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Zusammenfassung

Diese Arbeit befasst sich mit der erstmaligen Messung der Lamb-Verschiebung in myo-
nischen Helium-3 Ionen. Desweiteren liefert diese Arbeit den bisher genauesten Wert des
Ladungsradiusses des Helium-3 Kerns. Die Messungen wurden von der CREMA Kolla-
boration im Jahr 2014 am Paul Scherrer Institut in Villigen, Schweiz, durchgeführt.

Da Myonen ungefähr zweihundertmal schwerer sind als Elektronen, sind Wasserstoff-
ähnliche myonische Atome sehr sensitiv auf Strukturen des Atomkerns, wie zum Bei-
spiel auf seine Polarisierbarkeit, oder eben auf den Ladungsradius. Die Bestimmung des
Letzteren hat seit Entstehung des sogenannten Protonenradius Puzzles eine besonde-
re Aufmerksamkeit erfahren. Im Jahr 2010 hat ein Vorgängerexperiment der CREMA
Kollaboration den Ladungsradius des Protons vermessen. Dieser Wert war zehn mal
genauer, als das Mittel der bisherigen Werte aus Messungen an elektronischem Wasser-
stoff. Allerdings lag der Wert auch mehr als 5 Standardabweichungen davon entfernt.
Nach über sechs Jahren ist dieses Problem weiterhin ungelöst. Die Messungen an myo-
nischem Helium-3 reihen sich damit in viele weitere Experimente ein, welche auf der
Suche nach einer Lösung des besagten Puzzles sind.

Das Experiment funktioniert folgendermaßen: Langsame Myonen werden in einem Ge-
fäß gestoppt, welches bei niedrigem Druck mit Helium-3 Gas gefüllt ist. Sobald die
Myonen gestoppt sind, formen sie hoch angeregte myonische Helium-3 Ionen, welche
sogleich in den Grundzustand kaskadieren. Ungefähr 1% dieser Ionen enden allerdings
nicht im 1S Grundzustand, sondern im metastabilen 2S Zustand. Diese werden ungefähr
1µs später mit einem Laser beschossen, dessen Frequenz so lange justiert wird, bis er
genau die Übergangsenergie trifft. Daraufhin springt das myonische Atom in den 2P
Zustand, um gleich darauf in den 1S Grundzustand zu fallen. Hierbei wird ein verspä-
tetes Kα Röntgenquant emitiert. Das gesuchte Signal erhält man, wenn die Anzahl der
detektierten Röntgenquanten in Abhängigkeit der Laserfrequenz bestimmt wird.
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Die gemessenen Übergangsfrequenzen der Lamb-Verschiebung lauten

ν( 2SF=1
1/2 − 2PF=2

3/2 ) = 347 212(20) GHz

ν( 2SF=0
1/2 − 2PF=1

3/2 ) = 312 830(21) GHz

ν( 2SF=1
1/2 − 2PF=1

1/2 ) = 310 814(20) GHz

mit einer relativen Unsicherheit von unter 70 ppm.

Mithilfe einer ausführlichen Analyse und Zusammenfassung der bisher gerechneten Theo-
rieterme ergibt sich der Helion Ladungsradius zu

rh = 1.96861(12)exp(128)theo fm

mit einer relativen Unsicherheit von 7× 10−4.

Zusammen mit dem ”myonischen” Ladungsradius des α-Teilchens, kann die (quadra-
tische) Radiusdifferenz bestimmt werden. Das Ergebnis stimmt mit einer von drei sich
unterscheidenden Messungen der Isotopieverschiebung in den elektronischen Helium Iso-
topen überein.
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Before I came here I was confused about
this subject. Having listened to your lecture
I am still confused. But on a higher level.

Enrico Fermi





Abstract

This thesis reports on the first ever measurement of several Lamb shift transitions in the
muonic helium-3 ion and on the hitherto most precise extraction of its nuclear charge
radius. The measurements have been performed in 2014 by the CREMA collaboration
at the Paul Scherrer Institute in Villigen, Switzerland.

Due to the large muon mass, hydrogen-like muonic atoms are highly sensitive to nu-
clear structure contributions like the polarizability. A special attraction to this topic has
been created by the so-called proton radius puzzle. In 2010, a predecessor experiment
performed by the CREMA collaboration measured the proton charge radius to be more
than 5 standard deviations smaller than the average of all previous measurements on
electronic hydrogen. After more than six years this problem remains still unresolved.
The measurement on muonic helium-3 is therefore a decisive experiment on the way to
solve this puzzle.

The experiment described in this thesis has the following working principle. Low-energy
muons are stopped in a low-pressure gas target filled with 3He gas. Once stopped, a
muonic atom in a highly excited state is formed whereupon the muon cascades down
to the ground state. Only about 1% of the muons end up in the meta-stable 2S state.
After a delay of 1µs a laser is scanned over the transition frequency and, if on resonance,
excites these atoms to the 2P state. The 2P state immediately decays to the ground
state, emitting a delayed Kα X-ray. The signal is obtained determining the number of
delayed Kα X-rays versus the laser frequency.

The frequencies of the measured transitions result in

ν( 2SF=1
1/2 − 2PF=2

3/2 ) = 347 212(20) GHz

ν( 2SF=0
1/2 − 2PF=1

3/2 ) = 312 830(21) GHz

ν( 2SF=1
1/2 − 2PF=1

1/2 ) = 310 814(20) GHz

with a relative precision better than 70 ppm.
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By means of an extensive theory compilation, the helion charge radius is found to
be

rh = 1.96861(12)exp(128)theo fm

with a relative precision of 7× 10−4.

In combination with the “muonic” radius of the α particle, the (squared) charge ra-
dius difference is obtained. This result is in excellent agreement with one amongst
three isotope shift measurements in ordinary helium which measured discrepant values.
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1. Introduction

It has been the simplest of all atoms which led to the major improvements in atomic
physics, the hydrogen atom. The effort to understand the hydrogen spectrum led to the
Bohr model in 1913 which for the first time could motivate the experimental observations
by a theory using fundamental physical constants. It contained the first “quantum rule”
where electrons have been restricted to discrete energy levels, where they orbit around
the nucleus without emitting radiation. The Bohr model was a large step towards a
quantum mechanical description of atoms. In 1926, Schrödinger succeeded to explain
the hydrogen spectrum with his wave equation. The Schrödinger equation, as it is called
today set the foundations of quantum mechanics. In 1928, by introducing a relativistic
wave equation compatible with both, quantum mechanics and special relativity, Dirac
was able to explain the fine and hyperfine structure in the hydrogen atom, which arises
due to the spin of the electron and the nucleus, respectively.
The discovery of the Lamb shift [1] and the anomalous magnetic moment of the elec-

tron [2], both in 1947, opened the door to quantum electrodynamics, in short QED (a
short historical overview on the Lamb shift is given in Sec. 1.1). By means of QED,
the interaction of light and matter can finally be fully described using a quantum field
theory. Since the development of QED, physicists try to test this highly successful
theory by more and more precise measurements and calculations. On the way to the
ultimate precision, ingenious tools enabling laser spectroscopy and optical frequency
measurements, have been developed. The latter has been essentially simplified by the
invention of the frequency comb at the chair of Prof. Hänsch [3]. The fundamental
physical constants involved in QED have been measured to unprecedented precision.
One of the cornerstones of this precision career is the measurement of the 1S− 2S tran-
sition frequency in atomic hydrogen which currently is known with a stunning relative
uncertainty of few times 10−15 [4, 5]. The uncertainty in the theoretical prediction of
this transition frequency is currently dominated by the measured values of the Rydberg
constant and the proton charge radius. The 1S− 2S measurement, in combination with
a measurement of a 2S − nl transition (for n > 2), is used to determine both of these
constants. From these measurements the Rydberg constant is known to a relative uncer-
tainty of few times 10−12, which is three orders of magnitude away from the uncertainty
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in the above mentioned 1S− 2S measurement. The full potential of the precision in the
1S− 2S measurement can only be tapped with better 2S − nl measurements, or using
an improved value of the proton charge radius obtained elsewhere.
It is not ordinary hydrogen, but an exotic version of it, muonic hydrogen, which has

been used to further reduce the uncertainty in the value of the proton charge radius. The
muon is about 200 times heavier than the electron, but also interacts via the Coulomb
potential (a short introduction to muons is given in Sec. 1.2). Its larger mass implies
a Bohr radius which is reduced by the ratio of the reduced muon mass to the reduced
electron mass

mµmp

mµ +mp

/ memp

me +mp
≈ 186. (1.1)

The increased overlap of the muon wavefunction with the nucleus makes the Lamb shift
an ideal candidate for the measurement of the charge radius. The Lamb shift is the
energy difference between the 2S1/2 and the 2P1/2 state. Whereas the 2S wavefunction
has a large overlap with the nucleus, the 2P wavefunction’s probability to be at the
nucleus is very small. The difference of a Lamb shift measurement to the theoretical
prediction using a point-like nucleus, is attributed to its finite charge distribution. This
measurement has been performed by the CREMA collaboration in 2010 and yields a
proton root-mean-square (rms) charge radius of [6, 7]

rp = 0.84087(39) fm (1.2)

This value is more than ten times more precise than the current “literature” value
of rp = 0.8751(61) fm provided by the CODATA least-squares adjustment [8], which
compiles the results from laser spectroscopy experiments in ordinary hydrogen as well
as the values obtained by electron scattering. Remarkably the precise “muonic” value
of the proton charge radius is not only ten times more precise but also more than five
standard deviations away from the “electronic” one. It is alarming that the hydrogen
atom has been studied without any big surprises in the last decades and as soon as
someone measures something “exotic” a discrepancy appears. Of course, all protons
should have the same size, no matter which experimental method is used to determine
it. The so-called proton radius puzzle has caused a sensation and has been discussed
extensively in literature [9, 10, 11]. Several ideas to solve the puzzle have been discussed,
but the solution to the puzzle remains still unknown [12].
Recently, the CREMA collaboration has provided a value of the rms charge radius of

the deuteron [13]
rd = 2.12562(78) fm (1.3)
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from a Lamb shift measurement in µd. This value again is more precise than but results
to be 5 sigma away from the “accepted” value of rd = 2.1413(25) fm [8].
A second, independent, and even more precise value of rd is obtained by combining

Eq. (1.2) with the deuteron-proton charge radius difference of [14]

r2
d − r2

p = 3.82007(65) fm2 (1.4)

which is obtained by the measurement of the electronic isotope shift. So, combining
Eq. (1.2) and (1.4), the resulting deuteron rms charge radius is [13]

rd(µp + iso) = 2.12771(22) fm (1.5)

The deuteron radii from Eqs. (1.3) and (1.5) are compatible within 2.6σ.
After measuring nuclei with one and two nucleons, the CREMA collaboration has

performed measurements of the Lamb shift in the hydrogen-like muonic helium-4 ion
and in the muonic helium-3 ion [15]. These measurements are used to determine precise
values of the charge radii of the alpha particle and the helion. Isotope shift measure-
ments on ordinary helium atoms can be tested and used to obtain accurate values of
the nuclear radii of helium-6 and -8. The values of these nuclear charge radii will be
a benchmark for nuclear ab initio calculations which are essential to understand the
internal structure of nuclei. Furthermore the measurement in muonic helium will set
constraints on beyond standard model solutions proposed for the proton radius puzzle.
Last but not least, a future measurement of the 1S− 2S transition in He+ in combi-
nation with the measurement of the Lamb shift in muonic helium ions, will be able to
test higher order bound-state QED and to extract an additional precise value of the
Rydberg constant.

In this thesis the measurement of three different Lamb shift transitions in muonic
helium-3 ions is described. The energy level structure as well as the measured transi-
tions are shown in Fig. 1.1. The experiment has been performed in 2014 during a three
months long data taking period at the Paul Scherrer Institute in Villigen, Switzerland.
It is the first measurement of its kind and therefore no comparison to previous mea-
surements is possible. However, the helion charge radius which is extracted in this work
can be compared with several values obtained from electron scattering [16, 17, 18] (a
complete list is found in [19]). Unfortunately their uncertainties are very large. The
most recent value from electron scattering is provided by Sick [20] and amounts to

rh = 1.959(34) fm. (1.6)
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2P3/2

2P1/2

2S1/2

F=0

F=1

F=1

F=0

F=2
F=1

1: 2S1/2  ➝ 2P3/2

2: 2S1/2  ➝ 2P3/2

3: 2S1/2  ➝ 2P1/2

F=1 F=2

F=1 F=1

F=1F=0

Lamb shift
~1260meV

2S hyperfine splitting
~167meV

2P fine structure
~145meV

fin. size
~400meV

(1)

(2)

(3)

Figure 1.1.: n=2 states of muonic helium-3. The green lines indicate the measured transitions, numbered
1, 2, and 3. They are also listed in the box on the right side and in Tab. B.1. The Lamb shift is defined
as the energy difference of the 2S1/2 and the 2P1/2 state. However, these states are no physical states
and a measurement of the Lamb shift in muonic helium-3 always includes the hyperfine structure and,
depending on the respective transition, the fine structure. The finite size effect is a part of the Lamb shift.

The most precise value of the helion charge radius available is given in Angeli et al. [21].
They obtain this value by a compilation of charge radius measurements in helium-4 and
combine it with an isotope shift measurement from Shiner et al. [22]. It is important to
note that the helium-4 charge radius compilation is dominated by a wrong measurement
from Carboni et al. [23] as shown in [24]. Therefore the Angeli value does not serve as
a comparison.
In the meantime the isotope shift value from Shiner et al. has not only been reeval-

uated with updated theory, but also additional isotope shift measurements have been
performed and these measurements differ by several standard deviations. Hence, a
further motivation of the measurement in this thesis is to provide a “muonic” isotope
shift measurement, together with the alpha particle charge radius obtained from muonic
helium-4 [24].
This thesis is structured as follows. Sec. 2 explains the experimental setup which has

been used for the Lamb shift measurement. Sec. 3 estimates the systematics which are
found to play a minor role. The measurement has produced about 4TB of data. The
analysis of this data, its calibration and cuts, are described in Sec. 4. At the end of this
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Figure 1.2.: The one-loop electron vacuum polarization, also referred to as Uehling term (left) and the
electron self-energy correction (right). In ordinary hydrogen-like atoms, the self-energy is the leading
contribution, followed by the vacuum polarization. The two contributions have opposite sign.

section the data is fitted with a line shape model. In order to compare the measurement
with theory, the current knowledge of QED contributions to the Lamb shift transitions
has to be compiled. This has been done in App.D which is summarized in Sec. 5. App.D
is a draft of a paper which is about to be submitted. It is written in the same manner as
a paper about the theory in muonic deuterium which has already been published [25].
As the paper about muonic deuterium theory also was an important part of my work
it is attached to this thesis as App. E. Finally, Sec. 6 provides the results and discusses
their impact.

1.1. Historical introduction of the Lamb shift

By means of their microwave method Willis E. Lamb, Jr. and Robert C. Retherford
discovered in 1947 [1] that the 2S1/2 and the 2P1/2 levels in the hydrogen atom are not
degenerate as predicted by the Dirac equation, but are separated by roughly 1GHz. This
so-called shift appeared when driving the 2S1/2 − 2P3/2 transition which differed from
the expected frequency derived from the 2P1/2 − 2P3/2 energy difference. Furthermore
they could depopulate the 2S1/2 state also via an incident frequency of 1GHz driving
directly the 2S1/2 − 2P1/2 transition.
The effect of finite size of the proton or the electron had already been estimated before

[26] and was found to be far too small for serving as an explanation of the discovered
2S1/2 − 2P1/2 energy difference.
The effect of the polarization of the vacuum 1 (see Fig. 1.2) calculated by E. A. Uehling

[27] could also not explain the effect. It was again too small and additionally had the
wrong sign [28].

1Note, that the so-called Uehling term results to be the leading contribution in muonic atoms. There
the electron vacuum polarization is much enhanced due to the heavier mass of the muon.
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The result of Lamb and Retherford was discussed extensively at the famous Shelter
Island Conference. In order to explain this measurement Schwinger, Weisskopf, and
Oppenheimer suggested an effect due to the permanent absorption and emission of
virtual photons. This interaction with the radiative field results in an effective spread
of the point-like electric charge over a finite volume, generating a correction to the
Coulomb potential. This correction is called self-energy (see Fig. 1.2). The self-energy
had not been considered before because it resulted in infinite shifts of the energy levels.
Kramers’ idea was to solve this problem by renormalization, which means that he would
use the physically observed mass of the electron and not the bare mass (when uncoupled
from the radiative field) which appeared in the equations. Hereby the self-energy of a
free particle which is also infinite is subtracted from the one of a bound electron. During
the conference no one knew how to perform this calculation. Bethe finally succeeded to
calculate it and his result agreed well with the measured value of the Lamb shift as it is
called today. His work set the foundations of future quantum electrodynamics (QED).
[29]
Since its discovery, the Lamb shift has provided an ideal playground to test QED, for

both experimentalists and theorists.
Nowadays the Lamb shift is calculated up to order α6 and several measurements

[30, 31, 32] have improved the value from Lamb and Retherford. Another group in
Toronto is now working on a new measurement of the Lamb shift aiming for an unrivaled
precision of 10−5 of the transition line width.
At the current level of accuracy in the 2S1/2 − 2P1/2 energy difference, the Lamb

shift can not be explained by pure QED any more. Several nuclear effects are becoming
more and more important. Especially the above mentioned finite size effect, proposed
in 1933 [26], has become significant. Hence, the nucleus can not be treated as a point-
like particle anymore. Its spatial charge distribution affects the energy levels of the
bound lepton. The finite size effect in ordinary atoms only contributes on the 10−4

level to the 2S1/2− 2P1/2 energy difference. However, due to the large muon mass, this
effect is strongly enhanced for muonic atoms, which are very well suited to measure this
quantity.

1.2. Muons

The muon has been discovered in 1937 [33], when Neddermeyer and Anderson studied
the energy loss of particles occurring in the cosmic-ray showers. The unexpected discov-
ery of a second charged lepton has provoked Rabi’s famous exclamation “Who ordered
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that?”. A justified question, as the muon was the first particle to be observed which is
not a building block of ordinary atoms.
The muons are created in the upper atmosphere by collisions of cosmic high-energy

protons which collide with the atomic nuclei in the air. In these collisions pions are
created, which after a short lifetime decay into muons. The mass of the muon is about
200 times the mass of the electron. Muons have a lifetime of 2.2µs before they decay
into electrons and neutrinos. Even though they travel with relativistic speed only the
effect of time dilation makes it possible that they reach the Earth’s surface. The rate
of muons reaching the surface is roughly 1 min−1cm−2sr−1.
In order to use muons for physics experiments, their natural source is not well suited.

A much more convenient way is to use proton accelerators where muons can be produced
with increased rates and well defined energy and momentum. Nowadays muons are in-
volved in numerous experiments which search for rare phenomena and measure precisely
fundamental physical constants. Rare phenomena would be e.g. not yet discovered de-
cay channels of the muon (µ → eee, µ → eγ), implying lepton flavor violation. The
measurement of fundamental physical constants using muons (e.g. the muon g-2 exper-
iment) test the standard model of particle physics. There are also several experiments
using muonic atoms (like muonium or muonic hydrogen) for tests of bound-state QED.
In 2010, the CREMA collaboration succeeded to measure the Lamb shift in muonic
hydrogen and by that determined the proton charge radius. This thesis describes their
follow-up experiment with muonic helium-3.





2. Experimental setup

2.1. Principle of the experiment

The measurement of the Lamb shift in µ3He+ ions is achieved in the following way.
Low energy (5 keV) muons are stopped in a low pressure (2mbar 1) gas target at

room temperature filled with 3He atoms. In collisions with the helium atoms the muon
kicks out electrons. With each ionization the muon loses an energy of ≥ 24.6 eV, which
corresponds to the ionization energy of the helium atom. After roughly 5 keV/24.6 eV ≈
200 collisions the muon remains bound to a nucleus, forming a highly excited µ3He atom.
From an initial state of n ≈ 14 2 the muon cascades down towards the 1S ground state
emitting several prompt X-rays. The second electron of the helium atom is emitted as
an Auger electron. About one percent of the muons end up in the metastable 2S state.
A good description of the muonic atom formation and the muonic cascade process is
found in [34].
A certain time delay after the formation of the muonic atom, a laser pulse illuminates

the target and its frequency is tuned over the Lamb shift transition. The laser, when
having the correct frequency, excites the ion from the 2S to the 2P state from where it
immediately (∼ 0.5 ps) decays to the ground state emitting an 8 keV Kα X-ray. The
resonance line is obtained by plotting these delayed X-rays against the laser frequency.
The sections in this chapter describe the production of low-energy muons by means

of a proton accelerator and the muon beamline, then the heart of the experiment which
is the target, containing a special multipass cavity and the detection system, and finally
the laser system.

2.2. Proton accelerator and pion generation

The muonic Lamb shift experiment is situated at the Paul Scherrer Institute (PSI)
in Switzerland. PSI provides a high intensity proton accelerator (HIPA) [35] which is

1The pressure throughout this thesis is given in units of mbar. Note that 1mbar = 1hPa.
2The muon arrives at just that excited state n which has the largest overlap with the electron wave-
function. The corresponding quantum number n scales with the square root of the reduced mass
ratio:

√
m̃µ/m̃e =

√
186 = 13.6.
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needed as a first step for the low-energy muon production. The proton accelerator as
well as the Lamb shift experiment is located in the so-called Experimentierhalle.
The acceleration process of the protons is extended over three stages. The first part

is an 870 keV Cockcroft-Walton pre-injector [36], housing also the proton source. The
second and third part are two ring cyclotrons in succession accelerating the protons up
to 72MeV, and finally 590MeV. The final kinetic energy of the protons corresponds
to a velocity of 80% of the speed of light. The resulting proton beam has a current
of 2.2mA which makes it the currently most powerful (∼1.3MW) proton beam in the
world.
The high intensity proton beam is transferred to a graphite target (target E). In

collisions of the high-energy protons with the nucleons of the carbon atoms pions are
produced. For the Lamb shift experiment only negative pions are needed which are
obtained via the strong interaction channel

np→ ppπ−. (2.1)

From target E the low-momentum (40− 120 MeV/c) negative pions which are obtained
from a backward scattering angle of 175◦ to the proton beam are guided via the pion
beamline to the outlet at the πE5 area. The pion beamline supports pions with a
momentum of ∼ 100 MeV/c (width 6% FWHM). They enter the first part of the Lamb
shift experiment, the cyclotron trap (Sec.2.3) with a rate of 108 s−1. There are also
muons and electrons of similar momentum in the beam, and a considerable background
flux of neutrons.

2.3. Low energy muon beamline

The purpose of the muon beamline (see Fig. 2.1) is to convert the pion beam into a
momentum-filtered low-energy negative muon beam, free of background from pions,
neutrons, and electrons.
The muon beamline consists of a cyclotron trap (CT) [37, 38], a muon extraction

channel (MEC) and the PSC 3. It is located in the πE5 area of PSI and is connected to
the pion beamline mentioned in the previous section.

3The PSC is a huge solenoid which before had been used as part of a phase-space compression scheme.
This is where the name PSC originates from.
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Figure 2.1.: The muon beamline. Pions from the PSI proton accelerator facility arrive at the cyclotron
trap (CT) where they are moderated and decay into muons. The muons are slowed down and transferred
to a large solenoid (PSC) via the muon extraction channel (MEC), which separates the muons from
background radiation and at the same time serves as a momentum filter. In the PSC the muons are
detected non-destructively before they enter the gas target where they are stopped and form muonic
atoms.

2.3.1. Cyclotron trap

The CT [37, 38] is made out of two superconducting coils which create a 4T magnetic
field at their respective center. The resulting magnetic potential has the form of a
magnetic bottle with a 2T magnetic field at the center of the plane between the two
magnetic coils. The pions from the PSI proton accelerator facility arrive at the CT with
a momentum of∼ 100 MeV/c. They enter the magnetic field of the CT from a transverse
direction where they pass a moderator which slows them down to 40−60 MeV/c 4. The
moderator is chosen such that the pions pass it once and after that perform cyclotron
motion without a second hit on the moderator. After a lifetime of τπ± = 26 ns [40],

440 MeV/c is the “magic” laboratory momentum pπ = (m2
π −m2

µ)/2mµ ≈ 40 MeV/c near which pions
decaying in flight yield (primarily transverse to their line of flight) very slow muons [39].
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which for most of them is during the first frew round-trips, about 30% of the pions
decay in flight into muons via weak interaction

π− → µ− + ν̄µ, (2.2)

the others hit the target walls or get stuck in the moderator hitting it a second time.
Most of the muons have kinetic energies above the acceptance of the trap and are

lost, only a few percent remain trapped. These few percent are the ones where the
muon is emitted predominantly at kinetic energies below a few MeV. Spiraling in the
magnetic bottle potential forth and back along the magnetic field lines these muons
are further slowed down by passing repeatedly a 160nm Formvar foil installed between
the two coils perpendicular to the magnetic field (see inset in Fig. 2.1). The Formvar
foil is coated with a conductive 3nm Ni layer and mounted on a high negative voltage
(−20 kV) copper ring which accelerates the muons axially towards the magnetic bottle
necks on both sides of the CT. In that way the ratio of longitudinal to transverse
momentum increases. As soon as the ratio is large enough (∼ 1) the muons leave the
CT through the bottle neck. Half of the muons is lost by leaving the CT opposite to
the MEC. Muons which leave the CT through the bottle neck entering the MEC have
kinetic energies of 20− 50 keV.

2.3.2. Muon extraction channel

The MEC transfers the muons from the CT to the target region, which is protected
from neutron radiation originating from the pion beam outlet by a 1m thick massive
concrete block. Furthermore the MEC serves as a momentum filter for muons in the
energy range of 20–40 keV. It consists of 17 identical magnetic coils mounted in such
a way that the resulting magnetic field has a toroidal form spanning over a segment
of 130◦. Its magnetic field measures 0.15T. The momentum filter is achieved due to
the toroidal shape of the magnetic field which leads to a slight magnetic field gradient
in the horizontal plane. Particles with charge q and momentum p =

√
p2
‖ + p2

⊥ in a
homogeneous magnetic field B perform a cyclotron motion with radius ac of

ac =
p⊥
|q|B . (2.3)

If there is a magnetic field gradient the cyclotron radius varies spatially. It is larger in
the region of a lower magnetic field and vice versa. Hence, in the case of a horizontal
gradient a vertical drift results. Muons with higher momenta p⊥ have larger cyclotron
radii ac and therefore experience larger magnetic field differences which results in an
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Figure 2.2.: Muon detection. Before the muons enter the target they pass two stacks (S1 and S2)
of conducting rings, which are kept on negative high voltage. Some of them also serve as support
for thin carbon foils. Passing S1, the muons kick out electrons which hit a scintillator connected to a
photomultiplier (PM1). The muons are separated from these electrons in an E × B filter and pass a
second stack (S2) where they again kick out electrons detected by the photomultipliers PM2 or PM3.
A coincidence of signals from S1 and S2 triggers the laser. This configuration at the same time also
serves to frictionally cool the muons. After the detection system the muons enter the target where they
are stopped and form muonic atoms.

increased vertical drift. Using collimators at the end of the MEC muons with a certain
momentum range can be chosen. In order to keep the required muons (∼ 20 keV) on
a horizontal plane the individual magnetic coils are tilted from the vertical plane by
about 4◦. A weak toroidal magnetic field of the MEC yields a large cyclotron radius
and so increases the vertical drift of the muons. Exiting the MEC the muons enter
the PSC, a 1m long solenoid which creates a 5T homogeneous magnetic field in its
inner 20 cm spanning bore hole. Inside the target, the muons need to be stopped in a
small volume (given by the size of the multipass cavity) which requires a small cyclotron
radius. This is the reason for the strong 5T field in the PSC which shrinks the muon
beam to a diameter of a few millimeters. The bore hole in the PSC contains a device
for non-destructive muon detection as well as a gas target with the multipass cavity
described in the next sections.

2.3.3. Nondestructive muon detection

The principle of the nondestructive muon detection system (see Fig. 2.2) is the following.
Before entering the target the muons pass thin carbon foils. In collisions with the carbon
atoms of these foils the muons kick out electrons. The electrons are separated from the
muons and detected via a plastic scintillator connected to a photomultiplier (PM1, PM2,
PM3). The muons continue towards the target.
This basic principle is realized by two stacks (S1 and S2) of stainless steel rings. Between
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the two stacks there is an E×B (velocity) filter. S1 contains 15 rings, where the rings
8 to 12 (counting in muon direction) carry ultra-thin (d = 4µg cm−2) carbon foils. S2
contains 5 rings with only the third ring carrying a carbon foil. As the muons have very
low energies in the keV range they are slowed down significantly by the carbon foils.
In order to prevent absorption of the muon the rings are connected via resistances and
kept at high negative voltage. Hence, after each foil the muons are accelerated along
the magnetic field lines. An advantage of this configuration is that the muons are also
slightly frictionally cooled [41]. After passing S1 the muons enter the E×B filter. Here,
the magnetic field (5T) stems from the solenoid (PSC) and the electric field is produced
via a capacitor with a distance of 2 cm between the conducting plates. Charged particles
experience a drift in the filter, anti-proportional to their velocity and perpendicular to
the electric and magnetic fields. As the electrons have much higher velocities than the
muons they are hardly affected by the filter. In this way a separation of muons and
electrons is achieved. Whereas the electrons are absorbed in the scintillator, the muons
continue to S2 where they again produce fast electrons which hit scintillators connected
to the photomultipliers PM2 and PM3. Subsequently the muons enter the target with
an energy of ∼ 5 keV. A coincidence of the signals from S1 and S2 5 produces the T1
signal which (if the laser and the DAQ are ready) leads to the fire laser (FL) signal
which triggers the laser.

2.4. The gas target and its inner workings

After a muon is detected by the nondestructive muon detection system it enters the
helium target (see Fig. 2.2). The target is filled with ordinary 3He atoms and kept at
room temperature at a pressure of ∼ 2 mbar. It houses the multipass cavity and several
optical elements which allow for the alignment of the laser beam entering the cavity as
well as for the characterization of the light distribution inside the cavity. Outside of the
target several LAAPDs and plastic scintillator paddles are installed for the detection of
X-rays and electrons, respectively. Pictures of the target and its inner parts are shown
in Fig. 2.3.
The target is an aluminum box which extends over 220mm along the muon beam

axis. It has an entrance and an exit window which measure 19×8 mm2 centered around
the beam axis. The window, a thin Formvar foil (4µg cm−2), has to keep the helium
gas inside the target but still be transparent to the incoming muons. It has to stand
a pressure difference of 2mbar from the target to the vacuum in the muon beamline

5a signal from S2 can be either a happening in PM2 or in PM3. Here no coincidence is required.
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Figure 2.3.: Pictures of target, cavity, and detection system. The first image (top left) shows the target
inside the bore hole of the solenoid, with the exit window of the target in the center. Right above and
below this window the carrier for the LAAPDs is seen. The plastic scintillators are recognized by their
X shape around the muon stop volume. The small tubes visible at the left and right side are part of the
helium ventilation. The second image (top right) shows the opened target carrying the mirror cavity in its
middle. The cavity is covered with an aluminum coated foil in order to protect the APDs (not visible here)
from light. The third image (bottom) shows the uncovered cavity in the target. At the left and right side
reside the target windows. The muons enter from the right side. At the backside of the cylindrical mirror
photodiodes are installed to monitor the light distribution inside the cavity.

and is therefore reinforced with gold-plated tungsten wires (15µm diameter, 0.4 mm

distance). The helium gas in the target is continuously exchanged in order to keep it
as pure as possible. As 3He resources are limited a circulation system was built which
also contains a helium purification mechanism. More information about the circulation
system is found in App.C. The volume defined by the muon beam inside the target is
called muon stop volume. The cross section of the muon beam is adjusted by collimators
which are placed between the E ×B filter and S2. The muon stop volume is enclosed
horizontally by the multipass cavity and vertically by thin, aluminum coated foils which
protect the LAAPDs arranged behind from laser light. The plastic scintillators are
collocated in an X shape around the muon beam.
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Figure 2.4.: The multipass cavity. The muon beam enters the cavity through the muon entrance window
along the z axis. The laser beam is injected via the hole in the center of the flat mirror (M1). Two
end caps with cylindrical shaped surface are connected tightly to the flat substrate. They confine the
laser light along the z axis in the horizontal plane. The other mirror (M2) is of cylindrical shape and
therefore confines the light along the y axis in the vertical plane. The illuminated stop volume measures
25× 7× 176 mm3. On the back side of mirror M2 the online monitoring system for the light distribution
inside the cavity is sketched (shown are two from a total of six photodiodes). Small pieces of fiber in front
of the photodiodes reduce the incidence angle and so increase the sensitivity on the mirror alignment.
The dimensions in this figure are given in mm.

In the following the cavity and the detection system of X-rays and electrons is de-
scribed more in detail.

2.4.1. Multipass cavity

The multipass cavity [42] (see Fig. 2.4) has been especially designed for the experiments
of the CREMA collaboration, but in principle is well suited for all kinds of particle beam
experiments. Its concept provides a nearly arbitrary large overlap with the particle beam
without the need of blocking it by a mirror. Still it does not occupy too much space,
so there remains a large free solid angle where detectors can be placed. Additionally it
is robust against misalignment and so fulfills the requirement of long term stability (a
beamtime extends over several months) without any need of active stabilization.
It is composed of two elongated mirrors which are placed in the horizontal plane

along the muon beam axis. As substrate material fused silica is used. The mirrors have
a reflectivity of 99.98% in the required range of 800 to 1000nm. The coated surface
measures 190 × 12 mm2. One of the mirrors is flat (M1) and has at its center a hole
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of 630µm diameter for the injection of the laser pulse. The other mirror (M2) is of
cylindrical shape (110mm radius of curvature) confining the light in the vertical plane.
The pulse is injected through the hole in a slightly tilted way. Thereby the light is
hindered to exit the cavity through the injection hole right after the first reflection. In
order to avoid that the light leaves the cavity in the horizontal plane two cylindrical
end caps (100mm radius of curvature) are connected tightly to the flat mirror. By
this configuration the light is confined in all directions. Tilting the entering laser beam
defines the size of the illuminated volume. A useful tilt of the laser beam makes sure that
the light is distributed fast over the stopping volume but still stays confined between
the mirrors. The laser beam has its focus of 100µm at the mirror hole. About 95%
of the light is coupled into the cavity. The cavity confines the light for τc ≈ 110 ns

corresponding to 1300 reflections. Its lifetime is constrained by the reflectivity of the
coating, by the gaps (50µm) between the cylindrical end caps and the flat mirror, and
by the size of the injection hole.
Having an average pulse energy of 4.5mJ for the first measured transition line (line

1 in Fig. 1.1) the fluence F in the cavity yields

F1 = 4.5 mJ
1300

7× 176 mm2
≈ 0.5 J cm−2. (2.4)

For lines 2 and 3 the average pulse energy is 5.9mJ which results in a fluence of

F2&3 = 0.6 J cm−2. (2.5)

The saturation fluences of the helium transitions are given in Tab.B.1. They amount
to 1.3 J cm−2, 1.1 J cm−2, and 3.3 J cm−2, for lines 1, 2 and 3, respectively. For line
2 the pulse energy is already close to saturation. As the matrix element for line 3 is
very small, here, a higher fluence would be desirable. The laser pulse energy, however,
is limited by the optical surface damage threshold of the mirrors where the diameter
during the first reflections of the beam is small.
The light distribution inside the multipass cavity (Fig. 2.5) can be measured by a

thin (25µm diameter) vertically spanned wire which is moved along the muon beam
axis. The light inside the cavity is reflected from the wire and recorded by a CCD
camera. The thickness of the wire is chosen such that it does not significantly alter
the light distribution. Fig. 2.5 shows that the intensity distribution has its maxima at
the outer edges of the light-filled volume. This can be explained in a ray optics picture
where the light bounces forth and back between the two mirrors with a small, but finite
reflection angle, “slowly” approaching the border of the mirror surface. The curvature
of the mirror slows down the process of approaching the border and causes a turning



18 2. Experimental setup

0

0.5

1

1.5

2

2.5
20 40 60 80 100 120 140 160 180

Data
Simulation

2

4

6

8

10
0

2

4

6

8

10

Position on mirror (z axis) [mm]

In
te

n
si

ty
 [

A
U

]

Intensity [AU]

Po
sitio

n
 o

n
 m

irro
r (y

 a
x
is)

[m
m

]

a)

b)

20 40

Figure 2.5.: Light distribution inside the multipass cavity [42]. This is a comparison of the measured (a)
and the simulated (b) light distribution in the multipass cavity when it is well aligned. The light which
reaches the outer edges (vertically and horizontally) is turning back towards the cavity center. At the
turning point it spends more time which is where the intensity maxima are observed. Close to the injection
hole the laser beam cross section is still quite small and therefore intensity peaks are observed.

point from where the light moves back towards the center. The light spends more time
at the turning point, which increases the intensity which is then reflected by the thin
wire.
The light intensity is distributed rather homogeneously (±30%) in the cavity volume.

However the method using a thin wire can not be applied during measurement and
therefore is used only for characterization and alignment of the cavity, which is done
outside the target (offline). Once the cavity is aligned and placed in the target a
different method is used to monitor the light distribution online.
The online method is necessary because of two reasons. First, the space inside the

target, especially above and below the cavity is very tight. If something is not placed
correctly it is possible that by closing the target mechanical forces lead to a misalign-
ment. Second, the laser pulses might damage the entrance hole or one of the cavity
mirrors. In both cases the fluence inside the cavity can be drastically reduced. Via the
online system it can be observed if anything like this has happened.
The online system is realized by six photodiodes which are placed with some distance

behind the mirror substrate. Short pieces of an optical fiber (600µm, multi-mode)
guide the light which is transmitted through the cavity mirror to the photodiodes. The
photodiodes therefore only see the transmitted light at a certain position and under a
certain incidence angle.
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Figure 2.6.: X-ray and electron detection system. left : A cross section of the detection scheme in the
target. The APDs are located above and below the muon beam. The electron paddles are ordered in X
shape around the cavity to capture as many electrons as possible, which perform cyclotron motion in the
magnetic field. right : Side view of the muon stop section.

