTo g+ wasTi g — W4Nf,vge,§(f) —wiulyz — w24T1,3]

+ W34T1,2(f§2 — 52) + w1T2,34(£2 - E?) + w2T1,34(€% - f%z) .
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The shorthand N{j5(€) on the right-hand sides refers to the parity-even triangle numerator in (3.8):
Sa ) =20, T+ Tije + T + Ty - (3.29)

The exceptional terms 2k7"TiT 3 — s14€]" 17 3 — s14(ey - €4)To 3 in the fourth triangle numerator (3.27)
without any counterparts in N5 (€), Nij5g',(¢) and N75s,(£) can be justified as follows: The gauge

variation of the naive ansatz QEmTﬂ,m + Thia3 + Taiz 2 + Ty 23 for NHFZHS(E),

5[2€mTéﬁL,2,3 + Thog + Tase + T41,23} =2wnTz3 {(f - kg) — 814} + 2w T 3 [(f - ko) + 814]
-+ 2W3T41’2 (E . kg) + S14 [W42T1,3 -+ w43T172 — W12T3,4 — CL)13T274 + W4Ni‘ée7§(»€> — wleéfg(f)} (330)

does not satisfy the necessary condition (3.3) for gauge invariance. However, the addition of 2k7"T}T ,
is easily seen to complete the first line of (3.30) to be expressible via differences of 6%2“0» and can be
motivated by a diagrammatic argument: In our conventions for the shifts of the integration variable, ¢
is the momentum in the n-gon edge between the external legs 1 and n. For the “special” triangle graph
with legs 1 and 4 forming a tree-level subdiagram, the momentum in the analogous adjacent edge is
¢+ k4 rather than ¢, see figure 6. Hence, it is not surprising that our analysis driven by gauge invariance
points towards a numerator of the form N§ye'y(€) = 2(€y, + k)T 55 + - . .. The remaining terms of the
ellipsis — specifically the subtraction of s14 [eTT 153+ (e - 64)T273} — can be inferred by demanding the

variation to follow the structure of (3.28),

5Nﬁ\e£3(€) = S41 [W4Nle,\;§(€) — w1 Svg,efi(g) + wosTi 3+ wsaThp — winl34 — w13T2,4}

+ W41T273(€%23 — f?) -+ WQT4173 (6% - 632) + (.U3T4172 (E%Q — 6%23) . (331)
2
1 (—k
4 0+ Fky
3

FIGURE 6: The “special” triangle diagram where the vector part ~ T} , 5 of the numerator

contracts with the shifted loop-momentum ¢ — ¢ 4 k4.

The appearance of E%zmj in the triangles’ gauge variation cancels the contribution (3.22) from the
bubbles. The remaining terms ~ s;; in the above 5NZV|eBrfC need to conspire with the box graph. In
particular, the sign change of wos T} 3 + w3411 2 and the conversion N{5(¢) — N3%j(£) going from (3.30)
to (3.31) is essential to render the desired gauge variation of the box numerator linear in ¢: Only the

. . . . 2 2 . . 2 .
relative minus sign in {1, ; — {7, ;_; makes the quadratic piece ~ (= disappear.
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3.4.3 Parity-odd triangles

The parity-odd part of the triangles can be reconstructed by demanding all the Nz c(f) to be express-
ible in terms of the string-theory motivated “parity-(odd+even)” building blocks MZTB,C and J1ij,k
defined in (2.46) and (2.54), respectively,

Nf2d|(?},4(£) = %mEln;\sA ) Nf|§§,4(£) - %mE?frz:aA ) Nf|%fi34(£) = %mEﬁlz,?A
Nfﬁg,s(g) = 2(ly + kﬁz) ﬁ|2,3 - 25416TE{)|12,3 ) (3.32)

see (2.30) for the definition of E}jp . For example, combining (3.32) with (3.27) leads to the following

expression for the special triangle numerator,
N41|2,3(€) =24, + kﬁl)341M4n}\2,3 — 25511423 + Ta23 + Taizo + Tu1 23 (3.33)

which shares its structure with the maximally supersymmetric pentagon numerator in section 4.4.2 of
[12], where the tree-level subdiagram involving legs 1 and 6 singles out ¢ + kg in the same manner. The
overall parity-odd gauge variation of the triangles (3.32) is given by

( NishaD) | N0 | N N0 ) 2

2 /2 202 22 202 )2 = 20202 2
S120%005 o3 s23lP 01055 s34 lPUilYy  s14l7075 054 (U0, g

X [fm(leg\%A - W2E{T|L3,4)(€§ - 532) + Em(le%A - W3EY|12,4)<€§2 - @23)

b (1 Bl — wi Bl ) (6o — ) = 22w K7 Bl (3.34)

where the last term ~ —20%w,; kJTEZ(Z?) will be seen to play an important role for the 6-dimensional gauge

anomaly.

3.4.4 The box numerator

The ¢-dependent part of the box numerator can be readily written down by promoting the constituents

of the triangle in (3.8) to have another free vector index (while extending the combinatorics to 4 legs),
NP5 4(€) = 20y MYy 4 + 20 [512 M35 4 + 23 M1y 4 + cye(2,3,4)] + N3y 4 (3.35)

see (2.46) for the tensor building block. Assuming that the scalar contributions lef;lu to the box

numerator are parity-even, we can extract the entire parity-odd gauge variation from (3.35) and find

6NP|3),(3,4(€) ‘odd = 262001}/2’3,4 + 2€m(w2Ef|1374 — legrgA)(g% — 6%2) (336)

+ Mm(WSEITQA — Wi %74)(@2 - 6323) + 26771(“’4E?|L2,3 — W1 ﬂ2,3)(€%23 - 62) )
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using (2.34) and (2.30) for 0E7}}'; , and 6E7] 5 -, respectively. With the relation
}/2,3,4 = 2i€<k27 €2, k37 €3, k47 64) = 2k£n 27273 ) (337>

it is easy to verify that (3.36) naively cancels the entire parity-odd variation of the triangles in (3.34),
but in the next section we will see the expected box anomaly. It remains to find a scalar completion
N ffzag 4 of the f-dependent parity-even building blocks £, 75 - and £,,£, 7155 , in (3.35). The expression
for fo;lgA will be designed to cancel the gauge variations (3.28) and (3.31) of the triangles which are
not yet accounted for by the bubbles (3.22):

SN 0) | o = LNSEHO(E — £2) + N0 (6F — ) + waNEFHO (B — )
+ WaNTE(0) (g — 02) 4+ (wisThu — woaTi3) (12 — 6 4 635 — (1,3) (3.38)
+ (w1754 — W34T1,2)(£2 — g%z) + (wa3Ty 4 — w14T2,3)(€§ — 5%23) .

One can check that this is accomplished by the following local expression for the scalar box in (3.35):

2
N1S|C§13,4 =Tio34 + T1394 + T1a03 + 3 [T123,4 + T3914 + Tozaq + Tyzoq + Thzap + Tyzi o + Thoas + T421,3}

1 m m m m m m 1 mn mi1.n
+ 3 [(kz —ky )T12,3,4 + (ky'—ky )T1,23,4 + cye(2, 374)} - 6T1,2,3,4 [kl P+ (1« 27374)} . (3.39)

In analogy with the maximally supersymmetric hexagon numerator in section 4.4.3 of [12], the scalar
part (3.39) of the box Nﬁ‘z?’;. () involves a combination of T4 g which depends on the ordering 1, j, k.
The second line?, on the other hand, is permutation invariant in 2,3,4, and the parity-odd contributions

cancel when representing the last line via 777, — s1; M7}, o, 177, 0 — si Myj;

mn mn
14,7, 1,ij, 1]ij,k and T1,2,3,4 — M1|2,3,4

in terms of the “parity-(odd+even)” building blocks (2.46).

3.4.5 The box anomaly
The anomaly kinematics Ya34 = 2ie(ky, €2, k3, €3, ks, e4) from both 0Ny 3(¢) and (5Nﬁ‘§”‘3’4(€) deserve

particular attention since this is where the tensor trace o (@man{&”?) o) = PwYo34+ ... conspires with

the special triangle with k,; in a massive corner (i.e. where the /=2 propagator is absent):

de 1 n AL A
(SAl-lOOP 1 2 3 4 — 2 Y / _ mn . 3.40
n=a (1,2,3,4) w1234 (27T)D{ (3035030 " 626%5%26%23} ( )

Naively, one would be tempted to set (3.40) to zero since the integrand appears to vanish. As is well

known, dimensional regularization reveals a logarithmic divergence that requires a refined analysis. One

9Note that the gauge variation of the second line of (3.39) is given by

1
3 [T12,4ws(523 — s13) + Ti2,3wa(s24 — s14)] + (12 4> 13,14,23,24, 34) .
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can show with conventional (see e.g. [35] or section 5.1 of [28]) or worldline techniques (see e.g. section

4.5 of [12]) that tensor n-gon integrals in D = 2n — 2 dimensions give rise to the following rational terms

D Npg Pl 1 1
_ = 41
/d g {KQ(K — k‘l)2 Ce (f — ]{?12..‘”_1)2 (f — k‘l)2 Ce (f — 1{712“”_1)2 ’D:2n72 (n — 1)' ’ <3 )

when combined with an appropriate scalar (n—1)-gon. Hence, we identify the following anomalous gauge

variation in the above 4-point amplitude,

3 .
1-loo ™ 1
AvPP(1,2,3,4) |el%k1 = 3(2m)° Yoz = 0673

€(ka, €2, k3, €3, ka, €4) . (3.42)

As can be “discovered” from the field-theory perspective (see e.g. [28]) this anomaly can be cancelled by
contributions due to additional fields in the gravitational sector, once the relations between couplings in
the gauge and gravitational sectors are suitably tuned. From the string-theory point of view, this is the
Green-Schwarz mechanism generalized to D = 6 (see e.g. [36]). The additional states are p-form fields,
possibly on collapsed cycles of the K3 orbifold, but in string theory no couplings need to be adjusted:
the coupling relations suitable for anomaly cancellation arise from the same open-string loop diagrams
as those that gave rise to the anomaly (e.g. diagrams discussed in [1], but in the long-cylinder limit

instead of the field-theory limit discussed later in this paper).

