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Abstract

We establish a dictionary between group field theory (thus, spin networks and
random tensors) states and generalized random tensor networks. Then, we use
this dictionary to compute the Rényi entropy of such states and recover the
Ryu-Takayanagi formula, in two different cases corresponding to two different
truncations/approximations, suggested by the established correspondence.
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1. Introduction

Background independent approaches to quantum gravity suggest a picture of the microstruc-
ture of the universe in which continuum spacetime and geometry disappear and are replaced
by discrete and non-spatiotemporal entities. Among them, loop quantum gravity (LQG) [1-5],
the modern incarnation of the canonical quantization programme for the gravitational field,
together with its covariant counterpart (spin foam models), and group field theory (GFT)
[6-9], a closely related formalism sharing the same type of fundamental degrees of freedom,
identify this microstructure with (superpositions of) spin networks, which are graphs labeled
by group-theoretic data. More precisely, in GFT models of quantum gravity spin network
states arise as many-body states in a 2nd quantised context, whose kinematics and dynamics
are governed by a quantum field theory over a group manifold with quanta corresponding to
tensor maps associated to nodes of the spin network graphs. Random combinatorial structures,
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corresponding both to the elementary building blocks of quantum spacetime and to their inter-
action processes, become central. The same is true in the related context of random tensor
models [10-12], which, for our present purposes can be seen as a simplified version of GFTs,
stripped down of the group-theoretic data, leaving only the combinatorial aspects. Indeed, the
random tensors can be understood as the GFT fields considered for the special case of a finite
group. For a more detailed account of these three quantum gravity formalisms, and for the
many results obtained, we refer to the cited literature. In the following, we will provide more
precise definitions of their main ingredients.

Tensor networks, in recent years, have attracted a lot of attention as powerful quantum
information tools in the context of condensed matter and, more generally, quantum many-body
systems (including quantum field theory). For recent reviews, see [13, 14]. Also in this case,
we will give precise definitions in the following. Here it suffices to say that tensor networks
encode the entanglement properties of many-body systems in their combinatorial structure, in
which tensors are connected along a network pattern and identify (the coefficients, in a given
basis, of the wave function corresponding to) quantum states of the given system. Born as
convenient mathematical tools for numerical evaluations of many-body wavefunctions, which
become translatable into graphical manipulations, tensor network techniques have found an
amazing number of applications: from the classification of exotic phases of quantum matter
(e.g. topological order) [15, 16] to new formulation of the non-perturbative renormalization of
interacting quantum field theories [17—19], down to realizations of the AdS/CFT correspond-
ence [20-23].

Despite their disparate origin, it should be clear already from our sketchy description that
the type of mathematical structures identified by quantum gravity approaches and used in the
theory of tensor networks are very similar. And consequently, it is very natural to try to put
the two frameworks in more direct contact. This is the main goal of the present article. Indeed,
the structural similarity had been noted before [24-27], and also exploited in the context of
renormalization of spin foam models treated as lattice gauge theories [28-31]. The last set
of works, in particular, has already shown how fruitful tensor network techniques can be for
quantum gravity models.

In our case, the interest in connecting spin network states and tensor networks, specificly
focusses on the possibility to exploit tensor network representation schemes to extract infor-
mation about the entanglement entropy encoded in spin network states and to investigate the
holographic paradigm in the background independent context.

Along these lines, a particularly interesting scenario is provided by the statistical descrip-
tion of the holographic properties of networks of random tensors. In [23], the computation
of typical Rényi entropies and other quantities of interest in the corresponding tensor net-
work states are mapped to the evaluation of partition functions of classical statistical models,
namely generalized Ising models with boundary pinning fields and the minimal surfaces of
Ryu-Takayanagi (RT) appear as domain walls. In particular, in the limit of large tensor indices
dimension these statistical models experience a long-range ordered phase, and the entropies
of a boundary region can be directly related to the energy of a domain wall between different
domains of the order parameter. The main result in [23] defines a generalized form of ten-
sor network bulk-boundary correspondence which could be useful for extending holographic
duality beyond AdS/CFT.

In this sense, in our work, we shall use the given dictionary between GFTs and tensor net-
works to investigate the statistical holographic behaviour of the random tensor network (RTN)
states, in the combinatorial and background independent description of simplicial geometries
in the non perturbative quantum gravity setting. Thus we show how the general RT picture
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seems to be realised also in our background independent context, not relying directly on CFT
features.

Before we start presenting our results, we want to offer some motivations for our work,
both from the quantum gravity perspective and from the tensor network side.

From the quantum gravity point of view, the general motivation is clear. Tensor networks
provide a host of tools and results that could find useful application in quantum gravity; in
particular they may become central tools in the renormalization analysis of GFT models
[32-37], in addition to their mentioned role in the renormalization analysis of spin foams
models [38—40]. And such renormalization analyses are, in turn, the main avenue for solving
the crucial problem of the continuum limit in such formalism.

More specifically, tensor networks are very effective in taking into account and control-
ling the entanglement properties of quantum states in many-body systems. This is exactly the
language in which GFT deals with quantum gravity states; moreover, in GFT, the very con-
nectivity of spin network states, encoded in the links of the underlying graphs, is associated
with entanglement between the fundamental quanta constituting them (associated to nodes)
[41]. One example of this type of application, as we show in this paper, is the computation of
entanglement entropy in spin network states and relate LQG with holography, which was also
the subject of a number of other works in the LQG/GFT literature [27, 42-55].

Further, the identification of the true (interacting) vacuum state of a quantum gravity the-
ory, in absence of any space-time background or preferred notions of energy, is a difficult mat-
ter even at the purely conceptual level, leaving aside the formidable technical challenges. One
possible criterion, suited to this context, is to look for states which maximize entanglement,
by some measure (e.g. entanglement entropy). In this respect, to reformulate the kinematics
and dynamics of GFT and LQG states in terms of tensor networks, and to do the same for their
renormalization, seems a promising strategy.

Finally, recent results in the application of tensor networks to AdS/CFT [21-23] suggest
that this application would be fruitful even within the conventional perspective of canonical
quantum gravity (including LQG). From this perspective, in fact, the task of quantum gravity
is the construction of the space of quantum states of the gravitational field which satisfy the
(quantum counterpart of the) Hamiltonian constraint encoding the dynamics of quantised GR.
A number of results in AdS/CFT suggest that a static AdS space-time, which we expect to be
one such state, at the quantum level, satisfies the Ryu—Takayanagi (RT) formula [20] for the
entanglement entropy, which is very efficiently computed (as we also show in this paper) via
random tensor network techniques [23]. One is led to conjecture that this may be a general
properties of physically interesting quantum states of the gravitational field, and so far no
counterexample to this conjecture has been found. This prompts the search, by the same tech-
niques, for similar states in canonical quantum gravity.

From the perspective of the theory of tensor networks, one general good point of dwelling
into the correspondence with quantum gravity states should also be obvious. This identifies a
new domain of applications, of truly fundamental nature, for techniques and ideas which have
already proven powerful in others. Indeed, we expect that a number of key results obtained
via tensor network techniques, most notably holographic mappings and indications of new
topological phases in many-body systems, can be reproduced in this new context, with deep
implications. In perspective, it is here that one will be able to test the suggestion that quantum
information has a truly foundational role to play in our understanding of physical reality.

More practically, a number of techniques have been developed, and many results obtained,
concerning the dynamics of GFT and spin-network states, also thanks to the many related
developments in the theory of random tensors, and our dictionary proves that the GFT formal-
ism provides a natural definition of the dynamics of random tensor networks. Specifically, it
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means that the many results in GFT can help dealing with general (non-Gaussian) probability
distributions over random tensor networks, as well as offering new takes on more standard
problems, like entropy calculations, in tensor network theory. In fact, we offer some examples
of these applications in the following.

In this paper, we do not target the more ambitious objective of a calculation of the RT
formula for the entanglement entropy in the full quantum gravity formalism of group field
theory. Having established the general dictionary between group field theory states and (gen-
eralized) random tensor networks, we content ourselves with reproducing the RT formula,
along the lines of the derivation given in [23] in two new cases: for group field theory states
corresponding to generalized tensor networks, but only using a group field theory dynam-
ics in the simplest approximation and dealing only with averages over the tensor functions
associated to the network nodes, rather than treating the full tensor network as a group field
theory observable; for the simple truncation of group field theory states corresponding to spin
networks with fixed spin labels. We leave a more complete and comprehensive analysis for
forthcoming work.

The paper is organized as follows. In the next section, we summarize the basic elements of
spin network states and of their embedding in the GFT formalism, as well as the definition of
tensor networks. Having done so, we define the precise correspondence between GFT states
and tensor networks, showing how the first generalizes and provides a Fock space setting
for the second. In the following section, we derive the Nth Rényi entropy using GFT tech-
niques, in the group representation and for a generalized tensor network, but without taking
advantage of the full GFT formalism; next, we compute the same Rényi entropy and derive
the RT formula from a purely spin-network perspective, seen as a truncation of more general
GFT states. This is meant to be a clear example of how the same problem can be fruitfully
approached from both sides of the correspondence. Finally, in the last section, we discuss one
key universality result from the theory of random tensors, which extends to GFTs, and which
could have direct impact on the applications of random tensor networks. We end up with a
summary of our results.

