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1 Introduction

The structure of conformal field theories (CFTs) can be enriched by introducing boundary
conditions which break part of the conformal symmetry. A simple way to do so is to add a
codimension-one planar boundary or interface which preserves a SO(d, 1) subgroup of the
SO(d 4+ 1,1) conformal group. Such extended objects are ubiquitous in string theory and
condensed matter physics and are referred to as conformal defects.

In the presence of defects, conformal symmetry poses less stringent constraints on
the structure of the correlation functions. The two-point function is no longer completely
fixed by symmetry. Rather, it is an arbitrary function of an invariant cross-ratio. The
implications of conformal invariance in the presence of defects have been studied exten-
sively [1-4], most recently in the context of quantum information theory, where a proof of
the g-theorem for boundary CFTs in 1+ 1 dimensions has been obtained together with its
higher-dimensional analogs [5-7].

In the context of the AdS4y1/CFT4 correspondence, the simplest holographic realiza-
tions of defects are obtained by adding AdS,; probe branes into the AdSgy; bulk geome-
try [8, 9] or by introducing an additional boundary in the bulk supergravity solution [10-12].
In such setups, one can successfully model many features of condensed matter systems such
as the Kondo model [13-17].

Obtaining backreacted analytic solutions dual to defects is a considerably more in-
volved enterprise. A non-supersymmetric “Janus” solution dual to an interface in a four-
dimensional bulk CFT was first constructed in ref. [18]. This solution has a geometry



obtained by foliating the spacetime with AdSy slices and gives a non-singular dilatonic de-
formation of the AdSs x S® vacuum of type IIB supergravity in which the dilaton smoothly
interpolates between two different asymptotic values (the two “faces” of Janus). It is in-
terpreted as the holographic dual of two four-dimensional CFTs with different coupling
constants which are glued together along a codimension-one interface [19, 20].

Over the years, the Janus solution has produced a variegated offspring. Supersym-
metric extensions that possess asymptotic regions where the geometry is locally AdSs x S°
were first obtained in refs. [21-23] and further studied in [24-26]. The corresponding so-
lutions in N' = 2 gauged supergravity in five dimensions and their embedding in N' = 8,
five-dimensional gauged supergravity were discussed in [27, 28]. Gaiotto and Witten subse-
quently classified the intersecting-brane configurations corresponding to the supersymmet-
ric Janus solutions and extended the solutions to nonzero theta angle [29, 30]. Later work
also uncovered Janus solutions in M-theory [31-33] and attained a classification relying
on superconformal algebras [34]. Non-supersymmetric solutions with asymptotic locally-
AdS3 x S3 geometries were constructed in ref. [35]. The supersymmetric AdS3 x S% Janus
solutions which we will utilize in this paper were first obtained in ref. [36] and further
studied in refs. [37-39] together with large classes of string-junction solutions which pos-
sess more than two asymptotic regions. The solutions obtained in [36] have geometries
given by a AdS, x S? x M, fibration over a two-dimensional base space, where My is ei-
ther the four-torus or a K3 manifold, and, in the simplest cases, are holographic duals to
interfaces in the D1/D5 CFT. Analogous solutions in Roman’s type 4b six-dimensional
supergravity were constructed in refs. [40-42]. Finally, the literature has discussed various
finite-temperature versions of Janus solutions either numerically [43] or analytically [44].

The advantage of top-down constructions is that often the dual (deformed) field theory
is known explicitly. The drawback is that these supergravity solutions are considerably
more complicated than their artificial bottom-up relatives. In particular, most holographic
computations conducted to date with top-down solutions have focused on boundary or
entanglement entropy [35, 37, 45—-48], for which there exist a simple holographic prescription
due to Ryu and Takayanagi [49] (see also [50-52] for non-supersymmetric examples). It
seems particularly difficult to extract any correlation function whose form is not completely
fixed by the residual defect conformal symmetry.

In this paper, we take a concrete step towards the computation of more general holo-
graphic observables in Janus backgrounds, and study one particular family of top-down
defects for which we are able to perform explicitly a number of analytic computations. We
identify a particular field which decouples from other fields, solve the linearized field equa-
tions, construct the bulk-to-bulk propagator and obtain the two-point correlator, which a
priori is an arbitrary function of the conformal crossratio. To our knowledge, this is the
first computation of this kind for a fully-backreacted, top-down holographic defect.!

One interesting feature of our holographic calculation is that the final result for the
two-point function is explicitly expressed in terms of the conformal blocks associated with

I Two-point functions of the stress-energy tensor with scalar operators were computed in [19], taking an
AdS background and considering linear fluctuations in the presence of a source.



the boundary operator product expansion (BOPE). As we review in the next section, there
are two kinds of operator product expansions (OPEs) in the presence of a defect. One
is the usual OPE, which can be used when two operators are close to each other but
stay away from the defect. The second kind of OPE, the BOPE, is relevant when an
operator is brought close to the defect but is separated from the other insertions. It is the
latter BOPE which is made explicit in our holographic computation. Of course, writing
a two-point function as a sum of conformal blocks is not automatically consistent. As
a non-trivial check of our final result, we have partially resummed the BOPE conformal
blocks and reproduced the identity contribution in the crossed channel, i.e. the identity
contribution to the ordinary OPE.

This paper is organized as follows. In the next section, we collect some relevant facts
about defect CFTs. In section 3, we discuss the background supergravity solution and
scalar perturbations. In section 4, we solve the linearized field equations for the decoupled
scalar field. Finally, in section 5, we construct the bulk-to-bulk propagator from the linear
modes and compute the two-point correlation function of the dual operator.

2 Basic facts about defect CFT's

Here we review the basic facts about codimension-one defects. For a more detailed field-
theory discussion we refer to [2, 3].

For definiteness, we consider an Euclidean CFT on R¢. A conformal defect of codi-
mension one preserves SO(d, 1) defect conformal symmetry. The coordinates along the
defect are labelled as z® with a = 1,...,d — 1, whereas those in the bulk are labelled as
ot = (z% x ).

