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1. Introduction

One of the most difficult challenges facing a stellarator fusion reactor is the confinement
of fast ions, in particular alpha particles. Several methods are available for tailoring
the magnetic field to optimize orbit confinement [1], and one of them (so-called quasi-
isodynamicity or an approximation thereof) has been employed in Wendelstein 7-X [2,3],
in related reactor studies [4], and in more recent stellarator optimizations [5]. In these
devices, the energetic ions are well confined provided that g — the ratio of the plasma
pressure (p) to the magnetic field pressure (B%/8m) — is sufficiently high, 8 ~ 5% [2,3].
The physical mechanism responsible for the confinement improvement is associated with
the poloidal magnetic drift of the fast ions. When £ is high enough, this drift reverses,
leading to closed contours of the second adiabatic invariant (J = § vjdl). In other words,
the particle radial drift averages to zero and constant-B contours close poloidally at high
B. One says that the system in this case is quasi-isodynamic [6]. Unfortunately, quasi-
isodynamicity cannot be perfect. Therefore, orbit losses of some particles or collisionless
diffusion of transitioning particles is inevitable [7]. These particles undergo collisionless
transitions from locally trapped to locally passing and vice versa, which leads to a
random walk across the magnetic field.

In the first experiments with neutral beam injection (NBI) on W7-X, 8 will be
relatively low because only half the NBI beam lines will be operative. For this reason,
a considerable fraction of the energetic ions produced by NBI will be lost [3].

These circumstances provide the motivation for the present work. The purpose is to
preliminarily investigate whether the confinement of energetic ions can be improved by
using radiofrequency (RF) waves to modify their orbits. The basic idea is to transform
trapped particles, which may be not confined, into passing ones by carefully tailoring the
injection of RF power into the plasma. (In any stellarator with good magnetic surfaces,
the orbit-averaged radial drift of passing particles vanishes to lowest order in a gyroradius
explansion and these particles are therefore well confined [1].) The required orbit
transformation can be produced by pitch-angle scattering and/or radial displacements
caused by the RF field. If the energy of the ions is high enough, £ > &, ~ (M;/M,)'/T,
(where T is the temperature, M is the particle mass, and the subscripts ”e” and ”i”
label electrons and ions, respectively), the pitch-angle scattering of these ions caused by
Coulomb collisions is relatively weak and the main effect of collisions on the energetic
ions is to slow them down. This implies that after any RF-induced orbit transformation,
a typical energetic ions will remain passing until its energy drops to &, and it will thus
transfer most of its energy to the plasma (mainly, to electrons) before being completely
thermalized or lost.

In experiments on the Wendelstein 7-AS stellarator, the NBI produced mainly
passing ions with energies £ > &., which were well confined, but in W7-X the injection
energy is not far above &, and pitch-angle scattering is more important. Although most
NBI ions are not born on poorly confined trapped orbits, some of them will be scattered
onto such orbits, and it is therefore desirable to improve their confinement. As we shall
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see, however, this is difficult with the existing RF system.

The structure of the article is as follows. Basic relations required for understanding
the problem are presented in section 2. This section includes consideration of (i)
conditions for wave-induced increases of the longitudinal particle velocity and the
concomitant transformation of trapped orbits into passing ones, which follows the
characteristics of a quasilinear kinetic equation; (ii) wave polarization; and (iii)
resonances of the wave-particle interaction. Section 3 is devoted to the application to
W7-X: the maximum pitch angle of trapped injected particles are evaluated, an analysis
is carried out of the possible use of waves generated by the W7-X RF antenna, and
possibilities for using lower-frequency-waves are discussed. Section 4 summarizes and
discusses the results obtained. Appendix A analyses the characteristics of energetic ions
produced by NBI in W7-X, including the superbanana motion of particles with pitch
angles in the range of transition orbits. The effects of the neoclassical radial electric
field on this motion is also considered.

2. Basic relations

2.1. Quasilinear evolution as a tool for orbit transformation

Formally, quasilinear diffusion of particles in a wave field occurs by wave-particle
interaction at an infinite number of cyclotron harmonics w = lwg, with wp the particle
gyrofrequency and [ an integer, see e.g. [8-10]. However, during ion cyclotron resonance
heating (ICRH) typically only the low-/ terms contribute substantially to the quasilinear
diffusion coefficient (D) because of restrictions imposed by the resonance condition and
because the Larmor radius (p, ) can be small compared to the transverse wavelength.
In addition, the difference between cyclotron harmonics (wg) is comparable to the wave
frequency (w) when w ~ lwp with [ ~ 1, and different particles interact with the waves
through resonances with different [. Therefore, it is reasonable to assume that resonances
associated with different cyclotron harmonics do not overlap. We can thus restrict our
attention to the quasilinear evolution associated with a single harmonic, either [ ~ 1 or
[=0.

The magnetic moment is not conserved when w ~ wg, and the kinetic energy of the
motion perpendicular to the magnetic field (£,) thus changes when [ # 0. As follows
from the quasilinear theory, the change of £, is related to the parallel kinetic energy
(&) by

&y w
E B lwp;
whose solution (characteristics of the quasilinear equation) is

£ - ( S 1) £, = const. 2)

lwp;

- 17 (1)

Here the inhomogeneity of the magnetic field is temporarily neglected but will be
included in the analysis later. Note that equation (1) can be obtained also by using
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the symmetry properties of the resonant term in the particle Lagrangian, like this was
done, e.g., in reference [11].

