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Abstract

Considering gravitational waves propagating on the most general 44+ N-dimensional
space-time, we investigate the effects due to the IV extra dimensions on the four-
dimensional waves. All wave equations are derived in general and discussed. On
Minkowskiy times an arbitrary Ricci-flat compact manifold, we find: a massless
wave with an additional polarization, the breathing mode, and extra waves with
high frequencies fixed by Kaluza—Klein masses. We discuss whether these two
effects could be observed.
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B Completing the model

1 Introduction

The direct observations of gravitational waves emitted by black hole mergers, realised by the
LIGO and Virgo Scientific Collaboration [Il2], are impressive experimental results and ground-
breaking scientific achievements. They provide physicists with a new observational tool, al-
lowing them to probe nature and test theories in completely innovative manners. Constraints
on various models beyond four-dimensional General Relativity have already been obtained
from these observations, for instance constraints on alternative theories of gravity [3,4], modi-
fied dispersion relations [5], quantum gravity effects [6], non-commutative geometry [7], exotic
compact objects [§], microscopic description of black holes [9], etc. A recent review on such
constraints can be found in [I0]. In the present paper, we study the consequences of putative
extra dimensions on four-dimensional gravitational waves, and whether related effects could
be detected.

Background and state of the art

Considering spatial dimensions in addition to our four-dimensional space-time is a common
idea when going beyond standard particle physics, gravity or cosmology. Such extra dimen-
sions appear in models ranging from phenomenological or bottom-up approaches, to quantum
gravity theories such as string theories, and their low energy realisations as supergravities.
The former include models with large extra dimensions [I1], in particular so-called ADD
models [12][13], Randall-Sundrum models RS1 [14] and RS2 [I5], and models with Universal
Extra Dimensions (UED) [16]. A first distinction between these models is about matter and



interactions: while gravity is present in all dimensions, matter and other gauge interactions
can be restricted to a subset of dimensions, referred to as the brane, such as for example the
four-dimensional space-time. This holds for ADD and RS models, but not for UED. Such
a restriction provides an explanation to the hierarchy between the Planck mass and other
energy scales such as the electro-weak scale, either thanks to large extra dimensions (ADD)
or to a warp factor (RS). Another distinction is on the number and compactness of extra
dimensions: there can be one (RS1) or several (UED, ADD) compact extra dimensions, or
one extended extra dimension (RS2). Several of these features are present in ten-dimensional
type II supergravities and their compactifications, the low-energy effective theories of type
IT string theories (reviews can be found e.g. in [I7,18]). These theories feature six extra di-
mensions, gathered as compact manifolds: those can be Ricci flat as Calabi—Yau manifolds,
or curved as e.g. Lie group manifolds [I9.20]. They also admit branes localizing non-abelian
gauge interactions, warp factors, etc. A short review on all these models and their connec-
tions can be found in [21], see also [22]. Constraints exist for each of them, but possibilities
on the number, shape, and size, of extra dimensions remain very open. As a consequence, our
paper aims at finding general, if possible model-independent signatures of extra dimensions
in four-dimensional gravitational waves.

Considering gravitational waves in a space-time of dimension D = 4 4+ N, with N extra
dimensions, is not a new idea. An important load of work has been devoted to studying the
emission of such waves from black holes in D dimensions; see e.g. the review of black holes
in higher dimensions [23]. A seminal paper on this topic is [24], considering colliding particles
(possibly black holes) as sources and obtaining the quadrupole formula. Subsequent work,
e.g. [25]26], was motivated in part by the possibility of black hole creation at the LHC, and their
stability under gravitational perturbations and radiation. Related work, e.g. [27H30], focused
on computing quasinormal modes of a D-dimensional black hole. The methods developed
include numerical approaches, see e.g. [31] and references therein. A review on this topic can
be found in [32]. From our perspective, there are two drawbacks to those studies. First, the
sources considered for the gravitational waves are very specific, while many others could exist
(see e.g. [33,134] for reviews). Second, the background metric away from the black hole is
the Minkowski flat one, thus describing a D-dimensional Minkowski space-time, or at most
N extra circles (equivalently a flat N-torus 7%V). This is a strong restriction on the extra
dimensions.

Other works have focused more directly on potentially detectable effects of extra dimen-
sions on gravitational waves, often in a specific model or background. By studying the signal’s
Green function, a tail effect was pointed out in [35,36] for a one-circle extra dimension, or on a
D-dimensional de Sitter or FLRW background in [37,[38]. A small correction to the waveform
was also obtained in [39] with fairly general compact extra dimensions and a four-dimensional
source. An interesting polarization effect was obtained in [40] for a single circle extra dimen-
sion, with some Ansatz for the fields. Another interesting idea is that gravitational waves at
high frequencies can provide a hint at extra dimensions and high energy physics. It is present
in various papers considering RS models, first in [41142] with waves emitted in the early uni-
verse, and then in [43] where discrete frequencies of some gravitational radiation are related to
Kaluza—Klein modes of a specific RS model. A similar idea and model, but with a continuous
spectrum, can be found in [44]. Further work includes effects due to cosmic strings [45]/46],
braneworlds [47], or inflation considerations [48]. We will come back to some of these effects.



Description of the work

In this paper, we take a more general approach: in short, sources are left unspecified, and
extra dimensions are not restricted, except through their background equations. As a result,
we identify and discuss general effects of extra dimensions on four-dimensional gravitational
waves, which could in principle be observed. As mentioned above, extra dimensions appear in
a wide variety of models, and their number, size or geometry is so far not sharply constrained.
Given this set of possibilities, we initially refrain from specifying this geometry and consider
a generic background. Similarly, the four-dimensional space-time is at first not restricted
to be Minkowski: we allow for general geometries, in particular de Sitter, which could be
useful for primordial gravitational waves, or anti-de Sitter, of possible interest for holographic
applications. When analysing in detail the effects of the extra dimensions, we will nevertheless
approximate to a four-dimensional Minkowski space-time, better suited for the comparison to
currently observed gravitational waves, times a Ricci flat N-dimensional compact manifold.
Those extra dimensions, satisfying the background equations, are otherwise left unconstrained:
there is for instance a huge, if not infinite, number of Calabi—Yau manifolds which would suit.
In any case, the formulation developed would allow to consider more general geometries.

We also do not specify the source of gravitational waves: as mentioned, many different
sources are possible, and their physics, especially in the hypothetical extra dimensions, is not
known in general. Thus we do not consider the source and emission process: in the wave
equations, there will not be any source term. Rather, information on the emission is taken as
initial data of the waves, and we study the propagation (and detection) of gravitational waves
in an empty D-dimensional space-time. This is a sensible approximation insofar as observed
gravitational waves are believed to be so-called pristine probes of the emitted signals, because
their interaction with matter is extremely weak. Eventually, we make qualitative predictions
regarding the effects of extra dimensions on the four-dimensional wave, which could in princi-
ple be observed.

Our starting point is D-dimensional General Relativity with a cosmological constant; fur-
ther contributions from other ingredients are considered in Appendix[Bl From there, we derive
the equation of motion for the linear metric fluctuation hp;n on a generic background (in-
stead of the standard Minkowski flat metric), i.e. the general D-dimensional gravitational wave
equation. We then split space-time into 4 and N dimensions, and deduce the wave equations
for the three types of components, namely the four-dimensional wave h,,,, the vectors h,,, and
the scalars Ay, with , (respectively ,,,) being the four- (respectively N-) dimensional indices.
We finally study the equations describing four-dimensional gravitational waves, and look for
deviations from standard equations, i.e. for an effect due to the extra dimensions.

In general there can be three types of effects, given the differences with the standard four-
dimensional analysis. Starting with han(XT) and focusing on hy, (z™), there are two differ-
ences: first, there are other components h,, and h,,, and second, there are extra coordinates
that we denote y". The first type of effect is due to a coupling between the various compo-
nents, i.e. hyy, or hpy, may enter the equations describing the four-dimensional gravitational
waves. The second type of effect, due to the ¢, is that instead of a single four-dimensional
wave, one gets a Kaluza—Klein tower of modes h}jy (™), possibly coupled to each other. One of
these modes is a priori massless, the others being massive. In different contexts, e.g. missing
energy at the LHC, the latter would correspond to so-called Kaluza—Klein gravitons [22]49].
However in the present work we consider them only classically, interpreting them as extra



contributions to the four-dimensional gravitational wave. The third type of effect comes from
the non-triviality background: for example, having a warp factor could lead to differences with
respect to the standard situation with four-dimensional Minkowski. The focus of the present
work is to study realisations of these three types of effects.

More concretely, with the four-dimensional space-time being Minkowski, times an arbitrary
Ricci-flat compact manifold of dimension N, we find the following two signatures of extra
dimensions on four-dimensional gravitational waves:

1. Breathing mode: Due to the extra scalars, a massless breathing mode is present in gen-
eral, in addition to the usual cross and plus polarizations of the gravitational wave. It
is characterized by a homogeneous deformation of the two transverse directions.

2. High-frequency signals: Extra four-dimensional signals, verifying a massive dispersion
relation, add up to the standard massless gravitational wave. They are characterized by
a discrete set of higher frequencies, fixed by the Kaluza—Klein masses.

Along the way we derive the equations of motion for the three types of components in full
generality, allowing for an arbitrary background geometry with a warp factor. Although we
do not make a concrete prediction in the most generic case of a non-constant warp factor, we
comment on the general impact of the latter on the propagation of four-dimensional waves.
A more detailed summary of our results is relegated to Section M together with a discussion
on the observability of the above predictions.