In the presence of a defect, one distinguishes between bulk and defect excitations. The
defect does not affect the fusion of primary operators away from the defect (the so-called
bulk operators). Thus we have the usual bulk OPE channel

C12k
O<x1)0($2) N Z (x%Q)(Al‘i’lAZQ*Ak‘i’J)/Q C(J) ($12a 62)N1~~-HJ0Z1 - ($2)’ (2'1)
k

where C(/) are some known differential operators.

Any bulk operator O can be restricted to a defect. In general, the defect possesses its
own local excitations as well. We will refer to both kinds of operators as the defect operators
O;. When a bulk operator is brought close to the defect, it becomes indistinguishable from
a defect operator. This is captured by the bulk-to-defect OPE (also referred to as BOPE),

O(z) = Z |xinAc)@( z1 [P0, (2.2)

(@]

with some differential operators C 5. Here ) is the derivative operator along the defect (in
the 2 directions).
A trivial example of a BOPE is obtained in the case in which there is no actual defect.

In this case, (2.2) reduces essentially to a Taylor expansion.?

2With a caveat that the operators 0, = 0y, O(x)|, =0 have to be diagonalized by adding terms of the
form ¢; 05 (920)'O(z) |2, —o. See [53] for a detailed discussion.



In the presence of a conformal defect, the one-point correlation function of a bulk
operator and the two-point correlator of a bulk and a defect operator are fixed by the
unbroken defect conformal symmetry to be

_ boé‘wL’AfA
o2

(O(x)) = ﬁ (O(2)0(0))

(2.3)
with some constants ap and b5, which in principle can be different on the two sides of
the defect.

The two-point function of bulk operators is not fixed by symmetry alone and in general
depends on one invariant crossratio &,

1 (2§ — 2§)* + (w11 — 221 )?

(O(21)O(2)) (2.4)
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There are two interesting limits to consider. First, when & — 0, the two insertions approach
each other but stay away from the defect. This limit is governed by the bulk OPE of the
CF'T without the defect. We will focus on another limit, £ — oo, i.e. when both insertions
are close to the defect but remain apart from each other. This limit is governed by the
BOPE:

b b 5
0107020 202 202 A O\ (A ([ G
IAI-IA|x21|A2-ACA(|x1i| 01))Co 221795 (O (1) O(3)).

(O1(21)Os(w2)) ~
o |le

(2.5)

Thus, we see that every @) (primary or descendant) which appears in the BOPE of both

O; and Oy with the defect contributes to f(£) as
4\ A
(&) ~ Z bo,6b0,6 (g) . (2.6)
o

Therefore, from the & — oo limit, we can read off the dimensions of operators ) appear-
ing in the BOPE of both O; and Q. This provides very nontrivial information about
the defect.

The contribution of descendants to (2.5) can be resummed by solving the Casimir
equation (as for bulk conformal blocks). The result was obtained in [2] (see also [3, 54])
and reads

A 1 XA A 1
— }2 . .
f(AE) —boég—AQFl <A,A+1—d/2,2A+2—d,—§> (2.7)
for identical scalar operators. For later reference, we note that in two dimensions the
hypergeometric function reduces to the Legendre function of the second kind [55]

1> a2 222 T[A+1/2) B0, 1), (28)

Fi(AJA+1—-d/2;2A +2—d;—= .
21< / § VT T[A]



3 Supergravity solution

We now review the supersymmetric Janus solutions constructed in [36]. The starting point
is type IIB supergravity compactified on the four-torus 7 or on the K3 manifold. In this
paper, we will focus on the simpler case in which the compactification manifold is a four
torus. We consider solutions with asymptotic geometries which are locally AdSsz x S3 x T,
Their holographic duals are marginal deformations of the two-dimensional V' = (4,4) SCFT
which arises as the IR fixed-point of the worldvolume theory of the D1/D5 system [56—
58] (see ref. [59] for a review). This CFT can be described more explicitly as the two-
dimensional sigma-model with the symmetric-orbifold target-space (74)901905 /S5 o .
The sigma-model is associated to the free Lagrangian

5= [ 0a400, —UAPVA() ~ TEIIIAE), )

where the index ¢ = 1,...,4 runs over the coordinates of the four-torus and the symmetric
group acts by permuting the indices A of the Qp1Q ps copies of the four-torus.

The particular Janus solutions under consideration are supported by the three- and
five-form fluxes and are dual to conformal interfaces obtained by marginally deforming
the above CFT. In the supergravity solutions, the six-dimensional dilaton and a linear
combination of the axion with the four-form potential interpolate smoothly between two
different asymptotic values on opposite sides of the interface. The six-dimensional dilaton is
dual to the volume of the four-torus of the CFT, while the axion/four-form potential linear
combination corresponds to the source for the orbifold Zs twist operator. In the CFT
marginal deformation dual to the Janus solution, these operators have a step-function
profile jumping across the interface.

The ten-dimensional metric for the supersymmetric Janus solution is written as
2 2 2 2 2 2 - 2 2
dsiy = fi10d8aas, T [210d852 + plodwdw + f310dspa (3.2)

where the metric factors fi10, f2,10, f3,10 and p1p depend on the coordinates w,w of a
two-dimensional Riemann surface > with boundary. The fields and metric factors have
expressions in terms of two harmonic functions, H and K, and two meromorphic functions,
A and B. The harmonic functions H, K, A + A and B + B all obey vanishing Dirichlet
boundary conditions on the boundary 9.

Global regularity requires that the harmonic functions have isolated singular points
on the boundary of ¥ and imposes conditions on zeros and singularities of the relevant
functions. In particular, the singular points of H correspond to asymptotic regions in
which the geometry is locally AdS3 x S3. Aside from the Janus solutions that are the main
focus of the present paper, string-junction solutions with more than two asymptotic regions
have been studied in refs. [36, 37] and found to be dual to CFTs defined on star graphs.



