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Abstract

We consider model order reduction for bilinear descriptor systems using an in-
terpolatory projection framework. Such nonlinear descriptor systems can be
represented by a series of generalized linear descriptor systems (also called sub-
systems) by utilizing the Volterra-Wiener approach [Rugh, 1981]. Standard
projection techniques for bilinear systems utilize the generalized transfer func-
tions of these subsystems to construct an interpolating approximation. However,
the resulting reduced-order system may not match the polynomial parts of the
generalized transfer functions. This may result in an unbounded error in terms
of Hs or Ho norms. In this paper, we derive an explicit expression for the poly-
nomial part of each subsystem by assuming a special structure of the bilinear
system which reduces to an index-1 linear descriptor system or differential alge-
braic equation (DAE) if the bilinear terms are zero. This allows us to propose
an interpolatory technique for bilinear DAEs which not only achieves interpola-
tion, but also retains the polynomial parts of the bilinear systems. The approach
extends the interpolatory technique for index-1 linear DAEs [Beattie/Gugercin,
2009] to bilinear DAEs. Numerical examples are used to illustrate the theoret-
ical results.

Keywords: Krylov subspace, Bilinear systems, Descriptor systems, Model
order reduction, Moment-matching, Transfer functions.

1. Introduction

The importance of model order reduction arises in the analysis of high order
mathematical models that describe complex dynamical systems. These high
order models are often expensive to analyze and therefore, they are replaced
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by reduced-order systems to simulate the approximate behavior of the actual
system. Various approaches have been developed for model order reduction,
see, e.g., [1L 2, Bl [4]. In case of linear systems, balanced truncation [5], moment-
matching methods [6] and the iterative rational Krylov method [7] are well-
used and well-established model reduction methods. However, most practical
systems have nonlinearities and model reduction of such systems, particularly
models described by differential algebraic equations (DAEs), also called descrip-
tor systems, are less developed and require further research.

In this paper, we investigate Krylov projection methods for bilinear descrip-
tor systems. In general, a bilinear descriptor system has the form

Ex(t) = Az(t) + i NOg(t)u; (t) + Bu(t), W

y(t) = Cz(t) + Du(t),

where z(t) € R",u(t) € R™ and y(t) € RP are the state, input and output
vectors, respectively. The matrices E, A, N, i=1,....m, B, C and D are
all real with dimensions determined by those of x(t), u(t) and y(¢). Notice that
the bilinear terms in the system, involving the product of states and inputs,
make it a special class of nonlinear systems. Also, the matrix F might be
singular, but it is assumed that the matrix pencil o — A is regular, that is

det(aE — BA) # 0, for some (o, ) € C?.

The generalized eigenvalues of the matrix pencil AE' — A are defined by pairs
(ay, B;) € C2\{0,0} such that det(a;E — 3;A) = 0. The pairs corresponding
to B; # 0 are the finite eigenvalues of the matrix pencil, given as \; = «;/0;,
and on the other hand, the pairs corresponding to 5; = 0, are called infinite
eigenvalues of the matrix pencil. In this paper, we also assume that the matrix
pencil AE — A is c-stable, that is all the finite eigenvalues of the matrix pencil
lie in the open left half plane. These assumptions are made in order to ensure
the existence and uniqueness of smooth solutions to the dynamical system for
sufficiently smooth inputs. For more details, we refer to [g].

Moreover, if the matrix pencil AE — A is regular, then there exist nonsingu-
lar matrices X and Y, transforming the pencil into the Weierstrass canonical

form [9, [10]:
I 0 J 0
Ex[o N]y, AX[O J}Y,

where the Jordan matrix J is such that its eigenvalues coincides with the finite
eigenvalues of the matrix pencil, and N is a nilpotent matrix corresponding to
the infinite eigenvalues. If the index of nilpotency of N is v > 0, then N¥ = 0.
This nilpotency index is often called the index of the matrix pencil A\E — A.
For the nonlinear descriptor system , the problem of model order reduc-
tion is to derive another system with much smaller state-space dimension r < n,
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similar to , i.e.,

E.i.(t) = Ayz,.(t) + i Nz, (t)u; (t) + Byu(t), @

yr(t) = Cray(t) + Dyu(t)

such that the output behavior and some important properties of are re-
tained by for an admissible set of input functions u(t). The reduced-order
system can be obtained via projections as follows:

e Construct basis matrices V€ R™*” and W € R"™*" for the subspaces V
and W respectively.

e Approximate z(t) by V. (t).

e Ensure the Petrov-Galerkin condition:

wT (EV:'UT(t) — AVz,(t) — i NOVz, (tyu(t) — BW)) =0.

i=1

As a result, the state matrices associated with the reduced-order system are
given by

E.=WTEV, A, =wTAv, N =wTNOy,
B, =WTB, C,=CV.

Clearly, for a given system, the reduced-order system obtained via projection
depends on the choice of V' and W, or equivalently, on the subspaces V and W.
If the matrix E is the identity matrix or nonsingular, these basis matrices and
the resulting reduced-order system can be computed by extending the standard
balanced truncation and interpolatory projection methods from linear to bilin-
ear systems [I1], 12| [13], 14}, 15, [T6], 17, [I8]. The bilinear version of balanced
truncation involves the solutions of two generalized Lyapunov equations, which
are known to be computationally complex [14]. However, in [19, 20] effective
methods for solving these Lyapunov equations are suggested. Its extension to
the descriptor case also is an open problem, though. However, in this work, we
focus on interpolatory projection methods for descriptor systems.

Recently, for linear descriptor systems it was shown [21] that it is necessary
for interpolatory techniques to compute a reduced-order system which not only
interpolates the actual transfer function of the system, but also retains its poly-
nomial part in order to ensure a bounded error in terms of the Ho-norm. We
extend this observation to bilinear descriptor systems. The idea is to compute
a reduced-order system for a given bilinear DAE system such that the general-
ized transfer functions associated with the reduced-order and the actual bilinear
systems not only interpolate at some predefined interpolation points, but also
match their corresponding polynomial parts. This involves, first, identifying the



55

60

65

70

75

generalized transfer functions of the bilinear DAE system which is possible by
using the Volterra series representation [22]. Secondly, we construct the basis
matrices V and W, where the first k£ generalized transfer functions are used,
similar to the standard interpolatory subspaces [I5]. Subsequently, we identify
the polynomial part of each generalized transfer function and finally project the
bilinear DAE system to obtain the required reduced-order system.