The paper is organized as follows. In Section [2] we derive the linearized Einstein equations
with cosmological constant Ap on the most general space-time of dimension D = 4 + N with
non-trivial warp factor. We first obtain the D-dimensional equation in the de Donder gauge
in Subsection Il and then split both the equation and the gauge condition according to
the 4 + N-dimensional structure of space-time in Subsection An analogous derivation
in the Transverse-Traceless gauge is performed in Appendix [A.Jl In Section B] we restrict to
the case of a Minkowskiy x M space-time with an arbitrary compact and Ricci-flat manifold
M. We first study the equation of motion and gauge condition for the massless wave in
Subsection B.I] where we unveil the presence of an additional breathing mode on top of the
two usual polarizations of General Relativity. We then focus on the extra four-dimensional
waves in Subsection B.2] where we find they have all six polarization modes turned on with
high frequencies related to Kaluza—Klein masses. Finally, Section [4 contains a summary of
our results as well as an extended discussion on the observability of the two above effects.
Equations in the more involved cases of a non-constant warp factor, or additional content in
the D-dimensional Lagrangian, are discussed in Appendix[A.2] and Appendix [Bl respectively.

2 Gravitational waves in a D-dimensional space-time

We start with General Relativity in dimension D, derive the linearized equations of motion,
and then split them according to a 4 + N-dimensional space-time.
2.1 Gravitational-wave equation in D dimensions

We derive the equation describing the propagation of gravitational waves in an empty D-
dimensional space-time. To that end, we consider the action for General Relativity in dimen-



sion D > 4, with a cosmological constant Ap,

S = % dPz\/|gp| (Rp —2Ap) , (2.1)
KD

where |gp| denotes the absolute value of the determinant of the D-dimensional metric, with
components gp yn, Rp denotes the corresponding Ricci scalar, Rysn the corresponding
Ricci tensor, and kp is a constant[] Even for a propagation in an empty four-dimensional
space-time, models with extra dimensions usually contain more terms in their action, given
e.g. by gauge fields and fluxes, branes, etc. A general Lagrangian accounting for such terms is
considered in Appendix [Bl where the following derivation of the gravitational-wave equation is
extended. For now, we restrict ourselves to (2.1]), and derive the following Einstein equation:

9D MN

RuN 5 (Rp—2Ap)=0. (2.2)
Using its trace
2D

Rp=——=A 2.3
D=p_tP (23)

it can be rewritten as the following (trace-inversed) Einstein equation:

2Ap

- =0. 24
Run — 5 —59p MmN =0 (2.4)

To describe gravitational waves, we now decompose the D-dimensional metric gp pn as
the sum of a generic background gj;ny and a fluctuation hpsn,

gp MN = guN + hun (2.5)
which enjoys a gauge transformation given by linearized diffeomorphisms,
hyun = hyy = hun + 6hun Shamn =2V (mény (2.6)

where & is the infinitesimal gauge parameter. We will develop equations at linear order in
h. We denote with O and ) quantities at zeroth order (i.e. background) and first order in
h. The Einstein equation (2.4]) splits accordingly:

0) 2Ap
RSMN_D_QQMNZO, (2.7)
2A
RE\?N -D _D2 hyn =0, (2.8)

!The equations derived here, in particular the D-dimensional wave equation on a generic background, its
decomposition on the various components, and further the Kaluza—Klein modes, may have already appeared
in the context of dimensional reductions of supergravities, at least in some related forms. The reason is that
formally, the same objects are considered. For instance, Section 5.1 of the review [50] contains a D-dimensional
linearized Einstein equation, further decomposed into components, with however a different background (four-
dimensional anti-de Sitter, constant warp factor) and different gauge fixings. Section 5.1 of the review [51]
gives the wave equation of four-dimensional Kaluza—Klein modes, with the background being Minkowski times
a circle, and a specific gauge fixing. The focus of the present work is nevertheless different: while supergravity
dimensional reductions typically consider particular backgrounds with field Anséitze and make related rear-
rangements of the equations, we remain very general regarding the background and gauge conditions, trying
to capture all possible effects. In addition, we aim at interpretations in terms of (observable) four-dimensional
gravitational waves, which is a very different perspective. The supergravity literature remains certainly useful
in our context, at least on technical aspects.



where we recall that Ap is constant, and thus entirely captured by the background. Further,
one verifies
(g + h)(O) MN _ gMN’ (g+ h)(l)MN _ _gMPhPQgQN ) (2.9)
We now need to compute RS\?N. The definitions of the relevant geometric quantities (with
Levi-Civita connection) are given e.g. in Appendix A of [52].
First, one can show for the connection coeflicient that

1
INp = IOV + 50" (Vi har + Vidhoy =V hwp) (2.10)

with the standard definition F(O)JA\/,IP = %gMQ (ONgoP + OpgonN — Oggnp). Denoting the trace
hp = hg pgP?, the Ricci tensor is then given by

1 1
Rarn =Ry — §V§9) (9"OV S harn) + V) (QPQVE?J}LN)Q) - 5V§3’V§&’hp - (210)

In view of a gauge fixing, we now make the following quantity appear:
1
Gy = VW oy — 5v§3)hD . (2.12)
This amounts to commuting covariant derivatives. Acting on a scalar they commute, while
VeV hon = Vi) VR g Chon + RDpg" han + gnvs RO reag" Chqug”™ . (2.13)
We deduce

1
R%}[)N = —§D(B) hun + gPQhQ(NRS&))P + R(O)SMNP gPQhQS + VE?&QN) , (2.14)

with Dg) = gPQVg)Vg]), and R(O)SRP(MgN)SgPQhQUgUR = RO nvp gPQhQS thanks to
symmetries of the Riemann tensor. This expansion can now be used in the first order Einstein
equation (Z8). In the following, we assume that the background (i.e. zeroth order) equation

(270 is satisfied. Using it to replace RSSI)P, the first order Einstein equation becomes

_%mggn hary + RO ynp " hgs + V(3 Gy =0 . (2.15)

Finally, we impose the standard de Donder gauge in D dimensions
Gy =0, (2.16)
where Gy is the de Donder operator defined in (ZI2). This simplifies the first order Einstein

equation (217 to

1
— §Dg) hyun + R(O)SMNP gPQhQS =0. (2.17)

Note that the D-dimensional de Donder gauge (210 can always be reached locally whenever
the Klein—Gordon equation with a source can be solved, because varying (2.12]) yields Dg)g M
(up to terms proportional to the cosmological constant)/4 One may wonder whether there
could be (unusual) global obstructions to imposing the de Donder gauge in the case where the
extra dimensions are compact. Such potential global issues will however be ignored, since the
above equations of motion are local, as will be, essentially, the subsequent analysis.

2The existence of local solutions depends on the symbol of the operator, that is, on the term with the
highest number of derivatives in the equation of motion. A study of solutions to the Klein—-Gordon equation
on curved space-times can be found e.g. in [53].



2.2 Splitting dimensions and equations

The dimensions are now split into D = 4 + N, i.e. 4 “external” dimensions corresponding
to our extended space-time, and N extra space dimensions. The latter are gathered as a
manifold M and are dubbed “internal”, even though we do not restrict for now to compact
extra dimensions. The metric is decomposed accordingly. To that end, we consider for the
background the most general metric that allows for the four-dimensional space-time to be
maximally symmetric: this can be viewed as a physical requirement, as the four-dimensional
space-time is then homogeneous and isotopic, and preserves Lorentz invariance. This standard
metric [5455] corresponds to a warped product of a four-dimensional space-time of coordinates
z# with M of coordinates y”*, meaning

Background : ds* = eQA(y)QW(m)dx“dx” + Gmn (y)dy™dy™ (2.18)
where €24 is the warp factor and G = 62A§W. On the contrary, the fluctuation hy;ny does
not need to be Lorentz invariant, so it is decomposed into hy,, the “vectors” h,,;, and the
“scalars” hp,y; its coordinate dependence is also generic. We introduce accordingly the traces
ha = by g™, ha = by and hy = hmpg™™.

