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Abstract This article presents semi-analytical solutions and analytical temporal moments of a7

two-components linear reactive lumped kinetic model incorporating irreversible (A → B) and8

reversible (A ⇆ B) reactions in a fixed-bed liquid chromatographic column. Both solid and liquid9

phase reactions and two sets of boundary conditions are considered. The current model equations10

contain a coupled system of two partial differential equations (PDEs) and two ordinary differential11

equations (ODEs). The solution methodology successively employs the Laplace transform and12

linear transformation steps to uncouple the governing set of coupled differential equations. The13

resulting system of uncoupled ODEs is solved by applying an elementary solution technique.14

The numerical Laplace inversion is employed to transform back the solutions in the actual time15

domain. To further analyze the effects of different kinetic parameters, statistical temporal moments16

are derived from the Laplace transformed solutions. The current solutions extend and generalize17

our recent solutions for single-solute transport models of non-reactive liquid chromatography. For18

verification, the analytical results are compared with the numerical solutions of a high resolution19

finite volume scheme. Several case studies of practical interest are considered. Good agreements20

in the results validate the correctness of semi-analytical solutions and the accuracy of proposed21

numerical algorithm.22

Keywords Liquid chromatography, non-equilibrium transport, irreversible and reversible23

reactions, mass transfer, analytical solutions, moment analysis.24

1 introduction25

Column liquid chromatography is one of the most effective means of separation which is mainly26

used for the separation of components employed as fine chemicals, pharmaceuticals, food additives27

and biological products. The demand for efficient preparative and large-scale liquid chromato-28

graphic separation processes is ever increasing. The concept is successfully applied to perform29

numerous difficult separation processes, for example the separation of enantiomers and the isola-30

tion of specific proteins from fermentation broths. In the column liquid chromatography, a mobile31

phase percolates through a bed of fixed porous particles, carrying the mixture components which32
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interact differently with the stationary phase. Components interacting strongly with the particles33

transport (elute) slowly along the column as compared to the components having weaker inter-34

actions. Therefore, each component forms a concentration band profile moving with a specific35

velocity in the column. These velocity differences make possible, for a long enough column, to36

collect pure fractions of components at the outlet of the column [1–3].37

The coupling of chemical or biochemical reactions and chromatographic separations leads to an38

integrated process for the production of high purity products. Within a chromatographic reactor39

the conversion of the reactants and the separation of the components takes place simultaneously.40

Therefore, reversible reactions can overcome the limitation of the conversion ruled by a chemical41

equilibrium. The reaction within integrated processes can be catalyzed either homogeneously or42

heterogeneously. In the case of a homogeneous catalysis the separation of the catalyst from the43

products has to be taken into account. Heterogeneously catalyzed reactions occur more often.44

In special cases, such as esterifications, the same ion exchange resin can act as catalyst for the45

reaction as well as adsorbent for the separation [4]. In contrast to the sequentially connected46

conventional reactors and separators, chromatographic reactors effectively reduce the number of47

units and improve the conversion, yield and separation capacity. Chromatographic reactors were48

studied by several authors [1,5–23]49

Mathematical modeling and numerical analysis of chromatographic operations have received con-50

siderable attention since the late 1960s. A variety of mathematical models of various degree of51

complexity have been introduced in chromatography. For systems where equilibrium and mass52

transfer processes are represented by linear relationships, analytic solutions of the models are53

possible in the Laplace domain [24]. The analytical back transformations of the Laplace domain54

solutions are only possible in simplified situations [25]. However, numerical Laplace inversion tech-55

niques can be employed to calculate peak profiles from the analytical solution in the Laplace56

domain [26,27]. The moment generating property of the Laplace-domain solutions can be utilized57

to calculate moments of chromatographic peaks. Therefore, the retention time, the peak width,58

the number of theoretical plates, the peak asymmetry, and other chromatographic parameters of59

interest can be calculated using algebraic expressions. The moment analysis has been used in a60

number of studies of fixed-bed systems [3,24,28–33].61

In this work, the semi-analytical solutions and analytical temporal moments are derived for two-62

components reactive lumped kinetic model (RLKM) considering irreversible (A → B) and re-63

versible (A ⇆ B) reactions in the liquid and solid phases. Moreover, two sets of boundary con-64

ditions are considered for a rectangular pulse injection of finite width. The current work is an65

extension of our previous analysis for simplified models [31,32,34]. The solution procedure succes-66

sively employs the Laplace transform and eigen-decomposition technique to uncouple the governing67

set of coupled differential equations. The resulting uncoupled systems of ODEs are solved using68

an elementary solution technique. For further analysis of the process, the analytical temporal mo-69

ments are derived from the Laplace transformed solutions [31,35–37]. In the current situation, the70

analytical Laplace inversion is not possible. Therefore, the numerical Laplace inversion is applied71

to get back the solution in the actual time domain [26,27]. To verify the correctness of analytical72

results, the high-resolution finite volume scheme (HR-FVS) is applied to solve the model equations73

numerically [22,38]. Several case studies are carried out and analytical results are compared with74

those determined numerically. Good agreements in the results verify the correctness of analytical75

results and accuracy of the suggested numerical algorithm.76

The rest of the paper is organized as follows. In Section 2, the RLKM is introduced and analytically77

solved for irreversible reactions. Section 3 extends this analysis to the case of reversible reaction.78

Section 4 presents the derivation of analytical moments for both types of reactions and two sets79

of boundary conditions. In Section 5, several case studies are carried out. Finally, conclusions are80

drawn in Section 6.81
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2 Irreversible reaction (A→B)82

A one-dimensional two-component transport model of linear reactive chromatography is consid-83

ered. In this process, the component A (component 1) converts into B (component 2) through an84

first order irreversible reaction having reaction rate constants η in the liquid phase and ν in the85

solid phase. The semi-analytical solutions of the model are obtained for different sets of inlet and86

outlet boundary conditions by means of Laplace transformation. Here, the solution procedure of87

Quezada et al. [35] is adopted to solve the model equations. Let t represents the time coordinate88

and z denotes the axial coordinate along the column length. Moreover, it is assumed that the axial89

dispersion coefficient, denoted by Dz, is same for both components. The lumped kinetic model90

incorporates the rate of variation of the local concentration of solute in the stationary phase. The91

model lumps hereby the contribution of internal and external mass transport resistances into a92

mass transfer coefficient. Thus, the mass balances in the liquid phase of a two-component linear93

RLKM can be expressed as94

∂c1
∂t

+ u
∂c1
∂z

= Dz

∂2c1
∂z2

− k1
ǫ
(q∗1 − q1)− η1c1 , (1)

∂c2
∂t

+ u
∂c2
∂z

= Dz

∂2c2
∂z2

− k2
ǫ
(q∗2 − q2) + η1c1 . (2)