The ten dimensional solutions solve the field equations

1
V“PM — 2iQ“PM + ﬂGWpG””p =0, (3.3)
= 2
VW%WP—iQWpr—IWGmm+Y¥F@WWWﬂ?“A:O, (3.4)
v 914 D v 1 v 1 VPO ~ vpo 1 v PO
Ru -bp,P"—F,P _E(F(25))u _é(GupaG P +G#P0G g )+@5MGPU>\GP A= 0, (3-5)

together with the Bianchi identities

dP —2iQAP =0,
dQ +iPANP =0,
dG —iQNG+PANG=0,

dF) — SGAG =0,

and the self-duality condition for the five-form field strength F{5). In the above expressions,
P and @ are a composite one-form field strength and connection which can be expressed
in terms of the axion x and dilaton ¢ as

1 1
_ ) _ ¢
P = 2(d¢)—|—ze dx>, Q= —26 dx . (3.10)

Similarly, the complex three-form field strength G is given in terms of the R-R and NS-NS
field strengths F(3) and H(3) as

G = €_¢/2H(3) + i€¢/2 (F(g) — XH(S)) (311)

A key feature of the Janus solutions is that the three-form and five-form fluxes are
related to the volume forms of the unit S?, AdSs and T fibres Wg2,WAdS, and wra as

F(g) = dc(l) A\ dedSQ + dC(2) ANWg2 (312)
Hzy = db™ A dpas, + db@ A g, (3.13)
F5) = dCk A daas, N g2 + dCk Nopa (3.14)

where expressions for the scalar potentials ¢(3?),b(12) Ok and Ck in terms of the rel-
evant harmonic functions are given in ref. [36]. Note that this structure is dictated by
the SO(2,1) x SO(3) symmetry imposed in constructing the solutions. For the reader’s
convenience, non-zero components of the various tensor fields are listed in table 1.

It is convenient to reduce the solutions to six dimensions and write the metric in the
Einstein frame as

dsg = f%dsids2 + f§ds§2 + p?dzdz, (3.15)

where f = f12,10f5?,107 3= f22710f§710 and p? = P%of:“)?,lo' Note that large classes of Janus and
string-junction solutions have also been obtained directly in six-dimensional supergravity
in refs. [40-42]. Here we started with simple ten-dimensional solutions and reduced them



AdS, S? b3 T4
t z 0 1) T Y up Uz U3 Ug
X
P,Q X
X X X
X X X
H(3)’F(3) X X X
X X X
X X X X X
I X X X X X
(%) X X X X X
X X X X X

Table 1. List of nonzero components of the five- and three-form fluxes and of the axion-dilaton
composite field strength and connection for general ten-dimensional Janus and string-junction so-
lutions.

to six dimensions to better illustrate the top-down origin of our scalar deformations. A
useful identity involving the metric factors,

1113 =H?, (3.16)
permits us to write the square root of the determinant of the metric as

V—g = p’H?. (3.17)

We shall now focus on the simplest solutions which have two asymptotic AdSz x S3
regions, a simply-connected Riemann surface, and are supported only by R-R charges (see
ref. [37] for a discussion of the Page charges associated to our solutions). We take the
infinite strip with coordinates x,y as the Riemann surface 3. Figure 1 displays the pole
configuration for the solutions of interest in the z-y plane, as well as a sketch of the z-z
plane which illustrates the position of the defect in our coordinates. The two asymptotically
AdSg3 regions are approached as x — 4oo. Nontrivial Janus solutions are parameterized
by two parameters, ¢ and 6, associated to the jump in the dilaton and axion respectively.
The undeformed case is obtained by 8§ = 0 = 1. A plot of the ten-dimensional dilaton for
the solution with nonzero ¢ can be found in figure 2.

The following simple expressions for the harmonic function H and the ratios of metric
factors [36, 39],

,02 Ii2 p2 1 112 -1

H = 2 cosh z sin , = , — = ,
Y 2 cosh’z f3  sin?y  cosh’z

(3.18)

will be useful in the remainder of the paper. We have introduced the interface param-
eter k = coshvy coshf and denoted with z,y real and imaginary part of the complex
coordinate of X.



5 X=cst

s
AdS,x S’
y=0 X=-co X=4+c
B D

Figure 1. Structure of the Janus solutions on the z-y plane and z-z plane. The Riemann surface
3} is the infinite strip. For a solution supported only by RR fluxes, the functions A, B and K have
singularities on both boundaries at £ = 0. The spacetime boundary B is reached for  — 400 and
for z — 0 on the AdS slice. The latter limit corresponds to the location of the defect D.

Figure 2. Dilaton profile for the supersymmetric Janus solution with v» = 1,0 = 0 in the z—y plane
(left) and sketch of the finite-temperature solution (right). The black-hole horizon H is located at
r =1, the defect D is located at r = 0.

So far, we have discussed zero-temperature solutions. However, as explained in ref. [44],
a black-hole solution can be obtained by replacing the AdSs fibre with the “black-hole slice”
metric
dr?

where we have introduced the explicit temperature dependence as 1" and we have employed

1— 2
ds%as, —  dshy = —T;(%T)Qdﬂ + 0<r<li, (3.19)

the coordinate transformation p = 1/r as compared to ref. [44]. For these solutions, the
interface is located at » = 0 and the horizon at » = 1. In the absence of an interface,
the Fefferman-Graham coordinate expansion close to the boundary reproduces the one of
the BTZ black hole order by order in the radial parameter. Black-hole solutions obtained
with this technique are dual to finite-temperature CFTs defined on the real line times the
thermal circle.® The structure of the solution on the 7 — z plane can be found in figure 2.

3We would like to emphasize that additional global identifications, analogous to the ones arising for
the BTZ black-hole solution in Poincaré coordinates, are required to reproduce the global structure of a
solution dual to a finite-temperature CFT defined on a two-torus.



We are now ready to discuss the ten-dimensional origin of the probe scalars obeying the
massless Klein-Gordon equation which we will solve in the next section. Given the general
structure of our interface solutions, we consider simple deformations of the supersymmetric
Janus geometry which leave invariant the volume forms of the fibres.

The simplest of such deformations affects only the components of the metric along the
T* fibre and has the form

gij = f;loexp(t%@a) = fgylo((sij + O + )y (t%)s=0, 4,j=6,7,8,9, (3.20)

where ¢ (a = 1,...,9) are constant symmetric-traceless tensors along the compact T*
directions.