Four of the six photodiodes are located at the outer edge of the light distribution.
Their vertical position is chosen in a way that only the light from the intensity maxima
(in vertical direction) reaches the photodiodes. Hence, a vertical misalignment, which
shifts up or down the light-filled volume, leads to an immediate decrease of the detected
intensity. The exact horizontal position of the photodiodes is not very important as a
slight (horizontal) misalignment leads to a loss in intensity throughout a wide region.
They are placed with a horizontal distance of ±75 mm from the center of the mirror.
The other two photodiodes are located on the axis of the cavity, where most of the
atoms are, with a distance of ±45 mm from the center of the mirror.
A sketch of the installed online system is shown in Fig. 2.4. The online system is

described more in detail in Ref. [43].

2.4.2. Detection of X-rays and electrons

When a muonic atom is formed prompt X-rays from the muonic cascade are emitted.
A successful excitation of the Lamb shift transition is indicated via a delayed 8.1 keV

X-ray. Finally, the muon decays into an electron and two neutrinos. A specialized
detection system records all these events which are needed in order to determine the
transition energy of the Lamb shift. The arrangement of the detectors is shown in
Fig. 2.6.
For the detection of the X-rays 20 large area avalanche photo diodes (LAAPDs, or

short APDs) [44, 45] are used. They are located outside of the target 8mm above
and below the muon beam center. The single APDs are labeled A0-A9 (B0-B9) above
(below) the cavity counting along the muon beam direction. The individual APDs have
an active surface of 14 × 14 mm2 and are mounted very close to each other reducing
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the size of the gap (∼ 1 mm) between them. In total the APDs cover roughly 30%
of the entire solid angle into which X-rays are emitted. The APDs are cooled via a
closed ethanol circuit down to −30◦C and actively stabilized on a level of less than
0.1K. They are biased with a high reverse voltage of 1600-1690V (depending on the
individual APD) which results in a gain of 200. Under these conditions an average
energy resolution of about 15% (FWHM) for the 8.1 keV Kα X-rays is achieved. The
signal is amplified by a factor of about 100 in preamplifiers which are located right
next to the APDs and further amplified (4×) by post-amplifiers outside the vacuum of
the PSC. The final signal amplitude is about 200mV. It is then recorded on a circular
memory buffer of a waveform digitizer 6 (WFD) and a time-to-digital converter 7 (TDC),
each APD being related to one channel respectively. The signals are labeled with the
names of the individual APDs (A0 to B9) they are originating from.
Muon decay electrons have kinetic energies in the MeV range. In the strong magnetic

field of the PSC they perform cyclotron motion crossing all kinds of solid material (like
target walls, APDs, mirrors). Four plastic scintillator paddles (also termed electron
paddles) with dimensions of 250 × 60 × 5 mm3 are located outside the target in an X
shape around the muon beam axis. The four electron paddles are connected to two
photomultiplier tubes (PMTs). The recorded signals are therefore only distinguishable
between right and left (but not top and bottom) paddles, creating the signals ER and
EL. Before they are recorded on a TDC they are discriminated into signals of four
different amplitudes as there are low, m1, m2, and high. The decay electrons might also
deposit energy (10-20 keV) in the APDs. Signals in the APDs with an energy in that
range are therefore also treated as electrons in the analysis. The detection of a decay
electron after an X-ray signal ensures that the X-ray signal itself was not created by the
muon decay electron.

2.5. Laser system

The lifetime of a muon is about 2.2µs. Hence, the temporal distance between the
detection of a muon right before entering the target and the arrival of a laser pulse in
the target should be kept as short as possible. The muons arrive with an average rate
of about 300Hz but at random times. Thus the laser cannot be driven with a fixed
repetition rate, but rather has to be stochastically triggerable. Once the pulse entered

6CAEN V1720 8 Channel 12bit - 250MS/s Digitizer
7CAEN V767 128 Channel Multihit TDC (800 ps)
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Figure 2.7.: The laser system. A Ti:Sa oscillator is pumped by a frequency-doubled Yb:YAG thin disk
laser. The disk laser is composed of an oscillator and an amplifier, both pumped by high-power diode
lasers. The frequency of the Ti:Sa oscillator is adjusted and controlled by a continuous wave (cw) sin-
gle frequency Ti:Sa ring laser. The ring laser is pumped by a cw Yb:YVO4 laser and controlled by a
wavemeter.

the multipass cavity it is distributed over a large volume, demanding high pulse energies
in order to reach optimal excitation probabilities.
The requirements for this laser system are then, a stochastic trigger with an average

repetition rate of up to 500 Hz 8, pulse energies of 12 mJ 9, and 500ns delay between
the trigger and the laser pulse. Additionally the laser has to run under the conditions
typical for accelerator experiments. This means it has to provide long-term stability
over months. It is placed in a temperature stabilized room, termed laser hut (LH). The
LH sits right next to the area πE5. The laser beam path from the LH to the target
cavity measures about 20m.
The laser system in the µ3He+ experiment has already been used for the Lamb shift

measurement in µ4He+ [24] and with some minor differences in the predecessor experi-
ments with µp and µd [46]. It is sketched in Fig. 2.7. A Ti:Sa oscillator tunable in the
required range of 850-960nm (for the LS transition energies, see Tab.B.1) is pumped by
a frequency-doubled Yb:YAG thin disk laser [47, 48, 49]. In order to precisely tune its
frequency the Ti:Sa oscillator is injection seeded by a frequency controlled continuous
wave (cw) Ti:Sa ring laser. The different parts of the laser are explained in more detail
in the following.
The concept of a thin disk laser [50] is chosen, because it is ideally suited for high

pump power densities with reduced thermal distortions. The pump laser consists out
of a Q-switched thin disk oscillator followed by an 8 pass 10 thin disk amplifier. The
Yb:YAG thin disk of the oscillator is 345µm thick with a 7% doping, the Yb:YAG thin

8The repetition rate needs to be higher than the average muon rate due to the statistical distribution
of the muons.

9Due to damage thresholds of the optics inside the target the pulse energy was limited to 6mJ.
10The meaning of a pass varies in literature. In this work one pass refers to one reflection, which means

that the disk is actually traversed twice.
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Figure 2.8.: The Q-switched Yb:YAG thin disk oscillator. The cavity of the thin disk oscillator is 1 m long.
The disk is water-cooled to 10◦C. It is continuously pumped by 250 W of 969 nm light. By default the
cavity is open and the linear polarized 1030 nm light exits through the thin film polarizer (TFP). Upon
the laser trigger the Pockels cell (PC) turns the polarization which makes the TFP highly reflective and
therefore closes the cavity for pulse build-up. After 250 ns the polarization is turned again and a laser
pulse with an energy of 30 mJ and a pulse duration of 100 ns exits the oscillator.

disk of the amplifier is 456µm thick with a 5% doping. Both are anti-reflection (AR)
coated on the front side, high-reflection (HR) coated on the backside, and contacted to
water cooled CVD 11 diamond heat sinks.
The disk of the oscillator is cw pumped by a fiber-coupled diode laser (969nm) with

250W. The cavity of the oscillator is shown in Fig. 2.8. It is 1m long and composed
of a Pockels cell (PC), two λ/4 plates, a thin film polarizer (TFP), and the already
mentioned disk. One λ/4 plate is located right in front of the thin disk in order to
reduce interference effects of the incoming and back-reflected light. The second λ/4

plate is placed between the PC and the TFP. The combination of PC, λ/4 plate, and
TFP allows to close and open the cavity. The second λ/4 plate is also used to adjust
the intra-cavity power. By default the cavity is open and runs in pre-lasing mode with
an intra cavity power of ∼ 1W. This ensures a short delay between the fire laser (FL)
signal and the extraction of a laser pulse. The FL signal triggers the HV of the first
electrode of the PC closing the cavity for the pulse build-up. After a delay of 250ns the
second electrode is set to HV and the cavity opens again. The emitted pulse (30mJ,
100ns) enters the multipass amplifier.
The 8 pass thin disk amplifier is pumped by a second fiber-coupled diode laser

(940nm) with 500W. In the amplifier the light traverses the Yb:YAG disk 16 times.
A sketch of the beam trace is shown in Fig. 2.9. The amplifier consists of several con-
catenated optically stable elements. A single element is composed of a flat end mirror,

11CVD for chemical vapor deposition, a technique to grow artificial diamonds, which provide high
thermal conductivity and mechanical stability.
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Figure 2.9.: A sketch of the beam trace (left) and the mirror array (right) of the thin disk amplifier. The
laser pulse experiences 8 reflections at the Yb:YAG thin disk, hence the light traverses the disk 16 times.
The way between the mirrors K1 and K2 is a stable optical element which is repeated 8 times. The
numbers from 1 to 16 indicate the order in which the mirrors of the array are reflecting the light. In total
the pulse is amplified by a factor of 5. On the right side a picture of the mirror array with the L shaped
mirror mounts is shown. They were developed in order to place the mirrors as close to each other as
possible, keeping the feature of aligning them individually.

a convex mirror, the thin disk (focusing the light), and another flat end mirror. This
element is multiplied and strung together. So in each element the beam shape is repro-
duced. The end mirrors for each round-trip are the same. The mirrors between the end
mirrors and the thin disk are mounted on a special mirror array where each mirror is
adjusted individually. Special L-shaped mounts have been developed in order to place
these mirrors very close to each other and still maintain the degrees of freedom for
individual alignment. This design was chosen because it minimizes thermal lens effects
and is rather insensitive to pointing instabilities. During the beamtime the amplifier
was running for months without any need of realignment. In each round-trip (path of
one stable optical element) the laser pulse traverses the disk four times (2 passes). The
total gain of the amplifier depends on various parameters as there are the pump power
density, temperature, thickness of disk, etc. After 8 passes a gain of 3 is achieved. The
gain of a single pass is then ∼ 1.15. Pulses exiting the disk amplifier have energies
of 90mJ at 1030nm. The pulses are then frequency-doubled to 515nm in an LBO 12

crystal. The pulses at 515nm with an energy of 45mJ are then used to pump the Ti:Sa
crystal of the Ti:Sa oscillator.
The Ti:Sa oscillator is an injection-seeded ring laser. Its frequency is adjusted by

seeding it with a cw single-frequency Ti:Sa ring laser through the out-coupling mir-

12Lithium triborate (LiB3O5)
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ror. This so-called seed laser is tunable in an interval between 800 and 1000nm which
encloses most of the Lamb shift transitions in µ3He+. It is pumped continuously with
7W at 532nm provided by a frequency-doubled Nd:YVO4

13 diode laser. The seed laser
contains several optical intra-cavity elements (several Lyot filters and a solid etalon) for
the selection of the wavelength. Two galvo plates used to adjust the effective cavity
length which widens the mode-hopping free tuning range. The cavity is locked to a
wavemeter which has been calibrated via several transition lines in Cs and Kr [51].
The cavity of the Ti:Sa oscillator contains a prism in order to adjust the gain-

maximum to the seed wavelength. The final pulses exiting the Ti:Sa oscillator are
sent to the non-resonant multipass cavity in the target. For that a roughly 20m long
distance has to be covered. The beam pointing over that distance is controlled by an
active pointing stabilization system. The pulses entering the multipass cavity are about
90ns long and have energies in the range of 6mJ. A photodiode (E0) behind the in-
coupling mirror right before the multipass cavity records a signal proportional to the
pulse energy. The multipass cavity has already been described in Sec. 2.4.1.

13Neodymium-doped yttrium orthovanadate
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In muonic systems a precise measurement of the charge radius requires to split the
transition line only on a level of a few percent (with a linewidth of 320GHz this is
on the order of 10GHz). Due to this rather gross splitting of the line in combination
with the strong binding energies in a muonic atom the experiment is quite insensitive
to systematic effects. The effects on the Lamb shift experiment have already been
described for the case of µ4He+ in [24]. Most of these effects apply in the same way to
the µ3He+ experiment. For the sake of completeness they will be briefly discussed in
this thesis. However, there are also some differences between these two isotopes, which
are amongst others the nuclear mass and the nuclear spin (4He has nuclear spin I = 0,
whereas 3He has I = 1/2). A non-zero nuclear spin gives rise to a hyperfine splitting
(HFS) leading to energetically close states. This enhances an effect called quantum
interference which was not considered for the CREMA experiments until recently and
which is treated more in detail in Sec. 3.2. A summary of the estimated effects is found
in Tab. 3.1.

Table 3.1.: Systematic effects in the µ3He+ experiment. This table shows the shifts and the broadenings
due to effects estimated in this section. The total value is the quadratic sum of the above. The AC and
DC Stark effect is not listed as their contribution is much smaller than even the collisional effects. The
given uncertainty for the quantum interference (QI) is a conservative upper limit. The details are given
in Tab. 3.3. The power broadening depends strongly on the respective transition. It is discussed in
Sec. 3.3.5 and is included in the line shape model in Sec. 4.7.

Shift (Uncertainty) [GHz] Broadening [GHz]
Laser 0.12 0.84
QI 0.2 0

Zeeman effect 0 0.5
Doppler broadening 0 2.4
Collisional effects < 5× 10−4 < 2× 10−4

Power broadening 0 (16 – 48)
Total (w/o Pow.broad.) 2.6

Total 0.2 16 – 48
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The total broadening effect (added quadratically) is completely dominated by the
power broadening. As the power broadening (see Sec. 3.3.5) is taken care of in the line
shape model introduced later in Sec. 4.7, it is interesting to know what the remaining
broadening is. The remaining broadening effects (not included in the line shape model)
are dominated by the Doppler broadening. Added quadratically they amount for all
three measured transition lines to

∆νbroadening = 2.6 GHz. (3.1)

Compared to the linewidth of ∼ 320 GHz and the low statistics of the measurement this
broadening effect is negligible.
The total shift, given in Tab. 3.1, is not corrected and included as a systematic un-

certainty. It depends on the specific transition. An upper limit which is valid for all
three lines is given by

∆νuncertainty = 0.2 GHz. (3.2)

Compared to the statistical uncertainty in the range of 20GHz (to be discussed in
Sec. 4.7), the systematical uncertainty again is negligible.

3.1. Characterization of the laser

The systematics arising from the laser have been discussed in detail in [51] and [24].
The dominating effect originating from the laser is its bandwidth. The FWHM

amounts to
∆νFWHM = 0.84(10) GHz, (3.3)

which results in a broadening of the Lorentzian transition line. The broadening effect
is somewhat in between a Lorentzian and a Gaussian. As this effect is small compared
to the natural transition line width (∼ 320 GHz), no further investigation is needed.

A contribution to the uncertainty of the frequency originates from the laser frequency
calibration. The cavity is locked to a wavemeter with an accuracy of 60MHz. The
wavemeter in turn has been calibrated by transition lines in Kr and Cs.
A part contributing to a frequency shift arises from chirp. The laser chirp has been

measured in the context of [51] and contributes a shift of −60± 30 MHz. As this is too
small to correct for, a conservative uncertainty of 100 MHz is taken into account.
The total “laser uncertainty” which enters the value for the transition frequencies is

then given by the quadratic sum of 60MHz from the wavemeter and 100MHz from the
chirp

∆νlaser = 0.12 GHz (3.4)
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Figure 3.1.: Interfering paths in an atomic system. Interference happens if different paths over ≥ 2

excited states exist and only if initial and final state is the same for all paths. This is the case if e.g. a
resonant laser excites the transition from |i〉 to |e1〉 and non-resonant excitation to |e2〉 is possible.

A possible distortion of the transition line arises from asymmetries in the pulse energy
when scanning the very broad transitions (320GHz, corresponding to nearly 1 nm). The
pulse energy of each run is discussed in Sec. 3.3.1 and the power fluctuations are then
taken into account by a line shape model, which is used to fit the transition lines (see
Sec. 4.7). This effect, however, has to be very small, because the results of the line shape
model agree very well (∼ 0.1σ) with the results from a simple Lorentzian fit which does
not account for the variations in laser pulse energy (see Sec. 4.7).

3.2. Quantum interference in the CREMA experiments

The effect of quantum interference (QI) can be understood considering an atomic energy
level system as seen in Fig. 3.1, with one initial state |i〉, ≥ 2 excited states |en〉, and
one final (ground) state |g〉. A laser excites the atomic system from |i〉 to |e1〉. The
successful excitation is detected via the emission of a photon when decaying to the
ground state. The possibility that the atom is excited to another (not |e1〉) close lying
excited state is finite and if the possible paths have the same initial and final states (as
shown in Fig. 3.1) they are indistinguishable and therefore they interfere. The QI results
in an additional anisotropy in the emission pattern, which means that the line shape of
the detected signal depends on the detection angle referred to the quantization axis of
the atomic system 1. Fitting a Lorentzian function to an asymmetrically deformed line
results in a shift of the extracted line center. Several references [52, 53, 54, 55] describe
and calculate this effect for atomic precision physics experiments. A rule of thumb to
find out if the QI effect matters is given by [52]:

1The quantization axis in the CREMA experiments is given by the horizontal polarization of the linear
polarized laser.
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Table 3.2.: Quantum interference: rule of thumb applied to CREMA measurements. Listed are the
transitions of µp, µd, and µ3He+ which were measured by the CREMA collaboration. u is the total
uncertainty given in units of the linewidth Γ, d is the distance from the excited state to the closest allowed
energy level, also given in units of Γ. If the inverse uncertainty u−1 is larger than d, a significant QI
effect is expected. The transitions marked with a cross are therefore candidates for being affected by QI.
The crosses which are marked with brackets are very close to fulfill the rule of thumb and should also be
investigated. Of course, also farther separated states do contribute, but their influence is less significant.

Γ2P [GHz] meas. trans. u [Γ2P] d [Γ2P]

µp 18.5 2SF=1
1/2 − 2PF=2

3/2 1/28 42

2SF=0
1/2 − 2PF=1

3/2 1/18 59

µd 19.5 2SF=3/2
1/2 − 2PF=5/2

3/2 1/21 9 x

2SF=1/2
1/2 − 2PF=3/2

3/2 1/10 5 x

2SF=1/2
1/2 − 2PF=1/2

3/2 1/9 5 x

µ3He+ 318.7 2SF=1
1/2 − 2PF=2

3/2 1/16 18 (x)

2SF=0
1/2 − 2PF=1

3/2 1/15 18 (x)

2SF=1
1/2 − 2PF=1

1/2 1/16 44

"If the precision measurement has an accuracy of one part in N of the natural
linewidth, a neighboring resonance within N natural linewidths of the resonance leads

to a significant shift."

This effect has recently been studied [55] for the CREMA experiments as the given rule
of thumb applies in some parts to the measurements which have been performed, see
Tab. 3.2. In the case of µp QI seems to be negligible whereas for µd a deeper investigation
is necessary. Also µ3He+ is quite close to the rule of thumb. As calculation and cross
checking of this effect was part of this thesis (see also [55]) the QI effect is studied here
in more detail. The effect is treated similar to Refs. [53, 56]. For that several formulas
are used which have been derived in [57] and [58]. It should be mentioned already here
that the following treatment will show the QI effect to be irrelevant because of the large
solid angle which is covered by the APDs in the CREMA setup.
In order to understand the full line shape in the QI regime one needs to have a closer

look at Fermi’s golden rule
dRi→f
dΩs

=
2π

~
|Mfi|2ρs, (3.5)
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where M is the scattering matrix with initial and final state i and f and ρs the density
of scattered photon states into the solid angle dΩs. It was derived by Dirac in 1927
[59] and describes in first order perturbation theory the transition rate of a perturbed
system with an initial and a final state. From a generalized golden rule (up to second
order processes) the Kramers-Heisenberg formula can be derived, which is e.g. done in
chapter 8.7 of [60]. It was used in the way written down by Brown et al. [53]

dRi→f
dΩs

=
πE2

Lω
3
s

h3c3ε0

∣∣∣∣∣
∑

e

(ε̂∗s ·Dfe)(Dei · ε̂L)

ωei − ωL − iΓe/2

∣∣∣∣∣

2

. (3.6)

Here, EL, ωs, and ε0 are the amplitude of the electric field of the laser, the frequency
of the scattered light, and the permittivity of free space, respectively. D is the dipole
operator which is projected onto the polarization vector of the incident and scattered
light, ε̂L and ε̂s. ωei is the transition frequency from the initial state i to the excited
state e and ωL is the laser frequency. The scattering matrix contains the sum over all
possible excited states e with decay rate Γe. Eq. (3.6) shows the origin of QI-induced
shifts: The square modulus is not the incoherent sum of Lorentzians, but cross-terms
occur which distort the lines.
The matrix elements of the dipole operator with the polarization of the incident

(Dei · ε̂L) and with the polarization of the scattered light (ε̂∗s ·Dfe) will in the following
be written as di→ep and de→fq . Now the polarization p of the incident light and q of the
scattered light is given in spherical components with the values (−1, 0, 1). The matrix
element from state 1 to state 2 is then given in a good basis for a hydrogen-like atom
with non-zero nuclear spin as

d1→2
q = 〈nIJFmF |dq|n′IJ ′F ′m′F 〉. (3.7)

It can be reduced decoupling it from the polarization by taking advantage of the Wigner-
Eckart theorem and introducing the Wigner 3j symbol, as shown in equation 4.120 of
Ref. [58]. The matrix element becomes then

〈nIJFmF |dq|n′IJ ′F ′m′F 〉 = (−1)F−mF
(

F 1 F ′

−mF q m′F

)
〈nIJF |d|n′IJ ′F ′〉. (3.8)

This matrix element can be further reduced in two steps considering that the spin I of
the nucleus as well as the spin S of the lepton are not associated with the electric dipole
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moment. This is done according to equation 4.175 of the same Ref. [58], extracting two
times a Wigner 6j symbol. For the nuclear spin I this is

〈nIJF |d|n′IJ ′F ′〉 = (−1)I+J+F ′+1
√

(2F + 1)(2F ′ + 1)

×
{
J F I

F ′ J ′ 1

}
〈nJ |d|n′J ′〉 (3.9)

and finally for the leptonic spin S, with J = L+ S

〈n(SL)J |d|n′(S′L′)J ′〉 = (−1)S+L+J ′+1
√

(2J + 1)(2J ′ + 1)

×
{
L J S

J ′ L′ 1

}
〈n,L|d|n′, L′〉. (3.10)

In total the matrix element is then given by

dq = 〈n,L|d|n′, L′〉

× (−1)S+L+J ′+1
√

(2J + 1)(2J ′ + 1)

{
L J S

J ′ L′ 1

}

× (−1)I+J+F ′+1
√

(2F + 1)(2F ′ + 1)

{
J F I

F ′ J ′ 1

}

× (−1)F−mF
(

F 1 F ′

−mF q m′F

)
(3.11)

This electric dipole matrix element can be used either for the excitation (absorbing)
process with initial and excited state (di→ep ) or for the decay (emitting) process (de→fq )
with polarization p and q, respectively. The term 〈n,L|d|n′, L′〉 is evaluated via the
Schrödinger hydrogen wavefunctions. As d has only radial dependence the wavefunction

ψnlm(r, θ, φ) = Rnl(r)Ylm(θ, φ) (3.12)

can be separated into a radial Rnl(r) and a spherical part Ylm(θ, φ). The reduced matrix
element then becomes

Rn
′l′
nl = 〈n,L|d|n′, L′〉 =

∫
ψ∗n′l′m′(r, θ, φ) r ψnlm(r, θ, φ) drdΩ (3.13)

=

∫
R∗n′l′(r) r Rnl(r) r

2dr, (3.14)

where the integral over the spherical part is 1. The general result of this integral is
given in equation 63.2 of Ref. [57] and can be simplified for the absorbing process where
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the principle number n does not change (CREMA experiment: 2S− 2P transition) to
(equation 63.5 in [57])

Rn,l−1
nl =

3n

2

√
n2 − l2 n=2, l=1≈ 5.196 (3.15)

and for the emitting process with 2P–nS (CREMA experiment: 2P–1S transitions) to
(equation 63.4 in [57])

Rn0
21 =

√
215n9(n− 2)2n−6

3(n+ 2)2n+6

n=1≈ 1.290. (3.16)

Now the scattering matrix element, which appears in Eq. (3.6),

M qp
fi =

∑

e

Sqpi→e→f =
∑

e

de→fq × di→ep

ωei − ωL − iΓe/2
(3.17)

with polarizations p and q for incident and scattered light and the sum over all possible
excited states is determined. In the CREMA case the detector does not distinguish
between the different scattered polarizations, so it detects a combination of the dif-
ferent spherical components. As the different spherical components are not emitted
isotropically the ratio of the different detected polarizations and therefore the detected
interference pattern depends at which angle the detector is placed (for now the detector
is assumed to be point-like). As shown later, the large CREMA detector makes the QI
effect much smaller.
The emitted intensity pattern up to here is only given in the spherical basis. However,

for a better understanding this should be rewritten for spherical coordinates. This
will also help to later integrate over the given detector surface in the experiment. A
scattering matrix M , known in the spherical basis, can be expressed in the Cartesian
basis by

~M =




− 1√
2
(M1 − iM−1)

i√
2
(M1 + iM−1)

M0


 (3.18)

Here, M q=−1,0,1 are the matrix elements from Eq. 3.17. For simplicity the only index
written down is the spherical component q which represents the polarization of the
emitted light.
The unit vectors of the spherical coordinates can also be expressed in the Cartesian

basis by

~er =




sin θ cosφ

sin θ sinφ

cos θ


 ~eθ =




cos θ cosφ

cos θ sinφ

− sin θ


 ~eφ =



− sinφ

cosφ

0


 (3.19)
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Figure 3.2.: Detection geometry for the QI effect. Shown is the transverse cross section of the target
where the muons enter from the left side and are stopped along the z axis inside the muon stop volume
(dotted red line). The violet surface shows the opening angle ∆θ = θ2 − θ1 where the scattered light
of the atom at position (A,B) is detected. On the right side the laser propagation and polarization in the
x− z plane is shown.

The scattering matrix is then projected onto the unit vectors 2. The emission probability
(intensity) is finally given by the sum of the squares. Ordering the terms by the values
of q yields

Ipi (θ) = |Mp
i |2 ∝

∣∣∣~eφ · ~M
∣∣∣
2

+
∣∣∣~eθ · ~M

∣∣∣
2

∝
∑

f

(
1

2

(
cos2(θ) + 1

)
∣∣∣∣∣
∑

e

Si→e→fp,−1

∣∣∣∣∣

2

+
1

2

(
sin2(θ)

)
∣∣∣∣∣
∑

e

Si→e→fp,0

∣∣∣∣∣

2

+
1

2

(
cos2(θ) + 1

)
∣∣∣∣∣
∑

e

Si→e→fp,+1

∣∣∣∣∣

2)

(3.20)

For each spherical component q all (close lying) excited states are summed coherently.
Pulling out the sums over the excited states would make them incoherent, in conse-
quence the different paths would not interfere and the QI would disappear. Between
the different spherical components, no interference exists. Additionally the sum is taken
over all possible final states. The sum over f is incoherent and can be pulled out 3.
With Eq. (3.20) the lineshape for a point-like detector placed under an angle θ is given.
Note that Eq. (3.20) is independent of φ.

2The projection along ~er is neglected because only the directions along ~eθ and ~eφ are of interest here.
3Paths with different final state do not interfere.
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Figure 3.3.: The top APDs are shown in the CREMA coordinate system. Neglecting the φ dependence
by assuming cylindrically shaped APDs, the integration interval ∆θ = θ2 − θ1 (θ2 not shown) results
actually larger than it is in reality. The influence of this effect depends strongly on the z position of the
muonic atom, see figure on the right.

For the last step the coordinate system has to be placed into the geometry of the
CREMA experiment (see Fig. 3.2). The LAAPDs detect the intensity Ip=0

i
4 of the

scattered light of a muonic atom located at position (A,B) in the muon stop volume.
Now the specific line shape has to be calculated which is dependent on the geometry
of the detection with respect to the quantization axis. For that at first a two dimen-
sional system as shown in Fig. 3.2 is considered and Ip=0

i is integrated from θ1(A,B)

to θ2(A,B) for the top APDs and in the corresponding range [θ′1, θ
′
2] for the bottom

APDs.

Itotal(A,B) =

∫ θ2

θ1

I(θ)d(cos θ) +

∫ θ′2

θ′1

I(θ)d(cos θ) (3.21)

The reduction to two dimensions seems reasonable, because the emission intensity is
not dependent on φ. However, the arrangement of the LAAPDs is not symmetric in φ,
because the LAAPDs have no cylindrical shape. Hence, the opening angle ∆θ = θ2−θ1

varies slightly for different φ (see Fig. 3.3). Ignoring this effect would result in a situation
as shown in the figure by the starting angle θ1 (red). The same applies to the end angle
θ2 (not shown in the figure). Thus the opening angle is in total reduced by (θ∗1 − θ1)
and (θ∗2 − θ2), respectively. The effect is position dependent and exemplary shown as
a function of the z coordinate. In the worst case the opening angle can be reduced by
up to (11+1)° at a position of (A = 0, B = z = 68mm). However, this is only at the
outer edge of the APDs and has to be averaged with those φ directions where the effect
is smaller. Doubling the QI shift which is calculated in the two dimensional model will
give a conservative estimate.

4p = 0, for the laser polarization pointing in z direction.
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Table 3.3.: QI effect in the CREMA experiments. In this table conservative estimates for the QI effect in
the CREMA experiments are given. Shown are only the relevant transitions. The effect can shift the result
when fitting a purely Lorentzian line shape to a distorted line. As comparison the statistical uncertainty u
on the line center given by the Lorentzian fit is shown. The uncertainty values are taken from Refs. [7, 13]
and from this work for µp, µd, and µ3He+, respectively. The shifts result to be too small to be significant
and can therefore be neglected.

meas. trans. shift [%Γ] shift [MHz] u [GHz]

µp 2SF=1
1/2 − 2PF=2

3/2 0.009 +1.7 0.57

2SF=0
1/2 − 2PF=1

3/2 0.011 +2.0 1.00

µd 2SF=3/2
1/2 − 2PF=5/2

3/2 0.025 +4.8 0.84

2SF=1/2
1/2 − 2PF=3/2

3/2 −0.084 −16.4 2.0

2SF=1/2
1/2 − 2PF=1/2

3/2 0.112 +21.8 2.2

µ3He+ 2SF=1
1/2 − 2PF=2

3/2 0.004 +12.7 19.6

2SF=0
1/2 − 2PF=1

3/2 0.051 +162.5 20.9

2SF=1
1/2 − 2PF=1

1/2 −0.009 −28.7 19.5

Finally the intensity I is calculated by integrating Itotal(A,B) over the whole muon
stop volume, i.e. all possible positions [A,B] within the muon stop volume (red dotted
rectangle in Fig. 3.2). As the stopping distribution is quite homogeneous, no further
function weighing the intensities from different origins (A,B) is necessary. The resulting
lineshape from intensity I is then fitted with an incoherent sum of Lorentzians. The
final QI shift is the difference of the position resulting from the fit to the theoretical
transitions implemented before. An example for µd which shows the incoherent fit to the
coherent line shape is given in Fig. 3.4. The shifts calculated for all transitions in µp, µd,
and µ3He+ are listed in Tab. 3.3. The results have been compared with the calculations
of a group in Lisbon, led by J. P. Santos, which calculated the shifts independently. The
results agreed very well, and have been published by Amaro et al. [55]. Later a follow-
up paper has been published by the same group, investigating the effect of elliptically
polarized laser light [61].

3.3. Estimation of other systematic effects

In contrast to the QI effect which has not been considered in atomic laser spectroscopy
until recently there are many well known systematic effects which are studied in the
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Figure 3.4.: The quantum interference effect. Shown are two transitions (pseudo data) in muonic deu-
terium, where the effect is maximal. Both transitions have the same initial state 2SF=1/2

1/2 which is excited

to the close lying hyperfine states 2PF=3/2
3/2 and 2PF=1/2

3/2 . The excitation happens with linear polarized
light (in the horizontal plane) (see Fig. 3.2). The muonic atom is located at the origin (x,y,z = 0). The
blue and the green line are detected with different detection geometries (for better visibility the two cases
are presented with different amplitudes). The blue line shows the coherent line shape seen by a point-
like detector at an angle of θ = 0◦. The green line shows the coherent line shape seen by the APD
detectors in the CREMA geometry. The red lines are the respective fits with an incoherent sum of two
Lorentzians. The inset on the right top shows clearly the effective shift of the extracted resonance lines.
Maximizing this effect with a (unrealistic) point-like detector (blue line), the shift can get as large as 8%
of the linewidth. However, in the real setup (green line) the shift is roughly 0.1% of the width, which is
negligible in our case.

following. They have been considered previously for µp, µd, and µ4He+. The estimation
of the various effects is described in literature and here follows in large parts Ref. [62].
The effects which are estimated below are possible shifts due to the Zeeman effect,
Doppler broadening, and collisional effects. Power broadening is treated later in Sec. 4.7.
The AC and DC Stark effect are not treated here. This has been done in detail in
Ref. [46] for µp and is several orders of magnitude below the required precision. As
shown in [46], the main reason for the AC Stark shift to vanish is the very short (0.5 ps)
lifetime of the 2P state. It leads to a decay rate which is larger than the Rabi oscillation.
In consequence overdamping occurs which leads to a suppresion of the AC Stark shift.
The DC Stark effect is negligible mainly due to the 200 times smaller Bohr radius.
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3.3.1. Asymmetries in the recorded data

There are different parameters which could lead to an asymmetry in the recorded data
that would shift the fitted line center. A trivial reason for a shift would be if one side of
the line is measured much longer than the other. This is accounted for by normalizing
the number of counts of the data points to the measurement times.
Another origin of an asymmetry might arise from fluctuations in the laser pulse energy.

The fitted line center could so be distorted by systematical variations of the pulse energy
with respect to the laser frequency. This ’laser asymmetry’ can have different origins.
Temperature drifts which e.g. could lead to mirror misalignment might impose shifts on
a time scale of days or weeks. This kind of asymmetry has been avoided by measuring
randomly at different frequencies, switching between the two sides of a line. Intrinsical
properties of the laser can also shift the line. The laser is tuned over several hundreds
of GHz and its efficiency or beam pointing might easily change over that range. For
that the laser pulse energy is recorded on a pulse-per-pulse basis with photodiodes and
after each run calibrated using a commercial pyroelectric detector (see also App.A.2.2).
The pulse energy plotted against frequency is shown in Fig. 3.5. For the first line

(top of Fig. 3.5) the laser has an average power of 4.5mJ. The line center is roughly at
347.2THz. In total the power fluctuations are not very strong. However, during the
final days of measurement some data at the peak of the line were recorded at much
higher pulse energy. This could lead to an overestimated signal to noise ratio and an
underestimated width.
The average pulse energy of the second and the third line is 5.9mJ. In this energy

and frequency range the pulse energy fluctuates much more than in the first case. The
rough positions of the line centers are 310.8THz and 312.8THz.
In order to avoid possible line shifts one should consider these power fluctuations in

the fit.
Possible shifts are taken care of by a line shape model where the individual events

are binned in terms of the pulse energy and so fitted with a different amplitude. The
fitting procedure is described more in detail in Sec. 4.7.

3.3.2. Zeeman effect

The muon stop volume is placed in a strong homogeneous B = 5T magnetic field where
the diameter of the incoming muon beam is small. By that the muons are concentrated
in a small stop volume which is illuminated by means of a multipass cavity. The strong



3.3. Estimation of other systematic effects 37

Frequency - 340.0 THz [THz]
6 6.2 6.4 6.6 6.8 7 7.2 7.4 7.6 7.8 8 8.2 8.4

P
ul

se
 e

ne
rg

y 
[m

J]

2

3

4

5

6

7

8
He transition3µst He transition3µstLaser pulse energy (Mean, RMS) of 1

Frequency - 310.0 THz [THz]
-0.5 0 0.5 1 1.5 2 2.5 3 3.5

P
ul

se
 e

ne
rg

y 
[m

J]

3

4

5

6

7

8

9

He transition3µrdand 3nd

D
et

ec
to

r s
ig

na
l [

m
V

]
10

15

20

25

30

He transition3µrdand 3ndLaser pulse energy (Mean, RMS) of 2

Figure 3.5.: Laser pulse energy plotted against frequency for the first (top) and the second and third (bot-
tom) measured transition lines. Each data point represents a single run. The red dashed line indicates
the mean of the total data set, respectively. The runs with noticeably high pulse energies at 347.2 THz

(top) and 312.7 THz (bottom) are the reason for the high lying data points in the resonance plots which
are shown later in Sec. 4.7. Note the mV scale of the bottom plot. During the measurement of the first
line a calibrated Gentec energy detector was used which displays the energy in mJ, for the second and
third line the pulses were measured with a different pyroelectric detector which was connected to an
oscilloscope. The mJ axis of the bottom plot is obtained by an average conversion factor and shown for
comparison with the top plot.
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magnetic field couples to the atom and changes the energy level structure which is
described by the Hamiltonian

H = gJµ
µ
BJ ·B + gIµ

h
NI ·B = µµB

(
gJJ + gI

µhN
µµB

I

)
·B (3.22)

with the fine structure Landé g-factor gJ and the nuclear g-factor gI , the muon Bohr
magneton µµB = 67.690 MHz/T, and the helion nuclear magneton µhN . Despite the
magnetic field being strong, the Zeeman energy in a muonic atom is still best described
in the IJ-coupling scheme where the induced Zeeman shift is small compared to the
hyperfine splitting (weak field approximation). The Zeeman energy in that regime is
given by

∆E = gFµ
µ
BBmF (3.23)

where gF is the hyperfine structure Landé g-factor, and mF the projection of the total
atomic angular momentum F , which in the weak field regime is a good quantum number.
The Landé factor is given by [46]

gF = gJ
F (F + 1)− I(I + 1) + J(J + 1)

2F (F + 1)
+ gI

µhN
µµB

F (F + 1) + I(I + 1)− J(J + 1)

2F (F + 1)
(3.24)

with the helion nuclear magneton to muon Bohr magneton ratio µhN/µ
µ
B = 0.038 and

the fine structure Landé factor [57]

gJ = gL
J(J + 1)− S(S + 1) + L(L+ 1)

2J(J + 1)
+ gS

J(J + 1) + S(S + 1)− L(L+ 1)

2J(J + 1)
. (3.25)

The orbital g-factor gL is equal to 1 in the approximation of infinite nuclear mass.
However, with a bound muon instead of an electron, recoil effects are enhanced and the
correct value of gL = M/(m+M) ' 0.964 (see Sec. 47β in [57]) should be inserted. The
g-factor values are for the muon gS ' 2.002 and for the nucleus (helion) gI = 4.255.