It is not straightforward to identify explicitly the polynomial parts of the
generalized transfer functions. In this paper, we assume a special structure of
bilinear systems which allows us to compute explicitly a constant polynomial
part of each generalized transfer function. The special structure reduces to
an index-1 linear DAE system, if the bilinear terms are zero. In Section 2,
we first discuss interpolatory techniques for such index-1 linear DAE systems.
Its extension with the required modifications to the special class of bilinear
DAE systems is shown in Section 3, where an expression for the polynomial
part of each generalized transfer function is also derived. In Section 4, we
discuss computational issues arising in the interpolatory technique proposed in
Section 3. Finally, in Section 5, we present numerical results to illustrate the
implementation of our approach.

2. Interpolatory Model Reduction for Linear DAEs

In this section, we briefly review interpolatory projection methods for model
reduction of linear descriptor systems. Note that the system reduces to a
linear descriptor system for N () = 0:

Ei(t) = Az(t) + Bu(t), 5

y(t) = Cx(t) + Du(t). @)
For the ease of presentation, we mostly assume single-input single-output sys-
tems in this paper, although the results can be extended to the multi-input
multi-output case, see Section This means that B, CT represent column
vectors and D is a scalar. Also, we denote the transfer function of (3)) by G(s) :=
C(sE — A)™' B + D which can be decomposed into strictly proper (Gs,(s)) and
polynomial (P(s)) parts, i.e., G(s) = Gsp(s) + P(s).

The problem of reducing the above linear descriptor system by interpolatory
projection has been considered recently in [2I]. Therein, it was shown that
the standard interpolatory techniques for model reduction of linear DAEs will
generically produce an interpolating ODE system (reduced-order) and will not
necessarily match the polynomial part of the DAE system. This may result
in an unbounded Hs error. To overcome this issue, an idea was proposed to
identify explicitly the polynomial part of the transfer function and to ensure
that the reduced-order system retains this polynomial part by using modified
interpolatory subspaces for projection [21]. For special descriptor systems of
index 1, this can be achieved without modifying the standard interpolatory
subspaces [2I]. The approach is based on the idea given in [23 24], where
the reduced transfer function G,.(s) = C,(sE,. — A,)"'B, + D, interpolates
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G(s) = C(sE — A)"'B + D with D, # D, unlike for standard interpolation
methods where D, = D. In the following, we review this idea of interpolating
with D, # D for linear index-1 descriptor systems [2I]. Consider a linear
descriptor system of index 1,

Ellfbl(t) —+ E12i32(t) = Allxl t) + Algdfg(t) —+ Blu(t),

0= A1 (t) + A2oz2(t) + Boul(t), (4)
y(t) = Crx1(t) + Coza(t) + Du(t),

o~ o~

where z1(t) € R™ and z2(¢) € R"2. By the index-1 assumption, the matrices
Ao and Fiq — E12A;21 Aoy are invertible. For an index-1 descriptor system, the
polynomial part P(s) is constant and can be determined by the following result.

Lemma 2.1. [Z1]. Let G(s) be the transfer function of the linear descriptor
system i which Ay and Eq1 — E12A2_21A21 are both nonsingular. Then the
polynomial part of G(s) can be written as

P=CMB+ D, (5)

where

0 E; ' E AL}

M= lim (sE— A)"' = L AT (6)

§—00 0 —A22 (I + AglEA E12A22 )

with B4 = By — E12A2_21A21 and s := 2wy f being the Laplace variable in which
f is the frequency and j is the imaginary unit.

To ensure a bounded error, the reduced transfer function G,(s) = Gy, (s) +
P(s) should not only interpolate G(s), but also match the constant part, P(s) =
P(s) = P. This means that the problem reduces to identify Gg,(s), which
interpolates Gs,(s). Note that it is easy to identify an interpolating G, (s),
once we have an explicit expression for Gs,(s). However, the goal is to identify
an interpolating G, (s) without explicitly constructing G, (s) utilizing a special
structure of the matrices £ and A. The following theorem provides a possible
solution.

Theorem 2.1. [21,[23] Let G(s) be the transfer function of the linear descriptor
system . Assume that the interpolation points o and u are given such that
sE— A and sE, — A, are invertible for s = o, u. Define the projection matrices
Ve C"™ and W € C™™" such that

e range (V) =K, ((cE — A)7'E,(cE— A)"'B),
e range (W) = K, (nE — A)"TET, (uE — A)~TCT),

where Kq(A, B) = span {B, AB, ... ,Aq_lB}. Also, let F € C™*! qnd G € C™*!
be solutions to
FTv =T and WTG =¢} (7)
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in which, e is the first column of the v X r identity matriz. Then, projection of
the intermediate system G(s) = C(sE — A)™'B + D,

E=E, A=A+GDF', B=B-GD, C=C-DF", D=7,
where D = P—D, results in a reduced-order system Gr(s)=C.(sE,—A,) !B+
D,., in which:

E.=WTEV, A,=WTAv, B.,=W'B, C,=CV,, D,=D.

Assuming that E, is invertible, the polynomial parts of G.(s) and G(s) match,
that is D, = P. Also, G.(s) satisfies the following interpolation conditions:

¢W(0) =6 (0), GV(u)=G6"(u), 1=0,....q-1,
Moreover, if o = u, then
GV (0)=6"(a), 1=0,...,2¢—1.

Remark 2.1. The reduced transfer function G, (s) is not only interpolating G(s)
with D, # D (unlike for standard interpolation methods), but also matches the
polynomial part of G(s), that is D, = P. This is possible by first computing the
constant polynomial part P of G(s), then constructing the intermediate system
g( ) with D = P, and subsequently, applying oblique projection to g( ) with
standard interpolatory subspaces V and W associated with G(s).