For the solid phase, the governing equations are given as95

∂q1
∂t

=
k1

1− ǫ
(q∗1 − q1)− ν1q1 , (3)

∂q2
∂t

=
k2

1− ǫ
(q∗2 − q2) + ν1q1 . (4)

Appropriate boundary conditions at both ends of the column are also required which will be96

presented while deriving analytical solutions. In above equations, ci denotes the liquid phase97

concentration of i-th component, qi represents the solid phase concentration of i-th component,98

and ki is the mass transfer coefficient of i-th component. The linear adsorption isotherm for the99

i-th component equilibrium solid phase concentration is given as q∗i = aici, ai represents the Henry100

constant, and ǫ ∈ (0, 1) is the external porosity. Moreover, ηi and νi are the i-th component liquid101

and solid phases reaction rate constants, respectively. The RLKM takes into account the mass102

transfer kinetics in the solid phase that makes it more accurate than the reactive equilibrium103

dispersive model (REDM) which assumes equilibrium in the solid phase concentration. For large104

values of ki (i = 1, 2), the solution of RLKM converges to that of REDM.105

To simplify the notations and reduce the number of variables, the following dimensionless variables106

are introduced:107

x =
z

Lmax
, τ =

ut

Lmax
, P e =

Lmaxu

Dz

, η̃i =
Lmaxηi

u
, ν̃i =

Lmaxνi
u

,

k̃i =
Lmaxki

u
, Ci =

ci
c0

, Qi =
qi
c0

, c0 = max(ci,inj) , (i = 1, 2), (5)

where Lmax is the length of the column. Substituting these variables into Eqs. (1) to (4), we obtain108

∂C1

∂τ
+

∂C1

∂x
=

1

Pe

∂2C1

∂x2
− k̃1

ǫ
(a1C1 −Q1)− η̃1C1 , (6)

∂C2

∂τ
+

∂C2

∂x
=

1

Pe

∂2C2

∂x2
− k̃2

ǫ
(a2C2 −Q2) + η̃1C1 , (7)

∂Q1

∂τ
=

k̃1
1− ǫ

(a1C1 −Q1)− ν̃1Q1 , (8)
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∂Q2

∂τ
=

k̃2
1− ǫ

(a2C2 −Q2) + ν̃1Q1 . (9)

The corresponding initial conditions in non-dimentionalize form are given as109

Ci(0, x) =
ci,init
c0

= Ci,init, Qi(0, x) =
aici,init

c0
= aiCi,init, (i = 1, 2) . (10)

After applying the Laplace transform in τ domain and eliminating the Laplace transformed solid110

phase concentration Q̄i from Eqs. (6) and (7) through Eqs. (8) and (9), we obtain111

d2C̄1

dx2
− Pe

dC̄1

dx
− (r1 + sα1)C̄1 = (−α1 + β1)C1,init , (11)

d2C̄2

dx2
− Pe

dC̄2

dx
+ r2C̄1 − sα2C̄2 = −α2C2,init − β2C1,init , (12)

where112

α1 =Pe

[
1 +

a1F k̃1(s+ ν̃1)

s{(1− ǫ)(s+ ν̃1) + k̃1}

]
, α2 = Pe

[
1 +

a2F k̃2

s(1 − ǫ) + k̃2

]
, F =

1− ǫ

ǫ
,

r1 =Peη̃1, r2 = Pe

[
η̃1 +

a1F ν̃1k̃1k̃2

{(1− ǫ)(s+ ν̃1) + k̃1}{s(1− ǫ) + k̃2}

]
,

β1 =
Pea1F ν̃1k̃1

s{(1− ǫ)(s+ ν̃1) + k̃1}
, β2 =

Pea1F ν̃1k̃2(1 − ǫ)

{(1− ǫ)(s+ ν̃1) + k̃1}{s(1− ǫ) + k̃2}
. (13)

In these equations, C̄1 and C̄2 are the liquid phase concentrations of mixture components in the113

Laplace domain. By using matrix notation, Eqs. (11) and (12) take the following form114

d2

dx2

{
C̄1

C̄2

}
− Pe

d

dx

{
C̄1

C̄2

}
+

[
−r1 − sα1 0

r2 −sα2

]{
C̄1

C̄2

}
=

{
(−α1 + β1)C1,init

−α2C2,init − β2C1,init

}
, (14)

where parenthesis [ ] stands for a square matrix and { } represents the column matrix. Thus,115

a combined reaction coefficient matrix [B] on the left hand side of Eq. (14) is given as116

117

B =

[
−r1 − sα1 0

r2 −sα2

]
. (15)

Next, we compute the linear transformation matrix [A]. Note that, the columns of [A] should be118

the eigenvectors of the combined reaction coefficient matrix [B]. The eigenvalues and eigenvectors119

of [B] are given as:120

121

λ′ = −r1 − sα1, x1 =

[
A11
r2A11

s(α2−α1)−r1

]
and λ′′ = −sα2, x2 =

[
0

A22

]
. (16)

Here, λ′ and λ′′ are the eigenvalues and A11 and A22 are the arbitrary constants. For simplicity,122

we take the values of A11 and A22 equal to one. Then, using Eq. (16), the diagonal matrix P̃ and123

the transformation matrix [A] can be written as124

125

P̃ =

[
−r1 − sα1 0

0 −sα2

]
, A =

[
1 0
r2

s(α2−α1)−r1
1

]
. (17)

The matrix [A] can be used for the following linear transformation126

127 {
C̄1

C̄2

}
=

[
1 0
r2

s(α2−α1)−r1
1

]{
b1
b2

}
. (18)
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By applying the above linear transformation on Eq. (14) we get128

d2

dx2

{
b1
b2

}
− Pe

d

dx

{
b1
b2

}
+

[
−r1 − sα1 0

0 −sα2

]{
b1
b2

}

=

[
1 0

−r2
s(α2−α1)−r1

1

]{
(−α1 + β1)C1,init

−α2C2,init − β2C1,init

}
. (19)

One can see that Eq. (19) represents the two independent, steady state, advection-dispersion equa-129

tions with decay term of first order. Next is to find the explicit solutions of these two independent130

ordinary differential equations131

d2b1
dx2

− Pe
db1
dx

− (r1 + sα1)b1 = (−α1 + β1)C1,init , (20)

d2b2
dx2

− Pe
db2
dx

− sα2b2 =
r2(α1 − β1)C1,init

s(α2 − α1)− r1
− α2C2,init − β2C1,init . (21)

The solutions of ODEs in Eqs. (20) and (21) are given as132

133

b1(s, x) = A1e
λ1x +B1e

λ2x +
(α1 − β1)

r1 + sα1
, λ1,2 =

Pe±
√
Pe2 + 4 (r1 + sα1)