In particular, £ ~ const during ICRH with w ~ lwp;. This is a drawback of ICRH
because it means that this form of heating is usually accompanied by a decrease of
the particle pitch v /v, with v the particle velocity. As a result, a population of the
energetic trapped ions with wide orbits and poor confinement tends to be produced.

In experiments, ICRH indeed produces high-energy tails in the distribution function
of the heated ions. For instance, a non-Maxwellian tail consisting of a-particles with
energies up to several MeV is routinely observed in the JET tokamak [12]. This and
many other experiments have demonstrated that ICRH can serve as a source of energetic
ions suitable to study the physics of fusion products and other fast ions. In contrast,
our purpose is to convert trapped fast ions into passing ones, with a minimum increase
of the particle energy.

Quasilinear evolution with [ # 0 associated with the absorption of wave power
(d€ > 0) does not necessarily lead to an increase of £, and evolution with [ = 0
evolution conserves £, . To understand why, it is useful to write the increase of the total
energy of a resonant ion as

d& +d&L > 0. (3)
Because of (1), this equation implies
w
dg, > 0. 4
lei L= ( )

If we take w > 0 it thus follows that £, increases if [ > 0 but drops if [ < 0 and stays
constant if [ = 0.

In order to see whether and when the RF heating can result in orbit transformations,
let us introduce the pitch variable A\ = p,By/E, where p, is the particle magnetic
moment and By the equilibrium magnetic field strength. (When the inhomogeneity of
By is later taken into account, By will be replaced by its magnitude at a certain point,
see a paragraph before equation (7) and the last sentence in this subsection). In this
variable, equation (1) becomes

d\ d&
-\ & )
which leads to the characteristics
E (A —1\) = const, (6)

where A\, = wp;/w. We thus conclude that any increase in energy is accompanied by
a reduction of A\, which in an inhomogeneous field can result in the transformation of
trapped particles to passing ones if either [ < 0 or if [ > 0 and A\, < AP%5/] < \'"/[,
where superscripts "¢r” and ”pass’refer to the trapped and passing particle populations,
respectively.

Figure 1 demonstrates this relation for the W7-X high-mirror configuration. It is

seen in this figure that an increase of the particle energy by 10 — 20% is sufficient for
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Figure 1. Curves along which quasilinear evolution of the particle distribution
function takes place in the (A, &) plane: Left panel, [ = 1, A\, = 0.7; Right panel,
[ = —1 and various A, (three lower curves) and [ = 0 (upper curve). The arrows show
the direction of the evolution during RF heating. The region of trapped particles is

shadowed. The ion energy is measured in arbitrary units; A\P%5 = 0.85 and A/%¢ = 0.95

are the maximum A of passing particles and the minimum X of locally trapped ones at
half-plasma radius in W7-X in the high mirror configuration, see figure A2.

an orbit transformation of deeply trapped particles to passing ones when [ < 0. When
[ > 0, only marginally trapped particles (transitioning ones in the locally passing state)
can be transformed to passing ones if AE ~ 10%, and a much larger increase of the
particle energy is required for orbit transformations of deeply trapped particles. Only
this case (I > 0), as will be shown later, may be of interest for W7-X where the RF
antenna is designed for the ICRH heating.

In contrast, the acceleration of passing ions leads to an increase of X, which
eventually causes them to cross the separatrix between the passing and trapped regions
when A, > AP /1if [ > 0. In this case the wave-particle interaction produces trapped
ions and decreases the population of passing ones.

The transformation of trapped energetic ions to passing ones can also take place as
a result of plasma instabilities driven by the energetic ions. For this to occur, the [ > 0
resonance involving both trapped and passing energetic ions should be responsible for
the instability, but A, should exceed \P%° = as shown in figure 2.

In this analysis, the inhomogeneity of the magnetic field was neglected, but this
restriction can be removed by simply replacing By in wp; and A by its average value
on the magnetic axis, B. The equations (5), (6) then only contain constants of the
particle motion. Therefore, the pictures shown in figures 1 and 2 are valid not only for
times much shorter than the bounce time 7, (when the use of the constant-magnetic-

field-approximation is justified) but also for times exceeding 7, and realistic magnetic
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Figure 2. Same as figure 1 (but for a different range of A\) in the case when quasilinear
evolution is associated with an instability (rather than with RF injection) driven
through the [ = 1 resonance. The energy of the resonant particles then drops, as
indicated by arrows.

configurations. This is not surprising since the ratio A/A, does not depend on the
magnetic field,
A M py,
— X ——w, 7
s e & (7

where M and e are the particle mass and electric charge, respectively. It is merely a
matter of convenience what magnitude of the magnetic field to use in the definition of

A and \.. We shall use By = B.

2.2. Wave polarization

The [-th term in the quasilinear diffusion coefficient is related to the wave field as follows:
—i i 2
Dy o< |e ™ ELJi1(§) + eV E_Jia(9)], (8)

where £, = O.S(E,, + iEb), E, and E, are components of the wave electric field,
the subscripts r and b refer to the radial and bi-normal directions, respectively, 1 is
defined by k. = k) costp, ky = ki siney, Ji(§) is a Bessel function of the [-th order,
and £ = k;p;. When £ < 1 (which is typically the case), the first term in equation
(8) mainly contributes for [ = 1, whereas the second term dominates for [ = —1. This



Ways to improve the confinement of energetic ions in stellarators 7

implies that the F,-component of the electric field is mainly responsible for energy
transfer to the particles at the [ = 1 resonance, whereas the F_-component dominates
if [ =—1.