Remark 2.2. Theorem[2-1] does not require the explicit computation of F and
G in order to compute the reduced-order system. The expressions for WT'G and
FTV can be substituted directly from ,

Remark 2.3. In case of Hermite interpolation with m distinct interpolation
points (i.e., using o; and p;, i =1,...,m), the conditions on F and G becomne

FTv=[1,1,...,1] and WT'G=[1,1,...,1]%.
— ———
m times m times
3. Interpolatory Model Reduction for Bilinear Descriptor Systems

In this section, we extend the interpolatory technique with D, # D as
discussed for index-1 linear DAEs to a special class of bilinear descriptor systems.
Consider a bilinear descriptor system, where the matrix pencil AE — A has a
structure analogous to the index-1 linear DAE, given in . That is,

Ev121(t) + Eiada(t) = Az (t) + Aoz (t) + Zlexz ) + Biu(t),

(8)
0= Ag21(t) + Asazo(t Zszxz ) + Baul(t),

y(t) = Cra(t) + Caxa(t) + DU( ),



where Agy and Eq1 — E12A§21A21 are invertible. In frequency domain, the input-
output representation of the bilinear system is given by the Volterra series rep-
resentation of the system. Each term of the Volterra series can be considered
as a subsystem of the bilinear descriptor system and involves generalized multi-
variate transfer functions. The structure of these multivariate transfer functions
corresponding to the kth subsystem in the so-called regular form is given as

H(s1,...,8,) = C(sx E—A)"'N(sx_1E—A)"'N---N(s;E—A)"'B+D¢s(k—1),
(9)

where 6(1) = 1, if I = 0, and §(I) = 0, otherwise. The next lemma shows that
each subsystem of has a constant polynomial part.

Lemma 3.1. Let H(s1,...,5) be defined as in @, that is the regular multi-
variate Laplace transform of the degree-k kernel associated to Y, where Aso and
FEi — E12A2_21A21 are both nonsingular. Then, the constant polynomial part of
H(sy,...,s) is given by

Dy, = C(MN)*'MB + D§(k — 1), (10)
where M is as defined in @
Proof. Let F(S;) = F(s1,..., k) be the multivariable function
F(Sk) = (skE — A)"'N(sp1E— A)7'N---N(siE—A)~'B, (11
then the polynomial part of H(S) is given by

Dy =C lim F(S;)+ DS(k—1). (12)
S —o0

Note that for £k =1, reduces to the linear case and using @ we have

lim F(s;) = lim (s;F— A)"'B = MB. (13)

S1—00 S1—00

It is easy to see from that holds for k = 1 (analog to the linear case).
Now for k = j > 1, assume that

lim F(S;) = (MN)’"'MB. (14)

S;—00
We need to show that the above equation holds for £ = j 4+ 1. Note that
F(Sj41) = (sjn1 B — A)TINF(S)).
Taking the limit S;11 — 0o, we have

lim F(Sj41)= lim (sj41E—A)7'N lim F(S;)

Sj+1—>00 Sj4+1—>00 Sj-}OO
= lim (s;41E—A) " 'N(MN)*MB,
Sj4+1—>00
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where the last equation follows from . Now, we define
Byun =N(MN)Y'MB
and use @ to obtain

lim F(Sj41) = lim_(sj1 B —A)” 'Byun = MByn = (MN)Y MB.

Sj+1—00 sj+1—>
Thus, implies that holds. O

Lemma suggests that if

_|Ni1 Ny
N‘[o 0

] , where N1; € R"*™ and Njy € R™M "2, (15)

then Dy =0 for k > 1 and P = D; = CM B+ D. This means that only the first
subsystem has polynomial part and all other subsystems have zero polynomial
parts. The next subsection addresses the issue of retaining the polynomial part,
Dy, in the first subsystem of the reduced bilinear system.

8.1. Interpolating a bilinear descriptor system and retaining D

We begin with outlining the standard interpolatory projection, where D, =
D.

Theorem 3.1. [T5] Consider arbitrary interpolation points o;,u; € C such
that sEE— A and sE, — A, are invertible for s = oy, s, = 1,...,k. Define the
projection matrices V. and W as follows:

range ( ) Ky ((61E — A)'E, (01 E — A)™'B),
range (V( )) Kq ( (0;E — A)7'E, (0;E — A)~ 1NV(FI)) , 1=2,...k,
range ( U) =Kq ( mE - ATET (1 F — A)_TC'T) ,
range (W( ) =Kq ( wE —A)TET (uE — A)_TNTW(i_l)) , 1=2,....,k,
k k
= = @),
range (V L:J { range ( ) },  range (W) Zzle { range (W ) }

Assume V' and W are full column rank matrices. Construct the reduced-order
system matrices as:

E,=WTEY, A, =WTAV, N, =WTNYV,
B, =WTB, C,=CV, D, =D,

then

H(Sy) = Hy(Sk) + O ((s1 = p1)? -+ (s — p) (51 — 1)+ (8% — o)) .
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Remark 3.1. It was shown in [15] that the choice of the projection matrices V
and W in Theorem also yields the matching of additional moments which
involve WI'EV and WINV.

Our aim is to utilize the basis matrices V and W as given in Theorem
and extend the approach used in Theorem [2.1] to the bilinear descriptor system
(8), with No; = Nag = 0 as in . The following theorem provides a possible
solution.

Theorem 3.2. Let V and W be as defined in Theorem[3.1] and assume that the
structure of the matriz N is as in . Also, let F € C™! and G € C™™! be
solutions to

FTvV = (e and WTG =e], (16)

where 1 1s the order of the reduced-order system. Then, projection of the inter-

mediate system S(E, A, N, B,C, D)

E=E, A=A+GDFT, N = N,
B=B-GD, C=C-DFT, D=CMB+D,
where D = CM B, results in a reduced-order system ¥.(E,, A, N, By, Cy, D)
in which
E,.=WTEV, A, =WTAV, N, =WTNV,
B, =WTB, c, =CV,, D, =D.

Assuming nonsingular E,., the polynomial parts of the first subsystem associated
with the reduced and original bilinear systems are matched. Also

H(Sk) = Hr(Sk) + O ((s1 — p1)? -+ (5 — p) (51 — 01)? - (s — on)7) -

Proof. For the first subsystem, the result reduces to Theorem [2.1] However, for
the sake of completeness, we derive its proof in the following:

H(o1) — Hy(01) = C ((01E — A)"'B — V(01 E, — A,) "' B,)
D+ DFT ~1 (17)
— D+ DF*V(01E,. — A.) " B,.