2. Group field theory and tensor networks

A d-dimensional GFT is a combinatorially non-local field theory living on (d copies of) a
group manifold [6-9]. Due to the defining combinatorial structure, the Feynman diagrams F
of the theory are dual to cellular complexes, and the perturbative expansion of the quantum
dynamics defines a sum over random lattices of (a prior) arbitrary topology. A similar lat-
tice interpretation can be given to the quantum states of the theory. For GFT models where
appropriate group theoretic data are used and specific properties are imposed on the states
and quantum amplitudes, the same lattice structures can be understood in terms of simplicial
geometries. The associated many-body description of such lattice states can be given in terms
of a tensor network decomposition. The corresponding (generalized) tensor networks are thus
provided with a field theoretic formulation and a quantum dynamics (and, in specific models,
with additional symmetries). In this section, after a brief introduction to the GFT formalism,
we detail this correspondence between GFT states and (generalized) tensor networks.

2.1. Group field theory

Let G denote an arbitrary semi-simple Lie group; in the following, we assume for simplicity
that G is compact, but the framework can easily be generalized to the non-compact case. A
group field ¢ is a complex function defined on a number of copies of the group manifold G:

4
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0:G! = C
gi— w(gi)

where we use the shorthand notation g; for the set of d group elements {g;, g2, , 84}
The GFT field can be also seen as an infinite-dimensional tensor, transforming under the
action of some (unitary) group U*?, as:

ey

(811 80) = / g U(gh81) - Ulgh 8) (812 82).

and
(812 80) — / [dg] U*(81.2) -~ U* (8- £4) &7 (812 r 82)

for / dg: Ulgh ) Ulgnn i) = 6(gl ). @

This requires the d arguments of the GFT field to be labeled and ordered. We will see in
the following how one can decompose the same field into finite-dimensional tensors; in this
finite-dimensional case, the correspondence with tensor network formalism will be evident,
and it will also be evident then in which sense GFTs provide a generalization of it.

The GFT dynamics is defined by an action, at the classical level, and a partition function
at the quantum level. The combinatorial structure of the pairing of field arguments in the GFT
interactions is part of the definition of a GFT model. An interesting class of models [6—12] is
defined by the requirement that the interaction monomials are tensor invariants, i.e. that GFT
fields are convoluted in such a way as to produce an invariant under the above mentioned
(unitary) transformations'.

Another class of GFT models is instead based on the requirement that the Feynman dia-
grams of the theory are simplicial complexes, which in turn requires the interaction kernels to
have the combinatorial structure of d-simplices. This class of models is also the one on which
model building for 4d quantum gravity has focused on, producing models whose Feynman
amplitudes have the form of simplicial gravity path integrals and spin foam models [6-9], and,
more generally, lattice gauge theories. This involves an additional symmetry requirements on
the GFT fields and interactions, which will play a crucial role in the following.

In this simplicial case, the GFT action has the general form

Salg = = / deidg] o) K(gigl ) o(g))

2
A d+1
o [ den Ve ) olen) -+ olsany). ;
d+1/) + (3)
i#j=1
where dg; is an invariant measure on G and we use the notation ¢(g1;) = ¢(g12," - » §14+1)-

KC is the kinetic kernel, V the interaction kernel, A a coupling constant for the d + 1-degree
homogeneous interaction. The two kernels satisfy the invariance properties

!'Such invariants are in one to one correspondence with colored d-graphs B constructed as follows: for each GFT
field (resp. its complex conjugate) draw a white (resp. black) node with d outgoing links each labeled by d different
colors, then connect all links in such a way that a white (resp. black) node is always connected to a black (resp.
white) node and that only links with the same color can be connected.



Class. Quantum Grav. 35 (2018) 115011 G Chirco et al

K(hgg '1') = K(gig)),

4
V(i gigi ' hi') = V(gigi ') Vh.W.hi €G. @

This implies that the action is invariant under the gauge transformations d¢(g;) = ¢(g:),
where ¢ is any function satisfying

/ dh @(hgy,- -+ ,hgq) = 0. 5)
G
This symmetry is gauge fixed if one restricts the field ¢ to satisfy

p(hgi) = ¢ (gi)- (©)

The action is also invariant under the global symmetry

@(g]a""gd)—>§0(glh9""gdh)‘ (7)

GFT’s Feynman diagrams define cellular complexes F weighted by amplitudes assigned
to the faces, edges and vertices of the dual two-skeleton of a chosen triangulation of a d
dimensional topological spacetime M r. As mentioned, their Feynman diagram evaluations
reproduce the associated amplitudes of a spin foam model, or, in different variables, of a sim-
plicial gravity path integral [56-58], providing a generalisation of the lattice formulation of
gravity a la Regge, with an accompanying sum over lattices, generalising matrix models for
2d gravity to any dimension [6—12].

Let us give some more detail on the construction, to clarify the above points. A specific
theory, with a specific related Feynman cellular complex, is completely defined by the choice
of the kernels. Lets consider the simplest case, consisting in the choice

K(gi &) /dhl—[égz “h), 8)

Vigigy! / Hdh [To(higugi " i7" )

i<j

where 4(+) is the delta function on G and the integrals ensure the gauge invariance defined in
(5), and let us restrict to the case of dimension d = 3. To keep track of the combinatorics of
field arguments in the kernels, it is useful to represent the Feynman diagram as a stranded
graph. The field ¢ has three arguments, so each edge of a Feynman diagram comprises three
strands running parallel to it. Four edges meet at each vertex and the form of the interaction V
in (9) forces the strands to recombine as in figure 1.

The three strands running along the edges can be understood to be dual to a triangle and the
propagator KC gives a prescription for the gluing of two triangles. At the vertex, four triangles
meet and their gluing via V form a tetrahedron. With this interpretation the Feynman diagram
of a GFT is clearly dual to a triangulated 3d simplicial complex (which will be generically a
singular pseudo-manifold) and this is true in any dimension [59-61].

The quantum states of the theory can be given a similar combinatorial characterization
in terms of graphs and dual cellular complexes, as it should be already intuitive in the above
example, in which GFT fields themselves are associated to triangles. We will not detail this
aspect of the formalism.
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Figure 1. Correspondence between Feynman diagram and triangulation: Each strand
of the graph forms a closed loop which can be interpreted as the boundary of a 2d
disk. These data are enough to reconstruct a topological 2d complex F, the vertices
and edges of this complex correspond to vertices and edges or the Feynman graph, the
boundary of the faces of F correspond to the strands of the Feynman graph.

2.2. Fourier modes of the group field as tensor fields

As a function on a group G, the field ¢ can be decomposed in terms of unitary irreducible
representations (p, V,,) of G using the Peter-Weyl theorem, L*(G) ~ @®,V’ ® V', giving

= S dTin ) (10)

Here, d, € N is the dimension of the representation p:G — Aut(V,), the indices
a,b=1,...,d, are matrix indices associated to the matrix p(g) representing the group ele-
ment g, and ¢, € V# ® V*? ~ End(V,) is the matrix Fourier coefficient of the function . In
other words, each ¢, is a rank d, = N matrix.

Let us consider, as a specific example, the same decomposition for the case of d = 3, with
G = SU(2). The unitary irreps of SU(2), V/, are labeled by the spin j € N/2. Using the right
invariance property of the field, one obtains the following decomposition

©(81.82.83) ZTr

gpjﬂ{}mz m3 <H V ]z m, n; gl ) lnlj}’lz n3
{}

where d; is the dimension, D/(g) € End(V/) the group matrix element and
zi, }12 ny € Homg(\// R Vi@ Vi ,C) is the three-valent intertwiner operator (related to the
Clebsch—Gordan map ‘~I/j’l‘j2 : Vil ® V2 — VJ3), We used the shorthand notation {j} for the
set of spin labels (j1,J2,/3)-

(1D

The fields gpi/, }mz,,m result from the contraction of the Fourier transformed GFT fields ¢y
with the intertwiner tensor imposing the gauge symmetry at the vertex?.

{/j} {Jj}
Pimy = {E;S%n} {k} {J} Vi (12)
k

2 This is the standard factorization of a symmetric tensor into a degeneracy tensor with all the degrees of
freedom and a structural tensors (the Clebsch—Gordan coefficients) completely determined by the symmetry group
G (Wigner—Eckart theorem) [25].
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The Fourier transformed fields depend on the (discrete) representation space labels of the
Lie group in question. Thus, generically Fourier transformed GFT fields are tensors of some
rank d, ¢,y with discrete indices it; = {my, ..., mg}">.

In (11), such tensors are contracted with the spin network basis tensors

st = (H\ﬁ g8 ) it (13)

encoding the properties of the vertex of the spin network graph dual to the (d-1)-dimensional
triangulation that can be associated to the GFT states.

2.3. Group field single particle states

Functions ¢(g;) can also be understood as single particle wave functions for quanta corre-
sponding to single open vertices of a spin network graph (in fact, they also label coherent
states of the GFT field operator, which define the simplest condensate states of the theory
[55, 62, 63]).

Let us define these ‘single-particle’ quantum states as

) = /Gd dg: o(8:) 12) (14)

where dg; = dgdgs . ..dg, is the Haar measure on the group manifold G invariant under
the gauge transformation, and the vectors|g;) . . . |g4) provide a basis on the respective infinite
dimensional spaces H ~ L*[G).