The wave polarization is therefore of importance, and is determined by the bulk
plasma when the number of fast ions is small. In the approximation of a homogeneous
plasma it can be obtained from the Maxwell wave equations k x B = —(w/c)éE and
k x E = (w/c)B, where a tilde labels perturbations, k is the wave vector, and é = €ij
the dielectric tensor. For waves with EH = 0 (ideal MHD waves) and k;, = 0, these
equations are reduced to

(61 — NHQ)ET + iEgEb = O, (9)
—ieyE, + (e, — N)E, =0, (10)

where N = ck/w is the refractive index, N| = ckj|/w, kj is the longitudinal wavenumber,
€1 = €, and €3 = —i€yy,. Here, an orthogonal frame (e,, e, €) is used, with e = B/ By.
The permeability tensor components in (9), (10) are well known. In the cold plasma
approximation [i.e., when (w — lwp;)* > kffvg;, (w — lwp,)? > kjvi,, and ki p; < 1] for

waves with frequencies w < min (wpi, M./ M; wBe) they become [§]

2 2
_ wpi _ W wpi 11
€1 = 9 27 €2 = ) 2 ( )

where w,; denotes the plasma frequency of species i. The expressions (11) are valid

independently of the direction of the wave vector component perpendicular to the
magnetic field. Therefore, our assumption k, = 0 does not affect the properties of
the waves although it does simplify the equations.

We obtain from (9)-(11) the familiar result that Alfvén waves (AW) and fast

2

magnetoacoustic waves (FMW) with w? < w%, are linearly polarized, see, e.g. [8].

To see this, we note that AWs (w = kjv,) are described by the equation ¢; = N”2 and,
therefore, it follows from equation (9) that E, = 0. Fast magnetoacoustic waves with
w = kv, satisfy the equation ¢; = N?, which leads to E, = 0. In both cases |E,| = |E_|.

On the other hand, when the wave frequency approaches the ion gyrofrequency of
one of the ion species, w = wpg;, €1 = €5 — 00, then NH2 is negligible, and equations (9),
(10) are reduced to E, + iEj, = 0, so that £, = 0 and E_ # 0. Note that this is a
reason why the [ > 1 resonances are to be used (and, hence, why effects of finite Larmor
radius are important) for [CRF heating of a plasma with a single ion species. (However,
strictly speaking, the cold-plasma-approximation does not work when w = wg;.) When
the wave frequency is close to wg;, Ey # 0 but is small, see equation (40) and analysis
in subsection 3.2.

In the limit w? > w?; equation (9) yields Ey/E, = iwg;/w for FMWs (w = k v4)
when NH2 < €1, whereas Ey/E, = —iky /K, for helicons (w = kyjk v} /wp;) when NH2 > €
and kf < k7.
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The same results can be obtained from the following relation, which follows from
equation (9), [8]:
E - Nf
=t ”27 (12)
E- — N
where €1 = € £ €3 with
2

€, = _ZL, (13)

WhB; (w - sz)

_Zsz w—i—wBZ) (14)

2.8. Resonances

2.3.1. Local and global resonances. In the quasilinear approximation, only particles
interacting resonantly with the waves can undergo orbit transformations caused by an
RF field or plasma instabilities.

There are two kinds of resonances: local and global, see, e.g., [11]. Local resonances
do not depend on the particle orbits and are therefore similar in tokamaks and
stellarators. Global resonances contain orbit-averaged frequencies of the particle motion,
and are effective on time scales exceeding that of the motion of particle guiding centers.

Let us introduce a characteristic time of the resonance interaction, 77, which will
determine the time of the quasilinear evolution of the distribution function. This time
should be small enough in order to prevent energetic ions from escaping to the wall:

'I‘ES

< Tn, (15)

¢ is much longer than the

where 7, is the lifetime of escaping fast ions. The time 7"
wave period. Therefore, we can write 77 = @/ f,,, where f,, is the wave frequency in
Hz and @ = w7 /(27) > 1. On the other hand, 7, ~ 74, where 7y, is the period of
superbanana motion for locally trapped particles with orbits intersecting the wall. For

these particles equation (15) reduces to

fuw > Q (16)
Tsb

In particular, in W7-X 74, ~ 1 ms (see Appendix A) and equation (16) reads: f, > @
kHz. For instance, when () < 103, this condition can be satisfied even for low frequency
waves, w < wp,;. Moreover, equation (16) should be replaced with a less restrictive

condition for transitioning particles whose confinement time exceeds 7.
Typically 74 is much longer than the particle bounce or transit time 7,. For times
exceeding 7, the energy exchange between particles and waves in linear and quasilinear

theories can be described by means of relations that contains the integral [9]

Tb
/ ew(T)dT, (17)
0
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where
W(T) = /OT[w —lwp(m) — mi + noldr. (18)