The effect of the Zeeman shift calculated with Eq. (3.23) is given in Tab. 3.4. As the
mF levels are equally populated, there is no shift but a broadening effect. The laser of
the Lamb shift experiment is π polarized. In order to account for the windows of the
vacuum system and the target, an admixture of 10% σ polarized light is considered a
conservative upper limit. The largest broadening effect for purely π polarized light is in
the 2SF=1

1/2 − 2PF=1
1/2 transition with 2 × 234 MHz = 468 MHz. Including the admixture

of σ polarized light a conservative estimate for the line broadening for all transitions is
given by 500MHz. This is 0.2% of the linewidth and therefore negligible.
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Table 3.4.: Zeeman shift in the µ3He+ Lamb shift transitions due to the 5 T magnetic field. Given are
the shifts of the single mF states which are involved in the respective Lamb shift transition (see also the
level scheme in Fib. B.1), as well as the resulting shift of a transition starting from a certain mF state
excited by laser light with linear (π) and circular (σ±) polarization. States with mF < 0 experience the
inverted shift, compared to the ones with mF > 0. States with mF = 0 are not shifted and therefore
not indicated here. As the mF states are populated equally and the laser light is polarized linearly, no
shift, but only a broading happens in the experiment. This broadening effect, however, is not significant.
All numbers are given in MHz.

2S shift 2P shift total shift

mF = 1 mF = 1 mF = 2 π σ±

2SF=1
1/2 − 2PF=2

3/2 366 346 692 0, ±20 ±326, ±346, ±366

2SF=0
1/2 − 2PF=1

3/2 – 540 – 0 ±540

2SF=1
1/2 − 2PF=1

1/2 366 132 – 0, ±234 ±132, ±366

3.3.3. Doppler broadening

When atoms have a velocity v with a component parallel to the laser propagation k the
Doppler effect leads to a shift of the effective laser frequency experienced by the atom.
In the lab frame the observed transition frequency ω′ is then given by

ω′ = ω + kv. (3.26)

with ω being the transition frequency of the atom at rest.
In the Lamb shift experiment the muons are stopped in the gas target and form

a muonic atom. After a delay time of t ' 1µs the laser pulse enters the multipass
cavity. At that time the muonic ion is thermalized at a temperature of T = 293K.
The thermalized atoms move isotropically which leads to a pure broadening effect of
the line. The most probable thermal velocity is given by [63]

vth =

√
2kBT

m
' 1250ms−1 (3.27)

with the mass of µ3He+ m, the Boltzmann constant kB, and the temperature T .
The Doppler width is given by [63]

∆νD = ν0

√
8kBT ln 2

mc2
' 2.4 GHz (3.28)

using ν0 ' 347 THz of the 2SF=1
1/2 − 2PF=2

3/2 transition which has the largest transition
frequency among the measured transitions. The obtained broadening of ∆νD = 2.4 GHz

is only 0.8% of the linewidth and is therefore negligible.
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3.3.4. Collisional effects

The muonic atoms are created in a helium gas at a pressure of ∼ 2 mbar. Hence, during
the interaction of the electromagnetic field of the laser with the muonic atom it may
collide with the surrounding target gas. This leads to a shift and a broadening effect in
the transition lines.
The effect of collisions of the muonic atom with the surrounding helium gas has

been treated in Ref. [64]. Therein collisional effects at a gas pressure of 100mbar were
treated. In that case the collision rate is enhanced. Their value therefore serves as a
conservative upper limit. The calculation in Ref. [64] yields a shift of up to 50MHz

and a broadening effect of maximal 13.6MHz for µ3He+ ions. At lower target pressures
of ∼ 2 mbar the collision rate decreases and the effects are expected to be much (two
orders of magnitude) smaller and negligible.

3.3.5. Power broadening

Laser energies close to saturation distort the line shape. This is taken into account by
a line shape model which is used to fit the transition lines (see Sec. 4.7). The power
broadening is still calculated here. The saturation fluences Fsat are given in Tab.B.1.
The actual fluences F for the different transition lines are given in Sec. 2.4.1. For
simplicity they are listed here again:

transition 1 2 3
F [ J cm−2 ] 0.5 0.6 0.6
Fsat [ J cm−2 ] 1.3 1.1 3.3

The line shape model used in Sec. 4.7 is an exponentially saturating Lorentzian (see
Eq. (4.6)). Plugging the numbers given in the above table into the Lorentzian yields
broadenings of 9, 15, and 5% of the linewidth for the three lines, respectively. For a
width of 320GHz this results in a broadening of 29, 48, and 16GHz and is therefore by
far the largest broadening effect in this experiment. As mentioned above, the broadening
is taken into account by the fit model.



4. Data analysis

The data obtained from the Lamb shift measurement in µ3He+ are separated into
two sets, A and B. Set A contains the data of the 2SF=1

1/2 − 2PF=2
3/2 transition (14 days

of measurement) which was recorded first. Set B contains the data of the 2SF=0
1/2 −

2PF=1
3/2 and 2SF=1

1/2 − 2PF=1
1/2 transition (19 days of measurement). The data of the latter

two transitions are combined because their transition energy only differs by 2THz.
Having a linewidth of 320GHz these two transitions sit on each others tails and should
therefore be fitted at once to avoid errors due to incoherent line pulling effects. All three
transitions are analyzed with the same software. The main difference between set A
and set B originates from the laser which performed differently in the region of 350THz

(set A) compared to the region of 310THz (set B). This resulted in a different laser
time window (LTW) between the two data sets. Also the pulse energies were higher for
set B.
In the data analysis a lot of terms and expressions are used which can only be un-

derstood knowing about the data acquisition (DAQ). In the following the DAQ, the
construction of events, and the terms used in this context shall be explained.

The time in which the measurements at the accelerator take place is called beamtime.
During a beamtime the Lamb shift experiment has to be mounted, the measurements
have to be performed, and, before the beamtime ends, the experiment has to be dis-
mounted again.
The measurement time, i.e. the time during which data is recorded, is split into many

single runs. These runs take about one hour and the data of each run is written into a
single file on the hard disk drive (HDD) of the backend (BE) computer. Between two
sequential runs it is possible to change the laser frequency, to control the target pressure,
to refill the superconducting magnets with liquid helium (if necessary), etc. There are
two different kinds of runs, one is the laser-off (LOFF) run and the other the laser-on
(LON) run. In LOFF runs the fire laser trigger (FL) is switched off permanently and
only the background (muons stopping in 3He gas) is studied, in LON runs the actual
excitation of the Lamb shift transition takes place. Both types of runs are used for the
fit of the resonance line.
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A single run is composed out of many events. An event is the detection of a muon by
a coincidence of the signals S1 ∧ S2 1 which creates the T1 signal. T1 is the trigger for
starting an event gate (EVG). T1 can only start an EVG if the frontend (FE) computer
is ready. The status of the laser system (ready or not ready) sets the signals termed
TBILE (LON event, it leads to the FL signal which triggers the laser) or TBINLE
(LOFF event, no laser is fired). Thus, the events can be sorted later in the analysis and
not only complete LOFF runs can be used for background studies, but also individual
LOFF events in LON runs. An EVG is 20µs long. The single happenings (single hits
on the detectors) detected in this time interval are written on a ring buffer of the VME
modules (TDC, WFD).
If during the EVG an X-ray is detected in the APDs, the APD GATE opens. The

X-ray indicates that the muon which entered the target indeed formed a bound state
with a helium nucleus. Electrons which originate from muon decay are detected by
plastic scintillators, labeled ER and EL (see Sec. 2.4.2). The signals from these so-
called electron paddles are sorted by their amplitude into four categories and labeled as
low, m1, m2, and high.
After 20µs the end-of-event gate (EEVG) signal closes the EVG. However, the ring

buffers are only read out by the FE if the APD GATE is active. The APD GATE in
combination with the EEVG signal then creates the STROBE signal. The STROBE
stops the data record of WFDs and TDCs so their data can be read out and saved on
the memory of the FE. From there the data is sent to the HDD at the BE. After that
the FE is again ready for a new event. The arrangement of data into events has the
advantage that it drastically reduces the amount of recorded data without losing the
important events.
The software used for the DAQ is MIDAS 2. The software used for the analysis and

the visualization of the recorded data is ROOT 3.

In order to summarize the above explanations, the way of a muon from its detection
until its decay is sketched and the respective detectors and signals are mentioned. The
example shows the ideal case, the so called “golden event”. The indented text explains
what happens in the DAQ.
A muon is detected in the nondestructive muon detection system (described in Sec. 2.3.3),
right before the target.

1S1 and S2 are introduced in Sec. 2.3.3.
2Maximum Integration Data Acquisition System (MIDAS), a data acquisition system developed at
PSI, Switzerland and TRIUMF, Canada.

3ROOT, a data analysis software developed at CERN, Switzerland.
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The coincidence of S1 ∧ S2 triggers T1 which, if the FE is ready, triggers the EVG.
The EVG is now open for 20µs. In this example the laser is ready (TBILE is set)
and the FL signal triggers the laser. Hence, this event appears in the analysis as
a LON event.

The muon enters the target and is stopped in the helium-3 gas. It forms a highly excited
muonic atom and cascades down to the 2S state. About 1µs after the muon enters the
target, the laser pulse (triggered by FL) enters the multipass cavity, illuminates the
muon stop volume, and excites the muonic atom to the 2P state.

Several photodiodes detect the time and the amplitude of the laser pulse.

The 2P state immediately decays to the 1S ground state emitting a delayed 4 Kα X-ray
which is again detected by an APD. A few hundred nanoseconds later, the muon decays
into an electron and two neutrinos. The highly energetic electron when passing an APD
deposits energy in the APD and is then additionally detected by the plastic scintillators
which are installed around the target.

By the detection of X-rays the APD GATE is opened. After 20µs the event gate
is closed by the EEVG signal which in coincidence with the opened APD GATE
creates the STROBE signal. The STROBE triggers the read out of the WFDs
and TDCs. All data are saved and can be used in the analysis.

The main purpose of the analysis is to find events as described above. This event is one
“good” event among about 10 000 “bad” events. In most of the events no excitation of the
muonic atom takes place, or the excitation is not detected. These events are considered
background events. In order to obtain a good signal to noise ratio of the recorded Lamb
shift transition, all events are characterized and several cuts are introduced which filter
out unwanted “bad” events and so reduce the background.
A very important tool for the characterization of events is to create coincidences. A

coincidence means that two happenings on different detectors have to happen in a small
time window. In this way the probability that these happenings have the same physical
origin is strongly enhanced and effective cuts can be performed. For example, electrons
can be identified reliably if the signal they caused by passing an APD appears at the
same time as a signal from the plastic scintillator.
Eventually, the energy of the Lamb shift transition is then determined by fitting a

saturated Lorentzian to a plot of the delayed Kα X-rays versus the laser frequency (as
shown in the end of this chapter, in Sec. 4.7).
In the following the different steps in the analysis of the recorded data are explained.

4The term “delayed” means delayed with respect to the prompt X-rays. The delayed Kα X-ray is in
coincidence with the laser.
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4.1. APD trace analysis, energy spectrum and cut

Waveform Digitizers (WFD) record every happening from an APD during an EVG. The
recorded waveforms have a wide variety of shapes and it is crucial to characterize them
in order to obtain useful time and energy spectra. The method used to obtain amplitude
and timing as well as the characteristic slope of a signal is described in Diepold et al. [65]
and summarized in the following.
There are mainly three different categories of happenings from the APDs. Two of

them are caused by X-rays which are absorbed by the APDs, the third is caused by
muon decay electrons, depositing energy, but passing through the APDs. The two
X-ray categories differ depending on the APD region, where the X-ray is stopped.
As explained in [65], APDs consist out of a drift region, a conversion region and an
avalanche region. X-rays typically should stop in the conversion region, which leads
to high charge collection efficiency and fast amplification. The signals which originate
from these X-rays have a short rise time (called fast X-rays in the analysis). Due to
the large opening angle in the experiment, the fraction of X-rays which stop in the drift
layer is increased. If X-rays are stopped in this region the charge collection efficiency
is slow as is the amplification. This results in long rise times and smaller amplitudes
(called slow X-rays, accordingly). The signal from electrons results to have a rise time
which is in between the two types of X-rays. This seems feasible as they pass all three
APD regions.
The characterization of the APD signals works as follows. An edge-finder locates the

beginning of a pulse by scanning a step function over the signal. After that an integrator
yields the amplitude of a signal. The slope of the leading edge is fitted with a function
and normalized by the pulse integral. A plot which shows the slope plotted versus
the integral is shown in Fig. 4.1. The four different contributions in this plot originate
from slow and fast 8 keV Kα X-rays, from electrons, and only one contribution from the
1.5 keV Lα X-rays.
By an adequate cut of the different APD signal classes seen in Fig. 4.1, the respective

events can be separated and labeled accordingly. A selection of the respective signals
is used to create a numerically averaged standard waveform trace for the two X-ray
classes and the electrons. In the analysis of the data, each standard waveform trace is
then fitted to every signal. The only free parameter is the timing of the trace. The
amplitude is fixed by the integral of the signal. Finally the best χ2 of the fits with
the different standard traces decides whether the fitted signal in the analysis appears
as a slow or a fast X-ray, or an electron. The slow and fast X-ray amplitudes are then



4.1. APD trace analysis, energy spectrum and cut 45

Figure 4.1.: Particle identification via waveform trace analysis (figure and caption from Ref [65]). Plotted
is the normalized slope of the rising edge versus the integral of the pulse. Integrals are roughly pro-
portional to the deposited energies of the registered X-rays. Four contributions are visible: Low energy
1.5 keV X-rays show integrals below 200. The recorded 8.2 keV X-rays create two different responses
in the APD, one with slow rise time (slope ≈ 0.3), and one with significantly faster rise time (slope ≈
0.7). The last contribution with an integral above 700 arises from MeV electrons depositing keV energies
in the APD.

calibrated individually to the 8.13 keV Kα energy of the muonic helium-3 ion. The so
obtained X-ray spectrum is shown in Fig. 4.2.
The “golden event” which is mentioned at the beginning of this chapter is character-

ized by a delayed 8 keV X-ray, emitted after a successfull excitation of the Lamb shift
transition. In consequence, a first effective cut to reduce background events is, that
only events which include the detection of an 8 keV X-ray are further processed in the
analysis. This cut is called energy cut and it selects only events with X-ray energies
larger 7.3 keV but smaller 8.9 keV. This interval was chosen aiming for a balance of a
good signal-to-noise ratio without losing too much statistics. The interval is marked in
blue color in Fig. 4.2.
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Figure 4.2.: APD spectrum of the data set used for the second and third µ3He+ resonance. The first
peak at 1.5 keV is the Lα transition of the Balmer series. The tiny elevation at the right tail of the Lα peak
is due to the higher transitions of the Balmer series which are not resolved. At 8.1 keV the Kα transition
of the Lyman series is located. The two lines at 7.3 keV and 8.9 keV indicate the energy cut. In order
to find the delayed Kα X-rays only the events in this interval are used for the analysis. The background
originates from muon decay electrons.

4.2. Electron identification via coincidences

The purpose of this section is to explain the various methods of identifying muon decay
electrons. The events where muon decay electrons have been detected are then labeled
with a quality factor (termed tidiness TDS1,...,TDS8), depending on which method is
used to identify the electron. The determination of the origin of a happening (X-ray or
electron) is essential for further background reduction. First, it helps to have a clean
X-ray energy spectrum and therefore improves the X-ray energy cut, mentioned above.
Second, the identification of delayed muon decay electrons ensures that the detected
X-rays are not faked by decay electrons 5.

In the previous section (Sec. 4.1), a first method to detect electrons has already been
introduced. Sec. 4.1 explains how signals in the APDs can be traced back to either
electrons or X-rays, depending on the shape of the waveform. Events with an electron
identified by the waveform trace analysis are labeled with a tidiness of TDS8 = true.
Another method which can be derived from Fig. 4.1 is, that every signal above a

certain energy (integral) is very probable an electron. Thus all events with APD signals
above 10 keV are labeled with TDS7 = true.

5During an EVG, usually only one muon is inside the target. A special cut introduced for the case of
a second muon entering the target during the EVG of a first, is presented later in Sec. 4.4.
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Another useful tool to identify electrons apart from the waveform trace analysis in
the APDs, is the detection of electrons by the plastic scintillators, which are installed
around the target for this purpose. As explained in Sec. 2.4.2, there are four plastic
scintillators connected to two photomultiplier tubes (ER and EL). The signals from ER
and EL are further discriminated by their amplitude in four categories termed low, m1,
m2, and high. This creates in total eight signal classes from the plastic scintillators, four
from ER and another four from EL. They are recorded in eight different TDC channels.
The amplitude of the signal is therefore given by the respective TDC channel, the timing
is provided by the TDC itself.
The high and the m2 signals are the cleanest, i.e. the probability that the signal

is actually caused by a muon decay electron is trivially larger than for the categories
low and m1. The high and m2 signals are therefore directly identified with electrons.
Events with high signals are labeled with TDS1 = true.
The other signals (low, m1, and m2) are only further processed if they coincide with

a happening from another detector within a certain time interval. This “coincidence”
further increases the probability that the signal is indeed caused by an electron. The
coincidences are a poweful tool only because of the 5T magnetic field in which the
electrons perform cyclotron motion and therefore may hit several detectors in a short
time interval. For a proper determination of the coincidences a time calibration (see A.1)
is needed which introduces one single timescale for all detectors, mainly compensating
the length of cables to their respective TDCs, but also intrinsic transient times of
the various detectors (e.g. PMTs). After the time calibration, the time of the single
happenings can be compared. This is done by time difference histograms as exemplary
shown in Fig. 4.3. The red lines indicate the defining interval in which a coincidence is
indeed treated as a coincidence.
The different coincidences are listed in the following. The respective tidiness is then

set to true.
First, the coincidences between plastic scintillator signals: A coincidence between a

low or m1 signal with another low or m1 signal (TDS2 = true). A coincidence between
a m2 or high and a low or m1 signal (TDS3 = true). A coincidence between a m2 or
high and another m2 or high signal (TDS4 = true).
Then, the coincidences between plastic scintillator signals and APD signals: A coin-

cidence between any APD signal and a low or m1 signal (TDS5 = true). A coincidence
between any APD signal and a m2 or high signal (TDS6 = true).
Finally there are also coincidences between different APD signals. These are mostly

caused by the prompt X-rays from the muonic cascade, but some also originate from the
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Figure 4.3.: Coincidences. Different happenings from the APDs or plastic scintillators have to happen in-
side certain time intervals in order to be coincident. This is displayed here via time difference histograms.
Coincidences between different APDs are mainly traced back to X-rays from the muonic cascade. Co-
incidences between different plastic scintillator signals or between APD and plastic scintillator signals
are indications for electrons. The structure in the peak of the lower histogram on the right side has also
appeared in the previous experiments and is not understood. It might originate from crosstalk between
the cables transferring the signal from the detector to the TDCs. The data shown here are from set B.
The data from set A look the same.

two-photon decay of the 2S state. They are not further interesting for the measurement
of the Lamb shift transition.
The time interval which defines if a coincidence is treated as such in the analysis

may vary depending on the specific type of coincidence. The different time intervals are
listed in Tab. 4.1. They are chosen in a way optimizing the signal to noise ratio of the
resonance line and vary due to the data spread in the time difference histograms.

4.3. Delayed electron cut (creation of XDele events)

In the previous section, all events which contain the detection of an electron have been
labeled with a parameter called tidiness (TDS). It has been mentioned that it is useful
to detect a delayed muon decay electron after the detection of an X-ray, because the
electron ensures that the previous X-ray indeed originated from a muonic atom.
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Table 4.1.: Coincidence cuts of the signals from APDs and electron paddles. The cuts are applied to the
absolute values of the time differences. Left (EL) and right (ER) paddles are treated equally and simply
called E.

APD – APD 15ns

APD – Elow/m1 20ns

APD – Em2/high 15ns

Elow/m1 – Elow/m1 50ns

Em2/high – Elow/m1 45ns

Em2/high – Em2/high 15ns

A strong background reduction is therefore achieved if such a delayed electron is
required. In order to find such events, it is useful to look at time difference histograms
(electron time – X-ray time) as shown in Fig. 4.4, sorted by their tidiness.
The two histograms shown there are separated in terms of their tidiness. In Fig. 4.4,

the events with TDS1 and TDS7 are shown as an example. Events where the time
difference is negative are clearly background events. It is important to note that the
background level varies for different parameters TDS. In events where the time difference
is zero the two happenings might have a common origin and are not due to an X-ray and
a subsequent electron. These events should not be used. In order to avoid these events

s]µTime difference (Electrons - X rays) [
0 2 4 6 8 10

C
ou

nt
s

310

410

Tidiness 1Tidiness 1

s]µTime difference (Electrons - X rays) [
0 2 4 6 8 10

C
ou

nt
s

210

310

410

Tidiness 7Tidiness 7

- -

Figure 4.4.: Exemplary delayed electron cuts for tidiness TDS1 and TDS7. The data shown here is from
data set A. The figures show maximum and minimum of the allowed time difference between muon and
electron detection. left : The electron signal is a high or a m2 signal in the paddles. right : The electron
signal is a signal from the APDs with an energy larger than 10 keV. The cuts are chosen depending
on the background level. Higher background requires shorter time differences. To ensure that different
signals have different origins, a minimal time difference of 0.15µs is required.
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Table 4.2.: XDele cuts for all eight different electron classes TDS. Signals where the time delay between
an X-ray and a decay electron is longer than the respective cut time are not used in the analysis. For
longer delays the signal to noise ratio is too low. The minimal allowed time difference for all classes TDS
is 150 ns. See also Fig. 4.4.

TDS 1 2 3 4 5 6 7 8
cut after [µs ] 6 3 9 9 5 9 9 5

a minimal time difference is required which is set to 150ns. The events with a larger
time difference are marked with a blue color in Fig. 4.4. For very large time differences
the signal to noise ratio decreases (mainly corresponding to the muon life time) and it
is useful to also require a maximally allowed time difference. The maximally allowed
time difference depends on how clean the result of the various coincidences is, which
is indicated by the background level at negative time differences, and furthermore it
depends on how many events fulfill the respective coincidence. The best TDS classes
have a maximal time difference of 9µs, which is chosen as the upper limit.

The selection of events due to the allowed time difference interval is called XDele
cut. The XDele cut for each tidiness class is given in Tab. 4.2. The events which fulfill
the condition of the XDele cut (time difference inside the blue area) are termed XDele
events in the following. For the extraction of the Lamb shift transition energy only
XDele events are used.
Many events agree with several definitions, in such a case they are assigned to the

highest tidiness class 6. All tidiness classes are used for the analysis, however, the
advantage of this classification lies in the possibility of introducing individual XDele
cuts.

4.4. Second muon cut

A muon which is detected via a coincidence signal of the detectors S1 and S2 at time tS1

triggers the laser and starts the event gate (EVG). About 170−350 ns later (depending
on the kinetic energy of the incoming muon), the muon stops in the target and forms a
muonic atom whereupon at time tX prompt X-rays from the muonic cascade are emitted.
In 99% of the cases the atom ends up in the 1S ground state, emitting a prompt 8.1 keV

6The fact that events are only assigned to one single tidiness class (even if they fulfill the definition of
several classes) stems from the analysis of the µ4He+ data. It hasn’t been changed for µ3He+. How-
ever, flagging the events with all applicable tidiness definitions would allow to look at coincidences
between the different classes and might reduce the background even better.
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Figure 4.5.: Second muon identification. Muons are identified as second muons if they release a muonic
cascade in a certain time interval after their detection in S1 (left) AND if the muonic cascade of these
second muons happens later than a certain time after the prompt X-ray peak (right). The events fulfilling
these two conditions are filtered off as they contribute to noise.

X-ray. In the remaining 1%, the muonic cascade ends in the 2S state and the 8.1 keV

X-ray is emitted as a delayed X-ray after the successful excitation to the 2P state by
the resonant laser pulse.
If now a second muon enters the target and forms another muonic atom during the

laser time window, its muonic cascade fakes delayed X-ray signals from the first muon,
i.e. a signal appears which imitates a successful excitation of the Lamb shift transition.
This case creates unwanted XDele events which are additional background that can be
eliminated with a corresponding cut. The idea of this cut is to exploit the fact that 99%
of the muons have a fix time window between their detection (S1) and the emission of
a prompt 8.1 keV X-ray (tX).
The second muon cut discards all events with the following two conditions. First,

X-rays with time tX have to happen in a certain, typical time window after tS1 (see
Fig. 4.5 left)

∆tmin < (tX − tS1) < ∆tmax, (4.1)

where the interval is defined by ∆tmin = 0.17µs and ∆tmax = 0.35µs. This is the time
the muons need from their detection to the formation of a muonic atom.
Second, tX has to be larger than a certain time threshold tmin = 0.6µs (see Fig. 4.5

right),
tmin < tX, (4.2)

which is about when the first prompt X-ray peak ends.
This means, that if X-rays from a muonic cascade are detected at a time tX > 0.6µs,

where the muonic cascade should already have happened AND they are correlated to a
S1 signal via the first condition, they are very likely caused by a second muon.
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Figure 4.6.: Laser time (left) and energy (right) in Run 2079 of data set B. The events marked in red are
events where the laser was out of lock (see also Fig. 4.7). The “unlocked” pulses arrive later and have
about 60% less energy. These events are not used in the analysis. The very late yellow colored events
are also excluded from the analysis. Including these events widens the LTW which leads to a decrease
in signal to noise ratio.

In this way about 0.5% of the events with a delayed electron (XDele events) are
identified as second muon events.

4.5. Laser performance

Additionally to the laser characterization in Sec. 3.1, in the analysis the laser perfor-
mance has been studied on a pulse per pulse basis. Several photodiodes are measuring
the pulse energy and the time of the pulses at different positions of the laser setup. The
recorded data helps to sort out events where the laser did not work well. What that
means is shown in Fig. 4.6 using the example of run 2079 of data set B. Here, the pulsed
Ti:Sa laser was not very well locked to the cw Ti:Sa laser. As a result, the pulsed Ti:Sa
was probably lasing at a wrong wavelength (determined by the pulsed cavity, not by the
cw seed). Because no “cw photons” were present, the pulse build-up time was longer,
and these bad laser shots can be excluded by a time cut.
The unseeded events where the laser is not locked are identified easily via Fig. 4.7.

These are the same events which are marked in a red color in Fig 4.6. As the frequency
of pulses from the unlocked laser is not well determined, these pulses are discarded from
the analysis with a cut called LowLaser. The origin of the shoulder on the right side of
the left peak in the left histogram of Fig 4.6 is not clear. This shoulder only appears in
data set B (for transitions 2 and 3).
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Figure 4.7.: Pulse energy vs. event number in Run 2079 of data set B. In this histogram the events where
the laser is out of lock are very well visible and characterized by a loss in pulse power of roughly 60%.
Note that the pulse energy over this run also changes slightly. This run is about 50 minutes long.

A possible cause for these delayed pulses might originate from the temporal distance
to the previous LON event, e.g. if two laser shots are to close to each other, problems
with the lock might arise. Fig. 4.8 shows the laser pulse time plotted versus the time
delay to the previous LON event. However, the recovery time of 3ms between two
events is large enough and no correlation between the laser time and the time delay is
visible.
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Figure 4.8.: Laser time vs. delay to previous LON event. After each LON event there is a 3 ms recovery
delay for the laser. A shorter delay would lead to lower pulse energy and delayed pulse detection. Note,
that the events where the laser was not locked are not shown. The “shoulder” next to the peak (see also
Fig. 4.6) is visible in the whole range up to 20 ms.



54 4. Data analysis

In some runs the tails of the shoulders reach out up to 400 ns (compare to 90ns pulse
length) from the peak, which also shifts the events to very late times and therefore de-
creases the signal-to-noise ratio. These very late events are discarded via the LateLaser
cut. It is adjusted in such a way that those events are not used, where the entries in the
histogram amount to less than 20% of the peak 7. These events are shown in Fig. 4.6
in an yellow color.

4.6. Laser time window

The final cut before creating the resonance plot is performed by only using those XDele
events where the Kα X-ray has been detected during the laser time window (LTW). It
is only during the laser time window that X-rays may be caused by a successfully driven
Lamb shift transition. The LTWs chosen for the two data sets are

LTW(A) = [0.98µs− 1.22µs] (4.3)

LTW(B) = [1.12µs− 1.46µs]. (4.4)

The delayed events in the X-ray time spectrum are clearly visible (see Figs. 4.9 and
4.10) and the laser time window is chosen accordingly. A fine tuning of the LTWs has
been done optimizing for the signal to noise ratio and the significance of a Lorentzian
fit to the data compared to fitting a flat line.
The difference between these two windows originates from the timings of the laser

pulses which differed between the different data sets. Fig. 4.11 shows the laser time.
Each data point reflects the mean and the rms value of a single run. The pulses from
Set B arrive later and are spread over a larger time interval which explains the broader
and later placed LTW. The bottom plot of Fig. 4.11 suggests a frequency dependence
of the laser timing. Considering the mean value of the second or third resonance only,
a gap of 30ns is created. This gap, however, is small compared to the LTW interval
and can be neglected. The data in Fig. 4.11 is spread over 180ns (270ns) for data set
A (B). The larger LTW of 240ns (340ns) is due to the lifetime of the multipass cavity.

In order to fit the correct line position, the delayed events at each frequency have to
be normalized with the number of prompt events at each frequency. The prompt events
are the ones originating from the muonic cascade. They are defined to be prompt if the

7The 20% are not exactly reflected in Fig. 4.6, because the definition of the cut has been done with
a photodiode right before the multipass cavity. However, the signal shown in Fig. 4.6 stems from a
photodiode next to the Ti:Sa Oscillator.
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Figure 4.9.: Prompt events (gray ) and laser time window (blue) shown in the Xdele time spectrum of the
1st µ3He+ transition. The laser induced delayed events in the laser-on data (top) are clearly visible. As
comparison the laser-off data (bottom) are shown where no delayed peak exists.

X-rays are detected between −0.3 and +0.6µs. LTW (blue) and prompt events (gray)
are indicated in Fig. 4.9 and 4.10 for data set A and B, respectively.
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Figure 4.10.: Prompt events (gray ) and laser time window (blue) shown in the Xdele time spectrum of
the 2nd and 3rd µ3He+ transition. The laser induced delayed events in the laser-on data (top) are clearly
visible. As comparison the laser-off data (bottom) are shown where no delayed peak exists.
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line at 1.046µs and 1.185µs indicates the mean of the total data set, respectively. In the bottom plot
the average laser timings of the second line are about 30 ns earlier than the one of the third line (gray
dashed lines). Note the different y-axis scaling, the total spread is about 70% larger for the bottom plot.
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4.7. Fit the data

After calibrating the data (see App.A) and after applying the cuts (described in this
chapter) the resonance can finally be fitted.
The natural atomic transition line is described by a Lorentzian function

L(ν) =
1

π

(
1
2Γ
)2

(ν − ν0)2 +
(

1
2Γ
)2 . (4.5)

This function can be derived from the power spectrum of the Fourier transform of a
spontaneously emitted wave. The width of the Lorentzian in this case is given by the life
time of the 2P state of ∼ 0.5 ps. Several systematic effects usually lead to a Gaussian
broadening of the line. Others, as the QI effect, may distort the line in a more complex
way. However, Sec. 3 describes that these effects are negligible compared to the very
broad (318.7GHz [55]) transition and therefore a Lorentzian function can be used to fit
the data.
There are only two things which are important to consider.
The first is the laser asymmetry, which has been discussed in Sec. 3.3.1.
The second is power broadening. The fraction of saturation reached for the individual

lines is obtained from the saturation fluences given in Tab.B.1 in App.B and the actually
realized fluences given in Eqs. 2.4 and 2.5 in Sec. 2.4.1. The fractions yield 36%, 56%,
and 19% for the lines 1, 2, and 3, respectively. Thus the broadening due to saturation
might be significant and should be considered in the fit, at least for line 2.
In order to tackle these effects, the CREMA collaboration has developed a line shape

model (LSM) which has proven successful already for µp and µd. In preparation for the
fit, the time spectra shown in Figs. 4.9 and 4.10 are sorted by the applied laser frequency
and plotted in two dimensional histograms where the laser pulse energy is the second
dimension.
Additionally the events in the LTW are normalized by the number of events in the

prompt peak. This normalization accounts for different statistics at different frequencies.
The variations in statistics occur due to different measurement times and fluctuations
in the proton beam current of the accelerator.
The LSM which is used to fit these histograms is an exponentially saturating Lorentzian

on top of a flat background

L(ν) = B +A

[
1− exp

(
−I(ν)

Isat

(
1
2Γ
)2

(ν − ν0)2 +
(

1
2Γ
)2

)]
(4.6)
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Figure 4.12.: Green: The line shape of an exponentially saturating Lorentzian transition. With increasing
intensities of 0.5, 1, 2, 3, 6, 10 times the saturation intensity. Blue: A Lorentzian fit to the respective line
with respective widths of 1.13, 1.26, 1.52, 1.78, 2.46, 3.22 times Γ.

with I(ν), the average pulse energy at a certain frequency ν and Isat, the saturation
intensity for the respective transition. The behavior of the fit function for several laser
intensities is shown in Fig. 4.12.
Two parameters in the LSM are fixed. One is the full width at half maximum

(FWHM) Γ which is fixed at the calculated value of 318.7GHz, taken from [55]. The
other is the saturation, which is adjusted by the percentages given above, and all other
fit parameters are free.
A fit with free width results in a width of Γ = 307.4(76.4) GHz for transition 1, and

Γ = 312.0(40.5) GHz for transitions 2 and 3, in agreement with the theoretical one. The
LOFF data is fitted with a flat line which at the same time is the background parameter
BG in the fit function for the LON data.
The fit is a Poissonian maximum log-likelihood fit. The optimization is done via the

ROOT MINUIT package.
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Table 4.3.: Results of the measured Lamb shift transition frequencies, applying a line shape model with
an exponentially saturating Lorentzian (see Eq. (4.6)). Fixed parameters are indicated with bold letters.

Transition 1 2 3

Position [GHz] 347 211.5(19.6) 312 829.6(20.9) 310 814.3(19.5)
Width [GHz] 318.7 318.7 318.7
Amplitude [A.U.] 9.84(1.03) 10.24(1.12) 11.90(1.01)
I/Isat [%] 36 56 19
BG [A.U.] 1.48(15) 1.60(10)
χ2 158 177
DOF 201 232

χ2(flat line) 254 429
σ above BG 9.8 15.9

The fit results are listed in Tab. 4.3. The χ2 of the Poissonian fit is given by [66]

χ2 = −2 lnW = 2
∑

i

L(νi)−D(νi)−D(νi) ln

(
L(νi)

D(νi)

)
(4.7)

with W the product of the probabilities of the single channels i. D(νi) is the number
of events at the respective frequency νi and L(νi) is the value of the fit function at
the same frequency νi. The reason that the LSM fit function, shown in Figs. 4.13 and
4.14, doesn’t look like a Lorentzian, is that it can only be evaluated at the frequencies,
where data points exist. At each of these data points the amplitude depends on the
pulse energy. For better visibility the values of the LSM at the various frequencies are
connected with straight lines.
In order to determine the significance of the measured transition lines, the fit is

repeated for an amplitude A = 0. The χ2 of the flat fit is shown in Tab. 4.3. The
resulting significance is 9.8σ for transition 1 and 15.9σ for transitions 2 and 3.

Compared with the fit of a simple Lorentzian (see Eq. (4.5)) the results of the LSM (see
Eq. (4.6)) agree very well. The fit of a simple Lorentzian results in 347 210(16)GHz,
312 832(19)GHz, and 310 811(19)GHz for the lines 1, 2, and 3, respectively. These
positions are all within about 0.1σ from the positions of the LSM, given in Tab. 4.3.
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Figure 4.13.: LSM fit to the 2SF=1
1/2 − 2PF=2

3/2 transition (also termed transition 1). The signal is given by
the normalized events in the LTW. The black data points are recorded LON events. The LOFF events are
indicated via the flat black line. The yellow band shows the uncertainty of the LOFF events. The little red
data point at the top indicates the fitted center position including its uncertainty. Note that the high data
point at ν = 347.2 THz is caused mainly by an increased laser pulse energy (see Fig. 3.5). This effect
is taken into account by the line shape model explained in Sec. 4.7.
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Figure 4.14.: LSM fit to the 2SF=0
1/2 − 2PF=1

3/2 and 2SF=1
1/2 − 2PF=1

1/2 transition (also termed transition 2
and 3, respectively). The signal is given by the normalized events in the LTW. The black data points are
recorded LON events. The LOFF events are indicated via the flat black line. The yellow band shows
the uncertainty of the LOFF events. The little blue and green data points at the top indicate the fitted
center positions including their uncertainty. Again, pulse energy variations (see Fig. 3.5) cause significant
deviations of the fit function from simple Lorentzians.
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According to the Dirac theory, the 2S1/2 and the 2P1/2 states should be degenerate.
It appears that they are not, which mainly is explained by means of quantum electro-
dynamics (QED). The energy difference between those two states is called the Lamb
shift. As pointed out already in Sec. 1, the effect of a finite nuclear charge distribution
is also included in the Lamb shift. Hence, a good description of the n = 2 energy levels
together with a measurement of the same can be used to test QED and to extract a
nuclear charge radius.
In practice, measuring the Lamb shift always means to measure a combination of

the Lamb shift (LS), the fine structure (FS), and the hyperfine structure (HFS) 1. The
total energy of a measured transition from an initial state i to a final state f is therefore
given by

∆Etot(i→ f) = ∆ELS + E2P(f) + E2SHFS(i). (5.1)

The first term is the pure Lamb shift energy ELS, the second term E2P(f) represents
the energy of the involved 2P hyperfine level f with respect to the virtual 2P1/2 level 2,
and the third term E2SHFS(i) represents the energy of the involved 2S hyperfine state i
with respect to the virtual 2S1/2 level. It depends on the splitting ∆E2SHFS of the two
2S hyperfine levels.

∆ELS can be divided into three parts

∆ELS = ∆Er−indep.
LS + ∆Er−dep.

LS (rE
2) + ∆ETPE

LS (5.2)

A radius-independent and a radius-dependent part, as well as a two-photon exchange
(TPE) part. Here, rE is the rms nuclear charge radius.

∆E2SHFS can be divided into two parts

∆E2SHFS = ∆Er−indep.
HFS + ∆ETPE

HFS . (5.3)

1The hyperfine structure only exists for nonzero nuclear spin. Helium-3 has a nuclear spin of 1/2.
The 2S1/2 and 2P1/2 states are therefore virtual states, i.e. the center of gravity of the hyperfine
states.

