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ABSTRACT: We establish a dictionary between group field theory (thus, spin networks and
random tensors) states and generalized random tensor networks. Then, we use this dictio-
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in three different cases corresponding to three different truncations/approximations, sug-
gested by the established correspondence.
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1 Introduction

Background independent approaches to quantum gravity suggest a picture of the mi-
crostructure of the universe in which continuum spacetime and geometry disappear and
are replaced by discrete and non-spatiotemporal entities. Among them, Loop Quantum
Gravity (LQG) [1-5], the modern incarnation of the canonical quantization programme
for the gravitational field, together with its covariant counterpart (spin foam models), and



Group Field Theory (GFT) [6-9], a closely related formalism sharing the same type of
fundamental degrees of freedom, identify this microstructure with (superpositions of) spin
networks, which are graphs labeled by group-theoretic data. More precisely, in GF'T mod-
els of quantum gravity spin network states arise as many-body states in a 2nd quantised
context, whose kinematics and dynamics are governed by a quantum field theory over a
group manifold with quanta corresponding to tensor maps associated to nodes of the spin
network graphs. Random combinatorial structures, corresponding both to the elementary
building blocks of quantum spacetime and to their interaction processes, become central.
The same is true in the related context of random tensor models [10-12], which, for our
present purposes can be seen as a simplified version of GFTs, stripped down of the group-
theoretic data, leaving only the combinatorial aspects. Indeed, the random tensors can
be understood as the GFT fields considered for the special case of a finite group. For a
more detailed account of these three quantum gravity formalisms, and for the many results
obtained, we refer to the cited literature. In the following, we will provide more precise
definitions of their main ingredients.

Tensor networks, in recent years, as powerful quantum information tools in the con-
text of condensed matter and, more generally, quantum many-body systems (including
quantum field theory). For recent reviews, see [13, 14]. Also in this case, we will give
precise definitions in the following. Here it suffices to say that tensor networks encode the
entanglement properties of many-body systems in their combinatorial structure, in which
tensors are connected along a network pattern and identify (the coefficients, in a given
basis, of the wave function corresponding to) quantum states of the given system. Born
as convenient mathematical tools for numerical evaluations of many-body wavefunctions,
which become translatable into graphical manipulations, tensor network techniques have
found an amazing number of applications: from the classification of exotic phases of quan-
tum matter (e.g. topological order) [15, 16] to new formulation of the non-perturbative
renormalization of interacting quantum field theories [17-19], down to realizations of the
AdS/CFT correspondence [20-23].

Despite their disparate origin, it should be clear already from our sketchy description
that the type of mathematical structures identified by quantum gravity approaches and
used in the theory of tensor networks are very similar. And consequently, it is very natural
to try to put the two frameworks in more direct contact. This is the main goal of the
present article. Indeed, the structural similarity had been noted before [24-27], and also
exploited in the context of renormalization of spin foam models treated as lattice gauge
theories [28-31]. The last set of works, in particular, has already shown how fruitful tensor
network techniques can be for quantum gravity models.

Before we start presenting our results, we want to offer some motivations for our work,
both from the quantum gravity perspective and from the tensor network side.

From the quantum gravity point of view, the general motivation is clear. Tensor
networks provide a host of tools and results that could find useful application in quantum
gravity; in particular they may become central tools in the renormalization analysis of
GFT models [32-37], in addition to their mentioned role in the renormalization analysis
of spin foams models [38-40]. And such renormalization analyses are, in turn, the main



avenue for solving the crucial problem of the continuum limit in such formalism.

More specifically, tensor networks are very effective in taking into account and control-
ling the entanglement properties of quantum states in many-body systems. This is exactly
the language in which GF'T deals with quantum gravity states; moreover, in GFT, the very
connectivity of spin network states, encoded in the links of the underlying graphs, is asso-
ciated with entanglement between the fundamental quanta constituting them (associated
to nodes) [41]. One example of this type of application, as we show in this paper, is the
computation of entanglement entropy in spin network states and relate LQG with holog-
raphy, which was also the subject of a number of other works in the LQG/GFT literature
[27, 42-55].

Further, the identification of the true (interacting) vacuum state of a quantum grav-
ity theory, in absence of any space-time background or preferred notions of energy, is a
difficult matter even at the purely conceptual level, leaving aside the formidable techni-
cal challenges. One possible criterion, suited to this context, is to look for states which
maximize entanglement, by some measure (e.g. entanglement entropy). In this respect,
to reformulate the kinematics and dynamics of GFT and LQG states in terms of tensor
networks, and to do the same for their renormalization, seems a promising strategy.

Finally, recent results in the application of tensor networks to AdS/CFT [21-23] sug-
gest that this application would be fruitful even within the conventional perspective of
canonical quantum gravity (which includes, at least historically, canonical LQG). From
this perspective, in fact, the task of quantum gravity is the construction of the space of
quantum states of the gravitational field which satisfy the (quantum counterpart of the)
Hamiltonian constraint encoding the dynamics of quantised GR. A number of results in
AdS/CFT suggest that a static AdS space-time, which we expect to be one such state, at
the quantum level, satisfies the Ryu-Takayanaki (RT) formula [20] for the entanglement
entropy, which is very efficiently computed (as we also show in this paper) via random ten-
sor network techniques[23]. One is led to conjecture that this may be a general properties
of physically interesting quantum states of the gravitational field, and so far no counterex-
ample to this conjecture has been found. This prompts the search, by the same techniques,
for similar states in canonical quantum gravity.

From the perspective of the theory of tensor networks, one general good point of
dwelling into the correspondence with quantum gravity states should also be obvious. This
identifies a new domain of applications, of truly fundamental nature, for techniques and
ideas which have already proven powerful in others. Indeed, we expect that a number of
key results obtained via tensor network techniques, most notably holographic mappings
and indications of new topological phases in many-body systems, can be reproduced in
this new context, with deep implications. In perspective, it is here that one will be able to
test the suggestion that quantum information has a truly foundational role to play in our
understanding of physical reality.

More practically, a number of techniques have been developed, and many results ob-
tained, concerning the dynamics of GFT and spin-network states, also thanks to the many
related developments in the theory of random tensors, and our dictionary proves that the
GFT formalism provides a natural definition of the dynamics of random tensor networks.



Specifically, it means that the many results in GFT can help dealing with general (non-
Gaussian) probability distributions over random tensor networks, as well as offering new
takes on more standard problems, like entropy calculations, in tensor network theory. In
fact, we offer some examples of these applications in the following.

In this paper, we do not target the more ambitious objective of a calculation of the
RT formula for the entanglement entropy in the full quantum gravity formalism of group
field theory. Having established the general dictionary between group field theory states
and (generalized) random tensor networks, we content ourselves with reproducing the RT
formula in three new cases, but staying close to the standard derivation: for random tensor
networks endowed with a gauge invariance property motivated by the quantum gravity
setting; for group field theory states corresponding to generalized tensor networks, but only
using a group field theory dynamics in the simplest approximation and dealing only with
averages over the tensor functions associated to the network nodes, rather than treating
the full tensor network as a group field theory observable; for the simple truncation of
group field theory states corresponding to spin networks with fixed spin labels. We leave

a more complete and comprehensive analysis for forthcoming work.

The paper is organized as follows. In the next section, we summarize the basic el-
ements of spin network states and of their embedding in the GFT formalism, as well as
the definition of tensor networks. Having done so, we show the precise correspondence
between GFT states and tensor networks, showing how the first generalizes and provides
a Fock space setting for the second. In the following section, as a first application of this
correspondence, we compute the 2nd Rényi entropy for random tensor networks and derive
the RT formula for them, in the case of tensors endowed with a gauge symmetry. This case
is immediately suggested by the GFT framework, since this type of gauge symmetry plays
a crucial role in GFT models of (lattice) gauge theory and quantum gravity. In section 4
we derive the Nth Rényi entropy using GFT techniques, in the group representation and
for a generalized tensor network, but without taking advantage of the full GFT formalism;
next, we compute the same Rényi entropy and derive the RT formula from a purely spin-
network perspective, see as a truncation of more general GFT states. This is meant to
be a clear example of how the same problem can be fruitfully approached from both sides
of the correspondence. Finally, in the last section, we discuss one key universality result
from the theory of random tensors, which extends straightforwardly to GFTs, and which
could have direct impact on the applications of random tensor networks. We end up with

a summary of our results.

2 Group Field theory and Tensor Networks

A d-dimensional GFT is a combinatorially non-local field theory living on (d copies of) a
group manifold [6-9]. Due to the defining combinatorial structure, the Feynman diagrams
F of the theory are dual to cellular complexes, and the perturbative expansion of the quan-
tum dynamics defines a sum over random lattices of (a prior) arbitrary topology. A similar
lattice interpretation can be given to the quantum states of the theory. For GFT models



where appropriate group theoretic data are used and specific properties are imposed on the
states and quantum amplitudes, the same lattice structures can be understood in terms of
simplicial geometries. The associated many-body description of such lattice states can be
given in terms of a tensor network decomposition. The corresponding (generalized) tensor
networks are thus provided with a field theoretic formulation and a quantum dynamics
(and, in specific models, with additional symmetries). In this section, after a brief intro-
duction to the GFT formalism, we detail this correspondence between GFT states and
(generalized) tensor networks.

2.1 Group Field Theory

Let GG denote an arbitrary semi-simple Lie group; in the following, we assume for simplicity
that GG is compact, but the framework can easily be generalized to the non-compact case.
A group field ¢ is a complex function defined on a number of copies of the group manifold

G:

¢ :G? = C (2.1)
9 +— ¢(gi)
where we use the shorthand notation g; for the set of d group elements {g1, g2, -, ga}-

The GFT field can be also seen as an infinite-dimensional tensor, transforming under
the action of some (unitary) group U*?, as:

(g1, .-, 94) = /[dgi]U(gi,gl)"'U(géagd)ﬂgl,---,gd),

and

©*(91, -, 9d) = /[dgi]U*(gl,gi)-"U*(gmgﬁz) ©*(g15 -, 9d)
for / dgU (gl g1)*Ugir i) = 5(d's ). (2.2)

This requires the d arguments of the GFT field to be labeled and ordered. We will
see in the following how one can decompose the same field into finite-dimensional tensors;
in this finite-dimensional case, the correspondence with tensor network formalism will be
evident, and it will also be evident then in which sense GFTs provide a generalization of
it.

The GFT dynamics is defined by an action, at the classical level, and a partition
function at the quantum level. The combinatorial structure of the pairing of field arguments
in the GF'T interactions is part of the definition of a GFT model. An interesting class of
models [6-12] is defined by the requirement that the interaction monomials are tensor
inwvariants, i.e. that GFT fields are convoluted in such a way as to produce an invariant

under the above mentioned (unitary) transformations!.

'Such invariants are in one to one correspondence with colored d-graphs B constructed as follows: for
each GFT field (resp. its complex conjugate) draw a white (resp. black) node with d outgoing links each
labeled by d different colors, then connect all links in such a way that a white (resp. black) node is always
connected to a black (resp. white) node and that only links with the same color can be connected.



Another class of GFT models is instead based on the requirement that the Feynman
diagrams of the theory are simplicial complexes, which in turn requires the interaction
kernels to have the combinatorial structure of d-simplices. This class of models is also the
one on which model building for 4d quantum gravity has focused on, producing models
whose Feynman amplitudes have the form of simplicial gravity path integrals and spin
foam models [6-9], and, more generally, lattice gauge theories. This leads to additional
symmetry requirements on the GFT fields and interactions, which will play a crucial role
in the following.