3.5 The gauge-invariant form of the 4-point amplitude

To make pseudo-invariance of the 4-point amplitude (3.19) manifest, one can repeat the procedure
of section 3.3 and perform algebraic rearrangements of the integrand similar to (3.14). The guiding
principle is to eliminate those cubic diagrams where the reference leg 1 is involved in a non-trivial

107 i.e. where either ¢* or /2 is absent. However, the above discussion of the box

tree-level subdiagram
anomaly suggests that the special triangle with propagators £2¢32,¢2,, is an exception. In the process of
these rearrangements, the kinematic building blocks T4 3, Mj4n|B,C7 MXT%707 p and Jijzj34 assemble into
the gauge (pseudo-)invariants Ch)a, CWA,B’ Cfﬁg‘,&c and Pjjg34 introduced in section 2.7. By tedious

but straightforward manipulations, one can show that the integrand of (3.19) agrees with

A1o0op (1 9 5 4) — APl (Chazs  2lmCllas 4+530C 23— 524C1 320 200,05 54 F523C 1432 —524Cl1j3a2
N:2<7 y >_ (27T)D +

20 PR2, (P30,
 2Pyps 2 lnCT'5s 4 + 20 (523C o 4 + 524C g 5 + 534C 5 30) + Cicgll?ﬂl} (3.43)
(303,03, (203035 (o

10This scheme of eliminating cubic diagrams descends from string theory, where integration by parts allows to eliminate

the worldsheet origin of the associated propagator structures, see e.g. [14, 1].
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upon insertion of all the numerators, with the following shorthand for the gauge-invariant scalar box:

4

Sca. 1 1 mn miln
Ciiglas = 5(482383401@34 — 2523524011324 — 2524534C1j243) — 5C234 Z K3k
=1
1 m m m m m m m m m
+3 [523(k3 — k3")Ciag 4 + s24(Ky" — k3")Ciay 5 + saa(ky" — k3') 1\34,2} - (3.44)

3

This representation generalizes the form (3.15) of the 3-point amplitude and confines the leading UV
contribution to the single bubble in the first term such that

AVeR(1,2,3,4) | 5y = Cupzas = A™(1,2,3,4) | (3.45)

in analogy with (3.18), see (5.13) below for the tree amplitude expressed in momenta and polarization

mn

T340 S€€ (2.53), so one can im-

vectors. The anomalous gauge variation is carried by Pyja2,3 and £,,£,C
mediately reproduce the anomaly (3.40) from the representation in (3.43). However, the latter obscures
locality through the propagators ~ si_jl that were absorbed into numerators, such as émCWQ& 4 pbresent in
the box and one triangle. For a complete picture of the 4-point amplitude and its symmetry properties,
one should consider both the manifestly local representation (3.19) and the manifestly gauge pseudo-
invariant representation (3.43). Note that the latter form of the 4-point amplitude shares the structure
of the maximally supersymmetric 6-point amplitude in (5.10) of [12]. Accordingly, cyclic symmetry of

the integrated expression under (1,2,3,4) — (4, 1,2,3) modulo anomaly can be verified along the lines

of section 5.4 of [12].

3.5.1 An empirical invariantization map

Following the same steps as for the maximally supersymmetric setup explained in section 5.1 of [12],
there is a systematic and intuitive mapping from the above local representations to the manifestly
gauge (pseudo-)invariant expressions in (3.15), (3.43) and (3.44). Whenever the reference leg 1 enters a
kinematic building block through a single-particle slot A = 1, it signals a (pseudo-)invariant according

to
MA,B - 5A,101|B ) MZTB,C — 514,10{?3,0 ) le%IC,D — 5A,1C{T§,C,D ) \71|4\2,3 — P1|4\2,3 . (3-46)

Building blocks with leg 1 in a multiparticle slot (say A = 12 or A = 123), on the other hand, are
absorbed into the (pseudo-)invariant completions of the cases with A = 1 and therefore mapped to zero
through the Kronecker delta d4; in the empirical “invariantization” prescription (3.46). This formal

map is checked to reproduce the above manifestly gauge (pseudo-)invariant amplitude representations

from the local ones in (3.4) and (3.19).
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3.5.2 A simplified representation

In contrast to the maximally supersymmetric 6-point amplitude in [12], the present 4-point context
turns out to admit additional simplifications. The BCJ relations [15] among different permutations of
Cijpga ~ A"*°(1,2,3,4) imply the vanishing of the scalar triangle numerators, and additional on-shell

relations detailed in appendix C cast the scalar box numerator into a compact form:

1
scal
$34C11231 — $24C1 1324 = $23C 132 — $24C11342 = 0 01‘2|3‘4 = —552353401@34 : (3.47)

Upon insertion into (3.43), we arrive at the following simplified and manifestly pseudo-invariant form of
the 4-point amplitude with half-maximal supersymmetry,
ALloop(1 9 3 4y — / dP¢ {C1|234 26mClhs 4 " 20mCily 54 _ 2Pyjp3
Mo emP L ea " PaRR, T PAR, Gl
2€m£n T£374 + 2£m(82301?2374 + 82401?2473 + 83401?2734) — %82383401‘234 }

(P05 o

(3.48)

+

Its integrand can be regarded as the main result of this work, and the integrated expression in D = 4
dimensions is discussed in section 5.3 to demonstrate agreement with results in the literature. Note
that from the above construction via locality and gauge invariance, we are free to add any multiple
of the maximally supersymmetric amplitude A/l\}liip(l, 2,3,4) made of a box diagram with permutation
invariant and local numerator sp3534C1j234. In section 5.2, we will see explicitly that this freedom is
equivalent to the freedom of adjusting the field content of the theory, i.e. the number of supermultiplets
that run in the loop and their gauge-group representations.

The diversity of gauge theories increases rapidly when reducing from maximal to half-maximal super-
symmetry (running of gauge couplings, variety of supermultiplets and representations). We would like
to highlight that all this additional complexity of the 4-point 1-loop amplitude in general dimensions is
compactly captured by the kinematic building blocks in (3.48). As we discuss further in the conclusions,

upon dimensional reduction of this theory to D = 4, the parity-even part of minimally supersymmetric

gauge theory is also given by this expression.

4 Supergravity from the duality between color and kinematics

A major virtue of the cubic-graph organization of gauge-theory amplitudes is that it often admits the
construction of supergravity amplitudes at various loop orders by double-copy [16]. For this to work,
the kinematic constituents must mirror all the properties of the color factors [15], in other words they

should satisfy the BCJ duality between color and kinematics!!. In this section, it will be demonstrated

See [37] for a recent pedagogical account.
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that the 3-point gauge-theory amplitude presented in section 3.1 and 3.3 obeys the BCJ duality, so we
can infer the related half-maximal supergravity amplitude. However, in the formulation of the 4-point

amplitude we gave in sections 3.4 and 3.5, duality is not manifest and further work is needed.

4.1 Review of the BCJ duality and double-copy construction

The BCJ duality between color and kinematics is based on the dictionary between cubic graphs and
structure constants f° of an arbitrary gauge group. The color representative ¢; of a graph is obtained
by dressing each cubic vertex with a factor of f?¢ and by contracting the color indices a, b, ¢ across the

internal lines. Then, the Jacobi identity
fabefcde + fbcefade + fcaefbde =0 (41)

universal to any Lie algebra relates triplets of graphs depicted in figure 7 in the sense that their color
factors add up to zero, ¢; + ¢; + ¢x = 0. According to the BCJ conjecture'?, gauge-theory amplitudes
can be represented'® such that for each such triplet of graphs (7,7, %), the corresponding triplets of
kinematic weights N;, N;, Ni, (or numerators for short) depending on polarizations and (external and
internal) momenta sum to zero as well, N; + N; + N = 0. At loop level where the numerators may
depend on loop momenta ¢, such kinematic Jacobi identities are understood to hold for any value of ¢.
A gauge-theory amplitude is said to obey BCJ duality if the numerators N; of all the cubic graphs ¢ are
antisymmetric under flips of their vertices and if they satisfy all the kinematic Jacobi identities.
According to the double-copy conjecture, the integrands of gauge-theory amplitudes that obey the
BCJ duality are converted to supergravity integrands once the color factors ¢; are replaced by another

copy of the kinematic numerators N; for each cubic graph 1, i.e. [16]

Mg—loop _ Ai}loop (42>

N+N

CiﬁN '

The additional kinematic numerators N; do not need to come from the same theory, in fact they can even
violate the kinematic Jacobi relations. As indicated by the subscripts in (4.2), the supersymmetries N

and N of the gauge theories with numerators N; and N; add up to yield the amount of supersymmetry

12Although the most general form of BCJ duality and the double copy construction remain conjectures, they are
supported by a steadily growing list of examples up to and including 4 loops [32, 38, 39]. Also there are examples without
any supersymmetry such as [40, 41, 42, 43, 18, 44], and the 4-dimensional version of the half-maximal 1-loop amplitudes
under investigation has been cast into BCJ form in [17, 18].