Dots here denote 7i-derivatives, ¥ and ¢ the poloidal and toroidal angles, m and n are
the corresponding mode numbers, and all perturbations are chosen to be of the form
X o exp(—iwt + im1d) — ing). When
W wp = 2—7T, (19)
Th
most of the contribution to the integral (17) comes from the point 7, of stationary phase,
determined by dv/dr, = 0, which represents the local resonance given by

Ql =W — lLUBZ‘ - kJHUﬁes = O, (20)

where v is the particle velocity along the magnetic field, & = (m¢ —n)/R, and we
have approximated ¢ = 1p = wy/R. In particular, w, = 6.6 x 10° s~ for locally
trapped 55-keV protons in W7-X, see section 3. This implies that local resonances exist
in this case for wave frequencies exceeding 100 kHz. Waves with w ~ wp; satisfy this
condition, whereas for waves with frequencies comparable to w;, only global resonances
are meaningful. Both local and global resonances exist for w, < w < wp;.

Global resonances for passing particles are given by

w = Uwgi) = (kmtpnsvnv)) =0, (21)

where ((...)) denotes bounce/transit-time averaging, kmiunivny = [(m + p)e — (n +
vN¢)]/R, where p and v are integers that determine the Fourier components of the
equilibrium magnetic field, Ny is the number of field periods [13]. Equation (21)
is valid for particles with narrow orbit widths (A,). Finite A, leads to additional
resonances [14]. When kyR/t > 1 and p ~ 1, v = 0, this equation determines (v))™**,
which approximately coincides with v|* determined by the local resonance. In general,
however, this is not the case.

Global resonances for trapped particles are determined by
w — l(wp;) — swp = 0, (22)

where s is an integer and the precession frequency is neglected. This equation is
true both for particles oscillating within toroidal angles Ap = 27 /N (locally trapped
particles and transitioning particles in the trapped state) and for particles oscillating
within Ay ~ 1/ (transitioning particles in the locally passing state). The magnitudes
of wy are different for these two groups of trapped particles: wi® ~ ("IN fw,l)/ P where
the superscripts loc and [/p label bounce frequencies in the locally trapped and locally
passing states, respectively.

Note that orbits of transitioning particles in the locally passing state mainly lie in a
region close to the outer midplane of the torus, see figure A1l in Appendix A. Therefore,
it is necessary that the wave field be present in this region to influence locally passing
particles.
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2.8.2. Analysis of local resonances. For given values of ||, w and kj, the diffusion
coefficient is ), ;D = Dm(vf|>0) + D_|l|(v‘l‘<0). In the approximation £ < 1, the E,-
term mainly contributes for [ > 0, whereas the E_-term dominates for [ < 0:

ZDI o [|EL[?6(Sus0) + [E-[?0(Qu<o)] Ji-1, (23)
!

where [ # 0 and terms proportional to Jﬁ| 41 have been neglected. For [ =0 we have
Di—o o |Epe™ — E_e™|* §(4—0)J?. (24)

The radial dependence of kj in € can be neglected when m < n or «(r) = const.
Assuming that this is the case (W7-X has a very small global magnetic shear) and
that the field modulation (0By/By) is small, we take kj = const and replace wp; by
Wp;i by wpi(B) in equation (20), where B is the average equilibrium magnetic field on
the magnetic axis. This approximation can be useful even when effects of the spatial
variation of k| and wp; are not negligible, because it makes it possible to evaluate the
longitudinal wavenumbers required to satisfy the resonance condition for a wide range
of wave frequencies.

We thus choose a k| that satisfies (20) with the gyrofrequency wp; for beam ions
having the longitudinal velocity vﬁ:

Wpi

)
i

where k" = k(1 > 0), k = k(I <0), k) = k(I =0), and © = A\ = w/wg;. Various

consequences of this choice are now discussed:

_ - WR; . WB;
k|| =@+ [l))—, kﬁ:(ﬂ_b7 (25)
Y Y

k= (@— i)

(i) We first consider the case where kﬁr is selected and assume @ > (AP% )1 in
order to enable A to decrease for trapped particles. Then the first term in (23) involves
particles with the velocity vﬁ and depends on E,. The second term, associated with
E_, arises due to the resonance (20) with [ < 0 and involves particles with
@+

- Y-
(w— 1)

These particles can be transformed into passing ones. However, equation (26) is satisfied

(L < 0) = (26)

only for vj* > Uﬁ, unless @ > [ (for given 1).

(ii) The second case is that when k:[ selected, and requires the smallest energy to
increase the particle pitch (to decrease M), especially when w < wp;, see subsection
2.1. In addition, E? may well exceed E? and, therefore, most the RF energy can be
transferred to fast ions with v = vﬁ because the term in (23) involving particles with
vﬁ is determined by E_. The term, associated with E, affects particles with

(@ —11) 4

?}Tes(l > 0) = 0=/ Y. (27)
“ G+

This term arises due to the [ > 0 resonance, and therefore its effect is desirable

(decreasing \) only when the wave frequency is sufficiently high, @ > A\™' ~ 1. When

@ < [, the resonant particles determined by (27) are absent and, hence, the [ > 0
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resonance does not work. For instance, for @ = 0.7, vﬁes(l =1) = —0.18vﬁ. However,
when the wave frequency is very low, w < wg;, vﬁes(l > 0) ~ —vﬁ. It is not clear
whether such waves can provide orbit transformation of trapped particles since the sign
of their longitudinal velocity changes during the bounce motion. As a result, the [ > 0
resonance may cancel the positive effect of the [ < 0 resonance. This cancellation can
be prevented by effects we have neglected, such as finite orbit width, radial quasilinear
displacement of the fast ions, and the inhomogeneity of the wave field.