In this last case, the GFT action has the general form

1 _
Silel = 5 [ dsdgioton) Klaigi ™) oleh) + (23)
Y d+1
+ cH—l/ H dgij V(gijg}f) ©(915) -+ @(ga+15),
i#j=1
where dg; is an invariant measure on G and we use the notation ¢(g1;) = ¢©(g12, - , g1d+1)-

K is the kinetic kernel, V the interaction kernel, A a coupling constant for the d 4+ 1-degree
homogeneous interaction. The two kernels satisfy the invariance properties

K(hgigi ' 1) = K(gigs), (2.4)
V(hi gijgy; ' by ) = V0gig ) Yh R hi € G

This implies that the action is invariant under the gauge transformations dp(g;) = ¢(¢gi),
where ¢ is any function satisfying

/ dh @(hgi,- -+ ,hgq) = 0. (2.5)
G
This symmetry is gauge fixed if one restricts the field ¢ to satisfy

o(hgi) = ¢(gi)- (2.6)

The action is also invariant under the global symmetry

(g1, ,94) = w(gih, -+, gah). (2.7)

GFT’s Feynman diagrams define cellular complexes F weighted by amplitudes assigned
to the faces, edges and vertices of the dual two-skeleton otabularf a chosen triangulation of
a d dimensional topological spacetime M . As mentioned, their Feynman diagram evalu-
ations reproduce the associated amplitudes of a spin foam model, or, in different variables,
of a simplicial gravity path integral [56-58], providing a generalisation of the lattice formu-
lation of gravity a la Regge, with an accompanying sum over lattices, generalising matrix
models for 2d gravity to any dimension [6-12].

Let us give some more detail on the construction, to clarify the above points. A
specific theory, with a specific related Feynman cellular complex, is completely defined by



Figure 1. Correspondence between Feynman diagram and triangulation: Each strand of the graph
forms a closed loop which can be interpreted as the boundary of a 2d disk. These data are enough
to reconstruct a topological 2d complex F, the vertices and edges of this complex correspond to
vertices and edges or the Feynman graph, the boundary of the faces of F correspond to the strands
of the Feynman graph.

the choice of the kernels. Lets consider the simplest case, consisting in the choice
K(gin)) = / an [T ot (2.8)
gzjgﬂ / Hdh H(S zgwgﬂ 1) (2.9)

1<j

where 0(+) is the delta function on G and the integrals ensure the gauge invariance defined in
(2.5), and let us restrict to the case of dimension d = 3. To keep track of the combinatorics
of field arguments in the kernels, it is useful to represent the Feynman diagram as a stranded
graph. The field ¢ has three arguments, so each edge of a Feynman diagram comprises
three strands running parallel to it. Four edges meet at each vertex and the form of the
interaction V in (2.9) forces the strands to recombine as in Figure 1.

The three strands running along the edges can be understood to be dual to a triangle
and the propagator K gives a prescription for the gluing of two triangles. At the vertex,
four triangles meet and their gluing via V form a tetrahedron. With this interpretation the
Feynman diagram of a GFT is clearly dual to a triangulated 3d simplicial complex (which
will be generically a singular pseudo-manifold) and this is true in any dimension [59-61].

The quantum states of the theory can be given a similar combinatorial characterization
in terms of graphs and dual cellular complexes, as it should be already intuitive in the above
example, in which GFT fields themselves are associated to triangles. We will no detail this
aspect of the formalism.

2.2 Fourier modes of the group field as tensor fields

As a function on a group G, the field ¢ can be decomposed in terms of unitary irreducible
representations (p, V,) of G using the Peter-Weyl theorem, L?(G) ~ @b,V’ eV, giving



9) =Y dpTr[par p*(9)] (2.10)

p

Here, d, € N is the dimension of the representation p : G — Aut(V},), the indices
a,b =1,...,d, are matrix indices associated to the matrix p(g) representing the group
element g, and ¢, € V? ® V*? ~ End(V,) is the matrix Fourier coeflicient of the function
©. In other words, each ¢, is a rank d, = N matrix.

Let us consider, as a specific example, the same decomposition for the case of d = 3,
with G = SU(2). The unitary irreps of SU(2), V/, are labeled by the spin j € N/2. Using
the right invariance property of the field, one obtains the following decomposition

©(91, 92, 93) ZTY
{7}

(p;ggbf,mg,mg (H V .71 mI n; gl ) 7{1J1}:n2 ng] (211)

where d; is the dimension, D’(g) € End(V7) the group matrix element and zq{fl}nzm €
Homg (V7! @ VjQ V73, C) is the three-valent intertwiner operator (related to the Clebsch-
i : VI @ V72 — V73). We used the shorthand notation {j} for the set of
spin labels (j1, j2, j3).

The fields @}{,ﬁ .ma,my Tesult from the contraction of the Fourier transformed GF'T fields

Gordan map W73

cﬁ{j} with the intertwiner tensor imposing the gauge symmetry at the vertex. 2
{7} 2 {7} {k}
Pimy = Z Pimy k) Y5} H \/7 (2.12)
{k}

The Fourier transformed fields depend on the (discrete) representation space of the Lie
group in question. Thus, generically Fourier transformed GFT fields are tensors of some
rank d, ¢y} with discrete indices mi; = {my,...,mg}. 3

In (2.11), such tensors are contracted with the spin network basis tensors

gl _ /d.. DJi {7}

{m} - <H ]ZD‘]’nzanz > {n}’ (213)
encoding the properties of the vertex of the spin network graph dual to the (d-1)-dimensional
triangulation that can be associated to the GF'T states.

2.3 Group Field Single Particle States

Functions ¢(g;) can also be understood as single particle wave functions for quanta corre-
sponding to single open vertices of a spin network graph (in fact, they also label coherent

2This is the standard factorization of a symmetric tensor into a degeneracy tensor with all the degrees of
freedom and a structural tensors (the Clebsch-Gordan coefficients) completely determined by the symmetry
group G (Wigner-Eckart theorem) [25].

3To regularize some quantities, especially at the dynamical level, it may be necessary to impose a (large)
cut-off N in the range of the representation indices.



states of the GFT field operator, which define the simplest condensate states of the theory
[55, 62, 63]).
Let us define these ‘single-particle’quantum states as

o) = [ do o(a0 o) (214)

where dg; = dgidgs . .. dgg is the Haar measure on the group manifold G¢, invariant under
the gauge transformation, and the vectors |g1)...|gq) provide a basis on the respective
infinite dimensional spaces H ~ L?[G].

The single particle state |¢) is then defined in H®?. Moreover we require |¢) to be
normalized (this is of course not the case for the classical GFT fields or the GFT condensate
wavefunctions):

(olo) = / dgi plg)e(g) = 1. (2.15)

Considering the case of G = SU(2), we can decompose the basis |g) into the unitary
irreducible representation of SU(2) as

9)= 3 V& Dh(9) |, ") (2.16)

j7m7n

and vice versa
oty = [ a9/ Dj(a) o). (217)
SU(2)

In particular, the tensor decomposition given in (2.11) holds at the quantum level, hence
defining the quantum fields <p7{q{1} ma,ms &S actual tensors states.
Tensors in (2.13) defines the SU(2)-invariant single vertex spin network wave functions

(in group representation)

Uy(gi) = (xlgi) = (Hﬁ . gl> it (2.18)

The basis vector |x) = |7, m, ) denotes the standard SU(2) spin network basis (labelled by
spins and angular momentum projections associated to their d open edges, and intertwiner
quantum numbers).

2.4 Many-Body Description and Tensor Network States

We now describe the quantum states of the formalism, emphasizing their many-body struc-
ture, following [64].

Consider a d-valent graph formed by V disconnected components, each corresponding
to a single gauge invariant d-valent vertex and d 1-valent vertices, thus having d edges.*
We refer to this type of disconnected components as open spin network vertices.

4One could work instead with the larger Hilbert spaces of non-gauge invariant states L*[G**V] without
imposing any gauge symmetry at the vertices of spin network graphs, and consider this condition as part
of the dynamics. The above construction would proceed identically, with the same final result, but with
the basis of single-vertex states now given by the above functions without the contraction of representation
function with a G-intertwiner.



Figure 2. A tensor network I' is a set of tensors whose indices are contracted according to a
network pattern. A network pattern can be always represented as a graph, given by a set of nodes
(n) and links (¢) connecting nodes. A link is called an internal link when it connects two different
nodes; while it is called a boundary link when it connects only one node. The number of links that
connect to a node is called the valence of the node..

To such a graph we can associate a generic wavefunction given by a function of d x V'
group elements,

q)(g(zz) = é(g%a "'79??9%7 "'7937 e 79\1/779?/) (219)

defined on the group space G¥*V /GV (V copies of G¢, quotiented by the isotropy group of
the single particle function ¢(,)(g:) at the each vertex); here the index a runs over the set
of vertices, while the index i still runs over the links attached to each vertex).

These functions are exactly like many-particles wave functions for point particles living
on the group manifold G¢, and having as classical phase space (7*G)? (the classical phase
space of a single open spin network vertex or polyhedron).

Accordingly, a state |®) € Hy ~ L2[G?™*Y/G"] can be conveniently decomposed into
products of single-particle (single-vertex) states,

B(gf) = (gf1B) = D @V (9:) U (90) (2.20)
Xii=1..V

While the above decomposition is completely general, a special class of states can

be constructed in direct association with a graph or network I". The association works as
follows. Start from the d-valent graph with V disconnected components (open spin network
vertices) to which a generic V-body state of the theory is associated. A partially connected
d-valent graph can be constructed by choosing at least one edge 7 in a vertex a and gluing
it to one edge j of the vertex b, i.e. joining the two edges along their 1-valent vertices.
The final graph will be fully connected if all edges have been glued. Each pair of glued
edges {ai,bj} will identify a link L of the resulting (partially) connected graph. In the
spin representation, i.e. in terms of the basis of functions 1, (¢:) - - - ¥y, (¢), the gluing is

implemented by the identification of the spin labels j{ and j]l? associated to the two edges
b
i
other words, the corresponding wave functions for closed graphs can be decomposed in a

being glued and by the contraction of the corresponding vector indices m{ and m?. In

basis of closed spin network wave functions, obtained from the general product basis by
means of the same contractions:

Or(gd) = (g|®r) = Z @{fljzv [(H 5jg,j§5mg,mb.> Uy (9i) Uy (91’)](2-21)

J
Xa,0=1...V Lel

~10 -



where the coefficients of the wave function can in turn be understood as the resulting of
considering generic coefficients X1XV and contracting them with some choice of functions

MJI 7 5
b0ja 5t

ity VY
oI = v <H 5];10;7]\4 J) ’ (2.22)

Lerl
where the contraction is left implicit.
For fixed {7}, each resulting contraction scheme of tensors (each identified by a set of labels
X) defines a tensor network state.
In the group representation, the gluing amounts to considering wave functions with a
specific symmetry under simultaneous group translation of the arguments associated to
the edges being glued:

(I)F(gé) = (I)F(g%v' vglhl\/’gQ" "ggv e ’thIV’ ""gfl/) : (2‘23)

In the end, given a tensor network with graph I', the ®Ji-3i defined above will contain all
the information about the combinatorics of the quantum geometry state.

A further special case corresponds to those states for which the coefficients XXV them-
selves have a product form, i.e. can be decomposed in terms of tensors. In this case, as it
is for the spin network wave functions, the coefficients ®Ji-+3i can be obtained as a tensor
trace

® M @ AL (2.24)

again, in the case of fully connected graphs I' (otherwise, some angular momentum labels
will remain on the left had side, corresponding to the edges that have not been glued).
In lattice theory, we would say that the network I" (fixed {j}) provides a tensor network
decomposition of the tensor state i3

The equivalence of a special class of GFT states with the lattice tensor network states,
and the sense in which GFT states generalise them, can be further elucidated by the
following example.

2.5 Link state as a gluing operation

A tensor T is a multidimensional array of complex numbers TAl,..., », € C. The rank of
tensor 7' is the number d of indices. The size of an index )\, denoted dy, is the number of
values that the index A € N takes [65].

Analogously, at the quantum level, to each leg of the tensor one associates a Her-
mitian inner product space Hp, with dimension D given by the size of the indices A €
{1,2,...,dj\; = D}. Given an orthonormal basis |A,), n = 1,...,|D[ in Hp, a covariant
tensor of rank d is a multilinear form on the Hilbert space of the vertex T: H,, = H%d — C.