13 Ambiguities for local cubic-graph representations of gauge-theory amplitudes arise from the freedom to assign the
contributions from quartic gluon vertices to different cubic diagrams. Redistributions as required by the BCJ duality are
often referred to as “generalized gauge freedom” [15, 45, 16], and a concrete non-linear gauge transformation to implement

such rearrangements of tree-level diagrams was identified in [23].
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C; Cj Ck

FIGURE 7: Jacobi identities imply the vanishing of the color factors associated to the
above triplet of cubic graphs, ¢; + ¢; + ¢ = 0. The legs a, b, ¢ and d may represent
arbitrary subdiagrams with the same momenta in the external edges of the graphs i, j,
and k. According to the BCJ duality, their corresponding kinematic numerators N; can

be chosen such that N; + N; + N = 0.

of the supergravity amplitude Mi}lij\ﬁ;. As for the state dependence of N; and Nj, the supergravity
spectrum emerges as the tensor product of the gauge-theory states, e.g. graviton polarization tensors
follow from the traceless part of the gluon polarizations e™é™, and the N' = 8 supergravity multiplet
arises as a double copy of the N'= 4 SYM multiplet.

The standard double-copy realization of pure N' = 4 supergravity is as (N = 0) x (M =4) SYM, an
asymmetric (“heterotic”) realization (see e.g. [46]). In this work, we have in mind the symmetric double

copy (N =2) x (N =2) SYM, that gives N' = 4 supergravity coupled to N' = 4 matter multiplets with

3

5, respectively. String constructions of these matter-coupled supergravities leave

maximum spin 1 and

some freedom to tune the matter content, see e.g. [4] and references therein.

4.2 BCJ duality and double copy of the 3-point amplitude

The local representation (3.4) of the 3-point amplitude will now be shown to obey the BCJ duality.

There are 3 inequivalent classes of kinematic Jacobi relations N; + N; + Nj, = 0 to check:

e Symmetry of the bubbles versus absence of tadpoles: As depicted in figure 8, the symmetry of
bubble numerators T4 g = T’z 4 and the absence of tadpoles is consistent with the BCJ duality.

FIGURE 8: Kinematic Jacobi relation T2 3 — T3 12 = 0 relating the antisymmetrization of

bubbles to a tadpole diagram with vanishing numerator.
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e The formally vanishing scalar admixtures to the triangle numerators Ny 3(¢) in (3.8) yield bubble

numerators upon antisymmetrization in 2,3, consistent with the triplet of diagrams in figure 9.

2 3

FIGURE 9: Kinematic Jacobi relation Ny 3(f) — Nyj32(f) = 2771 23 relating the antisym-

metrization of two triangles to a bubble diagram.

e Antisymmetrizing a triangle numerator in legs 1,2 is also is consistent with the bubble numerators
under the BCJ duality. Since our shift conventions for the loop momentum fix ¢ to reside in the
edge next to leg 1, the momentum routing in figure 10 requires particular care, and the numerator

of the second triangle takes ¢ — ky instead of ¢ as its argument.

1 p
¢ ¢ 14 1
3 -3 t—ky = 3@—<
p
p 1

FIGURE 10: Kinematic Jacobi relation Ny 3(¢) — Nyj32(€—k2) = 2712 3 relating the anti-

symmetrization of triangles involving the reference leg 1 to a bubble diagram.

Given that the representation (3.4) of the gauge-theory amplitude satisfies all these Jacobi identities, it
is qualified to enter the double-copy construction. By converting the color factors of the bubble- and
triangle diagrams to additional kinematics, see (4.2), one obtains

Hoop (1 9 3):/ dPl [ |12T123)*  |2Thas)? 12751 5| n |Nips () [Nys2(0))? (4.3)
NAN=41""77 (27T)D 2523626% 2812626%2 25136%6?2 626%6%2 626%6%3 '

M

after combining both orientations of the triangle. However, by the formally vanishing bubble numerator

Ti23 = sia(er - e2)(es - k1) derived in (3.9), the f-independent part of the bubble contributions yields

|T12,3|2 _ | — (p-ks)(er - e)(es - kq)? = —(p-ks)|(e1 - e2)(es - ]{;1)|2 =0 (4.4)

S12 —(p : k3)
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upon minahaning (3.11) with a deformation momentum p™ in intermediate steps. Likewise, the scalar
parts ~ Tj;; of the triangle numerator Nyjp3(¢) in (3.8) vanish by the same argument, whereas (4.3)
simplifies to

dPs ~ ~ 1 1
1-loo m m mn n
MN+/\~I;:4(17 2’ 3) - 4/ W gmgn(TI72,3+El|2,3)(T1,2,3+E1‘2,3) {626%6%2 + 626%6%3} : (45)

Given that all of T7" 5, BT, 4, T1'y 3, E{"Q 5 are perpendicular to the external momenta, the only contribu-

1)2,3
tion to the integrated expression has tensor structure ¢"¢" — n™" and leaves a no-scale integral.

Of course, the same discussion applies to the manifestly gauge-invariant representation of the SYM
numerators given in section 3.3, i.e. to the image of the numerators under the invariantization map

(3.46). In the alternative form

dPe¢ ~ 1 1
1-loop - m n
MN+J\~f:4(17 27 3) - 4/ (27T)D fmgn 1|2,3 1|2,3 {€2£%€%2 + €2€%£%3 } ) (46>

the UV-divergence due to the trace component ¢,,¢,, — 1,,, of the tensor integral

M (1,2,3) ] = ClhsCiibg (4.7)

manifestly agrees with the low-energy limit of the corresponding string computation [1], see [47, 1]
for a discussion of the components with different numbers of gravitons, B-fields and dilatons. For 3
gravitons, the counterterm associated with (4.7) is an operator R? which is on-shell equivalent to the
Gauss-Bonnet term, and therefore yields vanishing amplitudes in strictly 4 dimensions. Likewise, the

parity-odd contribution to (4.7) obviously drops out in D = 4 for any state configuration.

4.3 Obstructions to the duality in the 4-point amplitude

Since the 4-point gauge-theory amplitude (3.48) has been constructed from the same principles as its
BClJ-satistying 3-point counterpart, it is tempting to hope for the duality to hold also at 4 points.
However, in our representation one can identify a simple counterexample among the kinematic Jacobi
identities that renders the 4-point supergravity amplitude inaccessible to naive double copy of the
present building blocks. Just like the 3-point BCJ discussion was identical for the manifestly local and
the manifestly gauge-invariant representation, for our 4-point arguments we could choose either (3.19)
or (3.48). For convenience we pick the latter.

As depicted in figure 11, the antisymmetrization of two triangles with massive momentum ko + k3
in one corner should reproduce a bubble numerator that vanishes in the parametrization of (3.48).

However, we obtain
gm0ﬁ23,4 - (ﬁm - k?r?) {?23,4 = kﬁfoﬁlzu = P1\2|3,4 - P1|3|2,4 7’é 0 (4‘8>
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instead of the vanishing bubble numerator from the analogous antisymmetrization in figure 11. This is
an obstacle to BCJ duality and prevents us from immediately writing down a double-copy expression

for the supergravity amplitude.

FiGure 11: Kinematic Jacobi relation between the antisymmetrization of triangles in-
volving the reference leg 1 to a bubble diagram. The vector part of the second triangle
numerator is contracted into the momentum ¢ — ko3 of the edge adjacent to leg 1. The

numerator representation in (3.48) fails to obey this kinematic Jacobi relation.

This obstacle was anticipated from the analogous closed-string amplitude in our companion paper [1].
It closely parallels the obstacle observed in the representation of the maximally supersymmetric 6-point
amplitude in section 6.3 of [12]. Both here and there, the mismatch in kinematic Jacobi identities boils
down to pseudo-invariant kinematic factors as seen in (4.8). It is tempting to speculate that there is a
tension between anomalies and the BCJ duality [12], but ongoing work [48, 49] indicates is that there

is no direct connection.

5 Comparison with 4-dimensional results

So far, we have discussed half-maximal SYM amplitudes in the highest dimensions D = 6 where 8
supercharges can be consistently realized. This section is devoted to their dimensional reduction to
D = 4, where the parity-odd sector of gluon amplitudes including their box anomaly drops out and
their dimension-agnostic parity-even integrands'* are expressed in terms of spinor-helicity variables. In
the manifestly gauge-invariant framework of section 3, the initially 6-dimensional kinematic factors will

be specialized as
D=4

JE— e D:4
C — C — C ’even ) even

Pl\z‘\j,k — Pu\jk = P1|i|j,k| (5-1)

with explicit spinor-helicity expressions for the 4-dimensional objects C* and P_. The resulting 4-

dimensional 4-point amplitudes with A/ = 2 supersymmetry will be shown to match the expressions in

14We explicitly recall this feature in section 6 by performing the field-theory limit on the string-theory results of [1].
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the literature [50, 35, 17, 18].