A deformation of this form leaves the three-form and five-form fields invariant, as well
as the axion and dilaton. Inspecting the equations of motion (3.3)—(3.5), it is immediate
to verify that the only non-trivial equation is (3.5), which reduces to the equation for a
free scalar,*

R/=0 = V& =0. (3.21)

The same equation can be obtained from the reduced action

S[®) = / day/g( — 0,008 (3.22)

In the remainder of the paper, we will study the equation of motion for these free scalars
in the Janus geometry and, in particular, find that it is separable, allowing for an explicit
analytic solution. As mentioned before, one of the advantages of the top-down approach is
that the dual N' = (4,4) SCFT is known explicitly. In particular, its operators are classified
using the N' = (4, 4) superconformal algebra and are labelled by their representation of the
SO(4); symmetry acting on the coordinates of the four-torus. Hence, the operator dual to
our scalar deformation is identified as

ot} — 81:;{42'53333 = 3:1:%5:054 + 833%5:1:% - %5“8:10125%“4 .

The reader might wonder if considering deformations leaving the fibres’ volume forms
invariant might lead to other simple perturbations. In particular, a potentially interesting
deformation involves the metric on the AdSs slice,

uv = guy + huu, hwgw = 0, m, vV = 0, 1 : (323)
and leaves all other fields invariant. Repeating the argument above, we obtain

Rl lom =0 = Vhu = VuVPhyy = V'VPhyy + 2R hye =0, (3.24)

where R’ . is the Riemann tensor of the background geometry. These are three differential
equations in two functions hs and h;, and force a trivial dependence on the ¢, z coordinates
for hy and hy,. Hence, to have non-trivial solutions, one needs to turn on the trace part of
the AdSy metric perturbation. While deformations of this sort are very interesting, their
treatment is considerably more involved and will be deferred to future work.

4To obtain the equation for the free scalar (3.21), it is simpler to consider the field equations with
mixed indices.



4 Solving the massless Klein-Gordon equation

From now on, we drop the index parametrizing different deformations on the torus and
work with the single scalar ®. The massless Klein-Gordon equation (3.21) for the Janus
geometry with two AdS3 asymptotic regions can then be written as
1 I~ 1 [9u(H?0a) | P* o P oo
\/7_798“( —gg'u’l/ay(b) = ? {}12 + EVAdSQ + Evsz (D = O, a=,Y (41)
where V%Q is the Laplacian on the unit two-sphere and V2Ad82 is the Laplacian on the unit
AdS, slice,

Vias, = 27(92 = 97) . (4.2)
In case of the black-hole solution, we replace
2 2 1 O
Vias, = Viu=r (6 (1=7r%)0r — G rQ) : (4.3)

For the massless scalar field, the Klein-Gordon equation is separable. In this section we
will present the solution.
First, we note that the differential equations on the two-dimensional slices,

Vigs,f=vv+1)f,  Vigf=v+1)f, (4.4)

admit solutions in terms of Bessel and associated Legendre functions,
AdS: f(z,t)=C4 \/EJVJF% (wz)etwt 4 Cg\/EYVJr% (wz)et™t (4.5)
w1\ L w1
BH: (1) = CrP7 (=) e + Qi (). (4.6)
r r

In the Euclidean signature, the Bessel functions .J,1/2 and Y, 1/o should be replaced by
the modified Bessel functions K, 1/, and I, 11 /5.

The effective mass on the AdS, slice is related to the dimension of the defect operator
simply by v = A — 1. We will later fix the possible values of v by imposing the absence
of sources on the boundary. This will result in a discrete tower of possible masses on the
AdS, slice and determine the dimensions of the operators appearing in the BOPE of the
dual operator with the defect. To extract the BOPE coefficients themselves, we need to
compute the two-point correlation function of bulk operators.

The Laplace operator on the two-sphere has the usual spherical harmonics as its eigen-
functions. Thus the probe scalar can be expanded as

AdS: @ =3 (@0, (2. 9)VE, 41 (02)+ 05, (. 9)VEY, 1 (w02) ) "Y1 (0,6), (47)
1 iw 1 .
BH: ¢ = Z( ) PET () @y (2. 9)QET <r)>eﬂ“tnm<9,¢>, (4.8)

where the spherical harmonics satisfy V%, Y (0,¢) = —1(l + 1)V} (0, ¢). In both cases,
the Klein-Gordon equation becomes

{3a(H23a)

veotm = 0 (4.9)

2 2
o P 5@
g7 DG z(z+1)f§}q>

~10 -



or using (3.18)

=0, i=1,2, (4.10)

vwlm

{833 cosh®z 9, + a(a+ 1) n Oy sin? (y) 9y —U(l+1) } Q)
cosh? z sin? (y)

where the constant « is determined in terms of [ and v by
ala+1)=1(1+1)+ /{2<u(1/ F1) -1+ 1)) . (4.11)

Equation (4.10) is separable. Moreover, the y-dependent part combines with the Laplacian
on the S? slice to give the Laplacian on the three-sphere, with eigenvalues —k(k + 2).5

To get a better intuition, it is useful to represent the field equation in the form

I(1+1
O34®; . = <(2)(m2 — 1)+ k(k+ 2)> By p = My (2) Py, (4.12)

cosh” x

where [gy is the Laplacian on the three-dimensional asymptotically locally-AdSs space
with the metric

cosh? z

cosh? x dz? — dt?
K2 ’

K2 22

ds3y = dz* + dsiqs, = da’ + (4.13)
Thus the presence of the defect does not just modify the AdS3 metric, but also introduces a
position-dependent mass, Mgd(:v). Without the defect, the dimension of the dual operator
is simply A = k + 2. In the presence of the defect, this operator gets decomposed into
a tower of operators with dimensions A,, = v(n) + 1, the precise form of which we will
deduce later. Importantly, the dimensions of the members of this tower are not related in
a simple way to the dimension of the original operator, in contrast to the case in which the
defect is absent. This is a characteristic feature of the BOPE. In the process of bringing
an operator close to the defect, divergences can appear and regularization is required as in
the case of composite operators.