We now implement this information about the background and the dimensions in the wave
equation (2I7)). We first decompose the D-dimensional background connection coefficients:
the only non-zero ones are

M= - M=
PNPZVW = PI!/Lﬂ' ’ PNPgan = F:Z) ) ( )
2.19
M= M= Loy —04n 24 M= L. 24
FNPilfp = FNPipI/ = 5656 8176 ) FNPZLIJP = _igl’l’gmnane ’

where T is the four-dimensional coefficient built from the unwarped metric guv and I 1s
the internal one built from ¢,,,. We then compute the D-dimensional background covariant
derivatives acting on h,

VQ:p hMN:,ul/ = 6phul/ + gp(phu)mgmnane2A ) (220&)
- 1 1

Vo—pbriN—pn =V phun + 5g,mhmqmpa,,e?A — 5i~LM,f,)—2AaneQA , (2.20b)

VQ:p hMN:mn = aphmn - 6_2Ahp(man)€2A s (2.200)

where @p is the purely four-dimensional, background-covariant derivative built from 'y, and

Vo—qhyvin=w = Oghu, — hw/e—zA@quA , (2.21a)
1

V=g hiiN=my = Vghm, — ihmye_ZAaquA , (2.21b)

Vo=¢hvnN=mn = Vihmn , (2.21c¢)

where V, is the purely internal, background-covariant derivative built from I'77. Let us now

compute the components of D([()))hMN, where we recall that Dg) = gPQVpVQ is built from

the background metric. With Oy = §* @Mﬁy, and the internal Laplacian Ay = ¢gP?V,V,,



we obtain

D([()])hMN:“,, = 672A|j4hw/ + AMh“,, - h;WAM Ine?4 (2.22&)
e—QA@(MhV)mgmnaneZA _ 6_2A§Muhmngmrgnp3r€2A5p€2A \

OO vy = € 22 04hum + Aphyn + € 24PV hun 0™ (2.22D)
3

1
— 5674Ahumgmp8pe2‘48ne2‘4 — 674Ahﬂngpq8pe2A8qe2A — §hﬂnAM In 24
Dg) haviNemn = € A 04hmn + Apthmn + 2672A g’10, 2y qPmn — 2674Agpq8pe2Ahq(m8n)e2A

— 26 MGV Oy € + h4(9m62’48 et (2.22¢)

The components of the background Riemann tensor are also computed: they are given by

R(O)PMN:;W g = 0Z6F <7~3”WU + e 2A5[Ug,,}ﬂgpq8p62’43qez‘4) (2.23a)
+ 555P2gﬂ,,g"p (V Op e?4 — % 2‘48 240, eZA) )

ROP N pm S = 555n 590u9" ( Vim0p e+ _2‘48 eQAame ) , (2.23b)

RO yN—mn 5 = 050] RP s (2.23¢)
+ 5557I:§5;r (V ( —2Aam62A) + %e““‘@me%@ne“) )

The components psn of the wave equation (2.I7) thus read
av 672A|j4h;w + Aphpuy — by ApIn 24 (2.24a)
— 27éﬂpyogaphm — %e_ZAgpqapeQAaqu (gyuhél — hwe_ZA)
- 1
— 672Av(ﬂhy)mgmnane2 guyhmngmrgnp (Vr(i)peQA + 562Aa7"e2Aape2A> =0,
un 672Aﬁ4h!m + Apnmhyn + 672‘4gpqvphw(9qe2‘4 + 672Ahﬂmgmpvn8pe2‘4 (2.24b)
1
26_4Ahumgm”8p62’48n62‘4 — e_4Athpq3peZA3q62A — §h,mAM In e24
6_4A§7r"@7rhﬂp8ne% + e_QAgpqauhnpaquA =0,
mn € A0 honn + Apthonn + 26_2Agpq8p62’4vqhmn — 26_4Agpq8p62’4hq(m8n)62’4 (2.24c¢)
— 2R pmnpg??hgs — 26_4A§7r"@7rhp(m(9n)62’4 — hy V(e 249,624 = 0.

These equations have been obtained in the D-dimensional de Donder gauge (2.16). This last
condition also splits as follows:

~ 1 -~ 1
e 2AG PN hypy — ie—“vm = 5 Vohy + g7 Vpha, + 2hp,gPle 240,e*1 =0,  (2.25a)

1 1 _ ~ ~ _
9" Vphgr — 5 Vehy — e 24V, by + gV e + 2h g Pe 20,6 =0 . (2.25b)

In view of the above wave equations, let us make a first comment on the idea of getting
an amplitude damping. An exponential decrease of the wave amplitude along its propagation
would be due to a dissipative term in the four-dimensional wave equation (2.24al), i.e. a term



of the form @ﬂhﬂp times an internal quantity. There is no such term in (m)ﬁ in fact,
with diffeomorphism invariance, linearization and the form of the background, one can show
that such a term cannot be present. In other words, extra dimensions do not lead to a
four-dimensional amplitude damping.

Before analysing further these equations in the next section, let us compute the cosmo-
logical constants using the above results. First, with the cosmological constant Ay = i?i;;,
the Riemann tensor is fixed as follows by considering our four-dimensional space-time to be
maximally symmetric:

DT A4 T~ T~
R urvo — ? (5ygua - 5gguu) ) (226)
giving for (2.24al)
- oa A ~
Rﬂ—;ujogaphpﬂ =€ 2A?4 (hpy - h4 gy,l/) . (227)

Second, thanks to the components of the background Riemann tensor (2.23al), (2.230) and

(223d), we compute the Ricci tensor, and scalar Rg) = —gMNROP v p. The D-dimensional
cosmological constant is then given by

—— Ap = Rg) = e ARy 4+ R — e (0622 — 4e A A p?t (2.28)

where (9e24)? = gpq8p62A8q62A and R4 is the purely internal background Ricci scalar built
from gn,. Computing in addition

g“”RSBI)N:W = e AR, — 2674 (9e24)? — 2 2AA (24| (2.29)

we obtain the four-dimensional trace of equation (2.7)). This eventually gives

D—2 D -8
2A —2A 2A\2 2A
e Ry + 2—_ 46 (86 ) + 2—_ 4AM6 . (2.30)

ANy =Ry = D_14
The D-dimensional and 4-dimensional cosmological constants can then be compared: they
are given by different expressions, namely different combinations of internal quantities, and
further differ by an overall factor of e?4. Therefore, the two cosmological constants can
have different values: in particular, a small 4 would create a hierarchy between the two,
i.,e. Ay << Ap. This is the reason why the flat-space-time approximation usually made when
studying gravitational-wave propagation cannot be justified in this D-dimensional context.
Indeed, in four dimensions and for non-primordial gravitational waves, the typical length
scale of variation of the perturbation is much smaller than that of the background, so that
(92hu,, >> A4h,,, and the equation of motion reduces to the one on Minkowski. In the present
D-dimensional setup, this reasoning breaks down if Ay << A DE so that we are to deal with the
complete D-dimensional equation of motion at first order, considering a generic background

as in (2.0) and (2.I8]).

3Such a term is present, through a divergence, in the off-diagonal equation @24L). h,n being also present
in (Z24al), one may wonder whether this component mixing could not eventually generate a dissipative term
in ([2224al). The number of derivatives is however not the right one for this to happen.

“Note also that hary varies also along the extra dimensions, leading a priori to different length scales, so
that the comparison of scales is not as simple as in four dimensions.
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3 Equation analysis and effects in four dimensions

We have derived the wave equations (2.24]) describing the propagation of gravitational waves
on the general background (2I8]), which is the warped product of a four-dimensional space-
time with IV extra dimensions. In the present section, we analyse them and determine the
impact of extra dimensions on the four-dimensional wave.

For the sake of simplicity, the warp factor is taken constant from now on, and we relegate
the study of the non-constant case to Appendix [A.2l We then set A = 0, since a constant A
can always be recovered by rescaling the four-dimensional metric. Accordingly, we drop the
tilde notation introduced in (2.I8) and below, i.e. we identify for instance g, with g,,, etc.
Equations (2.24)) then boil down to

uv D4huy + AMh;w = 2Rﬂuuagaphp7r ’ (3'13)
un - D4h;m + AMh“n =0, (3.1b)
mn * Oahmn + Aphmn = 2R mnpg? hys - (3.1c)

These equations were obtained in the D-dimensional de Donder gauge ([2.:28]), which reads as
follows when A is set to zero:

1 1

ngVﬂhp,, + gpqvphq,, — §Vyh4 — §vl/hN = 0, (32&)
1 1

gwpvfn'hpr + gpqvphqr — §Vrh4 — gvrh]\/’ =0. (32b)

These gauge conditions together with equations (B.I]) will be the starting point for the next two
subsections. As a side remark, note that starting rather with the D-dimensional Transverse-
Traceless gauge discussed in Appendix [A.T] one would obtain the same equations of motion
B1), but different gauge conditions. The results of the following two subsections would
however remain the same.

Turning to the extra dimensions, we focus on the case of a compact M (without boundary).
The internal Laplacian then admits a discrete orthonormal basis of eigenfunctions denoted
{wi(y)} of discrete label k, such that Apjwyx = —mj wy with a real my. By convention,
mo = 0. As an example, for M being a flat torus TV, wy(y) = XY and {k} is a set of
N-dimensional real vectors isomorphic to Z~; another example can be found in [56] with M
being a nilmanifold. The general wave is then developed on this basis as

harv(e,y) = S0 W (@) wnly) | (3.3)
k

where hl& y are the Kaluza-Klein modes. Indeed, h,, is a scalar from the internal perspective,
and each component of the internal tensors h,,, and h,,, can be viewed as a function too,
and all of them can then be decomposed on this basis.

Before proceeding further with this mode expansion, we first indicate a few useful proper-
ties of the various modes, starting with the zero-mode. Harmonic functions f on a compact
manifold are constant, as can be viewed by integrating fAaf. As a consequence, wq is con-
stant and unique. More precisely, the zero-mode is always the constant part of hyrny (with
respect to y"™). Another manner of obtaining the zero-mode of a function is to integrate it
over M. Indeed, integrating an expansion over the basis {wy} only leaves the zero-mode
because any wy-q integrates to zero; the latter can be seen by integrating to zero the total
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derivative A wx = —mi wk. As a consequence, any total derivative V,,, X" has a vanishing
zero-mode since it integrates to zero (by the Gauss theorem). This property will be useful in
the following.

More generally, to extract the k-mode of a function or a scalar equation, one uses the
orthonormality of the basis, namely multiplying an expansion by wy, and integrating over M.
For instance, using the expansion (B.3) for A, in (3.Ia) and the orthonormality, one gets for
each mode

D4h;l§u - m12( h;lju = 2R7r,uuagaphlp(7r . (34)

We will proceed analogously in the coming subsections. This mode decomposition leads to
a splitting of the above equations of motion and gauge conditions into an infinite tower of
equations and gauge conditions. In the next subsection we focus on the zero modes, whereas
subsection will deal with the higher, Kaluza—Klein modes. The former will be understood
as massless modes, while the latter will correspond to massive ones.