We denote its components in the canonical dual tensor product basis by

Ty = TMngs - o5 Any)s (2.25)

- 11 -



hence the tensor state

T)= Y Thrg M) @ @A) (2.26)
Al Ad

A tensor network is generally given by a set of d-valent vertices v, corresponding to rank
d tensors.In particular, a state corresponding to a set of unconnected vertices is written as
a tensor product of individual vertex states

Tv) = Q) ITn) (2.27)

Individual vertex states are glued by links. To each end of a link we associate a Hilbert
space Hp. The Hilbert space of the link £ is then H, = H%Q and a link state can be written
as

|M) = My, 5, A1) @ [A2) (2.28)

where we choose to take the link states | M) to be generically entangled.® In general, the
entanglement of the links will encode the information on the connectivity of the graph.
Two nodes are connected if their corresponding states contract with a link state,

v u
- 1 <7 2
T2 = (M[|Th) |T2) = T)(\l-)")\a"v\vMA“)‘bT)(\/l?“)\bm)\; ® [Ai) © ® P‘;> (2.30)
i+a j#b
Notice that if |[M) was a non-entangled state, the connection would be trivial, i.e. the two

nodes would be practically disconnected and the corresponding state could be written as
a tensor product of two states,

u

7-12 = T>(\¢11)>\1--->\UZ)‘G ® |)‘Z> ® E)\ng;’l..-)\& ® ‘)‘;>
i=1 j=1

= |17) @ |T3) (2.31)
Then given a network N with N nodes and L links, the corresponding state is

L N
@) = ) (M| (R T) (2.32)
4

n

Because all links are contracted with nodes, |¥,s) is then in the Hilbert space associated
to the boundary links of the network, which is denoted as Hgpr. |¥nr) is a state in Hyp.

®One can observe it by defining a density matrix py; = |M) (M| and tracing out one of the Hilbert
space, without losing generality, tracing out Hp of |A2), then computing the von Neumann entropy of the
reduced density matrix p; = Trzpsr = MTM. The entropy S = Trp; In p; is non-zero unless My, can
split as Mx,», = Ax, Bx,. For simplicity, in the next sections we will often assume that the link state is
maximally entangled, i.e.

1

) =

Oxagxg |A1) ® |[A2) . (2.29)
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The above structure can be identified also for the special GFT states mentioned at
the end of the previous subsection, which are formed by generalised L?(G?) functions
associated to the nodes of the network. In this case, the analogous of the generic link state
n (2.28), which is also the group counterpart of the gluing operators associated in the spin
representation to the matrices M, can be defined in as the convolution functional

(M,,| = / dgrdgs M(glgega) (01 ® (ga] € HE2, (2.33)

where the functions M (g) are assumed to be invariant under conjugation M (g) = M (hgh™!).
When a link ¢ connects two nodes, say a and b, the corresponding state (Mg,| contracts
with states |¢,) and |¢p)

(M, 10a) lios) = / dg1dgadgfdg? Mg gugs) ealgr, a¥)enlozg?) l9) 1)) (2.34)

where we have singled out, among the arguments of the vertex wave functions ¢ the ones
affected by the gluing operation. In these terms, the open d-valent tensor network graph
I' with V vertices, can be written as

v
|®F) = ® (Mg, ® lon) = /dga dr(ge, 90) |90) (2.35)

Ler

where the {gs} denote the group elements on the open links.

The role of the link state in tensor network, thus, is naturally generalised by the
convolution function, defined for the group field variables. This is due to the fact that
the group fields ¢(g;) on G? can be interpreted as rank d tensors, with indices spanning
the group space G, and associated Hilbert space (for each index) being L?(G).° The
multiparticle state given in (2.23) can then be interpreted as a tensor state with indices gy
and rank given by the number of open links of the spin network graph.

2.6 Link function in spin decomposition

As showed in 2.4, many-body state can also be decomposed into spin representations.
Suppose M (gI geg2) can be written as

glg€92 Z d mn mn 919592) (238)

jmn

5The case of ordinary, finite-dimensional tensors is obtained if we pass from a Lie group to a discrete
group. Let us consider, as a basic example, the case of a field defined on the discrete nth cyclic group Z,.
Given the nonempty set

X={X|X=(A1,..., ), A € Zn}. (2.36)
the field ¢ : X — R (or C) is a real or complex valued function on X and we indicate by

o(X). (2.37)

L0

the value of ¢ on the set of d elements X. The function 5 can be interpreted as a tensor with d discrete

indices @x;,....a,, where A € {1,2,..., |dim(Zn)|}.

.....
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Then, as a simple example, the state (My,||¢aq) |¢p) can be written in terms of ga’l'm, im
and M7, as’

(My,| |¢a) |pp) = /dgldgzdgé‘dgf M (gl geg2) @alg1, 92) (92, 97) 92 |g?)

= Z Z [ia]p[‘Pa]iiiﬁanMr];mm[@b]éj&b(fm)(_)m ljp, mp) |ja, Na) [ia]kakDiz(gé)[ib]lb(—l) X
Jmnklpq iatp

(=) Lo, k1) o 1) (2.39)

Graphically, the last line can be presented as

(Mg, |loa) lon) = - N "\ Y ' (2.40)

jmnkl iqtp

From the graphic equation, one can immediately observe that the upper part is an open

tensor network ’q)ji>, given by the tensor trace of a collection of tensors
2= intim (2.41)
n

for each node and matrices Mﬂnn for each link.

2.7 Random Tensor Network States

A random tensor network (RTN) is a tensor network in which tensors T},...y, on each node
are unit vectors chosen independently at random from their respective Hilbert spaces. A
tensor state |T), defined in the Hilbert space H,, = H5", contains D complex components.
These components define a complex vector T}, in a D" dimensional vector space Hy. We
choose a gauge such that numerically T, = T),...5,,

v
p=> AD""*=0,1,...,D"~ 1. (2.42)
a=1

Since Hr is isomorphic to H,,, one can give an inner product between two vectors in Hyp
as T, T l’L Moreover, |T') € H,, being normalized, one has as well

(T\TY = TxynyTogeory =TT =1 (2.43)

"Notice that we are introducing the bold font for vectorial quantities, in order to shorten the notation
in spin representation.
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The Hilbert space Hy is the fundamental representation of U(D") group.

Given an arbitrary reference state TB, a group element U € U(D") will transform 7, S to
a new vector T[L] = (UT"),. A random tensor T},...\, corresponds then to a random choice
of the group element U € U(D") defining T[/ 8 In a random network, a group element U,
is independently chosen for each node of the network.

Let us consider now a tensor T},...,, which satisfies the following symmetry

Tyyon, = T[Al-i-f]D~'[>\v+@D7 VleZ (2.44)
The square bracket [---]p denotes the modular arithmetic: for all k € Z and D € Z*
[k|p = k mod D, [k|lp € Z/D (2.45)

where Z /D is the the set of integers modulo D. Such a tensor state can be considered as a

particular case of a group field tensor, with indices taking values on a finite group space.”

For all k1,ke € Z and D € Z™, it satisfies the following rules:

(k1] +[kelp = [k1 + ko] p (2.46)
(k1) +[k2]p]lp = [k1 + k2]p, [D]p =0

In the case with symmetry (2.44), only D*~! components are independent. Because
of the gauge choice (2.42), T, can be written as a direct sum of D vectors

T

Ho
T
T,=| " |, m=01,..., D11, (2.47)
TNDfl
Vi = 0,1,...,D — 1, in which the components in T},; are independent from each other.

However one can observe that if we use the gauge choice (2.42)
Ty # Tpyo Vi# ] (2.48)
In order to avoid this inconsistency, we choose a new gauge T}, = @fi 51 T, =T),..\,, with

p=XMD""+ [\ — M\]pD"* (2.49)

a=2

In the new gauge, numerically the components satisfy
Ty =Ty, Vi, j (2.50)
and in direct summed representation, for a given component 7,

TM = T[/H-ZD”_l]DIH VlelZ (251)

8The random average of an arbitrary function f(|Vz)) of the state |V3) is equivalent to an integration
over U according to the Haar probability measure [ dU f(U |05)), with normalization [dU = 1.

In a tensor field theory the gauge symmetry characterising the group field function, as defined in (2.6),
can also be imposed as a “dynamical” feature via the choice of a specific kernel in the action.

~15 —



From now on, for simplicity, we denote the tensor with the symmetry (2.44) with two
indices: p and i =\ € Z/D as T),;, = Tj,...»,, with

v

pi =Y [Aa—M]pD"* € Z/D"! (2.52)

a=2

For a given i, the vector 7}, is lying on a D*~! dimensional space, which is a funda-
mental representation space of the group U(DV"!). Because T,T,, = 1 and (2.44), T), is
also normalized

T,T,=D" Vi=0,1,---,D—1 (2.53)

7

Then in this case the tensor T},...», is at random means that with respect to the same T},
the group element U,, € U(D"~!) is randomly chosen for each node.

The random character plays a central role in the study of the entanglement area laws
in tensor networks. Indeed, random pure states are nearly maximally entangled states [66],
hence can be used as a toy model of a thermal state [67, 68]. This in particular implies
that the computation of typical entropies and other quantities of interest for these states
can be mapped to the evaluation of partition functions of classical statistical models as
showed in [23].

The interpretation of group fields as tensors provides an actual generalisation of the
tensor network decomposition techniques in terms of random tensor fields. Moreover, a
given GFT model provide the same generalised tensor network states with a dynamical
description, each model corresponding to a specific probability measure %du(gp) for the
field ¢, defined through its partition function Z and momenta (correlations).

2.8 Dictionary

We summarize the established dictionary between group field theory states and generalized
random tensor networks in terms of two synthetic tables.

The correspondence between group field and tensor network description is resumed in
Table A:
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Table A Group Fields Tensors
classical 0:G* = C T: X - C
gi — ©(9i) ={A A= (A1, )}
©(9) = (91,92, 9a) Trire-ng = T(N)

gi € G generic group e.g. A\ € Zy, nth cyclic group

gauge sym e(hg) = ¢(3i) our case T( +0) =T(Y)
C=(,- 0),leT

quantum |7) € H®? ~ L2[GY] |Ai), i=1,...,d}5y =D in Hp

one particle lo) = (9)|7) T,) = Thyon,|X) € H, = HS  tensor state
state
gluing (My,| = M) = My, x, | M) @ |A2) € link state
functional [ dgudgs M(glagn) (gl (oo H, = H?
c H*®2
particle  |®p) € Hy ~ L¥[G**Y /G"] W) tensor
state network
state
N
product  |9%) = @per (My,|®Y o) | 100) = ®F (MI@Y ITuh e tensor
state = [dgs ®r(ge, 9) |95) Hopn network
convolution decomposition
randomness Zdv(p) T[L] = (UTY), random

field theory probability measure

T =79, ..\, € Hr,
U € U(dim(Hyz))

tensor state

The generalisation of tensor networks in terms of group fields states is evident in the

spin-j decomposition of the latter ¢(g;) =

Z Tr| go{m} (

.V ]zD‘]'mfz,nz 9i ) EJ

ny ]

Once we turn off the sum over all possible js, fix the representation labels and ask
them to be equal, generically Fourier transformed GFT fields cpfm}, are tensors of single

rank d, with discrete indices m; = {m, ...,
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equivalence is resumed in table B:

Table B GFT network Spin Tensor Network Tensor Network
node @(g) Sofm} T{,u,}
= ¢(91,92,93,94) 5 Sy Gy g B
link M(gige92) Min Mz,
Sym ©(hg) = ¢(3) HZ Dinsm’s (g)ifnfl...mgj H;} Uusu’sTu’l--'u; =
= Uy Ty
state |®7) = ]\IIJFI> = . [P Ar) EN
Q¢ (My,| @y, [¥n) (M, 16n"™") | Q¢ (Ml &, [Tn)
indices gi €G, m; € Hj, SU(2) spin-j i € Lo, nth
lg; ) € H ~ L?[G] irrep. cyclic group
dim o0 dimH; =25 +1 dimZ, =n

In the following sections, with the longer-term goal of a full understanding and com-
putation of the RT formula in the field-theoretic GFT context, we are going to use the
inputs provided by the established dictionary between GFT states and (random) tensor
networks to reproduce the RT formula in three different cases corresponding to three dif-
ferent truncations/approximations, suggested by the established correspondence. In the
next section, we derive a RT formula by calculating the 2nd Rényi entropy, reproducing
the original argument given in [23] for the case of a random tensor network with additional
gauge symmetry described above. Then, we further generalize the approach by means of
the GFT formalism and spin network techniques, as further steps towards the calculation
of the RT formula within a complete quantum gravity setting. We expect the random
character at the core of the original derivation to be naturally captured by our field the-
oretic generalization. In particular, the correspondence will allow us to use the standard
path integral formalism to evaluate the expectation values of entropies and other tensor
observables.