2
, (22)

and134

b2(s, x) = A2e
λ3x +B2e

λ4x − 1

sα2

[
r2(α1 − β1)C1,init

s(α2 − α1)− r1
− α2C2,init − β2C1,init

]
,

λ3,4 =
Pe±

√
Pe2 + 4sα2

2
. (23)

Here, A1, B1, A2 and B2 are integration constants which can be determined by using suitable135

boundary conditions (BCs) at the column inlet and outlet. In this study, we consider two sets of136

BCs as given below. If ri = 0 (for i = 1, 2) and ν = 0, Eqs. (22) and (23) reduce to non-reactive137

chromatographic model equations discussed in Javeed et al. [31].138

2.1 Dirichlet BCs139

In this case, the normalized inlet BCs are given as140

Ci(τ, 0) =

{ ci,inj
c0

, if 0 < τ ≤ τinj , i = 1, 2 ,

0 , τ > τinj .
(24)

At the column outlet, the Neumann BCs for a column of hypothetically infinite length are used as141

∂Ci

∂x
(τ,∞) = 0 , i = 1, 2 . (25)

Here ci,inj denotes the injected concentration of component i at the left end of the column (i.e. at142

x = 0). By assuming Ci,inj =
ci,inj
c0

for i = 1, 2, these boundary conditions in the Laplace domain143

can be expressed as144

C̄i(s, 0) =
Ci,inj

s

(
1− e−sτinj

)
,

dC̄i

dx
(s,∞) = 0 , i = 1, 2 . (26)

Using the transformation given in Eq. (18), we get145
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C̄1(s, x) = b1(s, x) , (27)

which gives146

C̄1(s, 0) = b1(s, 0) =
C1,inj

s

(
1− e−sτinj

)
,

db1
∂x

(s,∞) = 0 . (28)

Similarly147

b2(s, x) = c̄2(s, x)−
r2b1(s, x)

s(α2 − α1)− r1
, (29)

so that148

b2(s, 0) =
(1− e−sτinj)

s
C2,inj −

r2b1(s, 0)

s(α2 − α1)− r1
,

db2
dx

(s,∞) = 0 . (30)

After applying the BCs in Eq. (28) on Eq. (22), the values of A1 and B1 are given as149

A1 = 0, B1 =
(1− e−sτinj)

s
C1,inj −

(α1 − β1)C1,init

r1 + sα1
. (31)

By using the relation in Eq. (27), we get the Laplace domain solution as150

C̄1(s, x) =

[
(1− e−sτinj)

s
C1,inj −

(α1 − β1)C1,init

r1 + sα1

]
eλ2x +

(α1 − β1)C1,init

r1 + sα1
. (32)

Similarly, using Eq. (30) in Eq. (23), we get the values of A2 and B2 as151

A2 = 0, B2 =
(1− e−sτinj)

s

[
C2,inj −

r2 C1,inj

s(α2 − α1)− r1

]

+
1

sα2

[
r2(α1 − β1)C1,init

s(α2 − α1)− r1
− α2C2,init − β2C1,init

]
. (33)

Thus, Eq. (23) together with the values of A2 and B2 becomes152

b2(s, x) =

[
(1− e−sτinj)

s

{
C2,inj −

r2 C1,inj

s(α2 − α1)− r1

}
+

1

sα2

{
r2(α1 − β1)C1,init

s(α2 − α1)− r1
− α2C2,init

−β2C1,init

}]
eλ4x − 1

sα2

[
(α1 − β1)r2C1,init

s(α2 − α1)− r1
− α2C2,init − β2C1,init

]
. (34)

After using Eq. (29) in Eq. (34), we obtain153

C̄2(s, x) =
r2

s(α2 − α1)− r1

[
eλ2x

{
(1− e−sτinj)

s
C1,inj −

(α1 − β1)C1,init

r1 + sα1

}
+

(α1 − β1)C1,init

r1 + sα1

]

+ eλ4x

[
(1− e−sτinj)

s

{
C2,inj −

r2 C1,inj

s(α2 − α1)− r1

}
+

1

sα2

{
(α1 − Peβ1)r2C1,init

s(α2 − α1)− r1
− α2C2,init
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− β2C1,init

}]
− 1

sα2

[
(α1 − β1)r2C1,init

s(α2 − α1)− r1
− α2C2,init − β2C1,init

]
. (35)

The solutions in τ domain Ci(τ, x) can be achieved by using the following expression for the back154

transformation:155

Cj(τ, x) =
1

2π i

γ+i∞∫

γ−i∞

e−τsC̄j(s, x)ds , j = 1, 2 , (36)

where, γ is a real constant that exceeds the real part of all the singularities of C̄j(s, x).156

In this case, no analytical Laplace inversion is possible. Therefore, numerical Laplace inversion is157

adopted to get back solutions in the actual time domain [26,27,31,32]. In this technique, the exact158

integrals of back transformation (c.f. Eq. (36)) are approximated by using Fourier series [27].159

2.2 Danckwerts boundary conditions160

In this case, the finite length column is considered. The normalized boundary conditions have the161

form [39]162

Ci(τ, 0) =

{
Ci,inj +

1
Pe

∂Ci

∂x
(τ, 0) , if 0 < τ ≤ τinj , i = 1, 2 ,

0 , τ > τinj ,
(37)

and163

∂Ci

∂x
(τ, 1) = 0, i = 1, 2 . (38)

Using the Laplace transformation, we get164

165

C̄i(s, 0) =
(1− e−sτinj)

s
Ci,inj +

1

Pe

dC̄i

dx
(s, 0) ,

dC̄i

dx
(s, 1) = 0 . (39)

Following the same solution procedure as discussed in Subsection 2.1, the solutions in the Laplace166

domain are given as167

C̄1(s, x) =

[
λ2e

λ2+λ1x − λ1e
λ1+λ2x

(1− λ1

Pe
)λ2eλ2 − (1− λ2

Pe
)λ1eλ1

] [
(1− e−sτinj)

s
C1,inj −

(α1 − β1)C1,init

r1 + sα1

]

+
(α1 − β1)C1,init

r1 + sα1
, (40)

and168

C̄2(s, x) =

[
r2

s(α2 − α1)− r1

][
λ2e

λ2+λ1x − λ1e
λ1+λ2x

(1− λ1

Pe
)λ2eλ2 − (1− λ2

Pe
)λ1eλ1

] [
(1− e−sτinj)

s
C1,inj

− (α1 − β1)C1,init

r1 + sα1

]
+

(α1 − β1)C1,init

r1 + sα1

[
r2

s(α2 − α1)− r1

]

+

[
λ4e

λ4+λ3x − λ3e
λ3+λ4x

(1− λ3

Pe
)λ4eλ4 − (1− λ4

Pe
)λ3eλ3

][(
1− e−sτinj

s

){
C2,inj −

r2C1,inj

s(α2 − α1)− r1

}
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+
1

sα2

{
(α1 − β1)r2C1,init

s(α2 − α1)− r1
− α2C2,init − β2C1,init

}]