Finally, another background specification, to be made in the coming subsections, will be
to consider the four-dimensional space-time to be Minkowski. This can be understood as a
physical approximation, which suits the currently observed gravitational waves: in short, on
the distances probed, the curvature of our universe is negligible; see also the discussion below
[230). Considering Minkowski will in addition yield various technical simplifications. We now
turn to the study of the various modes.

3.1 Massless mode as a modified four-dimensional gravitational wave

Let us address the zero-modes, that is, we study the equations of motion (3] and the
gauge conditions (3.2) for the y™-independent contributions, following the procedure described
above.

It is useful to analyse the gauge conditions first. Thanks to the previously discussed
properties, the conditions ([B.2)) are greatly simplified on the zero modes. From (B.2al), we
obtain

1 1
9" Vxhiy, = 5Vuhi = SVuhY, (3.5)

and we will come back to (32Dh). It is crucial to note that the four-dimensional zero-mode
hgy fails to satisfy the four-dimensional de Donder gauge condition in (3.5), because of the
presence of hQ, = (¢™" s )?, the zero-mode of the internal trace. In spite of the system of
equations (B.J) being diagonal regarding the various hj;y components, those actually mix
and are related to each other through the above gauge conditions. This is the source of the
effect which we unveil in this subsection, namely, the four-dimensional gravitational wave h?w
is modified by the presence of h%;.

To identify the effect clearly we now approximate, as mentioned previously, the four-
dimensional space-time to be Minkowski. We set g,,, = 1., so that, in particular, the right-
hand side of equation (B.Ial) vanishes. Combining the background equations (2.7), (Z28) and
(2300, one sees that the restriction to Minkowski forces the background internal geometry to be
Ricci flat, i.e. Ry, = 0. Interestingly, this Ricci tensor appears when tracing equation (B.1d)
by a contraction with ¢™": the resulting right-hand side then vanishes. Thus we can focus
only on the wave h?w together with the internal trace h%;, since they decouple completely
from the rest. The components hgy and h% can also be checked not to appear in (B.2h),
which justifies why the study of this second gauge condition can be omitted. As the internal
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Laplacian term has no zero mode in equations (3.1]), we are left with the following system:

04k, =0, (3.6)
0408 =0,

together with (B.5]). One recognises the usual equations of motion for a free massless graviton
(as for a standard gravitational wave) along with a free massless scalar field on Minkowski
space-time. However, as we will now detail, the gauge condition ([B.3]) will crucially change
the polarization properties of the gravitational wave hfw.

Before proceeding any further, it is instructive to perform the counting of degrees of
freedom and determine the residual gauge invariance for the zero modes. We will only discuss
the system formed by h?\/ together with hgy. Firstly, it is easy to see that the former is a
scalar field. Indeed, from the transformation rule (2.0]) for the generic wave, one sees that the
internal trace hy transforms according to hy — hy +29"" V., &,, which implies that the zero
mode h%; does not transform: §h%, = 0 (as explained after [33), V,,(g™"&,) has a vanishing
zero-mode). For hQ . taking the zero-mode of the full transformation rule Shu = 20,8,

v
shows that hg,/ transforms as a spin-2 field with infinitesimal gauge parameter £9:

Shpy, = 20,8 - (3.8)

However, since the gauge condition (3.5]) deviates from the usual de Donder gauge condition
in four dimensions, one may ask whether the components h?“,, although they transform as
a graviton and obey the standard equation (B.0]), really are to be regarded as a graviton.
The key observation is that, since h?v does not transform, the condition (B3] leaves one with
the exact same residual gauge freedom as when imposing the usual de Donder gauge in four
dimensions, that is, D4§2 = 0. This is seen by taking a gauge variation of (B.5) following
([B:8): the right-hand side of ([3.5]) does not transform and yields zero, while the left-hand side
yields D4§2. Note that the residual gauge condition D4§2 = 0 ensures that the equation of
motion (3.6)) is gauge invariant, as it should.

We conclude that hgy obeying (3.6]) is indeed a four-dimensional spin-2 field, which is
however coupled to the scalar field A% in an unusual way, namely, via the condition (3.5
inherited from the higher-dimensional de Donder gauge imposed in (2.I6]). In particular it is
then clear that the four-dimensional wave carries 2 degrees of freedom. Indeed, the standard
counting goes through despite the non-trivial right-hand side in (33]): the symmetric tensor
hgy originally has 10 independent components, from which the condition ([B.5) subtracts 4E
The residual gauge invariance D4£2 = 0 can be further used to remove 4 additional compo-
nents, yielding the usual 2 degrees of freedom of a massless graviton. In the following we will
perform this reduction explicitly.

We now show precisely how the presence of h%; in the condition (B.5) affects the polarization
properties of the gravitational wave hfw. In order to do this we expand the four-dimensional
wave as well as the scalar h on a basis of real solutions to (3.6]) and (B.7)), namely plane-waves

5In the condition ([B3) the right-hand side may be viewed as a source: the left-hand side, instead of being
set to zero, is set to some non-zero, fixed quantity which does not transform. Setting this “source” to zero,
which is consistent with equation (B1), turns (33)) into the usual de Donder condition in four dimensions.
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with a wave vector k* that is light-like
hgy = /d4/<: efw Re{elfr®"} (3.9a)
hS = / dk f¥ Re{e'»®"} (3.9b)

with a sum over k,k” = 0. The complex exponential is projected by Re on its real part. For
simplicity we do not consider the imaginary part and its coefficient, which forms another set
of independent basis elements: those would lead to a similar effect as the one we point-out.
Plugging the above expansion into condition (B.5]) (which amounts to a Fourier transform),
we obtain for each k”

Lk

1
kR — —ebk, = §f]’f,/<:y, (3.10)

€
where ef = nHv efw. Since the wave vector is light-like, we now choose k* = (w/c, 0,0, k) with
the angular frequency w = kc¢ > 0, which amounts to rotating our coordinate system so that
the wave hgl, propagates in the x3 direction. Note that we only consider the left-traveling
(or retarded) wave. For convenience let us set here ¢ = 1, w = 1, and drop the label k;
we will restore them later. We thus specify the third equation above for v = 0,1,2,3 with
kP = (1,0,0,1), which yields

€00 + €03 + 364 = —3 /N, (3.11a)
eo1 +e3 =0, (3.11b)
eo2 +e23 =0, (3.11¢)
€33 + ep3 — %64 = %fN . (3.11(:1)

We now fix the gauge further using the residual gauge invariance 5h21, = 28(“58) with

(0462 = 0. Thanks to the latter, we also expand the gauge parameter £0 in real plane-
waves with light-like wave vectors k”, as €0 = i d*k x& Im{e'*»*"} where Im projects on the
imaginary part. The h?w transformation rule then reads (5621/ = Qk(uxls) for each kP, where x*
is arbitrary. We drop again the k labels from now on. By inspection of this transformation
rule one sees that y, can always be fixed so as to set ep, = 0. The conditions (B.I1]) above
then imply that eg; = 0 for ¢ = 1,2,3, as well as e4 = ej; + eso = —fn. The polarization
matrix ey, eventually reads

0 O 0 0

. 0 €11 €12 0
=10 ez —enn—fn O’ (3.12)

0 O 0 0

where the gauge is now completely fixed. Note that this result was mentioned in [40], in the
simplest setup where M is a circle. We now provide in the following further interpretation of
this effect.

To start with, the plane-wave can be rewritten as

D

+_1 X
RO, (¢, 4%) = <h vk ) cos(w(t — 2%/c)) = h% + it + 15| (3.13)
ab
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where a,b = 1,2 and we have restored the speed of light ¢ and the angular frequency w. This is
the modified gravitational wave in a gauge analogue to the Transverse-Traceless gauge. How-
ever since the field is obviously not traceless, we refer to the above gauge as the Transverse-
Trace-fixed gauge, the trace being fixed and given by — fy. As anticipated, this gravitational
wave carries 2 degrees of freedom, the two free constants A and h*, while fy is a fixed, inde-
pendent quantity. The latter gives rise to a so-called breathing mode hgb, which is transverse
and exists on top and independently of the two standard polarization modes h, and h:b.
Generating a breathing mode is an effect that has been noticed before in other contexts, for
instance in alternative theories of gravity. A review on this topic can be found in [57]@ In our
setup the presence of this extra mode is a consequence of having extra compact dimensions
in the universe.

The effect of the breathing mode h;)b is most easily understood by looking at the stretching
and shrinking of space in the transverse plane induced by the above gravitational wave, with
fn # 0. The standard textbook derivation remains formally the same, using the well-known
equation for the geodesic deviation in the proper detector frame:

I

Ea = Shane", (3.14)
where dots denote time-derivatives and £% = zf+ Ax® is the transverse-plane deviation of one
test-point geodesic with respect to another (we refer to [58] for details). From the above matrix
B13), the equation ([B.I4) tells us that the breathing mode yields the following deformation
of distances in the transverse plane 23 = 0:

Az'(t) = —1fyn xf cos(wt), (3.15a)
Az?(t) = —1fn 2§ cos(wt). (3.15b)

We further comment on the observability of this effect in Section [l

3.2 Massive modes as high-frequency signals

Let us now turn to the four-dimensional higher modes h}jfo. We study the equations of motion
(31) and the gauge conditions (3.2)) for the higher Kaluza—Klein modes of the expansion (3.3]),
and restrict again the external space-time to be Minkowski, g,, = 1. In line with the analy-
sis of the massless wave, where the gauge conditions are non-trivial, we will first comment on
the conditions obeyed by the higher modes and show that they indeed correspond to standard
massive fields. We will then discuss the interpretation of these modes in terms of gravitational
waves.