2E2P(f) might also include the fine structure splitting ∆EFS , depending on the angular momentum
j of the final state f .
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where ∆Er−indep.
HFS again is the radius-independent part and ∆ETPE

HFS is the two-photon
exchange (TPE) part. It will later be of importance that the TPE term of the 2S HFS
can again be split into a part dependent on the Zemach radius rZ and a polarizability
part

∆ETPE
HFS = ∆Er−dep.

HFS (rZ) + ∆Epol.
HFS. (5.4)

In µ3He+ three transitions have been measured (see Fig. 1.1). They are used to ex-
tract two parameters and to additionally have a cross-check via the third measurement.
The two parameters usually are the Lamb shift ∆ELS and the 2S hyperfine structure
∆E2SHFS, which are the least well known parts in the theory. The extracted Lamb
shift can then either be used to extract the nuclear charge radius rE or the two-photon
exchange of the Lamb shift ∆ETPE

LS , whereas the extracted 2S hyperfine structure can
be used to extract the Zemach radius rZ or the two-photon exchange in the 2S hyperfine
structure ∆ETPE

HFS .
In this chapter the result of a theory compilation is presented which summarizes

and compares all calculated terms of the most recent publications from theorists all
over the world on a term-by-term basis. The compilation is given in detail in App.D.
Such a compilation has become necessary already for muonic hydrogen [67] in 2013.
Later this has been repeated for muonic deuterium [25] and muonic helium-4 [68]. The
reason is that the different theory groups calculated and sorted the calculated terms
in different ways. Independent calculations are indeed very important, however, the
outcome sometimes differed and there is no way to compare the calculations and identify
missing or wrongly calculated terms other than by the mentioned compilation. Besides,
this practice has successfully proven to stimulate fruitful discussions among theorists and
therefore contributed to theory in a very constructive way. The compilation for µ3He+

also will be published [69] and will constitute the theoretical basis for the extraction of
the helion charge radius.
The procedure of this compilation is the following. The individual terms from different

authors are compared and for each term a value (termed our choice) is obtained by
taking the average of the most outlying calculations. The assigned uncertainty to the
averaged our choice is then half the spread. If an uncertainty for an individual term is
given by one of the authors it is included via Gaussian propagation of uncertainty.
For some terms the average is not taken but rather a single value is adopted. This

is the case only if there is a reason to not take the other available values into account,
e.g. if a calculation is incorrect or not complete.
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The experimental uncertainty is on the order of 20 GHz (∼ 0.08 meV 3). Ideally, a
theoretical uncertainty on the order of 0.01meV is therefore desirable. With that an
accuracy of the helion charge radius of 10−4 can be achieved. The theory groups (with
their authors in alphabetical order) contributing to µ3He+ theory are

• Karlsruhe: E. Borie

• Mainz – Williamsburg (MAWI): Carl E. Carlson, Mikhail Gorchtein,
Marc Vanderhaeghen

• Missouri – Heidelberg (MIHE): U. D. Jentschura, B. J. Wundt.

• Samara – Moscow (MOSA): E. N. Elekina, R. N. Faustov, A. A. Krutov,
A. P. Martynenko, and G. A. Martynenko

• St. Petersburg (SAPE): V. G. Ivanov, S. G. Karshenboim,
E. Yu. Korzinin, V. A. Shelyuto

• TRIUMF – Hebrew University (TRHE): S. Bacca, N. Barnea, O. J. Hernandez,
C. Ji, N. Nevo Dinur

5.1. Lamb shift

The Lamb shift (LS) has historically been introduced in Sec. 1.1. Following Eq. (5.2)
the Lamb shift can be divided into three parts. The first part is the QED part which is
not dependent on nuclear structure. In contrast, the second and third part do depend
on nuclear structure and are in turn separated by the number of exchanged photons.
The one-photon exchange (OPE) is parameterized with the square of the nuclear charge
radius and the two-photon exchange (TPE) includes nuclear excitations and therefore
has a nontrivial dependence on the nuclear structure.

5.1.1. Nuclear structure-independent contributions

All known nuclear structure-independent contributions are listed in Tab. 1 of App.D.
The groups which have calculated terms in this table are Borie, MOSA, MIHE, and
SAPE. The leading term in the charge radius independent Lamb shift contributions is
the so-called Uehling term, which is the one-loop electron vacuum polarization (eVP)
(see Fig. 5.1). It scales with α(Zα)2m (where m is the muon mass) and accounts for

31 meV = 241.7989 GHz



66 5. Theory summary of the n =2 levels in µ3He+

µ

h

e

Figure 5.1.: The leading order 1-loop electron vacuum polarization (eVP), also called Uehling term. It
accounts for 99.5% of the structure-independent part of the Lamb shift.

99.5% of the structure-independent part. The Uehling term which is strongly enhanced
due to the large muon mass is responsible for the large distance from the 2S to the 2P
levels, a characteristic of muonic hydrogen-like atoms.
The second largest term is the so-called Källén-Sabry term, which is the two-loop

eVP contribution (order α2(Zα)2m). The third largest term is composed out of the
contributions from muon self-energy and muon vacuum polarization (order α(Zα)4m).
It is the third largest term which is of leading order in the case of ordinary hydrogen-like
atoms.
Including all terms given in Tab. 1 of App.D, the total radius-independent contribu-

tion to the Lamb shift is

∆Er−indep.
LS = 1644.3466± 0.0146 meV (5.5)

where the uncertainty mainly comes from hadronic vacuum polarization and higher
order radiative recoil corrections.

5.1.2. Nuclear structure-dependent contributions

In this section, we distinguish between one-photon exchange (OPE) contributions and
two-photon exchange (TPE) contributions (see Fig. 5.2).
The finite size effect originates from the OPE terms (also called radius-dependent con-

tributions) which are parameterizable with a constant times the charge radius squared.
These contributions are pure QED interactions with nuclear form factor insertions. The
finite size effect is by far the largest part of the nuclear structure contributions.
The polarizability of a nucleus is described by the TPE terms. These involve QCD

and therefore are very complicated to evaluate, which explains the dominant uncertainty
originating from the TPE part. The TPE contributions are discussed in more detail
below, after the discussion of the OPE terms.
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Figure 5.2.: Left: One-photon exchange. This is the leading finite size term. Center and right: elastic
and inelastic two-photon exchange. One has to add also the diagrams with crossed photons. The black
dot indicates a form factor insertion at the helion vertex. The blue blob on the right indicates all possible
excitations of the helion.

One-photon exchange contributions

All known finite size contributions are listed in Tab. 2 of App.D. The groups which have
calculated terms in this table are Borie, MOSA, and SAPE.
The contributions in this section can be written with an explicit dependency of the

squared nuclear electric charge radius rE2 which is given by [10]

rE
2 = −6

dGE
dQ2

∣∣∣∣
Q2=0

(5.6)

where GE is the Sachs electric form factor (FF) of the nucleus and Q2 is the negative
of the square of the four-momentum transfer to the nucleus. This is the term which
appears in the calculations of the electron-nucleus scattering process, as well as in the
bound-state calculations with nuclear FF insertions. In the following the nuclear charge
radius rE will be denoted as rh, which stands for the nuclear charge radius of the helion
particle.
The leading order (LO) in the charge radius dependent Lamb shift contributions is

the finite nuclear size term. It scales with (Zα)4m3r2
h and is given by [10]

∆ELO
fin.size =

2

3
π(Zα)|Ψ(0)|2 r2

h (5.7)

where Ψ(0) is the lepton wavefunction at the origin. In leading order only S states are
affected, because only these are nonzero at their origin, where the nucleus resides 4.
The mass dependence to the power of three is what makes muonic atoms so sensitive to
the finite size effect. This contribution is the second largest in the Lamb shift of muonic
atoms right after the Uehling term.
Including higher order corrections as given in Tab. 2 of App.D, the total radius-

dependent contribution amounts to

∆Er−dep.
LS (r2

h) = −103.5184(98) r2
h meV fm−2 + 0.1177(33) meV. (5.8)

4This is true in a nonrelativistic approximation, which suffices for this argument.
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Here, the second term has a nontrivial radius dependence which is prohibitively dif-
ficult to evaluate in a model independent way [70]. Therefore an exponential charge
distribution is used for the calculation and no explicit radius dependence is given.

Two-photon exchange contributions

The two-photon exchange (TPE) describes the polarizability of the nucleus and therefore
involves hadronic physics. Its scaling with the fourth power of the lepton mass raises
its contribution in muonic atoms to a significant level. It can be divided in an elastic
(third Zemach moment, also labeled Friar moment) and an inelastic (polarizability)
part. The TPE is a heavily discussed contribution as it carries the largest uncertainty
and dominantly limits the accuracy in the extraction of the charge radius. This is the
case for muonic deuterium [25], muonic helium-4 [68], and it will also limit the extraction
of the helion charge radius. For quite a while an underestimation of the TPE in µp had
been discussed [71, 10] as a possible solution to the proton radius puzzle. However in
order to solve the puzzle this term would have to be wrong by several multiples of its
value, which finally has been considered to be very unlikely [72, 73].
The studies of the TPE calculations in µd in [25] have shown, that the available values

for the TPE in µd scattered a lot. In different publications different single contributions
have been omitted and only recently the compilation in [25] could explain the differences
between the published values and find what maybe could be called a reliable value. Still,
this value does not agree well with the experimental extraction (2.6σ between theory
and experiment [13]). However, in spite of the difficulty of these calculations 2.6σ are
satisfying as a start.
In the case of µ3He+ the TPE exchange contribution is much larger than in the µd

case. Here, it is even more important to identify missing terms. However for µ3He+

not many calculations are available.
Fortunately in 2016, TRHE published the total TPE contribution in µ3He+ where

they took all previous inconsistencies into account. Performing ab initio calculations
using nuclear potentials they obtain a total value of the nuclear and nucleon TPE of
15.46(39)meV [74, 75]. A second paper has been put on the arXiv in the finals of 2016
by MAWI [76]. Using dispersion relations they obtain a value of 15.14(49)meV.
For the extraction of the nuclear charge radius we will take the average of those two

available values and as a conservative uncertainty we use the larger one from MAWI
and add half the spread in quadrature:

∆ETPE
LS = 15.30(52) meV, (5.9)
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5.1.3. Total Lamb shift contribution

Summarizing the structure-independent contributions from Eq. (5.5), the finite size con-
tributions from Eq. (5.8), and the TPE contribution from Eq. (5.9) results in a total
energy difference for the Lamb shift of

∆E(2S1/2 − 2P1/2) = 1644.3466(146) meV

+ 0.1177(33) meV − 103.5184(98) r2
h meV/fm2

+ 15.3000(5200) meV

= 1659.76(52) meV − 103.518(10) r2
h meV/fm2.

(5.10)

5.2. 2S hyperfine structure

All known 2S hyperfine structure (HFS) terms are given in Tab. 3 of App.D. Contribu-
tions to the 2S HFS have been calculated by Borie and MOSA.
The leading contribution in the 2S HFS is the Fermi energy. The Fermi term for the

1S levels is in analytical form given by [77] and can be expressed for general n by

∆EFermi =
8

3

(Zα)4

n3
(1 + κ)

m

M

(mr

m

)3
mc2 (5.11)

where κ is the nucleus anomalous magnetic moment andM (m) the mass of the nucleus
(lepton).
Similar to the Lamb shift, the 2S hyperfine structure (2S HFS) can be divided into

a radius-independent part, a radius-dependent part 5, and a polarizability part (see
Eqs. (5.3) and (5.4)). The radius in this case is the Zemach radius of the nucleus [79]

rZ =

∫
d3r

∫
d3r′r′ρE(r)ρM (r − r′) (5.12)

=− 4

π

∫ ∞

0

dq

q2

(
GE(q2)GM (q2)− 1

)
(5.13)

which is a convolution of the charge ρE(r) and the magnetization ρM (r) distribution.
From the muonic Lamb shift measurements not only the charge radius can be ex-

tracted, the final equations can also be solved for a parameter in the 2S HFS which can
be either the Zemach radius or the polarizability in the 2S HFS.
In contrast to the Lamb shift, no calculations are available for the polarizability

contribution in the 2S HFS. However, the value has been estimated by Kottmann [80]
calculating the ratio of the 2S HFS polarizability to the Zemach term in 3He+ and

5This part is also known as the Bohr-Weisskopf effect [78].
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transferring it to µ3He+. The required values are found calculating the Zemach term
for electronic(!) 3He+ in the 1S ground state, parameterized as [79]

∆Er−dep.
HFS (rZ) = −∆EFermi × 2(Zα)mrrZ . (5.14)

With the Zemach radius rZ from [81] a value of 1717 kHz is obtained. In order to obtain
the total sum (polarizability + Zemach) of 1442 kHz [81], a polarizability term of order
-300 kHz is missing. The ratio is then roughly -1/6. For muonic helium-3 ions in the 2S
state, by means of Eq. (5.14) and with the helion Zemach radius [82], a Zemach term of
∆Er−dep.

HFS (rZ = 2.528(16)fm) ≈ 6.5 meV is obtained. The estimate for the polarizability
consequently follows with ∆Epol.

HFS ≈ −1.0 ± 1.0 meV, including a conservative 100%
uncertainty.
However, as only one parameter from the 2S HFS can be extracted and the helion

Zemach radius is available with good precision, it is clear that the Zemach radius will
be used to experimentally determine the 2S HFS polarizability. ∆Epol.

HFS will therefore
remain as a fit parameter.
Including all other higher order contributions, the sum of the 2S HFS is

∆E2SHFS =− 172.7457(89) meV + ∆ETPE
HFS (5.15)

=− 172.7457(89) meV + 6.5312(413) meV + ∆Epol.
HFS (5.16)

= − 166.2145(423) meV + ∆Epol.
HFS (5.17)

=− 167.2(1.0) meV (5.18)

The second term (Zemach term) in Eq. (5.16) includes the Zemach radius [81] rZ =

2.528(16) fm. Eq. (5.17) will be the equation used to extract ∆Epol.
HFS experimentally.

5.3. 2P levels (fine and hyperfine structure)

The structure of the 2P energy levels is determined by the 2P fine structure (FS), which
is the 2P3/2 − 2P1/2 energy difference, and the hyperfine structure (HFS) of the 2P1/2

and 2P3/2 levels.
All known fine structure terms are given in Tab. 4 of App.D. Contributions to the FS

have been calculated by Borie, MOSA, and SAPE.
The FS arises due to the interaction of the electron or muon spin with the induced

magnetic field of the nucleus and the HFS due to the interaction of the nuclear spin
with the induced magnetic field of the electron or muon. They are described by the
spin-orbit and spin-spin terms in the Breit Hamiltonian [77, 83].
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The leading contribution to the FS scales with (Zα)4m. Including all higher order
contributions, the total 2P FS yields

∆EFS = 144.7993(101) meV. (5.19)

Below, the total 2P level geometry for µ3He+ is determined by following the procedure
of Pachucki [83] for µp and applying it for µ3He+. The Breit Hamiltonian in matrix
representation is given by [83]

MBreit =




2PF=0
1/2 2PF=1

1/2 2PF=1
3/2 2PF=2

3/2

2PF=0
1/2 −3

4β1

2PF=1
1/2

1
4β1 β2

2PF=1
3/2 β2 −5

8β3 + γ

2PF=2
3/2

3
8β3 + γ




(5.20)

where γ is the 2P fine structure ∆EFS from Eq. (5.19) above and

β1 =
1

3
(Zα)4 µ3

mµmh
(1 + κ)

(
1

3
+
aµ
6

+
1

12

mµ

mh

1 + 2κ

1 + κ

)
(5.21)

β2 =
1

3
(Zα)4 µ3

mµmh
(1 + κ)

(
1 +

mµ

mh

1 + 2κ

1 + κ

)(
−
√

2

48

)
(5.22)

β3 =
1

3
(Zα)4 µ3

mµmh
(1 + κ)

(
2

15
− aµ

30
+

1

12

mµ

mh

1 + 2κ

1 + κ

)
. (5.23)

Furthermore Pachucki adds corrections due to vacuum polarization in his Eq. (89) and
(90)

δβ1 =
1

3
(Zα)4 µ3

mµmh
(1 + κ)0.00022 (5.24)

δβ3 =
1

3
(Zα)4 µ3

mµmh
(1 + κ)0.00008. (5.25)

where the Z scaling is now included.
The diagonal elements in Eq. (5.20) represent the energies of the 2P levels with respect

to the virtual 2P1/2 level, excluding the mixing of states with same quantum number
F . Diagonalizing the matrix yields the final energies where the F = 1 states are shifted.
The result of the 2P hyperfine structure energies calculated here are listed in Tab. 5

of App.D. Therein, also values published by Borie and MOSA are considered. The
final values which also consider the scatter between the different authors are given in
Tab. 5.1.
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Table 5.1.: 2P levels from fine- and hyperfine splitting. All values are in meV relative to the 2P1/2 level.
Uncertainties arise from differences between the published values and from the uncertainty in the fine
structure value ∆EFS .

∆E(2PF=1
1/2 ) −14.7979(102)

∆E(2PF=0
1/2 ) 43.8754(296)

∆E(2PF=2
3/2 ) 135.7554(27)(101)FS

∆E(2PF=1
3/2 ) 160.0452(42)(101)FS

5.4. Summary and properties of the Lamb shift transitions

In the above sections the different theory parts which are involved in the Lamb shift
transitions have been discussed. In order to compare the theoretical predictions with
the measurement the above numbers have to be combined in the following way.
The theoretically predicted energy for the Lamb shift transition is obtained by in-

serting Eqs. (5.5), (5.17), and the corresponding value of Tab. 5.1 into the equations
below.
For 2SF=1

1/2 − 2PF=2
3/2 this is

∆E(2SF=1
1/2 − 2PF=2

3/2 ) = ∆ELS −
1

4
∆E2SHFS + ∆E(2PF=2

3/2 ). (5.26)

In the same manner the transition energies can be expressed for the 2SF=0
1/2 −2PF=1

3/2 tran-
sition

∆E(2SF=0
1/2 − 2PF=1

3/2 ) = ∆ELS +
3

4
∆E2SHFS + ∆E(2PF=1

3/2 ), (5.27)

and the 2SF=1
1/2 − 2PF=1

1/2 transition

∆E(2SF=1
1/2 − 2PF=1

1/2 ) = ∆ELS −
1

4
∆E2SHFS + ∆E(2PF=1

1/2 ) (5.28)

Eqs. (5.26), (5.27), and (5.28) form the system of equations which together with the
measured transition energies (see Tab. 4.3) also can be used in order to obtain experi-
mentally determined values of ∆ELS and E2SHFS. This is done in the next section.
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In 2014, three Lamb shift transitions in muonic helium-3 have been measured by the
CREMA collaboration for the first time. In this thesis the experiment is described and
the process of data analysis documented comprehensively. The experiment has been
described in Sec. 2 and the data analysis, including the final fit of the transition lines
by means of a line shape model, in Sec. 4. The frequencies of the measured transitions
are found to be

∆E( 2SF=1
1/2 − 2PF=2

3/2 ) = 347.2115(196)stat(2)sys THz

∆E( 2SF=0
1/2 − 2PF=1

3/2 ) = 312.8296(209)stat(2)sys THz

∆E( 2SF=1
1/2 − 2PF=1

1/2 ) = 310.8143(195)stat(2)sys THz.

(6.1)

(6.2)

(6.3)

Here, the uncertainties arise from the fit (see Tab. 4.3 in Sec. 4.7) and the systematics
described in Sec. 3 and summarized in Tab. 3.1.
By means of the Lamb shift theory, these measurements are now used to extract

several other values. For that an extensive theory compilation has been written (see
App.D) which compares the calculated contributions from different authors, identifying
missing and wrongly calculated terms. This compilation is summarized in Sec. 5 of this
thesis.
As there are three measured transitions, maximally three free parameters can be fit-

ted for their positions. If only two free parameters are evaluated the third transition can
be used to test the theory. The equations which transform the individual theory con-
tributions into the total transition energies are Eqs. (5.26)-(5.28). These are compared
with the measured tansition frequencies, given by Eqs. (6.1)-(6.3) using the conversion
1 THz = 4.314084 meV. The statistical and systematic uncertainties from Eqs. (6.1)-
(6.3) are in the following summarized and labeled as experimental uncertainty.
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In order to obtain the best values for the Lamb shift (LS) energy ∆ELS and the 2S
hyperfine structure (HFS) energy ∆E2SHFS , Eqs. (5.26)-(5.28) are used as the function
which is fitted to the data points given by Eqs. (6.1)-(6.3). This yields

∆ELS = 1258.58566(480)exp(105)theo meV (6.4)

∆E2SHFS =− 166.495(104)exp(1)theo meV. (6.5)

The only theoretical values which are needed for the extraction of the LS and the HFS
are the values of the 2P level structure (see Tab. 5.1). The theory value of the fine
structure (see Eq. (5.19)) is included therein. Its uncertainty is by far dominating the
theoretical uncertainty in Eq. (6.4). An additional fit, where the FS is a free parameter
yields perfect agreement with theory. However, the experimental uncertainty is too
large to improve the value of the fine structure.
As a second step, the experimentally determined value of ∆ELS (rh) from Eq. (6.4)

can be used to extract a charge radius by means of Eq. (5.10). Solving this equation for
the rms charge radius of the helion results in

rh = 1.96861(12)exp(128)theo fm (6.6)

with a total relative uncertainty of 7 × 10−4. The uncertainty of the charge radius is
clearly dominated by the theoretical value of the TPE in the Lamb shift. It is trivial
that the given value of the charge radius is only as good as the theoretical value of the
TPE which is still under discussion.
The helion charge radius from Eq. (6.6) can be compared with measurements from

electron scattering as shown in Fig. 6.1 [16, 84, 85, 17, 18] (a complete list is found in
[19]). However, the available values have very large uncertainties (>10 times the muonic
uncertainty). The most recent value directly obtained from scattering data in helium-
3 is given by Sick [20] and amounts to rh = 1.959(34) fm. This value is in excellent
agreement with our result.
The most precise (not necessarily accurate, see next paragraph) value of the helion

charge radius available is rh = 1.9661(30) fm from Angeli et al. [21]. It is in agreement
with our measurement, but it is not useful as a comparison for two reasons.
First, Angeli et al. use an average of previous rα measurements which is dominated by

the µ4He+ results from Carboni et al. [23]. This measurement has been proven wrong
by a recent measurement of rα from the CREMA collaboration. The only reason that
the values agree is that the theory which has been used to extract the Carboni value,
was missing some terms which compensated for the wrong measurement.
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Figure 6.1.: Direct measurements of the helion charge radius. Except the “muonic” value from this thesis
(red data point at the top) all others are obtained by electron scattering. The pink bar shows the total
uncertainty of the muonic value, given in Eq. 6.6. Its position is in excellent agreement with the three
most recent values from electron scattering.

Second, Angeli et al. use the isotope shift measurement from Shiner et al. [22]. By
doing this, they ignore that there are two other isotope shift measurements with a large
scatter. In consequence, this leads to an underestimation of their uncertainty.
Considering the difference of charge radii from 3He and 4He, we can compare the

muonic result with quite precise results from spectroscopy where the isotope shift has
been measured to much better precision than comparable values from electron scatter-
ing. However, different measurements [22, 86, 87] of the isotope shift have resulted in
discrepant values (see Fig. 6.2) which is why an additional and independent determina-
tion of it is needed. The measurement of the Lamb shift in µ4He+ resulted in a charge
radius of the alpha particle of [24]

rα = 1.67829(14)exp(52)theo fm, (6.7)

which can now be used to calculate a muonic value of the charge radius difference be-
tween these two isotopes. The charge radius difference from measurements in muonic
helium-3 (Eq. (6.6)) and -4 (Eq. (6.7)) results in

∆r2(µ3He+ − µ4He+) = 1.0588(7)exp(53)theo fm2. (6.8)

This value is in excellent agreement with the value from Shiner et al. [22]. It is further-
more 2.6σ away from van Rooij et al. [86] and in rough agreement (1.7σ) with Cancio
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Figure 6.2.: The charge radius difference of the He isotopes -3 and -4. The value of van Rooij et al. [86]
flagged with * has been reevaluated in [89]. The values of Cancio Pastor et al. [87] and Shiner et al. [22]
flagged with ** have been reevaluated in [88]. The red data point shows the value from Eq. (6.8) which is
obtained in this thesis. The pink error bar reflects the total uncertainty, whereas the red uncertainty band
shows the purely experimental uncertainty. The value extracted in this work is in excellent agreement
with the Shiner measurement, in rough agreement (1.7σ) with Cancio Pastor, and in 2.6σ distance to
the van Rooij value.

Pastor et al. [87]. Note, that all values of the three given references have been reevalu-
ated. The most recent values are found in Patkos et al. [88, 89].

A detailed study of the correlations between the theoretical uncertainties of the two
muonic values (Eqs. (6.6) and (6.7)) might likely be able to further improve the theo-
retical uncertainty in Eq. (6.8).
In principle, the same procedure as done for the LS can be repeated for the 2S

HFS, which means to take a theoretical value of the polarizability in the 2S HFS and
extract an experimental value for the Zemach radius. However, as in Sec. 5.2 explained,
no calculation of the polarizability in the 2S HFS exists and the existing estimate’s
uncertainty is too large to obtain a useful result. Instead it is more reasonable to use
the most recent value of the Zemach radius of rZ = 2.528(16) fm [82] and obtain the
polarizability of the 2S HFS via Eq. (5.17) which results in

∆Epol.
HFS = −0.281(104)exp(1)theo meV, (6.9)

or with rounded numbers ∆Epol.
HFS = −0.28(10) meV. The uncertainty is dominated by

statistics. The largest part of the theoretical uncertainty originates from the Zemach
term. This number for the polarizability in the 2S hyperfine structure fulfills the ex-
pectation of a value with inverted sign compared to the Zemach term, and furthermore
fits perfectly to the rough estimate from Kottmann (−1.0± 1.0 meV, see Sec. 5.2).
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This work reports on the first ever measurement of the Lamb shift in the muonic helium-
3 ion. The experiment has been performed by the CREMA collaboration, which has
measured three different transitions with a precision of < 70ppm. The uncertainty is
dominated completely by statistics.
The reported measurement allows the extraction of the helion charge radius with a

relative uncertainty of 7× 10−4, limited by the uncertainty in the polarizability of the
helion. Its value provides a useful observable to check theories of few nucleons nuclei
using nucleon-nucleon (NN), three-nucleon (NNN), or four-nucleon (NNNN) potentials.
Together with the CREMA charge radius of the alpha particle, a charge radius dif-

ference is obtained which is in excellent agreement with an isotope shift measurement
from Shiner et al..
The results of this measurement are ideally suited to test bound-state QED calcula-

tions. Together with an upcoming 1S− 2S measurement in He+ [90, 91] and with an
improvement of the theoretical prediction of the TPE, interesting QED terms like e.g.
B60 (two-loop contribution in the Lamb shift theory in H and He+), can be tested to
high accuracy and the value of the Rydberg constant can be improved.

In terms of the proton radius puzzle, it is interesting to see that the muonic values
of the nuclear charge radii of the helium isotopes agree with the results from electron
scattering. An interesting question is, how large would the effect of a smaller value of
the proton radius inside the helium nucleus be. This effect might still be hidden in the
current uncertainty.
Despite the muonic helium results which do not disagree with values obtained by

electron scattering, there are still some ideas applying beyond standard model physics
to solve the proton problem, see e.g. Ref. [92].
The questions around the proton radius puzzle have motivated many other experi-

ments and their future results will provide significant contributions to this problem.
One of the upcoming experiments is MUSE [93] which will measure muon and electron

scattering on nuclei in the same setup. The feature of having muons and electrons in
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the same setup increases the sensitivity for any differences in the couplings of electrons
and muons with the nucleus.
Another highly interesting experiment is the 2S− 4P measurement in hydrogen at

MPQ [94], which is close to publication. Together with the very accurate 1S− 2S

measurement they will provide a proton charge radius which is proposed to be as precise
as the average of all previous laser spectroscopy measurements on ordinary hydrogen
combined. It will therefore also be able to give further insight into the puzzle and
tell whether the value of the Rydberg constant should be changed to a value which is
obtained when using the CREMA value of the proton charge radius.



A. Calibration

A.1. Time calibration

A.1.1. X-ray and electron detectors

Muon decay electrons spiral in the 5T magnetic field of the PSC and make coincidences
in the electron paddles and APDs. Thus, a common time scale for all APDs and
electron paddles is crucial for the analysis. The timings of the different detectors in
the raw data are given in TDC bins (32 bins/25ns) and may vary due to the length
of cables from the detector to the TDCs or due to different discriminator thresholds.
As a common reference, the high signal in the left electron paddle is used. The time
differences from this signal to the signals of the other detectors are computed and
fitted. These differences provide the offset for the calibration of all X-ray and electron
detectors with the left high paddle. The time is then converted to seconds via the
factor 25ns/32 bins 1. With this calibration all coincidence plots between the X-ray
and electron paddle detectors have their peak at zero (see Fig. 4.3).

A.1.2. Photodiodes and light in APD B9

During the measurement of line 1 (the 2SF=1
1/2 − 2PF=2

3/2 transition) the light shield of the
APDs did not work properly for APD B9, which is the last APD in the bottom array
heading downstream. Other APDs were not affected. The neighboring APD B8 did not
work and in B7 no laser is visible anymore. The histogram on the right side in Fig.A.1
shows the laser light at roughly 1µs and 1.5 keV. This peak can be cut away, but it also
can be used because it allows to compare the time of the APDs with the time of the
photodiodes (Fig.A.2). Between photodiode E0 and the laser signals in B9 is a 225ns

delay. This time difference is used to calibrate the scale of Fig. 4.11.

1Furthermore an offset is added which shifts the beginning of the prompt peak of the X-rays in the
time histograms to zero. With that the common time scale starts approximately with the muon
stopping in the target gas.
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Figure A.1.: Laser light in APD B9. During the measurements of the 2SF=1
1/2 − 2PF=2

3/2 transition, some
laser light passed the light shield of APD B9 (right). The signal from the laser is seen at about 1µs

and an energy below 2 keV. As APD B8 did not work during these runs, the next APD to see laser light
would be B7. For APD B7, however, the light shield worked well (left). Note, that there is less background
visible in APD B9. This is due to a higher threshold of the discriminator before the TDC to minimize laser
induced overflow.
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Figure A.2.: Offset between laser light in APD B9 and photodiode E0. The mean of this histogram is -
225 ns. The physical delay should be below 5 ns, the rest originates from cable delays. For this histogram
a cut around the laser peak in Fig. A.1 has been applied.
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Figure A.3.: Raw energy spectrum of APD A3 in run 1944. Shown is the Kα peak roughly fitted by a
Gaussian. The calibration procedure shifts this peak to 8.13 keV. Depending on the trace ID, different
Integrals are used. This is described in Sec. 4.1 and more in detail in Ref. [65].

A.2. Energy calibration

A.2.1. APD energy calibration

The APD energy calibration has been explained in Sec. 4.1 which summarizes Ref. [65].
In short:
20 APDs inside the target are detecting the X-rays originating from the muonic atoms.

10 APDs are located above, and another 10 below the muon stop volume. In order to
perform a clear cut of the 8 keV (Kα) X-rays, a good energy calibration of the APD
data is mandatory.
The APD signals are recorded via WaveForm Digitizers (WFDs). In order to obtain

the energy of an X-ray, the waveform trace of each signal is integrated. This procedure
requires an edge-finder which is needed to determine the time where the signal begins
and an elaborate method which depends on the different standard waveform traces
appearing in the APDs. For further information see [65].
The so obtained histogram (see Fig.A.3) shows the energy spectrum of the X-rays.

The position of the center of the Kα peak (which is the highest peak in the APD
spectrum) of each APD in each run is obtained by a Gaussian fit. With a conversion
factor for each APD and each waveform trace, the scale is then converted in such a way
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that the Kα peak actually appears at 8.13 keV. However during the measurements there
have been some problems with the high voltage power supply for the APDs, which led
to jumps in the raw data. By means of an additional algorithm these jumps have been
corrected successfully. This is described below.
The calibrated spectrum is shown in Fig. 4.2.

APD jumps

During the measurements of µ3He+ the high voltage power supply for the APDs did
not work properly. The malfunction manifested itself by sudden jumps in the bias
voltage, which in turn have been observed in the energy vs. time histograms of the
APDs (Fig.A.4). The origin of this effect was not found at that time and a replacement
for the power supply was not available during the measurement time. In order to make
an effective energy cut (see Sec. 4.1) on the 8.1 keV Ly-α X-rays seen in the APD spectra
a good calibration of the X-ray data is required. Therefore the jumps which already
exist in the un-calibrated raw data have to be corrected. This is done by a macro which
identifies the jumps, locates them within an interval of 500 events (corresponds roughly
to a time window of 8 s) and rescales the distorted data. The result is seen in Fig.A.5.

Besides the jumps in Fig.A.4, there is also a small continuous drift visible. However,
this drift is not important as it is far below the Ly-α linewidth seen by the APDs and
therefore does not affect the cut significantly.
In the following the process of correcting for the jumps is described more in detail.

The data is plotted with 500 events per bin on the x-axis, whereas the y-axis contains
the energy information. The position of a jump (bin b′) is roughly picked by eye (bin
b0) and written in a file. In order to find the true position of the jump, a kind of step
function is used. The file is read out by a macro which scans a 40 bin wide interval
(≈ 5 min of measurement time) around bin b0. The y-projection of every single of these
40 bins is fitted to find the energy peak p of the Ly-α X-rays. So for every single of these
40 bins bi there is a fitted value p(bi) of the Ly-α energy. Scanning the data around a
certain bin bi with i ∈ [−20, 20] the macro takes the average difference Di of the two
neighboring bins on each side:

Di =
1

2
(p(bi−2) + p(bi−1))− 1

2
(p(bi+1)− p(bi+2)) . (A.1)

If Di passes a threshold of 0.3 keV, bin bi is defined to be the bin b′ where the jump
happens in. The event in the middle of bin b′ is then maximally 250 events away from
the true position of a jump. 250 is therefore the number of events per jump which after
running the macro still might have a wrong calibration. This is sufficient.
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Figure A.4.: Prompt X-ray spectrum of run #1961 plotted versus event number. The calibration of the
8 keV Ly-α line jumps three times due to sudden changes in the bias voltage of the APDs. The jumps
are located around event number 79250, 144250, and 285250. Correcting the spectrum for these jumps
results in Fig. A.5.
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Figure A.5.: Prompt X-ray spectrum of run #1961 after correcting for jumps in the calibration (compare
Fig. A.4). The energy of the events in the interval between number 7925 and 144250 is rescaled with a
factor of 0.940, the energy of the events after event 285250 with 0.944.
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Now having found the position of the jump, the average Ly-α energy of 4 bins before
and 4 bins after the jump, respectively, is evaluated. Their ratio determines the cor-
rection factor to the calibration of the events after the jump. Trivially the calibration
for these events is only changed until the position of a possible second jump where the
calibration is reset.

A.2.2. Laser pulse energy calibration

The laser pulse energy is detected by several photodiodes. The photodiodes only need a
small fraction of the pulse and thus can be operated during the actual measurement. In
consequence they record the pulse energy on a pulse-per-pulse basis. The photodiodes
are measuring the pulse energy at the thin disk oscillator, at the thin disk amplifier,
at the Ti:Sa oscillator, behind the in-coupling mirror inside the target, and another
six photodiodes are located behind the cylindrical multipass cavity mirror. The signals
of all photodiodes are highly correlated, as they should be. The data is recorded by
several Analog-to-Digital Converters (ADCs). However, the photodiodes still have to
be calibrated. So, before each run, the laser pulse energy is measured on an absolute
scale by a calibrated pyroelectric detector. This detector has to be placed into the beam
and therefore cannot be operated during the measurement. For the first transition a
calibrated detector from the company Gentec-EO has been used, which indicates the
laser pulse energy in mJ. During the measurement of the second transition line the
calibrated Gentec detector died and another pyroelectric detector has been used. Due
to some overlapping measurements the second detector could be calibrated by the first
one.
Later, in the analysis the average pulse energies per single photodiode per single run

are evaluated by a simple Gaussian fit (see Fig.A.6) and then calibrated with the data
from the pyroelectric detectors. The evaluation on a single run basis eliminates possible
systematics due to long-term shifts of the photodiodes.
The average calibrated pulse energies for each run are summarized in Fig. 3.5.
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Figure A.6.: Raw pulse energies at the output of the Ti:Sa oscillator in run 2054. A Gaussian function is
used to fit the peak. The fitted center position is used for the calibration with the data of the pyroelectric
detector.





B. The Lamb shift transitions of the muonic
helium-3 ion
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Figure B.1.: n = 2 energy levels of the helium-3 ion. Not to scale.

Table B.1.: The Lamb shift transitions in µ3He+. There are six allowed Lamb shift transitions in µ3He+.
Transitions #1,#2, and #3 have been measured during this thesis. Transition #6 is not reachable with the
current laser system. From left to right the following transition properties are given: transition frequency
ν, wavelength λ, energy E, population η, matrix element M , and saturation fluence Fsat. The values of
the transition energies are obtained from theory and rounded here to serve as rough estimates.