− 1

sα2

[
(α1 − β1)r2C1,init

s(α2 − α1)− r1
− α2C2,init − β2C1,init

]
. (41)

Once again, no analytical Laplace inversion is possible. Therefore, the numerical Laplace inversion169

is applied to get back solutions in the actual time domain [26,27,31,32].170

3 Reversible reaction A ⇋ B171

In this section, the more general case of linear reaction, i.e. reversible reaction, is presented.172

For the considered case, the injected component A (component 1) converts to the component173

B (component 2) with reaction rate constants η1 in the liquid phase and ν1 in the solid phase.174

Because of the reversible reaction, component B is converted partly back to component A with a175

reaction rate constant η2 in liquid phase and ν2 in the solid phase. Thus, the governing equations176

of two-components RLKM in the liquid phase are formulated as177

∂c1
∂t

+ u
∂c1
∂z

= D
∂2c1
∂z2

− k1
ǫ
(q∗1 − q1)− η1c1 + η2c2 , (42)

∂c2
∂t

+ u
∂c2
∂z

= D
∂2c2
∂z2

− k2
ǫ
(q∗2 − q2) + η1c1 − η2c2 . (43)

For the solid phase, the governing equations are178

∂q1
∂t

=
k1

1− ǫ
(q∗1 − q1)− ν1q1 + ν2q2, (44)

∂q2
∂t

=
k2

1− ǫ
(q∗2 − q2) + ν1q1 − ν2q2 . (45)

Using dimensionless variables given in Eq. (5) and linear adsorption isotherms, the above equations179

in normalized form can be rewritten as180

∂C1

∂τ
+

∂C1

∂x
=

1

Pe

∂2C1

∂x2
− k̃1

ǫ
(a1C1 −Q1)− η̃1C1 + η̃2C2 , (46)

∂C2

∂τ
+

∂C2

∂x
=

1

Pe

∂2C2

∂x2
− k̃2

ǫ
(a2C2 −Q2) + η̃1C1 − η̃2C2 , (47)

∂Q1

∂τ
=

k̃1
1− ǫ

(a1C1 −Q1)− ν̃1Q1 + ν̃2Q2, (48)

∂Q2

∂τ
=

k̃2
1− ǫ

(a2C2 −Q2) + ν̃1Q1 − ν̃2Q2. (49)

By applying the Laplace transformation in τ domain and eliminating Eqs. (48) and (49), Eqs. (46)181

and (47) take the forms182

d2C̄1

dx2
− Pe

dC̄1

dx
− (r1 + sα1)C̄1 + r2C̄2 = −β1C1,init − β2C2,init , (50)

d2C̄2

dx2
− Pe

dC̄2

dx
+ r3C̄1 − (r4 + sα2)C̄2 = −β3C1,init − β4C2,init , (51)

where183
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α1 =Pe

[
1 +

a1F k̃1

(1− ǫ)(s+ ν̃1) + k̃1
+

a1F ν̃1k̃1

s{(s+ ν̃1)(1 − ǫ) + k̃1}

− a1F ν̃1ν̃2k̃
2
1(1− ǫ)

s{(s+ ν̃1)(1 − ǫ) + k̃1}
[
{(s+ ν̃1)(1− ǫ) + k̃1}{(s+ ν̃2)(1− ǫ) + k̃2} − ν̃1ν̃2(1− ǫ)2

]



 ,

α2 =Pe


1 + a2k̃2

sǫ
− a2k̃

2
2{(s+ ν̃1)(1− ǫ) + k̃1}

sǫ
[
{(s+ ν̃1)(1 − ǫ) + k̃1}{(s+ ν̃2)(1 − ǫ) + k̃2} − ν̃1ν̃2(1 − ǫ)2

]


 ,

F =
1− ǫ

ǫ
, r1 = Peη̃1 , r4 = Peη̃2 ,

r2 =Pe

[
η̃2 +

a2F ν̃2k̃1k̃2

{(s+ ν̃1)(1 − ǫ) + k̃1}{(s+ ν̃2)(1− ǫ) + k̃2} − ν̃1ν̃2(1− ǫ)2

]
,

r3 =Pe

[
η̃1 +

a1F ν̃1k̃1k̃2

{(s+ ν̃1)(1 − ǫ) + k̃1}{(s+ ν̃2)(1− ǫ) + k̃2} − ν̃1ν̃2(1− ǫ)2

]
,

β1 =Pe

[
1 +

a1F k̃1

(s+ ν̃1)(1 − ǫ) + k̃1

+
a1F ν̃1ν̃2k̃1(1 − ǫ)2

{(s+ ν̃1)(1 − ǫ) + k̃1}
[
{(s+ ν̃1)(1− ǫ) + k̃1}{(s+ ν̃2)(1 − ǫ) + k̃2} − ν̃1ν̃2(1− ǫ)2

]



 ,

β2 =
Pea2F ν̃2k̃1(1 − ǫ)

{(s+ ν̃1)(1− ǫ) + k̃1}{(s+ ν̃2)(1 − ǫ) + k̃2} − ν̃1ν̃2(1− ǫ)2
,

β3 =
Pea1F ν̃1k̃2(1 − ǫ)

{(s+ ν̃1)(1− ǫ) + k̃1}{(s+ ν̃2)(1 − ǫ) + k̃2} − ν̃1ν̃2(1− ǫ)2
,

β4 =Pe

[
1 +

a2F k̃2{(s+ ν̃1)(1− ǫ) + k̃1}
{(s+ ν̃1)(1 − ǫ) + k̃1}{(s+ ν̃2)(1− ǫ) + k̃2} − ν̃1ν̃2(1− ǫ)2

]
. (52)

The two sets of BCs introduced in Section 2 are considered again. Adopting the same solution184

procedure as discussed in the previous Section, we obtain the following solutions.185

3.1 Dirichlet boundary conditions186

In this case, the boundary conditions in Eqs. (24) and (25) are taken into account. Thus, the187

Laplace domain solutions are given as188

C̄1(s, x) = em2x

[
λ3 (1− e−sτinj) (r3C1,inj − λ4C2,inj)

sr3(λ3 − λ4)

+
λ3{(β1r3 − β3λ4)C1,init + (β2r3 − β4λ4)C2,init}

λ1r3(λ3 − λ4)

]

− em4x

[
λ4 (1− e−sτinj) (r3C1,inj − λ3C2,inj)

sr3(λ3 − λ4)

−λ4{(−β1r3 + β3λ3)C1,init + (−β2r3 + β4λ3)C2,init}
λ2r3(λ3 − λ4)

]