3 Ryu-Takayanagi formula for Random Tensor Networks with Gauge
Symmetry

The Ryu-Takayanagi formula[20], originally derived in the context of the gauge gravity du-
ality, for continuum fields on a smooth background, shows that the entanglement entropy
in d+1 dimensional conformal field theories can be obtained from the area of d-dimensional
minimal surfaces in AdS4y2. This entropy-area relation is recognised to be of fundamen-
tal importance for at least three key reasons. First, it suggests a convenient approach to
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the calculation of entanglement entropy of quantum fields (a notoriously difficult problem)
via the calculation of geometric quantities which is, most often, much easier. Second, it
supports a general relation between entanglement and geometry, in turn leading to the sug-
gestion that the whole of spacetime geometry can be understood as emergent from (quan-
tum information-theoretic) properties of non-spatiotemporal quantum building blocks. Of
course, this last suggestion has a life on its own and it has been brought forward in many
different contexts [63, 69-76]. Third, it provides a concrete and general indication of the
holographic character of gravity, which goes beyond the AdS/CFT gauge gravity duality
framework.

In this section, we derive the RT formula by performing the calculation of the 2nd
Rényi entropy of the random tensor network. A generalized calculation on the Nth Rényi
entropy will be performed in next section in the context of GF'T and spin-networks.

3.1 Replica Trick and Rényi Entropy

We start by recalling some general tools for the computation of the entanglement entropy
between two subsystems of a given quantum system.
The entanglement entropy between two subsystems is defined as the von Neumann entropy
computed from the reduced density matrix of one subsystem.

Suppose a system S is divided into two regions A and B. The reduced density matrix
of region A is defined by tracing out the Hilbert space in part B from the density matrix
p of the system S:

pa=Trg(p) (3.1)

and the entanglement entropy between A and B is given by the von Neumann entropy

Spr(A) = —Tr[palnpal, (3.2)

where

~ PA
ra 3.3
PAS T (3.3)
is the normalized reduced density matrix.
Because of the difficulties in computing directly the von Neumann entropy, one use
the so-called replica trick to approach the problem. Contracting N copies of the reduced
density matrix p4 and taking the logarithm of the trace of pf}{ , one obtains the Nth-order

Rényi entropy

Sn(A) = N1 InTrpy . (3.4)
We can also define
N
Z$ = Tepl = Te[p®VP(%; N, d)], (3.5)
Zy" = (Trp)™,
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Figure 3. Boundary N of network N is divided into two parts A and B.

where P(79; N, d) is the permutation operator acting on the states in region A,

N

P(r); N,d) = H5H‘E4[S+1]D)/'LEAS) (3.6)
s=1

and d is the dimension of the Hilbert space in the same region A.

The replica trick is useful because the Rényi entropy Sy, which is easier to compute,
coincides with the von Neumann entropy of region A, and thus with the entanglement
entropy between regions A and B, in the limit Nrightarrowl

Sep(4) = lim Sy(4) (3.7)

3.2 S5 in RTN with Gauge Symmetry

As the first step, let us calculate the Sy for a give tensor network state |War). The tensor
network state | W) is given by (2.32), which is in the Hilbert space of Hgar. States can be
written in terms of index notation.

Un) <= Yo = Vas (3.8)

@ IT) < ((X) T,

n >{)\A}{)\B}{)\c}

Q) (M| = <®M@) = Mc¢ (3.10)
{Ac}

1 14

= TaBc (3.9)

So based on the definition (2.32), the tensor network state is rewritten as
U ap = McTapc (3.11)

where we divide the boundary N into two parts, labeled as A and B.
All links are internal links that contract with nodes. The density matrix corresponding
to Wyp is

pinss = YagVan (3.12)
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Then the Sy is defined as

A
e 2 = % (3.13)
ZO
79 = Te[p®*P(xY; 2, d)] (3.14)

Because when n = 2, the cyclic group S,, only has two elements: identity 1 and swap
operator IF, so

P(7%;2,d) = FW (3.15)
Then
7@ = Tr[p®2FAW] = (3.16)

)
leAlBlBlpZQAQBQBQ A1 A1A3As B1B1B2Bs

78 = Te[p™?) = (3.17)

o @ o
leAlBlBlpZQAQBQBQ 21A122A2 §1B1§232

Now let us average the random tensor at each node. As shown in the previous section,
the average of the tensor with symmetry (2.44) is given by (B.10) and (B.4)

1
2
Er(er,) = pupeipg (;(2) (Ln(ym(2) + Fm(ym() (3.18)

As defined in (A.4), D'"1[2] = D'=1(DV~! 4 1). And let us define the normalization as
Dy = D*D"7 12 (3.19)

For the whole density matrix of tensor with IV nodes,

Er(p®?) = Tre

QR Er(pF?) p%?] (3.20)

N
1
=pr e | 2 (L Fraymae) A7
. mp(1)mn(2)

= ]D)LN Z Tro

2 {ma()}Hmn(2)}

2
® Lo (1)ymn(2) ® Fr.  (1ym,,(2) I3y

n n’

For a N-node network, the sum above, naively, is a sum of (2D2)N terms, 2D? choices
for each node. But we will see later that several of the terms are zero. Consider a link
connecting two nodes, there are three classes of situations:
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1. ]lm(l)m(Z) and ]lm’(l)m’(Z)

Tr | Ln(iym(@) Piz, Loy (2)

= O -m(W]o XA -m@)] 5 3@ O (1) (V)] X (1) *
X5[x(2)_mf(2)]D,X’(2)5A(1)N(1)5X(1),X’(1)5A(2)X(2)5X(2),X’(2)

= (1) m(1)]p X1 TN -m(@)]p A2 TN 1)~ (1)]p X(1) (3:21)
XOp(2)—m! ()] p X(2)

= (1) =m(1)]p, A1) - (1)]p O —m(2)] p AR (2)]

= D? b1y (1) Srm(@ym 2) (3.22)

2. ]Fm(l)m(Q) and Fm’(l)m/(Z)

Tt | Epn1ym(@) Piy Em(1ym(2)

= O =] XA —m(2)] 0 X1 O (1) —m ()] X (2) ¥
X6[)\’(2)—m’(2)]D,X’(1)6>\(1)>\'(1)6X(1),7(1)6>\(2)>\’(2)5X(2),X/(2)

= O =m(1)] XD A@-m(@)] b XDOAD) - ()] p,X(2) ¥
X0\ @)=/ ()] p A(1)

= (1) —m(1)]p, A1)~ (1)]p O —m()] p AR~ (2)]

= D? b1y (1) Srm(@ym 2) (3.23)

!

[x(2)—m'(2)]D,X’(1)5A(1)N(1)5X(1),X’(1)5A(2)X(2)5X(2),X (2)
= (1) =m(1)] 5 X1 M@ -m(@)] 0 X AW - (1] 5 X(2) (3.:24)

O (2)—m/(2)]p A(1

)
= OA(1)—m(1)] p,M2) =/ (2)] p OA @) —m(2)] p. A1) —m! (1] p

= A1) —m(1)+m’ (2)] o, A1) =/ (1) +m(2)] p (3.25)
= D 0pm(1)+m(2)] p,[m/ (1)+m' (2)] p (3.26)

On the boundary of region A, since at one end of the boundary link is F(Y) = g, so
there are only two classes of situations

1. IF(A) and ]Fm/(l)m’(Q)

Tr [F(A) p;\e}i Fm’(l)m’(Q)} =Tr [Foo p% Fm’(l)m’(Z)
= l)2 50m’(1)50m’(2) (327)
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2. IF(A) and ]lm’(l)m/(Z)

Tr [ p37 ]lm’(l)m’(2)} = []FOO Pity Loy (2)

== D 507[m/(1)+m/(2)}D (328)
On the boundary of region B, at one end of the boundary link is 1(5) = 1, there
exist two classed of situations,
1. ]l(B) and ]Fm’(l)m’(Q)
Tr (105 37 Fm’(l)m’(Q)} =Tr []loo v ]Fm'u)m/(z)}
= D (507[m/(1)+m/(2)}D (329)
2. ]l(B) and ]lm’(l)m’(Z)
B) ®2 _ 2
Tr []1( ) P, ]lm’(l)m’(Z):| =Tr []100 PM, ]lm’(l)m’(Z)
= D? So,(1)00m/(2) (3.30)

There are several main observations from the above calculations:

1. The calculations on averaging Z1(42) and Z(()Q) over T is like to set a series of networks

where each node is assigned with a matrix L,,(1)m(2) Or Fpy(1)m(2) and the boundary
is assigned with F(4) and 1) for Zf), and 1Y) and 1® for Z(SQ).

2. For all 1,,,(1ym(2) and Ty, (1)m(2), the ones with [m(1)+m(2)]p # 0 will never contribute
to Zf) and Zéz). In fact, if there is one node has [m(1) + m(2)|p # 0, it will make
its neighboring node satisfying [m(1) + m(2)]p # 0, and these nodes will make their
neighboring nodes satisfying [m(1) + m(2)]p # 0. Because all nodes connect to the
boundary through a certain number of links, the consequence is that the boundary
should be [m(1) + m(2)]p # 0, but we assume that the boundary is assigned by
1oo or Foo, i.e. [m(1l) + m(2)]p = 0. Non of the matrix at each node will satisfy
[m(1) + m(2)]p # 0. All matrices should satisfy [m(1) +m(2)]p = 0. So in the
following discussion we only consider the matrices of IF,, (1), (2) and 1y, (1)m(2) With
m(1) +m@)]p = 0

3. If a node is I,y (1)m(2), then its neighboring nodes can only be IF,(1),m(2) OF Ly (1) (2)
with [m/(1) + m/(2)]p = 0; vice versa. So the network is divided into several regions,
where in each region, all nodes are associated with the same matrix. If a region is
with Iy, (1)m(2), its neighboring region can only be with 1,,/(1),,(2), vise versa. An
example is shown in Figure (3). Each regions a labeled with IF or 1. The boundary
of these regions are called the domain walls. The domain walls are the links, that
one end of which is assigned with IF and the other ends is with 1.
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Figure 4. Network with boundary condition: A = F(4) and B = 1(5) is divided into regions. The
nodes in red regions are assigned with IF and the ones in blue are with 1.

4. As shown in this figure, the domain walls form different patterns P for the network.
For a given pattern, changing a region’s label from IF,,(1)m,(2) 10 Fppr(1)ms(2) Will not
change the value of its corresponding term in Z,(42) or Z(SQ). It introduces the degen-
eracy of the region. The degeneracy of the region that does not connected to the
boundary is D, which is the number of the possible choice of the pair (m(1),m(2)).

So
2 1 2
Er(Zy) = = Y dp. 25, (3.31)
2 Pa
2 1 2
Er(Z$?) = @Zd%z;o) (3.32)
Po

where dp is the degeneracy of the pattern, which is the product of the degeneracy of
(2)

L 2) . .
each region in these pattern. Z5” is given as

Zg) — p2L-Lp)pLp _ p2L-Lp (3.33)

where L is the total link number in a given network A/, including links across ON;
Lp is the links across the domain walls in P.