The single particle state |) is then defined in H®?. Moreover we require |¢) to be nor-
malized (this is of course not the case for the classical GFT fields or the GFT condensate
wavefunctions):

(ple) = / dgi o(gie(g) = L. (15)

Considering the case of G = SU(2), we can decompose the basis |g) into the unitary irreduc-
ible representation of SU(2) as

8) = > \/diDiu(g)

Jsmin

jon,m") (16)

and viceversa

li.n.m'y = / dg\/diD},(2) |g) - (17)
SU(2)

In particular, the tensor decomposition given in (11) holds at the quantum level, hence defin-

ing the quantum fields <p,£,’, ?mzm as actual tensors states.
Tensors in (13) defines the SU(2)-invariant single vertex spin network wave functions (in
group representation)

Uylg) = (xlg) = (Hﬁ . gl> it (18)

3 To regularize some quantities, especially at the dynamical level, it may be necessary to impose a (large) cut-off N
in the range of the representation indices.
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The basis vector |x) = |j, m, i) denotes the standard SU(2) spin network basis (labelled by spins
and angular momentum projections associated to their d open edges, and intertwiner quantum
numbers).

2.4. Many-body description and tensor network states

We now describe the quantum states of the formalism, emphasizing their many-body struc-
ture, following [64].

Consider a d-valent graph formed by V disconnected components, each corresponding to a
single gauge invariant d-valent vertex and d 1-valent vertices, thus having d edges*. We refer
to this type of disconnected components as open spin network vertices.

To such a graph we can associate a generic wavefunction given by a function of d X V
group elements,

@(82) = @(g}, ---’gil’ gé’ ...,gg, T ,g{/, -~-s8‘x1/) (19)

defined on the group space GV /GY (V copies of G¢, quotiented by the isotropy group of
the single particle function ¢y (g;) at the each vertex); here the index a runs over the set of
vertices, while the index i still runs over the links attached to each vertex).

These functions are exactly like many-particles wave functions for point particles living on
the group manifold G% and having as classical phase space (7*G)¢ (which is also the classi-
cal phase space of a single open spin network vertex or polyhedron).

Accordingly, a state |®) € Hy ~ L?[G4*Y /G"] can be conveniently decomposed into prod-
ucts of single-particle (single-vertex) states,

(I)(g:'l) = <g7‘(I)> = Z QDX]WXV 1/})0 (gi) T Z/}Xv (gi)' (20)

Xii=1...V

While the above decomposition is completely general, a special class of states can be con-
structed in direct association with a graph or network I'. The association works as follows.
Start from the d-valent graph with V disconnected components (open spin network vertices) to
which a generic V-body state of the theory is associated. A partially connected d-valent graph
can be constructed by choosing at least one edge 7 in a vertex a and gluing it to one edge j of
the vertex b, i.e. joining the two edges along their 1-valent vertices. The final graph will be
fully connected if all edges have been glued. Each pair of glued edges {ai, bj} will identify a
link L of the resulting (partially) connected graph. In the spin representation, i.e. in terms of
the basis of functions ¥y, (g;) - - - ¥, (&), the gluing is implemented by the identification of
the spin labels j{ and j]’-’ associated to the two edges being glued and by the contraction of the
corresponding vector indices m{ and m]l? . In other words, the corresponding wave functions for
closed graphs can be decomposed in a basis of closed spin network wave functions, obtained
from the general product basis by means of the same contractions:

r(eh) = (gfer) = Y o [(H%ﬁmg,m;) ¢xl(gi)-~-z/}><v(gi)1 1)

Xaa=1...V Lel

4One could work instead with the larger Hilbert spaces of non-gauge invariant states L>[G¢*"] without imposing
any gauge symmetry at the vertices of spin network graphs, and consider this condition as part of the dynamics. The
above construction would proceed identically, with the same final result, but with the basis of single-vertex states
now given by the above functions without the contraction of representation function with a G-intertwiner.
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where the coefficients of the wave function can in turn be understood as the resulting of
considering generic coefficients ¢X'XV and contracting them with some choice of functions

J]
O
iJj

il = g (T 6, M"’f : (22)
Ler

where the contraction is left implicit.

For fixed {j}, each resulting contraction scheme of tensors (each identified by a set of
labels ) defines a tensor network state.

In the group representation, the gluing amounts to considering wave functions with a spe-
cific symmetry under simultaneous group translation of the arguments associated to the edges
being glued:

Dr(gl) = Pr(gl, ... g1y 8 wenn 88+ L gYAIY . s 89). (23)

In the end, given a tensor network with graph I, the ®Ji-J! defined above will contain all the
information about the combinatorics of the quantum geometry state.

A further special case corresponds to those states for which the coefficients pX'*X¥ them-
selves have a product form, i.e. can be decomposed in terms of tensors. In this case, as it is
for the spin network wave functions, the coefficients ®Ji-J can be obtained as a tensor trace

iedi — {j} (v)
- Tr®M®‘P{m} ’ (24)

again, in the case of fully connected graphs I' (otherwise, some angular momentum labels will
remain on the left had side, corresponding to the edges that have not been glued). In lattice
theory, we would say that the network T" (fixed {j }) provides a tensor network decomposition
of the tensor state 7 i .

The equivalence of a special class of GFT states with the lattice tensor network states, and
the sense in which GFT states generalise them, can be further elucidated by the following
example.

2.5. Link state as a gluing operation

A tensor 7 is a multidimensional array of complex numbers YAB\,W, », € C. The rank of tensor
T is the number d of indices. The size of an index A, denoted d| Al is the number of values that
the index A\ € N takes [65].

Analogously, at the quantum level, to each leg of the tensor one associates a Hermitian inner
product space Hp, with dimension D given by the size of the indices A € {1,2,...,d|y| = D}.
Given an orthonormal basis |A), in Hp, a covariant tensor of rank d is a multilinear form on the
Hilbert space of the vertex T: HE? — C. Hence a tensor state is written as

Z T,\l,..)\d|/\1>®"'®|>‘d> (25)
g

where T>\l A = T(Ar, ..., Ag) denote the components in the canonical dual tensor product
basis.

A tensor network is generally given by a set of d-valent vertices v, corresponding to rank
d tensors. In particular, a state corresponding to a set of unconnected vertices is written as a
tensor product of individual vertex states

10
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[Tn) = ® ) - (26)

n
Individual vertex states are glued by links. To each end of a link we associate a Hilbert
space Hp. The Hilbert space of the link £ is then H, = [H%’2 and a link state can be written as

M) = Mx,x, |A1) ©[Aa) 27)

where we choose to take the link states |M) to be generically entangled’. In general, the entan-
glement of the links will encode the information on the connectivity of the graph. Two nodes
are connected if their corresponding states contract with a link state,

Ll 1
Tio= M| |T0) T2 = T3 Mo T3 ®|A ®®|A (29)
i#a J#b

Notice that if [M) was a non-entangled state, the connection would be trivial, i.e. the two nodes
would be practically disconnected and the corresponding state could be written as a tensor
product of two states,

Tio =T, 0 A, ®\)\ ® By, T M, A,(X}M

=) ®|T3).

Then given a network N with N nodes and L links, the corresponding state is

(30)

L

N
W) = Q) M| Q) IT) - (31)
L n

Because all links are contracted with nodes, | U /) is then in the Hilbert space associated to the
boundary links of the network, which is denoted as Hoar. | ¥ r) is a state in Hop.

The above structure can be identified also for the special GFT states mentioned at the end
of the previous subsection, which are formed by generalised L?(G?) functions associated to
the nodes of the network. In this case, the analogous of the generic link state in (27), which is
also the group counterpart of the gluing operators associated in the spin representation to the
matrices M, can be defined in as the convolution functional

(M| = / dgidgs M(s'gesa) (o] ® (2] € W2, (32)

where the functions M(g) are assumed to be invariant under conjugation M(g) = M(hgh™').
When a link £ connects two nodes, say a and b, the corresponding state (M,,| contracts with
states |@,) and |pp)

(Mg, | |¢a) lob) = /dgldgzdg?dg? M(glgigr) valgr e)en(g2, 87) |g2) |g?), (33)

3 One can observe it by defining a density matrix py = |M) (M| and tracing out one of the Hilbert space, without
losing generality, tracmg out Hp of |Az), then computing the von Neumann entropy of the reduced density matrix
p1 = Trapy = MM . The entropy S = Trp; In p; is non-zero unless My, 5, can split as My, = Ax,B),. For sim-
plicity, in the next sections we will often assume that the link state is maximally entangled, i.e.

1
6/\|)\2 ‘)‘1> @ I/\2> . (28)

|M>:ﬁ

1



Class. Quantum Grav. 35 (2018) 115011 G Chirco et al

where we have singled out, among the arguments of the vertex wave functions ¢ the ones
affected by the gluing operation. In these terms, the open d-valent tensor network graph I' with
V vertices, can be written as

1%
88) = R M| R lon) = / dgo Dr(ge. 20) g0) 34)

Ler

where the {gs} denote the group elements on the open links.

The role of the link state in tensor network, thus, is naturally generalised by the convolu-
tion function, defined for the group field variables. This is due to the fact that the group fields
©(gi) on G¥ can be interpreted as rank d tensors, with indices spanning the group space G, and
associated Hilbert space (for each index) being L*(G)°. The multiparticle state given in (23)
can then be interpreted as a tensor state with indices gg and rank given by the number of open
links of the spin network graph.

2.6. Link function in spin decomposition

As showed in section 2.4, many-body state can also be decomposed into spin representations.
Suppose M(g];gggz) can be written as

glgzgz Zd i Dinn glgegz) 37)

Then, as a simple example, the state (M,,| |©4) |¢p) can be written in terms of <p{m, im and
M}, as’

(Mg, | |a) |iow) = / dg1dgdgidg? M(gigig2) valgr, 8)wn(g2. &%) 189) |g?)