5.1 Spinor-helicity expressions versus polarization vectors

In this section, we collect spinor-helicity expressions for the parity-even gauge-invariant building blocks
(5.1) in D = 4. Conventions for the relevant momentum spinors and o-matrices are summarized in
appendix B. As expected from supersymmetric Ward identities [51, 52], only the MHV components of

the scalar, vectorial and tensorial kinematic factors in (5.1) are non-zero, e.g.
Cipp-3- = Propar =C gy = C%p-3-4- = 0. (5:2)

In the MHV sector, one obtains 3-point helicity components such as

_ 1 _(12° _ 1 23 _ 1 P
e = g O T gy O T g ©F
as well as
m _ 1 (12)? om m _ 1 23 5™(3) _ [9]g™
Pa-ar =55y BT Clerar = gosrorg (BB - 2l7R)) . 64
At 4 points, we have the following inequivalent cases for scalar kinematic factors:
1 L (12)8
N 2 123) (34) (A1) (5:5)
Pr-g-|3+4+ = —%% , Pi-otj3-a+ = Pi-otjzta- =0, (5.6)
for vector kinematic factors we have:
m 1 (14)° m (14)° m
1-j2t3ta- = §(WMU 4) + mwa ’U) ; (5.7)
m 1 (12)° m (12)° m (12)° m
1|23+ 4t = §(QW[4’0 |4) — m[?’\g 4) — W[‘HU \3>) ;o (5.8)
and for tensor kinematic factors:
Pesese = =3 o Bo Do) + LB ) 69
+ 573 gy (10718} - o4} ™).

Note that the expressions in (5.3) and (5.5) can be reproduced from the Parke-Taylor formula [53] for
the corresponding tree-level amplitudes (3.18) and (3.45). Moreover, the spinor-helicity results in (5.6)

identify s;;P;;ji, with the gluon components of the kinematic variables x;; + kj; in [18].
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It is worth stressing the crucial difference between the helicity-agnostic expressions underlying the
above components of Cypp34 and those underlying Piaj34. When written in terms of Lorentz traces over

linearized field strengths f"" = kel — k['e"

A

t(l, 2) = (61 . kz)(eg . kl) — (61 . 62)(]{?1 . k’g) (510)
t(1,2,3,4) = (eq - k2)(e2 - k3)(es - ka)(eq - k1) — antisymmetrization in all (k; <> ¢;) ,

we had in the string-theory companion paper [1] that

Cuppsa = — [t(l,Z)t(3,4) —#(1,2,3,4) + cye(2,3,4) (5.11)
Projss = Si [t(1,3)t(2,4) (1, 4)4H(2,3) — £(1,2)(3,4) — t(1,4,2,3)] , (5.12)

where only Cjj234 is expressible in terms of the famous tg-tensor from maximal supersymmetry,
1 1
ts(1,2,3,4) = 5 [t(l, 2)#(3,4) — #(1,2,3,4) + cyc(2,3,4)] = 5 s12526Cha (5.13)

By contrast, the object Pigj34 of (5.12) only preserves 8 supercharges.’ In (5.12), the dependence of
Pigj34 on the polarization vectors involves tensor structures ~ Hle(ei - kj,), i.e. terms without any
contraction of the type'® (e; - e;). An important difference between Pigjz4 and the tg-tensor (5.13) is
that expressions of the form Hj‘zl(ei - kj,) in Pi2j34 cannot be eliminated via momentum conservation

and transversality (e; - k;) = 0. Note also that the symmetries
7312|34 = 7321|34 = 7)12\43 = 7334|12 (5.14)

are manifest in (5.12). Certain helicity configurations lead to identical expressions for s3 Ci-j2-3+4+ and
Pi-2-j3+a+ — see (5.5) and (5.6) — but the vanishing of the MHV component P;-o+3-4+ shows that
there can be no helicity-independent proportionality between Cijpg4 in (5.11) and Pigjz4 in (5.12).

5.2 Disentangling the supermultiplets in the loop

As emphasized below (3.48), in section 3.4 we constructed a particular 4-point solution to locality and
gauge invariance in the presence of bubble and triangle diagrams, but this particular solution admits
the freedom of adding the maximally supersymmetric 1-loop amplitude Al‘lizp with arbitrary coefficient.

With this in mind, we want to compare our results to the well-known N = 2 supersymmetric 1-loop

15This can be seen by relating Pia(34 to the r;j-variables in (4.8) and (4.9) of [18], for example.
16The absence of tensor structures [[;_,(e; - kj;), i-e. the omnipresence of at least one factor of (e; - €;) in n-point
tree-level amplitudes of the open superstring has been stressed and exploited in [54, 55]. An investigation of (possibly

non-supersymmetric) gauge-invariant scalar kinematic factors including [T, (e; - k;,) can be found in [56].

7
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amplitudes in D = 4 field theory (see for example [50, 35]). We focus on the recent work [18], that
discusses the contribution of the hypermultiplet running in the loop. In general, the single-trace part of

the color-ordered 1-loop amplitude in an N/ = 2 theory can be written schematically as

AGOP = Coae AT + gp AR, (5.15)

where A3, and A byp , denote the contributions from one N = 2 vector multiplet and one hypermultiplet

running in the loop, respectlvely. The model-dependent coefficients cye. and cny, depend on the gauge
groups and the numbers of hypermultiplets. Then, the on-shell helicity content (41, —I—%, 0, —%, —1) of

the supersymmetry multiplets'”

(N =2vee ¢ (1,2,2,2,1), (N =2)pyp > (0,1,2,1,0)
(N =4) e (1,4,6,4,1) = (N = 2)yec ® 2N = uyp (5.16)

translates into the following amplitude contributions from these multiplets in the loop:
ASee, = AP — 24P, (5.17)

which is meaningful in any dimension D < 6. Hence, one can write the generic one-loop amplitude

(5.15) as
AN = Cuec ANy + Chyp ATy = Cuec AT + (Chyp — 2Cvec) AND - (5.18)
Normalizing the hypermultiplet contribution to unity, we have
AP — (0 — 2eyee) AL = Gree gldoop y glp (5.19)

Chyp — 2Cvec

It is now evident that if we can match Ahyp

o [18] with unit normalization, the detailed model-
dependence of the original (5.15) (for example, on the field content) is confined to the coefficient of the
scalar box contribution A1 IOOP. We need to compare the generic form (5.19) with the 4-point amplitude

(3.48) shifted by any multiple ¢ of A\;°%(1,2,3,4),

dDe Cl 234 € Cl|234 g 01\2 34 P1|4\23

AP (1,2,3,4; 2/ | _ 5.90
2 (1, V=2 | aop 202 T EEE,, T ERe, AR, (5.20)

. CinlnCT55 4 + Cin(523C o 4 + 524C o 5 + 534C T 5) — (¢ + 3)t8(1,2,3, 4)}

020303, 02,

Y

17 A hypermultiplet has two complex scalars. Following the references we are using in this section, we write 2(N = hyp,
where the factor of 2 means that what we call “hypermultiplet” here is actually a “half-hypermultiplet” with two real

scalars. See also the conclusions for comments on supersymmetry decomposition with other multiplets.
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where we used the explicit form of the maximally supersymmetric contribution

Al loop(l 2 3 4> 2/ dDE tg(l, 2,3,4) _ _/ dDE 312523At1‘ee(17 2’3’4)
(2m)P g?g%g%g%% (27T>D 62*4%%2@23 7

and the representation of the scalar box as s12523C" 234 = 2t5(1,2,3,4). As we will see in section 6, the

(5.21)

field-theory limit of string amplitudes in 4- and 6-dimensional orbifold compactifications identifies the

hypermultiplet contribution with (5.20) at ¢ = —5 where t5(1,2,3,4) drops out,

ANP(1,2,3,4) = ——Al VOP(1,2,3,4;c = —1) . (5.22)

In the next section, we will check that this recreates the D = 4 expressions of [18].

5.3 Matching 4-dimensional spinor-helicity expressions

Now we use the 4-dimensional MHV components of section 5.1 to simplify the hypermultiplet contribu-
tion to the 4-point amplitude, and match our result to [18]. In D = 4 — 2¢ dimensions'®, performing the
integrals in dimensional regularization, from eq. (5.22) and (5.20) we have

?: m

I5(s23) I5(s12) k
h 2\°23 m m m 2\212 m 1 m
A vas (17 2,3, 4) Ded_ 9 = _4(47r)2{ 593 1]23,4 (k23 + 2k4 ) + T 1\2,34(? + k34) - 27314|23-]3(314)

4 4
2(523C1 3,4 +524C o4 3+534C1 2 34) Z L[y} pas ]k + 2CT5, 34( Z L[S san iyl kK] — —2 ) } ;

i=2 i,j=2

(5.23)
where the explicit expressions for the integrals I5(s;;), I3(sij), 15=°, Is[a;] and I4[a;a;] (where a; are
Feynman parameters) are given in appendix D. Then, in the helicity configuration (17,27,3%,4%), we

find the nonvanishing kinematic factor to be proportional to (12)?[34]? ~ tg(17,27,3%,4%),

_ _ Z <12>2[34]2 [2(823)
Ahyp o(17,27,37,4%) = e 1 25125, — Ly[as] + 1453 say] + L[> a4 (5.24)
. 2 o | Ip=s
- ZZQ L[S san i) — o~ ; $1: 04[50 ar i) — - } :

Up to and including order €, we arrive at the simple result

1 <12>2[34]2 12(823)

AP, (17,27,3% 4%) = — :
( ’ ’ ’ ) (47T)2 2 4812823

(5.25)

Analogously, in the (17,2%,37,47) helicity configuration we can factor out (13)%[24]?, and find

Ah}’p (1* 2+ 3~ 4+) i <13>2[24]2 12(812> + 12(823> . I4D:6 . (526)
(471') 2 4812813 4823813 2513

18The expressions in this section are valid for 4-dimensional external gluons. For other external states, we would use

D-dimensional expressions to resolve subtleties with dimensional regularization.
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The amplitudes (5.25) and (5.26) perfectly match known results [50, 35, 18].19

As is well-known, the maximally supersymmetric 4-point amplitude (5.21) is proportional to the cor-
responding tree amplitude, by a supersymmetry Ward identity. Here in half-maximal supersymmetry,
we have the additional 8-supercharge tensor structure Pjgj34 in (5.12). This leads to the situation that
even though the two helicity components (5.25) and (5.26) are separately proportional to the corre-
sponding tree —2s12893A™(17,27, 37, 47) = (13)%[24]% and —2s19593A™°(17,27,3%,4%) = (12)?[34]?,
we cannot relate Af‘\ﬁz(l, 2,3,4) to A™(1,2,3,4) with a helicity-independent prefactor.