5. The main contribution of ET(Z(AZ)) is the pattern with the least number of links
through the domain walls. We call this domain wall with least link number the
menimal surface. One can show that this claim is true even the degeneracy dp is
taken into account. In fact, all patterns can be generated from the one only with
minimal surface by deforming the minimal surface and adding new regions. Starting
from the pattern with the minimal surface, no matter how to deform the minimal
surface, it would not be minimal. So the only choice is to add more regions. However
when you add a region, it will contribute to dp with D but to the number of domain
wall links at least v > 1, the valence of a single node, thus in total one has to product
D'~v < 1 to the original Z7(32 ), which makes the new one smaller than the original
one. So the main contribution of IET(ZI(f)) should be from the pattern with only the
minimal surface. And in this pattern there is only two regions which is labeled by
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Figure 5. The pattern with only the minimal surface omi,. Boundary condition: A = F(4) and
B =1b),

F) and 18 respectively.
2 1 Lo _
Er(Z0)) = @DQL Lmin (1 4+ O(D™Y)) (3.34)

(2)) is the pattern without any domain walls. This is

6. The main contribution of Ep(Z;
because its boundary condition is 1(4) = 1(8) = 1. There exist the pattern without

any domain wall and all nodes are assigned with 1g9. Then
(3.35)

.
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Figure 6. The pattern without the minimal surface. Boundary condition: A = 1(4) and B = 1(5)

The leading contribution of Sy is given as

(2)
Er(Z ) _
Er(c) ~ o1 é)) =D ten (14 0(D7) (3:36)
E (ZO )
when D > 1,
(3.37)

Sy = LypinIn D + O(D™1)
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This is the Ryu-Takayanaki formula for Ss.

Interestingly, ET(Zf)) and ET(Z(()Q)) can be written as the Ising model. Assign S,(1ym(2) =
1 to node with 1,,(1)m(2), and assigned Sy, (1)m2) = —1 to node with I, (1) (2). Assign
H =1 to the boundary with 1 and H = —1 to the boundary with IF. Then

1
Er(2®) = DN T Gss0mym ) 0m@me @) + Is,-s7)

2 ’
(nn’)
In D /
xe 2 ) TT(61960m(1)00m(2) + r,—5) X
(nd)
e~z (HS+Y) (3.38)

4 Ryu-Takayanaki formula from Group Field Theory and spin networks

In this section we will rely on the structure of the Hilbert space of quantum gravity states
in the context of the group field theory formalism, in turn very closely related to the
kinematical Hilbert space of loop quantum gravity (see [64] for more details on the relation).
The Rényi entropy of a state associated to a given open graph will be computed in both
group and spin-network representations. We will obtain a formula very similar to the
Ryu-Takayanagi one.

4.1 Rényi Entropy for GFT states in the group representation as generalised
tensor networks

In this subsection, the Rényi entropy is calculated by using the techniques of the group field
theory. The starting point is the state |¥p) corresponding to a network with each node
associated to a generalised tensor analogous to a group field. The calculation proceeds
along the very same steps performed in the previous section, in the conventional tensor
network formalism, as natural given the dictionary we have established between the two
languages. This calculation is not in the full GFT setup, i.e. the state |¥r) is not treated,
in the calculation of the averaging over random (generalised) tensors, as an n-point function
of a given GFT. This more complete calculation is postponed to a future analysis. Still,
we apply several techniques from GFT and generalized the calculations in [23] based on
our dictionary:

1. Tensors are generalized to group fields, from a finite dimensional object to a square
integrable L? function, mapping from group manifolds to the complex numbers C.

2. A gauge symmetry of the group field associated to each vertex as a vertex wave
function is introduced in order to fit our setup more to the context of the quantum
gravity theory.

3. The average over the N-replica of the wave functions (generalised tensors) associated
to each network vertex is reinterpreted as a N-point correlations of a (simple) GFT
model, which turns the Rényi entropy into an amplitude in GFT.
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The last point can be seen as an approximation of a more complete calculation in which
the (average over the) whole tensor network is understood as a GF'T N-point function, and
computed as such. This more complete calculation based on the full GFT setup is being
explored [77]. We believe that the leading term of the entropy, at least for the entanglement
entropy, would not be changed.

We divide the boundary OI" of the graph I'(Vp, Ly, Lor) ,with Vi nodes, Lr internal links
and Lgr boundary links, into two parts, called A and B. The Rényi entropy between A
and B can be calculated as follows.
The density matrix p is defined as:

p=|¥r) (Wr| = Tre | Q) 1Me) (My| X) [1hn) (ton] | = Tre
y4 n

®pf®pn] : (4'1)
YA n

The quantity we are interested in is the Nth order Rényi entropy,
J-N)Sy _ ON E(Trp)) _ ETr[p®VP(n}; N, d)]
zy¥  E(Trp)N E(Trp)N
T [®, Y @, Ep})P(x%; N, d)]
Tr [Q, 0} @, Elph)]

The key step is to compute the quantity

E(py ) = E[(|¢n) (0u)V] = E

N
(/Hdgadga U (8a)Pn(8a) a) <ga\>] o (4.3)

or, more precisely, the one inside the above integral

N
E [H wn<ga>wn<ga)] : (4.4)

where dg = [];dg:, ¥(g) = ¥(g1, - ,94) and g is independent from g, which denotes the
arguments of 1. Now we define the averaging E[-- -] via the path integral of some group
field theory model

E [/, 9] = / (DYIDG)] flp, ) S (4.5)

where S[v, 1] is the action of the given model of interest,

S[, 9] = / dgdg D(R)K(g, £)0(g) + ASmlw, ] + cc. (4.6)

where the first term on the right hand side is the kinetic term. In the following calculation
we will consider the case in which

K(g.g) =d(g'g) (4.7)
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thus a free part of the action of the simple form

Solib, ] = / dg V@vE® (48)

We further assume that the coupling constant A is much smaller than 1, so the path integral
E [f[t),¥]] can be perturbatively expanded in powers of A

E [fly, 9] = / [DY)[DY] fl, F] e S0WPT (1 4 XSy [0, 5] + O(A2))
= Eo [f[v,¢]] +O0\) . (4.9)

This is the regime of validity of the so-called spin foam expansion, seen from within the
GFT formalism [1-9]. In the following calculation, we will only focus on the leading term

Eo [f[¢,¢]]".

Because of the gauge symmetry 1(hg) = 1(g), the gauge equivalent paths in the above
path integral have to be removed (via gauge fixing). In order to do so, we first introduce
the following notation: if g = (g1, g2, g3, g4), then

1

gl=9,'g=(1, g, g2, 9793, g7 '9s) - (4.10)

Then, we insert the delta functional

o[ (g) — ¢ ((g])] (4.11)

into the path integral, so that the average becomes

Eo [, 7] = / DYDY f6,7) Slile) — ()] e /8 VEVE® (419

Since this equation is simply the expectation value of f[i), ] in the free group field theory,
we can immediately give the expectation value of (4.4) via Wick theorem:

N N
" [n w<ga>w@=a>] ¢ 3 15 (s leal)

€SN a

N N
=cY /Hdhagé (haga%T) : (4.13)

TESN a

where g is independent from g, which denotes the arguments of 9; and

i([gllg]") = ﬁ5 (9193@*@) § (hgg) = ﬁé (hgsg) . (4.14)

In the second equality, we re-introduce the gauge symmetry by inserting integrals of h, €
SU(2), N =1,2,--- N into the delta functions such that gs, on each leg of the node are on an

ONotice that several GFT models of quantum gravity [6-9] can be put in this form.
1This, in turn, means that, from the point of view of the quantum gravity model, the quantum dynamics
is not imposed and we confine ourselves to a purely kinematical evaluation of the observable of interest.

~ 98 —



equal footing, unlike g; = 1 in the gauge fixing procedure. So in the following calculation,
the network is without gauge fixing, i.e. all integrals of g have to be performed.
Denote now Hflv ) (hagagﬂ(a)f) as

H 0 ( a8a8n(a ) f[ lJ_V[ 4 < aYsaJsn(a) ) H Py, (7 , (4.15)

s=1

where h denotes the set of hy, a =1,--- , N. When h, =1 for all ¢ from 1 to N,
N 4
~TI¢ <gag7r(a)f) = P(m; N, D) = [[ P*(x; N, DY) (4.16)
a S

where P(7m; N, D*) and P*(m; N, D%) are the representations of 7 € Sy on H®* and H,
respectively.
Then, Zx and Zév become

Zy = C% N /Hdhn Tr (X)pﬁ’@IPhn(wn)IP(w%;M d)]
TnESN

=Cr Y. /Hdh Na(hy, 7,) (4.17)

TnESN

y=cr ) /Hdh T‘r[@pe Q) P, 71'”]

TTn ESN

=c'r ) /Hdh No(hy, 7n) (4.18)

ﬂnESN

which means that Zny and Zév correspond to summations of the networks N4 (hy,, m,) and
No(hp, 7,) where at each node n we have a contribution Py, (m,) and at each link ¢ we
have a contribution pé\f . The only difference between these two networks is the boundary
condition: where Zy is defined with P(7%; N,d) on A of OT' and P(1;N,d) on A of dT,
and Z}¥ is defined with P(1; N,d) for all boundary region OT.

Since at each node Py, (m,) is decoupled among the incident legs, because of (4.15), the
value of the networks N4 (hy, ) and Ny(hy, 7,) can be written as products factorised
over links:

Na(bn, 7n) = [ [ Lo(mn, T b, ) ] Lo(mn, 7% ) [ Lo, 15 hy) (4.19)
el leA LeA

NO(hnﬂTn) = Hﬁf(ﬂ'mﬂ'n’;hnvhn’) H EZ(Wna]hhn) . (4‘20)
Ler Ledr

Because the £y on the boundary are special cases of the £, in the graph T, it is enough to
calculate the £y on the internal links. In general, £(7, 7', h, h’) can be written as a trace
of a modified representation of a permutation group element @ = (7') "7 as

L(m,7';h,h') = Tr [Ph(w)péVIPh/ (m)] = Tr [Py ((7’['/)717'['” = Tr [Py (w)] . (4.21)
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where

H-— {Ha | H, = (h;(a))Tha, Va=1,--- ,N} (4.22)
IPh, — |Pu ((ﬂ’)_lr)

Figure 7. L(m, 7', h,})
When 7 = 7', we have w = 1 and H = (0)'h, and then
L(m, 7, b)) = Tr [Py (n)pl Py ()] = Tr [P(h,)fh (11)} (4.23)
= ﬁ / 4929649 (a)dGr(a) 8 (hagaMT) J (gw( )gﬂ(a)T>
%6 (Highghia') 0 (gagl)
= fv[a ((h)tha) = Hé(fm , (4.24)

The above equation can be depicted graphically as in Fig.8

m(? Pp ()

Figure 8. L(m,m h,h’)

When 7 # 7, we have
L(m,7';h h') = Tr [Py (@)] . (4.25)

In order to perform the computation, it is necessary to use some facts about the permuta-
tion group Sy, which we recall briefly, before proceeding.

e Any element w € Sy can be expressed as the product of disjoint cycles C;

x(@)

w = H C; (4.26)

where 1 < y(w) < N is the number of cycles in w, which is 1 when w is a 1-cycle
and is N only when w = 1. For instance, the permutation w = {3241} can be
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expressed as a product of two cycles (134)(2), in which w(1) = 3,w(3) =4,w(4) =1
and w(2) = 2. (132) is a 3-cycle, because there are three elements in the cycle. We
denote the number of elements in the cycle C; as r;, which is also called the length
of the cycle. We also have ), r; = N. Although the cycles C; commute with each
other, we order the cycles such that

1<--<rp<rp <---<N (4.27)

We denote ai:, where k is from 1 to r;, the elements of C;, and then we furthermore
assume that

wlay) =apy, 1 - (4.28)

Thus, the cycle can be written as
Ci= (a’ia’é e ai.) . (4.29)

Ti

The trace of Py (w) can be expressed as the product of the traces of the individual
cycles C;
Tr [Py (@ HTr Py (C . (4.30)

Using the definition of Py, one can 1mmed1ately obtain the trace of the cycle C; as

<
o _slT11H,
Tr [Pg (C / Hdga <Hazgaz gafk]w) = kl:[lH% , (4.31)
where

T

[[H. = Hy - HyHg o (4.32)
Then the trace of Py (w) is

x(@)
L(m,7';h,h) = Tr [Py (w H ) HH . (4.33)

On the boundary of Ny and B of N4, £(7,1;h) is a very special case of L(7,n’;h, h’)
where 7/ =1 and b/ = 1

L(m,1;h) = L(m,1;h, 1) = Tr [Py (7 H J Hh (4.34)

On the boudnary A of Ny, £(m,7%; h) corresponds also to a special case of £(mr, 7'; h, h'),
where h' = 1 and 7’ = 7Y = Cp, which is the N-cycle that for any integer k from 1
to N, Co(k) = [k]ny + 1

x(Cy )
L(m,79;h) = L(7,Co3h, 1) = Tr [Py, (Cy 'n)] = H Hh . (4.35)

7
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Figure 9. An example of pattern

—17r and

Altogether, for a given network N (hy,7y,), defining the new variables w = ()
H given by (4.22) for each link, the corresponding link value is a product of x(w) delta

function

L(m,7";h,h') = L(w; H) = Tr [Py (w)] = H 4] HH@Z (4.36)

In particular, when 7 = 7/, the link value L(m,7;h,h’) is given by a product of N delta
functions as shown in (4.23) and we re-present it here

N
L(m, mh ) = Ha(h’Th):H5<Ha) , (4.37)

which is non-zero only when h = h'.