Z Z ’u]p ‘Pa pnu m[%mj&b(im)(_)m lip» M) [ja, M) [ia]kukD/{I(gé)[ib]lb(*l)
Jjmnklpq iqip
X (=)' Lias k) i 15) -
(38)

©The case of ordinary, finite-dimensional tensors is obtained if we pass from a Lie group to a discrete group. Let us
consider, as a basic example, the case of a field defined on the discrete nth cyclic group Z,. Given the nonempty set

X={X|X= (... M), M € Z} 35)
the field ¢ : X — R (or C) is a real or complex valued function on X and we indicate by
o5 = (), (36)

the value of ¢ on the set of d elements X. The function ¢ 5 can be interpreted as a tensor with d discrete indices
PAr.. A, Where X € {1,2,.. ., | dim(Z,)|}-

7 Notice that we are introducing the bold font for vectorial quantities, in order to shorten the notation in spin
representation.

12
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Graphically, the last line can be presented as

ljas a) j

??? 1?99

(My,| lpa) loo) = > Y @ %

i (39)

gmnkl iq%p

From the graphic equation, one can immediately observe that the upper part is an open tensor
network | @), given by the tensor trace of a collection of tensors

= Z inPim (40)

for each node and matrices M}, for each link.

2.7 Dictionary

We summarize the established dictionary between group field theory states and generalized
random tensor networks in terms of two synthetic tables. The correspondence between group
field theory and tensor network description is summarized in table A:

Table A Group fields Tensors
Group basis lgi) € H~IL?[G] A\ N=1,....D Index basis
in [HD
One particle state  |o) = [, dg; ¢(g;) |g:) Ta) = > Ty Tensor state
IAi) € Hy = HE?
Gluing functional (M,,| = [ dgidg, M(g;rgggz) [M) = My, [\1) o Link state
(81 (g2] € B2 ®|X) € He =Hp
Multiparticle State  |®p) € Hy ~ L? [G™V/GY] [T n) Tensor network state
Product state |B%) = @er (My,| ®"l’ lon) | Wn) = ®§ (M| Tensor net'v&fork
convolution _ f dgo ®r(ge. o) o) ®izv IT,) € Honr decomposition
Randomness %dy((p) Field theory T;i/ = (UTO)#Tﬁ = Random tensor state
probability measure ng’\ \, € Hr,
1°°Ad

U € U(dim(Hy))

The generalisation of tensor networks in terms of GFT states is evident in the spin-j decom-

position of the latter ¢ (g:) = >_; Tr[ apgm} (IT; /4, D} . (1)) fgn} !
Once we turn off the sum over all possible Js, fix the representation labels and ask them to

be equal, generically Fourier transformed GFT fields ¢ %m}, are tensors of single rank d, with

13
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discrete indices m; = {m, ..., m,} spanning a finite dimensional space. The equivalence is
summarized in table B:

Table B GFT network Spin tensor network Tensor network

_ : . i
Nf)de ©(8) = v(81,82,83.84) gpfm} X X1y Py Ty
Link M(g T o) M, M, »,
Sym p(hg) = () T D) ()it = iy, 1L Usnet Ty, = T
State \ > = Qy My, | @, [Un)  |W) = ®5<M”| Q, 1o [Un) = ®; (M| ®, |Tn>
Indices G, |gi) € H~I1*G] mi € H;, SU(2)spin-j irrep. i € Z,, nth cyclic group
dim 00 dimH; =2j+1 dimZ, =n

In the following sections, with the longer-term goal of a full understanding and computa-
tion of the Ryu-Takayanagi (RT) formula [20] in the field-theoretic GFT context, we are
going to use the inputs provided by the established dictionary to investigate the holographic
RT formula for the case of networks of combinatorial tensor group fields described by means
of the GFT formalism and spin network techniques, along the lines proposed for the case of
random tensor networks by [23].

In the tensor network generalisation of the gauge gravity duality [21], the RT formula strongly
supports a general relation between entanglement and geometry, in turn leading to the sugges-
tion that the whole of spacetime geometry can be understood as emergent from (quantum infor-
mation-theoretic) properties of non-spatiotemporal quantum building blocks. Of course, this last
suggestion has a life on its own and it has been brought forward in many different contexts [63,
66-73]. In this sense, our work provides further steps towards the calculation of the RT formula
within a complete quantum gravity setting, a concrete and general indication of the holographic
character of gravity, which goes beyond the AdS/CFT gauge gravity duality framework.

3. Ryu-Takayanagi formula for a GFT tensor networks

The starting point of our analysis is the state |¥r), corresponding to an open network graph
where each node is dressed with a group field generalised tensor. Because of the field theo-
retic description, we can see the network as a random tensor network and use the established
correspondence to apply standard path integral formalism to evaluate the expectation values
of entropies and other tensor observables. In particular, then, our goal consists in investigate
the holographic entanglement properties of the GFT network by means of techniques recently
applied to the study of the holographic behaviour for random tensor networks [23], building
on the dictionary we have established between the two languages. This calculation is not in the
full GFT setup, i.e. the state |¥r) is not treated, in the calculation of the averaging over random
(generalised) tensors, as an n-point function of a given GFT. This more complete calculation
is postponed to a future analysis. Still, we apply several techniques from GFT and generalized
the calculations in [23] based on our dictionary:

1. Tensors are generalized to group fields, from a finite dimensional object to a square inte-
grable L? function, mapping from group manifolds to the complex numbers C.

2. A gauge symmetry of the group field associated to each vertex as a vertex wave function
is introduced in order to fit our setup more to the context of the quantum gravity theory.

3. The average over the N-replica of the wave functions (generalised tensors) associated to
each network vertex is reinterpreted as a N-point correlation function of a (simple) GFT
model, which turns the averaged Rényi entropy into an amplitude in GFT.

14
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Figure 2. A tensor network I is a set of tensors whose indices are contracted according
to a network pattern. A network pattern can be always represented as a graph, given by
a set of nodes (n) and links (¢) connecting nodes. A link is called an internal link when
it connects two different nodes; while it is called a boundary link when it connects only
one node. The number of links that connect to a node is called the valence of the node.

Figure 3. Boundary ON of network N divided into two parts A and B.

The last point can be seen as an approximation of a more complete calculation in which the
(average over the) whole tensor network is understood as a GFT N-point function, and com-
puted as such. This more complete calculation based on the full GFT setup is being explored
[75]. We believe that the leading term of the entropy, at least for the entanglement entropy,
would not be changed.

Given our tensor network state, | U ) = ®§ (M| ®;V |T,) € Hopr, we start by consider-
ing a bipartition of the boundary Hilbert space,

15



Class. Quantum Grav. 35 (2018) 115011 G Chirco et al

Hon = Ha ® Hp 41)

associated to the definition of two— a priori non adjacent—subregions A and B of the bound-
ary (see figure 3).

A measure of the entanglement between the two subsystems is given by the von Neumann
entropy of the reduced density matrix of the subsystem, either A or B, defined by partial tracing
over the full system Hilbert space. Focussing on subsystem A, for p = |Uxr) (U r], we have

pa = Trp(p), (42)
and the entanglement entropy between A and B is given by the von Neumann entropy

See(A) = —Tr[palnpa ], (43)
where now

Y = piA

pa = Trp (44)

is the normalized reduced density matrix.

In order to calculate Sgg(A), due to the technical difficulty in computing the von Neumann
entropy, we need to make use of the standard replica trick. Contracting N copies of the reduced den-
sity matrix p4 and taking the logarithm of the trace of pl), one obtains the Nth-order Rényi entropy

Sy(A) = — InTrpy . (45)

N—-1
The above formula is easier to compute and coincides with the von Neumann entropy of
region A in the limit N — 1

See(A) = lim Sy (A). (46)

3.1. Nth Rényi entropy for a GFT random tensor network

We focus now on the case of the Nth Rényi entropy for a bipartite GFT state |¥'r) with support
on a generic open graph I'. We divide the boundary OT" of the graph I'(Vr, Ly, Lor), with Vi
nodes, Lt internal links and Ly boundary links, into two parts, called A and B. The Nth Rényi
entropy between A and B is given by

Z
(1-N)Sy _ &N
e = (47)
Z
with ZY = (Trp)N, Zy = Trp) = Tr[p®VP(n9;N,d)] and the network density matrix p
defined as

p=1Tr) (Wr| = Tre |Q) [Me) (Me| ) |) w] =Tr, [(X) pe ®p,,] : (48)
L n 0 n

Here, for convenience, we use the equivalence of the trace of the reduced density with the
result of the trace over the action of the permutation operator ]P(WX;N ,d) on the full ,oN 8 for

8 For N = 2, e.g. the cyclic group S, only has two elements: the identity 1 and swap operator T, so that P(nY;2,d) =
_ 2 — ) (B) 2 _ ®2] — _ _ 1@
]E(g/;). Then, 2, = Te[p®*F W] = 074,55, P51.58: Fs 4 50 15,5,505, 09 Z0 = Te10%%] = 07,0, 5,5, PR, U5 g o,
B\B\B,B,’
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N
IP(?TS;N,d) = H5#£[s+1]0)#£5) (49)
s=1

with d is the dimension of the Hilbert space in the same region A.