After solving the AdSs and S2 parts of the problem, we are left with a single ordinary
differential equation,

Oy cosh? x 9, + ala + 1) @)

Xwvklm

_ (0 o
COSh2 x (33) - k(k + Q)quklm('r)? 1= 17 2 ’ (414)

which is solved by

c3PF*1(tanh x) + c¢,Q*+! (tanh )
cosh '

XSZ)/klm($) = (4.15)

*We introduce Yiim (y, 0, ¢), which satisfies Vs Viim = —1(141) Viim and [y (sin® (y) ) —1(14+1)] Veim =
—k(k 4 2) sin®(y) Viim.

11 -



To summarize, there are eight classes of solutions for the probe scalar in the Janus back-
ground. For the AdS slicing we have:

Ads: o), = ngﬂ(tanh 2) 11 (02) € Vam (4,6, 9) |
0 = L2 P i 2}, (05) 4 (310, 6)
O = \/E;Z;}ijé)@’é“ (tanhx)J, .1 (w2)e " Viam (.0, 0) ,
ol — \/ig‘;zf) &7 (tanh )Y, 1 (w2)e ™ Vi (v, 6. 6) (4.16)

where Yy, are the three-sphere spherical harmonics and w > 0. The factors of w have
been included so that the limit w — 0 can be taken smoothly. For the black-hole solutions

we have
BH: o) = ﬁPg“(tanh ) PET (%)eﬂwtyklm( 0,6)
<I>£)2V)klm = CoslthOIfH(tanh x) BirWT (%)ei’“tyklm( 0 QS) ,
(I)Szzkzm = &Q’gfl(tanh ) PI??T (%)eiw’tykzm (y,0,9),
= QE (tanh 1) QT (1) * P (5,6,0). (417)

Note that at this stage the parameters k,l, m are quantized. The general solution is ob-
tained by superimposing these modes.

The defect modes correspond to those solutions which vanish at the boundary away
from the defect, i.e. when x — 400. Using simple properties of Legendre functions, we find
that this requirement is satisfied only if a = k + 1 + n for a non-negative integer n. Note
that (4.11) tells us what discrete values the v parameter can take,

V(n):{l—i— (htntD(k+nt?) +z<z+1)(1—:2>};_;, (4.18)

4 K2

where we have taken the positive solution to (4.11).
From (4.4), the effective mass on the AdS, slice is m? = v(v+1) = A, (A, —1). Thus,
for the defect modes, we obtain the conformal dimension of the corresponding fields:

:An(An—1):z(z+1)+% (k+n+2)(k+n+1)—1(1+1)|, (4.19)

where n =0,1,2,3, ... is an integer and we have set &« = k+ 1+ n. Note that the massless
AdS, scalar cannot appear in the spectrum.

As a simple check, consider the pure AdSs scenario, i.e. assume that the dilaton and
axion do not jump across the defect (k = 1). Then for k = 0, we have

m2=mn+2)(n+1), = A,=n+2 (4.20)

- 12 —



The higher values of n then give the dimension of the higher-order operators appearing in
the expansion.® For higher values of k, we have A, = k + 2 + n, in agreement with the
fact that the AdS3 mass is given by midss =k(k+2).

5 Bulk-to-bulk propagator and two-point correlation function

In this section, we use the linearized modes to construct the bulk-to-bulk propagator satis-
fying vanishing boundary conditions at the boundary of the spacetime and infalling bound-
ary conditions at the Poincaré horizon. The latter choice is appropriate for the retarded
holographic propagator. In Euclidean signature, it is sufficient to impose regularity in the
spacetime’s interior. The propagator can be constructed as a summation over modes which
satisfy prescribed boundary conditions. The modes which vanish at the boundary (away
from the defect) must necessarily have o € N. This gives the quantization condition for the
masses on the AdSs slice and hence the dimensions of operators appearing in the BOPE
of the dual operator with the defect.

In what follows, we will effectively ignore the S® part of the geometry and construct
propagators directly for the equation (4.12).

5.1 Bulk-to-bulk propagator
As we will show shortly, the bulk-to-bulk propagator is given explicitly by

R - (n+A—1/2)n! -
- iw(t—t") ’
Ga 27r/dwe Z (n+ 24 —2)! Guy12(2, 7]
0 n=
A A—
y Pn+A1_1(tanh x) Pn+A1_1(tanh x') oo (5.1)
cosh x cosh 2/ Y ’
where
- 1
Gulz, 2] = (60 — )2 (wl2) V2 T (ol 2) +

- WIVEHD (), VEL (2]

zZ=z

0(2' —2)V2J, (|wl2)VZHD (Jw]2)|  (5.2)
is the propagator in the z direction which satisfies the equation
(z28§ + w2 —v(v + 1))@V+1/2[z, 2] =220(z — 2), (5.3)

vanishes as z approaches zero and satisfies infalling boundary conditions at the horizon of
the AdS, slice, i.e. as z goes to infinity. W[ﬁHl(,l)(|w|z), VzJy(Jw|z)] denotes the Wron-
skian of the two functions, which, for the case at hand, is equal to —2i/7. The Green’s
function is a continuous function with discontinuous first derivative at z = 2.7 Note that

SConsider the expansion O(z.) = Y02, 0™z"~!. The dimension of O would be the same
dimension as O, which is two for a marginal operator. The dimension of the higher order terms is then
O] =A, =n+1.

"To obtain the result in Euclidean signature we continue w? — —w?. Hankel function H, gets replaced
by K, (up to a simple prefactor) which is regular as z — co and J, gets replaced by I,. The Wronskian is
then W[/zK, (Jw|2), V2L (Jw|z)] = 1.
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the choice of the Hankel function of the first kind is determined by requiring the Green’s
function to satisfy ingoing boundary conditions at the horizon, while the choice of the Bessel
function of the first kind J,(Jw|z)] is determined by requiring the bulk-to-bulk propagator
to vanish at the boundary of the AdSs slice. The quantization of « =n+A—-1=n+k+1
is determined by requiring the bulk-to-bulk propagator to vanish as x — +oo. This means
that the bulk-to-bulk propagator is decomposable in terms of the defect modes.