We now consider
V(o1E, — A,)'B, = V(01E, — A,)"'WT(B - GD)
=V(o1E, — A)'WT(01E — A— GDFT)(01E — A)7'B.

Note that P, = V(cE, — A,) " *WT(cE — A — GDFT) is an oblique projector
onto range(V') and let z € range(V'), then P,z = z. This implies,

V(1B — A) 'B. =P, (E—A)"'B=(0,FE— A)™'B. (18)
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Thus, the equation becomes
H(oy) — H,(01) = =D + DFT(0,E — A)™'B.

Now from (16), we have F* (51 E — A)"'B = 1 and this proves the matching at
o1 for the first subsystem. Similarly, H(u;) = H,-(p1) holds. Next, we consider
the second subsystem

H(oy,09) — H(01,02) = C((02E — A)"'N(0owE— A)™'B
~V(02E, — A) ' N (01 B, — A,) 7' B,) (19)
-+ DFTV(O—QET — Ar)ilNr(O—lEr - Ar)ilBT"
Since
V (02E, — A)) "' Ny (01 E, — A,) 7' B,

Zr

=V(0oE, — A,)'"WINV (0, E, — A,) ' B,,

this leads to
Vz, =V(02E, — A,) 'WIN(oE — A)™'B,
by using . Now using , the above equation becomes

V= V(osE, — Ar)_le((ogE—A)—GﬁFT) (02 — AN (01 E — A)"'B
=P,,(0oF — A)"'N(02E — A)"'B = (0,E — A)"'N(0nE — A)"'B.
Employing the above relation in , we have
H(o1,09) — Hy(01,02) = DFT(0,E — A)"'N(0,E — A)"'B.

From ([16), we know F7(09FE — A)"'N(01E — A)~'B = 0. Hence, H(o1,02) =
H,.(01,09). Similarly, H(u1,u2) = H-(p1, p2). Analogously, we can deal with
subsystems of higher order and higher derivatives. O

3.2. Interpolating a bilinear descriptor system and retaining the polynomial
parts of the first k subsystems

So far, we have discussed how an interpolatory technique can retain the
polynomial part of the first subsystem in the reduced bilinear system by as-
suming that the higher order subsystems have zero polynomial parts. In this
section, we consider a general case where the higher order subsystems also have
non-zero polynomial parts. The goal is to construct a reduced bilinear system
that retains the polynomial parts (non-zero) of the first & subsystems associated
with the original bilinear system, in addition to interpolating these subsystems.

10
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As discussed in the preceding section, the structure of the kth subsystem of the
reduced bilinear system can be written as

Hr(517 BERE) Sk) :Cr(slcEr - Ar)_lNT(skflEr - Ar)_lNr to

1 (20)
"'Nr(ler*Ar) Br+Dka

in which FE,. is nonsingular and Dy, is the polynomial part of the kth subsystem
of the original bilinear system. This means that the reduced bilinear system
ensures matching of the polynomial parts of the first k subsystems corresponding
to the original bilinear system. However, we also need to ensure interpolation for
these subsystems. The following theorem provides our main result for achieving
this.

Theorem 3.3. Let V and W be as defined in Theorem[3.1] and define interme-
diate matrices:

E=F, A=A+L,, N=N-Ly,

B=B—-Lg, (C=C-Lg,

where La, Ly, Lp and Lo are solutions to the following equations:

WLy = [Di(e)”. Da(et)" .. Du(el )] (21a)
LoV = [Daed)”, Da(el ), ..., Dule )] (21b)
LaV = [Lo(e)", Ly [V} (L, @ (e)T), ... Vi g @ (D)T))]], - (210)
WLy = [LE()T, LRI (I, @ (D)), o, W I @ ()] (214)

in which Dy = Dy — D and e‘f] 18 the first column of the identity matrixz of the
size ¢7 x ¢7. Then, projection of the intermediate system results in a reduced-
order system:

E,.=WTEYV, A, =WTAV, N, =WTNV,

that satisfies
H(Sk) = Hr(Sk) + O ((s1 = pa)? -+ (s — pr)?(s1 = 01)7 -+ (s — on)?)..
Proof. Consider the first subsystem at s; = o7:

H(oy) — Hy(01) = C((c1E — A)'B -V (01E, — A,)"'B,)
+ LcV(oE, — A)'B, — (D, — D). (22)
Dy

Since V(o1 E,. — A,) !B, = V(ohE, — A,)"'WT(B — Lg) and from (21d),
La(o1E — A)~1B = Lpg, this yields

V(o E, — A)'B, = V(01E, — A,) " "WT((01FE — A) — La) (01 E — A)™'B.

11
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Now, introducing the oblique projector
P, =V(0E, — A)'"WT ((0E — A) — Lj)
and utilizing P,z = z for z € range(V'), we get
V(o1E, — A) 'B, = P, (1E — A)"'B = (01.E — A)"'B. (23)
Using this in , we get
H(oy)— H.(01) = Le(0nE — A" B — Dy,

From (21b), Le(o1E — A)"'B = Dy. Hence, H(oy) = H,.(0y). Similarly,
H(pq) = Hp(p1) holds. Now, consider the second subsystem

H(O’hdg) - HT(01702) == C((O’QE - A)ilN(O'lE - A)ilB
—V(02E, — A;)"'Ny(01E, — A;) 7' B,)

+ LoV (02E, — A) ' No(01E, — A,)"'B, — Dy.
(24)
Hence,

V (02E,—A,)"'N,(01E,.—A,) !B,

=V(02E,—A) "WH(N-LN)V(01E.—A,) "' B,
=V(0oE, — A)'WT(N - Ly) (1 E — A)7'B,
where the last equation follows from . Now, implies
Li(0oF — A" 'N(01E— A)™'B=Ly(6,E - A)~'B.
Thus,
V2, =V(02E, — A,) "W ((02F — A) — La) (02E — A)"'*N(0,E — A)™'B,
= P,,(0oFE — A)N(02E — A)"'B = (0,E — A)N(0nE — A)~'B.
We make use of the above equality in to obtain
H(oy,09) — H,(01,03) = Lo(0oFE — A)"'N(0yE — A)™'B — D».