Finally, a comment about anomalies. We have dimensionally reduced from D = 6 to D = 4 on
a torus, maintaining half-maximal supersymmetry, leaving no parity-odd sector at all. If we would
instead consider minimal supersymmetry in D = 4, one expects to see the triangle anomaly in the
3-point function. For a nice general discussion, including N' = 2 subsectors of N/ = 1 gauge theories in

D = 4, and the triangle anomaly from a minahaned 3-point function, see [36].

6 1-loop SYM amplitudes from orbifolds of the superstring

In this section we reproduce the above 1-loop SYM amplitudes from the field-theory limit of open-string
amplitudes in orbifold compactifications of the 10-dimensional RNS string. Denoting d-dimensional
Minkowski spacetimes and tori by M, and T¢, respectively, we consider toroidal orbifold compacti-
fications of the form Mg x (T? x T?)/Zy and My x T? x (T* x T?)/Zy, yielding effective theories
with half-maximal supersymmetry in 6 and 4 dimensions, respectively (see e.g. the textbooks [57, 30]
or the review [58]). It is convenient to use complexified coordinates on the two twisted 2-tori, i.e.
zj = x4+ U;2%%5 ) with j = 1,2 and U; denoting the complex structure of the j™ 2-torus. The

generator © of the cyclic group Zy acts on the tori (and on the string spectrum) as a discrete rotation,
OFz; = kv, ke{0,1,...N —1}, je{1,2}. (6.1)

The rational numbers v; are chosen such that O =1 and collected in the twist vector ¥}, = k(vi, vy)
with k¥ = 0,1,..., N—1. For the half-maximal models we consider we have®® v} = (k/N,—k/N). The
rank N of the cyclic group determines the gauge groups and the number of hypermultiplets of the
D-dimensional effective theory.

Strictly speaking, toroidal orbifold compactifications lead to fully consistent open-string models only

when the string spectrum is quotiented out by worldsheet parity, to create an orientifold (see e.g.

9Note that these references normalize their Mandelstam invariants differently, we have 855 = ki - k.
20We consider only Zf\‘, models, in the language of [59], except that we will not implement worldsheet parity constraints,

see below and appendix E.

38



[57, 30]), where one also computes unoriented string diagrams like the M&bius strip. Although doing
so is straightforward, it is possible to extract partial amplitudes for a large class of gauge theories by
performing the field-theory limit of just the oriented-string worldsheet topologies. (We should warn the
reader that such truncated theories may contain spurious divergences that are cancelled in the complete
theory, but we have not seen any indication that this should affect the discussion here.)

We will now reproduce the 1-loop color-ordered single-trace amplitudes computed in the previous

sections from the field-theory limit of the planar cylinder diagram.

6.1 1-loop open-string amplitudes with half~-maximal supersymmetry

Extending previous work in [2, 4, 5, 3], 1-loop open-string amplitudes with external gluons in the
context of orbifold compactifications were studied and simplified in [1]. In particular, toroidal orbifolds
preserving half-maximal supersymmetry give rise to the following decomposition of the planar cylinder

diagram for n-point 1-loop amplitudes:

N-1
AL (120 = [y (TP T e+ TP i Tap@)} (62
k=1

In this expression D is the number of non-compact spacetime dimensions (here D = 6 or D = 4),
the F ) denote lattice sums over momenta in the remaining compact dimensions, and ¢y and ¢, are

constants determined by the action of the orbifold group on the Chan—Paton (gauge-group) factors. The

= (M> (63)

constants

™

depend solely on the orbifold sector labelled by £ = 1,2,..., N—1, and the integrands Z, j,.x and
T,,1/2(V) are determined by the external states and the partition function. The subscripts “max” or
“1/2” distinguish orbifold sectors that preserve all or half the supersymmetries, respectively. While
the maximally supersymmetric integrand Z, ma.x is parity-even and independent of the dimension D,
the half-maximal integrand Z, ;2(v%) has both parity-even and parity-odd parts. The parity-odd part

vanishes in D < 6. Finally, the integration measure in eq. (6.2) is given by

D . (o/)”VD > dTQ
/d/hz...n =N | (Srainy) 07 dzydzy ... dz, 0(2) 10, (6.4)

0<Im (z1)<Im (22)<...<Im (25, ) <72

where 73 is the modular parameter of the cylinder worldsheet whose non-empty boundary is parametrized
by purely imaginary coordinates z; with 0 < Im (z;) < 75. In the measure (6.4) we have also incorporated
the regularized external volume Vp, the order N of the orbifold Zy, as well as the ubiquitous Koba-

Nielsen factor II,, which arises from the plane-wave factors of the vertex operators; with the conventions
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of reference [1] we have

CY/ 191(21']', 7') 2

n = l_[ i G Gij = G(25,7) = E{log‘ 7.00.7)

with z;; = z; — z;, the Jacobi theta function ¥, and G(z,7) denotes the bosonic Green’s function on a

2m 2
™ (zz-j)} , (6.5)

genus-one worldsheet with modular parameter 7.

6.1.1 The worldsheet integrands
The maximally supersymmetric integrands in the 3- and 4-point amplitudes (6.2) are well-known [60],
I3,max =0 ) I4,max = _2t8(17 27 35 4) ) (66>

see (5.13) for the tg-tensor. The half-maximal integrands 7, 1/2(x) at n = 3,4 were expressed in terms

of a basis of worldsheet functions®! in [1],

I3,1/2(17k) = 823f2(§)01\23> (6-7)
1'471/2(?7]9) = —2F1(?2(k3’0)t8(1, 2, 3, 4) + [312(f1(§) + féi))ledA + (2 < 3, 4)}
+ [s2s.f35) (s2f51) + s34f53)) Crasa + (3 4> 4)] . (6.8)

The underlying correlation functions of RNS vertex operators have been organized in terms of Berends—
Giele currents®? introduced in section 2, and total derivatives with respect to the worldsheet variables
have been discarded to render all the kinematic factors manifestly gauge-invariant. The worldsheet

coordinates enter through the modular functions f™ of weight n [61],

fO = fW (2, 7) = Oy (245, 7) + 2mi III?H <<zf>> , (6.9)
1 Im (24)1? 97(0,
f2 = Oz, 7) = §{<8ln191(zij,7')+2m 11(5;))) +a?1n01(zij,7)—%}, (6.10)

which are evaluated at purely imaginary coordinates z; and purely imaginary modular parameters of
the cylinder, 7 = 47, with 7 real. Note that f()(z,7) has a simple pole at the origin z — 0, and the
combination

F{(kv, ) = 2f @ (kv, 7) — fO (kv, 7)? (6.11)

is the Weierstrass p-function, that encodes the entire dependence of (6.8) on the orbifold twists (6.1).

(See also [2] for the role of @ in string-theory setups with half- and quarter maximal supersymmetry.)

21 A similar reduction to a basis of integrals was performed in [3]. The 4-dimensional spinor-helicity setup of this reference
departs from the infrared regularization of this work (section 3.2), leading to different final expressions for the simplified
integrands. In [3], the field-theory limit was performed for the integrands of particular orientifold string models, and it
would be interesting to compare those results in greater detail to the results in this section.

22Gee appendix A for an intuitive motivation.
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6.2 The field-theory limit of the open-string amplitudes

It is well-known how to perform the field-theory limit of 1-loop string amplitudes to obtain the cor-
responding Feynman diagrams in Schwinger parametrization, see e.g. [60, 62, 63, 64] and references
therein. The limit is o/ — 0 while simultaneously degenerating the genus-one surface to a worldline by
sending 75 — 0o. The limits are taken such that /75 is kept finite and reduces to the worldline length
/Ty — t in the Schwinger parametrization of the corresponding field-theory diagrams. The finite parts
v of the cylinder coordinates Im(z) = 7ov are then identified with proper times on the worldline. In this

limit, the bosonic Green’s function in eq. (6.5) reduces to
Gij — —mt(vi; — viy) - (6.12)

Then, the limit of the Koba-Nielsen factor is
I, — e_ﬂth[kthr“’kn]v Qn[kA1> kAza SRR kAn] = Z(kAz ’ kAj)(Vizj - |Vij|) ) (613)

and the measure in eq. (6.2) reduces to?3

o dt
/d/’l/lDZ,.n —>/ 7t_D/2+" i /dVQ ... dy, e ™Onlk1 k. k] , (6.14)
0

v1=0
0<re<p3<...<rp<l

see [65] for an extension of these techniques to higher loops. Note that the definition of @, in (6.13)
admits massive external legs with composite momenta ks = ko, + ko, + ... + kg, for A =ajas...apy,.
In the above limit, the worldsheet functions (6.9) and (6.10) involved in the half-maximal integrands

of the 3- and 4-point functions reduce to

1 . 1 2 . 1 1 1
fz(]) — 21 |:VZ] — §Sgn(yw)] , fz(]) — (27‘(‘@)2 |:§VZ2J — 5 ZngIl(Vw) + E:| , (615)
while the function Fl(/zg(k:v) of the orbifold twists in the 4-point integrand degenerates as follows:
FOU) — FQh) =2 |2 o 1| (6.16)
1/2 1/2 3 sin®(rkv)