− C1,init{β1r3 (λ2λ3 − λ1λ4)− β3λ3λ4(λ2 − λ1)}
λ1λ2r3(λ3 − λ4)
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+
C2,init{β4λ3λ4 (λ2 − λ1)− β2r3(λ2λ3 − λ1λ4)}

λ1λ2r3(λ3 − λ4)
, (53)

C̄2(s, x) = em2x

[
(1− e−sτinj) (r3C1,inj − λ4C2,inj)

s(λ3 − λ4)

+
{(β1r3 − β3λ4)C1,init + (β2r3 − β4λ4)C2,init}

λ1(λ3 − λ4)

]

− em4x

[
(1− e−sτinj) (r3C1,inj − λ3C2,inj)

s(λ3 − λ4)

−{(−β1r3 + β3λ3)c1,init + (−β2r3 + β4λ3)C2,init}
λ2(λ3 − λ4)

]

− C1,init{β1r3 (λ2 − λ1) + β3(λ1λ3 − λ2λ4)}
λ1λ2(λ3 − λ4)

+
C2,init{β4 (λ2λ4 − λ1λ3)− β2r3(λ2 − λ1)}

λ1λ2(λ3 − λ4)
, (54)

where for W = r1 − r4, R = r1 + r4, Q = α2 − α1, G = α1 + α2, P = 4(r2r3 − r1r4) and189

λ1,2 = −1

2

[
R+ sG∓

√
P +R2 + s2Q2 − 2sWQ

]
, (55)

λ3,4 = −1

2

[
W − sQ∓

√
P +R2 + s2Q2 − 2sWQ

]
. (56)

Moreover,190

m1,2 =
Pe±

√
Pe2 − 4λ1

2
, m3,4 =

Pe±
√
Pe2 − 4λ2

2
. (57)

Analytical Laplace inversions of the above equations are very difficult. Therefore, numerical191

Laplace inversion is used to get the solutions in the actual domain [26,27,31,32].192

3.2 Danckwerts boundary conditions193

Now, the BCs given in Eqs. (37) and (38) are taken into account. The Laplace domain solutions194

are formulated as195

C̄1(s, x) =
(1− e−sτinj)λ3(r3C1,inj − λ4C2,inj)(m1e

m1+m2x −m2e
m2+m1x)

r3s(λ3 − λ4){(1− m2

Pe
)m1em1 − (1− m1

Pe
)m2em2}

− (1− e−sτinj)λ4(r3C1,inj − λ3C2,inj)(m3e
m3+m4x −m4e

m4+m3x)

r3s(λ3 − λ4){(1− m4

Pe
)m3em3 − (1− m3

Pe
)m4em4}

+
λ3{(β1r3 − β3λ4)C1,init − (β4λ4 − β2r3)C2,init}(m1e

m1+m2x −m2e
m2+m1x)

r3λ1(λ3 − λ4){(1− m2

Pe
)m1em1 − (1− m1

Pe
)m2em2}

− λ4{(β1r3 − β3λ3)C1,init − (β4λ3 − β2r3)C2,init}(m3e
m3+m4x −m4e

m4+m3x)

r3λ2(λ3 − λ4){(1− m4

Pe
)m3em3 − (1− m3

Pe
)m4em4}

− C1,init{β1r3 (λ2λ3 − λ1λ4)− β3λ3λ4(λ2 − λ1)}
λ1λ2r3(λ3 − λ4)

+
C2,init{β4λ3λ4 (λ2 − λ1)− β2r3(λ2λ3 − λ1λ4)}

λ1λ2r3(λ3 − λ4)
, (58)

and196
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C̄2(s, x) =
(1− e−sτinj) (r3C1,inj − λ4C2,inj)(m1e

m1+m2x −m2e
m2+m1x)

s(λ3 − λ4){(1− m2

Pe
)m1em1 − (1 − m1

Pe
)m2em2}

− (1− e−sτinj) (r3C1,inj − λ3C2,inj)(m3e
m3+m4x −m4e

m4+m3x)

s(λ3 − λ4){(1− m4

Pe
)m3em3 − (1− m3

Pe
)m4em4}

+
{(β1r3 − β3λ4)c1,init − (β4λ4 − β2r3)C2,init}(m1e

m1+m2x −m2e
m2+m1x)

λ1(λ3 − λ4){(1− m2

Pe
)m1em1 − (1− m1

Pe
)m2em2}

− {(β1r3 − β3λ3)c1,init − (β4λ3 − β2r3)C2,init}(m3e
m3+m4x −m4e

m4+m3x)

λ2(λ3 − λ4){(1− m4

Pe
)m3em3 − (1− m3

Pe
)m4em4}

− C1,init{β1r3 (λ2 − λ1) + β3(λ1λ3 − λ2λ4)}
λ1λ2(λ3 − λ4)

+
C2,init{β4 (λ2λ4 − λ1λ3)− β2r3(λ2 − λ1)}

λ1λ2(λ3 − λ4)
. (59)

Here, λi and mi for i = 1, 2, 3, 4 are given by Eqs. (55), (56) and (57). Again, the numerical Laplace197

inversion is applied to get the actual time domain solutions [26,27,31,32].198

The above models and their derived analytical solutions are considered as very flexible and ver-199

satile, both in terms of incorporated mass transfer mechanisms and regarding the option that200

reactions can take place independently in both phases. Many possible reactions can be treated201

in a simplified manner using these models. They are particularly applicable to isomerization re-202

actions. Additionally, the important class of enantiomerization reactions, which are desired (or203

needed) to be suppressed in chromatographic columns, can be analyzed [41,42].204

4 Moments analysis205

Moment analysis is an attractive technique for deducing important information about the retention206

equilibrium and mass transfer kinetics in the column. Such a moment analysis approach has been207

found instructive in the literature [3,24,31,33]. A set of statistical temporal moments can define208

the appearance of the plotted elution profile. For example, the appropriate forms of the first, second209

and third moments can describe the mean, spread and skew of the distribution, respectively,.210

The Laplace domain solutions can be utilized to obtain moments. The retention equilibrium-211

constant and parameters of the mass transfer kinetics in the column are related to the moments.212

A comparison of theoretical and experiential moments can help to estimate dispersion and other213

mass transfer coefficients.214

In order to calculate analytical moments, the following moment generating properties of the215

Laplace domain solutions are exploited [31]:216

The zeroth moments are defined as217

µ
(i)
0 = lim

s→0
(C̄i(s, x = 1)) , i = 1, 2 , (60)

and the n-th moments are given as218

µ(i)
n = (−1)n

1

µ
(i)
0

lim
s→0

dn(C̄i(s, x = 1))

dsn
, n = 1, 2, 3, · · · . (61)