The equation of motion for the four-dimensional modes reads, from (3.4)),
Cyhl, — mighk, = 0. (3.16)

This is the equation for a standard, transverse and traceless graviton of mass my on Minkowski
space-time, where we set the speed of light ¢ and the reduced Planck constant & to 1. However,

5The only theories having a breathing mode as the only extra massless mode with respect to General
Relativity seem to be scalar-tensor gravities [57]. These theories however differ from our setup in many ways.
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k

s> do not immediately imply that hty

the gauge conditions (B.2]), when written in terms of h
is Transverse-Traceless. Rather, (3.2al) reads

O hY, — 20,h = (9™ Vinhn)* + $0u0% | (3.17)

and the second gauge condition (B.2Dh) is left out, anticipating that it will not play any
role. Again note that ¢™" may generically depend on the internal coordinates y™, so that
(Vg™ hp,,)¥ includes in general different modes AR,

It is evident from (B.I7) that hby does not satisfy a priori a de Donder condition, even less
so a Transverse-Traceless condition. This is to be expected, since in fact hby and the other
components enjoy non-trivial gauge variations, namely

k k
5huu = 28(M§y) ) (318)

obtained as the k-mode projection of the generic gauge variation (2.6]), and analogously for
the variations of kX, and h¥,. The crucial difference with the massless case studied in the

previous subsection is that, in (317, the right-hand side now also transforms under a gauge
variation (2.6]) of the fields, while in ([B.5]) the right-hand side did not transform. Actually, the
four-dimensional mode hty is massive but it is cast in a Stueckelberg-like formalism [59-61].
In the latter, gauge invariance is introduced for a massive field, which in principle has no
corresponding gauge parameter, and its trace and divergence are non-zero. It is well known
in this setup that one can completely fix the gauge freedom back so as to obtain the usual
formulation of a massive field, that is, a Transverse-Traceless field obeying equation (3.16))
and enjoying no gauge invariance. This is what we prove now.

The first step is to determine the residual gauge invariance allowed by the condition (3.17).
It is sufficient to consider only the latter, as we are interested in h}jy, which will eventually
decouple from the rest. The gauge variation of equation ([B.I7) reads

C4E = mig . (3.19)

Note that one can use ([3.19) to check that the equation of motion ([B.I6]) is left invariant, as
it should. Now, we are going to fix the above residual freedom completely, by imposing the

Transverse-Traceless condition on hl;,/, that isE

Ohy, =0,  hf=0. (3.20)

Taking the variation of these equations, it is easy to see that gauge parameters which preserve
the above conditions need to satisfy

Oués 4+ 0,07¢5 =0,  0¢k =0. (3.21)

Combining these conditions with one another obviously yields (J4¢% = 0. This in turn makes
the condition ([B.I9]) boil down to mi&}f = 0, which fixes £¥ to vanish. It is then clear that the
transverse and traceless conditions ([3.:20) completely fix the four-dimensional gauge freedom,
so that the massive field hl;,/ no longer enjoys a gauge transformation. Thereby we recover
the familiar formulation of a massive spin-2 field, obeying the conditions (B.20) and satisfying

"One can check straightforwardly that the gauge ([3.20) is reachable by a residual gauge transformation
with a parameter obeying (3.19).
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the equation of motion (B.16]).

In the gauge ([B.20) instead of ([3.17]), we recover a familiar, transverse and traceless massive
graviton hhy obeying the equation of motion (BI6]) and fully decoupled from the rest. We
now write hby as the general solution to the massive Klein-Gordon equation (3.I6]), i.e. given
in terms of plane-waves as

hysy = / d'pi efls Re{ePo™}, (3.22)

where again we consider for simplicity only the real part, and the sum is over wave vectors
pﬁ = (wk, Pk) satisfying the massive dispersion relation

wi =mi +pE, (3.23)

where wy > 0 is the angular frequency of the wave. We recall that we have set ¢ = h = 1.

Along the lines of the previous subsection, one can now determine the polarization matrix
e for each py. First let us note that the above dispersion relation allows us to choose
pﬁ = (wk,0,0,0). This amounts to picking a reference frame traveling along with the field,
so that it appears static. With this choice of pﬁ, plugging the expansion ([3.22)) into the
conditions (B:20) implies ep, = 0 and >, e; = 0, so that the polarization matrix can be
written down as

0 0 0 0
0 en €12 €13
= .24
Cv 0 ez —ei;n—es3 e |’ (3:24)
0 es €93 €33

which has 5 independent components, as it should. Together they account for the massive
wave h,ljfo, which in the chosen reference frame is rewritten, for each wy, as

nt — Lo n n
h;‘fo(t) = h* —ht — 3RO R cos(my ¢* t) (3.25)
nt b o).

where the angular frequency is given by my.c?, by virtue of (3:23)) with c restored. In the above,
h* and h* are two purely transverse modes, while h! and h), are two purely longitudinal ones
(see [57] for the definition of the polarization modes). The fifth component, Ab©, is mixed; in
particular, in the plane transverse to 23 it gives rise to a breathing mode. All these massive
modes are part of the original four-dimensional wave h,, (z#,y™), and therefore add up to the
(modified) gravitational wave hgl, studied in the previous subsection. We further comment on
the characteristics and observability of these extra signals in Section [} in particular, we will
see that my is expected to dominate over |px| in ([B.23]), leading to signals of high frequency.

4 Summary and discussion

In this paper we have addressed the following question from a comprehensive perspective:
can extra dimensions induce unusual effects on gravitational waves in four dimensions, and
if so how are they characterized? In this section we present our results and discuss their
observability.
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Results and comments

Starting from General Relativity with a cosmological constant in D = 4 + N dimensions on
the most generic, warped space-time geometry satisfying the background equations of motion,
we have derived the wave equations (2.24]) for all components of hpsn(z,y™) from the D-
dimensional linearized wave equation (2.I7). We have done so by imposing the de Donder
gauge condition in dimension D and then performing the reduction; we comment on different
gauge choices here after.

In the case of a background with a constant warp factor, approximating the four-dimensional
geometry by Minkowski space-time (yielding a Ricci flat internal manifold), we have focused
on the four-dimensional gravitational wave h,,. This wave has a massless part given by its
zero-mode hg,/ and a massive piece given by its non-zero modes h,ljfo, and it differs from usual
gravitational waves obtained from four-dimensional General Relativity in two ways:

1. The massless wave hg,/ generically has an extra polarization mode on top of the “plus”
and “cross” modes of General Relativity, namely a so-called breathing mode (B.I3]), whose
amplitude is determined by a specific scalar combination of the other components.

2. The massive tower hhfo of extra waves (3.27]) have all six polarization modes turned
on, only five of them being independent, and they add up to the massless wave with a
discrete spectrum of high frequencies.

We explicitly show the zero-mode hgy to be a free massless spin-2 wave, while the Kaluza—

Klein higher modes hbfo satisfy a standard massive equation of motion. The massless wave
being free, let us emphasize that the extra scalar h% = (¢l )° responsible for the mass-
less breathing mode is absent from its equation of motion. Rather, it appears in the gauge
conditions, which we analyze in great detail for both the massless and the massive modes. The
massless wave is found to propagate only two degrees of freedom, in spite of the extra scalar
which modifies its four-dimensional gauge conditions. This extra scalar does not transform
under a gauge transformation, and therefore cannot be removed. The massive waves hhfo
propagate five independent degrees of freedom each, but have all polarization modes turned
on, with frequencies satisfying a massive dispersion relation.

Another important comment is that our results have been obtained by imposing the de
Donder gauge in D dimensions. However, as can be checked from the expressions of Ap-
pendix[AT] the above two results would remain unaltered if one starts with the D-dimensional
Transverse-Traceless gauge instead. One could also proceed without imposing any gauge choice
in D dimensions. This would lead, a priori, to more complicated equations of motion for the
zero-modes even in the Minkowskian, constant-warp factor case. Then imposing the four-
dimensional de Donder or Transverse-Traceless gauge would yield couplings among the fields
in the equations of motion, and in particular between hgy and h?\/- It would be interesting to
check that this leads to the same effect.

Finally, more involved cases have been studied, namely considering a non-constant warp
factor in Appendix [A.2] or a more general D-dimensional Lagrangian going beyond General
Relativity in Appendix [Bl In both cases, the complete equations of motion have been derived,
and corresponding new effects and complications have been discussed. In particular, for a
non-constant warp factor, an interesting observation is that the four-dimensional Transverse-
Traceless gauge conditions emerge naturally from the extra equations of motion, if one sets
to zero the extra (vector and scalar) wave components. Despite the nice resulting framework,
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the four-dimensional equation remains difficult to solve: there is no simple decoupling of the
various Kaluza—Klein modes, not even of the zero-mode. We refer to the appendices for more
details. We now discuss to what extent the two above effects can be observed.

Observability of the effects

We now focus in more detail on the physics associated with the two effects mentioned above.
We explain why they could not have been detected so far, and discuss to what extent they
could be observed in the future.