We would like to highlight the following two additional aspects in performing the field-theory limit of

string amplitudes:

e The quantized momenta in the internal dimensions need to decouple, this is obtained by shrinking

the size of the internal dimensions at the same rate as the string-length goes to zero [60, 64] so

230n the right-hand side of eq. (6.14) we have suppressed the overall constant factor from eq. (6.4). In this

Vb
SN (872)D/2
section, we will suppress all such overall prefactors that do not depend on the kinematic variables.
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that lattice sums become unity?*

i) — 1. (6.17)

e The worldsheet functions fi(jl) have simple poles when vertex operators collide, fi(jl) ~ 1/z; as

z; — z;. These regions of the integration domain require separate treatment and yield kinematic

poles through interplay of the singular functions fig»l) with the Koba-Nielsen factor (6.5):

(1) 1 T s
fi5 T ~ == ( IT exo :) (6.18)

i 1<kl
{ki}#{is}

For example, the regime of z; — z3 in the 3-point integrand (6.7) gives rise to

1 z3 z9 1 1
/ dZ3/ dzy / dz 5(2’1) f2(?1)) I3 = — - / dzs e(s12+s13)G13
0 0 0 a'Sa3 Jo

The ubiquitous combinations s;; fi(jl) in the half-maximal correlators in section 6.1 cancel singular

+ 0. (6.19)

prefactors sfjl from gauge-invariant kinematic factors, say the sy on the right-hand side of (6.19).
For example, in the region where 2z, — z3, we have

o dt
].lm dlulDQn 823f2(§) — Zn/ 7 t_D/2+n_1 dVQ . dyn—l e_ﬂ'thfl[kl,k237k?4,...,k‘n]
0

29—r23 v1=0

(6.20)

0<2<...Svp—1<1

To make contact with the momentum-space construction in section 3, it remains to translate the resulting
Schwinger parametrization of field-theory amplitudes into Feynman integrals. The following map will
be sufficient for the 3- and 4-point amplitudes to trade the integration over worldlines with length ¢ and
proper times v; for the integration over the loop momentum ¢:
dPl (o + Bl™ + Ypl™P) o [T p
/52(5 k)2 (0 — k)2 ((—kimn1)? /0 1!

mp
X / dvedys ... dy, (a + B L™ 4 Yimp [LmLp + %])e_mc’?”[kl’k”“’k"}
T

(6.21)

Y
v1=0
0<ve<p3<...<rp<l

24For toroidal compactifications, given the Kéhler moduli T%, the internal momenta decouple when T4 — 0, such that

Té /o stays finite. In this limit, with the conventions adopted in [1], we have

em  1r [ T4 —7T3 |ny + naU?
Fc = H {o/TQ Z exp( oo U; — 1.

=1 ni,mo€ZL

Often in the literature on maximal supersymmetry, e.g. in [64], the F(sz) differ from ours by a factor of (a’m5)™. This

is because in these papers F(CQm)

factor 1/(a/72)°, unlike our 1/(a/)P/2.

are prefactors in non-compact amplitudes, where the integration measure has an overall
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where «, 3, and 7,,, are arbitrary scalars, vectors and tensors, respectively, and

L™= =Y kv (6.22)
=1

In the following, we will apply these techniques to compute the field-theory limit of the above 3- and
4-point functions, taking the manifestly gauge-invariant integrands in (6.7) and (6.8) as a starting point.
6.2.1 The 3-point amplitude

At 3 points, the maximally supersymmetric integrand vanishes, and the half-maximal open-string am-

plitude reads

=

-1

AD(1,2,3) = / Al TSN e 0k T jo (T - (6.23)
k=1
Starting from the half-maximal integrand in (6.7) and formally equating the vanishing expressions
k3'Clly 5 = —523C1 23, we have (up to irrelevant global prefactors)
D Cdt 5 py 1 —t Qa1 ko]
A1/2(1,2,3) — 7 t dl/2 {Cl|236 21¥1,%28 } (624)
0 0
o dt
+m / ? tg_D/Q / dVle/g{SggOl‘gg + 2LmC{r|L273}6_“@3%1”@"]{3] .
0 0<vo<r3<1

By virtue of (6.21), this is easily seen to reproduce (3.15).

6.2.2 The 4-point amplitude

The 4-point string amplitude reads

N-1
ADp(1,2,3,4) = /d/ﬁ)z:m {FQOD)CO Tymax + T2 > e X 14,1/2(77k)} : (6.25)
k=1

with the gauge-invariant form of the integrand Zy/2()) given in eq. (6.8). It is convenient to organize

the field-theory limit according to the configurations of colliding vertex operators:

e Simultaneous contact of 3 vertex operators occurs for products of two fz-(jl),

ADp(1,2,3,4)

N-1 ) 1
dt
—y § Ck )ACk/ 7 t2—D/2/ duy Ol|2346—7rt@2[k‘1,k234}7 (6.26)
k=1 0 0

224r23<>24

reproducing the bubble integral in (3.48). We take the compactification dependent coefficients
ZkN;ll ¢k Xk into account to combine the resulting contributions with the maximally supersymmet-

ric sector of (6.25).
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e From worldsheet regions where only one pair of z; and z;,1 collides, we instead have

N-1

> dt 1
— =27 Z Cr )A(k / 7 tgiD/Z / dVQdVg |:V23 -+ §:| (627)
0

224r23 k=1
Z23$>24

A75(1,2,3,4)

0<r2<r3<1

)6—7TtQ3[/€17k23,k4]+( —mtQ3[k1,k2,k34] )

X [(334C1|234 - 32401\324 32301|234 - 82401|243)€

The vanishing kinematic combinations in the second line translate into the spurious scalar triangles
in eq. (3.43), and the vector triangles in (3.48) will be traced back to the irreducible part of the

worldsheet integrand, that we consider next.

e In the absence of collisions among vertex operators, the worldsheet functions fi(f) may be replaced
by their worldline degenerations (6.15), giving the following irreducible contributions to the field-
theory limit:

AD(1,2,3,4)

o0 dt N-1 A
. / - A=D/2 / dredrsdyy {— 2t(1,2,3,4) [co + Z ckf(kFl(/Qg(kv)}
0 k=1

irred 0<vg<vg<wvs<l
N-1 n
- Z Ck Xk [CTTSI?,M + 2Ly, (52301?23,4 + 524C1os 3 + 8340173472) T Q(Lan + 2%2) 123
k=1
_4 (p Lk P Lk 6.28
1|4‘2731/14( 4+ 27m/14) + 1|3|2,4V13( 3+ S34 + o V13) ( )

1
+ P1|2|3,4V12 (L ko + S93 + So4 + )>:| }e—WtQ4[k1,k2,k3,k4]
2ty

The coefficient C’flc;‘lm L= —%tg(l, 2,3, 4) is obtained by simplifying a collection of scalar blocks using
appendix C and the BCJ relations among permutations of Cijz34. Using (6.21), we see that the
second line in (6.28) reproduces the box numerator in (3.43). Recalling that F 1(/2;(1471)) ~ - m,

we see that the scalar coefficient CTICS\ISI , cancels due to the 1/3 in 2

1/2(kv). This cancellation is

essentially the reason why the field-theory amplitude (3.48) constructed from locality and gauge

invariance is not a pure hypermultiplet contribution Aﬁi?

e The integrands in last two lines of (6.28) can be identified as total derivatives in v; and can be
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easily evaluated as boundary terms ??,

) + Py3j2,413 (L - kg + s34 +

dVQdV3dV4{P1|4|2,3V14 (L-ks+

27TtV14 27Ttl/13
0<ve<v3<vy<1
+ Piazavia(L - ko + Sog + s24 + )}e*”tQ‘*[kl’kQ’ks’k‘*] (6.29)
' 27Tt1/12
1 - -7
T omt /dV2d’/3{ — Pipge Ol RR 4y (Prigj 4 — Prjajp)e” @l ke bl
0<r2<v3<1
+ vi2(Pijjza — P1|3\2,4)6_7TtQ3[kl’k23’k4]} ,
where the relations in eq. (C.1) yield
V13(P1|3\2,4 - P1\4|2,3) " 01\342 va=vy V12(P1|2\3,4 - P1\3|2,4) =L" C’1|234 Vo=us * (6-30)
Therefore, by use of (6.29) and (6.30) as well as the massive-leg generalization of (6.21)
dPe g, em s [dt 5 p
m — 3= /2 dvs d - Em Em —7tQslka.kp,kc]
/ﬁ(f—m)?(f—m—kg)z ! / 7 [ Bl vk s
0<r2<w3<1
(6.31)

we see that the last two lines of (6.28) reproduce the triangles in eq. (3.48). The combination

viok + visk generalizes L™ in (6.22) to incorporate massive legs.