Given the random nature of the tensor network, we look for the typical value of the entropy.
Analogously to the case considered in [23], the variables Zy and Z are easier to average than
the entropy, since they are quadratic functions of the network density matrix ff. In particular,
the entropy average can be expanded in powers of the fluctuations 6Zy = Zy — E(Zy) and
6z = zy — E(Z})), so that

E(Zy) 0

+ fluctuations.
E(Zy)

= —log

As showed in [23], for large enough bond dimensions D, as a direct consequence of the con-
centration of measure phenomenon [74], the statistical fluctuations around the average value
are exponentially suppressed. Therefore, it is possible to approximate the entropy with high
probability by the averages of Zy and Z),

=Mty o E(Tro)) _ ETr[p®VP(mi; N, d)]
B [E(TTP)N [E(Trp)N
_ T [® P} @, E(p))P(n4: N, d)] 51
Tr [®, o &, E()))] '

In order to get the typical Rényi entropy one needs then to compute E(Zy) and E(Z))
separately. The average over the tensor fields can be carried out before taking the partial trace,
since the latter is a linear operation. Therefore, the key step consists in computing the quantity

E(pY) = El(|vn) ()] = E [( / 11 de.dg, (8.0 (80) le) <gal>] ,

(52)
hence, eventually, the expectation value of N copies of the network wavefunction,

E l]_[ wn(gam(ga)] , (53)

where dg =[], dgi, 1(g) = ¥(g1,--- ,g4) and g is independent from g, which denotes the
arguments of ).

Now, we define the averaging operation [E[- - - | via the path integral of a generic group field
theory model

E [/l 7] = / (DY) fl, F] e (54)

where S[t), ¢] is the action of the given model of interest,

Sl ] = / dgdg ¢ (8)K(g. 2)1(8) + ASim[t, )] + cc, (55)

17
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the first term on the right hand side defining the kinetic term of the model. In the following
calculation, we consider the particular case where

K(g.g) =d(g'g). (56)

which thus implies a free part of the action of the simple form’

So[th. ¥] = / dg 1 (g)v(g). (57)

We further assume that the coupling constant A is much smaller than 1, so the path integral
E [ [, E]] can be perturbatively expanded in powers of A

E[f[v.¢]] = /[le [DY] £, 0] eS8 (1 4+ ASin b, 0] + O(A2))

= Lo [fl. 9] + O(N). (58)

This is the regime of validity of the so-called spin foam expansion, seen from within the
GFT formalism [6-9]. In the following calculation, we will only focus on the leading term
o [f['l/}’ M]lq

Because of the gauge symmetry 1 (hg) = 1(g), the gauge equivalent paths in the above
path integral have to be removed (via gauge fixing). In order to do so, we first introduce the
following notation: if g = (g1, g2, g3, g4), then

gl =g 'g= (1, & "2 & ‘g3 &1 '84). (59

Then, we insert the delta functional d[¢(g) — 1([g])] constraint into the path integral, so that
the average becomes

Eo [fv.¥]] = / [DY][DY] £, B) [ (g) — w([g))] e/ #v@¥®  (60)

Since this equation is simply the expectation value of f[i, 1] in the free group field theory, we
can immediately give the expectation value of (53) via Wick theorem:

Eo [H zﬂ(ga)w@&a)l =y 16 (fellenwl’)

TeSy a

N N

=C Z /Hdh” H6 (hagagﬂ(a)T) ) 61)
TESN a a

where g is independent from g, §([g][g]") = [1*_, § (g1gngT&) and § (hgg) = [TL_, 0 (hg,g")-

In the second equality, we re-introduce the gauge symmetry by inserting integrals of
h, € SU(2),N = 1,2,--- N into the delta functions such that gy, on each leg of the node are
on an equal footing, unlike g; = 1 in the gauge fixing procedure. So in the following calcul-
ation, the network is without gauge fixing, i.e. all integrals of g have to be performed.

Denote now Hflv o (hagagw(a)T> as

9 Notice that several GFT models of quantum gravity [6-9] can be put in this form.
19This, in turn, means that, from the point of view of the quantum gravity model, tthe quantum gravity dynamics is
imposed only to the extent in which it is captured by the kinetic term in the GFT action.

18
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T
)

Figure 4. L(m, 7', h,h’).

H5 ( a8a8m(a) ) HH5 ( a8sa8sm(a) ) = f[]P;(w), (62)

s=1 a

where h denotes the set of i, a = 1,--- ,N. When h, = 1 for all a from 1 to N,

N 4
) =16 (2r') = P(msN. D) = [ P*(m: V. D) (63)
a N
where P(m;N,D*) and P*(m;N,D*) are the representations of 7 € Sy on H®* and H,

respectively.
Then, Zy and Z{' become

Zy=cr Y / [T dn, [@ P Q) P, (m)P(r3: N, d)}
n 0 n

T ESN
=cvr Y / TT dba N (B, ) (64)
T ESN n

=Cc'r /Hdh Tr [®pl®m 7r,,:|
T ESN
=c'r /Hdh No(hy, 7). (65)

T ESN

which means that Zy and Z(I)V correspond to summations of the networks Ny (hy, 7,) and
No(hy, 7,) where at each node n we have a contribution Py, (7,) and at each link £ we have a
contribution p} . The only difference between these two networks is the boundary condition:
where Zy is defined with IP(’/TR;N, d)on A of 9T and P(1; N,d) on A of 9T, and Z(I)V is defined
with IP(1; N, d) for all boundary region OI'.

Since at each node Py, (7,) is decoupled among the incident legs, because of (62), the value
of the networks Ny (hy, 7, ) and Ny(hy, 7, ) can be written as products factorised over links:

Na(hy, m,) = Hﬁz (s T3y, Hﬁg 7r,,,7TA, H[,g 7, 13hy,)

Ler LeA LEA
(66)
-/\[O(hn’ 71',,) = HACZ(T(n, '/Tn’;hmhn/) H »CZ('R—ns ]l;hn)- (67)
Ler £eoT
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Figure 6. An example of pattern.

Because the £, on the boundary are special cases of the £, in the graph T, it is enough to

calculate the £, on the internal links. In general, £(m, 7', h,h’) can be written as a trace of a

modified representation of a permutation group element @ = (7/) "' as

L(m,7'shh') = Tr [Pa(m)p) P (r)] = Tr [P (') ~'7)] = Tr [Pu (w)] (68)
where
H:{Ha|HaE(;<a>)Tha, Vazl,---,N}. (69)
When 7 = 7/, we have o = 1 and H = (h’)"h, and then
L(m, w0 ') = Tr [Pu(m)p) Pr ()] = Tr [P gy (1)] (70)
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or ‘A B)

Figure 7. The networks in which the boundaries are coarse-grained into nodes.

N
=11 / dgadgqdgr(a) 487 (a) 0 (hagagm)*) Y (gww)gir(a)T)
x5 (Wigighin') 0 (2sh)
N N
=10 (H)Tha) =] 6 (Ha)- (71)

The above equation can be depicted graphically as in figure 5
When 7 # 7/, we have

L(m,7';h, W) = Tr [Py (w)]. (72)

In order to perform the computation, it is necessary to use some facts about the permutation
group Sy, which we recall briefly, before proceeding.

e Any element @ € Sy can be expressed as the product of disjoint cycles C;

x(=)
IIc (73)

w

where 1 < x(w) < N is the number of cycles in to, which is 1 when w is a 1-cycle and
is N only when o = 1. For instance, the permutation o = {3241} can be expressed as a
product of two cycles (134)(2), in which w(1) =3,w(3) = 4,@w(4) = land @w(2) = 2.
(132) is a 3-cycle, because there are three elements in the cycle. We denote the number
of elements in the cycle C; as r;, which is also called the length of the cycle. We also have
> ;i = N. Although the cycles C; commute with each other, we order the cycles such
that

1< << < <N (74)

We denote a};, where k is from 1 to r;, the elements of C;, and then we furthermore assume
that

w(ap) = djy, 41- (75)

Thus, the cycle can be written as
Ci = (aydh---ay). (76)
e The trace of Py () can be expressed as the product of the traces of the individual cycles

Ci
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Tr IPH HTr IPH (77)

Using the definition of Py, one can immediately obtain the trace of the cycle C; as

<
Tr[P T = H,
[P /Hdga ( ga'[k]ri+1> ’ kl;[l “l” 7

where

Ti
HHai EHaii "'HaéHa"l' (79)

Then the trace of Py (w) is

X(@) rx

L(m, 7' ;hh) = Tr [Py (w H(s HH . (80)

e On the boundary of Ny and B of Ny, L£(m,1;h)is a very special case of L(,7’;h,h’)
where 7/ =L andh’' =1

L(m, 1;h) = L(m,1;h, 1) = Tr [Py, (7 H5 Hh . (81)

On the boudnary A of Ny, £(m, 79; h) corresponds also to a special case of L(m, 7’; h, h’),
where h' = 1 and ' = 7 = Cy, which is the N-cycle that for any integer k from 1 to N,
Co(k) = [k]n + 1

x(Cy ')
L(r, Wg;h) = L(m,Co;h, 1) =Tr [IPh (Co_lw)] = H Hh . (82)

i

Altogether, for a given network N (hy, 7, ), defining the new variables @ = (7/)~!7 and H
given by (69) for each link, the corresponding link value is a product of x(w) delta function

x(w@) r,

L(m,7";hh) = L(w; H) = Tr [Py (w H5 HH . (83)

In particular, when m = 7/, the link value £ (7, 7; h,h’) is given by a product of N delta func-
tions as shown in (70) and we re-present it here

N
L(m,m;hh) H5 ((h)Tha) = T] 0 (Ha). (84)

which is non-zero only when h = h'.