From (21Db)), we know that Lo(02E — A)"*N(0yE — A)~'B = D,. Therefore,
H(oy,09) = H,(01,09). Similarly, H(u1,p2) = H,(u1,u2). Using analogous
steps, we can also deal with higher subsystems and higher derivatives. O

4. Computational Issues and Time-Domain Representation of the
Reduced-Order System

In this section, we discuss the computational issues associated with the inter-
mediate system 3, the time-domain representation of the reduced-order system,
and an extension of the proposed technique to multi-input multi-output bilinear
systems.

12
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4.1. Computational issues

Before we proceed towards investigating computational issues, we discuss
the condition for the existence of a simultaneous solution of two given linear
systems in the following lemma which helps us determining the condition for

the existence of the solutions of (21a)—(21d).

Lemma 4.1. Consider the matrices A;,B; € R™*" i ={1,2} and X € R"*",
where n > r, that satisfy the following two linear equations:

ATX =BT, (25a)
XAy =B, (25b)

If ATBy = B Ay, then there exists an X that satisfies (25a) and (25b)), else it
is not possible to determine an X, satisfying both (25al) and (25b)).

Proof. We first recall an important property of the Kronecker product and vec-
torization o ~ ~ ~

vec (XYZ) = (2T ® X) vec (Y) ,
where vec (+) denotes the reshaping of a matrix into a column vector by putting

each column of the matrix at the bottom of the previous column. See, e.g,
[25] 26] for more details on the Kronecker product. Using the vec () operation

on both sides of (25al) and (25b|) leads to

el e

where X, = vec (X) and I, is the identity matrix of size ¢ x ¢. Next, we define
the matrix

Al I, 0
_ | P®I 0
M = 0 I, @ AT |»
0 Ir®Q

where P,Q € R(=7)*" such that the matrix M is invertible. Multiplying M on
both sides of yields

AL @ AT (AT @ 1) vec (BY) vec (Bf As)
P AT Y _ (P®I)vec(BT) | _ |(P®I)vec(BT) (27)
AT @ AT| " 7 | (I, ® AT)vec (B2) | — vec (A7 Bz)
AT ®Q (I, ® Q) vec (Ba) (I, ® Q) vec (Ba)
A B

Now by using the Kronecker-Capelli theorem [27], the linear system in has
a solution if and only if:

rank (A) = rank ([A4, B]) . (28)

Clearly, the first and third row blocks of the matrix A are the same. Therefore,
P and @ can be chosen such that the rank of the matrix A is equal to r(2n —r)

13
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which is equal to the number of rows, having removed the third row block of
the matrix A. In order to have the same rank for the matrix [A, B], the first
and the third row blocks of the matrix B should also be the same. This leads
to the following condition:

BT Ay = ATB,. (29)

One can verify that if the above condition is fulfilled, then rank (A4, B])
is also equal to r(2n — r). This means that the system has a solution, if
r <n.

On the other hand, if the condition is not satisfied, then rank ([A, B])
is also equal to r(2n — r) + 1, implying that the system does not have any
solution. Hence, it is not possible to determine an X that satisfies both (25a))

and ([25D)). O

Coming back to computational issues related to the solutions of 7,
Lp and L¢ are independent of other unknowns, therefore they can be easily
computed. However, the main issue lies in the computation of L4 and Ly.
These matrices require the simultaneous solution of and for given Lp
and Lc. Next, using Lemma[4.1] we derive a necessary and sufficient condition,
called the compatibility condition to ensure the existence of the simultaneous
solution. This follows by equating the right hand sides of and after
pre-multiplying by W7 and post-multiplying by V, respectively:

W [Lp(e)", Ly [V (I, ® (e)T), ...,V T @ (eD)T))]]

LA LYW (1 ()7, W (s @ ()T

The following theorem guarantees that the above compatibility condition is
satisfied.

Theorem 4.1. Assume Lp and L¢ satisfy (21al) and (21b)), respectively, and
let Ly € R™™ satisfy

Dy -+ Dy
WILyV =T = .. = |TF, (31)
Dygy1 -+ Doy

k—1
where T = Z:O(ehqi)T ®el ., r=q+-+¢" is the order of the reduced-
1=
order system and D; is the polynomial part of the jth subsystem. Then, the
compatibility condition is satisfied.

Proof. Consider the first row of the block matrix given in :

(W) [Lp(eD)”, Ly [V (I, ® (eD)T), ..., VE (I @ (e)T))]] = e?LoV.

14
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To show that the above equation holds, we use and
(WY (Lo, Iy [V I @ (D)), ... VI Tees © (€D)T))]]
= (e D1 ()T, eI Da(eD) (I, ® (D)7, ... e Di(ed )T (Ies @ ()]
)T, Da(ef) @ ()7, Di(e! )T @ ()]
)T, Da(ef )T, Dile] )T

where the last equality follows from (21bf). Now consider the ith row of the
block matrix in :

(W) (L), Ly [VA(I, @ (D)), ., VE (T @ (eD)T))]]
= (AW Ty 0 ()] V
— [ D) €] Diga ()T (I @ ()T,

k—1

ef Digroa(el ) (I @ ()]

i—1 2 k
= (I @ (D))l [Di(eD)™, Dia(ef )T, Dy (e] )]
= R.

Using the condition on Ly given in , we obtain

R = (I @ (e)T)T [(WHTLy Vv, (WY Ly V2, (W) T Ly V]
= L1 @ ()T [(WHTLyV, (W HTLyVE L (W T Ly V]
= [LEWi (I ® (e)T)T] V.

This means that each row of the block matrix corresponding to the left and
right side of the compatibility condition given in is equal. Therefore, if Ly
is chosen to satisfy the assumption , then it is ensured that holds. [

Remark 4.1. [t is interesting to see that in order to compute the reduced-order
system, we do not need to compute explicitly the matrices La, Ly, Lp and L¢.
We only require the expressions for W' Lg, LcV, WTLAV and WTLnV. One
can substitute WT L and LoV directly from (21a)) and . The expression
of WIT LNV can be easily identified by using Sz'milarly, one can obtain the
expression of WT LoV without explicitly computing L 4 by pre-multiplying
by WT, and using and .