Let us show by explicit computation that (5.1) indeed gives the propagator. Acting
with the three-dimensional Laplacian on Ga, we note that the non-vanishing contribution
comes from the step-function in the z direction. Explicitly,

’QQ

(Caa — M3y) Ga = 2i / dwe™ (1) { 26(z— )
i

52
cosh” x

$ (e A1/t PR onhe) P Gk

= (n+2A —2)! coshx cosh 2/
Next, we use the completeness relation for the associated Legendre polynomials

coshz cosh2/6(z — ') = Z
n=0

(n+A—1/2)n!

A— A—
(n +2A —2)! Pyia(tanh ) PR7A (tanha')  (5.5)

and obtain
1

A% ‘QSd‘

with y/|g3q| = cosh? z/(k?2%). Thus, we see that the bulk-to-bulk propagator can be indeed
represented as a sum of the modes derived before.

(Osa — M3,) Ga = 5t —t)o(xz —2")o(z — 2, (5.6)

The Euclidean version is

R .. (n+A—1/2)n!
_ iw(t—t")
Gra=or /dwe nz:;) (n+2A —2)!

PnA_szl_l (tanh x) PnA;Al_ ,(tanh 2)

5.7
cosh z cosh a/ ’ (5.7)

éE,u+1/2[27 2’]

with
1
WIVEE (wl2), VEL(w]2))

GEJ/[Z,Z/] =

0z = WK, (ol )V L (ol +

e(z'—z)\/zfy(ywm\QKV(|W|Z')]. (5.8)
In this case, we have W[y/zK, (|w|z), v/zI,(|w|z)] = 1. The continuation back to Minkowski

signature is achieved by replacing J, — I, and K, — HVZ) for w < 0 and K, — H,El)
for w > 0.
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Finally, for the finite-temperature case, we can proceed along the same lines and obtain
the expression

D)
wiad (3.7 ()

L0 — r)PET (i) T (:,)] . (59

This propagator is regular at the black-hole horizon at » = 1 and is appropriate for the
holographic dual of a CFT defined on the real line times the thermal circle. Note that the
boundary conditions need to be modified if we introduce additional global identifications

in the black-hole geometry.
5.2 Bulk-to-boundary propagator

The bulk-to-boundary propagator Ka(xg, ¥, Z’) can be obtained by taking the limit [19, 60]

. (2A-2)
K(ztz;t' o)) = lim TWR

where the v’ coordinate denotes the radial coordinate in the Poincaré patch of AdSs. For

Ga(z, t,zyu' t 7)), (5.10)

the AdS-slicing coordinates we are employing, the Fefferman-Graham expansion needs to
be computed separately on both sides of the defect (regions I and II in figure 1). The
leading-order terms are:

region I : '~ —In(2u'/k|2 ]), 2~ =, (5.11)

region II : '~ +In(2u' /|2 ), 2~ 4! (5.12)

To compute the limit, we use that [55]

A—1

(~1)A 1255 T(n+2A—1)(1—tanha’) 7
(A—-DT(n+1)

PA-L (tanha') ~

A1 , as 2z’ —oo. (5.13)

The other side of the defect is approached as 2’ — —oo, this would introduce a (—1)"
prefactor. For now we postpone this issue until later. A short computation gives

1 AT 1 T
~— [ == - —iw(t—t')
Ga (A—2)!( 2) 20A — D)r /dwe %

s - 1 PnAJr_Al_1 (tanh z)
> (n+A=1/2)Gypyplz, 2] o 27)5 - as ' — oo, (5.14)

n=0
so that the bulk-to-boundary propagator can be read off:

o0

VA 1 1\A-11 1 —iw(t—t'
KA(Z,t,x,t,xl):m<—2) ;K/T dwe ( )X
> - 1 P27 (tanhz)
/ n+A—1
X 7;)(” +A - 1/2)GV+1/2 [Z, ’xJ_H ’x/J_|A cosh ) (515)
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In appendix A, we show that this reduces to the well-known pure-AdS bulk-to-boundary
propagator when the defect is switched off (in which case k =1 and v =n+ A —1).

The correlation functions in (defect) CFTs are typically presented in position space.
So we would like to perform the inverse Fourier transform of (5.15). To this end, we note
the Gegenbauer’s formula [61]

H,Sr)m (w2) Jygpm(wa'))

(wz)¥ (wa') ¥

C” (cos 0) sin® 0db, (5.16)

2/~LiIl(v) /leﬁ)m(]w\\/zQ + 22 — 222/ cos0)
alT2v+m) Jo  w’(22+ 2'E — 222/ cos0)v/?

where CV (cos@) denotes the Gegenbauer function. For the computation in Euclidean
signature the same formula holds if we exchange J,4+,, by I +m and H,4,, by Ky4m on
the both sides of the equation. Using this relation (with m = 0) in (5.15) and Fourier
transforming back, we are left with an integral over 6 which can be expressed in terms of
the hypergeometric function. Using [55]

2 T[v+3/2]
F 1 1,2v+2,—— ) =2Vt -1, 1
A(va et es 2 ) =2t B Gpge), )
we are left with a sum
1\27! 1 1
Ka=[-=
2 TRAT(A = 1) |2/ |2
S 24224 (t—t)2\ P2A_ (tanh )
A—1/2)Q, L ntl-l : 1
T;)(n%— /2)Q ( 222/ > coshz (5.18)

For the undeformed case, v = n + A — 1, and we use the identity ([62], see also [63])

ok+1/2 F(/{) o0 1
/2 T(k+1/2) Z(k’ + ”)CQ(COS(¢))Qn+k—1/2(2), Re k > 5

n=0
(5.19)
to check that the position-space propagator (A.3) is indeed reproduced. For the deformed

(= — cos(@)) 12 =

case, the sum cannot be evaluated in closed form. As we will see later, each term in the
sum corresponds to the expected contribution of a descendant of the dual operator O.

5.3 Correlation functions

The bulk field ® is dual to an operator O in the dual CFT. Solving the field equation on
an asymptotically locally-AdS background near the boundary, one obtains the asymptotic
solution

o = 6(A_d)r ((Z)(O) + ...+ e(d_QA)T¢(2A_d) + ... > . (520)

The expectation value (O) in the presence of the source ¢ is given by

<(9>¢(0) = (d = 2A)pa—q)[#(0)] + local terms. (5.21)
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The following comments are in order. Among the local terms in (5.21) there are some
which are scheme-independent. In d = 2, the source ¢ g generically contributes to the con-
formal anomaly for even integer A. Alternatively, for certain operator dimensions, the two-
point function is not a well-defined distribution unless a dependence on the renormalisation
scale is introduced. This fact is reflected in the local terms appearing in (5.21). For a CFT,
their relation to the conformal anomaly is well understood, see e.g. [64] for a corresponding
discussion in the holographic context. In particular, these local terms may lead to delta-
function contributions in the two-point function (OO) (see [64] for explicit expressions).