# Transition ν [THz] λ [nm] ∆E [meV] Pop. η M [a2
µ] Fsat [J/cm2]

1 2SF=1
1/2 − 2PF=2

3/2 347 864 1435 3/4 5 1.3

2 2SF=0
1/2 − 2PF=1

3/2 313 959 1295 1/4 6 1.1

3 2SF=1
1/2 − 2PF=1

1/2 311 965 1285 3/4 2 3.3

4 2SF=1
1/2 − 2PF=1

3/2 353 849 1460 3/4 1 5.9

5 2SF=1
1/2 − 2PF=0

1/2 325 923 1345 3/4 1 6.4

6 2SF=0
1/2 − 2PF=1

1/2 270 1109 1120 1/4 3 2.1





C. 3He circulation system

Helium-3 is a very rare isotope and only very little stocks of it exist. Fortunately PSI
provided a bottle of it filled with about 10bar · l. In order to save this very expensive
isotope, a circulation system has been developed at PSI where the helium gas could
be purified continuously and be re-used several times. With that the experiment could
run for several months, spending only a small part of the bottle. Furthermore a cold
trap has been included where other gases than helium are condensed. It consists of
two concentric stainless steel pipes, about 1m long, inserted vertically into a standard
liquid-helium dewar.
The working principle of the circulation system is shown in Fig. C.1. The actual

helium gas flow is indicated by orange arrows. From the buffer, the helium gas goes to
the cold trap where it is purified. From there it proceeds to the inlet (IN) of the target.
The distance to the target is few meters. After the target (OUT) it is pumped again
into the buffer. A small loss of helium through the thin target windows requires to
re-fill the buffer from time to time using the helium bottle. The pressure at IN is about
pIN = 2.5mbar and at OUT about pOUT = 1.5mbar, leading to a pressure difference
of ∆p = 1mbar and therefore a slow constant ventilation. The ventilation is used to
remove the contamination from outgassing (mainly water and hydrocarbon molecules).
The helium gas is then purified again in the cold trap, mentioned above.
Before the circuit has been used for helium-3 it has been tested with helium-4 during

the measurement of the second Lamb shift transition in µ4He+.
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Figure C.1.: The 3He circulation system. The usual flow of the helium-3 gas is indicated via the orange
arrows. On the right side the connection to the inlet (IN) and to the outlet (OUT) of the gas target is
indicated. Below there is also a connection to the vacuum of the PSC and to a differential pumping section
between the target window and an additional foil, which could have been used to reduce the helium-3 loss
through the windows. However, the target windows turned out to be more tight than previously assumed,
and the additional foil was therefore not installed during data-taking. The helium-3 bottle is indicated on
the left and connected to the buffer. The helium gas starts the circuit from the buffer, passes the cold trap
and flows towards the target. From there it comes back, driven by the low pressure and is then pumped
into the buffer again by a scroll pump from Edwards.
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Abstract

The present knowledge of Lamb shift, fine-, and hyperfine structure of the 2S and 2P states in muonic

helium-3 ions is reviewed in anticipation of the results of a first measurement of several 2S→ 2P transition

frequencies in the muonic helium-3 ion, µ3He+. This ion is the bound state of a single negative muon µ−

and a bare helium-3 nucleus (helion), 3He++.

A term-by-term comparison of all available sources, including new, updated, and so far unpublished

calculations, reveals reliable values and uncertainties of the QED and nuclear structure-dependent contri-

butions to the Lamb shift and the hyperfine splitting. These values are essential for the determination of

the helion rms charge radius and the nuclear structure effects to the hyperfine splitting in µ3He+. With

this review we continue our series of theory summaries in light muonic atoms; see Antognini et al.(2013) [1],

Krauth et al.(2016) [2], and Diepold et al.(2016) [3].

Keywords: muonic helium-3 ions, Lamb shift, hyperfine structure, fine structure, QED, proton radius

puzzle

1. Introduction

Laser spectroscopy of light muonic atoms and ions, where a single negative muon orbits a bare nu-

cleus, holds the promise for a vastly improved determination of nuclear parameters, compared to the more

traditional methods of elastic electron scattering and precision laser spectroscopy of regular atoms.

The CREMA collaboration has so far determined the charge radii of the proton and the deuteron,

by measuring several transitions in muonic hydrogen (µp) [4, 5, 1] and muonic deuterium (µd) [6, 2].

Interestingly, both values differ by as much as six standard deviations from the respective CODATA-2014

values [7]. This discrepancy has been coined ”proton radius puzzle” [8, 9], although the discrepancy exists

for the deuteron, too.
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The respective radii are

rp(µp) = 0.84087(26)exp(29)th = 0.84087(39) fm [4, 5] (1)

rp(CODATA− 2014) = 0.8751(61) fm [7] (2)

rd(µd) = 2.12562(13)exp(77)th = 2.12562(78) fm [6] (3)

rd(CODATA− 2014) = 2.1413(25) fm [7]. (4)

Very recently, the CREMA collaboration has measured a total of five transitions in muonic helium-3

and -4 ions, which have been analyzed now. These measurements will help to improve our understanding of

nuclear model theories [10, 11] and help to solve a discrepancy between several measurements of the helium

isotope shift [12, 13, 14, 15, 16]. Furthermore they will shed more light on the proton radius puzzle.

Interestingly, for the proton and the deuteron, the muonic isotope shift is compatible with the electronic

one from the 1S-2S transition in H and D [17, 18]. A new measurement of the Rydberg constant in hydrogen

will soon shed new light on the discrepancies [19].

Similar to muonic hydrogen [1], deuterium [2], and helium-4 ions [3], we feel therefore obliged to sum-

marize the current knowledge on the state of theory contributions to the Lamb shift, fine-, and hyperfine

structure in muonic helium-3 ions. The accuracy to be expected from the experiment will be on the order of

20 GHz, which corresponds to ∼ 0.08 meV 1. In order to exploit the experimental precision, theory should,

ideally, be accurate to a level of

σtheory ∼ O(0.01 meV). (5)

This would result in a nearly hundred-fold better accuracy in the helion charge radius compared to the value

from electron scattering of

rh = 1.959(34) fm, (6)

deduced by Sick [20].

We anticipate here that the total uncertainty in the theoretical calculation of the Lamb shift transition

amounts to 0.52 meV, neglecting the charge radius contribution to be extracted from the µ3He+ measure-

ment. This value is completely dominated by the two-photon exchange contributions which are difficult

to calculate but have seen wonderful progress in recent years [11, 21, 22]. The total uncertainty of the

pure QED contributions (without the two-photon exchange) amounts to 0.04 meV and is thus in the desired

range. Note that while the theory uncertainty from the two-photon exchange in rp is of similar size as

the experimental uncertainty (Eq. (1)), already for µd the theory uncertainty is vastly dominant (Eq. (3)).

Experiments with muonic atoms can be used to determine the two-photon exchange contributions.

2. Overview

The n = 2 energy levels of the muonic helium-3 ion are sketched in Fig. 1. The helion has nuclear spin

I = 1/2, just as the proton. Hence the level scheme is very similar to the one of muonic hydrogen. However,

the helion magnetic moment g = −2.127 625 308(25) [7] (here given in units of the nuclear magneton) is

negative, which swaps the ordering of the hyperfine levels.

11 meV =̂ 241.799 GHz

2
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Figure 1: The 2S and 2P energy levels in the muonic helium-3 ion. The inset on the right displays the shift ∆ of the 2P levels
due to the mixing of levels with same quantum number F , as described in Sec. 5. The figure is not to scale.

A note on the sign convention of the Lamb shift contributions used in this article: The 2S level is shifted

below the 2P levels due to the Lamb shift. This means that, fundamentally, the 2S Lamb shift should be

given a negative sign.

However, following long-established conventions we assign the measured 2S1/2 → 2P1/2 energy difference a

positive sign, i.e. E(2P) – E(2S) > 0. This is in accord with almost all publications we review here and we

will mention explicitly when we have inverted the sign with respect to the original publications where the

authors calculated level shifts.

Moreover, we obey the traditional definition of the Lamb shift as the terms beyond the Dirac equation and

the leading order recoil corrections, i.e. excluding effects of the hyperfine structure. In particular, this means

that the mixing of the hyperfine levels (Sec. 5) does not influence the Lamb shift.

The Lamb shift is dependent on the rms charge radius of the nucleus and is treated in Sec. 3. We split the

Lamb shift contributions into nuclear structure-independent contributions and nuclear structure-dependent

ones. The latter are composed out of one-photon exchange diagrams which represent the finite size effect

and two-photon exchange diagrams which contain the polarizability contributions.

In Sec. 4, we treat the 2S hyperfine structure, which depends on the Zemach radius. It also has two-

photon exchange contributions. However, these have not been calculated yet and can only be estimated

with a large uncertainty.

In Sec. 5, we compile the 2P level structure which includes fine- and hyperfine splitting, and the mixing

of the hyperfine levels [23].

For the theory compilation presented here, we use the calculations from many sources mentioned in the

following. The names of the authors of the respective groups are ordered alphabetically.

The first source is E. Borie who was one of the first to publish detailed calculations of many terms

involved in the Lamb shift of muonic atoms. Her most recent calculations for µp, µd, µ4He+, and µ3He+

3



are all found in her Ref. [24]. Several updated versions of this paper are available on the arXiv. In this work

we always refer to [25] which is version-7, the most recent one at the time of this writing.

The second source is the group of Elekina, Faustov, Krutov, and Martynenko et al. (termed “Martynenko

group” in here for simplicity). The calculations we use in here are found in Krutov et al. [26] for the Lamb

shift, in Martynenko et al. [27, 28] and Faustov et al. [29] for the 2S hyperfine structure, and Elekina et al. [30]

for the 2P fine- and hyperfine structure.

Jentschura and Wundt calculated some Lamb shift contributions in their Refs. [31, 32]. They are referred

to as “Jentschura” for simplicity.

The group of Ivanov, Karshenboim, Korzinin, and Shelyuto is referred to “Karshenboim group” for

simplicity. Their calculations are found in Korzinin et al. [33] and in Karshenboim et al. [34] for Lamb shift

and fine structure contributions.

The group of Bacca, Barnea, Hernandez, Ji, and Nevo Dinur, situated at TRIUMF and Hebrew Univer-

sity, has performed ab initio calculations on two-photon exchange contributions of the Lamb shift. Their

calculations are found in Nevo Dinur et al. [11] and Hernandez et al. [21]. For simplicity we refer to them as

“TRIUMF-Hebrew group”.

A recent calculation of the two-photon exchange using scattering data and dispersion relations has been

performed by Carlson, Gorchtein, and Vanderhaeghen [22].

Item numbers # in our tables follow the nomenclature in Refs. [1, 2]. In the tables, we usually identify

the “source” of all values entering “our choice” by the first letter of the (group of) authors given in adjacent

columns (e.g. “B” for Borie). We denote as average “avg.” in the tables the center of the band covered by

all values vi under consideration, with an uncertainty of half the spread, i.e.

avg. =
1

2

[
MAX(vi) + MIN(vi)

]

± 1

2

[
MAX(vi)−MIN(vi)

]
.

(7)

If individual uncertainties are provided by the authors we add these in quadrature. We would like to point

out that uncertainties due to uncalculated higher order terms are often not indicated explicitly by the

authors. In the case some number is given, we include it in our sum. But in general our method can not

account for uncertainty estimates of uncalculated higher order terms.

Throughout the paper, Z denotes the nuclear charge with Z = 2 for the helion and alpha particle, α

is the fine structure constant, mr = 199me is the reduced mass of the muon-nucleon system. “VP” is

short for “vacuum polarization”, “SE” is “self-energy”, “RC” is “recoil correction”. “Perturbation theory”

is abbreviated as “PT”, and SOPT and TOPT denote 2nd and 3rd order perturbation theory, respectively.

3. Lamb shift in muonic helium-3

3.1. Nuclear structure independent contributions

Nuclear structure independent contributions have been calculated by Borie, Martynenko group, Karshen-

boim group, and Jentschura. The contributions are listed in Tab. 1, labeled with #i. The leading contribu-

tion is the one-loop electron vacuum polarization (eVP) of order α(Zα)2, the so-called Uehling term (see

Fig. 2). It accounts for 99.5% of the radius-independent part of the Lamb shift, so it is very important that

this contribution is well understood. There are two different approaches to calculate this term.
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Figure 2: Item #1, the leading order 1-loop electron vacuum polarization (eVP), also called Uehling term.

Borie [25] (p. 4, Tab.) and the Karshenboim group [33] (Tab. I) use relativistic Dirac wavefunctions to

calculate a relativistic Uehling term (item #3). A relativistic recoil correction (item #19) has to be added

to allow comparison to nonrelativistic calculations (see below). Borie provides the value of this correction

explicitly in [25] Tab. 6, whereas the Karshenboim group only gives the total value which includes the

correction, thus corresponding to (#3 + #19).

Nonrelativistic calculations of the Uehling term (item #1) exist from the Martynenko group [26] (No. 1,

Tab. 1) and Jentschura [32], which are in very good agreement. Additionally, a relativistic correction (item

#2) has to be applied. This relativistic correction already accounts for relativistic recoil effects (item #19).

Item #2 has been calculated by the Martynenko group [26] (No. 7+10, Tab. 1), Borie [25] (Tab. 1), Jentschura

[32, 31] (Eq. 17), and Karshenboim et al. [34], which agree well within all four groups, however do not have

to be included in Borie’s and Korzinin et al.’s value because their relativistic Dirac wavefunction approach

already accounts for relativistic recoil effects.

Both approaches agree well within the required uncertainty. As our choice for the Uehling term with

relativistic correction (#1 + #2) or (#3 + #19) we take the average

∆E(Uehling + rel. corr.) = 1642.3962± 0.0018 meV. (8)

Item #4, the second largest contribution in this section, is the two-loop eVP of order α2(Zα)2, the

so-called Källén-Sabry term [35] (see Fig. 3). It has been calculated by Borie [25] (p. 4, Tab.) and the

Martynenko group [26] (No. 2, Tab. 1) which agree within 0.0037 meV. As our choice we take the average.

Item #5 is the one-loop eVP in two Coulomb lines of order α2(Zα)2 (see Fig. 4). It has been calculated

by Borie [25] (Tab. 6), the Martynenko group [26] (No. 9, Tab. 1), and Jentschura [31] (Eq. 13) of whom the

latter two obtain the same result, which differs from Borie by 0.0033 meV. As our choice we adopt the

average.

The Karshenboim group [33] (Tab. I) has calculated the sum of item #4 and #5, the two-loop eVP

(Källén-Sabry) and one-loop eVP in two Coulomb lines (Fig. 3 and 4). Good agreement between all groups

is observed.

Item #6+7 is the third order eVP of order α3(Zα)2. It has been calculated by the Martynenko group

[26] (No. 4+11+12, Tab. 1) and the Karshenboim group [33] (Tab. I). Borie [25] (p. 4) adopts the value from

Karshenboim et al.. Martynenko et al. and Karshenboim et al. differ by 0.004 meV, which is in agreement

considering the uncertainty of 0.003 meV given by the Martynenko group. As our choice we adopt the

average and obtain an uncertainty of 0.0036 meV via Gaussian propagation of uncertainty.

Item #29 is the second order eVP of order α2(Zα)4. It has been calculated by the Martynenko group

[26] (No. 8+13, Tab. 1) and the Karshenboim group [33] (Tab. VIII). Their values did agree in the case of µd,
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however for µ3He+ they differ by 0.004 meV. This difference is twice as large as the value from Martynenko

et al. but this contribution is small, so the uncertainty is not at all dominating. We reflect the difference by

adopting the average as our choice.

Items #9, #10, and #9a are the terms of the Light-by-light (LbL) scattering contribution (see Fig. 5).

The sum of the LbL terms is calculated by the Karshenboim group [33] (Tab. I). Borie [25] also lists the value

from Karshenboim et al.. Item #9 is the Wichmann-Kroll term, or “1:3” LbL, which is of order α(Zα)4.

This item has also been calculated by Borie [25] (p. 4) and the Martynenko group [26] (No. 5, Tab. 1) who

obtain the same result. Item #10 is the virtual Delbrück or “2:2” LbL, which is of order α2(Zα)3. Item #9a

is the inverted Wichmann-Kroll term, or “3:1” LbL, which is of order α3(Zα)2. The sum of the latter two

is also given by the Martynenko group [26] (No. 6, Tab. 1). As our choice we use the one from Karshenboim

et al., who are the first and only group to calculate all three LbL contributions. The groups are in agreement

when taking into account the uncertainty of 0.0006 meV given by Karshenboim et al..

Item #20 is the contribution from muon self-energy (µSE) and muon vacuum polarization (µVP) of

order α(Zα)4 (see Fig. 6). This item constitutes the third largest term in this section 2. This item has been

calculated by Borie [25] (Tab. 2, Tab. 6) and the Martynenko group [26] (No. 24, Tab. 1). They differ by

0.001 meV. As our choice we adopt the average.

Items #11, #12, #30, #13, and #31 are all corrections to VP or µSE and of order α2(Zα)4.

Item #11 is the µSE correction to eVP (see Fig. 7). It has been calculated by all four groups. Martynenko

et al. calculate this term (Eq. 99) in [26], however in their table (No. 28) they use the more exact calculation

from Jentschura. Jentschura [31] (Eq. 29), and the Karshenboim group [33] (Tab. VIII a) are in excellent

agreement. Borie [25] (Tab. 16) differs significantly because she only calculates a part of this contribution

in her App. C. This value does not enter her sum and thus is also not considered in here. On p. 12 of [25]

she states that this value should be considered as an uncertainty. As our choice we adopt the number from

Jentschura and Karshenboim et al..

Item #12 is the eVP in µSE (see Fig. 8). This item has been calculated by the Martynenko group [26]

(No. 27, Tab. 1) and the Karshenboim group [33] (Tab. VIII d), which are in perfect agreement. On p. 10 of

[25] Borie mentions that she included the “fourth order electron loops” in “muon Lamb shift, higher order”

term, which is our item #21. As we include item #21 from Borie, we will not on top include item #12.

Item #30 is the hadronic vacuum polarization (hVP) in µSE (see Fig. 9). This item has only been

2In ordinary hydrogen-like atoms this term is the leading order Lamb shift contribution: The leptons in the loop are the
same as the orbiting lepton. This term can thus be rescaled from well-known results in hydrogen.
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e

(c)
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h

e

Figure 3: Item #4, the two-loop eVP (Källen-Sabry) contribution. This is Fig. 1 (b,c,d) from the Martynenko group [26].
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Figure 4: Item #5, the one-loop eVP in 2-Coulomb lines.
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Figure 5: The three contributions to Light-by-light scattering: (a) Wichmann-Kroll or “1:3” term, item #9, (b) Virtual
Delbrück or “2:2” term, item #10, and (c) inverted Wichmann-Kroll or “3:1” term, item #9a†.

calculated by the Karshenboim group [33] (Tab. VIII e) which we adopt as our choice.

Item #13 is the mixed eVP + µVP (see Fig. 10). The calculations from Borie [25] (p. 4) and the

Martynenko group [26] (No. 3, Tab. 1) roughly agree, whereas the value from the Karshenboim group [33]

(Tab. VIII b) is 0.002 meV larger. As our choice we take the average.

Item #31 is the mixed eVP + hVP (see Fig. 11) which has only been calculated by the Karshenboim

group [33] (Tab. VIII c). We adopt their value as our choice.

Item #32, the muon VP in SE correction shown in Fig. 12 is not included as a separate item in our

Tab. 1. It should already be automatically included in the QED contribution which has been rescaled from

the QED of electronic 3He+ by a simple mass replacement me → mµ [38]. This is the case only for QED

contributions where the particle in the loop is the same as the bound particle - like in this case, a muon VP

correction in a muonic atom. The size of this item #32 can be estimated from the relationship found by

Borie [39], that the ratio of hadronic to muonic VP is 0.66. With the Karshenboim group’s value of item

#30 [33] one would obtain a value for item #32 of −0.0004/0.66 meV = −0.0006 meV. This contribution is

contained in our item #21, together with the dominating item #12 (see also p. 10 of Ref. [25]).

Item #21 is a higher-order correction to µSE and µVP of order α2(Zα)4 and α2(Zα)6. This item has

only been calculated by Borie [25] (Tab. 2, Tab. 6). On p. 10 she points out that this contribution includes

the “fourth order electron loops”, which is our item #12. It also contains our item #32. We adopt her value

as our choice.

Item #14 is the hadronic VP of order α(Zα)4. It has been calculated by Borie [25] (Tab. 6) and the

Martynenko group [26] (No. 29, Tab. 1). Borie assigns a 5% uncertainty to their value. However, in her

Ref. [25] there are two different values of item #14, the first on p. 5 (0.219 meV) and the second in Tab. 6 on

p. 16 (0.221 meV). Regarding the given uncertainty this difference is not of interest. In our Tab. 1, we report

the larger value which is further from that of the Martynenko group in order to conservatively reflect the
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Figure 6: Item #20, the muon-self energy (a) and the muon vacuum polarization (b), α(Zα)4.
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Figure 7: Item #11, muon self-energy corrections to the electron vacuum polarization α2(Zα)4. This figure is Fig. 2 from
Jentschura [36]. It corresponds to Fig. 6(a) from Karshenboim [33].

scatter. Martynenko et al. did not assign an uncertainty to their value. However, for µd [40] they estimated

an uncertainty of 5%. As our choice we take the average of their values and adopt the uncertainty of 5%

(0.011 meV).

Item #17 is the Barker-Glover correction [41]. It is a recoil correction of order (Zα)4m3
r/M

2 and includes

the nuclear Darwin-Foldy term that arises due to the Zitterbewegung of the nucleus. As already discussed

in App. A of [2], we follow the atomic physics convention [42], which is also adopted by CODATA in their

report from 2010 [43] and 2014 [7]. This convention implies that item #17 is considered as a recoil correction

to the energy levels and not as a part of the rms charge radius. This term has been calculated by Borie [25]

(Tab. 6), the Martynenko group [26] (No. 21, Tab. 1), and Jentschura [32] and [31] (Eq. A.3). As our choice

we use the number given by Borie and Jentschura as they give one more digit.

Item #18 is the term called “recoil, finite size” by Borie. It is of order (Zα)5〈r〉(2)/M and is linear in

the first Zemach moment. It has first been calculated by Friar [44] (see Eq. F5 in App. F) for hydrogen and

has later been given by Borie [25] for µd, µ4He+, and µ3He+. We discard item #18 because it is considered

to be included in the elastic TPE [45, 46]. It has also been discarded in µp [1], µd [2], and µ4He+ [3]. For

the muonic helium-3 ion, item #18 in [25] (Tab. 6) amounts to 0.4040 meV, which is ten times larger than

the experimental uncertainty of about 0.04 meV (see Eq. 5), so it is important that the treatment of this

contribution is well understood.

Item #22 and #23 are relativistic recoil corrections of order (Zα)5 and (Zα)6, respectively. Item #22

has been calculated by Borie [25] (Tab. 6), the Martynenko group [26] (No. 22, Tab. 1), and Jentschura [31]

(Eq. 32). They agree perfectly. Item #23 has only been calculated by the Martynenko group [26] (No. 23,

Tab. 1) whose value we adopt as our choice.

Item #24 are higher order radiative recoil corrections of order α(Zα)5 and (Z2α)(Zα)4. This item has

8



h

µ

e

Figure 8: Item #12, eVP loop in SE are radiative corrections with VP effects. This is Fig. 11(b) from a publication by the
Martynenko group [26] which is the same as Fig. 4 in Pachucki [37]. It is Karshenboim’s Fig. 6(d) in Ref. [33].

been calculated by Borie [25] (Tab. 6) and the Martynenko group [26] (No. 25, Tab. 1). Their values differ

by 0.015 meV. As our choice we adopt the average.

Item #28 is the radiative (only eVP) recoil of order α(Zα)5. It consists of three terms which have been

calculated by Jentschura and Wundt [31] (Eq. 46). We adopt their value as our choice. Note that a second

value (0.0072 meV) is found in [32]. However, this value is just one of the three terms, namely the seagull

term, and is already included in #28 (see [31], Eq. 46).

The total sum of the QED contributions without explicit nuclear structure dependence is summarized

in Tab. 1 and amounts to

∆ELS
r−indep. = 1644.3466± 0.0146 meV. (9)

Note that Borie, on p. 15 in Ref. [25] attributes an uncertainty of 0.6 meV to her total sum. The origin of

this number remains unclear. Its order of magnitude is neither congruent with the other uncertainties given

in Ref. [25] nor with other uncertainties collected in our summary. Thus it will not be taken into account.

h

µ

h

Figure 9: Item #30, hadronic VP in SE contribution, corresponds to Fig. 6(e) in Karshenboim et al.’s [33].
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Figure 10: Item #13, the mixed eVP-µVP contribution.
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Figure 11: Item #31, the mixed eVP- and hadronic VP contribution, comes from the Uehling correction to the hadronic VP
correction. See Fig. 6(c) in Karshenboim et al.’s [33].
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Figure 12: Item #32, muon VP in SE contribution, is automatically included in a rescaled electronic 3He+ QED value of higher
order SE contributions (see text).
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Table 1: All known nuclear structure-independent contributions to the Lamb shift in µ3He+. Values are in meV. Item numbers “#” in the 1st column follow the nomenclature of Refs. [1, 2], which in

turn follow the supplement of Ref. [4]. Items “#“ with a dagger † were labeled “New” in Ref. [1], but we introduced numbers in Ref. [2] for definiteness. For Borie [25] we refer to the most recent arXiv

version-7 which contains several corrections to the published paper [24] (available online 6 Dec. 2011). For Martynenko et al., numbers #1 to #29 refer to rows in Tab. I of Ref. [26]. Numbers in parentheses

refer to equations in the respective paper.

# Contribution Borie (B) Martynenko group (M) Jentschura (J) Karshenboim group (K) Our choice

[25] Krutov et al. [26] Jentschura, Wundt [31] Karshenboim et al. [34] value source Fig.

Jentschura [32] Korzinin et al. [33]

1 NR one-loop electron VP (eVP) 1641.8862 #1 1641.885 [32]

2 Rel. corr. (Breit-Pauli) (0.50934) a Tab. 1 0.5093 #7+#10 0.509344 [31](17), [32] (0.509340) [34] Tab. IV

3 Rel. one-loop eVP 1642.412 Tab. p. 4

19 Rel. RC to eVP, α(Zα)4 −0.0140 Tab. 1+6

Sum of the above 1642.3980 3+19 1642.3955 1+2 1642.3943 1+2 1642.3954 [33] Tab. I 1642.3962 ± 0.0018 avg 2

4 Two-loop eVP (Källén-Sabry) 11.4107 Tab. p. 4 11.4070 #2 11.4089 ± 0.0019 avg. 3

5 One-loop eVP in 2-Coulomb lines α2(Zα)2 1.674 Tab. 6 1.6773 #9 1.677290 [31](13) 1.6757 ± 0.0017 avg. 4

Sum of 4 and 5 13.0847 4+5 13.0843 4+5 13.0843 [33] Tab. I (13.0846)b

6+7 Third order VP 0.073(3) p. 4 0.0689 #4+#12+#11 0.073(3) [33] Tab. I 0.0710 ± 0.0036 avg.

29 Second-order eVP contribution α2(Zα)4m 0.0018 #8+#13 0.00558 [33] Tab. VIII “eVP2” 0.0037 ± 0.0019 avg

9 Light-by-light “1:3”: Wichmann-Kroll −0.01969 p. 4 −0.0197 #5 5a

10 Virtual Delbrück, “2:2” LbL
}

0.0064 #6
5b

9a† “3:1” LbL 5c

Sum: Total light-by-light scatt. −0.0134(6) p.5+Tab.6 −0.0133 9+10+9a −0.0134(6) [33] Tab. I −0.0134 ± 0.0006 K

20 µSE and µVP −10.827368 Tab. 2+6 −10.8286 #24 −10.8280 ± 0.0006 avg. 6

11 Muon SE corr. to eVP α2(Zα)4 (−0.1277) c Tab. 16 −0.0627 #28 −0.06269 [31](29) −0.06269 [33] Tab. VIII (a) −0.06269 J, K 7

12 eVP loop in self-energy α2(Zα)4 incl. in 21 −0.0299 #27 −0.02992 [33] Tab. VIII (d) incl. in 21 B 8

30 Hadronic VP loop in self-energy α2(Zα)4m −0.00040(4) [33] Tab. VIII (e) −0.00040 ± 0.00004 K 9

13 Mixed eVP + µVP 0.00200 p. 4 0.0022 #3 0.00383 [33] Tab. VIII (b) 0.0029 ± 0.0009 avg 10

31 Mixed eVP + hadronic VP 0.0024(2) [33] Tab. VIII (c) 0.0024 ± 0.0002 K 11

21 Higher-order corr. to µSE and µVP −0.033749 Tab. 2+6 −0.033749 B

Sum of 12, 30, 13, 31, and 21 −0.031749 13+21 −0.0277 12+13 −0.0241(2) 12+30+13+31 −0.0288 sum

14 Hadronic VP 0.221(11) Tab. 6 0.2170 #29 0.219 ± 0.011 avg.

17 Recoil corr. (Zα)4m3
r/M

2 (Barker-Glover) 0.12654 Tab. 6 0.1265 #21 0.12654 [31](A.3) [32](15) 0.12654 B, J

18 Recoil, finite size (0.4040(10)) d

22 Rel. RC (Zα)5 −0.55811 p.9+Tab.6 −0.5581 #22 −0.558107 [31](32) −0.558107 J

23 Rel. RC (Zα)6 0.0051 #23 0.0051 M

24 Higher order radiative recoil corr. −0.08102 p.9+Tab.6 −0.0656 #25 −0.0733 ± 0.0077 avg.

28† Rad. (only eVP) RC α(Zα)5 0.004941 0.004941 J

Sum 1644.3916 e 1644.3431 1644.3466 ± 0.0146

aDoes not contribute to the sum in Borie’s approach.
bSum of our choice of item #4 and #5, written down for comparison with the Karshenboim group.
cIn App. C of [25], incomplete. Does not contribute to the sum in Borie’s approach, see text.
dIs not included, because it is a part of the TPE, see text.
eIncluding item #18 and #r3’ yields 1644.9169 meV, which is Borie’s value from Ref. [25] page 15. On that page she attributes an uncertainty of 0.6 meV to that value. This number is far too large to

be correct, so we ignore it.



3.2. Nuclear structure contributions

Terms that depend on the nuclear structure are separated into one-photon exchange (OPE) contributions

and two-photon exchange (TPE) contributions.

The OPE terms (also called radius-dependent contributions) represent the finite size effect which is

by far the largest part of the nuclear structure contributions and are discussed in Sec. 3.2.1. They are

parameterizable with a coefficient times the rms charge radius squared. These contributions are QED

interactions with nuclear form factor insertions.

The TPE terms can be written as a sum of elastic and inelastic terms, where the latter describe the

polarizability of the nucleus. These involve contributions from strong interaction and therefore are much

more complicated to evaluate, which explains why the dominant uncertainty originates from the TPE part.

The TPE contributions are discussed in more detail in Sec. 3.2.2.

The main nuclear structure corrections to the nS states have been given up to order (Zα)6 by Friar [44]

(see Eq. (43a) therein)

∆Efin.size =
2πZα

3
|Ψ(0)|2

(
〈r2〉 − Zαmr

2
〈r3〉(2) + (Zα)2(FREL +m2

rFNREL)

)
, (10)

where Ψ(0) is the muon wave function at the origin, 〈r2〉 is the second moment of the charge distribution of

the nucleus, i.e. the square of the rms charge radius, r2
E . 〈r3〉(2) is the Friar moment 3, and FREL and FNREL

contain various moments of the nuclear charge distribution (see Eq. (43b) and (43c) in Ref. [44]). Analytic

expressions for some simple model charge distributions are listed in App. E of Ref. [44].

As the Schrödinger wavefunction at the origin Ψ(0) is nonzero only for S states, it is in leading order

only the S states which are affected by the finite size. However, using the Dirac wavefunction a nonzero

contribution appears for the 2P1/2 level [48]. This contribution affects the values for the Lamb shift and the

fine structure and is taken into account in the section below.

The Friar moment 〈r3〉(2) has not been included in µd [2] because of a cancellation [49, 50, 51] with a part

of the inelastic nuclear polarizability contributions. However, for µ3He+, it is favorable to calculate each

term individually in order to achieve the smallest uncertainty. This has been done by the TRIUMF-Hebrew

group [11, 21] and will be discussed in Sec. 3.2.2.

3.2.1. One-photon exchange contributions (finite size effect)

Finite size contributions have been calculated by Borie ([25] Tab. 14), the Martynenko group ([26] Tab. 1),

and the Karshenboim group ([34] Tab. III). All of these contributions are listed in Tab. 2, labeled with #ri.

Most of the terms, given in Tab. 2, can be parameterized as c·rE2 with coefficients c in units of meV fm−2.

Borie and Karshenboim et al. have provided the contributions in this parameterization, whereas Martynenko

et al. provide the total value in units of energy. However, the value of their coefficients can be obtained by

dividing their numbers by rE
2 . The value they used for the charge radius rE is 1.9660 fm 4 [53]. In this

way the numbers from Martynenko et al. can be compared with the ones from the other groups.

Item #r1, the leading term of Eq. (10), is the one-photon exchange with a helion form factor (FF)

insertion (see Fig. 13). Item #r1 is of order (Zα)4m3
r and accounts for 99% of the OPE contributions. Borie

3〈r3〉(2) has been called “third Zemach moment” in [44]. To avoid confusion with the Zemach radius rZ in the 2S hyperfine
structure we adopt the term “Friar moment”, as recently suggested by Karshenboim et al. [47].

4This value has been introduced by Borie [25] as an average of several previous measurements [52, 13, 14].
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([25] Tab. 14, ba), the Martynenko group ([26] No. 14), and the Karshenboim group ([34] Tab. III, ∆
(0)
FNS)

obtain the same result which we adopt as our choice. This contribution is much larger than the following

terms, but its absolute precision is worse, which we indicate by introducing an uncertainty. For that we take

the value from Borie which is given with one more digit than the values of the other authors and attribute

an uncertainty of 0.0005 meV, which may arise from rounding.

µ

h

Figure 13: Item (r1), the leading nuclear finite size correction stems from a one-photon interaction with a helion form factor
insertion, indicated by the thick dot.

Item #r2 is the radiative correction of order α(Zα)5. The equation used for the calculation of this

contribution is given in Eq. (10) of [54]. It has been calculated by Borie [25] (Tab. 14, bb) and the Martynenko

group [26] (No. 26, only Eq. (92)). Both get the same result, which we adopt as our choice. Note that the

value from the Martynenko group was published with a wrong sign.

Item #r3 and #r3’ are the finite size corrections of order (Zα)6. They have first been calculated in

Ref. [44]. Item #r3 and #r3’ consider third-order perturbation theory in the finite size potential correction

and relativistic corrections of the Schrödinger wave functions. There are also corrections in the TPE of the

same order (Zα)6, but these are of different origin. Borie [25] (Tab. 14, bc and Tab. 6) and the Martynenko

group [26] (Eq. (91)) follow the procedure in Ref. [44] and then separate their terms into a part with an

explicit rE
2 dependence (item #r3) and another one which is usually evaluated with an exponential charge

distribution, since a model independent calculation of this term is prohibitively difficult [25]. Differences in

sorting the single terms have already been noticed in the µd case [2], where we mentioned that e.g. the term

〈r2〉〈ln(µr)〉 in FREL of Eq. 10 is attributed to #r3 and #r3’ by Martynenko et al. and Borie, respectively.

The difference in this case amounts to 0.007 meV for #r3’. Note that in Eq. (91) from the Martynenko group

[26], the charge radius has to be inserted in units of GeV−1, with rE = 1.966 fm =̂ 9.963 GeV−1.

Item #r4 is the one-loop eVP correction (Uehling) of order α(Zα)4. It has been calculated by all

three groups, Borie [25] (Tab. 14, bd), Martynenko et al. [26] (No. 16, Eq. (69)), and Karshenboim et al. [34]

(Tab. III, ∆E
(2)
FNS). On p. 31 of [25], Borie notes that she included the correction arising from the Källén-

Sabry potential in her bd. This means that her value already contains item #r6, which is the two-loop eVP

correction of order α2(Zα)4. Item #r6 has been given explicitly only by the Martynenko group [26] (No. 18,

Eq. 73). The sum of Martynenko et al.’s #r4 and #r6 differs by 0.016 meV/fm2 from Borie’s result. Using a

charge radius of 1.9660 fm this corresponds to roughly 0.06 meV and, hence, causes the largest uncertainty

in the radius-dependent OPE part. The origin of this difference is not understood, but should be clarified.

As our choice we take the average of the sum (#r4+#r6) of these two groups. The resulting average does

also reflect the value for #r4 provided by Karshenboim et al. [34].

Item #r5 is the one-loop eVP correction (Uehling) in second order perturbation theory (SOPT) of order

α(Zα)4. It has been calculated by all three groups, Borie [25] (Tab. 14, be), the Martynenko group [26]

(No. 17, Eq. 70), and the Karshenboim group [34] (Tab. III, ∆E
(1)
FNS). On p. 31 of [25], Borie notes that
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she included the two-loop corrections to εV P2 in her be. This means that her value already contains item

#r7, which is the two-loop eVP in SOPT of order α2(Zα)4. Item #r7 has only been given explicitly by

the Martynenko group [26] (No. 19). The sum of Martynenko et al.’s #r5+#r7 differs by 0.003 meV from

Borie’s result. As our choice we take the average of the sum (#r5+#r7) of these two groups. Again here,

our choice reflects the value for #r5 provided by Karshenboim et al. [34], too.

Item #r8 is the finite size correction to the 2P1/2 level of order (Zα)6. It has only been calculated by

Borie [25] (Tab. 14, b(2p1/2). This correction is the smallest in this section and is the only term which affects

the 2P1/2 level. In consequence, the effect on the Lamb shift is inverse, i.e. if the 2P level is lifted “upwards”,

the Lamb shift gets larger. Thus, in contrast to Borie, we include this correction with a positive sign. At

the same time this term decreases the fine structure (2P3/2− 2P1/2 energy difference) and is hence listed in

Tab. 4 as item #f10 with a negative sign.

The total sum of the QED contributions with an explicit dependence of rE
2 is summarized in Tab. 2 and

amounts to

∆ELS
r−dep.(rE

2) = −103.5184(98) meV fm−2 rE
2 + 0.1177(33) meV. (11)
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Table 2: Coefficients of the nuclear structure-dependent OPE contributions to the Lamb shift of µ3He+. The values from the Martynenko group shown here are the
published ones divided by (1.9660 fm)2, which is the radius they used. KS: Källén-Sabry, VP: vacuum polarization, SOPT: second-order perturbation theory. Values are in
meV/fm2, except for #r3’.

# Contribution Borie (B) Martynenko group (M) Karshenboim group (K) Our choice

Borie [25] Tab.14 Krutov et al. [26] Karshenboim et al. [34] value source

r1 Leading fin. size corr., (Zα)4 −102.520 ba −102.52 #14, (61) −102.52 ∆E
(0)
FNS −102.520 ± 0.0010 B,M,K

r2 Radiative corr., α(Zα)5 −0.0243 a bb −0.0243 b #26, (92) −0.0243 B,M

r3 Finite size corr. order (Zα)6 −0.1275 bc −0.1301 #26, (91) −0.1288 ±0.0013 avg.

r4 Uehling corr. (+KS), α(Zα)4 −0.3310 #16, (69) −0.323 ∆E
(2)
FNS

r6 Two-loop VP corr., α2(Zα)4 −0.0026 #18, (73)

sum r4+r6 −0.3176 bd −0.3336 −0.3256 ±0.0080 avg.

r5 One-loop VP in SOPT, α(Zα)4 −0.5196 #17, (70) −0.520 ∆E
(1)
FNS

r7 Two-loop VP in SOPT, α2(Zα)4 −0.0063 #19 c

sum r5+r7 −0.5217 be −0.5259 −0.5238 ±0.0021 avg.

r8 Corr. to the 2P1/2 level 0.00409 d b(2p1/2) 0.00409 B

Sum of coefficients −103.507(5) e −103.5339 −103.37 ∆EFNS −103.5184 ±0.0098 f

r3’ Remaining order (Zα)6 [meV] g 0.121 meV Tab. 6 0.11445 meV (91) 0.1177 ±0.0033 avg.