Now, we summarize the complete methodology of computing the reduced-
order system for the system in Algorithm

Remark 4.2. As shown in [15], two-sided projections might lead to much better
approximation, since more multi-moments are matched for higher order subsys-
tems. The same holds for the proposed modified Krylov subspace technique. To

15



Algorithm 1 Interpolatory Model Reduction for Bilinear Systems.
Input: E7A7N7B707D7 [O-la e 70k]7 [/J’17' o a/-l/k]vq'
Output: E,., A, N,, B,,C,.
Construct V and W according to Theorem |3.1
Compute the polynomial part of the kth subsystem
Dy, = C(MN)**MB + D§(k — 1).
5: Identify the expression of W' Lg, LcV , WTLAV and WT LNV as:
. 2 T .
WTLy = [Di(e))T, Da(el )T, Dulef )| =i Rp, Dy=Di-D,
WTLy = [Di(e))T, Da(e] )T, Da(ef )T | = e,
Dy -+ Dy
WTLNV =T | © | TT = Ry,
Dgy1 -+ Dag

k—1 .
where 7 = Z (€q+qq‘,)T 24 efﬂ, r= Zf=1 g+ + qka and
=0

WTLAV = [Rp(e])”, Ry (:,1: q)(I4 @ (e])7), ...,
RyGog+- e+ 0"+ (1 ¢%) g ® (€)T)] =t Ra.
6: Compute the reduced model as:
E.=WTEV, A, =WTAV + R4, N,=WTNV — Ry,
B, =WTB-Rp, C,=CV —Rc.

see this, we consider an example similar to the one used in [15]. Let us assume
the projection subspaces V. and W are as follows:

span(V)=span{A~'B,...,(A"'E)’A"'B,A"'NAT'B,A"'N(A™'E)A™' B},
span(W')=span{CA~",...,C(AT'E)’A" ,CAT'NA,C(A"'E)A"'NA™'} .

According to Theorem[3.3, the reduced-order system preserves 12 multi-moments
of the first subsystem

C(AT'EY"A™'B+ Dé(ly) = CY (A E ) AT B, + D16 (1y),
where Iy =0,...,11. For the second subsystem, 29 multi-moments are matched

C(AT'E)2AT'N(AT'E)" A7 B = CT(A ' E, )2 AN (A E, ) AT B,
+ D2d(11)6(l5),

where l1,lo =0,1,...,5 0orly =6, I5=0,1 and I = 0,1, ls = 6. For the third
subsystem, 37 multi-moments are matched

C(AT'E)sA"'N...N(AT'E)"A~'B
= CT(AT'E ) AN, - N (A7 E ) AT B+ D36(1)6(12)6(13),
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where 1 = 0,1,...,5,lo = 0,l3 = 0,1 orly = 0,1,lo = 0,l3 = 2,3,4,5 or
lh = 0,1,lo = 1,i3 = 0,1. For the fourth subsystem, 4 multi-moments are
matched

C((AT'E)4A7IN...N(A'E)"A7'B
= Cr((A;lEr)l‘lA;lNr s N,»(A,:lEr)llA;lBT + D46(l1)5(12)6(13)5(l4),
where ll = 0, 1,l2 = O,l3 = 0,Z4 = O, 1.

4.2. Time-domain representation

Till now, we have shown how to achieve interpolation for the leading &
subsystems along with retaining their polynomial parts. In this subsection, we
derive the time-domain representation of the reduced bilinear system whose kth
order subsystem is of the form given in . The following theorem summarizes
our results.

Theorem 4.2. Given a bilinear system, whose kth order transfer function has
the form given in . Then, the time-domain representation of this bilinear
system can be written as

By (t) = Avaey () + Ny, (H)u(t) + Bru(t),

Nt 32
yr(t) = Crap(t) + ZDkuk (t). (32)
k=1
Proof. We begin with the kth order transfer function
Hr(sla sy Sk) = CT(Sk:Er - Ar)ilNT(Sk—lEr - Ar)ilNr t
o N’I‘(SlE’I‘ - AT)_lB’I‘ + D/ca
= CO(spl, — A 'N(sp_1I, — A)7'N--.
-+ N(s1I, — A)"'B + Dy, (33)
where
A=E'A,, N=E'N,, B=E'B, and C=C,. (34)

By utilizing the multivariate inverse Laplace transform on (33)), we obtain the
regular Volterra kernel as:

hi(ti,ta, ... ty) = CeAte NeAts1 N ... NeA B4 Dps(t)0(th_y) - - 6(t1).

(35)
As discussed in [22], the output y,(t) of a nonlinear system can be described in
terms of the Volterra kernel hy(t1,t,...,tx) and input u(t) as follows:
o i1 pt2 ti k
(1) = Z/ / / hie(ty,to, -t )ult — > t) - -ult — t)dty - dty.
k=170 0 0 i=1
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Substituting in the above equation, we can write

yr(t) =y () + ¥ (1),

where

° [t pt2 e, L Y TN k
yﬁ”@)zZ/ / / Ce™ N .. NeM2 Net Bu(t =" t:) - ul(t — ty)dty -~ dta,
w—Jo Jo 0 im1

k

£2>(t):oo T tkaé(tk)é(tk,l)---6(t1)u(t— ti) - u(t — tr)dtg - - - dty.
o= ) >

1=1
The response y,(«l)(t) is simply the Volterra series representation of a bilinear
ODE system with zero initial condition [22]. This means that corresponding to

yﬁl) (t), we have

in(t) = Az, (t) + Na,.(t)u(t) + Bu(t),

yO(t) = Cz,.(t),  2,(0) =0. (36)

For yy@(t)7 we use the properties of the Dirac delta function [28] which leads to

y () =Y Diult)---u(t) = Y Dyu®(t).
k=1 k=1

By combining the responses yful)(t) and y£2)(t) and substituting the expression

for /1, N,B and C from , we obtain a bilinear system as in and this
proves the theorem. O

Since the output equation in contains the sum of an input dependent
infinite series, we need to compute the summation at each time step. This
increases the computational cost and may destroy the effect of the model re-
duction procedure. In the following, we discuss some cases where this infinite
summation can be computed cheaply.