6.2.3 Streamlining the model dependence in the 4-point amplitude

Collecting the above results, and using the expression (6.16) for FI/Q(/{U) as well as x3, = —(sin(wkv) /)2,
we can finally write the field-theory limit of the 4-point amplitude as

N-1
A1/2(1 2,3,4) {co - Z Ck }Al Joop 42 cp sin(mkv)2ANP, (6.32)
k=1

with A} °% and A?\}/'EQ given by (5.21) and (5.22), respectively. In eq. (6.32), the unambiguous identifi-
cation of the hypermultiplet contribution (and of its normalization relative to the A/ = 4 multiplet) is
possible because the coefficients arising from Chan—Paton factors, ¢y and ¢, are related to the numbers

Cyec, Chyp Of multiplets as
Co + Zk 1 Ck o Cvec
- 9
—4 Zk:l cp sin(mkv)?  Chyp — 2Cvec

see (5.19) and (6.32). In appendix E we explicitly check this relation in simple 4-dimensional models

(6.33)

arising from orbifold compactifications of oriented open strings.

2To identify the total derivatives note that

4
Vli(L'ki + Z Sij +

j=i+1

)e—ﬂtQ4[k1,k27k37k4} _ _La ; (Vlie—‘frth;[kl,kmks,kz;]) , i=2.3.4

ot 7

QTl'ch‘

45



7 Conclusions

In this work, we have presented a method to construct 1-loop amplitudes of 6-dimensional gauge theories
with half-maximal supersymmetry from first principles: starting from a string-theory inspired ansatz of
kinematic building blocks, imposing locality and gauge invariance led us to unique answers for 3 and 4
external gauge bosons, respectively, see (3.16) and (3.48) for the manifestly gauge-invariant results. We
have checked that, when dimensionally reducing the integrands to D = 4, these expressions integrate
to results known from the field-theory literature, and also emerge from the field-theory limit of the
corresponding open-string amplitudes [1] (also see [2, 4, 5, 3] for earlier work). Most of the building
blocks are introduced in generality for any number of legs, so it appears feasible to construct higher-
multiplicity amplitudes along the same lines.

A similar strategy has been applied to tree and loop amplitudes of 10-dimensional SYM [11, 12, 13]
where supersymmetry is imposed along with gauge invariance and the kinematic ansatz is inspired by the
pure-spinor superstring [10]. Accordingly, the 1-loop amplitudes of this work inherit their structure from
their maximally supersymmetric counterparts in pure-spinor superspace [12] with two additional legs.
It would be desirable to reexpress and supersymmetrize the present results in a comparable superspace
setup and to derive their superstring ancestors from the hybrid formalism [66, 67].

The structural similarities between loop amplitudes with n legs and 16 supercharges and n+2 legs
and 8 supercharges naturally lead to questions about further supersymmetry breaking to 4 supercharges.
For N/ = 1 supersymmetric amplitudes in 4 dimensions, the parity-even part is a straightforward di-
mensional reduction of the parity-even A/ = 2 contributions in our results. This is due to the enhanced
supersymmetry when summing over the fundamental and antifundamental chiral multiplets in the loop
[18]. However, it remains an open challenge to construct parity-odd parts of SYM amplitudes with
quarter-maximal supersymmetry and pure Yang—Mills amplitudes from the principles we used here. It
would be equally interesting to extend this to minimal supergravity; as reviewed in [1], only minimal
supersymmetry allows for 1-loop corrections to the Einstein-Hilbert term in the low-energy effective
action. There can also be interesting couplings of open- and closed-string sectors, for example one could
investigate loop amplitudes of gauge bosons coupled to 6-dimensional tensor multiplets, that we did not
include in our decomposition (5.17) in the context of that section.

While the 3-point amplitude of this work obeys the BCJ duality between color and kinematics and
thereby yields the half-maximal supergravity amplitude (4.6) as a byproduct, we encounter an obstacle
at the 4-point level to satisfy kinematic Jacobi identities. This ties in with the findings of [12] on
maximally supersymmetric 5- and 6-point amplitudes. It is a particularly burning question how to

reconcile the present approach to D-dimensional 1-loop n-point amplitudes with the BCJ duality and
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the double-copy construction®. As a rewarding first step forward, it would be helpful to directly compute
the 6-dimensional 1-loop supergravity amplitudes beyond the current reach of the double copy, based on
the field-theory limit of the closed-string amplitudes in [14, 1] and comparison with the 4-dimensional

BCJ analysis of [5].
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A RNS approach to Berends—Giele currents
In units 2o/ = 1, the color-stripped vertex operator for the gluon in the RNS formalism is given by
1
Ve k,z) = (e"0Xm(z) + 5 F M (2)hn (2)) 23 (A1)

We have chosen its integrated representative of conformal weight A = 1 in the superghost picture zero.
The embedding coordinates X" (z) of the superstring and their worldsheet superpartners ¢™(z) depend
on the worldsheet coordinate z, and their short-distance behaviour is captured by the operator product
expansion (OPE)

mn

OX"(XM(0) ~ T+ O, (e (0) ~ T+ O:) (A.2)

with no mutual singularities between X™ and ¢™. When assembling all contractions of the form (A.2),

the OPE of two vertex operators (A.1) yields

I—s 00X (22) ¢ 1 .
Vier, k1, z1)V (€2, k2, 22) ~ 2f§2{ 3 = (e1-€2) + J [62 (€1 ko) — el (ea- /ﬁﬂ (A.3)
“12 212
mWPn\Z m.n mon S -
= ;/; - [(e1 - ka)kihes — (e k)hibe] — (ex - e2)k{kg — (k- kay)e'el — (m > n)}} ,
12

where the overall power of z{}’ stems from the plane waves eft#(:1)ekza(z2) ~ ehiza(z2) 2512 (1 4 O(zy,)).

After absorbing the double pole in the first line of (A.3) into total derivatives such as

0 1—
g e ) = gtk ) 0 () + — 2 (A4)
212

one can identify the 2-particle polarizations ef% and f{3" in (2.5) and (2.6) along with 0.X,, and ©,,,,

— m 1 mn -x(z
V(el, ]{Zl, Zl)V(eg, kg, 22) ~ Zng ! (6128Xm<22) —+ 5 f12 wmwn<22>>€kl2 (22) (A5>
1 0 0 S12— x(z -x(z
+ 5(61 . 62) (822 _ aZI) 25 1 oki-a(a1) gha-w(22) 7

in formal analogy to (A.1). A supersymmetric identification of Berends—Giele currents in the OPE of
integrated vertex operators has been performed in the pure-spinor formalism [20], also see [68, 69] for
their emergence from the OPE between an integrated vertex and an unintegrated one.

Since string amplitudes at any genus are obtained from integrating correlation functions of vertex
operators over z;, the contributions from the total derivatives in (A.5) ultimately drop out. The overall

correlator is largely?” determined by summing OPEs among the vertex operators, so the appearance of

2TStarting from genus one, multiparticle correlators involve additional worldsheet functions without any singularities as
z; — zj, see e.g. the function f()(z) defined by (6.10) in the 6- and 4-point amplitudes of [14] and [1]. The analysis of

the OPE in this section does not constrain the kinematics along with such non-singular functions.
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the 2-particle currents e and f{3" in (A.5) identifies Berends—Giele currents as a suitable language to
describe the kinematic dependence of string amplitudes. In the same way as multiparticle correlators give
rise to nested OPEs with the same 2-point contractions among X™ and " at each step, the iteration

of the Berends—Giele recursion (2.13) and (2.14) yields currents ¢5 and f5" of arbitrary multiplicity.

B Spinor-helicity conventions

In this appendix we summarize the spinor-helicity conventions used in this paper. Given solutions to

the Weyl equations

0" kmv_(k) =0 0" kg (k) =0 (B.1)
u_(k)o"k,, =0 uy(k)o"ky, =0,

where 0™ = (1,0%) and 6™ = (1, —0?), with Pauli matrices o’ such that
o"o" +o"0™ = —-2n""1, o"o" +o"0™ = —=2n""1 ,
we use the following conventions and notation

i} = vy (ki) = u (ki) i = i (ki) = 0 (k:) (B2)

The computations in section 5.1 are performed by choosing the following expressions for the polarization

vectors e/' of gluons with helicity +1,

[i]o™|q:) m [gilo™ i)

el = — . er = ————-—- (B.3)
! \/§<Qﬂ> \/E[C.Iﬂ]
where ¢; are arbitrary massless reference momenta that cancel in gauge-invariant expressions.
With the above choices, by use of completeness
kimgm = _’ZKZ’ ) kzma'm = _’Z>[Z| ) (B4>
Fierz identities
[ilo™15)(kloml|l] = 2[il](jF) , (B.5)
as well as
1
B = Slilo™ i) (B.6)
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we have the following useful formulae

e i) ol
( ? k]) \/§<Qﬂ> ’ ( ? k]) \/§[qu]

e = Sy [i]] ooy = i) aig] ooy 0:d)ig]
(67,+ i ) 27'><ij> ) ( i J ) [QZZHQJJ] ) ( ) 7 ) <qzz>[qjj]-’

these are used to derive the gauge-invariant expressions in section 5.1.

C Relations for the kinematic building blocks

(B.7)

(B.8)

In this appendix we summarize a series of on-shell identities relating the scalar blocks to the vector and

tensor blocks introduced in section 2. These identities are used in the main text, in particular to make

contact between the Schwinger parametrization of the field-theory amplitudes, which naturally comes in

terms of just scalar blocks, and the corresponding Feynman-integral representations. While contractions

with external momenta give rise to

k"Cilasq = Prgjza — Prgiaa

k:;”C’ﬂ‘%A = Pioi34 — Prja2,3 + 524C1j324
ki Cliag a = $34C1j231 — 524C11324 = 0
k' Cillsa = — [k§P1|2\3,4 + (2 + 3, 4)}

k3 Cllaisa = k3 Prpgjsa — 523C 934 — 524CTj043,
the trace of the tensor pseudo-invariant can be expanded as
nmnC{’fg’ng = 2(Pij234 + Pugjza + Pijaj3) -
In addition, the scalar pseudo-invariants P934 satisfy
S12P1j234 + 813 P1 32,4 + S14P1j4j2,3 = 523534C1 234

that is, this combination is gauge-invariant because the parity-odd part cancels.