Sum −103.507 rh
2 + 0.121 meV −103.5368 rh

2 + 0.11445 meV −103.37 rh
2 -103.5184(98) r2

h + 0.1177(33)meV

aBorie uses Eq. (10) of [54] to calculate this term. For further explanations, see text.
bThe value in Eq. 92 of [26] was published with a wrong sign.
cThis term is represented by Fig. 9(a,b,c,d) from the Martynenko group [26]. This figure includes equation (76) therein.
dThe sign is explained in the text.
eThe summed coefficient is given in Ref. [25] on p. 15, where Borie indicates the uncertainty of 0.005 meV.
fThis uncertainty is the one obtained from averaging the above values (0.0084 meV) and the one given by Borie in her sum of (0.005 meV) added in quadrature.
gBelongs to r3. Depends on the charge distribution in a non-trivial way, see text.
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Figure 14: (a)+(b) Elastic ∆ELS
Friar, and (c)+(d) inelastic ∆ELS

inelastic two-photon exchange (TPE) contribution. The thick
dots in (a) indicate helion form factor insertions. The blob in (c) and (d) represents all possible excitations of the nucleus.

3.2.2. Two-photon exchange contributions to the Lamb shift

Historically, the two-photon exchange (TPE) contribution to the Lamb shift (LS) in muonic atoms has

been considered the sum of the two parts displayed in Fig. 14(a,b) and (c,d), respectively:

∆ELS
TPE = ∆ELS

Friar + ∆ELS
inelastic (12)

with the elastic “Friar moment” contribution ∆ELS
Friar

5 and the inelastic part ∆ELS
inelastic, frequently termed

“polarizability”.

The elastic part, ∆ELS
Friar is shown in Fig. 14(a,b). It is sensitive to the shape of the nuclear charge distri-

bution, beyond the leading 〈r2〉 dependence discussed in Sec. 3.2.1. This part is traditionally parameterized

as being proportional to the third power of the rms charge radius and it already appeared in Eq. (10) as the

second term proportional to 〈r3〉(2). The coefficient depends on the assumed radial charge distribution.

The inelastic part, ∆ELS
inelastic is shown in Fig. 14(c,d). It stems from virtual excitations of the nucleus.

The inelastic contributions are notoriously the least well-known theory contributions and limit the extraction

of the charge radius from laser spectroscopy of the Lamb shift.

Eq. (12) is valid for the nuclear contributions as well as for the nucleon contributions. This means that

elastic and inelastic parts have to be evaluated for both, respectively.

The nuclear parts of ∆ELS
TPE are then given as δEAFriar and δEAinelastic for a nucleus with A nucleons, and

the nucleon parts as δENFriar and δENinelastic.

With that, the total (nuclear and nucleon) TPE is given as 6

∆ELS
TPE = δEAFriar + δENFriar + δEAinelastic + δENinelastic. (13)

We refer here to two calculations of the TPE contributions. The first stems from the TRIUMF-Hebrew

group, who perform ab initio calculations using two different nuclear potentials. They have published two

5formerly known as “third Zemach moment”, but see footnote 3 on p. 12 for disambiguation.
6Compared to the notation of the TRIUMF-Hebrew group [11], the terms in Eq. (13) correspond to δAZem, δNZem, δApol, and

δNpol, respectively.
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papers on the TPE in muonic helium-3 ions, Nevo Dinur et al. [11], and Hernandez et al. [21]. The second

calculation has been performed by Carlson et al. [22], who obtain the TPE from inelastic structure functions

via dispersion relations.

The two calculations are very different, so that comparisons of any but the total value may be inexact

[22]. An attempt to compare the different approaches is given in Tab. II of Ref. [22]. Here, we want to

refer to this table only and later compare the total values as suggested. Note that we proceed differently

to our previous compilation for µd [2] (Tab. 3), where we listed and compared 16 individual terms (labeled

#p1...16) which together yield the sum of the four terms of Eq. (13).

The nuclear Friar moment contribution is calculated by the TRIUMF-Hebrew group to be δEAFriar =

10.49(24) meV [11, 21]. This value is more reliable than previous values which have been given by Borie [25]

(10.258(305) meV) and Krutov et al. [26] (10.28(10) meV) using a Gaussian charge distribution and assuming

an rms radius of 1.966(10) fm. The value of the TRIUMF-Hebrew group is in agreement with the result of

10.87(27) meV obtained using Eq. (2) in Ref. [11] and the third Zemach moment 〈r3〉(2) = 28.15(70) fm3 of

Sick from electrons scattering off 3He [55].

The nuclear polarizability contribution from the TRIUMF-Hebrew group is δEAinelastic = 4.16(17) meV

[11, 21]. The first calculation of the nuclear polarizability contribution in µ3He+ has been published in

1961 [56]. The recent value from the TRIUMF-Hebrew group replaces a former one of 4.9(1.0) meV from

Borie and Rinker [57] which has been used for more than 25 years now.

As mentioned before, the total TPE contribution has a nuclear part and a nucleon part. The nucleon

Friar moment contribution from the TRIUMF-Hebrew group amounts to δENFriar = 0.52(3) meV. They ob-

tained this value using δENFriar from µp and scaling it according to Eq. (17) in their Ref. [11]. This procedure

has been done before in [2] for µd. The nucleon polarizability contribution from the TRIUMF-Hebrew group

amounts to δENinelastic = 0.28(12) meV [11, 21]. This value includes the proton & neutron subtraction terms

δp,nsubtraction taken from Ref. [58].

Summing up all nuclear and nucleon contributions, evaluated by the TRIUMF-Hebrew group [11, 21],

yields a total value of the ∆ELS
TPE of [11, 21]

∆ELS
TPE(nuclear potentials) = δEAFriar + δENFriar + δEAinelastic + δENinelastic = 15.46(39) meV. 7 (14)

Recently, Carlson et al. [22] have also calculated the TPE in µ3He+. Their result of

∆ELS
TPE(dispersion relations) = 15.14(49) meV (15)

is in agreement with the one from the TRIUMF-Hebrew group. As our choice we take the average of

Eqs. (14) and (15) and remain with

∆ELS
TPE = 15.30(52) meV. (16)

As conservative uncertainty we use the larger one (from Eq. (15)) and add in quadrature half the spread.

A weighted average of the two values (Eq. (14) and (15)) which would reduce the total uncertainty is not

adequate as certain contributions are effectively fixed by the same data [59].

7As explained in the intro, We use a different sign convention, which explains the minus sign in Refs. [11, 21].
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3.3. Total Lamb shift in µ3He+

Collecting the radius-independent (mostly) QED contributions listed in Tab. 1 and summarized in Eq. (9),

the radius-dependent contributions listed in Tab. 2 and summarized in Eq. (11), and the complete TPE

contribution ∆ELS
TPE from Eq. (16), we obtain for the 2S→ 2P energy difference in µ3He+

∆E(2S1/2 → 2P1/2) = 1644.3466( 146) meV

+ 0.1177( 33) meV − 103.5184(98) r2
h meV/fm2

+ 15.3000(5200) meV

= 1659.76(52) meV − 103.518(10) r2
h meV/fm2,

(17)

where in the last step we have rounded the values to reasonable accuracies.

One should note that the uncertainty of 0.52 meV from the nuclear structure corrections ∆ELS
TPE, Eq. (16),

is about 30 times larger than the combined uncertainty of all radius-independent terms summarized in

Tab. 1, and 13 times larger than the uncertainty in the coefficient of the r2
h-dependent term (which amounts

to 0.038 meV for rh = 1.966 fm). A further improvement of the two-photon exchange contributions in light

muonic atoms is therefore strongly desirable.

4. 2S hyperfine splitting

The 2S hyperfine splitting (HFS) in muonic helium-3 ions has been calculated by Borie [25] and Mar-

tynenko [28]. (There is also the more recent paper [27] from Martynenko et al., but it is less detailed and

reproduces all numbers from [28], with one exception to be discussed for #h27.) The values are summarized

in Tab. 3 and labeled with #hi.

We also adapted the ordering according to increasing order/complexity of the terms and grouped them

thematically as: Fermi energy with anomalous magnetic moment and relativistic corrections discussed in

Sec. 4.1, vacuum polarization and vertex corrections in Sec. 4.2, nuclear structure contributions and correc-

tions listed in Sec. 4.3, and the weak interaction contribution in Sec. 4.4.

4.1. Fermi energy with muon anomalous magnetic moment and Breit corrections

4.1.1. h1 and h4 Fermi energy and muon AMM correction

Item #h1 is the Fermi energy ∆EFermi which defines the main splitting of the 2S hyperfine levels.

Borie and the Martynenko group have both calculated the Fermi energy, however, their values disagree by

0.055 meV (see Tab. 3). For the calculation Borie uses Eq. (13) in her Ref. [25]. Martynenko uses Eq. (6)

in his Ref. [28]. The Fermi energy is calculated using fundamental constants only. Thus we repeated the

calculation for both equations, the one from Borie and the one from Martynenko which resulted to be the

same: Both equations yield the same result, as they should, which is

∆EFermi =
8(α4Z3)m3

r

3n3mµmp
µh = −171.3508 meV, (18)

where mµ is the muon mass, mp is the proton mass, mr is the reduced mass, and µh is the helion magnetic

moment to nuclear magneton ratio of µh = −2.127 625 308(25) [7]. We use the value in Eq. (18) as our choice.

This value agrees neither with Borie’s value (−171.3964 meV) nor with the one from the Martynenko group

(−171.341 meV).
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The value for the Fermi energy corrected for the muon anomalous magnetic moment (AMM) aµ is then

also updated to

∆EFermi,AMM = ∆EFermi · (1 + aµ) = −171.5506 meV (19)

with a correction of −0.1998 meV.

All further corrections from Borie given as coefficients ε, are applied to this value analogous to

∆EFermi,AMM · (1 + ε). (20)

Note, that in Tab. 3, for the contributions given by Borie, we use her coefficients but apply them to our value

of the Fermi Energy given in Eq. (19). The value for the Fermi Energy in Eq. (19) is evaluated to a precision

of 0.0001 meV. If the number of significant digits from Borie’s coefficients is too small to yield this precision

we attribute a corresponding uncertainty. For example item #h28* has the coefficient ε2γ = 0.0013; here

the coefficient is only precise up to a level of 0.00005, which we include as uncertainty. This uncertainty is

propagated upon multiplication with the Fermi energy (Eq. (19)) and then yields 0.0086 meV.

4.1.2. h2 Relativistic Breit correction

Item #h2 is the relativistic Breit correction of order (Zα)6. It is given congruently by both authors as

∆EB
F,rel = −0.0775 meV and ∆EM

F,rel = −0.078 meV, respectively. We take the number from Borie as our

choice, which is given with one more digit and attribute an uncertainty of 0.0001 meV due to the precision

in her coefficient.

4.2. Vacuum polarization and vertex corrections

4.2.1. h8 and h9: Electron vacuum polarization in a one-photon one-loop interaction (h8) and in a one-
photon two-loop interaction (h9)

The Feynman diagrams corresponding to #h8 and #h9 are analogous to those shown in Figs. 2 and 3,

respectively, and constitute the analogs to the Uehling- and Källén-Sabry contributions in the Lamb shift.

#h8 is of order α(Zα)4, #h9 is of order α2(Zα)4.

Borie calculates the main electron VP contribution (”by modification of the magnetic interaction between

muon and nucleus”), which is a one-photon one-loop interaction. It amounts to a correction εV P1 = 0.00315,

which results in an energy shift of −0.5405 meV (#h8). She also gives εV P1 = 2.511 · 10−5 for one-photon

two-loop interactions, resulting in −0.0043 meV (#h9). These terms are evaluated on p. 21 of her document

[25], using her Eq. (16).

Martynenko calculates these contributions to be −0.540 meV and −0.004 meV, respectively. These values

are found in the table in Ref. [28].

Martynenko mentions that his value for our item #h9 consists of his Eqs. (15,16). The numerical result

from Eq. (15) corresponds to two separate loops (see our Fig. 3(a)) and is given as −0.002 meV, whereas

Eq. (16) describes the two nested two-loop processes where an additional photon is exchanged within the

electron VP loop (see our Fig. 3(b,c)). One can conclude that its numerical value is also −0.002 meV.

Both authors give congruent results within their precisions, as our choice we write down the numbers by

Borie which are given with one more digit. We attribute an uncertainty to item #h8 due to the precision

in Borie’s coefficient.
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4.2.2. h5 and h7: Electron vacuum polarization in SOPT in one loop (h5) and two loops (h7)

Items #h5 and #h7 are the SOPT contributions to items #h8 and #h9, respectively.

Borie’s value for our item #h5 is given by the coefficient εV P2 = 0.00506 and her value for our item

#h7 by εV P2 = 3.928 · 10−5. This results in energy shifts of −0.8680(9) meV and −0.0067 meV, respectively

(those values are for point nuclei; the finite size correction is taken into account in our #h25 and #h26).

The uncertainty in item #h5 originates from the precision of εV P2.

The corresponding values from Martynenko are −0.869 meV (#h5) and −0.010 meV (#h7).

Due to slight differences between the two authors, as our choice we take the average of items #h5 and

#h7, respectively. The uncertainty of item #h5 is the above uncertainty and half the spread between both

authors added in quadrature.

4.2.3. h13 and h14: Vertex correction (=̂ self energy happening at the muon-photon vertex)

Item #h13 is the muon self-energy contribution of order α(Zα)5 (it is the analogue to a part of item

#20 in the Lamb shift, see Fig. 6a). It has only been calculated by Borie as

εvertex = α(Zα)

(
ln 2− 5

2

)
= −0.9622 · 10−4 · Z. (21)

Its numerical value is thus 0.0330 meV, however this includes a muon VP contribution of −0.0069 meV

(#h12, see Sec. 4.2.4). For our item #h13, we use the value from Borie as our choice. We therefore should

not include #h12, which is discussed later.

Borie also cites a higher order correction of Brodsky and Erickson [60] which results in a correction of

−0.211 · 10−4=̂ − 0.0036 meV (#h14). Very probably the sign of the energy shift is not correct because

the coefficient is negative, but the Fermi energy of helium-3 also has a negative sign, thus the energy shift

should be positive. (The analogous contributions in muonic hydrogen and deuterium are negative, which

is a further hint to a wrong sign since the helium-3 Fermi energy is negative, contrary to hydrogen and

deuterium.)

4.2.4. h12: Muon VP and muon VP SOPT

Item #h12 is the one-loop muon vacuum polarization. Borie on p. 19 (below the equation of εvertex)

of Ref. [25] gives the coefficient as 0.3994 · 10−4 · Z. In combination with the Fermi energy this yields

−0.0069 meV. Martynenko obtains a value of −0.007 meV which is congruent to Borie’s value. However,

Borie’s value of this contribution is already included in our item #h13, which has been discussed in the

previous section. Hence, we do not include it separately in ‘our choice’.

4.2.5. h18 Hadronic vacuum polarization

Item #h18 is the hadronic vacuum polarization. Borie gives this contribution as εhVP = 0.2666 ·10−4 ·Z,

which amounts to −0.0091 meV on p. 19 of her paper. This contribution is analogous to our Fig. 2, but with

a hadronic loop in the photon line. Since Martynenko does not provide a value for hadronic VP in muonic

helium-3 ions, we use Borie’s value as ‘our choice’.

4.3. Nuclear structure and finite size corrections

Analogously to Sec. 3.2, we categorize the nuclear structure contributions to the 2S HFS as one-photon

exchange (OPE) and two-photon exchange (TPE) processes, respectively. We list first the by far dominant

contribution to nuclear structure: the Zemach term, which is an elastic TPE process. The following subsec-

tions describe the known elastic TPE corrections in the 2S HFS. So far, to our knowledge there are yet no
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calculations with respect to the inelastic TPE contribution to the 2S HFS. Thus we only give a simplified

estimate with a large uncertainty. Later the section is concluded with the one-photon exchange (OPE)

corrections to nuclear structure in the 2S HFS.

4.3.1. h20 Zemach term and h23, h23b*, h28* nuclear recoil

Item #h20 is the elastic TPE and the main finite size correction to the 2S HFS. This correction arises

due to the extension of the magnetization density (Bohr-Weisskopf effect) and is also called the Zemach

term [61]. The Zemach term is usually parameterized as [62]

∆EHFS
Zemach = −∆EFermi,AMM 2(Zα)mr rZ (22)

with mr being the reduced mass and rZ the Zemach radius of the nucleus [55]

rZ = − 4

π

∫ ∞

0

[GE(q)GM (q)− 1]
dq

q2
. (23)

Here, GE(q) and GM (q) are the electric and magnetic form factors of the nucleus, respectively.

The corresponding coefficient to the Fermi energy in Eq. (22) is given by Borie on p. 23 of [25] as εZem =

−2(Zα)mr rZ = −0.01506 fm−1 rZ . With our Fermi energy from Eq. (19), item #h20 is

∆EHFS
Zemach = 2.5836 rZ meV/fm = 6.5312(413) meV, (24)

where, in the second step, we inserted the most recent Zemach radius from Sick [55] (rZ = 2.528(16) fm).

Note that Borie’s published value of ∆EHFS
Zemach differs from the one given here, because she uses a different

Zemach radius of rZ = 2.562 fm, assuming a Gaussian charge distribution.

Martynenko, in his Ref. [28], gives a value of ∆EHFS
str = 6.047 meV. This value contains a recoil contri-

bution and is thus not directly comparable with our item #h20. However, this value has been updated [53]

and is now available as two separate values of ∆EHFS
str = 6.4435 meV = (6.4085 + 0.0350recoil) meV. The

first can be compared to Eq. (24). The second is the recoil correction and listed in our table as item #h23.

Martynenko notes [28] that changing from a Gaussian to a dipole parameterization results in a change of

the final number of 2%.

Regarding our item #h20, we do not consider the respective value from Martynenko because it is model-

dependent and therefore carries a large uncertainty. This uncertainty can be avoided using the model-

independent Zemach radius from Sick and the coefficient given by Borie as stated above.

A new contribution which hasn’t been calculated for µp and µd is our item #h23b*. It is an additional

recoil contribution which amounts to 0.038 meV. It has only been calculated by Martynenko and we adopt

his value as our choice. In order to account for the precision given by Martynenko, we write 0.0380(5) meV.

Another contribution which has not been calculated for µp and µd is item #h28*. It is a two-photon

recoil correction, calculated by Borie in 1980 [63], who followed the procedure of Grotch and Yennie [64]. This

contribution is not listed in Borie’s recent Ref. [25], but should be included [65]. It is given by ε2γ = 0.0013

and therefore results in -0.2230(86) meV, using our Fermi energy from Eq. (19). The attributed uncertainty

originates from the number of significant digits in ε2γ (the value of the coefficient is considered to be accurate

only to ±0.00005). Regarding the contributions given by Martynenko, no overlap is found, which is why we

list this item separately.
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4.3.2. h24 electron VP contribution to two-photon exchange

Item #h24, the electron VP contribution to the 2S HFS elastic two-photon exchange in muonic helium-3

ions is only calculated by Martynenko [28]. The corresponding Feynman diagrams are shown in Fig. 4 of his

helium 2S HFS paper [28]. These are analogous to our Fig. 14, but with a VP loop in one of the exchange

photons. A numerical value of the contribution is given in his Eq. (38) of 0.095 meV and thus enters our

choice, where we write 0.0950(5) meV and therefore account for the precision given by Martynenko.

4.3.3. h15, h16, h17 radiative corrections to the elastic two-photon exchange

(a)

µ

h

(b)

µ

h

(c)

µ

h

Figure 15: (a) Item #h15, µSE contribution to the elastic two-photon exchange; (b) item #h16 the vertex correction to the
elastic two-photon exchange, which results in two terms (the vertex correction can take place either at one or the other photon);
and (c) item #h17, spanning photon contribution to the elastic two-photon exchange, also referred to as jellyfish diagram.

Items #h15, #h16, and #h17 are radiative corrections to the elastic two-photon exchange in the 2S

hyperfine structure and represented in Fig. 15. They are partially given in Martynenko’s Ref. [28], but have

been updated [66] and result to be −0.0101 meV (#h15), 0.0333 meV (#h16), and 0.0074 meV (#h17).

These numbers include recoil corrections and are based on Eqs.(24)-(27) from the Martynenko group [29]

and use a dipole parameterization of the helion form factor, as well as rhelion=1.966 fm. For the moment,

we will adapt these preliminary numbers including recoil considerations into our choice.

4.3.4. h22 inelastic two-photon exchange in the hyperfine structure

In contrast to the Lamb shift, no calculations are available for the inelastic two-photon exchange (po-

larizability contribution) in the 2S HFS. We give an estimate of this value by calculating the ratio between

the polarizability contribution and the Zemach term in the 1S ground state of (electronic) 3He+ and assume

the ratio to be similar for the 2S state in µ3He+.

The 1S Zemach term for electronic 3He+ is found by using Eq. (22), but with the muon mass replaced by

the electron mass and n = 1. Using the Zemach radius rZ from Friar and Payne [67] a value of 1717 kHz is

obtained. In order to obtain the total sum (polarizability + Zemach) of 1442 kHz [67], a polarizability term

of order −300 kHz is missing. The ratio is then roughly −1/6. The Zemach term for muonic helium-3 ions

(our item h20), obtained above, yields ∆EZem ≈ 6.5 meV. The estimate for the polarizability contribution

consequently follows with ∆EHFS
pol. ≈ −1.0± 1.0 meV, which includes a conservative 100% uncertainty.

4.3.5. h25 and h26 finite size correction to electron VP

Borie gives the electron VP contributions #h8 and #h5 (eVP processes in OPE, see Sec. 4.2) which

are based on a point nucleus. Additionally, she provides modified contributions which include the finite

size effect on electron VP. These are ε′V P1 = 0.00295 and ε′V P2 = 0.00486, respectively. The difference

between those values and #h8 and #h5 constitute finite size corrections. Multiplied with the Fermi energy
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(including the AMM), these yield 0.0343(9) meV each and we attribute them to #h25 and #h26, analogous

to the previous CREMA summaries. The uncertainty originates from the precision in Borie’s coefficients.

Note that these are OPE processes.

4.3.6. h27 and h27b nuclear structure correction in leading order and SOPT

This correction is only given by Martynenko. The two terms are found in Fig. 5(a) and (b) of Ref. [28],

for leading and second order, respectively. This correction is also an OPE process. Care has to be taken

here because this contribution is given as 0.272 meV in [28], but as 0.245 meV in a 2010 follow up paper [27]

(however, this is the only term that changed between [28] and [27]). As compared to muonic deuterium,

Martynenko only gives the sum (h27+h27b) and not the single contributions. In [28] the formulas he uses

to calculate h27 and h27b are explicitly given as

∆EHFS
1γ,str = −4

3
(Zα)2m2

rr
2
M · EFermi ·

1− n2

4n2
(25)

∆EHFS
str,SOPT(2S) =

4

3
(Zα)2m2

1r
2
E · EFermi(2S) · (ln(Zα)− ln 2), (26)

where mr is the reduced mass of the muon, m1 is the muon mass, and rE and rM are the charge and

magnetic radii, respectively. Martynenko states to use rE ≈ rM = 1.844 ± 0.045 fm which is known to be

outdated.

However, inserting Martynenko’s Fermi energy, the radius he used, and fundamental constants into

Eqs. (25) and (26) yields a sum of 0.2251±0.0001 meV which is neither congruent with [28] nor [27].

Using Sick’s 2014 values [55] for the charge and magnetic radii yields 0.2577±0.0001 meV.

In the course of some private communications with Martynenko, he provided us his most current value

of 0.2421 meV for the sum of h27+h27b, and we use this preliminarily as our choice.

4.4. h19 weak interaction

The contribution of the weak interaction to the 2S HFS of helium-3 is only given by Borie. She cites

Eides [68] and provides εweak = 1.5 · 10−5=̂− 0.0026 meV, which we adopt as our choice.

4.5. Total 2S HFS contribution

In total, the 2S HFS contributions are given by

∆EHFS(2SF=1
1/2 − 2SF=0

1/2 ) = − 172.7457(89) meV + 2.5836 meV/fm rZ + ∆EHFS
pol.

= − 166.2145(423) − 1.0(1.0) meV

= − 167.2(1.0) meV.

(27)

Here, in the first line, we separated out the Zemach contribution and the estimate of the polarizability

contribution. In the second line, the Zemach radius rZ = 2.528(16) fm [55] is inserted and the estimated

value of ∆EHFS
pol. is shown. The polarizability is the dominant source of uncertainty in the hyperfine structure

and prevents a precise determination of the helion Zemach radius from the measured transitions in the

muonic helium-3 ion [69]. A calculation of the polarizability contribution is therefore highly desirable. Until

then a precise measurement of the 1S or 2S HFS in muonic helium-3 ions can be used to experimentally

determine a value of the polarizability contribution ∆EHFS
pol. . In essence, the measurement of the 2S HFS

by the CREMA collaboration can be used to give the total TPE contribution to the HFS, ∆EHFS
TPE =

2.5836 meV/fm rZ + ∆EHFS
pol. with an expected uncertainty of 0.1 meV.
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Table 3: All contributions to the 2S hyperfine splitting (HFS). The item numbers hi in the first column follow the entries in Tab. 3 of Ref. [1]. However, the terms are now sorted
by increasing complexity, analogous to their order in the text. For Martynenko, numbers #1 to #13 refer to rows in Tab. I of his Ref. [28], whereas numbers in parentheses refer to
equations therein. Borie [25] gives the values as coefficients ε to be multiplied with the sum of (h1+h4) of ’our choice’ values. We list the resulting values in meV. AMM: anomalous
magnetic moment, PT: perturbation theory, VP: vacuum polarization, SOPT: second order perturbation theory, TOPT: third order perturbation theory. All values are in meV. Values
in brackets do not contribute to the total sum.

Contribution Borie (B) Martynenko group (M) Our choice

Borie [25] Martynenko [28] value source

h1 Fermi splitting, (Zα)4 (−171.3964) p. 19 −171.341 #1, (6) −171.3508 a

h4 µAMM corr., α(Zα)4 (−0.1999) −0.200 #2, (7) −0.1998

sum (h1+h4) −171.5963 p. 19 (−171.541)

h2 Breit corr., (Zα)6 −0.0775 ± 0.0001 p. 19 −0.078 #3, (8) −0.0775 ± 0.0001 B

h8 One-loop eVP in OPE, α(Zα)4 (εVP1) −0.5404 ± 0.0009 p. 21 −0.540 #4, (12) −0.5404 ± 0.0009 B

h9 Two-loop eVP in OPE, α2(Zα)4 (εVP1) −0.0043 p. 21 −0.004 #5, (15,16) −0.0043 B

h5 One-loop eVP in OPE, SOPT, α(Zα)4 (εVP2) −0.8680 ± 0.0009 p. 21 −0.869 #7, (24) −0.8685 ± 0.0010 avg.

h7 Two-loop eVP in OPE, SOPT, α2(Zα)4 (εVP2) −0.0067 p. 21 −0.010 #8, (29,30) −0.0084 ± 0.0017 avg.

h13 Vertex, α(Zα)5 0.0330 p. 19 0.0330 B

h14 Higher order corr. of (h13), part with ln(α) 0.0036 b p. 19 0.0036 B

h12 one-loop µVP in 1γ int., α6 (−0.0069) incl. in h13 p. 19 & p. 21 −0.007 #6, (12) incl. in h13 B

h18 Hadronic VP, α6 −0.0091 p. 19 −0.0091 B

h20 Fin. size (Zemach) corr. to ∆EFermi, (Zα)5 6.5312 c (=2.5836 rZ/fm ) p. 23 6.4085 (± 0.1) d priv.comm. 2.5836 rZ/fm B

h23 Recoil of order (Zα)(m1/m2)ln(m1/m2)EF 0.0350 priv.comm. 0.0350 M

h23b* Recoil of order (Zα)2(m1/m2)EF 0.038 #13, (48) 0.0380 ± 0.0005 M

h28* Two-photon recoil −0.2230 ±0.0086 [63] −0.2230 ± 0.0086 B

h24 eVP in two-photon-exchange, α6 0.095 #10, (38) 0.0950 ± 0.0005 M

h15 muon self energy contribution in TPE, w/recoil −0.0101 priv.comm. −0.0101 M

h16 vertex correction contribution in TPE, w/recoil 0.0333 priv.comm. 0.0333 M

h17 jelly fish correction contribution in TPE, w/recoil 0.0074 priv.comm. 0.0074 M

h22a Helion polarizability, (Zα)5

h22b Helion internal polarizability, (Zα)5

sum (h22a+h22b) (−1.0 ± 1.0) e

h25 eVP corr. to fin. size in OPE (sim. to εVP2) 0.0343 ± 0.0009 p. 21 0.0343 f± 0.0009 B

h26 eVP corr. to fin. size in OPE (sim. to εVP1) 0.0343 ± 0.0009 p. 21 0.0343 ± 0.0009 B

h27+h27b Nucl. struct. corr. in SOPT, α(Zα)5 0.2421 priv.comm. 0.2421 M

h19 Weak interact. contr. −0.0026 ± 0.0001 p. 21 −0.0026 ± 0.0001 B

Sum −166.6988 g −165.1998 h −172.7457 ± 0.0089

2.5836 rZ/fm

−1.0 ± 1.0

acalculated in this work and given in Eq. (18).
bThe sign from Borie is wrong and has been corrected here, see Sec. 4.2.3.
cCalculated by combining Borie’s coefficient with Sick’s rZ .
dThis uncertainty reflects the change in this contribution when moving from dipole parameterization to a Gaussian one.
eIs a preliminary estimate, see text. It is therefore listed separately in the sum below.
fDifference of two terms in Borie [25], see also Sec. 4.3.5.
gBorie’s sum given in this table differs from her published one of -166.3745 meV [25]. This is because we used an updated value of the Fermi energy (see Sec. 4.1.1), a different

value for the Zemach radius rZ (see Sec. 4.3.1), and included item #h28* which has not been considered in Ref. [25].
hMartynenko’s sum given in this table is different from the (superseded) published one of -166.615 meV [28] because several terms have been changed and added upon private

communication.
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Table 4: Contributions to the 2P fine structure. Items # with an asterisk * denote new contributions in this compilation. The items #f7a, #f7d, and #f7e originate from
the same graphs as the Lamb shift items #11, #12, and #30, respectively. VP: vacuum polarization, AMM: anomalous magnetic moment, KS: Källén-Sabry. All values are
in meV.

# Contribution Borie (B) Martynenko group (M) Karshenboim group (K) Our choice

Borie [25] Tab. 7 Elekina et al. [30] Tab. 1 Karshenboim et al. [34]

Korzinin et al. [33]

f1 Dirac 144.4157

f2 Recoil −0.1898

f3 Contrib. of order (Zα)4 144.18648 l. 1

f4a Contrib. of order (Zα)6 0.01994 l. 3

f4b Contrib. of order (Zα)6m2/M −0.00060 l. 4

sum (f1+f2) or (f3+f4) 144.2259 144.20582 144.2159 ± 0.0100 avg.

f5a eVP corr. (Uehling), α(Zα)4 0.12925 l. 5

f5b eVP corr. SOPT, α(Zα)4 0.14056 l. 7

f13* eVP corr. SOPT, α2(Zα)4 0.00028 l. 9

sum f5+f13* 0.2696 0.27009 0.26920 [34] Tab.IV 0.2696 ± 0.0004 avg.

f6a two-loop eVP corr. (KS), α2(Zα)4 0.00098 l. 10+11 0.0010 M

f6b two-loop eVP in SOPT, α2(Zα)4 0.0021 0.00234 l. 12+13 0.00242 [33] Tab.IX “eVP2” 0.0024 K

f7a α2(Zα)4m, like #11 0.000606 [33] Tab.IX (a) 0.0006 K

f7d α2(Zα)4m, like #12 0.00164 [33] Tab.IX (d) 0.0016 K

f7e α2(Zα)4m, like #30∗ 0.000019(2) [33] Tab.IX (e) 0.0000 K

f11* α(Zα)6 −0.00055 l. 8 −0.0006 M

f12* one-loop µVP, α(Zα)4 0.00001 l. 6 0.0000 M

f8 AMM (second order) 0.3232

f9 AMM (higher orders) 0.0012

sum Total AMM (f8+f9) 0.3244 0.32446 l. 2 0.3244 avg.

f10 Finite size, (Zα)6 a −0.0158 −0.0158 ± 0.0002 B

Sum 144.8062 144.80315 144.7993 ± 0.0101

aThis is item #r8, evaluated for a helion radius of 1.966(10) fm [25], see text. The uncertainty is propagated from the charge radius, but is negligible.
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5. 2P levels

5.1. 2P fine structure

Fine structure (FS) contributions have been calculated by Borie [25] (Tab. 7), the Martynenko group [30]

(Tab. 1), and the Karshenboim group [34] (Tab. 4) and [33] (Tab. 9). All of these contributions are listed in

Tab. 4 and labeled with #fi.

The leading fine structure contribution of order (Zα)4 has been calculated by Borie using the Dirac

wavefunctions (same as in Lamb shift). Her result (our item #f1) has to be corrected by a recoil term (item

#f2) in order to be compared with the result from Martynenko et al. They use a nonrelativistic approach (our

item #f3) and then add relativistic corrections (our item #f4a+b). Their total results differ by 0.02 meV.

We take the average as our choice and remain with an uncertainty of 0.01 meV. This is by far the dominant

uncertainty in the 2P fine structure.

Item #f5a and #f5b are the one-loop eVP of order α(Zα)4 in leading order and SOPT. Item #f13*

is the one-loop eVP contribution of order α2(Zα)4 in SOPT. All three items are given individually by the

Martynenko group [30] in lines 5, 7, and 9 of their Tab. 1. In Tab. 7 of [25], Borie’s term “Uehling(VP)”

presumably contains all these three items. Karshenboim et al. [34] (Tab. 4) also calculate the sum of these

items. All agree within 0.0009 meV and we take the average as our choice which coincides with Borie’s

value.

Item #f6a and #f6b are the two-loop eVP (Källén-Sabry) contribution of order α2(Zα)4 in leading

order and SOPT. These terms have been calculated by Martynenko et al. [30] (Tab. 1, line 10+11 and

12+13, respectively). Borie [25] and the Karshenboim group [33] (Tab. IX) only calculated our item #f6b.

We therefore adopt the value provided by the Martynenko group for item #f6a and the Karshenboim group’s

value of #f6b as they included some higher order terms as well.

Items #f7a, #f7d, and #f7e are of order α2(Zα)4 and have been calculated with high accuracy by the

Karshenboim group [33] (Tab. IX). They correspond to the same Feynman diagrams as the Lamb shift items

#11, #12, and #30, shown in Figs. 7, 8, and 9, respectively. We adopt the values from the Karshenboim

group as our choice.

Item #f11* is a contribution of order α(Zα)6 which has been calculated by Martynenko et al. [30] (Tab. 1,

line 8). Item #f12* is the one-loop µVP of order α(Zα)4 which has been calculated by the Martynenko

group as well [30] (Tab. 1, line 6). We adopt both of these values as our choice.

The sum of items #f8 and #f9 is the muon anomalous magnetic moment (AMM) contribution of order

(Zα)4. These items are labeled by Borie [25] as “second order” and “higher orders”, respectively. Marty-

nenko et al. [30] (Tab. 1, line 2) provide the sum of these. Both groups agree very well. As our choice we

adopt the average.

Item #f10 is the finite size correction to the 2P1/2 level of order (Zα)6 which has only been calculated

by Borie [25]. It is the same correction which appears in the radius dependent part of the Lamb shift as

#r8, with opposite sign and evaluated with a helion charge radius of 1.966(10) fm [25]. We adopt Borie’s

value as our choice and add the uncertainty which we obtain from the given charge radius.

The total sum of the FS contributions is summarized in Tab. 4 and amounts to

∆EFS = 144.7993 meV ± 0.0101 meV. (28)

It will enter the calculation of the 2P hyperfine structure in the following section. Note, that the uncertainty

originates only from differences in the treatment of Dirac term (sum of items #f1 to #f4).
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5.2. 2P hyperfine structure

The 2P hyperfine splitting is described by the Breit Hamiltonian. Off-diagonal terms appear in the

matrix representation of this Hamiltonian in the basis of 2PF=1
1/2 , 2PF=0

1/2 , 2PF=2
3/2 , and 2PF=1

3/2 . These terms

lead to a mixing of energy levels with same quantum number F (see Fig. 1). This has first been calculated by

Brodsky and Parsons [23] for hydrogen and later has also been evaluated for muonic hydrogen by Pachucki

[37]. In previous publications [1, 2], we also discussed the mixing of hyperfine states.

The traditional way [23, 37] is to calculate the FS (without perturbations from the HFS F state mixing)

and then include the so obtained FS in the evaluation of the Breit matrix. The centroids of the diagonal

elements are now the virtual levels 2P1/2 and 2P3/2. Afterwards the mixing is included (via diagonalization)

which means that the actual centroid is not at the position of the virtual levels anymore.

The 2P hyperfine structure has been calculated by Borie [25] (Tab. 9) and Martynenko et al. [30] (Tab. 2).

We also calculated the splittings following Pachucki [37], who did the evaluation for µp. The values which

are listed in our Tab. 5 are not the published values, but the values which result when including our FS

value from Sec. 5.1.

Borie in her Tab. 9 lists the energies of the four 2P hyperfine levels relative to the 2P1/2 fine structure

state where she already included the F state mixing. We reproduced her results using the Eqs. given in her

Tab. 9 and then inserted our ∆EFS from our Eq. (28). The result is listed in the second column of Tab. 5.

Borie mentions, she used the shielded helion magnetic moment, whereas the (unshielded) magnetic moment

should be used. The change, however, appears only on the seventh digit and is therefore negligible.