(ii) The third case (w, < w < wp; and kﬁ selected) requires a little bit more energy
for the orbit transformation than the k[ case. On the other hand, waves with w < wp;
can be used without any threat that a positive effect of the waves on one part of the
orbit (where vy > 0) will be cancelled on another part (where vy < 0): the only resonant
velocity is vﬁ (for given kﬁ)) and d€/d) is always negative, see right panel in figure 1.
One more positive feature is that kﬁ < pﬂbl for w < wp;.

It is clear that the proposed way of transforming trapped particles into passing ones
can be of practical importance only if the waves interact with fast ions having various
longitudinal velocities. This implies that waves with the corresponding spectrum of
wavenumbers, not only those determined by equation (25), should be present (for a
given wave frequency). The presence of a k-spectrum is also required for the quasilinear
evolution of the fast-ion distribution. It follows from equation (20) that the region of
resonance velocities is about |Av)/v|| = |Ak/k|, where Aky is the effective width of
the spectrum. Note that in reality the resonance region is somewhat wider because of
the finite resonance width, which depends on the wave amplitude.

The kj-spectrum is often symmetric, at least, when a two-strip antenna is used
lexcept for the case of (0 & 7/2) phasing] [15]. Due to this circumstance, waves with
both k > 0 and k) < 0 are generated. Trapped particles are then affected by the RF
field on both legs of their bounce orbits.

The antenna k-spectrum may include those k| which provide resonant interaction
between the RF field and well-passing ions with A < A,. This will lead to ion acceleration
accompanied by a decrease of the pitch x when the [ > 0 resonance is responsible for
the wave-particle interaction. Nevertheless, the transformation of passing particles into
the trapped ones will not occur due to the condition A, < AP¢* . If NBI heating is
sufficient to sustain the desired plasma temperature, one has to exclude or minimize
this acceleration of the passing ions by ICRH. This can be achieved by imposing a
restriction on what values for & for which the antenna power spectrum is large. This

restriction is
trap

kH > l{f* = Xma:):k,ﬁ—7
X
where x. &~ /1 — A, and !’ is the maximum pitch of the trapped ions. To obtain

(28) we used the resonance (20) and the definition of /{:ﬁ“ given by (25).
Note that when the wavenumbers are determined by equation (25), the waves do

(28)

not interact with electrons through the cyclotron resonance, but the [ = 0 resonance is
possible. Therefore, some RF energy can be absorbed directly by the electrons.
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2.8.8. On global resonances of trapped particles. Equation (22) for the trapped particles
does not depend on k||, and the resonance region for given s is therefore determined by
the wave amplitude alone. A particle trapped in the wave field moves thus regularly in
the resonance island unless it overlaps with other islands [16]. On the other hand, the
bounce frequency is much smaller (by a factor of 10> — 10%) than wp; and, therefore,
bounce resonances may overlap, while resonances corresponding to different cyclotron
harmonics are well separated. For this to be the case the wave amplitude should be
sufficiently large and the frequency should not be very close to lwp;,

|w — lWBi| > Wp. (29)

From this equation, s > 1, |Aw,/wy| = 1/s < 1 (Aw, is the distance between the
neighbouring bounce resonances) and, therefore, the summation over s in the equation
for the diffusion coefficient can be replaced by an integration, the main contribution to
the integral coming from the local resonance, see, e.g., [17]. When bounce resonances
overlap, the particle motion is stochastic and equations (5), (6) with the gyrofrequency
averaged over the bounce period are applicable.

For low-frequency waves, w ~ wj, local resonances are absent. Wave-particle
interaction is then realized through the global resonance w = swy, with s ~ 1.

3. Application to Wendelstein 7-X

3.1. Pitches of trapped particles

The longitudinal velocity of a particle is not a constant of the motion. For the trapped
particles it varies from zero to a maximum magnitude, |Vjmqz|, implying that these

particles can interact resonantly with the wave provided that |v‘7‘"65] determined by

TEeSs

equation (20) does not exceed |Vmaz| (0r [X"*| < maz|x| = Ximas for the given particle

energy). The quantity X is, of course, a constant of the motion and be written as

1 Bmm 12
Xmaz = (]- - 1+a B ) ) (30)

where B,,;, is the minimum magnetic field along a particle orbit, « = A= —1 . Equation
(30) follows from the definition of A = & B/(€By) [we just used p, = &, /By(r,9)) in
the relation for A given in subsection 2.1].

To calculate x4 We have to specify the equilibrium magnetic field, which we take
to be in a form that includes the main Fourier harmonics in Wendelstein 7-X [7]:

By = B[l + €y + €, cos(Nyp) — €, cos( — Nyp) — € cos U], (31)

where €y, €,,, €,, and ¢ are absolute values of the diamagnetic, mirror, helical, and
toroidal harmonics, respectively. One sees that when €, > €, — €;, which is true for the
high-mirror configuration in W7-X, B,,;, can be evaluated as

Boin = B(1 4+ €y — €,). (32)
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Figure 3. Variation of the magnetic field strength along the field line passing through
the point (9 = 7, ¢ = 0) as described by equation (31), and B,;, (horizontal lines)
determined by equation (32) at different radii, x = r/a, a is the plasma radius. Local
maxima are located at pymqey =~ 275/ Ny and local minima at @, ~ 27(j + 0.5)/Ny,
with j =0,1,2,... and Ny = 5; ¥ = 1 — 7.