In the presence of defects, there can be additional terms in the conformal anomaly
which are localised on the defect. Such terms can be constructed from the sources of
operators with integer dimension and derivative normal to the defect. E.g. for A = 2
we can construct a combination (1 )d()01d(0), which can contribute to the conformal
anomaly. In general the local terms in (5.21) include scheme-independent terms which
contribute to the conformal anomaly and may appear as a delta-function contribution in
the two-point function we are going to compute. In the following we will neglect such
contributions and focus on non-coincident insertion points.®

The bulk solution with prescribed source ¢() can be obtained with the help of the
bulk-to-boundary propagator as

D(x) = / YK a (2, y)d00)(y). (5.22)

Since we know the bulk-to-boundary propagator for the defect geometries, we can directly
use the last formula to extract the two-point function by extracting the corresponding term
in the near-boundary expansion and differentiating the one-point function with respect to
the source. After performing these steps, we obtain the final result:

23—2A 1

X
TR2A[D(A - 1))2 \xLxUA

(O(z1,1)0(2), 1)) =

n+2A —1)

S o ()7 I(
x;s@n(f) (n+A—1/2) NOEEY Q|26 +1)), (5.23)

where ¢ was defined in (2.4) and the above formula applies regardless of whether the
insertions are on the same side of the defect (£ > 0) or not (£ < 0). (5.23) has exactly
the functional dependence (2.7) obtained in [2]. We recognize each term in the sum as a
contribution from a particular descendant O,, = 9" L@. Plots can be found in figure 3.
We see in particular that the singularity when the two insertions are brought close to each
other is not sensitive to the deformation parameter. In the presence of the defect, the
correlator is also singular as one of the operators approaches the defect. Finally, there is
a “screening” effect when the operators are placed on opposite sides of the defect, i.e. the
correlator decays to zero quickly behind the defect.

8When computing correlation functions on pure AdS (without defects), the anomalous part of the
correlation function can be read off from the logarithmic terms in the bulk-to-boundary propagator. However
our propagator in the presence of the defect (5.21) is written as an infinite sum of terms, so to detect
logarithmic terms it would be necessary to resum it.
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Figure 3. Plot of (O(z,0)0(1,0)) for k = 1,2,4 and A = 2 (left) and plot of (O(z,y)O(1,0)) for
k=2 and A = 2 (right).

Moreover, now we can read off the BOPE coefficient as

B _A, I'(A,) 23-24 1 I'(n+2A-1)
Yoo, =2 LR Y VAT @ DR AT YD T gy

(5.24)

The formula (5.23) is the main result of this section. We already know that it does
reduce to the usual CFT result when the defect goes away. Moreover the final result
appears in a form which makes the BOPE block decomposition explicit. There is one more
check we can perform. Let’s consider the case in which the operator insertions are situated
far away from the defect but close to each other. This corresponds to the limit & — 0.
In this limit we expect to find the decomposition of the two-point correlation functions in
terms of the usual OPE, i.e. we should find the singularities of the form 1/£2. Notice that
each term in (5.23) diverges only logarithmically as & — 0. Thus, to obtain the scaling
behavior, we need to resum infinitely many terms in (5.23). To achieve this, we can use
asymptotic expressions for large n.

At large n (n > k) we can approximate v ~ n/k. The asymptotic expansion of
the Legendre function at large m is directly obtainable from the hypergeometric series
representation

= Tl o (22— 1)L/2 /2 21—,
Q,,(z):\/; Tlv+1] [z—( 1)1/2p+ 2F1(1 1 3 V22 -1

Iy +3/2] (22— 1)1/ VT g m) (5.25)

Using this and Stirling’s approximation for I'-functions we can perform a sum in (5.23)
from some large N to infinity. In the following, we will ignore numerical prefactors (except
for the dependence on the deformation parameter k) since we are after scaling behavior
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only. The computation goes as follows:

e e}

nz;v(n YA 1/2)%@9,, (2¢+1)
/2 <€11/4 n 0(51/4)> f;vnm—5/2 (1 ) (i))cn/n

(5.26)

Y-

dnaee+1) \n?))
where we defined ¢ = 26 + 1 — 2,/£(6 +1) ~ 1 — 24/€. The leading contribution can be
resummed to give’

51/4 Z 2A— 5/2Cn/n _ 5 QN/“@[CI/” Z —2A, N, (5.27)
where 0o
Blz,5,0] =Y ——— (5.28)
nzz;) (v+n)

is the so-called Lerch transcendent [55]. The asymptotic behavior of the Lerch transcendent
as ¢ — 1 can be deduced from [55]

Il — s

D[z, s,v] ~ -

(5.29)

Plugging this into the (5.27) gives

k12 1 k221

€174 (1 — (1/R)2A=1/2 ™ 92Aa-1/2 ea

(5.30)

which is exactly the identity contribution to the OPE in the bulk CFT!

It is easy to see from (5.23) that there are no more contributions at the leading order.
In principle, one can now proceed systematically and discover additional contributions
with subleading scaling behavior. These should be there since the one-point functions
are in general non-zero in the presence of the defect. However, this procedure becomes
prohibitively difficult even at the next order (1/¢2~1/2). One reason is that in the expansion
of the hypergeometric function there are infinitely-many terms contributing at each order.