As reported, the first effect consists in having a breathing mode in the massless four-
dimensional gravitational wave (B.I3]). This is one of the six possible polarization modes, and
one of the four that General Relativity does not predict, and is thus symptomatic of new
physics [57]. The breathing mode deforms the space in a specific manner described by (B.15),
giving a distinct signature. To observe it, one needs to disentangle it from the other two,
standard, transverse modes, which requires at least three, differently oriented detectors [57].
Currently, only the LIGO detector is active. In addition, its two sites have almost aligned
arms, which maximizes its sensitivity but allows to detect only one polarization mode. More
detectors should nevertheless be available in a near future.

Observing this breathing mode would also require its amplitude to be high enough. This
amplitude is given in ([B.I3) for each plane wave by fy, a quantity related to the four-
dimensional Fourier coefficient of h?\/ = (g™ hymn)?. The latter is the zero-mode of the trace
along the extra dimensions, meaning the constant part or mean value of this trace with respect
to the extra coordinates. Then, for the breathing mode amplitude to be non-zero, one first
needs some non-zero h,,, to be emitted. This depends on the physics of the source in the
extra dimensions, on which we have no control here. Assuming some non-zero h,,,, one may
wonder about taking the trace, since one is used in four-dimensional General Relativity to
get traceless waves. The discussion of Section Bl makes it however clear that in our setup,
neither the above internal trace hy nor the four-dimensional one need to vanish; in particular
we showed that h%, cannot be gauged away. Finally, one may wonder about the consequences
of considering the zero-mode. If the internal metric g, is constant as for a flat torus, one
considers the zero-mode of kg, itself in the trace h% = §™"h9, . Whether the latter vanishes
depends again on unknown physics of the source, but we may still draw an analogy with known
four-dimensional emissions, e.g. by currently observed black hole mergers. In standard models,
those produce a zero-mode of the four-dimensional wave. The latter is sometimes referred to
as the gravitational wave memory effect [62], which is less studied than the oscillatory part
of the wave, perhaps because it is currently not detectable. This analogy plays in favor of
an hQ, being produced. Overall, we conclude that there is no physical reason for h, to be
vanishing, generically leading to a non-zero breathing mode. An estimate of its amplitude
remains however out of the scope of the present study.

We turn to the second effect, corresponding to extra four-dimensional waves, that have
several unusual features depicted through ([B.25]). First, they have all six polarization modes
turned on (even if only five of them are independent). More importantly, all these polarization
modes have in each plane wave the same angular frequency w satisfying the massive dispersion
relation (3.23]), where the label i is dropped in the following. While such a dispersion relation is
standard for a massive bosonic particle, it is unusual for a wave, even more so for a gravitational
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one; we will come back to the difference between the tWOE| In our framework, we are going to
argue that the mass m is dominant in the dispersion relation (3.23)), leading to signals of high
frequency fixed by m.

It is instructive to start by considering the background to be Minkowski times a flat torus
TN. From (ZI7) where the Riemann tensor vanishes, the D-dimensional gravitational wave
hpsn is then massless and can be decomposed into plane waves with D-dimensional light-like
wave vector kM = (w, Eg, EN), satisfying w? = k ]% + E?? Looking at the four-dimensional wave
hy, and comparing to (3.23), one gets that /;:g = p? while m? = E]% The latter can also be

obtained as described above (B.3]) by considering the Laplacian eigenvalue of GFNT As for
a standard massless wave, the vector Eg corresponds to the Minkowski spatial components
of the wave vector, and is thus associated to four-dimensional physics. For instance, physics
of black hole mergers in four dimensions have typical length scales leading to gravitational
waves of specific wave length A\4. The latter enters the wave vector as |l€3| = 2m/A4. In turn,
the vector EN can be viewed as an internal momentum, and it is quantized because the torus
is compact: each of its components along one circle of radius r is given by an integer times
27 /r. For an average radius ry, we get an estimate |ky| ~ 27 /ry, which then also holds
for the mass m. Considering more general backgrounds, these features remain true for m:
it is quantized, because the spectrum of the Laplacian on a compact manifold is discreteB
and it is given by the inverse of a typical internal length, even though the precise expression
depends on the actual geometry. We conclude that the competition between m? and 2 in
the dispersion relation ([3.23]) amounts to a comparison between the wave length A4, a typical
four-dimensional length scale, and the typical internal length 7. As we will confirm explicitly
below, ry < A4 so that m? > p2. This implies that w is fixed by m, and the corresponding
frequency is high compared to that associated with A4, i.e. to the one of the massless wave.
In addition, the quantization of m, related to that of the Laplacian spectrum and thus to the
label  dropped so far, leads to a discrete set of frequencies[] In summary, there is a discrete
set of extra signals hby, each of them dominated by a unique angular frequency wy, which is
high compared to that of the massless wave, and fixed by the Kaluza-Klein mass my.

We now compute an estimate of these frequencies. We infer from above that such a
frequency is given by v = w/(27) = mc?/(2nh) = ¢/rn, where we restored the dependence on
c and h. We then need an estimate of the typical internal length rx; a review on this topic can
be found in [2I]. Current bounds from table-top experiments or missing energies in particle
accelerators are ry < 107*m. Naively, this seems a high value for an upper bound, with
respect to e.g. what would correspond to the LHC energy. But we recall that in the picture of
a three-brane, presented in the Introduction, only gravity would probe the extra dimensions,
while particles of the standard model would be confined to our four-dimensional space-time.
Both sectors are in addition weakly coupled to each other. This value gives a lower bound for
the frequency of v ~ 10'? Hz, which can still evolve according to the considered model. The
ADD models mentioned in the Introduction use n extra dimensions to explain the hierarchy
between the Planck mass M, and another fundamental mass scale like the electroweak one

8Note that the bound on the graviton mass, recently improved by LIGO, does not apply to waves hﬁfo
corresponding to Kaluza—Klein modes, as mentioned in [58]. Rather, it applies to our hgl,, which is massless
in our setup.

9Examples of spectra on Calabi-Yau manifolds can be found in [63].

10Such a relation between frequencies of gravitational waves and Kaluza-Klein masses was already mentioned
in [43] where a specific Randall-Sundrum setup was considered. We comment on the analysis, partially
numerical, of this paper at the end of Appendix [A2l
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M., through the formula (M,/M,)? = (M.c/(27h))" r%. For M, = 1TeV.c™2, one gets that
n = 1 extra dimension is excluded, n = 2 corresponds approximately to the above bound, and
n = 6, as in string compactifications with three-branes, gives 7y ~ 1073 m, i.e. a frequency
v ~ 10%! Hz. In any case, these frequency values are much higher than the typical one of the
recently observed gravitational waves, around 150 Hz. They are also much higher than the
upper sensitivity bound of LIGO, of the order of 103-10* Hz. In addition, future detectors
seem to be planned, rather, to probe lower frequencies. This disfavors the direct detection
of signals with such high frequencies, which would require a new type of apparatus. If such
a detector were available, however, one could hope for a very clean signal, since there is no
known astrophysical process emitting gravitational waves with frequencies much greater than
103 Hz. Such high frequencies may thus be clear symptoms of new physics.

Let us make some final comments. There is a crucial difference between the above extra
signals and a massive bosonic particle, preventing us from considering these gravitational
waves as Kaluza—Klein gravitons. Classically, a particle is a localized object, that would
be detected at a definite time whenever it arrives on Earth. This does not hold for waves,
which can be very spread-out objects. Realistic gravitational waves are emitted continuously
for a long time, by e.g. black hole binaries getting closer to each other, increasing the wave
amplitude. They are then detected only when their amplitude is high enough. This brings us
to comment on the amplitude of the extra signals. A priori, we have no knowledge about it, as
it depends on unknown physics. However we can still make the following remark. The energy
of a gravitational wave is proportional to its amplitude times its frequency. Emitting signals
of high frequency would then require an important energy, unless the amplitude is low. We
deduce that for physical waves, the higher wy gets, the lower the amplitude is likely to be. In
principle, this does not prevent the first few modes h}jy from having a reasonable amplitude.
Observing such a discrete set of high frequency signals, in any polarization mode, would be a
very distinct signature.
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A Further analysis of the equations

A.1 Equations in the Transverse-Traceless gauge

In the main text, we have worked with the D-dimensional de Donder gauge (2I6). For
completeness, we present here a standard refinement of the latter, namely the D-dimensional
Transverse-Traceless (TT) gauge:

g"OVOhon =0, hp=0. (A1)

To implement this D-dimensional gauge in the three wave equations (2.24al), (2.24D]) and
[224d), we first compute, using formulas of Section 2.2]
hp=0 & e ?2hy+hy=0, (A.2a)
gV Whg, =0 o eGPV hy + PV phgy + 2hyegPe 20,624 =0, (A.2D)
- 1~
gPQVES) hgr=0 <« e_QAg}WpVWhpr + 26_2Ahrngpap€2A — §h46_4Aar62A (A.2¢c)
+ g""Vphg = 0.
Those conditions are the analogue to the de Donder ones (2.25a)) and ([2.25b]). The three wave
equations then become, in the D-dimensional TT gauge,
e 6_2A\j4hw, + Anmhp — hyw A In 24 (A.3a)
— 2R o9 hpr — %eﬁAgqupe?AquM (Gupha — hwe*%)
- 1
— e—ZAv(Mhy)mgmnanGQA _ gﬂyhmngmrgNP (VraPGQA + 56—2A8T62A6p62A> =0,
s € A0 + Apthyn + e3PV hyn 0,63 + €724 gPIV g, 0 et (A.3b)
1
+ 672Ahﬂmgmpvn8pe2‘4 — 674Ahﬂngpq8pe2A8qe2A — §hﬂnAM In 24
+ e 2AgP19,, hyp0ye*t = 0,
mn € 204 hon 4+ Apthonn + 26_2Agpq8p62Athmn + 26_4Agpq6p62Ahq(m6n)62A (A.3c)

— 2R np g hys + 2672Agpqvphq(m8n)e2‘4 + e ANV, 0me*t = 0.
The four-dimensional component hy,, is not present in the two equations (A3D) and (A.3d).
The dynamics of hyy, and hy,, thus seem to decouple; however, one should keep in mind the
coupling present through the gauge conditions (A.2al), (A.2bh) and (A.2¢)). Still, the contribu-
tions of h,, and hy,, can be viewed as source terms in the equations describing the dynamics
of hy,. As a side remark, note that further constraints on h,, and h,,, seem obtainable by

tracing (A.3al).