So in the end the network is divided into several regions, in each of which 7, and h,, are
the same. The links which connect different regions identify boundaries between each pair
of different regions, called again domain walls. Corresponding to different domain walls
and different assignments of permutation groups to each region, we have different patterns
for the given network. We introduce pattern functions P(7,) and Py(my,) such that

,PA(Trn) = /Hdhn NA(hnaﬂn) (438)

Po(ﬂ'n) = /Hdhn NO(hnaTrn) . (439)

Given a set of {m,}, Pa(myn) and Py(7y,) correspond to a certain network pattern with
fixed boundary conditions, illustrated in the following figure.
More explicitly,

x@o) [ B X(Tne)
atmn) = [ [lan IT| 1o (Il | | I ID o ( Llneg )| IL| 1L 0
eer | i k=1 teA | i k=1 €A
(4.40)
x@) [ ] x(me) (7
m) = [ T]an, ] H5 T || T | 1T 0 { TPt (4.41)
n el k=1 ] £eor % k=1
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They are exactly the amplitudes of a topological BF field theory, with given boundary
condition, discretized on a specific 2-complex among the N replica of networks, with each
different pattern P corresponding to a different 2-complex. Each edge of the 2-complex is
associated with a holonomy h,,, that is on node n and the ath replica. The two ends of the
holonomy are the vertices of the 2-complex. The h,, inside a delta function form a loop
holonomy, the corresponding edges of which form the face of the 2-complex. Then Zy and
Zév are sum of BF amplitudes with different 2-complexes.

Zy=C" N Palmn), Z) =C" > Po(mn) (4.42)

ﬂnESN ‘l'l'nGSN

It is important to notice that this simple form of the various functions entering the calcu-
lation of the entropy, with the emergence of BF-like amplitudes, is not generic. It follows
from the choice of GFT kinetic term, from the approximation used in the calculation of
expectation values (neglecting GFT interactions) and from the special type of tensor net-
work, in GFT language, that we have chosen (with simple delta functions associated to the
links of the network). More involved, and interesting, cases could be considered.

What we are interested in is the leading term of Zx and Zév , while the dimension D of
Hilbert space H is much larger than 1. This leads us to seek the most divergent term of
Pa(my) and Po(7y,). In other words, we need to know the degree of divergence of P4 (7y,)
and Py (7). The divergence degree of BF amplitudes discretized on a lattice has been the
subject of a number of works, both in the spin foam an GFT literature (see for example
[78-80]), the most complete analysis being [81-83].

Let us first focus on a sub-region R of the network such that m,, = 7 for all nodes n inside
of R. Suppose that there are L; links inside R and L. links connecting with other regions.
Since we only consider 4-valent nodes, the number of nodes inside R is

1 L;
V = —
2

Le
7 @Li+Le) =2 +F (4.43)

A minimum spanning tree (MST) 7', which contains #7 = V — 1 links, can be found in R.
T = {(|¢ € MST} (4.44)

According to (4.37), since m,, = 7, there are NV delta functions on each link. The integrals
over h,, would eliminate the (V — 1) N deltas associated to the MST and leave only one set
of N integrals over h = {hq} and (L;/2 — L./4+ 1)N 6(1)’s. Here we keep indicating the
divergent factor as the delta function evaluation originating it, but of course it should be
understood more properly as a function of the cut-off used to regularize it. The pattern
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function of region R is then

Le | x(we) T
m = [ [ HHéHeaH highnee
neR a l 7 k=1
Le | x(we)
~ [Tan. TT Tlotm 11 Hawan g Hﬂm
neR LeMST a £¢MST a i

_ (B /dh H H ﬂHzaZ . (4.45)
k=1

In the calculation, we have used

N
/Hdhn 1T Hd(Hea)—/dh (4.46)

neRr LeMST a
and (h,, = h)
N Lo
TT Do) = su)(E %> (447
(¢MST a

The above calculation shows that we can coarse-grain the region R into one single L.-valent
node which is colored by 7 and h.

\ // L
dh,~ NS dh\rh\ 5(1)](71—76“)1\/
nlg% V@ / 7NN

(4.48)
So the degree of divergence in region R is: the number of internal links #; = L; subtracted
the number of links in the MST #7 =V — 1, and then times the number of replica N,

#R:(#i_#T)N:(Li—V-i-l)N:(I;—If-i-l)N : (4.49)

Since the boundary condition of My is # = 1 and h = 1, the boundary of Ny can be
coarse-grained into a single node with 7 = 1 and h = 1. The same consideration holds
for NV4: its boundary can be coarse-grained into two nodes, one of which corresponds to A
with m = Cy, h = 1 and the other to B with # = 1 and h = 1. The corresponding closed
graphs are denoted as I'g and I'4p. A certain pattern P () divides I'g and I'4p into M
regions that can be coarse-grained into M nodes, each of which is colored with permutation
group 7, and N integrals over h,,. Denote the graph with pattern P(m,,) as I'g(m,) and
I'AB(7m,), and denote the corresponding coarse-grained graphs as I'§(7y,) and 'S g (7m).
One can show that, for 'y, the pattern in which all nodes have assigned the same permu-
tation group m = 1 has the highest degree of divergence #y.

#0 = (#eery — #11, )NV (4.50)
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Figure 10. The networks in which the boundaries are coarse-grained into nodes.

where #ycr, is the number of links in graph I'g. Let us consider a coarse-grained graph
I'§(7m). Denote the number of links in region m, between regions m and m/, and between
region m and boundary OI" are L,,,, Ly, and Ly, respectively. The proof goes as follows:
1. The permutation group on links between coarse-grained nodes m and m’ is @,y =

7 . As given by (4.36), the number of the delta functions on one of the links

is the number of the disjoint cycles in c, which is x(@mm/) < N. Since all links
between m and m’ are identical, having the same link value, which is given by (4.36),
when one integrate over h,, and h,,,/, only X (@) deltas will be eliminated and left

with (1) to the order of x(@mm/)(Lmm — 1) and 2N — x(w@Wm) h integrals. In fact

x(w) o L

/ dhdb’ (Tr [Py (@)])* = / dhdh’ [T |0 ﬁHaz
] k=1

(]

x(w) v L=
/ dh H HH H,
k=1 k=1 "
= [6(]1)]X(w)(L1)/dh (4.51)

2. MST can be chosen for I'g(7y,), I'§(7m) and M regions. It is obvious that, given a
MST T, for each of the M regions and a MST Tre (1em) for I'§ (7, ), rooting from the
coarse-grained boundary node 9I', a MST Tt (r,,,) of ['o(7m) can be constructed.

M
Tro(mm) = Tim U Tre () (4.52)
m
The number of branches of the trees is
M
#Trg () = Z # T + H g (erm) (4.53)
m

3. The degree of divergence of region m is given by (4.49)
#m = (Lm — #1,,)N (4.54)

Similarly, for the divergence degree #1“8(1) of the pattern where all coarse-grained
nodes have the same permutation 7, = 1 is

#ren) = Z Ly — #Trg<wm> N (4.55)

0<m<m/<M
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The degree of divergence of I'(y,) is smaller than #re(q)

F#re () < FI5(1) (4.56)

This is because, after evaluating the delta functions on the MST T'§(7ry,) in accor-
dance with (4.51), there are still MN — 3

Performing these integrals makes the degree of divergence of I'§ (7, ) not bigger than

M) €Tt () X(@Wmm) integrals over h.

the following quantity

DG (1) < Z L X (@) — Z X(@mm) (4.57)
0<m<m/<M (mm’)eTF(c)<.,rm)
(mm")ET e (rpm)
(mml)eTFS(ﬂ'm)

which is definitely smaller than #p 1) because x(@mm) < N.

4. So the divergence degree of I'g(7ry,) is smaller than the divergence degree #¢ for the
pattern where all nodes have the same permutation.

M M
#ro(rtm) = #T5(mm) T Z #m < #re) + Z #m = (#er, — #11, )N = #0 (4.60)

The leading term of Z{¥ is Py(1), whose divergence degree is #o.
Zy = s())* [1+ 0571 (1) + O(N)] . (4.61)

For Zy, since the boundary is separated into two parts, the most divergent pattern P4 (7y,)
is the one such that its corresponding coarse-grained graph has only two coarse-grained
nodes A and B, which are connected by the minimum number of links min(#cs, ), whose
divergence degree is

#ap = #A+ #p +min(F#co, )
= (#terap — Min(#eco,p) — #14 — #15) N + min(#reo, )
= (#eerap — #14 — #15) N+ (1 — N) min(#¢eco, )
= #o0+ (1 — N)min(#rea, ) (4.62)

where the second equality is in terms of (4.49) and the forth equality is because #er ,, =
#EEFO and #TA + #TB = #TFO 12-

2Since the boundary is coarse-grained into two nodes in I' 4 g, there are one more node in I'4p than in
To,

Voap = Voo +1 (4.63)

Thus the number of the branches of the MST in A and B is equal to the number of the MST branches in
1)

#at#p=Va-1)—-(VB—-1)=Vr,p 2=V, - 1 =#x, . (4.64)
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Let us consider a graph I 4p(7y,) and its corresponding coarse-grained graph I' 5(7m,).
The divergence degree of I'4p (7, ) is given as

Haprm) = #ropmm) T D Hm (4.65)

m={1,-M,A,B}

where #,, is given by (4.49)
#m = (L — #1,, )N (4.66)

Adapting the same argument as for Z(])V , because of the integral over hy,, #FEB(ﬂ.m) should
not be bigger than the following quantity

#F%B(ﬂ'm) < Z L X (@mm?)
(mm)ETe () T1%, ()
+ Z (me’ - 1)X(wmm’) (4'67)
(mm’)eTI’f‘i‘B(ﬂm) or TI%B("””)

where we assume m < m’ in order to avoid double counting, and Tlﬁ ( and TFBc
AB

are the MST rooting from coarse-grained nodes A and B, respectively. The right haﬁg side
of the above formula corresponds to the divergence degree of pattern P4(my,) on a graph
'Y () with all hy, = 1, which differs from I' 5 (7, ) by TA%B(Wm) and TI%B(wm)’ ie.