For illustration, the variation of the field strength along the field line (1o — ¥ = const)
using equation (31) is shown figure 3. As expected, the minima of By depend only
weakly on ¢ (especially in the plasma core region), and in addition, they do not vary
much with radius and are well approximated by (32).

The pitch parameter « of the two groups of trapped particles — locally trapped ones
(labelled by the superscript "loc”) and transitioning ones (labelled by the superscript
"tran”) — lies in the intervals [18]:

Qmin < 0% < €0+ €m — €4 — €, (33)
€0+ €n —€n — € < "M < eg+ €, + €p + €, (34)
where ay;, is determined by the equation x%(r,9) = 0, x is the particle trapping
parameter, x*(r,9) = 1 is the separatrix between the locally trapped particles and

locally passing ones.
For passing particles we have

ol > €0 + €, + €, + €. (35)
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Figure 4. Pitch x = v /v of locally trapped NBI ions and transitioning ones in W7-X.
The ranges of pitches during the particle orbital motion are shown by vertical lines.
The maximum values of y are shown by bold lines.

Using (30), (32), (33) and (34) we obtain:

2¢,, — €, — € 1/2

loc m h t

_ 7 36

V= (et (36)

o (2emtata ) (37)
maw 14e+6e,+e,+6 '

In particular, x!°¢ = 0.35 and x"%" = 0.48 at 7/a = 0.6 in the W7-X high-mirror

max max
configuration.

3.2. Specific examples

3.2.1. The use of available tools. The maximum energy of NBI ions in W7-X will
be 55 keV for protons and 60 keV for deuterons. The RF frequency lies in the range
Jw = 25— 38 MHz, and the location of the maximum in the antenna k-spectrum varies
from ~ 3 m™" to ~ 11 m™!, depending on the phasing [15]. The high-k; wing of the
spectrum reaches kj ~ 20 m~!. In addition, the antenna could also be operated at the
frequency f,, = 76 MHz [15], but this requires internal modifications to some capacitors.
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It follows from equations (25) that the resonance condition can be consistent with
the W7-X antenna spectrum only for [ > 0. Otherwise, the required wavenumber is too
large, k| > (px)~' > 100 m™, where p = v*/wp; is the fast ion Larmor radius. In this
case the trapped particles can be converted to passing ones provided that

Q> 1A L (38)

max

This condition is generic, it does not depend on the magnetic field and the wavenumbers,
and it guarantees that the reverse process — the transformation of passing ions to trapped
ones — will not occur. Taking AP = 0.83 (we rely on figure A2) we conclude that the
required frequency is @ 2 1.2[.

However, the maximum frequency of the lower-frequency band (38 MHz)
corresponds to @ = 1.1 (for protons) for the reference magnetic field B = 2.27 T
adopted for this magnetic configuration. To provide @ = 1.2, the magnetic field should
be decreased by a factor of 1.09 to B = 2.08 T. (Increasing the frequency by a similar
factor, to 41.5 MHz, is not possible.) The RF field will then act to increase the pitch
x of any injected protons. (Only relatively few discharges with deuterium injection will
be performed in the first NBI experiments.)

In contrast to (38), the resonance condition (20) and the wave polarization (12) are
rather sensitive to the variation of the magnetic field within the plasma volume, since
the selected value of @ is relatively close to unity. Taking into account the inhomogeneity
of the magnetic field, we can write:

QDo — |U]b
T L) (30)
PX
B,  @,—b
=t _ _ 40
B o, +b” (40)
where
1_ k%0 b(@p+b)
g= @p;  wpn(r) (41)
14 k{v3o b(@p—b)
=T T2

W  w@pn(r)
b= By(r,9,p)/B, the ion density profile is given by n; = n;on(r), and the subscripts o
and p label @ for the beam ions and plasma, respectively. It is clear from equation (39)
that when kjpx < 1 (the case of interest for W7-X), the resonance can take place only in
points with b > 1. On the other hand, it follows from figure 3 that b < 1 in the minima
of the magnetic field. This implies that the resonance condition cannot be satisfied by
deeply trapped localized particles. Such particles will not be produced in any great
numbers by the NBI, see figure A2, but could result from collisional scattering of the
injected ions. In the first planned NBI experiments on W7-X, only passing particles and
particles with A in the transitioning region will be produced upon ionization. Moreover,
the neoclassical radial electric field prevents orbit losses of most transitioning particles
in the locally trapped state, as shown in Appendix A. Thanks to this circumstance, in
order to improve the confinement of transitioning particles it is sufficient to affect them
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Figure 5. The resonance magnetic field b, = B;®*/B determined by equation (39)
with [ = 1 for the 55 keV protons.The range 2 m~! < k< 20 m~! is relevant to
the W7-X antenna spectrum, and 0 < x < 0.55 for trapped particles and marginally
passing ones. The obtained magnitudes of b,..; exist in the magnetic configuration, as
seen from figure 3 and figure 6.

by the RF field when they are in the locally passing state. The orbits of these particles
are located above the local maxima shown in figure 3, namely, at 1.08 < b < 1.24. This
is consistent with the magnitudes of the magnetic field 1.04 < b,.s < 1.2 predicted by
the resonance equation (39), see figure 5.