In their Tab. 2, Martynenko et al.provide the total splittings of the hyperfine structure levels, and at the

end of their Sec. 3, they list the term ∆ = 0.173 meV originating from the mentioned F state mixing. In

order to include this term, the numbers in their Tab. 2 first have to be divided according to the weight given

by the number of mF states. ∆ has then to be added to the two F = 1 states. Furthermore, for the 2P3/2

states, we add our ∆EFS . The result is listed in the third column of our Tab. 5.

Additionally, following Pachucki [37], we repeat his calculations in µp for µ3He+. The off-diagonal

elements are given by Eq. (85) of [37]

〈 2PF=1
1/2 |V | 2PF=1

3/2 〉 =
1

3
(Zα)4 m3

r

mµmh
(1 + κ)

(
1 +

mµ

mh

1 + 2κ

1 + κ

)(
−
√

2

48

)
, (29)

where we included the correct Z scaling. mr is the reduced mass of the muonic helium-3 ion, mµ (mh) is the

mass of the muon (helion), and κ = −4.18415 8 is the helion anomalous magnetic moment. The diagonal

terms are given by Eq. (86) therein

EHFS(2P1/2) =
1

3
(Zα)4 m3

r

mµmh
(1 + κ)

(
1

3
+
aµ
6

+
1

12

mµ

mh

1 + 2κ

1 + κ

)
(30)

EHFS(2P3/2) =
1

3
(Zα)4 m3

r

mµmh
(1 + κ)

(
2

15
− aµ

30
+

1

12

mµ

mh

1 + 2κ

1 + κ

)
(31)

with the anomalous magnetic moment of the muon aµ = 1.165 920 89(63)× 10−3 [7].

Furthermore, Pachucki adds corrections due to vacuum polarization in his Eq. (89) and (90). With

8The helion anomalous magnetic moment is obtained using the respective equation on p. 17 of Borie’s Ref. [25], where this
magnitude is denoted as κ2.
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Table 5: 2P levels from fine- and hyperfine splitting. All values are in meV relative to the 2P1/2 level. The columns
labeled with Borie and Martynenko include their HFS calculations, but our value of the fine structure (2P3/2−2P1/2 energy
splitting) ∆EFS = 144.7993(101) meV from Eq. (28). The column ’following [37]’ is calculated in this work following the
treatment of Pachucki for µ3He+, also including our value of the fine structure. Uncertainties arise from differences between
the published values and from the uncertainty in the fine structure value ∆EFS .

Borie [25] Martynenko [30] following [37] Our choice

2PF=1
1/2 −14.7877 −14.8080 −14.7990 −14.7979(102)

2PF=0
1/2 43.8458 43.9049 43.8797 43.8754(296)

2PF=2
3/2 135.7580 135.7552 135.7527 135.7554(27)(101)FS

2PF=1
3/2 160.0410 160.0459 160.0494 160.0452(42)(101)FS

correct Z scaling these are

δEHFS(2P1/2) =
1

3
(Zα)4 m3

r

mµmh
(1 + κ) · 0.00022 (32)

δEHFS(2P3/2) =
1

3
(Zα)4 m3

r

mµmh
(1 + κ) · 0.00008. (33)

They have to be added to Eqs. (30) and (31), respectively. Diagonalizing the matrix given in Eq. (91) of

Ref. [37] with entries determined by the above equations yields the values given as our choice in Tab. 5.

The diagonalization yields an F mixing of ∆ = 0.1724 meV. In the same manner as for the sections above,

our choice in Tab. 5 takes into account the spread of values from the different authors and additionally

the uncertainty of our value of the fine structure which we obtained in Sec. 5.1. It is astonishing that the

splitting of the 2P1/2 states differs by as much as 0.04 meV between Borie and Martynenko. These states

do not overlap with the nucleus, so it should be possible to determine them to much better precision. A

precise calculation of these splittings is therefore highly welcome.

6. Summary

We have compiled all available contributions necessary to extract a charge radius of the helion from the

Lamb shift measurement in muonic helium-3 ions, performed by the CREMA collaboration.

The nuclear structure-independent contributions of the Lamb shift, given in Tab. 1, show good agreement

within the four (groups of) authors. The uncertainty is dominated by the hadronic VP (#14) and higher

order radiative recoil corrections (#24). The total uncertainty in Tab. 1, however, is in the order of 0.01 meV

and therefore sufficiently good (see also Eq. 5).

The nuclear structure-dependent part of the Lamb shift completely dominates the theoretical uncertain-

ties. The one-photon exchange (finite size) contributions, where the coefficients are given in Tab. 2, have an

uncertainty which corresponds to 0.04 meV, which already is above the “ideal” precision, mentioned in the

introduction. This uncertainty is dominated by a disagreement in the terms #r4 and #r6. The much larger

uncertainty, however, stems from the two-photon exchange contributions (TPE), given in Eq. (16). Recently,

two groups have published new calculations on the TPE with a precision of about 3% which corresponds to

roughly 0.5 meV. Improving this uncertainty could directly improve the extraction of the charge radius.

The uncertainty in the 2S HFS is completely dominated by the TPE contribution, where no calculation

exists. We have given a very rough estimate. The upcoming results of the CREMA experiment will be able
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to extract a value for the TPE experimentally. The second largest uncertainty in the 2S HFS originates

from the Zemach radius term (Bohr-Weisskopf effect).

For the 2P levels, we collect all fine structure terms from the various authors which are then used to

calculate the hyperfine structure by means of the Breit matrix. The results are compared with two other

groups. Here, the largest uncertainty originates from the leading order contributions (#f1 to #f4) in the

fine structure (which is still sufficiently good) and from differing published values of the 2P3/2 splitting. A

clarification of this difference would be very welcome.
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1. Introduction

Laser spectroscopy of 2S → 2P Lamb shift transitions inmuonic atoms and ions promises a tenfold
improvement in our knowledge of charge and magnetic radii of the lightest nuclei (Z = 1, 2 and
higher). Our recent measurement [1,2] of the 2S Lamb shift and the 2S hyperfine splitting (HFS)
in muonic hydrogen, µp, in combination with accurate theoretical calculations by many authors,
summarized in Ref. [3], has revealed a proton root-mean-square (rms) charge radius of

rp = 0.84087 (26)exp(29)theo fm = 0.84087 (39) fm. (1)

This is an order of magnitudemore accurate than the value of rp = 0.8775(51) fm evaluated in the
CODATA least-squares adjustment [4] of elastic electron–proton scattering [5,6] and many precision
measurements in electronic hydrogen [7].

Most strikingly, however, the two values differ by 7 combined standard deviations (7σ ). Despite
numerous attempts in recent years to explain this ‘‘proton radius puzzle’’, it remains a mystery [8,9].
Taken at face value, this 7σ discrepancy constitutes one of the biggest discrepancies in the Standard
Model. Further data are clearly required to shed light on this puzzle.

Muonic deuterium,µd, has beenmeasured in the samebeam time asµp [1,2], and the data are now
nearing publication [10]. We anticipate here that the experimental accuracy of the various 2S − 2P
transitions is of the order of 1GHz, or, equivalently, ∼0.004 meV.1 Ideally, theory should be accurate
on the level of 0.001meV to exploit the experimental precision, and to determine the deuteron charge
radius, rd, with tenfold better accuracy, compared to the CODATA value [4]

rd (CODATA) = 2.1424(21) fm. (2)

The CODATA value originates from a least-squares adjustment of a huge amount of input values, such
as the deuteron charge radius from elastic electron scattering [11,12]

rd (e − d scatt.) = 2.130(10) fm, (3)

but also the proton radius from electron scattering [5,6]. These radii are connected because the
CODATA adjustment includes many transition frequencies in hydrogen (H) and deuterium (D) [7,4].
In particular, the squared deuteron–proton charge radius difference,

r2d − r2p = 3.82007 (65) fm2 (4)

1 1 meV = 241.799 GHz.



170 J.J. Krauth et al. / Annals of Physics 366 (2016) 168–196

is known with high precision from laser spectroscopy of the isotope shift of the 1S − 2S transition
in electronic hydrogen and deuterium [13], and state-of-the-art theory [14]. Using Eq. (4) and the
muonic hydrogen proton radius given in Eq. (1) we determined a value of [2]

rd (muonic rp) = 2.12771 (22) fm. (5)

Note that the discrepancy of the deuteron charge radii given in Eqs. (2) and (5) is not a new
discrepancy, but rather a result of the proton radius discrepancy: Both values of the deuteron radius
depend on the isotope shift in Eq. (4). Hence, discrepant values of the proton radius will result in
discrepant values of the deuteron radius.

The upcomingµddata [10], on the other hand,will provide a ‘‘muonic’’ value of the deuteron radius
that is independent of the proton charge radius. As such, it will shed new light on the proton radius
puzzle.

We anticipate here that the theory of the Lamb shift in muonic deuterium is limiting the accuracy
of the deuteron charge radius from µd, mainly due to the uncertainty of the deuteron polarizability
contribution of 0.020 meV which corresponds to a relative uncertainty of 1%. Nevertheless, the
deuteron charge radius from µd [10] will have a nearly three times smaller uncertainty than the
current CODATA value (Eq. (2)).

To put this uncertainty of 0.020 meV into another perspective: The ‘‘proton radius puzzle’’ in
muonic hydrogen, when expressed as a ‘‘missing part’’ in the theory of muonic hydrogen, amounts
to 0.329(47) meV.

This article is organized as follows: We first summarize the current knowledge of the muonic
deuterium Lamb shift theory (Section 3) which is required to determine the deuteron rms charge
radius rd from the µd measurement [10]. We separate the Lamb shift theory into ‘‘radius-
independent’’ terms that do not depend on the nuclear structure (Section 3.1), terms that depend
explicitly on the rms charge radius (Section 3.2), and the deuteron polarizability contribution that
constitutes the main theoretical limitation (Section 3.3). In Section 4, we list all contributions to the
2S hyperfine splitting (HFS) in µd. The 2S HFS depends on the magnetic properties of the deuteron
through the Zemach radius. Other nuclear structure contributions matter, too, so we separate again
terms: Section 4.2 lists the terms that do not depend strongly on the deuteron structure, Section 4.3
is devoted to the Zemach correction, Section 4.4 is concerned with the deuteron polarizability
contribution which has recently been calculated for the first time [15]. This term constitutes the
main uncertainty for the 2S HFS prediction. Additional contributions to the 2S HFS are mentioned
in Section 4.5. The 2P fine structure is summarized in Section 5, and the 2P fine- and hyperfine level
structure, including level mixing, is given in Section 6.

The sign convention in this article is such that the final, measured energy difference (Lamb shift,
2S-HFS, fine structure) is always positive. For the fine and hyperfine splittings this convention is the
natural choice adopted by all other authors, too. For the Lamb shift, however, some authors calculate
2S level shifts and their published values have the opposite sign. This is because the 2S level is lower
(more bound) than the 2P level (due to the dominant vacuum-polarization term item #1 in Table 1),
see Fig. 1, and positive level shifts decrease the measured 2P − 2S energy difference. The numbers we
quote are all matched to our sign convention.

Item numbers # in the first column of Tables 1 and 4 follow the nomenclature in Ref. [3]. In the
tables, we usually identify the ‘‘source’’ of all values entering ‘‘our choice’’ by the first name of the
(group of) authors given in adjacent columns (e.g. ‘‘B’’ for Borie). We denote as average ‘‘avg.’’ in the
tables the center of the band covered by all values vi under consideration, with an uncertainty of half
the spread, i.e.

avg. =
1
2


MAX(vi) + MIN(vi)


±

1
2


MAX(vi) − MIN(vi)


. (6)

Throughout the paper, Z denotes the nuclear charge with Z = 1 for the deuteron, α is the fine
structure constant, mr is the reduced mass of the muon–deuteron system. ‘‘VP’’ is short for ‘‘vacuum
polarization’’, ‘‘SE’’ is ‘‘self-energy’’, ‘‘RC’’ is ‘‘recoil correction’’. ‘‘Perturbation theory’’ is abbreviated
as ‘‘PT’’, and SOPT and TOPT denote 2nd and 3rd order PT, respectively.
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Table 1
All known radius-independent contributions to the Lamb shift in µd. Values are in meV. Item numbers ‘‘#’’ in the 1st column
follow the nomenclature of Ref. [3], which in turn followed the Supplement of Ref. [1]. Items ‘‘# ‘‘with a dagger Ď were labeled
‘‘New’’ in Ref. [3], but we introduce numbers here for definiteness. Items # with an asterisk ∗ denote new contributions in this
compilation. For Borie [22] we refer to themost recent arXiv version-7 (dated 21 Aug. 2014) which contains several corrections
to the published paper [21] (available online 6 Dec. 2011). For Martynenko, numbers #1–#31 refer to rows in Tab. I of Ref. [23].
The values in their more recent paper [24] agree exactly with the earlier values [23]. Numbers in parentheses refer to equations
in the respective paper.

2. Overview

The n = 2 levels in muonic deuterium are sketched in Fig. 1. The Lamb shift, i.e. the splitting
between the 2S and the 2P1/2 state, is sensitive to the rms charge radius of the deuteron, as detailed
in Section 3. In contrast, 2S hyperfine splitting (HFS) is caused by the magnetic interaction between
the muon spin and the magnetic moment of the deuteron. The finite deuteron size results in a finite
magnetizationdistribution inside the deuteron, andmakes the 2SHFSdependon the so-called Zemach
radius of the deuteron, as explained in Section 4.

The first calculation of the Lamb shift in muonic deuteriumwas published by Carboni [16] in 1973.
More elaborate calculations of QED effects in muonic atoms were introduced with the seminal paper
by Borie and Rinker [17] in 1982.

Later, Pachucki [18] and Borie [19] presented very detailed calculations of many terms for muonic
hydrogen. Borie then extended her µp calculations [19] to the case of muonic deuterium [20]. After
our measurements in muonic hydrogen [1,2] and deuterium, Borie revisited the theory of the n = 2
energy levels in light muonic atoms (µp, µd, µ3He, and µ4He) in Ref. [21]. The published paper [21]
(available online 6Dec. 2011) has subsequently been supersededby the arXiv version of the paper [22].
At the time of this writing, Borie’s paper on the arXiv has reached version 7 (dated 21 Aug. 2014). This
is the first source of knowledge on µd summarized in here.

The second source is the group around Faustov, Krutov, Martynenko et al., termed ‘‘Martynenko’’
in here for simplicity. They have published an impressive set of papers on theory of energy levels in
light muonic atoms. At the time of this writing, the 2011 paper [23] was the most recent one on the
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Fig. 1. The 2S and 2P energy levels in muonic deuterium. The inset on the right displays the shifts ∆1/2 and ∆3/2 of the
2P(F = 1/2) and 2P(F = 3/2) levels due to the mixing of the F = 1/2 and F = 3/2 states, respectively, as described in
Section 6. The figure is not to scale.

Fig. 2. Item #1, the leading order 1-loop electron vacuum polarization (eVP), also called Uehling term.

Lamb shift in µd, and we based our summary on this paper. Later, Ref. [24] from the Martynenko
group appeared, with only minor differences in the results compared to Ref. [23]. For simplicity, we
still base our compilation of Lamb shift contributions on the earlier, more detailed, paper [23]. In
particular, equation numbers and table entries refer to Ref. [23], unless otherwise noted. For the 2S
HFS, Ref. [15] is the main source of numbers from the Martynenko group.

After the advent of the proton radius puzzle from muonic hydrogen, many groups have revisited
and improved the theory on muonic hydrogen in an (unsuccessful) attempt to identify wrong or
missing theory terms large enough to solve the puzzle (see our compilation [3] for a detailed
overview). Thankfully, two groups have (re-)calculated many terms not only for the case of muonic
hydrogen, but also formuonic deuterium (andµ3He andµ4He): Jentschura, and Karshenboim’s group
with Ivanov, Korzinin, and Shelyuto, have published many papers on muonic deuterium which are
included in the present compilation.

3. Lamb shift in muonic deuterium

3.1. QED contributions

One-loop electron vacuum polarization (eVP) (Fig. 2), the so-called Uehling term [25], accounts for
99.5 % of the nuclear-structure-independent part of the Lamb shift in µd. It is therefore mandatory to
double-check this term as thoroughly as possible.

Borie has argued [17,20–22] that the Uehling term should ideally not be treated perturbatively.
Instead, the Dirac equation should be solved numerically after adding the Uehling potential to the
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Fig. 3. Item #4, the two-loop eVP (Källén–Sabry) contribution.

Fig. 4. Item #5, the one-loop eVP in 2-Coulomb lines.

electrostatic Coulomb potential. For light muonic atoms such as muonic deuterium, however, both
approaches should give accurate results [22]. This has been demonstrated formuonic hydrogen, where
the nonperturbative result of Indelicato [26] is in excellent agreement with the perturbative results
of Pachucki [18] and Borie [19], see Ref. [3].

For muonic deuterium, only perturbative calculations exist, albeit with two slightly different
approaches:

Martynenko et al. [23], Jentschura [27,28] and Karshenboim et al. [29,30] calculate the leading
order eVP nonrelativistically (item #1 in Table 1), and apply a relativistic correction (item #2). The
most important item #1 is in excellent agreement for all three authors, as well as with the value of
227.635 meV obtained by Carboni [16] in 1973. For item #2 see below.

Borie, in contrast, uses relativistic Dirac wave functions to evaluate the relativistic Uehling term
(item #3). The relativistic recoil correction to eVP of order α(Zα)4 (item #19) has to be added, to be
able to compare all four results.

It is very reassuring that these results are in excellent agreement, with one exception: Item #2,
rel. corr. (Breit–Pauli), from Martynenko [23], 0.0177 meV, differs from the value of 0.02178 meV,
calculated by the other three groups, who agree: Borie [22] Tab. 1, Jentschura [27] Tab. I and [28]
Eq. (17), and Karshenboim [30] Tab. IV. This item #2 should be the sum of Martynenko’s rows 7 and
10 (relativistic and VP corrections of order α(Zα)2 in first and second order PT ). For muonic helium-3
and -4 ions [31] the sum agrees exactly with the numbers given by Jentschura in Ref. [27] Eq. (17)
and by Karshenboim in Ref. [30] Tab. IV. Martynenko confirmed that their value for our item #2 for
muonic deuterium (their rows 7 and 10 in Tab. I of Ref. [23]) contains an error [32].

The average of items #1 + #2 or #3 + #19 is thus calculated from the other three sources only,
with excellent agreement:

∆E (one − loop eVP with rel. corr.) = 227.65658 ± 0.00020 meV. (7)

Our item #4, the two-loop electron-VP correction, usually called ‘‘Källén–Sabry’’ contribution [33],
displayed in Fig. 3, is the second largest ‘‘purely QED’’ contribution to the Lamb shift. Borie [22] and
Martynenko [23] give values which are in very good agreement.

Our item #5, the one-loop eVP insertion in 2 Coulomb lines shown in Fig. 4, has been calculated with
very good agreement by Borie [22], Martynenko [23], and Jentschura [28].
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Fig. 5. The three contributions to Light-by-light scattering: (a) Wichmann–Kroll or ‘‘1:3’’ term, item #9, (b) Virtual Delbrück
or ‘‘2:2’’ term, item #10, and (c) inverted Wichmann–Kroll or ‘‘3:1’’ term, item #9aĎ .

Fig. 6. Item #11, muon self-energy corrections to the electron vacuum polarization α2(Zα)4 . This figure is Fig. 2 from
Jentschura [35]. It corresponds to Fig. 6(a) from Karshenboim [36].

Karshenboim et al. [29] give the sum of items #4 and #5. It is in agreement with the sums from
Borie and Martynenko. We use Karshenboim’s value because it is given with more significant digits.

Light-by-light (LbL) scattering (see Fig. 5) contains 3 terms, Wichmann–Kroll, or ‘‘1:3’’ LbL (item
#9 in [3]), Virtual Delbrück, or ‘‘2:2’’ LbL (item #10 in [3]), and the ‘‘inverted Wichmann–Kroll’’ or
‘‘3:1’’ LbL (called ‘‘new’’ item in [3]). For definiteness, we label this term ‘‘item #9a’’ from now on.
Considerable cancellations occur in the sum of all three terms which has been evaluated in Ref. [34].
Both Borie and Martynenko calculate only #9, and adopt the full result from Karshenboim [34]. We
use Karshenboim’s result [34].

Item#11muon self-energy (SE) correction to electron vacuumpolarization (eVP)α2(Zα)4 is displayed
in Fig. 6. Jentschura [28] (Eq (29b), Fig. 2) and Karshenboim [36] (Tab. VIII (a), Fig. 6a) agree in the
result for the complete calculation, −0.00306 meV. Martynenko [23] Eq. (80) calculates only the
contribution from Fig. 6(a), following Pachucki’s Eq. (39) in Ref. [18]. Also Borie [22] calculates part of
this term in her Appendix C.

Higher-order corrections to themuon self-energy and vacuumpolarization are denoted items #12,
#13, #21, #30∗ and#31∗ in Table 1. Formuonic hydrogen [3]we used Borie’s value of item#21, noting
that this includes item#12. Afterwards, Karshenboim et al. [36] have recalculatedmany of these small
terms. We construct the corresponding sum from each source, which we average.

Item #12 is shown in Fig. 7. It is Martynenko’s item 29. This contribution has been confirmed by
Karshenboim [36] Tab. VIII (d). As mentioned in Ref. [3], item #12 is included in Borie’s value for
item #21.

Item #13, mixed muon–electron VP is depicted in Fig. 8. Borie and Martynenko calculated only
the contribution from Fig. 8(a), see Fig. 3 in Ref. [37]. This is Martynenko’s item 3, ‘‘VP and MVP
contribution in one-photon interaction’’. Karshenboim gives the sum of both diagrams in Fig. 8 in
Ref. [36] Tab. VIII (d).

Item #30∗ (#31∗) is somewhat similar to item #12 (#13), with the electron (muon) loop replaced
by a hadronic VP loop, see Fig. 9 (Fig. 10). It has only been calculated by Karshenboim [36], Tab. VIII
item (e) ((c)).
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Fig. 7. Item #12, eVP loop in SE are radiative corrections with VP effects. This is Fig. 11 fromMartynenko [23] which is the same
as Fig. 4 in Pachucki [18]. It is Karshenboim’s Fig. 6(d) in Ref. [36].

Fig. 8. Item #13, the mixed eVP–µVP contribution.

Fig. 9. Item #30∗ , hadronic VP in SE contribution, corresponds to Fig. 6(e) in Karshenboim [36].

Item #32, the muon VP in SE correction shown in Fig. 11, is not included as a separate item in our
Table 1. It should already be automatically included in anyQEDvaluewhich has been rescaled from the
QED of electronic deuterium by a simple mass replacement me → mµ [38]. The size of this item #32
can be estimated from the relationship found by Borie [39], that the ratio of hadronic to muonic VP is
0.66.WithKarshenboim’s value of item#30∗ [36] onewould get∆E(#32) = −0.000024/0.66meV =

−0.000036 meV.
Item #21, higher-order correction to µSE and µVP , is Borie’s muon Lamb shift, higher orders,

calculated in her Appendix C of Ref. [22]. This item includes item #12, eVP loop in self-energy α2(Zα)4,
as explained on p. 131 of Ref. [3].2

The sum of items #12, #13, #21, #30∗,3 and #31∗ agree well enough to justify taking the average,
−0.00178 ± 0.00014 meV as our choice.

Item #14, hadronic VP, is evaluated by Borie [22] (p. 5) as 0.013 meV, who assigns a 5% uncertainty
to this estimate which is based on Refs. [39,40,17,41].

2 There is a typo in footnote f of Tab. 1 in Ref. [3], where we wrote, item #12 ‘‘is part of #22’’ (instead of #21).
3 The asterisk ∗ indicates that this item had not been considered for muonic hydrogen in Ref. [3].
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Fig. 10. Item #31∗ , the mixed eVP- and hadronic VP contribution, comes from the Uehling correction to the hadronic VP
correction. See Fig. 6(c) in Karshenboim [36].

Fig. 11. Item #32, muon VP in SE contribution, is automatically included in a rescaled electronic deuterium QED value of
higher-order SE contributions (see text).

Martynenko’s value of 0.0129 meV [23], Tab. 1, row 31, agrees very nicely. They quote
Refs. [40,42], and estimate the uncertainty to 5% as well.

The previous items #15 and #16 in Ref. [3] are higher-order corrections to the hadronic VP and
have only been calculated for muonic hydrogen by Martynenko’s group [43,44], where they are small
(0.000047 meV and −0.000015 meV, respectively). It is expected that their magnitude will be similar
in muonic deuterium. Hence these terms are included in the 5% uncertainty assigned to item #14.

Item #18 in Ref. [3] is the recoil finite size contribution in Borie [21,22]. According to Pachucki, this
item #18, which was first calculated by Friar [45], should be discarded [46], as we did for muonic
hydrogen in Ref. [3].

Item #17 is the Barker–Glover correction [47], termed additional recoil by Borie. This item includes
the Darwin–Foldy (DF) term that arises from the Zitterbewegung of the nucleus. Different conventions
are used in the literature [48–50] which has caused some confusion (see Appendix). As in the case
of muonic hydrogen [3], we follow the ‘‘atomic physics’’ convention [50], also adopted by CODATA-
2010 [4]. In this convention theDF term is a recoil correction of order (Zα)4m3/M2 to the energy levels,
and not a part of the rms charge radius. So, for a spin-1 nucleus such as the deuteron (as well as for the
spin-0 4He nucleus) the DF term is absent [51]. In this way, the charge radii from muonic hydrogen
[1,2] and deuterium [10] are directly comparable to the CODATA-2010 values [4], see Eqs. (26) and
(27) therein. It is also the convention used in the most recent measurement of the H–D isotope shift
[13,14] which is the origin of the difference of the squared rms radii of the deuteron and the proton
given in Eq. (4). Note that theDF term is nonzero in the case of hydrogen andmuonic hydrogenbecause
the proton has spin 1/2 (see [3], item #17 in Tab. 1 therein).

Item#28Ď is the rad. (only eVP) RC α(Zα)5 labeled ‘‘new’’ in Ref. [3]. For definiteness, we enumerate
it as item #28Ď. It is the sum of three individual parts which sum up to 0.000093 meV in Ref. [28],
Eq. (46b).

Martynenko’s row 26 of Tab. I in Ref. [23], recoil corr. to VP of order α(Zα)5 (seagull term) is only the
seagull term from the three terms evaluated by Jentschura, taken from Ref. [27], Eq. (29). We take the
full result from Ref. [28], Eq. (46b).

Item#24 are radiative recoil corrections of orderα(Zα)5 and (Z2α)(Zα)4, first introduced forµp by
Pachucki [18], Eq. (51), based on Ref. [52]. Boriewrites (p. 9 of Ref. [22]) that these terms correspond to
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Tab. 9 and two additional terms fromTab. 8 of the review of Eides et al. [41]. The sum is−0.00302meV
for µd. Martynenko et al. (Ref. [23], row 27 of Tab. 1, and Eq. (71)), on the other hand, evaluate only
the terms from Tab. 9 of Eides [41], which gives −0.0026 meV. We use Borie’s complete result.

Item #29∗, the α2(Zα)4 m contribution to the Lamb shift, is new and has not been considered for
muonic hydrogen in Ref. [3]. We keep enumerating the items, making this item #29∗ (see footnote 3).

Martynenko gives this as the sum of rows 8 and 11 in Tab. 1 of [23], relativistic and two-loop VP
corrections of order α2(Zα)4 in 1st and 2nd order PT. They sum up to−0.0002+0.0004 = 0.0002meV.
Karshenboim calculated the complete correction of this order, with recoil corrections included and
calls it eVP2 in Tab. VIII of Ref. [36]. Their value of 0.000203 meV replaces Martynenko’s rows 8 and
11 [38].

Numerically this item #29∗ is of little practical importance, because it is so tiny: 0.000173 meV in
µp, and 0.000203 meV in µd. Of course, the calculation of this term was an important confirmation
that previously uncalculated higher-order terms are not responsible for the proton radius discrepancy.
It is very reassuring that the two different approaches of Martynenko [23] and Karshenboim [36] give
the same result. Interestingly, there is no such an agreement for the cases of muonic helium-3 and
-4 ions. In view of our recent measurements in muonic helium-3 and -4 [53], this disagreement may
deserve further study, even though the size of the terms is small compared to the overall uncertainty.

The sum of all contributions without explicit nuclear structure dependence summarized in Table 1
amounts to

∆ELS
rad.−indep. = 228.77356 ± 0.00075 meV. (8)

3.2. Radius-dependent contributions to the Lamb shift

The radius-dependent contributions to the Lamb shift [24,22,30] are listed in Table 2. Generally,
the finite size of the nucleus affects mainly the S states whose wave function is nonzero at the origin,
where the nucleus resides. Themain finite size contributions to the nS states have been given to order
(Zα)6 by Friar [45]

∆Efin. size =
2πZα

3
|Ψ (0)|2


⟨r2⟩ −

Zαmr

2
⟨r3⟩(2) + (Zα)2(FREL + m2

r FNREL)


. (9)

Here,Ψ (0) denotes themuonwave function at the origin, ⟨r2⟩ is the rms charge radius of the nucleus,
and ⟨r3⟩(2) is its ‘‘Friar moment’’.4 As detailed in Section 3.3 there is no contribution from the Friar
moment due to a cancellation with part of the inelastic deuteron ‘‘polarizability’’ contributions.

In Eq. (9), FREL and FNREL contain various moments of the nuclear charge distribution, see Ref. [45],
and in particular the Appendix E therein for analytic expressions for some simple model charge
distributions.

The leading order finite size effect, item (r1) in Table 2, is the first term in Eq. (9). It originates from
the one-photon exchange with a deuteron form factor insertion shown in Fig. 12 and is proportional
to the rms charge radius of the deuteron, ⟨r2d ⟩.

For (r2), the radiative correction α(Zα)5, we chose Martynenko’s value: The equations for the
calculation of this term are given in [57]. Borie [22], Tab. 14 uses Eq. (10) of Ref. [57] which gives the
total radiative correction of order α(Zα)5, i.e. the sum of Eqs. (7) and (9) in Ref. [57]. Martynenko [23],
in contrast, uses Eq. (9) of Ref. [57], stating that the additional polarization correction, Eq. (7) in
Ref. [57], which is included in Eq. (10), cancels with a part of the (inelastic) deuteron polarizability
contribution. The finite size correction to the Lamb shift of order (Zα)6 has first been calculated by
Friar [45], see in particular Appendix E therein. Both Borie [22] (p. 30) and Martynenko [24] (Eq. (33))
follow Friar [45] and evaluate this contribution as the sum of two terms which we list separately:

4
⟨r3⟩(2) has been coined ‘‘third Zemach moment’’ by Friar [45]. To avoid confusion with the ‘‘Zemach radius’’ rZ that appears

in the finite size effect in the 2S hyperfine splitting (Section 4.3) we adopt the term ‘‘Friar moment’’ as recently suggested by
Karshenboim [56].
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Fig. 12. Item (r1), the leading nuclear finite size correction stems from a one-photon interaction with a deuteron form factor
insertion, indicated by the thick dot.

The first one, (r3), has an explicit ⟨r2d ⟩ dependence, while the second one, (r3′), is usually
evaluated for an exponential charge distribution, since a model-independent evaluation of this term
is prohibitively difficult [22]. These terms (r3) and (r3′) which arise from Ref. [45] consider third-
order perturbation theory in the finite size potential correction and relativistic corrections of the
Schrödinger wave functions. There are corrections of the two-photon exchange (see Section 3.3) of
the same order (Zα)6, but these are of different origin.

Small differences between the formulas given by Borie [22] and Martynenko [24] result in values
for (r3′) of 0.0033 meV and 0.0029 meV, respectively. For example, the term ⟨r2⟩⟨ln(µr)⟩, which is
part of FREL in Eq. (9),5 is attributed to (r3) and (r3′) by Martynenko and Borie, respectively. Following
our usual procedure one obtains an average ∆E(r3′) = 0.0031(2) meV. However, two further
considerations prompted us to increase this uncertainty by a factor of three: The value of (r3′) depends
on the model of the charge distribution, and both Borie andMartynenko used an exponential one. For
comparison, the worst case assumption of a uniform charge distribution with rd = 2.130(10) fm [11]
gives ∆E(r3′) = 0.0036 meV. More importantly, it is not clear if (r3′) is (partially) canceled by a part
of the inelastic (Zα)6 contributions, similar to the cancellation of the (Zα)5 Friar term, explained in
Section 3.3. This can however only be answered by a dedicated calculation [38]. We adopt ∆E(r3′) =

0.0031(6)meV and assume that this conservative uncertainty estimate coversmodel dependence and
‘‘higher-order’’ moments of the charge distribution as well as possible cancellations.

The items (r4) and (r5) do not depend on the shape of the deuteron charge distribution [22,38].
The two-loop vacuum polarization corrections (r6) and (r7) are only given by Martynenko [24].

A correction to the 2P1/2 level (r8) is given by Borie [22]. Item (r8) shifts the 2P1/2 level ‘‘upwards’’
(less bound). This increases the energy difference between the 2S and 2P1/2 levels, which explains the
positive sign of this contribution in Table 2. At the same time, this term decreases the fine structure
(2P3/2 − 2P1/2 energy difference) and is hence listed as item (f10) with a negative sign in Table 5.

The total radius-dependent contribution to the Lamb shift yields

∆ELS
rad.−dep. = −6.11025(28) r2d meV/fm2

+ 0.00310(60) meV. (10)

3.3. Two-photon exchange contribution to the Lamb shift

Historically, the two-photon exchange (TPE) contribution to the Lamb shift (LS) in muonic atoms
has been considered the sum of the two parts displayed in Fig. 13 (a, b) and (c, d), respectively:

∆ELS
TPE = ∆ELS

Friar + ∆ELS
inelastic. (11)

The elastic ‘‘Friar moment’’ contribution, ∆ELS
Friar, also known as ‘‘third Zemach moment’’ ⟨r3⟩(2)

contribution, shown in Fig. 13(a, b) is sensitive to the shape of the nuclear charge distribution, beyond
the leading ⟨r2⟩ dependence discussed in Section 3.2. This part is traditionally parameterized as being
proportional to the third power of the rms charge radius. The coefficient depends on the assumed

5 See e.g. Ref. [45] Eq. (43) or Ref. [22] p. 30.
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Fig. 13. (a) + (b) Elastic ∆ELS
Friar , and (c) + (d) inelastic ∆ELS

inelastic two-photon exchange (TPE) contribution. The thick dots in
(a) indicate deuteron form factor insertions. The blob in (c) and (d) represents all possible excitations of the nucleus. The elastic
part (a) + (b) is canceled by a part of the inelastic (polarizability) contribution of (c) + (d) [55,58], just like for electronic
deuterium [59,60].

radial charge distribution. For example, Borie gives ⟨r3⟩(2) = 4.0(2) r3, where r =
√

⟨r2⟩. For µd, the
Friar (3rd Zemach) moment contribution amounts to ∼0.43 meV [22].

The inelastic part, ∆ELS
inelastic, frequently termed ‘‘nuclear polarizability contribution’’ is shown in

Fig. 13(c, d). It stems from virtual excitations of the nucleus due to the exchange of two photons with
the muon. The inelastic contributions are notoriously the least well-known theory contributions and
limit the extraction of the charge radius from laser spectroscopy of the Lamb shift.

Early calculations of the contribution from the deuteron polarizability, i.e. the inelastic part
∆ELS

inelastic displayed in Fig. 13(c, d) include Fukushima et al. [61], 1.24 meV, Lu and Rosenfelder [62],
1.45± 0.06 meV, and Leidemann and Rosenfelder [63], 1.500± 0.025 meV. The latter value has been
used extensively in the literature.

3.3.1. Modern determinations of ∆ELS
TPE

Recently, several works have revisited the TPE contributions to the Lamb shift in µd. Table 3
lists the contributions to ∆ELS

TPE obtained by Pachucki (2011) [55], Friar (2013) [60], Carlson et al.
(2014) [64], the TRIUMF/Hebrew University group in Hernandez et al. (2014) [58], and Pachucki and
Wienczek (2015) [65].

As itwill turn out that the uncertainty in∆ELS
TPE is by far the largest uncertainty in the determination

of rd from the µd data, we next summarize the main features of these papers. We identify missing
and incorrect terms in the original papers. The detailed compilation in Table 3 allows us to obtain the
reliable average given in Eq. (17).

In his 2011 paper [55], Pachucki calculated the nuclear structure corrections to the Lamb shift in
muonic deuterium using the AV18 potential for the deuteron and obtained ∆ELS

TPE = 1.680(16) meV.
Moreover, he confirmed that for µd, similar to electronic deuterium [59,60], the elastic ‘‘Friar
moment’’ contribution of order (Zα)5, ∆ELS

Friar (Fig. 13(a, b)) is canceled by a part of the inelastic two-
photon (polarizability) contributions, ∆ELS

inelastic (Fig. 13(c, d)). The reason for this cancellation is that
the deuteron binding energy of 2.2MeV is small compared to the muon mass.6

Pachucki [55] includes both the elastic and inelastic TPE contribution of the proton, but not
the neutron. For the proton, he rescaled the full proton TPE contribution calculated for muonic

6 Formuonic hydrogen, in contrast, the first excited state of the nucleus (proton) is the∆ resonancewith an excitation energy
of 300MeV. Hence there is no such cancellation between elastic and inelastic TPE contributions in µp.
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Table 3
Deuteron structure contributions to the Lamb shift inmuonic deuterium. Values are inmeV. For source 4, theN3LOĎ calculation
by Hernandez et al. [58] we use their value from the rightmost two columns of their Tab. 3 that differs most from their ‘‘AV18’’
value. Their terms δ

(1)
Z1 , δ

(1)
Z3 , and δZem (Friar term) are not listed because they cancel (see text). Items with a diamond ♦ are

corrected from the published values, see footnotes.

hydrogen [66], ∆E(2S) = −0.0369(24) meV, with a reduced mass ratio to correct for the larger wave
function overlap in µd,

ζ = (mµd
r /mµp

r ) 3
= 1.1685. (12)

This gives a value of 0.043(3) meV for our items p13 + p14.
Pachucki’s value for the magnetic contribution (p10) was found to be wrong by a factor of two in

Ref. [58] and was corrected in Pachucki’s later work [65].
Friar (2013) used the zero-range approximation (ZRA) [60]which allows for a systematic derivation

of all terms. Friar finds very good agreement with the results of Pachucki [55] despite the simplicity
of the ZRA. The cancellation between elastic and inelastic TPE contributions is observed in ZRA,
too.7 Friar noted that a nucleon finite size contribution of 0.029 meV should be added that had not
been included in Ref. [55]. Friar’s value of ∆ELS

TPE = 1.941 ± 1% meV seems at first glance to be in
serious disagreement with Pachucki’s value [55]. The difference is however mainly caused by the
Coulomb distortion (p5 + p6) of −0.263 meV which should be included in every calculation [67].
Including further items in Table 3 like the nucleon polarizability contribution p14 + p15, and the
nucleon subtraction term p16 results in a ‘‘corrected value’’ of 1.697 meV. Higher-order corrections
to the dipole contribution (p3 and p4) can account for the remaining difference to the other model
calculations and ‘‘our avg.’’.