L% p(mm) = Tp(mm) \ {Tfél';‘B(wmy TI%B(n—m)} (4.68)

As presented in section 2, the major difference between [23, 27] and our paper is that we
are considering the gauge transformation h, on each node n. When all h,, are set to be
the identity, our Zy and Zév simplify to the ones in [23, 27] up to overall normalization.
In this case, as shown in [23, 27], the patterns which gives only one domain wall for I'4p
have higher divergence degree than the divergent degree of multi-domain walls, which in
our language means that the patterns whose corresponding coarse-grained graph contains
only two coarse-grained nodes are more divergent than the patterns P4(7y,), which give
more than two coarse-grained nodes. So the divergence degree of the pattern P4 (my,) on
the graph I'45(7y,) is not bigger than the pattern P4(1,Cp). So we have

L up(mm) = #I 5 (mm) T Z #m

m={1,-M,A,B}

< #m+ Z H#m

m={1,--M,A,B}
< H#a+#B+ Hicons = Fo+ (1 — N)Heconp

S #AB - #0 + (1 - N) min(#ZEQAB) (469)
It follows that the amplitude Zy is

Zy = CVr[s(1) ot I-NminGiecons) [1 4+ O(671(1)) + O(N)] . (4.70)
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Finally, the Nth order Rényi entropy Sy is then:

7 .
eU=N)SN — Z% = [5(1)] A MminGeeons) [1 + O(G~1(D)) + ON)] (4.71)
0
When N goes to 1, Sy becomes the entanglement entropy Sgg. The leading term of the
entanglement entropy Sgg is therefore

Ser = min(#ecp, ) Ind(1) ) (4.72)

which can be understood as the Ryu-Takayanagi formula in a GFT context, with the same
interpretation for the area of the minimal surface that we have mentioned in the previous

section, concerning the tensor network techniques.

Before moving on to a different derivation of the same result, we want to clarify the inter-
pretation of this calculation.

The definition of the expectation value (4.5) in the GFT language shows that the expo-
nential of Sy can be interpreted as a GFT 2/N-point function, at least within the limits of
the approximation made, focusing on the average over group field functions at each node,
without recasting the whole generalized tensor network as a GF'T correlation function. As
shown in previous sections, the GF'T amplitudes can in turn be written, by standard per-
turbative expansion, as a sum of Feynman amplitudes associated to Feynman diagrams,
each of which corresponds to a different discretized “space-time” with fixed boundary, with
the Feynman amplitude defining (for quantum gravity models) a lattice path integral for
gravity discretised on the corresponding cellular complex. This allows a tentative (and par-
tial) interpretation of the entropy formula we have derived, in geometric spatiotemporal
terms. It implies, in fact, that, in the calculation of the entropy, not only the information
of a time-slice of a space-time is considered, as encoded in a given network, but also its
full quantum dynamics. This, at least, is true when the complete GFT partition function
(for quantum gravity models) is employed in the computation of the entropy. The leading
term, the free GF'T amplitude, captures only a sector of that full quantum dynamics. With
the specific (trivial) choice of kinetic term we have used, the quantum dynamics can at
best correspond to (summing over) static space-times. When N goes to 1, in particular,
the amplitude becomes the trivial propagation of GFT states, with any given network
propagating to itself. This corresponds exactly to the context (static space-time) in which
the Ryu-Takayanagi formula is usually derived. In other words, our calculation provides a
realization of the Ryu-Takayanagi formula, at least in one extremely simple case, within the
full dynamics of a non-perturbative approach to quantum gravity, the group field theory
formalism, which can also be seen as a different definition of loop quantum gravity. Our
result also shows that the same formalism allows to compute non-perturbative quantum
gravity corrections to the Ryu-Takayanagi formula, by including the contributions from
the GFT interaction term into the amplitude (as well as considering different choices for
the GFT kinetic term).
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4.2 Rényi Entropy from Spin-Networks

We now perform a similar calculation of the Ryu-Takanayagi entropy using a different
truncation of a generic GFT state, reformulated as a tensor network. We use a given linear
combination of spin networks, corresponding to a specific assignment of spins to the links
of the network, and thus to the tensors associated to its nodes.

As presented in Section 2, the spin representation of a GFT network is spin-network, in
which each node is colored by a tensor (ﬁ’rﬁ

D=3 it |07) =D i lim) € @M, (4.73)
m l

p

and each link is colored by matrix Milm,

|MTy =" M2 im) @ |5,m') e HF? (4.74)
mm/

where Hj is the spin-j irreducible representation of SU(2).

A spin-network has a clear geometric interpretation. The graph I is the dual of a 3d cellular
complex. When all nodes are 4-valent, the graph is dual to a 3d simplicial complex. Each
node is dual to a tetrahedron and each link is dual to a triangle. The area of the triangle is
given by the spin-j irreducible representation associated with the dual link of the triangle.
More precisely, the area Ay is

Ag =8ry/je(Ge + D, (4.75)

where I' is the Barbero-Immirzi parameter and ¢, is the Planck length (while this results
follows both from a canonical quantization of General Relativity in the continuum, and
from the geometric quantization of simplicial geometries, the identification of the length
scale with the Planck length is, of course, natural from the first perspective only).

A detailed analysis (see e.g. [84-86]) shows that the semi-classical regime of loop
quantum gravity states, in which the Regge-Einstein gravity can be recovered, at least
at the kinematical level, in the sense of approximating smooth geometries with simplicial
ones, is at a scale intermediate between the Planck scale ¢, and the average background
curvature scale L, which means that if we are working on this regime, area A; of the
triangle should be

< Ay < L} (4.76)

Together with the relation A;/L3 ~ v7!j/2 < 1 uncovered in [84], the above regime is
equivalent to

1 1
In a semi-classical regime, then, one has A, ~ fngﬁz.
In [51], a special choice of M?
. - _exp(l1—27yLz) .
M = (ym|nte ™ T | m) (4.78)
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has been considered, with the property that the leading order of the entanglement entropy
between the two Hj; on a link is proportional to the same area A, ~ fngﬂg in the semi-
classical regime. In (4.78), n and n’ are SU(2) elements; L, is the SU(2) generator in
z-axis. We use the same choice for Milm, in our calculation to obtain the Ryu-Takayanaki
formula.

Considering the same graph I' as in the previous subsection, the spin-network state ‘\Ilji>
and its corresponding density matrix p are given as

o) = @ (ar Qo). o =|ot) (ok
£ n

Just as in the previous calculation, we divide boundary JI' into two parts A and B. The

(4.79)

Nth Rényi entropy is

NSy _ 2N _ ET[p"VP(rl N d)] T [@ o @, Elpn )P(mh; N d)]

zZy E(Trp)N Tr (@, ) &, E(p})]
(4.80)
The first key step is to calculate E(pY). Because the gauge symmetry is already encoded
in the intertwiner i for ng, 3 is not a gauge symmetric tensor, which is in the invariant
space of H®* as introduced in Section 2, but rather an ordinary tensor in ®/H;,. So the

averge over pY can be performed in the same way as the one shown in [51]:

= [ el )

(4.81)
where f(¢?) is a distribution of ¢¥ and U is the group element in the unitary group U(D),

B = [ o) (o) (o

in which D = [[,., dj,- f(¢") is invariant under the transformation of U(D) and in our
following calculation we focus on either the uniform or the Gaussian distribution, which
keep the main calculation unchanged up to an overall normalization that will be canceled
in the final result.

Because of Schur’s lemma, E(p2) is the invariant tensor in (®gHj£)®N , which can be written
as a sum of permutations

E(ph)=C Y P(rmN,D)=C > [[P@a:iN.dj;,) (4.82)

T ESN TThESN LEN

where C is an normalization factor which depends on the distribution. Then Zy and Zév
can be written as a sum of different patterns P(7y,)

ZN:CVF Z PA(TI'n), ZéV:CVF Z ’PO(Wn) (4'83)

ﬂnESN Tl'nESN

where # is the number of nodes in I". P4 () and Py(7ry,) can be written as products of
link values L(m,, 7))

Palmn) = [ [ Lolmn, m) [] Le(mn, 7%) T Le(mn, 1) (4.84)

el leA teB
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mn) = [ [ Lelmn, mw) T] Le(rn, 1) (4.85)

ler teor

where Ly(m,7') is defined as
Ly(m, ') = Te[P(m; N, dj, ) pp P(7'; N, dj,)] (4.86)

Suppose w = (7') "7 = [[, Ci, where C; is an r;-cycle, and impose (4.78) into (4.86).
L(m,7") becomes

X(W) —r:2n~vL _r_exp(1727r'yLz)
N=1] xi (e PR ) (4.87)
=1

In the semi-classical regime (4.77), the leading contribution of £(7, 7’) is obtained as

x(@) .
1 14 (1—7;)2 .. exp(1—-2mvyj)
L(r,7') ~ | | Z e mri2my—ri =g
ri

=1

w
_ e—x(w)Jr(x(w)fN)Qﬂ”yJ Nexp(lzﬂjmj H (4.88)
A detailed calculation from (4.87) to (4.88) can be found in the appendix. When w = 1,
ie. m=7" and x(w) = N, L(7w, ) is then
E(ﬂ-, 71') e—N NEXP(127T’2Y7"’Y]) (489)

It is straightforward to check that L(m,w) > L(m,m2). In fact because the sum of r; equals
to N, L(m, ) can be rewritten as

w
X( ) S exp(1—27vj)

o T (4.90)

—_

i=

Then the ratio between L£(71,m2) and L(m, ) is

x(w@) ,1+ 1—7;)2 M x(w@) Y (27—
,C(7T177T2) _ H (1=ri)2myj—rs 2y _ H e(l i) (2myi—1) <1 (4 91)
TN e | S

The last inequality holds because r; > 1 and in the regime (4.77) ~vj > 1. The equality
holds if and only if 7 = 9.

If we assume that all j, are in the same order of magnitude, because of (4.91), one can
observe immediately that the leading term of Zév is Pop(1), i.e. the permutation group for
all nodes is m, = 1. Suppose there are L; internal links and L. external links in I', then

exp(1—2mvjy)
zV ~c'r H e NN T . (4.92)
¢

The Nth order Rényi entropy becomes
e(1=r)(2myj—1)

o(1=N)Sy _ % ~ Zl;[ H , (4.93)

0 TTn i
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As shown in [27], in order for the single domain wall pattern to contribute the most to the
Rényi entropy, when three domain walls intersect, they should satisfy

X)) (1r)@myi-1) XF2) (1) @ryi-1) X8 (1) (2myi-1)

(
I — 11— NS

where wiwsews = 1. The above inequality can be simplified to

A x(@2) . prx(@s) .
020 ) eryi- L H’:(;rlgl L (4.95)
i Ti

where C(w) is the Cayley weight of a permutation w which satisfies the triangular in-
equality C(wiws) < C(wy) + C(ws2). In general, when C(w;) < C(ws) + C(ws), the
above inequality is satisfied because when vj > 1 the exponential part of the inequality
dominant. When C(w;) = C(w2) + C(w3), one can check that the inequality is satisfied
at least for N < 3'3. Since we are only interested in the entropy while taking the limit

N — 1, this inequality is well satisfied. The Rényi entropy Sy for small IV is given as

e(I=N)SN H exp((1 = N)(2myje—1) —InN) . (4.97)
l€0ap

When N goes to zero, we have

) ) InN | Ay,
SEE ~ Z {QF’W -1- ]171211 TN | T a ; (4.98)
L€EDAR p

which is exactly the Ryu-Takayanagi formula. Comparing with the calculation in [27],
we both reproduce the Ryu-Takayanagi formula from the spin-network state in the semi-
classical regime 4.2 of loop quantum gravity and GFT states. This gives further support
to the expectation that a classical gravitational theory can be recovered in this formalism.
Differently from [27], however, our result directly relies on the fundamental degrees of
freedom of the theory.

5 Randomness and Universality

The dictionary we have established between GFT states and (generalized) random tensor
networks suggest the potential for useful cross-over of results across these two research

13Using the geometric inequality, the left hand side of the above inequality becomes

I i X (C(m) + D)(Clmn) = Cla) + 1)

HX(WI) - - N N-C(w1)
‘ N=C(=1)

\Y

N — C(WI)>N_C(WI) (496)

@+ 1) (Y5

This simplification is very rough since one has to keep ﬁ(wm to be integer. Even in this approximate
situation, we could find that it is bigger than 1 when N is a bit smaller than 3.
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areas. In particular, one can already envisage a direct application of results concerning the
quantum dynamics of GFT models and the statistical properties of random tensor models
to problems in statistical mechanics and condensed matter that can be formulated in terms
of random tensor networks.