One more requirement for resonance with transitioning particles in the locally
passing state is that it should be possible at ¢ < 1, where these particles undergo
bounce motion (see figure A1l for the injected with A = 0.9). As follows from figure 6,
this condition is fulfilled and the resonance occurs at Ny ~ 2mj. The region of the
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Figure 6. Contour plots (in polar Boozer coordinates) of b = By/B in the high-
mirror configuration of W7-X in the cross sections Nyp = 27mj (left panel) and
Nyp = 2m(0.5 + j) (right panel), with j = 0,1,2,.... The coordinates are defined
by (z,y) = (r/a)(cos¥,sin ).

locally passing state expands as A decreases (this follows from figure 7), which increases
the number of resonance points on the orbits of these particles.

Finally we discuss the issue of wave polarization. When the plasma ions are of
the same species as the beam ions, @, = w,. Therefore the [ = 1 resonance cannot
effectively be employed in a hydrogen plasma with NBI protons because E is small,
but in deuterium plasmas (@, = 2.4) the polarization can be acceptable. The results
of calculations shown in figure 8 confirm this. In particular, the ratio E, /E_ ~ 0.3 for
/{” ~ 10 m™'.

3.2.2. Other possibilities. The smallest energy for orbit transformation is required in
the scenario with the [ < 0 dominant resonance, as seen from figure 1. In this case,
however, the wavenumber determined by the local resonance [k in equation (25)] is
very large, k;[ e pH_b1 at w 2 wp;, where p, = vﬁ Jwp; is the parallel Larmor radius. This
scenario is thus not achievable with conventional ICRH antennas although the required
frequency of the RF field is available.

Much smaller wavenumbers (k;ﬁ < p[bl) are required when the [ = 0 resonance
dominates and w < wp;. More energy is then be consumed for orbit transformation
than for negative [, but less than in the case of [ > 0 resonance. For the local resonance to
exist, the wave frequency should well exceed wy. If, for example, w = 10wl we obtain
kl(l) = 2/x m~2 for 55-keV protons. This wave number corresponds to the avaialble
antennas, but the required frequency is only f, =1 MHz.

When the condition of local resonance is not satisfied, the interaction of waves with
trapped particles occurs due to the resonance w = swy, with s ~ 1, everywhere in the
region where the wave field is present. In this connection, isomon modes — which are

modes of Alfvénic character affected by plasma compressibility and having m = n may
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Figure 7. The x? = 1 lines in W7-X high-mirror configuration for various magnitudes
of the pitch parameter « in the absence of a radial electric field (Eg, = 0). We observe
that the region where transitioning particles are in the locally passing state (to the
right of the curves) increases when « increases and occupies almost all the plasma
cross section for @ = 0.25. On the other hand, it is detached from the plasma edge
at o = 0.045, which implies that collisionless diffusion [7] does not lead to losses of
particles with small a.
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Figure 8. The ratio E /E_ for the same ranges of parallel wavenumbers and particle
pitches as in figure 5. The central electron density is n.(0) = 8 x 103 cm~2 and
n =0.9.

be relevant. These modes are predicted to exist in W7-X due to small magnetic shear
and ¢ close to unity [19]. When m = n 2 1, they occupy a considerable part of the
plasma cross section and can interact resonantly with both trapped and passing NBI
ions in W7-X. However, it is not clear how these modes could be excited by antennas.
Note that the modes with m = n ~ 1 were recently observed in a low-shear region in the
KSTAR tokamak [20]. In this experiment, the m = n = 3 mode was destabilized with
a current blip induced by electron cyclotron heating (ECH), which successively evolved
tom/n =2/2 and m/n = 1/1 modes in the core of sawtoothing discharges.



Ways to improve the confinement of energetic ions in stellarators 20

4. Summary and conclusions

We have considered the possibility of improving energetic-ion confinement in stellarators
by using plasma waves to modify the distribution function. The waves are assumed to
result from the injection of RF power, but could also arise due to plasma instabilities. In
either case, the aim would be to convert trapped orbits into passing ones, and a number
of requirements on the wave spectrum have been identified.

In particular, it is shown that an RF field with frequency around the ion
gyrofrequency of beam ions can in principle result in an increase of x (when beam
ions and plasma ions are of different species), although ICRH in current experiments on
tokamaks usually leads to smaller xy and the production of trapped particles. In order
to avoid the latter, the inequality w > liwg, /My, should be satisfied. This inequality
also represents a necessary condition for the transformation of trapped orbits to passing
ones. Note that this condition is generic, valid for both stellarators and tokamaks.