So in the end the network is divided into several regions, in each of which 7, and h,, are the
same. The links which connect different regions identify boundaries between each pair of
different regions, called again domain walls. Corresponding to different domain walls and

22



Class. Quantum Grav. 35 (2018) 115011 G Chirco et al

different assignments of permutation groups to each region, we have different patterns for the
given network. We introduce pattern functions Py (7, ) and Py (7, ) such that

Pa(ma) = [ T Ni(h ) (85)

Po(n) = /Hdhn No(hy, 7). (86)

Given a set of {m,}, Pa(m,) and Py(7r,) correspond to a certain network pattern with fixed
boundary conditions, illustrated in the following figure.

More explicitly,
x(@e) [ [x(eq ' me) (S5 x(me) (S5
pea [T T T (o | 1) T (I ) 11 57 (£ )
n cer i k=1 reA i k=1 1cA i k=1
i (87)
NCORALS xme) [
Po(ma) = / ITab, TT 1 IT o (T1Hea || I1 | 11 0 ITe | |- (88)
n Ler i k=1 £eor i k=1

They are exactly the amplitudes of a topological BF field theory, with given boundary condi-
tion, discretized on a specific 2-complex among the N replica of networks, with each different
pattern P corresponding to a different 2-complex. Each edge of the 2-complex is associated
with a holonomy #,,, that is on node n and the ath replica. The two ends of the holonomy
are the vertices of the 2-complex. The 4, inside a delta function form a loop holonomy, the
corresponding edges of which form the face of the 2-complex. Then Zy and Z} are sum of BF
amplitudes with different 2-complexes.

Zy =C'r Z Pa(ma), ZéVECVF Z Po(7n). (89)

T ESN Tn ESN

It is important to notice that this simple form of the various functions entering the calculation
of the entropy, with the emergence of BF-like amplitudes, is not generic. It follows from the
choice of GFT kinetic term, from the approximation used in the calculation of expectation
values (neglecting GFT interactions) and from the special type of tensor network, in GFT
language, that we have chosen (with simple delta functions associated to the links of the net-
work). More involved, and interesting, cases could be considered.

What we are interested in is the leading term of Zy and ZN  while the dimension D of
Hilbert space H is much larger than 1. This leads us to seek the most divergent term of P4 (7r,)
and Py (7, ). In other words, we need to know the degree of divergence of P, (7r,) and Py (7).
The divergence degree of BF amplitudes discretized on a lattice has been the subject of a
number of works, both in the spin foam an GFT literature (see for example [76-78]), the most
complete analysis being [79-81].

Let us first focus on a sub-region R of the network such that 7, = 7 for all nodes n inside
of R. Suppose that there are L; links inside R and L, links connecting with other regions. Since
we only consider 4-valent nodes, the number of nodes inside R is

Li Le

1
EZ(ZLi+Le):—+

2 4 °0)
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A minimum spanning tree (MST) 7, which contains #7 = V — 1 links, can be found in R.
T = {{|¢ € MST}. 9D

According to (84), since m, = , there are N delta functions on each link. The integrals over
h,, would eliminate the (V — 1)N deltas associated to the MST and leave only one set of N
integrals over h = {h,} and (L;/2 — L,/4 + 1)N 6(1)’s. Here we keep indicating the diver-
gent factor as the delta function evaluation originating it, but of course it should be understood
more properly as a function of the cut-off used to regularize it. The pattern function of region

R is then
L | x(we)

= [T, Hnwn 1o Hwa
neRr L
L | x(we)
~ [Tlaw 1T TTotm) T1 TTa0n0 11| T1 ¢ HHea
neRr LEMST a (¢MST a L i
Lo | x(we) .

e an [T | I1 5 { [T | |- ©2)
k=1
In the calculation, we have used

/Hdhn 11 lN_Ié(Hea)Z/dh (93)

neRr LeMST a
and (h, = h)

L

TT TT6(He) = o(uy & =550 (94)

(¢MST a

The above calculation shows that we can coarse-grain the region R into one single L,-valent
node which is colored by 7 and h.

IIdh Q%%:l {/dh fmh (1)) (5 -5y
neR R hn) '

95)
So the degree of divergence in region R is: the number of internal links #; = L; subtracted the
number of links in the MST #7 = V — 1, and then times the number of replica N,

neR

#R:(#i_#T)N:(Li—V+1)N=<IS—IZ+1>N. (96)
Since the boundary condition of Aj is 7 = 1 and h = 1, the boundary of A can be coarse-
grained into a single node with 7 = 1 and h = 1. The same consideration holds for Nj: its
boundary can be coarse-grained into two nodes, one of which corresponds to A with © = Cy,
h = 1 and the other to B with m = 1 and h = 1. The corresponding closed graphs are denoted
as I'g and ['4p. A certain pattern P (7, ) divides I'g and I"yp into M regions that can be coarse-
grained into M nodes, each of which is colored with permutation group 7, and N integrals
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over h,,. Denote the graph with pattern P(7r,) as T'o(7r,,) and Tp(7, ), and denote the corre-
sponding coarse-grained graphs as I'§(7,,) and Iz (7).

One can show that, for Iy, the pattern in which all nodes have assigned the same permuta-
tion group ™ = 1 has the highest degree of divergence #o.

#o = (#eer, — #10, )N 97)

where #/cr, is the number of links in graph I'y. Let us consider a coarse-grained graph
F(C)(Trm). Denote the number of links in region m, between regions m and m’, and between
region m and boundary OI are L,,, L,y and Ly, respectively. The proof goes as follows:

1. The permutation group on links between coarse-grained nodes m and m’ is @y = 7 T
m

As given by (83), the number of the delta functions on one of the links is the number of
the disjoint cycles in to, which is X (@) < N. Since all links between m and m’ are
identical, having the same link value, which is given by (83), when one integrate over
h,, and h,,, only X(w,, ) deltas will be eliminated and left with §(1) to the order of
X(@Wmm ) (L — 1) and 2N — x(c0ym ) h integrals. In fact

. x=) [ (5 t
/ /
/ dhdh’ (Tr [Py (w)])" = / dhan’ [T (6| [[Ha
i k=1
x(w) S Lt
= [an T |5 (TIma]lm,
i k=1 k=1 ¢
=[5 (1) X=ED / dh. (98)

2. MST can be chosen for Ty (7, ), I'§ (7, ) and M regions. It is obvious that, given a MST T,
for each of the M regions and a MST Tr¢(r,,) for I' (), rooting from the coarse-grained
boundary node OT', a MST Tt (s, of I'o () can be constructed.

M
Try(mm) = \J T U Trg (- (99)

m

The number of branches of the trees is

M
Hrsmm = O 1+ HTo oo (100)

3. The degree of divergence of region m is given by (96)
H#Hm = (Lm 7#Tm)N' (101)

Similarly, for the divergence degree #r¢ (1) of the pattern where all coarse-grained nodes
have the same permutation m,, = 1 is

#ron = | D Lo — #rem | V- (102)

o<m<m’ <M

The degree of divergence of I'(7r,, ) is smaller than #ro(1)
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F#r¢ () < Fr5(1)- (103)
This is because, after evaluating the delta functions on the MST I'{(7y,) in accordance

with (98), there are still MN — Z(mm/)eTrc( ) X(@pm ) integrals over h. Performing
these integrals makes the degree of divergeﬁce of I'§ (7, ) not bigger than the following

quantity

#Fg(ﬂ-m) < Z Ly X () — Z X (@) (104)

Osm<m’ <M (mm" ) €T ()

- Z me’ X (wmm' )
105
(m ) ET e () (105
me’ -1 mm’

Y = Ox(m) w06,

(mm’)ETF(o)

(7vm)

which is definitely smaller than #p (1) because x(@um) < N.
4. So the divergence degree of I'y(r,) is smaller than the divergence degree # for the
pattern where all nodes have the same permutation.

M M
Ho(mm) = #ro(mm) + D H#m < #ro) + O #m = (Feer, — #10, )N = #o. (107)

The leading term of Z)) is Po(1), whose divergence degree is #.

zy =C"[s(L)]* [1+ 05~ (1) +ON)] . (108)

For Zy, since the boundary is separated into two parts, the most divergent pattern P4 (7r,) is
the one such that its corresponding coarse-grained graph has only two coarse-grained nodes A
and B, which are connected by the minimum number of links min(#¢ecs,, ), whose divergence
degree is

#ap = F#a + Fp + min(F#ico,,)
= (#KEFAB - min(#feafm) - #TA - #TE)N + min(#EEQAB)
= (#ZEFAE - #TA - #TB) N + (1 - N) min(#feafw)
= #0 + (1 _N) min(#KGQAB) (109)
where the second equality is in terms of (96) and the forth equality is because #¢cr,, = #¢er,

and #T,\ + #TB = #TFOH-
Let us consider a graph I'sp (7, ) and its corresponding coarse-grained graph I' 5 (7, ). The
divergence degree of I'yg(7ry, ) is given as

1 Since the boundary is coarse-grained into two nodes in I'4p, there are one more node in I'4p than in Ty,

Vi =V, + L. (110)
Thus the number of the branches of the MST in A and B is equal to the number of the MST branches in I
#at+#e=(Va—1)—-(Ve—1)=Vr, —2=Vp, — 1 =#r, . (1
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Hlunimn) = i)+ D Ha (112)

m={1,--MAB}
where #,, is given by (96)
#m = (Lm — #1,)N. (113)

Adapting the same argument as for ZY, because of the integral over hy, #r(m,) should not
be bigger than the following quantity

#FZH(W,,,) g Z me’ X(wmm’)
(Y ET e ey TP )
-+ Z (me’ - I)X(wmm’) (1 14)
(mm')GTl’lXB("m) or ngg(‘"m)

where we assume m < m’ in order to avoid double counting, and Tflc and Tllfc () AT€
A AB m

5(7m)

the MST rooting from coarse-grained nodes A and B, respectively. The right hand side of the
above formula corresponds to the divergence degree of pattern P4 (7, ) on a graph I'¢ (7, )
with all h, = 1, which differs from I'{ (7, ) by T2, () and T2, ()’ ie.