Indeed, our path integral analysis generalises the statistical derivation given in [23],
where the random character of the tensors allowed to map the computation of typical Rényi
entropies to the evaluation of partition functions of generalized Ising models with inverse
temperature S « logD, D being the dimension of each leg of each tensor in the network.
Interestingly, in the original work, the form of the averaged entropies was derived only in the
large D limit, where the fluctuations of the partition functions are effectively suppressed.
In the large D (low temperature) limit, corresponding to the long-range ordered phase for
the Ising models, the entropies of a boundary region can be directly related to the energy
of a domain wall between different domains of the order parameter: the Ising action can
be estimated by the lowest energy configuration and the minimal energy condition of the
domain wall naturally leads to the RT formula.

One set of results that appears immediately useful in this context concerns universality
properties of probability distributions over random tensors, in the limit of large D [87].
They represent a generalization to tensor distributions of the central limit theorem for
ordinary probability distributions.

Indeed, a recently proved universality theorem for random tensor fields [87] states
that a rank-d random tensor whose entries are N independent, identically distributed,
complex random variables, and whose distribution is a trace invariant (of the type defining
the interactions of tensorial GFTs as well), converges in distribution in the large D limit
to the distributional limit of a Gaussian tensor model, namely a Gaussian tensor field
theory. This is already quite remarkable. However, a second, stronger, universality result
[87] states that under only the assumption that the joint probability distribution of tensor
entries is invariant, assuming that the cumulants of this invariant distribution are uniformly
bounded, the large D limit the tensor distribution again converges to the distributional
limit of a Gaussian tensor model.

We expect these theorems to have direct applicability to random tensor networks, and
even to the generalized class corresponding to the infinite dimensional group fields, where
the large D limit refers to the regime in which any UV cut-off on group representations is
removed.

The key point to be careful about is that such theorems generally apply to distributions
of invariant tensor observables, constructed out of trace (bubble) invariants for bipartite
d-colored graphs [10]. Therefore, it does not directly apply to simple products of tensors
as we have dealt with in this paper. However, one may wonder how much of such universal
behavior survives for generic graphs when distributions of generic tensor observable are
considered, e.g. including polynomials made by contractions of tensors which leave some
indices free, as for the case of a contracted tensor network state associated to an open
graph.

Intuitively, if one randomizes tensors at the nodes independently of contractions, one
can still rely on such results, to some extent, but the conclusions become much less solid,

43 —



because contractions do affect the scaling of the tensors. Much more solid would be to treat
the whole tensor network as an observable in a random tensor or GFT model; then, for
tensor networks associated to d-colored graphs (trace invariants), the universality theorems
would apply, thereby indicating a new direction for further characterizations of the tensor
network states. We postpone this type of evaluations to future work, alongside the complete

reformulation of tensor network states and their statistical average within the 2nd quantized
GFT framework.

6 Conclusions

Let us summarize our results in this paper. We have established a precise dictionary be-
tween GFT states and (generalized) random tensor networks. This dictionary also implies,
under different restrictions on the GFT states, a correspondence between LQG spin net-
work states and tensor networks, and a correspondence between random tensors models
and tensor networks. Next, we have computed the Rényi entropy and derived the RT en-
tropy formula, for random tensor networks with an additional gauge invariance property,
as suggested by the correspondence with GFT. We have then computed the same quantity
using directly GFT and spin network techniques, first using a simple approximation to
a complete definition of a random tensor network evaluation seen as a GFT correlation
function, but still using a truly generalized tensor network seen as a GFT state, and then
considering directly a spin network state as a random tensor network. This elucidates
further the correspondence and its potential. Finally, we have discussed how universality
theorems for random tensors can be applied to tensor network states, as a first example of
application of results from the theory of random tensors and GF'T to tensor networks. We
are convinced that these results can be just the beginning of many further developments,
made possible by the fertile meeting between tensor networks and fundamental quantum
gravity, along the lines we have established.
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A Average over the random tensor

Let us first consider the case without the gauge symmetry (2.44). Given a graph with only
one node. The corresponding density matrix is

pui =TT (A1)

Consider n copies of the density matrix p®". If T is uniformly distributed, then the average

p®™ over T is

m@%zﬁngHWmeﬁm@ (A.2)
v s=1
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Because of the Schur’s lemma, since Hpe is the irrep of U(DV), the result of the average is
the identity matrix on the symmetric subspace of HY%. When Trp = 1, the result is

Er(p®") = (TR () (A.3)
7r€8 s=1
1
= P(m;n, DY)
D Z
where
D’n|=D"(D*+1)--- (D" +n—-1) (A.4)
Sy, is the symmetric group on n objects and
7T n, DU H (Slu(é)u (m(s)) (A5)

which is the representation matrix of 7 € S,, on Hyy. Using the gauge (2.42) or (2.49), we
can get the relation between representations on Hp» and H%”

v
S op=en = [ [ 0\ Gr5tr(en (A.6)
a=1
Then we have
(m;n, DY) HIP Ta;n, D) (A7)

If T is an random Gaussian vector, then the average is
n
_BIT|2 =
(p®™) = /'DT e AT HTMS)TE(S) (A.8)
=1

If we ask Ep(p) = 1/D? and T = 2T, where |T| = 1, then 8 = D and the average Ez(p®")
becomes

[ e lafre P [ TLOT),00 0T,

s=1

> T emee (A.9)

TeES, s=1
Now let us consider the case with symmetry (2.44). The corresponding density matrix
is
p/m’ = T;U'Tﬁ = TﬂzTﬁ; = ﬁ#iﬁ{ (Al())

The n copies of the density matrix is then written as

n n
n _ ~ — T
= H Puigs)Fizsy — H Tui(s)Tﬂz(s) (A.11)
s=1 s=1
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If T is uniformly distributed, then the average of p®" over T is

Ep(p®") = /U - dUH (UT), UTO), (A.12)

As shown in the first case, the result of the integral is the identity matrix in the symmetric

subspace of H%’Z 1.

Er(p™") o Z Héui(s)ﬁi(w(s)) (A.13)

TES, s=1

. v—1
> Pl (mn DU

TESRK

The normalization will be calculated in the next subsection. IP{Z-(S)}{;(S)}(W; n, DV71) is the
representation matrix of 7 € S, on HY?_, with a set of {i(s)}{i(s)}. Similarly, when T},
is a Gaussian vector, the result of the average is the same as the above equation up to a
normalization.

By using the gauge (2.49), one can show the relation between representations y; and

Aq. Because of (2.49), 0, is not zero only when

Hi(s)F3(sh
Pa(s) =i(s)]p = [Aa(s) = i(s)]p (A.14)

because of the modular rules (2.46), the above equation can be rewritten as

[Aa(s) = Aa(s)]p = li(s) —i(s)]p (A.15)

If [i(s) — i(s')]p = ¢ € Z/D, then

Hz(s)ﬂz(g/) H (S[Aa )\Q(S’)]D’Z — H 6[>\a(s)—€]D,Xa(S/) (A16)
a=1

One of the observation is that ¢ is a uniform shift for all legs of each node as long as the
step [i(s) —i(s")]p = ¢ is fixed.
At the end of this subsection, let us define the trace on a tensor T (O HE) Y The trace

is given as
n
BT =Ty e [ dporme (A-17)
s=1
With the symmetry (2.44),
LT = Z T{Ni(s)}{ﬁ§(5>} H 5ﬂi(s)ﬁ§(s)6i(sﬁ(s) (A18)
{i(s)} s=1
{i(s)}

The definition will be used in the following text.
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B Structure of the matrix of Er(p®")

In this subsection we will analysis the structure of the matrix in (A.13), i.e. the structure
of

_ _ B . v—1
M=) [0uomne, = 2o Preiemn D™ (B.1)

TeS, s=1 TES,

The sum over P(m;n, DV~ 1) is proportional to the projector operator ]Psym - Which projects
vectors in H®v , into its symmetric subspace.

1
PP = = > P(m;n, DY) (B.2)

sym
’ 7T€Sn

Given a set of {i(s)} = {i(1),i(2) ,i(n)} and {i(s)} = {z 1),4(2),- - ,i(n)} where i(s)
and i(s) are from 0 to D — 1 there is a projector Psyg , which is a D=Dn x pv=1)n
matrix. Write (A4.13) as a matrix, with {i(s)} labeling its rows and {i(s)} labels its columns:

n,Dv=1 n,Dv~1
]Psym e IPsym
M = n! : : (B.3)
n7Dv—1 H,Dv_l
]Psym e IPsym

This matrix is a D™xD" block matrix.

The trace of M is

M = Z Z H Hi(s)H3(n(s)) l‘z(s)lh( )61(5)2(3)

{i(s)} TE€Sy s=1
{i(s)}

Z Z H5 i(s)Hi(r(s)) “1(5)“1(5)

{i(s)} TES, s=1

= Z Z H‘Sﬂus)#i(w(s))

{i(s)} mE€Sy s=1

= D"D"[n] (B.4)

where we use the trace of the projector Pg,,

v—1 _
Tr]Pn D'u 1 _ (.D +n 1) <B5)

sym n

47 —



The matrix M can be written as a sum of matrices

M = Z H(Sm’(s)ﬁz(n(s)) (B-6)

TeS, s=1

Z Z H6“[i(s)—m(s)]pﬁ2(w(s))51'(3)5(7?(5))

{m(s)} T€Sn s=1

Z Z Héu(s) —m(s)Dv=1] po ,m(7() (B7)

{m(s)} T€Sn s=1

Z Z H H O, (5)—m(s)] b a((s)) (B.8)

{m(s)} T€Sn s=1a=1

Let us define a class of new matrices P(7) ()} as

n
H H O e (8)=m(5)] 0 e (7(5)) (B.9)

s

{m(s

J

:]:

(19— () D2 1] po ()

»
Il
.

Then matrix M becomes

= Z ) {m(s)} (B.10)
{m(s)} TESn

When m(s) = 0 for all s, P(7)(y = P(m;n,D"), the representation matrix of 7 € S, on
HEe.
D’U

C From (4.87) to (4.88)

In this appendix we perform the calculation from (4.87) to (4.88). L(m,7’) is given by
(4.87). Let us denote 27y as ¢ for simplicity, then £(7, ') can be written as

X(W) exp(l—cLy) “
) = H X <e—ncLz—n40 ) = H I, (C.1)
=1 i

I, can be written in terms of SU(2) coherent state as

exp(l—cLy)

I = dj/dn<j,jnTemLzTcn|j7j>
0 (_)k rkek

=d; ) k!ck/dn(J jlnTem U HRLen]j, j) (C.2)

k

& () ke (k) 2

= dj Z W dn GST = d] dn eS (CS)
k
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where S, is the total action and S = = 2jIn(t [nfe=c+k)Lzn| 1) and 1) = .3)- In the
semi-classical regime of loop gravity, i.e. the large spin-j regime, the leading contribution
of I, is from the critical point of S,Ek), which is the solutions of the equations of motion

5,50 =0 = pleclr+hley — omals (C4)
One can obtain the solutions
n'Lon=+L., oF =+c(r+k) (C.5)

Bring the solutions back to I, we can get

(& 7“0
I, ~ d; C.6
Z 7 \/det H (€-6)

where Sy, is the total action S, on the critical point

|||
ﬁ a

g — . exp (1 — ecj) 1)

0= —ercj —r 5
and H; is the Hessian matrix of S,
Lo
= —0-5r]e (C.8)
After perform the second derivation on S, one can obtain
det H® = 45%r% (—c + exp (1 — ecj))? (C.9)
In the semi-classical and low energy limit
det H* ~ 45°N?exp 2 (1 — ecj) (C.10)

Then I becomes

c

exp (—1 +ecj(l—r) — ’I"M>

If ~ " (C.11)
One can observe that I;" > I~ since when € = —, in the large spin regime I,. goes to zero.
I, thus becomes I;7, which is one of the term in the product of (4.88).
exp (—1 +cj(l—r)— T%C_Cj)>
I, ~IF = (C.12)

r
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