In this work, the central moments up to third order are derived for both sets of BCs. A complete219

derivation of these moments is presented in the appendix A considering a regenerated system, i.e.220

ci,init = 0 (for i = 1, 2), and only a solid phase reaction, i.e. ηi = 0.221



12 Shamsul Qamar, Sameena Bibi, Noreen Akram and Andreas Seidel-Morgenstern

In parallel, we integrate the concentration profiles in τ domain to compute the numerical moments.222

The normalized n-th temporal moments of the band profiles at the outlet of chromatographic223

column of length x = 1 are defined as224

µ(i)
n =

∫
∞

0 Ci(τ, x = 1) τndτ∫
∞

0
Ci(τ, x = 1)dτ

, n = 0, 1, 2, · · · , i = 1, 2 . (62)

While, the n-th central moments are expressed as225

µ′(i)
n =

∫
∞

0 Ci(τ, x = 1) (τ − µ
(i)
1 )ndτ∫

∞

0
C(τ, x = 1)dτ

, n = 0, 1, 2, · · · , i = 1, 2 . (63)

Below in the discussion of the test problems, a comparison of analytically and numerically deter-226

mined temporal moments will be presented. The numerical moments were obtained by integrating227

concentration profiles generated by the high resolution FVS (c.f. Eqs. (62) and (63) ) [38]. The228

analytical expressions of µ′(i)
2 and µ′(i)

3 were very lengthy in some cases, therefore, only plots of229

these central moments are presented. The trapezoidal rule is applied to numerically approximate230

the integral terms appearing in these equations.231

5 Numerical test problems232

In this section, several test problems are presented to verify the correctness and usage of derived233

analytical results for practical problems. For that purpose, the derived semi-analytical solutions234

of two-components RLKM are compared with the numerical solutions of a HR-FVS [38,40]. The235

basic parameters used in the selected test problems are listed in Table 1.236

5.1 Irreversible reaction237

Figure 1 shows the outlet concentration profiles after injecting a pulse of finite width in an empty238

column (ci,init = 0 gL−1 for i = 1, 2) considering Dirichlet BCs (c.f. Eqs. (24) and (25)) and239

irreversible reaction. Here, the semi-analytical solution and the numerical solutions of HR-FVS240

are compared. Both liquid and solid phases reactions are considered. In Figure 1a, only component241

1 is injected (i.e. c1,inj = 1.0 gL−1, c2,inj = 0.0 gL−1) and the liquid phase reaction is assumed to be242

zero, while in Figure 1b both components are injected (i.e. c1,inj = 1.0 gL−1 and c2,inj = 0.5 gL−1)243

and neglecting aging the liquid phase reaction. Both plots show that reactant (component 1),244

which has larger adsorption equilibrium constant, elutes later from the column as compared to the245

product (component 2). On the other hand, plots in Figures 1c & 1d show the outlet concentration246

profiles when reactions in both solid and liquid phases are considered. It can be observed from the247

plots that the amount of component 2 further increases when the effects of both solid and liquid248

phases reactions are considered. A good agreement between the semi-analytical and numerical249

solutions verify the correctness of semi-analytical solutions and accuracy of the numerical solution250

technique.251

Figure 2 depicts the effects of rate constants on the elution profiles at the column outlet considering252

Dirichlet BCs, ci,init = 0.0 gL−1 (for i = 1, 2), c1,inj = 1.0 gL−1, and c2,inj = 0.0 gL−1. Figure 2a253

displays the elution profiles for different values of the solid phase reaction rate constant, while254

keeping the liquid phase reaction rate fixed (η̃ = 0.42 or η = 0.05min−1). On the other hand,255

Figure 2b shows the elution profiles for different values of liquid phase reaction rate constant,256

while keeping the solid phase reaction rate constant fixed (ν̃ = 0.25 or ν = 0.03min−1). Both257

plots reveal that the amount of product, i.e. component 2, is increased by increasing the values258

of reaction rate constants. Figure 3a compares the solutions for Dirichlet and Danckwerts BCs259

considering both solid and liquid phases reactions and two different Peclet numbers (Pe). Here,260
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we have chosen c1,inj = 1.0 gL−1, c2,inj = 0.0 gL−1, ci,init = 0.0 gL−1 (for i = 1, 2), and other261

parameters are given in Table 1. It can be observed that for smaller Pe numbers, i.e. larger axial262

dispersion coefficients, the effect of BCs are effective. Thus, Danckwerts BCs, which account for263

the back mixing, should be used in the case of large dispersion coefficient (i.e. small Pe). Figure264

3b shows that the solution profiles become sharper for large values of the mass transfer coefficients265

ki (for i = 1, 2) and become identical to solution profiles in [34]. On the other hand, the solution266

profiles are spreading for small values of ki.267

A quantitative comparison of moments obtained analytically, through numerical Laplace inversion,268

and through HR-FVS is presented in Figure 4 for a wide range of flow rates considering Dirichlet269

BCs, η1 = 0min−1, ν1 = 0.03min−1, ci,init = 0 gL−1 (for i = 1, 2), c1,inj = 1 g/l, and c2,inj =270

0 gL−1. To write the moments in Appendix A with dimensions, we multiplied the zeroth moments271

µ
(i)
0 with Lmax/u and the n-th moments µ

(i)
n with (Lmax/u)

n (for n = 1, 2, · · · ). The zeroth, first,272

second, and third moments are plotted versus u, 1/u, 1/u3, and 1/u5 of the derived solutions.273

The zeroth moment µ
(i)
0 (for i = 1, 2), represent total mass of the solutes. The zeroth moments274

are shown in Figure 4a. The first moment, µ
(i)
1 for i = 1, 2, reveal the expected linear trend of275

the mean retention time over 1/u, see Figure 4b. Figure 4c displays the second central moment276

that quantify the variance of the solution profiles. The third central moment, µ′(i)
3 (for i = 1, 2),277

describing the skewness of elution profiles, is shown in Figure 4d.278

Good agreements in the results demonstrate the correctness of analytical calculations and the279

accuracy HR-FVS. The plots for Dankwerts BCs have similar behavior and are therefore omitted.280

One can see that due to mass transfer coefficient considered in the RLKM, the plots of second and281

third central moments are little bit different from those presented in Qamar et al. [34]. However,282

the general trend of the moments plots is similar for Dirichlet BCs. For large values of the mass283

transfer coefficients ki, the moments in Figure 4 coincide with those presented in [34] for REDM.284

5.2 Reversible reaction285

This part focuses on the comparison of analytical and numerical results for reversible reactions.286

In the presented results, only Dirichlet BCs are considered and all parameters used in the test287

problems are given in Table 1.288

In Figure 5, the elution profile of numerical Laplace Inversion and HR-FVS are plotted after289

injecting a pulse of finite width in an empty column (ci,init = 0.0 gL−1 for i = 1, 2). In Figure290

5a, only component 1 is injected (i.e. c1,inj = 1.0 gL−1 and c2,inj = 0.0 gL−1), and liquid phase291

reaction is assumed to be zero, while in Figure 5b the injection of both components is considered292