A.2 The case of a non-constant warp factor

In the main text, we have considered the case of a constant warp factor. Let us come back here
to the study of the wave equations (2.24al), (2.24D) and ([2.24d), obtained in the D-dimensional
de Donder gauge, without assuming a constant warp factor. They display an intricate mixing
of h,, with the vector and scalar components, making the system of equations involved. We
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are eventually interested in the four-dimensional dynamics, and hence in the following we
focus on a particular type of solutions, that is,

By =0, By =0 (A.4)

On top of the simplification, there are two reasons for considering (A.4). Firstly, imposing
this condition, the two equations of motion (2.24bl) and ([2.24d) boil down to

GV by Ope*t =0, (A.5a)
hy VpOmIne*t =0 . (A.5Db)

Tracing the last equation yields A In €24, and on a compact manifold this Laplacian vanishes
if and only if Ine?4 is constant. Considering a non-constant warp factor then makes these
equations equivalent to

G Vahy =0, hy=0, (A.6)

i.e. the four-dimensional TT gauge. This is here equivalent to the D-dimensional TT gauge
(A.J), as the latter reduces to (A.6) when imposing (A.4]). Remarkably, this TT gauge fixing
is enforced by the two extra equations of motion, while only the D-dimensional de Donder
gauge had been imposed Eventually, we are left with only the four-dimensional equation
3.

Secondly, imposing (A.4) means that if one starts, rather, with equations (A.3al), (A.3D))
and (A3d), where the D-dimensional TT gauge has been imposed, then hy,, and hy,, act as
sources for hy,,, as pointed-out in Appendix[A.Il Imposing (A.4) then amounts to considering
the four-dimensional equation (A.3al) without sources, which is a legitimate way to proceed;
consistently, the two equations (A.3D) and (A.3d) vanish when imposing the condition (A.4).

In either case, one is left only with the study of the following four-dimensional equation:

- 1 2
e A 04hu + Apthy — by (A mine?t — ief“(ae%‘)? + ge*M A4> =0, (A7)
where (0e24)? = ¢19,e240,e*4 and ([Z27) has been used. Furthermore, using the relation
ApIne?d = e 24A 24 — e744(9e24)? and redefining the field as hy = e*2AhW, the
perturbation with respect to g, instead of g,,, the above equation reads

~ = ~ ~ ~ 2
Cahy + 4D Mhy + 29770 hy 04e* + by <;e2A(8e2A)2 — 51\4) =0. (A.8)

Finally, the internal metric can be rescaled as gmn = € >4Gmn. This is for the following
reason. The warp factor typically accounts for the backreaction of an extended object such as
a Dp-brane, often present in models with extra dimensions. The D,-branes also correspond
to solutions of the equations of motion of ten-dimensional type II supergravities. So far,
the background equations were assumed to be satisfied: with a non-constant warp factor,
those would be solved by a D,-brane solution. Thus we consider a Ds-brane-like background
solution, where the brane fills the three external space dimensions, i.e. is transverse to M. This

HSuppose we do not impose the D-dimensional de Donder gauge, and keep the corresponding terms as in
@2I3). Imposing then (]m)7 the ,n and ,,n components of the first order Einstein equation do not give any
relevant condition: not a TT gauge nor a de Donder gauge.
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solution requires extracting the warp factor as gmn = €24 gmn [64]. Note that this solution also
requires ingredients beyond D-dimensional gravity, namely a 5-form flux F, 510, that contributes
to the Einstein equation. Such contributions are studied in Appendix[Bland shown not to affect
the discussion here below (see after (B.I7)). Hence we will forego it, and simply rescale the
internal metric. The two corresponding internal Laplacians on a scalar ¢ are then related by

Amp = A A pmp+3(4—D)§P10,e*49yp. Denoting ((522_2)2 = §P10,e*40,e?4 = e724(9e?4)2,
(A.8) becomes

~ = 8 D
\:‘4h“,, + 6 2A

» 90,00y + o @(ae%)? - §A4> —0.  (A9)

Whether one considers (A7), (A.8) or (A.9), the next step requires information on the
extra dimensions. We now restrict to M being compact. As presented in Section Bl this allows
one to expand, say iLW (z,y), as an infinite sum of Kaluza—Klein modes Eby(m) on an internal
basis as in ([B.3]). This leads to a set of equations for these various modes. With a constant
warp factor as in Section [B] all the modes of the four-dimensional wave decouple, each one
of them described by independent equations. In particular the zero-mode corresponds to a
massless four-dimensional gravitational wave. Let us now discuss the case of a non-constant
warp factor.

In that case, the modes do not decouple in general. As we will show in detail, this
can be seen by noting the presence of y™-dependent combinations in equation (A.9) such as

(0e24)? which prevent one from rewriting the equation as a tower of decoupled equations for
each Kaluza—Klein mode. If one insists in decoupling, considering for example the zero-mode
alone, i.e. a fluctuation h,, independent of the internal coordinates, the resulting equation is

~ o~ 2 ~ 3 /‘\22 9=

D4h“l, - §A4hﬂy == —5(86 ) h/.l,l/ . (AlO)
The right-hand side is then forced to be y™-independent, meaning precisely that (9e24)? has to
be constant. Note that this is very unlikely for a standard non-constant warp factor. However,
if this holds, the above equation would appear to describe a tachyonic ﬁeld. Indeed, the
mass m on a maximally symmetric space-time is defined by the right-hand side of (m

given by m hw,. This could be taken as a hint that (862A) being constant, and the above
decoupling, is not a sensible requirement. We now discuss this point in more detail.

For simplicity, let us consider M to be a warped flat torus T, meaning G, = d,n. The
internal radii of these N circles can be reintroduced by rescaling the y™. Having a compact M
constrains the coordinate dependence of functions, imposing specific “boundary conditions”
related to the compactness: for a torus, the functions have to be periodic. Therefore, they
can be written in full generality as Fourier series. In particular, we have

z,Y) = Z Ehy(ﬂv)eik'y . (A.11)

kczZN

12Note that the same tachyonic behaviour appears when using, rather, (A7) or ([(AS), where for (A7) we
recall that the Laplacian of a function on a compact manifold is negative or zero.

13With such an unphysical mass definition, unitary scalars on an anti-de Sitter space-time are allowed to
have negative m? by the Breitenlohner-Freedman bound (an analogue on de Sitter is discussed in [65,66]).
However, it should be noted that it is not the case for massive spin-2 fields, which must have strictly positive

m?, see e.g. the review [67].
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Each XY is also an eigenmode of the Laplacian, and this decomposition is the flat-torus
version of ([B3)). One should now use the mode expansion (A1) in (A9). The result is
however involved and eventually, one cannot easily decouple the various modes. In order to
illustrate this non-decoupling, let us consider equation ([A.10Q)) for a field A, depending on the
internal coordinates. With respect to the full equation (A9]) we are missing two terms, which
however would only complicate the analysis. Using the expansion (A.11)), equation (A.I0)

becomes )
D ek <D4hﬁy -3 hﬁ,,) + Z ke giky3 aezA) =0. (A.12)
k

The fact that (9e24)? is y dependent, i.e. not constant, makes the last term of (A12) different
from the first two: it is not written as a Fourier series. To extract from it a Fourier coefficient,
we proceed as follows. We multiply (AI2) by e ™Y with a fixed n € Z", and integrate over
the torus. For a function f(x) depending on four-dimensional coordinates only, one has

/dy KT () = §(k —n) f(x) . (A.13)

This applies to the first two terms of (A.I12)), where the d-function in the sum over k fixes k
to n. We deduce that

= 7n 2 n
b, — A4 B} hn 4 Z hk —n)=0 Vn, (A.14)
where 3
F(k —n) = 3 /dy k)Y (9e24)2 (A.15)

is the (k—mn) Fourier coefficient of the quantity of interest. One can shift the sum to eventually
obtain the following equation for the n*" mode, in terms of the Fourier coefficients F(k):

~ = 2
D4hﬁy—§A4h Zhn+kF =0. (A.16)

The non-decoupling is well-illustrated by the above equation: due to the last term therein, all

the Kaluza-Klein modes enter a priori all equations, so they are completely mixed. If (9e24)?
were constant, only F'(0) would contribute, simplifying (A16) to

- - 2 . -
Cuhfh, = S84 b, + 1, F(0) = 0. (A.17)

All modes would then decouple, and the zero-mode would be tachyonic as argued earlier ['4

However, (9e24)? is a priori non-constant, yielding other non-zero F(k), hence the mixing.
For instance, one has for the zero-mode and the n'® mode

Oah, — 3A4R0, + 1Y, F(0) + h, F(n) + > hj, F(k) =0, (A.18a)
k#0,n
Oahfh, — 2A4 B3, + B5, F(0) + B0, F(—n) + > Aok F(k) =0 (A.18D)
k#0,—n

1 Non-zero modes would also appear tachyonic through (AIZ), but for them one should consider the two
additional terms of (A9).
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One could consider a parity-invariant warp factor, so that F'(n) = F(—n), and further build
interesting combinations of modes in order to try and diagonalize the system. It remains how-
ever very difficult to handle the overall mixing To conclude, in the case of a non-constant
warp factor we seem to be unable to decouple the modes, or even to isolate one of them. Even
though nice features are indeed present, such as the natural appearance of the four-dimensional
TT gauge conditions ([A.6), we believe that the case of a non-constant warp factor deserves a
deeper study, which we leave for future work.