Case 1: For the particular structure of N as in , Dy = 0 for all & > 1.
Thus > Dpu®(t) reduces to Dyu(t), which is computationally cheap.
k=1

Case 2: There are some applications where the input u(¢) can be considered
constant or unity (u(t) = « or u(t) = 1). These scenarios may appear, for
example in the parameter varying systems [29]. In such a case

Z Dkuk(t) = Dia+ Dya® + Dsa® - - - .
k=1

18



210

Substituting the expression of Dy, from Lemma [3.1]in the above equation,
we get

> DyuF(t) = (CMB + D)o+ C(MN)MBo? + C(MN)*MBo® + - --
k=1

=aC(I+aMN +ao*(MN)?+---)MB + aD.

Now, if we assume ||aM N2 < 1, we have
oo

> DyuF(t) = (C(I = aMN)"'MB + D)a.
k=1

Thus, we can identify an expression of the convergent series for constant
inputs.

o0
Case 3: In this case, we assume convergence for | D, i.e. > [|Dpl|<7<1.
k=j+1
Then for bounded inputs, we can truncate the infinite summation after
the jth term. That is

o J
> DiuF(t) = > DruF(t).
k=1 k=1

&)
Thus, we can save the computations associated with >°  Dpu®(t).
k=j+1

4.3. Interpolation of multi-input multi-output bilinear DAFEs

Thus far, we have concentrated on interpolation of single-input single-output
bilinear systems for simplicity of notation. Nonetheless, it can be extended to
multi-input multi-output bilinear systems, where the notation becomes much
more difficult to handle. Therefore, we consider interpolation of the first 2
subsystems only in order to give a glimpse how the proposed methodology can be
applied to MIMO bilinear DAESs, but nonetheless one can consider interpolation
of the leading first k subsystem as well. We consider a MIMO bilinear system
whose the leading four multivariate subsystems can given as follows:

H\(81) = C(s1 B — A)' B,
Hy(82) = [H3)(82). .. HY™(S2)].
Hy(S5) = [HEWD(S), .y HP™(S3), HEV(S3), o HE™(S3)]
Hy(S:) = [H"D (S0, o B8, HEPD(S), o BE(S)]
where

H 1 =0(8)) = Colsi)Ni 0(si-1) -+ Niyd(s1) B (37)
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with ¢(s;) = (s;E — A)_ . Moreover, we denote the polynomial parts of
Hltie )(S ) by D( b= ), which can be given as follows by using Lemma

K3
Dy =CMB+D,
D"l — OMN, M- Ny, MB,

where M is the same as defined in @ Furthermore, we need to use a more
general nested structure to determine the projection matrices. For this, we
assume arbitrary interpolation points o;, 1; € C such that sE — A and sE,. — A,
are invertible for s = oy, y;, and define the projection matrices V and W as
follows:

range (V(l)) =

(38)

(
range (Vi(z) (0;E — A)7'E, (0,E — A)_lNiVl) , i=1,...,m,
(
(

Ko ((iE — A) TET (E — A)~ TNTw) i=1,...,m,

(

) =Ka
range (W<1>) =Kz (
) =Ka

range (Wi@)

range (W) = range (W(l)) + U { range (W,(,?)) }.
i=1

In order to ensure the same number of columns in V and W, we choose o and
B such that ma = pfB, where p and m are the numbers of outputs and inputs,
respectively. Next, we consider L 4, Ly, Lp and Lc which are solutions to the
following set of equations:
. T
W'Ly = |(e8)" @ Dy, (e5")" @ DSV, (5" @ DI
LoV = [Dre ()7, DY & (¢ )..... D @ (V7]
LaV = [Lg® (e, Lyay V (Lo @ (e9)T), ..o, Ly V! (I ® (e9)T)],
T
WLy = {Lg ® (ef)T N<1>W (Ipg ® (e )T)w N(m)W (Ipg ® (e )T)}] )
in which D, = Dy — D. Then, the reduced-order system can be determined as
follows:
E=WTEV, A=WT(A+LAV, N;=WT(N;, - Lyw)V,
B=wTB-Lg), C=(C-Lc)V.

Similar to the SISO bilinear systems, the explicit computation of the matrices
Ly, Lyw, Lp and Le can also be avoided in order to determine reduced-order
systems. However, for brevity of the paper, we skip the derivation for the MIMO
case, but it can be done analogously as shown for the SISO case.
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5. Numerical Experiments

In this section, we present numerical results for model reduction of struc-
tured bilinear DAE systems using different approaches. The reduced-order sys-
tem can be computed either by direct implementation of Theorem without
matching the polynomial part in the reduced-order system (classical interpola-
tory technique) or by our proposed methodology which achieves the matching
of the polynomial part in addition to interpolation. All the numerical results

were simulated in MATLAB® version 7.11.0.584(R2010b) 64-bit (glnza64) on
Intel(R) Core(TM)2 Quad CPU Q9550 @ 2.83GHz, 6 MB cache, 4GB RAM,
openSUSE 12.1 (x86-64).

5.1. Artificial Fxample

The bilinear DAE system, that is to be reduced, is generated randomly of
order n = 100 and with partitioning ny; = 90, ny = 10. It is ensured that the
structure of the matrix pencil A\E — A is similar to the index-1 pencil of a linear
DAE. The polynomial parts of the first 4 subsystems of the bilinear system are
Dy =0.1472,D, =5-1073, D3 = 1.92- 1074, D4 = 7.35- 1075, where D; is the
polynomial part of the ith subsystem. The interpolation points are selected as
o = p = [0,0.5] with multiplicity ¢ = 1 resulting in a reduced-order system of
order r = 4. We truncate the infinite summation in Lemma 4.1 after 4 terms
since || D;|| decreases exponentially.

We compute the reduced-order systems by using the classical interpolation
technique and the proposed methodology, having the same interpolation points
and multiplicities. The time-domain responses of the actual and the reduced
bilinear systems, obtained by using the implicit Euler method, are shown in
Figure [1a for an exponential input. The relative errors associated with the two
approaches are shown in Figure

Response Relative error

1 0
0.15 —— Ori. sys. 0 ‘ ‘ ‘
——Red. sys. (Proposed) \
0.1 | % —=—Red. sys. (Classical)

1072 1
-2
5-10 I ——Red. sys. (Proposed)
—=—Red. sys. (Classical)
0 | | | | 1076
0 02 04 06 08 1 0 02 04 06 08 1
Time (s) Time (s)
(a) Transient response. (b) Relative error.