(i.e. c1,inj = 1.0 gL−1 and c2,inj = 0.5 gL−1) and the liquid phase reaction is again neglected. On293

the other hand, the plots in Figures 5c & 5d show the solution profiles when reactions in both solid294

and liquid phases are taken into account (η1 = 0.05min−1, η2 = 0.1min−1, ν1 = 0.03min−1 and295

ν2 = 0.06min−1). Good agreements in the solution profiles validate the correctness of numerical296

Laplace inversion and accuracy of the HR-FVS. From these results, it is again clear that the297

component having larger value of adsorption equilibrium constant elutes later from the column as298

compared to the component having smaller value of adsorption coefficient. Because of reversible299

reaction, the concentration levels of both components are different as compared to the irreversible300

reaction case shown in Figure 1. Now, larger amount of component 1 is unconverted and lesser301

amount of component 2 is produced. For larger values of the mass transfer coefficients ki (i = 1, 2),302

the solution profiles of Figure 5 become identical to those presented in [34].303

Finally, a quantitative comparison of moments determined analytically, through numerical Laplace304

inversion and through HR-FVS is presented in Figure 6 for a wide range of flow rates considering305

Dirichlet BCs. Here, c1,inj = 1.0 gL−1, c2,inj = 0.0 gL−1, ci,init = 0.0 g/l (i = 1, 2), ηi = 0min−1
306

(i = 1, 2), ν1 = 0.03min−1, and ν2 = 0.06min−1. For the current reversible reaction, the magni-307

tude of zeroth moment reflects the reduced conversion as compared to the results shown in Figure308

4 describing the case of irreversible reaction. The trends in third central moments of components309

1 and 2 depict that the component 1 is left skewed (left tailed) while the component 2 is right310
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skewed (right tailed) which can also be seen in Figure 5. Another time, a good agreement in the311

results verify both the correctness of the analytical solutions and the high precision of proposed312

HR-FVS. The plots for Dankwerts BCs have similar behavior and are therefore omitted.313

6 Conclusion314

The two-components linear non-equilibrium model of liquid chromatography was analyzed consid-315

ering first order irreversible and reversible reactions in the solid and liquid phases. The considered316

model was investigated for rectangular pulse injections of the reactants into an initially empty317

or pre-equilibrated column using two different sets of boundary conditions. The Laplace transfor-318

mation and eigen-decomposition technique were jointly applied solve the model equations. The319

numerical Laplace inversions was used to get the desired concentration profiles in the actual time320

domain. Analytical temporal moments were derived from the Laplace domain solutions. These321

moments are helpful to investigate the amount of conversion, retention times, band broadenings,322

and asymmetries of the elution profiles. The analytical results were compared with the numeri-323

cal results of a HR-FVS. Good agreements between the analytically and numerically determined324

results verified the correctness of analytical solution and the accuracy of suggested numerical al-325

gorithm. The derived analytical solutions and moments could be useful for further developments326

of chromatographic reactors. For instance, the analysis could be used to study the effects of mass327

transfer and reaction kinetics on the elution profiles, for sensitivity analysis, and for validation of328

the results obtained from newly introduced numerical schemes.329

Appendix330

A Analytical moments331

Here, the analytical temporal moments are presented for two different sets of boundary conditions. For the derivation332

of the moments, ci,init = 0 g/l (for i = 1, 2), ηi = 0, and c2,inj = 0 g/l are considered, i.e. we are considering an333

empty column initially and injecting only component 1 into the reactor. Moreover, only the effect of solid phase334

reaction is taken into account, while the liquid phase reaction is neglected.335

A.1 Irreversible reaction and Dirichlet BCs336

Here, we neglect the liquid phase reaction, i.e. η1 = 0min−1. Eqs. (60) and (61) are used to derived the moments337

µ
(i)
n of Laplace transformed solutions given in Eqs. (32) and (35) for i = 1, 2 and n = 0, 1, 2, 3. Let us define338

r = a1F ν̃1Pe, γ =
√

Pe(Pe+ 4a1Fν), δ1,2 = Pe∓ γ,

χ1,2 =
γPe4

64
+

3γ3Pe2

32
+

γ5

64
∓ r2Pe∓

3rPe3

4
∓

Pe5

8
,

χ3,4 :=
γ3Pe

8
∓

γ2(Pe2 + 2r)

8
, χ5 :=

γ3(Pe2 − 4r)− γPe4

32
, χ6 := F (a1 − a2)Pe+ (1 + a2F )r,

χ7,8 :=
Pe2 ePe

2

([
F (a1 − a2)Pe

4
+

r(1 + a1F )

8

]
γ3 +

rPe2(1 + a1F )γ

8
∓

F (a1 − a2)Pe4

4

∓
3Fr(a1 − a2)Pe2

2
∓

r(1 + a1F )3Pe

4
∓ r2(1 + a1F )Pe∓ r2[1 + (3a1 − 2a2)F ]

)
. (A-1)

By using Eq. (60), the zeroth moments are given as339

µ
(1)
0 = C1,injτinje

δ1
2 , µ

(2)
0 = C1,injτinj(1− e

δ1
2 ). (A-2)

From Eq. (A-2), we get µ
(1)
0 + µ

(2)
0 = C1,injτinj, as C2,inj = 0 is considered.340

The first moments are calculated by using the Eq. (61) for n = 1341
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µ
(1)
1 =

τinj

2
+

Pe(1 + a1F )

γ
, (A-3)

µ
(2)
1 =

τinj

2
+

Pe[γF (a2 − a1)− r(1 + a1F )]e
δ1
2 − γ[F (a2 − a1)Pe− r(1 + a2F )]

rγ(1− e
δ1
2 )

. (A-4)

The second moments are expressed as342

µ
(1)
2 =

τ2inj

3
+

Pe(1 + a1F )τinj

γ
+

Pe2(1 + a1F )(γ + 2)

γ3
+

2Pea1F (1− ǫ)

γk̃1
, (A-5)

µ
(2)
2 =

τ2inj

3
+



Pe

(
γF (a2 − a1)− r(1 + a1F )

)
e

δ1
2 − γ

(
F (a2 − a1)Pe− r(1 + a2F )

)

rγ
(
1− e

δ1
2

)


 τinj

+
1

1− e
δ1
2

(
e

δ1
2

[
−

2Pea1F (1− ǫ)

γk̃1
−

2PeF (1− ǫ)(a1k̃2 − a2k̃1)

rk̃1k̃2
−

2Pe2(1 + a1F )2

γ3

−
Pe2F 2(a2 − a1)2

r2

]
+

2PeF (1− ǫ)(a1 k̃2 − a2k̃1)

rk̃1k̃2
+

Pe2F 2(a2 − a1)2

r2
+

2(1 + a2F )2

Pe

+
2a2F (1− ǫ)

k̃2

)
−

Pe2[γF (a2 − a1)− r(1 + a1F )]2e
δ1
2 − γ2[F (a2 − a1)Pe− r(1 + a2F )]2

r2γ2(1− e
δ1
2 )