AB m AB m

Dap(mm) = Tag(mm) \ {T%e mays Tos () }- (115)

As presented in section 2, the major difference between [23, 27] and our paper is that we are
considering the gauge transformation h,, on each node n. When all h,, are set to be the identity,
our Zy and Z} simplify to the ones in [23, 27] up to overall normalization. In this case, as
shown in [23, 27], the patterns which gives only one domain wall for I'y5 have higher diver-
gence degree than the divergent degree of multi-domain walls, which in our language means
that the patterns whose corresponding coarse-grained graph contains only two coarse-grained
nodes are more divergent than the patterns Py (7w, ), which give more than two coarse-grained
nodes. So the divergence degree of the pattern P4 (7ry,) on the graph I'4g(7r,,) is not bigger
than the pattern P4 (1, Cp). So we have

H#HTp(rm) = F () T Z H#m

m={1,---M,A,B}
S #r i T Z i
m={1,---M,A,B}
< #a + # + Fecon = #o + (1 — N)Fico,, 116
< #ap = #o + (1 = N) min(#eq,,)- (116)
It follows that the amplitude Zy is
Zy = CVT[§(1)|Fot (I =Mmin(econ) [1 + O(57'(1)) + O(N)] . (117)

Finally, the Nth order Rényi entropy Sy is then:

108 = 20— ()N o) [14 0 (1) + O] (118)
0

When N goes to 1, Sy becomes the entanglement entropy Sgg. The leading term of the entan-
glement entropy Sgg is therefore

Sge = min(#eco,,) Ind(1), (119)
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which can be understood a the discrete tensor network analogue of the Ryu—Takayanagi form-
ula in a GFT context.

Before moving on to a different derivation of the same result, we want to clarify the inter-
pretation of this calculation.

The definition of the expectation value (54) in the GFT language shows that the expo-
nential of Sy can be interpreted as a GFT 2N-point function, at least within the limits of the
approximation made, focusing on the average over group field functions at each node, with-
out recasting the whole generalized tensor network as a GFT correlation function. As shown
in previous sections, the GFT amplitudes can in turn be written, by standard perturbative
expansion, as a sum of Feynman amplitudes associated to Feynman diagrams, each of which
corresponds to a different discretized ‘space-time’ with fixed boundary, with the Feynman
amplitude defining (for quantum gravity models) a lattice path integral for gravity discretised
on the corresponding cellular complex. This allows a tentative (and partial) interpretation of
the entropy formula we have derived, in geometric spatiotemporal terms. It implies, in fact,
that, in the calculation of the entropy, not only the information of a time-slice of a space-time
is considered, as encoded in a given network, but also its full quantum dynamics. This, at least,
is true when the complete GFT partition function (for quantum gravity models) is employed
in the computation of the entropy. The leading term, the free GFT amplitude, captures only a
sector of that full quantum dynamics. With the specific (trivial) choice of kinetic term we have
used, the quantum dynamics can at best correspond to (summing over) static space-times.
When N goes to 1, in particular, the amplitude becomes the trivial propagation of GFT states,
with any given network propagating to itself. This corresponds exactly to the context (static
space-time) in which the Ryu—Takayanagi formula is usually derived. In other words, our
calculation provides a realization of the Ryu—Takayanagi formula, at least in one extremely
simple case, within the full dynamics of a non-perturbative approach to quantum gravity, the
group field theory formalism, which can also be seen as a different definition of loop quantum
gravity. Our result also shows that the same formalism allows to compute non-perturbative
quantum gravity corrections to the Ryu—Takayanagi formula, by including the contributions
from the GFT interaction term into the amplitude (as well as considering different choices for
the GFT kinetic term).

4. Ryu-Takayanagi formula for spin-network states

We want now to perform a similar calculation of the Ryu—Takanayagi entropy using a differ-
ent truncation of a generic GFT state, reformulated as a tensor network. We use a given linear
combination of spin networks, corresponding to a specific assignment of spins to the links of
the network, and thus to the tensors associated to its nodes.

As presented in section 2, the spin representation of a GFT network is spin-network, in which
each node is colored by a tensor ¢k,

m = qu/)i)mv |¢"") = Zéﬁlnﬁ lj,m) € @ Hj, (120)
p m
and each link is colored by matrix M,’,'lm,

|M7) = ZMI{zm/ i, m) @ |j,m') € D"_}g)z’ (121)

mm’

where [H; is the spin-j irreducible representation of SU(2).
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A spin-network has a clear geometric interpretation. The graph I" is the dual of a 3d cellular
complex. When all nodes are 4-valent, the graph is dual to a 3d simplicial complex. Each node
is dual to a tetrahedron and each link is dual to a triangle. The area of the triangle is given by
the spin-j irreducible representation associated with the dual link of the triangle. More pre-
cisely, the area Ay is

Ap = 8my\je(je + 16, (122)

where I is the Barbero—Immirzi parameter and ¢, is the Planck length (while this results fol-
lows both from a canonical quantization of General Relativity in the continuum, and from the
geometric quantization of simplicial geometries, the identification of the length scale with the
Planck length is, of course, natural from the first perspective only).

A detailed analysis (see e.g. [82—84]) shows that the semi-classical regime of loop quantum
gravity states, in which the Regge—Einstein gravity can be recovered, at least at the kinemati-
cal level, in the sense of approximating smooth geometries with simplicial ones, is at a scale
intermediate between the Planck scale £, and the average background curvature scale L,
which means that if we are working on this regime, area Ay of the triangle should be

< Ay < L. (123)

Together with the relation A, /L%\ ~ 'y*ljl/ 2 <« 1 uncovered in [82], the above regime is
equivalent to

1 1

In a semi-classical regime, then, one has A, ~ ’yjﬂg.
In [51], a special choice of M? ,

M), = (jm|nte™E T ) (125)
has been considered, with the property that the leading order of the entanglement entropy
between the two H; on a link is proportional to the same area A, ~ ’ngég in the semi-classical
regime. In (125), n and n’ are SU(2) elements; L, is the SU(2) generator in z-axis. We use the
same choice for M,{,m, in our calculation to obtain the Ryu—Takayanagi formula.

Considering the same graph I" as in the previous subsection, the spin-network state |\I/ji>

and its corresponding density matrix p are given as
) =@ | @) o= o) (ol
YA n
Just as in the previous calculation, we divide boundary OI" into two parts A and B. The Nth
Rényi entropy is

Cows_ 2y _ ETpVPGRN.)  Tr (@, ®, E(p))P(nd: N.d)
z E(Trp)" T [®, 0} ®, E(o))]

: (126)

(127)

The first key step is to calculate E(pY). Because the gauge symmetry is already encoded in
the intertwiner 7 for ¢k, ¢h is not a gauge symmetric tensor, which is in the invariant space of
H®* as introduced in section 2, but rather an ordinary tensor in ®,H;,. So the averge over pY
can be performed in the same way as the one shown in [51]:
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E(p)) E/d@ij‘(qﬁ"f) (") <¢>"i|)®N=/[J(D) duf (") (U‘ i (b UT)®N’ (128)

where f(¢¥) is a distribution of ¢¥ and U is the group element in the unitary group U(D), in
which D =[], d;,. f(¢")is invariant under the transformation of U(D) and in our following
calculation we focus on either the uniform or the Gaussian distribution, which keep the main
calculation unchanged up to an overall normalization that will be canceled in the final result.

Because of Schur’s lemma, E(pY) is the invariant tensor in (®,H;,) ®, which can be writ-
ten as a sum of permutations

EpY)=C Y PmiN.D)=C > [[P(m:N.d;)
€S, Sy 0 (129)
T, €SN ThESN LEN

where C is an normalization factor which depends on the distribution. Then Zy and Z} can be
written as a sum of different patterns P (7, )

Zy=C" Y Palm), 7Y =C" Y Po(m) (130)
T ESN €SN

where # is the number of nodes in I". P4 (7r,) and Py(7r,) can be written as products of link
values L(7,, 7))

Pa(m,) = H Lo(7n, Tpr) H/:g(wn,wﬁ) Hﬁg(ﬂn,]l) (131)

€T LeA LeB
Po(ma) = [ [ Le(mumw) [] Le(ma 1) (132)
Ler Ledr

where L;(m, ') is defined as
Lo(m,n") = Te[P(m; N, dj, ) py P(7's N, dj,)]. (133)

Suppose w = (7')~'m =[], C;, where C; is an ri-cycle, and impose (125) into (133).
L(m, ") becomes

x (@)
exp(l—2m~yL;
L(m,7') = H X (e_r"szZ_"'#) ) (134)
i=1

In the semi-classical regime (124), the leading contribution of £(, 7’) is obtained as
x(=) 1 e
Lmr)~ [] ~ e (1= G

-
i=1 !