6 Discussion

In the present paper, we have studied a particular family of top-down supersymmetric Janus
solutions which asymptote to AdS3 x S3 and are dual to two-dimensional defect conformal
field theories. We have identified a scalar perturbation in the bulk which decouples at

9 Alternatively one could approximate the sum by an integral, which in turn can be evaluated in terms
of the exponential integral function. However the sum under consideration does reduce to a well-studied
special function.
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the leading order and solved the linearized field equation. Taking advantage of the simple
structure of the background solution, we managed to construct explicitly the bulk-to-bulk
propagator and to extract the two-point correlation function. The functional form of this
correlator is not fixed by the symmetry alone. Rather, it involves an arbitrary function
of an invariant cross-ratio. The final expression for the two-point correlation function is
represented as a sum over boundary conformal blocks and makes manifest the data present
in the OPE of the operator with the defect (dimensions and OPE coefficients). Finally, we
have partially checked that our final result is crossing symmetric.

There are several directions one can now pursue. The theory which is holographically
dual to the Janus solution under consideration is known in detail. Moreover, we have
identified the microscopic description of the dual operator in the dual field theory. Hence,
it is in principle possible to compute the same correlation function in the field theory at
weak coupling.

Our analysis of the linearized fluctuations around the supergravity solution was not
completely systematic. In particular, there is certainly room for other fluctuations to
decouple at the leading order. Omne possibility would be to consider fluctuations of the
B-field with the indices along the four-torus. Additionally, it would be natural to consider
perturbations around the background solution that involve more than one field. Indeed,
treating perturbations of this sort is required for computing holographically correlators
involving the energy-momentum tensor or other conserved currents.

Furthermore, it would be natural to attempt extending our results to Janus solutions
in higher dimension and with more asymptotic regions. Perturbations around the super-
symmetric AdSs x S° Janus solutions have been studied in [65], where particular modes
that obey separable differential equations were identified. However, these equations are
not of the hypergeometric type (they are known in the literature as Heun’s equations) and
in general their solutions can be studied only numerically. In case of solutions with more
than two asymptotic regions, the differential equations would not be separable even in the
asymptotically AdS3 x S? case.

Finally, further investigating finite-temperature solutions would be a particularly
promising direction. Since we managed to solve for the linearized modes at finite tem-
perature, one can proceed to compute quasi-normal modes and/or correlation functions,
which are hard to compute even at weak coupling. It is not clear to us if this can be done
as explicitly as for the zero-temperature case, but it is certainly possible to find solutions
at least numerically. However, in order to proceed in this direction, a better understanding
of the global properties of the finite-temperature solutions is required.
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A Bulk-to-boundary propagator in pure anti-de Sitter

It might be useful to demonstrate how the well-known bulk-to-boundary propagator in pure
AdS can be represented using our defect modes. To do that we start with the expression

80, ) = [ a5 Kas(o0, 7,7 )n(@), (A1)
where the bulk-to-boundary propagator in Poincaré coordinates is'”
A
_ I'(A)
Ka(xo, 7)) = C ll C=nd2_ 2 A3
a0, 2, %) @+ (@ —2)2)» T T(A—d)2) (A:3)

Here ¢o(2") represents the source on the boundary of AdS. Next we decompose boundary
directions as & = (x , ¥) and similarly for the location of the source & and go to hyperbolic
slicing by defining new coordinates z and x by

z

= = hx. A4
- x] = ztanhz (A4)

Now we Fourier-transform along the directions of the defect to obtain (in Euclidean

signature)!!
2 28 1
K 7,7 =
810, 58) = e A 075 coh 2 (27r)d_1
k}2 K 1—d (kw)
/dd L ik-(- y)<2> %’ (A.6)
(hw) =+
where
w = \/22 — 2ztanhza/| + 2'Z, (A.7)

and K, denotes the modified Bessel function. Now we use the Gegenbauer’s addition
theorem for Bessel functions which says [61]

oo

(kfjw =2 3w+ ”MI: . V(Z;(k;mm (tanha)  (A8)

for z > |2/ |. Whereas for z < |2/ | the arguments of the Bessel functions should be
exchanged. In Lorentzian signature we would need [61]

H,(kw) - Hyn(kz) Jyin(kz') A_1/9
———=2"T'(v) » (v+n) CA=Y2(tanh ). (A.9)
(kw)v 7;) (kz)¥ (k') )¥
10Recall that the propagator is normalized in such a way that
hglo 25 T KA (0, 7, &) = 6(F — ). (A.2)

1To evaluate this multi-dimensional Fourier transform we note that for a spherically symmetric function
f (@) = f(|g]) the Fourier transform is related to the so-called Hankel transform through

/dn —ik- Uf(y (271.)%/2 1-n/2 /OO Tn/2f(T)J%_1(kr)dr. (A.5)
0
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Thus the bulk-to-boundary propagator in pure AdS can be expressed as

2 D(A-d/2+1/2) 22 1 /dd—lke—iE~(g—gj’)k2A+1—dx
ﬁ F(A — d/2) (;QshA x (Zﬂ)d_l

Ka(z0,2,7) =

o0 K, 1 kz) I, 1- k'
o 2 (k‘z)A+7 (ijl)A—FT
Ini1a, (k2) Ky 1-a, (k2')) 14
A+-Z24n A+-Z24n 1 A41=d
+ 02!, — - QAJFH o Z = cp (tanh x).
(bS50 (el B

Finally notice that for integer A —d/2 the Gegenbauer function is related to the associated
Legendre functions by [55]

Cﬁ_lﬂ(tanhx) =7 r(4)

m(—Q coshz)2~'PA7  (tanhz). (A.10)

n+A—1
(For non-integer A there is also Qﬁ_;i_l(tanh x) appearing in the final equality). Thus
we see that the bulk-to-boundary propagator can be expressed using the defect modes
derived before.

Let us now specialise to d = 2 and integer A, so that i becomes just ¢ and k reduces

to w. We get
A—1
1 1 1 [ : /
K )= -2 S dwe (=) A1l
Axo, Z,7) < 2> F(A—l)w/_oo we X ( )
oo A—1
- 1 P (tanh x)
Eucl +A-1
X Z(n+A — 1/2)Gni‘271/2[z,xﬁ_]% n cosh z

n=0

where égii—l /2 [z,2'|] is obtained from (5.3) by analytically continuing w? — —w? which

effectively replaces Bessel functions according to J, — I, and H, — K, (K,(|lw|z) is
regular at large z). (A.11) indeed coincides with the pure AdS limit of (5.15).
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