(C.2)

(C.3)

The following corollaries of (C.1) and (C.3) are useful to simplify the expressions after solving the
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integrals in section 5.3:

m m _ .
k23 1]23,4 — P1\2|3,4 P1|3|2,4

m m m m _
ks (52301|23,4 + 52401\24,3 + 53401|34,2> = $23524C1 1324

m m m m
k3 (323C1|2374 + 52401\24,3 + 334C1|34,2) = 314P1|4|2,3 - 312P1\2|3,4 + (312 - 314)P1\3|2,4 (04)
mi1.m mn
k3 ky C'1|2,3,4 = —82382401|324
mi.m mn
ky'ks C'1|2,3,4 = —513P1\2|3,4 - 512P1|3\2,4-

D Feynman integral “basis”

We use the following “basis” of Feynman integrals for the computations in D = 4 — 2¢ dimensions in

section 5.3 (though we will ultimately only need I(s;;) and IP=°):

Iy(si;) = rr%)(—%ij)_e (D.1)
Io(siy) = —5(=2s)7" (D.2)

2
gp=6 _ T [, 2512 2 D.3
* 4s13 . —S23 7 (D3)

L = rpln<_812> (D.4)

—S523

where
T(1+ 6?1 —e)
(1 — 2¢)

We express our generic integrals in terms of these basis integrals as follows. First, integrals I[a;] with a

(D.5)

e =

single Feynman parameter in the numerator decompose as

1—2¢ 12(812) 1 D=6
I = I/~ D.6
[CLQ] € 4812823 + 2823 4 ( )
1—2¢ I 1
Ias] = ¢ Lolsw) | IP=5 . (D.7)

€ 4812323 2812

Due to the symmetry 1 <> 3 and 2 <> 4, we only give two out of the four I[a;] integrals. As for the

integrals [[a;a;] with two Feynman parameters in the numerator, using the symmetry I[a;a;] = I[a;a;]

o1



and again 1 <+ 3 and 2 < 4, we only give five of the I[a;a;],

][ag} B 468112823 IQ(SH) B 2822823 LP:G B 481;23L (D‘8>
Tasas] = —K;%fz(sm)—flmffu e (D.9)
Iasay) = —Fllgffﬁ— 4811823L (D.10)

][a%} B 463112323 12(823) B 23?2113 15:6 * 4311313L <D'11>
Ilasay) = — 481;2312(512) — %23156 — 431;13L. (D.12)

This is sufficient to perform the check in the main text. As we see there, the “bare” logarithms L all

cancel. In intermediate steps, they are required by the symmetries of the Feynman parameter integrals.

E Explicit 4-dimensional models from oriented-string orbifolds

In this appendix we show that eq. (6.33), which relates Chan—Paton traces in string theory to the
gauge group and supermultiplet content of the effective theory, is satisfied in explicit string models. As
emphasized in the main text, the oriented-string orbifold models we consider here are not full-fledged
string models, but if taken by themselves suffer from inconsistencies, especially when coupled to gravity.
It would be straightforward to generalize them to consistent string models, e.g. as orientifolds, but they
suffice as they are for our purposes here: to compare specific coefficients in specific amplitudes.

The spectrum of effective gauge theories with half-maximal supersymmetry arising from Zy orbifold
compactifications of the RNS string can be obtained by projecting the spectrum of the maximally

supersymmetric open string as follows 2%

=2
=

Po(lw)®@\) = O (jw) @ \) =

0

eQWikv(J1—J2) |,w> ® 7]6)\(,}//6)—1 . (El)
0

==

1
N

e
Il
£
Il

We denote color-stripped string states by |w) and Chan-Paton matrices by A. The rotation operators
Ji, Jo act on the twisted tori T? and T2, and the matrices v* for k = 0,1,..., N—1 represent the
orbifold group Zy on Chan-Paton factors. If we wanted to build fully consistent string models, e.g.
free of closed-string tadpoles and gauge anomalies, certain constraints would arise on the number of

Chan-Paton factors and the allowed representations spanned by the v* matrices (see e.g. [70, 59]).

28 As in the main text, we consider the class of Z}‘\‘, models in the language of [59] but without imposing the worldsheet
parity projection and considering only D9-branes.
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E.1 Simplest models without hypermultiplets

For our purposes, the simplest effective models that can be built by orbifold projection of the maximally
supersymmetric open string are the ones where the v* are in the trivial representation of Zy. That is,

given open strings with M x M Chan—Paton factors, we obtain simple gauge-theory models by setting

V¥ = 1prpr for all k € {0,1,... N—1}. In this case, all the massless excitations in untwisted directions
(m=0,1,...,5) are kept in the effective theory, while all the massless excitations in internal (compact)
twisted directions (i = 6,...,9) are projected out. For instance, from eq. (E.1) for the massless NS

states, we have

Po(471]0) ® A) = ¢, [0) @ A, Po(y”1]0) ® A) =0. (E2)

More generally, the spectrum of the D-dimensional effective theory of these simple string models consists
of a half-maximal vector multiplet with U(M) gauge symmetry, and no hypermultiplets. Referring to
eq. (5.19), in these models we then have cye = M and ¢y, = 0. We now wish to verify eq. (6.33), i.e.

we want to show that in this class of models (where v = 1/N),

—4 3V ¢ sin(mhv)? " Chyp — 2Cyec 2

The coefficients ¢y and ¢;, are determined by traces of the v¥ matrices acting on the Chan—Paton factors.

In models with just one U(M) gauge group, we have 2°

cr = (try®)? = M2, k €{0,1,... N—1}, (E.4)

i.e. ¢; clearly does not depend on k when ~* are in the trivial representation, and we obtain

o+ 2y _ MAN 1 )
—4 fo:_ll ¢, sin(rkv)2  —2M2N 2 .

as desired, where we used the elementary finite sum Z]k\[;ll sin(mkv)? = Zg;ll sin(rk/N)? = N/2.

E.2 Simplest models with hypermultiplets

To obtain models with hypermultiplets, the matrices v* should form a non-trivial representation of Zy.
Without loss of generality, for the Zy models under consideration, we can choose a Chan—Paton basis

where

vt = diag(Lomgxmg, @ Loy xmy s - - - ,aNfllmN_lme_l) , o =N (E.6)

29In models with just one gauge group, the identification c; = (try*)? arises straight from the partition function, see
e.g. [59] and appendix A of [1].
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with mg +mq + -+ muy_1 = M, the total Chan—Paton degeneracy at each string endpoint. In the Z,
case, eq. (E.6) specializes to

")/1 = diag(1m0Xm07 _]-m1 Xml) ) (E7)

and the massless NS states that survive the Zs projection have the following block structure

P@ WT% ’0> ® >‘) = @DT% |0> ® diag<)‘mo><moa >\m1 ><m1) (E8)
, A 0 Amoxma
Po(yL.]0) ® ) =¢.,|0) ® )
>\m1 Xmo 0

where i denotes any of the four directions of the twisted tori, and the matrices Am;xm; denote sub-
blocks of A € U(M) of dimension m; x m;. More generally, the effective spectrum in these Z, models
consists of two vector multiplets with U(myg) and U(m;) gauge symmetry, and two (half-)hypermultiplets
transforming in the bifundamental [(O,,, Oy ) + (O, Oy )]- Therefore, for external gluons belonging

to e.g. U(my), we have the field-theory parameters

Cvec m

Chyp — 2Cyec - Amy —OQmO' (E-9)
From the string-theory perspective, for external gluons in the U(mg) we have
1
cL = Z trfy{fm]trfy[;z] =m2 + (=1)*2mem, , k=01, (E.10)
o

where v[ljn ] denotes the m; x m; sub-block of v*; therefore,

G+ o (E.11)

—4 ¢y sin(m/2)? - 4my — 2my

is equal to (E.9) and confirms eq. (6.33) that we wanted to check.
The Zx models for N = 3,4,6 can be treated together. In these cases we find vector multiplets with
gauge symmetry U(mg) X U(my) X -+-xU(my_1) and one (half-)hypermultiplet for each of the following
representations: [(Dygs Oy 1)+ Oimgs Doy )] (O Do)+ O s O yy)] for ac € {0, 1,..., N—1}.
Therefore, in Zs, Z4 and Zg orbifolds, for external gluons belonging to e.g. the U(my), we have field-

theory parameters

Cvec _ mo (E 12)
Chyp — 2Cyec  2(My +mpy_1) — 2mg '
This ties in with the string-theory quantities
N-1
k= Z tr’y[ljndtr'y[;z] =mo(mo+ (&* +aF)my + -+ (aWV"VF Lo W=DFym 1), (E.13)
(=0 (5=0)
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and we find

Ot Nii % _ Mo (E.14)
—4 Vo e sin(mkv)? 2(ma +myog —mg) .

where we used S0 ' o = 0 to see that S0 ' ¢x = Nm2. Also note that S0 sin(mkv)?(a* + a =)
takes the value N for n = 0, the value —N/2 for n € {1, (N — 1)} and vanishes for 1 < n < (N —1).
The equality of (E.12) and (E.14) completes our check of eq. (6.33) for these classes of models.
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