Figure 1: Comparison of the time-domain simulations of the original and
reduced-order systems for an input u(t) = e~10%,
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Certainly, the reduced-order system obtained from the direct implementa-
tion shows completely different dynamics whereas the proposed methodology
captures the dynamics of the original system well.

5.2. Nonlinear RC Circuit

As a second example, we consider a nonlinear RC circuit that represents
a modified form of the transmission line circuit proposed in [30]. The circuit
includes resistors, capacitors and diodes as shown in Figure

vy vg Vni—1  Uny  Vni4l

C - - WM - -
g(v) g(v) g(v) g(v)

w(t)

C C (e} R R R

— )

= u(t)
)
S/
g(v)
[
1 T
||
115
||
115
|

i
i

Figure 2: Nonlinear transmission line circuit.

All the resistances and capacities are set to 1 and all the diodes ensure
ip = e%9p fyp —1, where ip represents the current and vp is the voltage across
the diodes. The input u(¢) is the current source ¢ and the output y(t) represents

the average voltage over all nodes ranging from 1 to n. Using Kirchhoff’s current
law at each node, we have

01 = =201 + vy + 2 — 0V — 01T ),

Uk = =20, + Vg1 + Vgt + e200R TR 80T g < <y — 1)
Bny = =200, 4 Upy 1 + Vpy g1 — 1+ €00m-170m),

0 =3vg —Vk_1— Vka1, nm+1<k<n-1)
0 = —2v, +vp_1+ull).

In order to represent the above nonlinear system as a quadratic-bilinear system,
we set v1 t0 Vg k1 (Vkkt1 = Vk—Ukt1), k=1,...,n1—1, and v,, 1 to v, as the
state variables, and perform some changes of variables by defining y; = e40%1 —1
and yi = e20(ve—1,1) _ 1, 2 < k < ny. Together with the differential equations
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of all yi’s, the above changes lead to the following set of equations:

01 = —v1 — V1,2 — Y1 — Y2 + u(t),

V12 = —v1 — 2012 + V23 — Y1 — 2y2 + Y3 + u(?),
Uk k1 = —2Vk k1 +Vk— 1,k F Ok 1 k2 Yk — 2Ukt1 F k42, (2<k <ni—2)
Uni—1,n0 = —2Uni—1,ny + Uni—2.n1—1 F Uny — Uny41 + Yny—1 — 2Yn,
0 =3 —vp_1— Vg1, (nm+1<k<n-1)
0 =—2v,+v,-1+ult),

Y1 =40(y1 + 1)(—v1 —v12 —y1 — y2 +u(t)),

Yo =40(y2 + 1)(—v1 — 2v12 +vo3 — y1 — 2y + Y3 + u(t)),

Yr = 40(yx + 1) (2011 + Vh—28—1 + Vk k1 + Yh—1 — 2Yk + Yr11),

i = 40(Yny + 1) (=20, 1,0, 4 Vny—2.n0-1 + Vny — Vny—1 + Yny—1 — 2Yny)-

In the above set of equations, we fixed v,, to v — Z Vk—1,k. This means that

the circuit can be modelled by a quadratic- blhnear descrlptor system of order
n = ny + n, having an index-1 matrix pencil associated with the quadratic
system of index-1. Next, we utilize the Carleman bilinearization, ensuring that
the resulting bilinearized system also has an index-1 matrix pencil [31]. The
order of the bilinearized DAE system is A' = (ny +n)(2n; +1). The polynomial
part of the first subsystem of the bilinearized system is D; = 0.0333 and higher
order subsystems have zero polynomial parts.

For our experiment, we choose n; = 10 and n = 30. The bilinearized system
is therefore of order A/ = 840. Using Theorem we compute the projection
matrices such that the reduced-order system guarantees interpolation of the
first two subsystems at ¢ = p = [10,50,300]. The multiplicities of all the
interpolation points are set to 1. The reduced-order systems of the bilinearized
system are computed using the classical and the proposed methodology using
the same interpolation points and multiplicities, since we do not have specific
criteria yet to choose these interpolation points and their multiplicities which
can ensure a stable reduced-order system for both the modified and the classical
method. For our result, it is possible to get stable reduced-order systems using
this methodology for the same interpolation points and same multiplicities in
case of one-sided projection, i.e. W =V.

The time responses of the resulting reduced-order bilinear systems are shown
in Figure [3a] by utilizing the implicit Euler method, and also the absolute errors
(Jly — g|) are shown in Figure Clearly, the proposed interpolatory technique
shows a substantial improvement in the transient response of the system.

6. Conclusions

We proposed interpolatory techniques for a special class of bilinear descrip-
tor systems with a particular attention to their polynomial parts. An expression
that explicitly identifies the polynomial part of each subsystem associated with
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—+— Ori. quadratic bilinear sys.
Carleman bilinearized sys. —+— Carleman bilinearized sys.
—— Red. bilinear sys. (Proposed) —— Red. bilinear sys. (Proposed)
Red. bilinear sys. (Classical) —s— Red. bilinear sys. (Classical)
10-2 Average voltage Absolute error
8 T T T ‘i 102 T T T
£ ‘
6 F%+ £ 5 7
i N ;o -
W p Y 7 1074 :
*;
2 \ ! .\‘ / I
0 )\0“..?! x\‘ﬁ[ _
| | | | 10-10 | | |
0 5.10"2 0.1 0.15 0.2 0 5.10"2 0.1 0.15 0.2
Time (s) Time (s)
(a) Transient response. (b) Absolute error.

Figure 3: The comparison of time-domain responses of the original, Carleman
bilinearized and the reduced-order systems for an input u(t) = cos(20xt) + 1.

the bilinear system has been derived. This extends the expression for the poly-
nomial part of linear index-1 DAE systems discussed in [21] to bilinear systems.
Also, we have derived conditions on interpolatory subspaces that not only guar-
antees interpolation of the first & subsystems, but also retains the polynomial
part of the bilinear system. By means of numerical examples, we have shown
the efficiency of the proposed model reduction technique.
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