To satisfy it in the W7-X high-mirror configuration with the available ICRH
antenna, the equilibrium magnetic field must be decreased somewhat (by nine percent)
below its standard value. (This could make plasma heating with ECRH difficult
since the W7-X gyrotrons operate at a fixed frequency tuned to twice the electron
cyclotron frequency.) ICRH at the frequency 38 MHz and wavenumbers in the range
2m! < k< 20 m~!) is consistent with the requirement to satisfy the resonance
condition for 55 keV protons with pitches corresponding to transitioning particles, and
such particles will indeed be produced in great numbers by the NBI. However, they
will only interact efficiently with the ICRH wave field if the main plasma species is
different from hydrogen, because of the issue with polarization. This severely limits
the applicability of the scheme to W7-X. Indeed, it should be emphasized that the
present study merely investigates whether wave-induced fast-ion confinement is possible
in principle. Whether it will be possible in practice on W7-X or any other device is
unclear and requires a more detailed analysis.

In principle, the use of low-frequency waves (w < wp;), for which the main
resonance has [ = 0, is more attractive since less energy is required to convert trapped
particles into passing ones. In addition, in this case the decrease of pitches of well
passing particles is intrinsically absent. However, it is neither clear what plasma waves
could be used for this purpose, nor how they would be launched.

A by-product of our analysis is that the neoclassical electric field changes the
confinement time and pitch-angle spectrum of the lost NBI ions in W7-X. In particular,
the electric field decreases the number of particles escaping to the wall along superbanana
orbits (within about 1 ms) and increases the fraction of transitioning particles that are
confined or lost for At > 1 ms due to stochastic diffusion. This conclusion agrees with
a recent publication [21] where the influence of the negative neoclassical electric field
on NBI ions in W7-X was studied. It was found that the confinement of partly slowed-
down NBI ions is considerably improved due to this field. A similar improvement in the
confinement of locally trapped particles was also predicted in earlier work [18]. Later it
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was however shown that the electric field arising from neoclassical transport in W7-X
is not sufficient to drastically improve the confinement of NBI ions [19].

The presence of this electric field actually simplifies the trapped-to-passing
conversion of NBI ions in W7-X. According to figure A2, no fast ions with fully trapped
(non-transitioning) orbits will be produced by NBI in the first NBI experiments using
the high-mirror configuration. The birth orbits of the injected ions will be either fully
passing or fall in the region of transitioning particles. Most of the ions in the latter
group have A close to 0.9. Those of them that are born in the locally trapped state are
shown in figure A1 by thin lines. It follows from the left panel of this figure (valid for
Ey. = 0) that most particles in the locally trapped state do not reach the separatrix
k? = 1 but escape to the wall. In contrast, we observe in the right panel of figure Al
that most of the thin lines intersecting the equatorial plane reach the separatrix. If the
radial profile of the NBI ions is peaked in the core, this implies that most particles born
in the locally trapped state become locally passing (within about 1 ms). It thus follows
that in order to convert trapped particles into passing ones, it is sufficient to provide
interaction with the RF field when they are in the locally passing state.
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Appendix A. Trapped energetic ions in the first planned W7-X
experiments with NBI

In fully optimized Wendelstein-line (so-called quasi-isodynamic) stellarators, the
contours of constant magnetic field are closed poloidally everywhere except for the
near-edge region. However, this will be not the case in the initial stage of operation
with NBI in W7-X, where there are unclosed contours of By = const going through
the plasma core, see figure 6. A considerable fraction of fast ions may therefore quickly
escape to the wall, moving along superbanana orbits, even when their pitches lie in the
region of transitioning particles. Figure Al, left panel, demonstrates this behavior. In
this figure the pitch parameter o (« = A™! — 1) was taken equal to 0.1 (A = 0.9), which
corresponds to the maximum of the A-distribution of the injected ions at mid-plasma
radius, see figure A2. In spite of the fact that this pitch lies in the region of transitioning
particles, most fast ions with this pitch, for At ~ 7 , quickly escape from the plasma.
(Only a small number of particles are really transitioning, i.e., such particles that are
transformed to locally passing and back again, intersecting the curve x* = 1). The
magnitude of 74 can be estimated as 74 = 277r/v,,, where v,, = 0.5pv01In By/0r is
the poloidal precession velocity, which gives 7, < 1 ms. This estimate agrees with

~

the results of numerical calculations in [3], where a considerable loss of fast ions was
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Figure A1l. The trapping parameter x2 = 1 (bold line) and contours of J = const for
a =0.1,i.e., A = 0.9 (thin lines) in the toroidal plasma cross section for the W7-X high
mirror configuration when Ep, = 0 (left panel) and Ey, # 0 (right panel). The latter
is calculated under the assumption that ®q(r) = — f:o dr' Eo,-(r"), with 79 a point at
the axis zg < 0,y = 0. This implies that the case with Ey,. # 0 holds for particles
launched at x < 0,y = 0. Here Ey,. < 0 is the neoclassical equilibrium electric field
(shown in figure B1 of reference [19]). The major radius of the torus is located to the
left. The trapping parameter x2(r,1) in the presence of the electric field is defined in
reference [18].

observed for At < 1 ms. One can hope, however, that in reality the confinement of fast
ions with A = 0.9 will be better thanks to the radial electric field, as follows from figure
A1, right panel. This field is set by the requirement that the neoclasscical flux must be
ambipolar, even in the presence of gyrokinetic turbulence [22]. We observe that many
J = const contours reach the k> = 1 curve rather than the plasma boundary. This
means that these particles really become transitioning and, therefore, their confinement
time increases. Furthermore, calculations show that the separatrix x2 = 1 of some
particles with smaller o does not cross the plasma edge, in which case any stochastic
diffusion results in radial transport, but not loss to the wall.
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