In their 2014 paper [58] the TRIUMF/Hebrew University group performed an independent
calculation using two parameterizations of the deuteron potential: AV18 one the one hand, and
nucleon–nucleon (NN) forces from chiral effective field theory (χEFT) up to order N3LO and
with various cutoffs, on the other. As in their work on muonic helium-4 [68,69] they added
higher-order relativistic corrections, corrected the magnetic term, and added the intrinsic neutron

7 Friar’s paper [60] gives a very good understanding about the nature of this cancellation.
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polarizability [70]. They also introduced the reduced-mass-dependence in higher-order terms, while
the earlier Ref. [55] had worked in the limit of infinite nuclear mass for all terms. The nuclear mass
dependence for all terms was then further refined in Ref. [65].

Ref. [58] observed the cancellation of elastic and inelastic contribution for the muonic deuterium
case explicitly: The sum of terms δ

(1)
Z1 + δ

(1)
Z3 = −0.424(3) meV8 in Ref. [58] cancels very nicely with

elastic Friar (‘‘3rd Zemach’’) contribution ∆ELS
Friar = 0.433(21) meV of the deuteron as calculated by

Borie, see Ref. [22] p. 7.
Averaging over their results fromAV18 andN3LO they obtained a value of∆ELS

TPE = 1.690(20)meV.
The apparently good agreementwith Pachucki’s value [55]mayhowever be accidental as it arises from
the cancellation of many small differences [58,70]. Again, adding omitted items (p13 and p16) results
in very good agreementwith all other sums in Table 3. Note that the 4th column in our Table 3 (‘‘Source
4’’) is that value from Tab. 3 of Ref. [58], columns ‘‘N3LO-EM’’ and ‘‘N3LO-EGM’’, which deviates most
from their AV18 result. This is an attempt to be rather conservative when determining ‘‘our average’’
following Eq. (6).

According to Bacca [70,71], their values for δ
(2)
NS (our item p11) should be updated to +0.020 meV

and +0.021 meV from the published value of +0.015 meV [58].
The 2015 paper by Pachucki and Wienczek [65] updated Pachucki’s results from 2011 (Ref. [55]),

again using the AV18 potential. Among other things, they included the finite size of the nucleons,
and the intrinsic elastic and inelastic two-photon exchange with individual nucleons. They corrected
theirmagnetic interaction term, andderived the correctmass dependence of the TPE correction and its
consistent separation with the so-called pure recoil correction. Their total TPE contribution of order
(Zα)5 is 1.717 ± 0.020 meV. Item p16 must be added to obtain a ‘‘corrected value’’ in very good
agreement with all other determinations.

Complementary to the calculations using various deuteron potentials [55,60,58,65], Carlson
et al. [64], in 2014, determined the TPE contributions with minimal model dependence using mea-
sured elastic and inelastic electron–deuteron scattering data and dispersion relations. Their model-
independent calculation yields 2.01(74) meV, confirming the numbers given by [55,60,58] albeit with
a much larger uncertainty. This uncertainty stems from the uncertainty in the data and can be im-
proved significantlywhen newdata from theMainzMAMI andMESA facilities becomes available [64].

The several contributions to their sum cannot be easily equated with individual items p1...p16
listed in Table 3, so we do not quote their individual contributions, with one important exception.
Carlson et al. [64] note that the proton andneutron intrinsic polarizabilities of 0.028(2)meV (our items
p14 + p15) should be added to the earlier results of Pachucki [55] and Friar [60]. Such a correction is
already included in the later paper by Hernandez et al. [58].

On the other hand, the value of Carlson et al. [64] should be corrected [67,72] for Coulomb
distortion (p5 + p6) of −0.263 meV. Then the central value becomes 1.748 meV, in even better
agreement with the (corrected) values from nuclear models [55,60,58,65]. Note that this correction
corresponds to 1/3 of their quoted uncertainty andmay hence look absurd. But the uncertainty quoted
in Ref. [64] originates almost exclusively from the plane wave Born approx. (PWBA) term and may be
reduced by at least a factor of 4 with new data from a planned experiment in Mainz [64]. The good
agreement between the corrected central value and all other (corrected) values makes one wonder if
the uncertainty in Ref. [64] is maybe somewhat conservative.

The ‘‘Thomson term’’ is a recoil correction that has first been calculated in Ref. [64]. It has received
some attention [67,72,46,70] in the discussion of our Table 3, and the conclusion was that this
term is indeed correctly added to the sum of the contributions in the dispersion-relation treatment
of Ref. [64]. The other calculations [55,60,58,65] have correctly not included such a term, because
the cancellation between elastic and (part of the) inelastic contributions to the polarizability will
eliminate this Thomson term (aswell as other similar recoil-like terms) in such a ‘‘nuclearHamiltonian
approach’’. All further recoil corrections of order (Zα)5 to the Lamb shift inmuonic deuterium are then
included in the ‘‘pure recoil corrections’’, item #22 in Table 1.

8 The sign convention in Ref. [58] is opposite to the one used here.
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3.3.2. Comparison of terms and further corrections
An earlier version of the present manuscript was sent to the authors of Refs. [55,60,64,58,65] and

other experts in the field. The ensuing insightful discussions resolved several discrepancies between
the published values of ∆ELS

TPE and revealed that some further corrections should be included.
Table 3 lists in chronological order the modern determinations of ∆ELS

TPE using various nuclear
models, and scattering data. As usual, we calculate an ‘‘average’’ following our Eq. (6) and consider
the spread of values in the uncertainty.

Items p1 through p10 contain the nuclear contributions, and the various calculations are in good
agreement.

It is satisfying to note that the dominant dipole term, item p1, is in very good agreement for the
three models used: AV18, ZRA, and N3LO χEFT. We average the results using ‘‘modern’’ potentials
[58,65] and take the agreement of the ZRA result as an indication that the ZRA results for the smaller
terms are likely to be accurate on the few µ eV level and can hence be used in ‘‘our average’’.

Items p2..p4 are relativistic corrections to p1. The two most recent works [58,65] include higher-
order relativistic corrections so we consider only these works in the average.

There is consensus that the Coulomb distortion contribution (p5 + p6) should be included in all
calculations. Adding our average of −0.263 meV to the results of Friar [60] and Carlson et al. [64]
removes most of the discrepancy between all published values.

Nuclear excitation corrections p7..p9 cancel to some degree. Our average includes the results from
ZRA [60] and the most recent AV18 and N3LO models [58,65].

Themagnetic contribution p10 fromRef. [55] has been corrected in the laterwork [65].We average
over the other results.

Items p11 through p16 are the nucleon contributions.
Item p11 from the TRIUMF/Hebrew University group (δ(2)

NS in Ref. [58]) has been updated to
+0.020 meV and +0.021 meV [70,71], further improving the agreement with Refs. [60,65].

After some discussions, consensus has been reached that several nucleon contributions should
be included [70,46,73,72,67]: The elastic Friar (3rd Zemach) term of the proton (p13), the inelastic
proton and neutron contributions (p14 + p15), and the subtraction terms from both the proton and
the neutron (p16) are therefore included in our sum. In principle, the elastic Friar term of the neutron
should be included too, but it is small enough to be neglected [60,65,72].

We follow the suggestion of Birse and McGovern [72] who obtain these values as follows:
Item p13, the elastic Friar (3rd Zemach) moment contribution of the proton to the Lamb shift inµd

is obtained from the values of the elastic and the non-pole Born term calculated for muonic hydrogen
(µp) [72].

Both, the elastic term in µp, and the non-pole term in µp, have been obtained by Carlson and
Vanderhaeghen from scattering data using dispersion relations [66]. Their value for the elastic term,
∆Eel, amounts to 0.0295±0.0013meV.9 Their value for thenon-pole Born term forµp is−0.0048meV
(see footnote 9). The sum of these two terms, rescaled with ζ from Eq. (12) yields for p13, the elastic
Friar moment contribution of the proton to the Lamb shift in muonic deuterium, the value

∆ELS
Friar(p) = 0.0289 ± 0.0015 meV. (13)

The inelastic proton and neutron polarizabilities p14 and p15 have been calculated from deuteron
data and dispersion relations by Carlson et al. [64]. Their result for the sum p14 + p15 amounts to

∆ELS
inelastic(p) + ∆ELS

inelastic(n) = 0.028 ± 0.002 meV (14)

which is the valuewe adopt. Hernandez et al. [58] used the value 0.027(2)meV from the sameRef. [64].
This number is, however, only an estimate using numbers rescaled from muonic hydrogen, whereas
our choice Eq. (14) is calculated from deuteron data, and the value in Eq. (14) should be used [67].

Finally, the contribution from the ‘‘subtraction term’’ of the nucleon polarizabilities has to be
considered, too [72,67]. Birse and McGovern have calculated the subtraction term for the inelastic

9 The sign convention in Ref. [66] is opposite to the one used here.
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TPE of the proton in muonic hydrogen, ∆Esub = −0.0042 ± 0.0010 meV,10 using chiral perturbation
theory [74]. This value is in good agreement with the value ∆Esubt

= −0.0053 ± 0.0019 meV (see
footnote 9) from Carlson and Vanderhaeghen [66] which was however obtained from a particular
model of the proton form factor and an older value of the proton magnetic polarizability [72]. For
the deuteron, we hence adopt the former value, double it assuming that the proton and neutron
contributions are approximately the same [72], and rescale with ζ from Eq. (12) to yield p16 for
muonic deuterium

∆ELS
sub(p) + ∆ELS

sub(n) = −0.0098 ± 0.0098 meV. (15)
Here we have assigned a 100% uncertainty.

3.3.3. Our choice
Summing all values in Table 3, and adding the uncertainties from (the spreads of) our averaging in

quadrature, gives

∆ELS
TPE (simple) = 1.7096 ± 0.0147 meV. (16)

This uncertainty is smaller than the published uncertainties in all original papers [55,60,64,58,65].
Hence we increase conservatively the uncertainty in our average to the 0.020 meV obtained by the
two most recent model calculations [58,65].

The total TPE contribution of order (Zα)5 to the Lamb shift in muonic deuterium11 is hence

∆ELS
TPE (final) = 1.7096 ± 0.0200 meV. (17)

Further rounding is deferred to Eq. (18).
The uncertainty of the TPE contribution is by far the dominant one, and it limits severely the

accuracy of the deuteron rms charge radius obtained from laser spectroscopy of the Lamb shift in
muonic deuterium.

3.4. Total Lamb shift in muonic deuterium

Collecting the radius-independent (mostly) QED contributions listed in Table 1 and summarized
in Eq. (8), the radius-dependent contributions listed in Table 2 and summarized in Eq. (10), and the
complete two-photon (polarizability) contribution ∆ELS

TPE from Eq. (17), we obtain for the 2S − 2P
energy difference in muonic deuterium

∆E(2S − 2P1/2) = 228.77356(75) meV + 0.00310(60) meV − 6.11025(28) r2d meV/fm2

+ 1.70960(2000) meV

= 230.486(20) meV − 6.1103(3) r2d meV/fm2 (18)
where in the last step we have rounded the values to reasonable accuracies.

One should note that the uncertainty of 0.020 meV from the nuclear structure corrections ∆ELS
TPE,

Eq. (17), is about 30 times larger than the combined uncertainty of all radius-independent terms
summarized in Table 1, and 15 times larger than the uncertainty in the ⟨r2⟩ coefficient (which amounts
to 0.0013 meV). A further improvement of the nuclear structure corrections in light muonic atoms is
therefore desirable.

4. 2S hyperfine splitting

4.1. Fermi and Breit contributions

The interaction between the magnetic moment of the nucleus with the magnetic field induced by
the lepton gives rise to shifts and splittings of the energy levels termed hyperfine effects. In classical

10 The sign convention in Ref. [74] is opposite to the one used here.
11 Note that non-perturbative Coulomb corrections of higher-order in (Zα) have been accounted here, whereas the pure recoil
part of the TPE has been separately given in Table 1 #22.
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electrodynamics, the interaction between the magnetic moments µd and µµ of deuteron and muon,
respectively, is described by [41]

Hclassical
HFS = −

2
3
µd · µµδ(r) (19)

where δ(r) is the delta-function in coordinate space. A similar Hamiltonian to the one in Eq. (19) can
be derived in quantum field theory from the one-photon exchange diagram. Using the Coulombwave
function, this gives rise in first-order perturbation theory to an energy shift for muonic deuterium
nS-states of [22]

EHFS(F) =
4(Zα)4m3

r

3n3mµmd
(1 + κ)(1 + aµ)

1
2


F(F + 1) −

11
4


=

1
3
∆EFermi


F(F + 1) −

11
4


(20)

where ∆EFermi is the Fermi splitting,md is the deuteronmass, F is the total angular momentum, κ and
aµ are the deuteron and muon anomalous magnetic moments, respectively.

The Fermi splitting

∆EFermi =
2(Zα)4m3

r

n3mµmd
(1 + κ)(1 + aµ)

=
3
2
βD(1 + aµ) (21)

with

βD =
4(Zα)4m3

r
3n3mµmd

(1 + κ) (22)

is the main contribution to the HFS, (h1) in Table 4. The value Borie gives on p. 19 of Ref. [22] is

∆EB.
Fermi = 6.14298 meV. (23)

It already includes the correction ∆EµAMM (h4) due to the muon anomalous magnetic moment
(µAMM). However, Borie’s value ∆EB.

Fermi = 6.14298 meV is not correct. Since ∆EFermi depends only
on fundamental constants [4], we have recalculated it following Eq. (21), and obtain a value of

∆EFermi = 6.14308 meV (24)
which differs from Borie’s, but coincides with Martynenko’s value of Ref. [15]

∆EM.
Fermi = 6.1431 meV

= 6.1359 meVh1 + 0.0072 meVh4. (25)
Here, the two terms in the second line are, respectively, the Fermi splitting excluding the contribution
of the anomalous magnetic moment of the muon, (h1), and the µAMM correction, (h4), which
Martynenko calculates separately.

The Breit term ∆EBreit (h2) corrects for relativistic and binding effects accounted for in the
Dirac–Coulombwave function but excluded in the Schrödinger wave function. Both, Martynenko and
Borie, calculated the Breit correction term to be

∆EBreit = 0.0007 meV. (26)

4.2. Vacuum polarization (VP) and self-energy (SE) contributions

On p. 21 of Ref. [22], Borie provides the values for ϵVP1 (h8) and ϵVP2 (h5). The values we used are
the ones for a point-like nucleus. In Section 4.3 we give a correction due to the finite size, which is
given by (h25, h26). The corresponding terms from Martynenko and Borie agree.

(h7) is neglected byMartynenko as pointed out onp. 21 in [22]. The origin of the difference between
Martynenko and Borie in (h9) is not clear. In this casewe take the average. (h9b) is a correction in third
order perturbation theory which is only given by Martynenko.
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Fig. 14. Item (h17b), the radiative nuclear finite size correction α(Zα)5 is composed of (a)µSE with nuclear structure (b) spanning
photon contribution, also referred to as jellyfish diagram, and (c) the vertex correction which results in two terms. Item (h17b)
also contains the diagramswhere the exchange photon lines are crossed. This figure corresponds to Fig. 7 fromMartynenko [15].

The µVP contribution ∆EµVP (h12) is given by Martynenko as

∆EM.
µVP = 0.0002 meV. (27)

Borie included this contribution in the vertex term ∆Evertex (h13) as pointed out on p. 21 in [22].
However, in the same paragraph Borie states that the value of ∆EB.

µVP is 3α
2/4 ≃ 3.993385 × 10−5 of

her Fermi splitting ∆EB.
Fermi, whereby we obtain

∆EB.
µVP = 0.00025 meV (28)

which is what we use.
Martynenko gives a value for a term called radiative nuclear finite size correction α(Zα)5 (h17b).

It is composed of four terms (see Fig. 14), µSE with nuclear structure, spanning photon contribution
(a.k.a. ‘‘jellyfish diagram’’) and two vertex correction terms, so it should also include (h13). Their sum
yields −0.0005 meV. We think that (h14) is an additional term, only calculated by Borie. So we add
this to ’our choice’.

The hadron VP ∆EhVP (h18) results equal for both, Martynenko and Borie:

∆EM.,B.
hVP = 0.0002 meV. (29)

There is no considerable contribution from weak interaction [75].

4.3. Zemach radius

The Bohr–Weisskopf effect [76] is the main finite size correction to the 2S hyperfine splitting. It is
also called the Zemach term [77], ∆EHFS

Zemach, and is listed as item (h20) in our summary. The Zemach
term is usually parameterized as [78]

∆EHFS
Zemach = −∆EFermi 2(Zα)mr rZ (30)

using the so-called Zemach radius of the nucleus [78]

rZ =


d3r


d3r ′ r ′ρE(r)ρM(r − r ′)

= −
4
π


∞

0

dq
q2


GE(q2)GM(q2) − 1


. (31)

This convolution of charge ρE(r) and magnetization ρM(r) distribution comes from the fact that the
finite charge distribution alters the muon’s wave function at the origin.

Diagrammatically, the Zemach correction (h20) to the HFS, ∆EHFS
Zemach, is the elastic part of the

two-photon exchange contribution to the 2S HFS, just like the Friar correction to the Lamb shift
Fig. 13(a, b) [18].
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A recoil correction to the elastic TPE, (h23), is considered here, too. It is somewhat parallel to the
item #22 of the Lamb shift, termed rel. RC (Zα)5 listed in Table 1.

The inelastic part of the TPE correction to the 2S HFS, ∆EHFS
inelastic, is topic of the next Section 4.4.

Borie gives a value of ϵZemach = −0.007398 fm−1 rZ (Ref. [22], p. 22). Her Zemach contribution is
hence (Eq. (30), Ref. [22], p. 23 top)

∆EHFS
Zemach (Borie) = −0.04545 rZ meV/fm. (32)

Note that the coefficient

−0.04545 =
3
2

βD (1 + aµ) ϵZemach (33)

explicitly includes the factor (1 + aµ).
Using rZ = 2.593 ± 0.016 fm from Ref. [78] Borie’s value for the Zemach contribution to the 2S

HFS amounts to

∆EHFS
Zemach (Borie) = −0.11782 ± 0.00074 meV. (34)

Borie mentions that nuclear recoil corrections (our item (h23)) are important, but have not been
included (Ref [22], p. 22, bottom).

Martynenko calculates the nuclear structure correction α5 from the deuteron electromagnetic
current that involves the form factors F1, F2, and F3 which can be related to the measured charge,
magnetic and quadrupole form factors of the deuteron, GE(q2), GM(q2) and GQ (q2), see Eq. (37) in
Ref. [15]. Using the parameterization of GE , GM and GQ from Ref. [79], Martynenko obtains a value of
−0.1163 ± 0.0010 meV (Ref. [15], Tab. 1 item #7, Eq. (46)).

This value is the sum of the Zemach term, item (h20), as calculated by Borie, but includes recoil
corrections to the finite size effect, (h23) [32]. The separation of these two contributions is not
unique [32], but if one adopts the canonical definition of the Zemach radius in terms of the form
factors GE and GM as given in Eq. (31), one can separate Martynenko’s sum into

∆EHFS
Zemach+RC (Martynenko) = −0.1163 meV ± 0.0010 meV

= (−0.1178 meVh20 + 0.0015 meVh23) ± 0.0010 meV. (35)

Here the item (h20) was calculated using the Zemach radius rZ = 2.5959 fm [32], obtained by
numerical integration of the parameterization of the deuteron form factors fromRef. [79]. This Zemach
radius is in excellent agreementwith the value rZ = 2.593±0.016 fm fromRef. [78] used by Borie [22].
A small difference arises from Martynenko’s observation that the factor (1 + aµ) in Eq. (21) should
not be included for the 2γ amplitudes with point vertices [32].

Rewriting the −0.1178 meV of (h20) as

∆EHFS
Zemach (Martynenko) = −0.0453934 rZ meV/fm (36)

makes the dependence on the Zemach radius explicit. Putting the nuclear recoil corrections back in,
the combined Zemach (h20) and recoil (h23) corrections evaluated by Martynenko (Eq. (35)) become

∆EHFS
Zemach+RC = −0.0453934 rZ meV/fmh20 + (0.0015 ± 0.0007) meVh23 (37)

which we adopt. The total uncertainty of 0.0010 meV given by Martynenko is then the sum of the
uncertainty in the Zemach radius δrZ = 0.016 fm, corresponding to 0.0007 meV, and the uncertainty
of (h23) given above.

4.4. Nuclear polarizability contributions to the 2S HFS

The polarizability contribution to the 2S hyperfine splitting in muonic deuterium, ∆EHFS
TPE , has

only recently been calculated for the first time by the group of Martynenko [15]. They obtain the
polarizability term in two parts:
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First, the deuteron polarizability contribution ∆EHFS
TPE (deuteron) (h22a) is obtained from the analytic

expressions derived in zero range approximation for electronic deuterium by Khriplovich and Mil-
stein [80]. This part takes into account the virtual excitation of a deuteron made from point nucleons.

Second, the much smaller internal deuteron polarizability contribution ∆Eint. d-pol. (h22b), which
accounts for the excitation of the individual nucleons (proton and neutron) inside the deuteron. This
part is estimated based on the results for muonic hydrogen [81].

Summing these two up yields

∆EM.
tot. d-pol. = 0.2121(42) meV + 0.0105(25) meV = 0.2226(49) meV (38)

with a generous uncertainty that accounts also for the fact that the original derivation [80] was for
electronic, and not for muonic deuterium.

Eq. (38) is also the value quoted by Borie. As pointed out by Borie, Ref. [22] p. 22, it is not clear
whether the ‘elastic’ contribution of the two-photon exchange diagrams is taken into account.

As for the Lamb shift, the polarizability term for the 2S HFS is the one with by far the largest
uncertainty.

4.5. Further corrections to the 2S HFS

Several further corrections are considered by either Martynenko or Borie (h24, h25, h26, h27, and
h27b):

Martynenko calculates a mixed term which includes eVP and a nuclear structure correction (h24)

∆EM.
eVP+nucl.struct. = 0.0019 meV (39)

as well as two further nuclear structure contributions (h27, h27b):

∆EM.
nucl.str.corr. = 0.0008 meV (40)

∆EM.
nucl.str.SOPT = −0.0069 meV. (41)

Borie gives finite size corrections (h25, h26) to the eVP terms ϵVP1 and ϵVP2, both contributing
−0.00068 meV. These are obtained by calculating the difference of ϵVP1 and ϵVP2 with a point size
nucleus compared to the ones when considering a finite size ([22], p. 21). It is not yet clear whether
the nuclear structure contributions from Martynenko are complementary to the ones of Borie. We
should remark that item (h27b) is quite large and does not seem to be included in Borie’s calculations.
The apparent agreement of Borie’s and Martynenko’s total 2S HFS is a result of many small terms
omitted by one author or the other, and therefore rather coincidental.

For now we refrain from assigning a large uncertainty to this item h27b, but an independent
calculation, or at least an estimate of its accuracy, would certainly be helpful.

4.6. Total 2S hyperfine splitting

Hence, collecting all terms, but separating out the deuteron polarizability correction Eq. (38) as it
is the dominant source of uncertainty, we can write the total 2S HFS in muonic deuterium as

∆Eth
HFS = 6.17420(73) meV + 0.22260(490) meV − 0.04539 rZ meV/fm

= 6.39680(494) meV − 0.04539 rZ meV/fm. (42)
The large uncertainty in the polarizability corrections to the 2S HFS will prevent a determination of
the deuteron Zemach radius from the measured transitions in muonic deuterium [10]. An improved
calculation of the polarizability terms is therefore highly desirable.

Using the Zemach radius rZ = (2.593 ± 0.016) fm [78] we get:

∆Eth
HFS = 6.27910(495) meV (43)

to be compared to the muonic deuteriummeasurement [10]. Alternatively, a precise measurement of
the 2S HFS in µd, together with the Zemach radius [78], could be used to accurately determine the
polarizability contributions.

Such a number may serve as a benchmark for accurate lattice calculations.
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5. 2P fine structure

The contributions to the 2P3/2 − 2P1/2 fine structure splitting in muonic deuterium are displayed
in Table 5.

The main contributions to the fine structure have only been calculated by Borie [22] and
Martynenko’s group [23,24]. For the latter, we refer to the more recent paper Ref. [24]. The values
agree in both papers.

As always, Borie starts from theDirac equation,whichhas to be corrected for recoil effects. This sum
of entries (f1) + (f2) has to be compared to Martynenko’s leading term (f3), corrected for relativistic
effects (f4) which are automatically included in the Dirac equation. The result of both approaches
agree reasonably well and we adopt the average 8.83894 ± 0.00016 meV.

The relativistic recoil correction of order α(Zα)4, (f5), has been calculated including all recoil
corrections of order m/M by Karshenboim [30]. This value thus supersedes [38] the values obtained
by Borie [22] and Martynenko [23,24].

The Källén–Sabry term, item (f6), agrees nicely among all authors. Karshenboim et al. have
evaluated some higher-order α2(Zα)4m contributions with great accuracy [36] which we list as (f7a),
(f7d), and (f7e). These terms originate from the same graphs as the Lamb shift items #11, #12, and
#30∗, shown in Figs. 6, 7 and 9, respectively.

Contributions from the anomalous magnetic moment of the muon in second (f8) and higher (f9)
orders have been calculated by Borie and Martynenko et al., and their sums agree.

A finite size correction to the 2P1/2 state (f10) is included, too. This term is the same term as item
(r8) of the ⟨r2⟩-dependent contributions to the Lamb shift, but with the opposite sign (see discussion
in Section 3.2). We evaluate (r8) for the deuteron radius from Eq. (5) and obtain for our choice of the
item (f10) −0.000606 ⟨r2⟩ = −0.000274 ± 6 · 10−8 meV.

Summing up we obtain as our choice for the 2P3/2 − 2P1/2 fine structure splitting in muonic
deuterium

∆Efs(2P3/2 − 2P1/2) = 8.86412(16) meV. (44)

6. 2P levels

The various 2P levels displayed in Fig. 1 are separated by the 2P fine structure treated in Section 5,
and further split by the 2P hyperfine splitting caused by the magnetic hyperfine interaction and the
electric quadrupole interaction. The Breit–Pauli Hamiltonian can be displayed inmatrix form as a sum
of the magnetic HFS matrix and the quadrupole interaction matrix:

MBreit–Pauli =


−1.381777 0 −0.126405 0 0

0 0.690889 0 −0.199864 0
−0.126405 0 8.161148 0 0

0 −0.199864 0 8.582931 0
0 0 0 0 9.285903


magnetic HFS

meV

+


0 0 0.613872 0 0
0 0 0 −0.194123 0

0.613872 0 0.434073 0 0
0 −0.194123 0 −0.347258 0
0 0 0 0 0.086815


quadrupole int.

meV

=



2PF=1/2
1/2 2PF=3/2

1/2 2PF=1/2
3/2 2PF=3/2

3/2 2PF=5/2
3/2

2PF=1/2
1/2 −1.381777 0 0.487467 0 0

2PF=3/2
1/2 0 0.690889 0 −0.393988 0

2PF=1/2
3/2 0.487467 0 8.595220 0 0

2PF=3/2
3/2 0 −0.393988 0 8.235672 0

2PF=5/2
3/2 0 0 0 0 9.372718

 meV. (45)
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Table 6
Elements of the transitionmatrix (Eq. (45)) obtained from two unnumbered tables on p. 24 and 25 in Ref. [22]. See also Ref. [82].
The various quantities are explained in the text.

j j′ Energy

Magnetic HFS
1/2 1/2 (β ′

D/6)(2 + xd + aµ)[−δF ,1/2 + 1/2 δF ,3/2]

3/2 3/2 ∆Efs + (β ′

D/4)(4 + 5 xd − aµ)×

[−1/6 δF ,1/2 − 1/15 δF ,3/2 + 1/10 δF ,5/2]

3/2 1/2 (β ′

D/48)(1 + 2 xd − aµ)[−
√
2 δF ,1/2 −

√
5 δF ,3/2]

Quadrupole interaction
1/2 1/2 0
3/2 3/2 ϵQ [δF ,1/2 − 4/5 δF ,3/2 + 1/5 δF ,5/2]

3/2 1/2 ϵQ [
√
2 δF ,1/2 − 1/

√
5 δF ,3/2]

Table 7
Input parameters for the transition matrix. We recalcu-
lated Borie’s values, but use our fine structure (see Sec-
tion 5) and an updated value of the quadrupole moment
Q [83] for ϵQ , see Eq. (49).

Borie [22] Our value

βD 4.0906 meV 4.0906259 meV
β ′

D 4.0922 meV 4.0922253 meV
ϵQ 0.43439 meV 0.434073(46) meV
xd 0.0248 0.0247889

aµ 0.00116592
∆Efs 8.86419 meV 8.86412(16) meV

It attains off-diagonal elements frommixing of levelswith the same total angularmomentum F , but
different total muon angular momentum j [82,18,35,22], as shown in Table 6. Note that the diagonal
terms of the quadrupole interaction lead to a change in the order of the 2P3/2 levels (see also Fig. 1).

We follow Borie’s treatment [22], see also Pachucki [18] and Jentschura [35], but use our value for
the 2P fine structure ∆Efs(2P3/2 − 2P1/2) = 8.86412(16) meV from Section 5, Eq. (44), as well as a
more recent value of the deuteron quadrupole moment

Q = 0.285783 (30) fm2 (46)

fromRef. [83], or, equivalently,Q = 7.33945(77)·10−24/meV2, using h̄c = 197.3269718(44)MeV fm
[4].

The numerical values of the quantities used in Table 6 are given in Table 7. In brief, βD is defined
in Eq. (22). For the 2P levels,

β ′

D = βD(1 + ϵ2P) (47)

has to be used which contains the Uehling correction required for levels with ℓ > 0 (see p. 25 and Eq.
(12) in Ref. [22]). For muonic deuterium,

ϵ2P = 0.000391. (48)

The quadrupole moment of the deuteron enters in the hyperfine splitting via the quadrupole
interaction, see Borie [22], pp. 24 and 25.

ϵQ =
αQ
2

(αZmr)
3

24
(1 + ϵ2P), (49)

where Q the quadrupole moment of the deuteron and ϵ2P is given in Eq. (48).
Diagonalizing the matrix Eq. (45) results in shifts of the 2P(F = 1/2) and 2P(F = 3/2) levels by

∆1/2 = 0.02376 meV and
∆3/2 = 0.02052 meV,

(50)
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respectively, as displayed in Fig. 1. The resulting energies of the various 2P sublevels are termed ’Borie
reevaluated’ and summarized in Table 8.

Very recently, an independent calculation of the 2P level energies by Martynenko [84] yielded
somewhat different results, albeit well within the experimental uncertainty. The differences are taken
into account in ‘‘Our value’’ in Table 8.

7. Summary

In summary, we have compiled all known contributions to the Lamb shift, the 2P fine structure,
and the 2S and 2P hyperfine splittings, from QED and nuclear structure contributions.

For the Lamb shift, the QED contributions in Table 1 show good agreement between the four
(groups of) authors. A problem with our item #2 from Ref. [23] was identified and resolved by the
authors. Ultimately, the uncertainty of these ‘‘pure QED’’ terms in Table 1 is sufficiently good.

For the radius-dependent terms in Table 2 we find good agreement between the authors, too.
Some terms have however been calculated by only one group. A small term (r3′) may deserve further
attention.

The main limitation for the Lamb shift, and hence the deuteron charge radius to be extracted from
the upcoming data, originates from the two-photon exchange contribution to the Lamb shift in µd.
Here, a superficial inspection of the six modern values published in five papers since 2011 [55,60,64,
58,65] vary between 1.68 and 2.01 meV, suggesting an uncertainty as large as 0.3 meV.

The term-by-term comparison of the individual contributions in Table 3 revealed that the
agreement is in fact much better. Fruitful discussions with the authors of these papers and other
experts in the field revealed missing terms and resulted in updated values of some individual terms.
It is very reassuring that vastly different approaches give results in excellent agreement, when
corrected for missing terms: zero-range approximation, modern nuclear models like AV18 (from two
groups of authors) and χEFT-inspired NN-forces up to N3LO order, and dispersion relations using
electron–deuteron scattering data. Our average, 1.709 ± 0.020 meV is a reliable prediction for the
deuteron polarizability contribution to the Lamb shift in µd.

For the 2S-HFS, several nuclear structure contributions have so far only been calculated by one
group [15]: These are items (h22a), (h22b), and (h27b) in Table 4, which are rather large, and their
uncertainties dominate the theoretical uncertainty for the 2S-HFS. This uncertainty will prevent us
from obtaining a meaningful value of the Zemach radius of the deuteron from the measurement of
the 2S-HFS in µd. An improved calculation of these items is therefore desirable.

For the 2P fine- and hyperfine splittings we collect all terms from the various authors, recalculate
the matrix elements of the Breit–Pauli Hamiltonian with updated values of the 2P fine structure and
the deuteron quadrupole moment. Diagonalizing this matrix Eq. (45) we obtain the 2P level energies,
and their uncertainties. We compare these with an independent calculation from Ref. [84].
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Appendix. The Darwin–Foldy term

The Darwin–Foldy term, which is part of the Barker–Glover corrections (our item #17 in Table 1)
has historically been subject of different definitions.
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Table 8
2P levels from fine- and hyperfine splitting. All values are in meV relative to the 2P1/2 level. The column ‘Borie reevaluated’
is calculated in this work following the treatment of Borie and contains an updated value of the quadrupole moment Q from
Eq. (46) as well as our value of the fine structure (2P3/2 − 2P1/2 energy splitting) ∆Efs = 8.86412(16) meV from Eq. (44).
Uncertainties arise from Q and ∆Efs .

Borie [22] Borie reevaluated Martynenko [84] Our value

2PF=1/2
1/2 −1.4056 −1.40554(1) −1.40534 −1.40544(10)

2PF=3/2
1/2 0.6703 0.67037(1) 0.67031 0.67034(3)

2PF=1/2
3/2 8.6194 8.61898(17) 8.62002 8.61950(55)

2PF=3/2
3/2 8.2560 8.25619(16) 8.25618 8.25619(16)

2PF=5/2
3/2 9.3728 9.37272(16) 9.37183 9.37228(47)

Pachucki and Karshenboim [51] argue that the DF term originates from the Zitterbewegung of the
nucleus and is hence absent for a spin-1 nucleus such as the deuteron (as well as for the spin-0 4He
nucleus).

Khriplovich,Milstein and Sen’kov [49] argue that theDF termmust bemade apart of the rms charge
radius to be consistent with electron scattering. In this case, the DF term is not absent for spin-1 nuclei
such as the deuteron.

Friar, Martorell and Sprung [48] have emphasized that the DF-term can be alternatively considered
as part of a recoil correction of order 1/M2, or as the energy shift due to a part of the mean-
square radius of the nuclear charge distribution. They advocate the second choice but admit that the
first choice has to be used for the proton because ‘‘it is unfortunately far too late to change these
conventions for the hydrogen atom’’. They recommend, however, to not extend the hydrogen atom
conventions to other nuclei.

Jentschura has discussed the situation in some breadth [50] and concluded that the DF term should
indeed be considered a contribution to the atomic energy levels, supporting the ‘‘atomic physics’’
convention of Ref. [51]. The DF term is hence absent for the deuteron.

This ‘‘atomic physics’’ convention, in which the DF term is not a part of the rms charge radius, but
rather a recoil correction of order (Zα)4m3/M2 to the energy levels, is the convention used in CODATA-
2010 [4], see Eqs. (26) and (27) therein. It is also the convention used in themost recentmeasurement
of the H–D isotope shift [13,14] which is the origin of the difference of the squared rms radii of the
deuteron and the proton given in Eq. (4). Moreover, it is the convention used for the proton radius in
muonic hydrogen [3].

Therefore, to be able to directly compare the numerical values of the proton and deuteron
rms charge radii obtained in electronic and muonic atoms, one must follow the ‘‘atomic physics’’
convention [51,14,50,4], which is what we do.
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F. Abbreviations

Table F.1.: Abbreviations. Here are listed and explained the abbreviations and expressions used through-
out this thesis.

ADC Analog-to-digital converter

APD Avalanche photo diode. Short for LAAPD.

BSM Beyond Standard Model – this term summarizes all effects not de-
scribed by the SM

CODATA COmmittee on DATA for Science and Technology – A committee
which compiles theory and experimental data by a least squares ad-
justment in order to provide a reliable set of fundamental constants.

CREMA Charge Radius Experiment with Muonic Atoms – an international
collaboration performing laser spectroscopy experiments on muonic
atoms.

CT Cyclotron trap

DAQ Data Acquisition

event The signals which are recorded by various detectors during an EVG.

EVG Event gate, is initialized upon the detection of a muon.

eVP electron vacuum polarization

FF Form factor

FS Fine structure

FWHM Full width at half maximum

happening A single signal from a detector is called happening.

HFS Hyperfine structure

LAAPD Large area avalanche photo diode. In this thesis often just termed
APD
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LS Lamb shift, defined as the energy difference of the 2S1/2 and the
2P1/2 state. However, the term Lamb shift transition is used for any
transition between a 1S and a 2P state.

LSA Least squares adjustment

LSM Line shape model, the function which is used to determine the posi-
tions of the measured Lamb shift transitions.

LTW Laser time window, the time window in which the muon stop volume
is iluminated by the laser

MEC Muon extraction channel

MIDAS A data acquisition system developed at PSI and TRIUMF.

MPQ Max Planck Institute of Quantum Optics

µVP Muon vacuum polarization

PSC A large solenoid in the MEC, originally a part of a phase-space com-
pressor scheme. That is where the term PSC comes from.

PSI Paul Scherrer Institute

QED Quantum electrodynamics

rms root mean square, is the quadratic mean.

ROOT A modular scientific software framework. It is used by the CREMA
collaboration for the data analysis.

SM Standard Model

TDC Time-to-digital converter

TPE Two-photon exchange

tidiness An electron quality parameter used in the analysis

WFD Waveform digitizer
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