. (A-6)

The above equations are helpful to calculate the second central moments by using the given relations343

µ′(i)
2 = µ

(i)
2 −

(
µ
(i)
1

)2
, i = 1, 2. (A-7)

Thus, the second central moments are given as344

µ′(1)
2 =

τ2inj

12
+

2Pe
[
γ2a1F (1− ǫ) + Pek̃1(1 + a1F )2

]

γ3k̃1
, (A-8)

µ′(2)
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τ2inj
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1
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(
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. (A-9)

The third moments are given as345

µ
(1)
3 =

τ3inj

4
+

Pe(1 + a1F )τ2inj
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[
Pe2(1 + a1F )2(γ + 2)
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2Pea1F (1− ǫ)

γk̃1

]
3τinj

2
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γk̃21
. (A-10)

µ
(2)
3 =

τ3inj

4
+

(
Pe[γF (a2 − a1)− r(1 + a1F )]e
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2 − γ[F (a2 − a1)Pe− r(1 + a2F )]

rγ(1 − e
δ1
2 )

)
τ2inj
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Finally, the third central moments can be deduced from the given relations346

µ′(i)
3 = µ

(i)
3 − 3µ

(i)
1 µ

(i)
2 + 2

(
µ
(i)
1

)3
, i = 1, 2 . (A-12)

The expressions of third central moments were very lengthy. Therefore, only plots of these moments are shown in347

the test problems.348

A.2 Irreversible reaction with Danckwerts BCs349

Here, the moments are derived of the solutions given in Eqs. (40) and (41).350

The zeroth moments are given as351

µ
(1)
0 =

−4C1,injτinjγPe ePe

δ21e
δ1
2 − δ22e

δ2
2
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(2)
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2


 . (A-13)

From Eq. (A-13), it follows that µ
(1)
0 + µ

(2)
0 = C1,injτinj, as C2,inj = 0 is considered.352

The first moments take the form353
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. (A-14)
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+
64
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δ2
2 + 4γPe ePe)

. (A-15)

The second and third central moments are not given here due to their lengthy expressions.354

A.3 Reversible reaction with Dirichlet BCs355

The Eqs. (60) and (61) are used to derived the moments µ
(i)
n of Laplace transformed solutions given in Eqs. (53)356

and (54) for i = 1, 2 and n = 0, 1, 2, 3. Let us define357
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Using Eq. (60), the zeroth moments can be calculated as358

µ
(1)
0 =

C1,injτinj(χ2e
δ3
2 − χ1e

δ1
2 )

2
√

P + R2
1

, µ
(2)
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2 − e

δ3
2 ) . (A-17)

The first moments are derived by using Eq. (61) for n = 1359

µ
(1)
1 =

τinj
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+

Pe(γ2χ3e
δ1
2 + γ1χ4e

δ3
2 )

2ǫγ1γ2(P +R2
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, (A-18)

µ
(2)
1 =

τinj
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δ1
2 + γ1χ6e

δ3
2 )

2ǫγ1γ2(P +R2
1)(e

δ3
2 − e

δ1
2 )

. (A-19)

Moreover, the expressions of analytical µ′(i)
2 and µ′(i)

3 were very lengthy. Therefore, plots of second and third central360

moments are shown in Figure 6.361

A.4 Reversible reaction with Danckwerts BCs362

Here, the moments are derived of the solutions given in Eqs. (58) and (59). The zeroth moments are363

µ
(1)
0 =

2C1,injτinjPeePe

√
P + R2

1

[
χ1γ1

δ21e
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]
, (A-20)

µ
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Other moments are not presented here due to their lengthy expressions.364
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Table 1 Parameters for two-component RLKM.

Parameters values
Length of column Lmax = 25.0 cm

Diameter of column d = 0.46 cm
Porosity ǫ = 0.35

Mobile phase velocity u = 3.0 cm(min−1)
Time of injection tinj = 10min
Peclet number Pe = 500

Initial concentration of i-th component ci,init = 0 gL−1

Adsorption equilibrium constant for component 1 a1 = 2.0
Adsorption equilibrium constant for component 2 a2 = 0.5

Mass transfer coefficient for component 1 k1 = 1min−1

Mass transfer coefficient for component 2 k2 = 1min−1

Liquid phase reaction rate constant (component 1) η1 = 0.05min−1

Liquid phase reaction rate constant (component 2) η2 = 0.1min−1

Solid phase reaction rate constant (component 1) ν1 = 0.03min−1

Solid phase reaction rate constant (component 2) ν2 = 0.06min−1
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Fig. 1 Irreversible reaction: Plots (a)&(b): Solutions for Dirichlet BCs at x = 1 with zero liquid phase reaction.
Plots (c)&(d): Comparison of solutions at x = 1 for both solid and liquid phases reactions using Dirichlet BCs.
Here, ci,init = 0 gL−1 (i = 1, 2) and other parameters are given in Table 1.
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Fig. 2 Irreversible reaction: Plot (a): Concentration profiles at x = 1 for different values of the solid phase reaction
rate constant. Plot (b): Concentration profiles at x = 1 for different values of liquid phase reaction rate constant.
Other parameters are given in Table 1.
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Fig. 3 Irreversible reaction: Plot (a): Effect of BCs for different Peclet numbers with c1,inj = 1 gL−1, c2,inj = 0 gL−1

and ci,init = 0 gL−1 for i = 1, 2. Plot (b): Effect of mass transfer coefficient on the concentration profiles. Other
parameters are given in Table 1.
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Fig. 4 Moments of irreversible reaction with Dirichlet BCs considering different values of u for η = 0.0min−1 and
ν = 0.03min−1. Here, ci,init = 0 gL−1 (i = 1, 2), c1,inj = 1 gL−1, and c2,inj = 0 gL−1. Other parameters are listed
in Table 1.
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Fig. 5 Reversible reaction, Plots (a)&(b): Solutions for Dirichlet BCs at x = 1 with only solid phase reaction.
Plots (c)&(d): Comparison of solutions at x = 1 for Dirichlet BCs and both liquid and solid phase reactions. Here,
ci,init = 0 gL−1 (i = 1, 2) and other parameters are given in Table 1.
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Fig. 6 Moments of reversible reaction with Dirichlet BCs considering different values of u for η1 = η2 = 0min−1,
ν1 = 0.03min−1, ν2 = 0.06min−1. Here, ci,init = 0 gL−1 for i = 1, 2, c1,inj = 1 gL−1, and c2,inj = 0 gL−1. Other
parameters are listed in Table 1.