: exp(1—27j) X(=) 1
:e*X(W)+(X(W)*N)27T’YJ*NT H —. (135)
i1 i

A detailed calculation from (134) to (135) can be found in the appendix. When w = 1, i.e.
m=7"and x(w) = N, L(m, ) is then

£(7‘(‘, 71') ~ efoNL"P(zl;jﬂ'w') ‘ (136)

It is straightforward to check that £(7, ) > L(m, 7). In fact, because the sum of r; equals to
N, L(7, ) can be rewritten as

30



Class. Quantum Grav. 35 (2018) 115011 G Chirco et al

x (@) )
Limm) = [[ e =" (137)

i=1
Then the ratio between L(m, m) and L£(m, 7) is

. exp(1—274))
ﬁ(m,ﬂz) B x(@) e—1+(l—ri)27r’y]—ri% x(@) e(1—r)(2myj—1)

//\

,C(TF, 7T) o pal rie—r;—ri 7eXp(21;j7wj) 1;[
(138)

The last inequality holds because r; > 1 and in the regime (124) 7 > 1. The equality holds if

and only if m; = m.

If we assume that all j, are in the same order of magnitude, because of (138), one can observe

immediately that the leading term of Z' is Py(1), i.e. the permutation group for all nodes is

7, = 1. Suppose there are L; internal links and L, external links in I', then

N oV _ Ny exRU=2m37)
zy = ]]e S (139)
¢
The Nth order Rényi entropy becomes

X(@e) o (1-r) (2mj—1)

Q1-Msy _ N ZH H s (140)

As shown in [27], in order for the smgle domain wall pattern to contribute the most to the
Rényi entropy, when three domain walls intersect, they should satisfy

X% (1—r)@ryi—1)  X®2) (- @ry—1) XT3 (1—r) 2myi—1)
e IT ° : (141)

i Ti ; Fi ; r;
i i i

where ww,w3; = 1. The above inequality can be simplified to

(=), =),
elCtn () —c(@n)eny-n LI nl " r
HX(WI) i

where C(w) is the Cayley weight of a permutation co which satisfies the triangular inequality
C(ww,) < C(wy) + C(wz). In general, when C(w,) < C(w,) + C(ws3), the above inequal-
ity is satisfied because when ~j > 1 the exponential part of the inequality dominant. When
C(w) = C(wy) + C(w3), one can check that the inequality is satisfied at least for N < 3'2.
Since we are only interested in the entropy while taking the limit N — 1, this inequality is
well satisfied. The Rényi entropy Sy for small N is given as

) (142)

12 Using the geometric inequality, the left hand side of the above inequality becomes

X i ™ ri _ (Cle) + D(C(@1) ~ Cla) + 1)
H;((Wl)r[ = ( N )N—C(Wl)

N—C(w1)

N—C(=) >N*C<’”1) (143)

> (C(w1)+1)< N

This simplification is very rough since one has to kee — {0 be integer. Even in this approximate situation,
PN=C(=) g PP

we could find that it is bigger than 1 when N is a bit smaller than 3.

31



Class. Quantum Grav. 35 (2018) 115011 G Chirco et al

e(1=N)Sw H exp ((1 = N)(27vje — 1) — InN).

(144)
£E0an
When N goes to zero, we have
InN As
~ 2yje — 1 — 1i =—2
SeE~ Y [ ™ Jim | = 5 (145)
LEDap P

which is exactly the Ryu—Takayanagi formula. Comparing with the calculation in [27], we
both reproduce the Ryu—Takayanagi formula from the spin-network state in the semi-classical
regime (123) of loop quantum gravity and GFT states. This gives further support to the expec-
tation that a classical gravitational theory can be recovered in this formalism. Differently from
[27], however, our result directly relies on the fundamental degrees of freedom of the theory.

5. Randomness and universality

The dictionary we have established between GFT states and (generalized) random tensor net-
works suggest the potential for useful cross-over of results across these two research areas.
In particular, one can already envisage a direct application of results concerning the quantum
dynamics of GFT models and the statistical properties of random tensor models to problems
in statistical mechanics and condensed matter that can be formulated in terms of random ten-
sor networks.

Indeed, our path integral analysis generalises the statistical derivation given in [23], where
the random character of the tensors allowed to map the computation of typical Rényi entropies
to the evaluation of partition functions of generalized Ising models with inverse temperature
8 o log D, D being the dimension of each leg of each tensor in the network. Interestingly, in
the original work, the form of the averaged entropies was derived only in the large D limit,
where the fluctuations of the partition functions are effectively suppressed. In the large D (low
temperature) limit, corresponding to the long-range ordered phase for the Ising models, the
entropies of a boundary region can be directly related to the energy of a domain wall between
different domains of the order parameter: the Ising action can be estimated by the lowest
energy configuration and the minimal energy condition of the domain wall naturally leads to
the RT formula.

One set of results that appears immediately useful in this context concerns universality
properties of probability distributions over random tensors, in the limit of large D [85]. They
represent a generalization to tensor distributions of the central limit theorem for ordinary
probability distributions.

Indeed, a recently proved universality theorem for random tensor fields [85] states that a
rank-d random tensor whose entries are N¢ independent, identically distributed, complex ran-
dom variables, and whose distribution is a trace invariant (of the type defining the interactions
of tensorial GFTs as well), converges in distribution in the /arge D limit to the distributional
limit of a Gaussian tensor model, namely a Gaussian tensor field theory. This is already quite
remarkable. However, a second, stronger, universality result [85] states that under only the
assumption that the joint probability distribution of tensor entries is invariant, assuming that
the cumulants of this invariant distribution are uniformly bounded, the large D limit the tensor
distribution again converges to the distributional limit of a Gaussian tensor model.

We expect these theorems to have direct applicability to random tensor networks, and even
to the generalized class corresponding to the infinite dimensional group fields, where the large
D limit refers to the regime in which any UV cut-off on group representations is removed.
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The key point to be careful about is that such theorems generally apply to distributions
of invariant tensor observables, constructed out of trace (bubble) invariants for bipartite
d-colored graphs [10]. Therefore, it does not directly apply to simple products of tensors as we
have dealt with in this paper. However, one may wonder how much of such universal behavior
survives for generic graphs when distributions of generic tensor observable are considered,
e.g. including polynomials made by contractions of tensors which leave some indices free, as
for the case of a contracted tensor network state associated to an open graph.

Intuitively, if one randomizes tensors at the nodes independently of contractions, one can
still rely on such results, to some extent, but the conclusions become much less solid, because
contractions do affect the scaling of the tensors. Much more solid would be to treat the whole
tensor network as an observable in a random tensor or GFT model; then, for tensor networks
associated to d-colored graphs (trace invariants), the universality theorems would apply,
thereby indicating a new direction for further characterizations of the tensor network states.
We postpone this type of evaluations to future work, alongside the complete reformulation of
tensor network states and their statistical average within the 2nd quantized GFT framework.

6. Conclusions

Let us summarize our results in this paper. We have established a precise dictionary between
GFT states and (generalized) random tensor networks. This dictionary also implies, under dif-
ferent restrictions on the GFT states, a correspondence between LQG spin network states and
tensor networks, and a correspondence between random tensors models and tensor networks.
Next, we have computed the Rényi entropy and derived the RT entropy formula, for GFT
and spin network techniques, first using a simple approximation to a complete definition of a
random tensor network evaluation seen as a GFT correlation function, but still using a truly
generalized tensor network seen as a GFT state, and then considering directly a spin network
state as a random tensor network. This elucidates further the correspondence and its poten-
tial. Finally, we have discussed how universality theorems for random tensor models can be
applied to tensor network states, as a first example of application of results from the theory of
random tensors and GFT to tensor networks. We are convinced that these results can be just
the beginning of many further developments, made possible by the fertile meeting between
tensor networks and fundamental quantum gravity, along the lines we have established.
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Appendix. From (134) to (135)

In this appendix we perform the calculation from (134) to (135). L(m,7’) is given by (134).
Let us denote 27y as ¢ for simplicity, then £(7, 7") can be written as

x(w@)

x (@)
et = T (e o) = T3, )
i=1 i=1

I, can be written in terms of SU(2) coherent state as
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P —reL,—p&R0=da)
= d’/dn<1’]|”Te S IN)
e k kak
— re 17 —(r cL, PR
=4 (k% / dnj,jlnte™"FO%nlj, j) (A2)

2 (—)F ket §® s
3 .

where S, is the total action and S = 2jIn(t [nfe=c+Rly| 1) and [1) = |4, 1). In the semi-
classical regime of loop gravity, i.e. the large spin-j regime, the leading contribution of /7, is

from the critical point of Sﬁk), which is the solutions of the equations of motion

5,80 =0 = nle Uty = gm0k, (A4)
One can obtain the solutions
nln==+L, of =+c(r+k). (A.5)

Bring the solutions back to 7,, we can get

I (A.6)

5
L~dS —— =
; v/det Hy ;

where Sy, is the total action S, on the critical point

exp (1 — ecj
< = enj— 20 =€) (A7)
Y
and H; is the Hessian matrix of S,
1
HE = 55,35,\6. (A.8)

After perform the second derivation on S,, one can obtain

det HS = 4777 (—c 4 exp (1 — ecj))*. (A9)
In the semi-classical and low energy limit

det H® ~ 4N exp 2 (1 — ecj) . (A.10)

Then I; becomes

exp (—1 +ecj(l—r) — rieXp(If“j))

I~ c (A.11)
’ r
One can observe that ;" > I since when € = —, in the large spin regime I~ goes to zero. I,
thus becomes IrJr , which is one of the term in the product of (135).
exp (71 +cj(l—7r) — rm>
¢ (A.12)

L ~If =
;
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