Let us make a final comment on related works, considering as a background the RS1
model [14], discussed in the Introduction. These papers enter precisely the case described
here: the RS1 background fits with our metric (2.I8]), where the four-dimensional space-time
is Minkowski, there is N = 1 extra dimension, and an explicit, non-constant, warp factor.
The latter is unusual with respect to standard supergravity expressions and brane solutions,
but it remains appealing here. Indeed, A is essentially linear in the extra coordinate, making
the above (9e24)? not constant but still related to the warp factor itself, which may simplify
the previous analysis. Motivated by a detection of Kaluza—Klein gravitons at the LHC, their
mass spectrum has been determined explicitly on this background in [68] (see [69] for a recent
presentation and further references). The method used is similar to the one described here,
namely one starts with the five-dimensional Einstein equation, considers only iLW fluctuations
as in (A4), and looks at the resulting first order four-dimensional equation, which should
correspond to our ([A.8)) on Minkowski, and decomposes iLW in Kaluza—Klein modes. Further,
the authors of [68] find the right decomposition such that the modes decouple, from which
one deduces the Kaluza—Klein mass spectrum. We are nevertheless unable to reproduce their
analysis, because of a mismatch with our equation (A.g]): indeed, the equations of [68] do
not include a (9e?4)? term. Another work, [43], is motivated by relating the Kaluza-Klein
spectrum to frequencies of gravitational waves. The procedure followed there appears to be
similar, even though it is now the third term in (A.S), i.e. the one with a single de?4, which
seems to be missing. In addition, the spectrum is then determined partly numerically. Overall,
it is unclear to us that these related works solve the issue pointed out above, even for a concrete
background. We hope to come back to the case of a non-constant warp factor, which could
lead to further effects of extra dimensions on the four-dimensional gravitational waves.

B Completing the model

Models with extra dimensions often contain more than D-dimensional General Relativity with
a cosmological constant. In this appendix, we work-out the contributions of this additional
content. We start by considering the following general action:

S:%/dDm\/\gD] (R +1L) | (B.1)
KD

where L generically depends on gp prn, without containing any derivative of this metric. This
captures the previous (2] with a cosmological constant, but also e.g. a Yang—-Mills term or
more generally standard supergravities in Einstein frame, recalling that field strengths are

151t is also tempting to consider the ansatz h27° = 0 and A%, # 0. But this leads to F(n # 0) = 0 in (AISH),

ie. to (5—\62/‘4)2 being constant.
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fully antisymmetrized tensors in which derivatives of the metric are absent thanks to the
Levi-Civita connection. We introduce the quantities

oL

Lyun ==~ Lo =9y Lun - (B.2)
og9p

The no-derivative property allows to derive the Einstein equation without integration by parts,
giving

Run + Loy — I2MN o4 1) =0. (B.3)
As in Section 2] we use the trace
2D Lp L
R — Zb_Z B4
to rewrite the Einstein equation as
R + Ly — gf)’ ﬁ“zv (Lp—L)=0. (B.5)
We proceed further as in Section 2] and write the above at zeroth and first order in hpsn,
RE\Z)N + Lg&)N _ lg)M—NQ <L§§) _ L(0)> =0, (B.6)
(1) M _ gMN ([, () rQ hun (70 _ 70 _
RMN+LMN—m<LD —L()>—m(LD —L<>)_o, (B.7)
where
1 1 0
1Y = VLD, g g o

We now read the Ricci tensor at first order from (2I4). There, we replace Rg‘(/]l)P using the
background Einstein equation (B.Gl). The first order Einstein equation (B.7)) becomes

1
—§|:|(£) hMN+R(O)SMNngQhQ5—|—V8)4§N) (B.Q)

_ 9MN (1) 1 (1) P (0)
“ D—-2 <LD - L )) ~Lyntg QhQ(NLM)P'

Finally, the D-dimensional de Donder gauge (2Z.16]), to be considered from now on, makes the
gn term disappear.
Constant warp factor

Let us specify here as in Section B to the case of a constant warp factor: we set A = 0 and
drop the tilde. The components ,,, and ,,, of (B.9) are then given by

1 1 )
~ 30 = 5B nthy + R oGl = Iu (L%’ - L<1>) — LY + g7h,, L), (B.10)

D -2 )
1 1 mn
_§D4hmn - §AMhmn + Rsmnpgpqhqs - Dg_ 2 (L%) - L(l)) - LSLZL + gpqhq(nnggp s (BlOb)

using that Lg)yz = 0. Let us now consider the trace of (BI0D). It involves the Ricci tensor
Rgg%: the latter can be replaced using the background equation of motion (B.6]), leading to

LQ (L - L)+ v (L9 - L) . B

1 1
— =0 —-A = — mnll(l) +
5 ahn 5 Mhy 9 mn T D—9
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In Section [B] considering a Minkowski background forced us to restrict to a Ricci flat internal
manifold. Here, the additional content allows us to consider more general Minkowski back-
grounds: see e.g. [70] and references therein for explicit examples, and [71] for a whole class
of such backgrounds of type II supergravities. To pursue the same reasoning and get similar
effects as in Section Bl despite a more general background, a simple condition would be to
have the same starting equations. This implies that the right-hand sides of (B.10al) and (B11))
should vanish. It would be interesting to check whether these two conditions hold, at least
for some example. In addition, note that a Minkowski background implies through (B.6) that

0 v 0
0 = o (r® o)

General remarks and non-constant warp factor

We now make general remarks on the new contributions to the four-dimensional equation.
As an illustration for those, we focus on the quantity Lpsn—,., that gives rise to the term

—L,(}V) + g% QhQ(l,Lg;)P in (B9). A further motivation to analyse this term is that it could
provide a mass term, i.e. a term proportional to h,,, which would be of interest for the
discussion of Appendix [A.2] where the warp factor is not constant.

The background quantities should preserve four-dimensional Lorentz invariance, since we
consider an empty space-time. As a consequence, the only non-trivial four-dimensional tensors
are the four-dimensional metric, its volume form, and derivatives thereof. Ljs;n does not
contain derivatives of the metric, so that LS\(/)[)N: o ust be proportional to g,,. In addition,
the only possible four-dimensional background fluxes must be forms of degree 4 (or higher),
proportional to the four-dimensional volume form. For instance, if L is a standard abelian
Yang—Mills term, LS\(/)[)N: o vanishes, because the four-dimensional 2-form field strength has
to vanish. We will make use of this general characterization.

We now consider the D-dimensional model to be a ten-dimensional type II supergravity;
for conventions, we refer to [72]. A reason to do so is that this framework provides background
solutions with non-constant warp factor. We will eventually focus on one of them, the Ds-
brane. As explained in Appendix[A.2] having a non-constant warp factor indicates the presence
of an extended object such as a brane, which in turn sources a flux. Type II supergravities
contain all such ingredients on top of gravity, and are thus suitable models here. Let us first
look at contributions from the D,-branes and orientifolds O,-planes. Those are p-dimensional
extended objects, here along the three space directions of the four-dimensional space-time
and p — 3 internal dimensions; this property prevents them from breaking four-dimensional
Lorentz invariance. The part of their action that contributes to the Einstein equation is the
Dirac-Born—Infeld (DBI) action. With few assumptions, see e.g. [72], it can be written as

JED)

91|

Sppr = constant X /dlox e~ *v/]g10] , (B.12)

where ¢ is the dilaton scalar field, g | denotes the metric along the internal transverse directions
to the object and 0(L) localizes it in these directions. As a consequence, Lpsn—p, = 0 for
these ingredients.

The background solution of interest includes Ds-branes and Os-planes. For those, the
dilaton is constant and given by e®? = g,. This way, it does not contribute to the Einstein
equation, and one avoids complications related to the string versus Einstein frame. The
only contributions left to study are thus those of fluxes. They enter Lpsn—,, through their
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components having at least one leg along the four dimensions. As explained previously, this
restricts them to be a form of degree 4 or higher. In type IIB supergravity with D3/Os,
the only appropriate flux is a 5-form denoted FiY. This flux is a crucial ingredient of the
background solution, as being sourced by the D3/Os. It contributes as follows

2 2
g 10 PQRS
L=—2|F2 Ly = =25 FporsFa ", (B.13)

where for a p-form A,, we denote ]Ap\Q = le,,,MpA}Z,V[l”'M"/p!, raising indices with gp an.
Its background components are either proportional to the four-dimensional volume form, or

purely internal: Fy 1000 _ F54 + F5, where F¢ = g;!voly A f5 with an internal 1-form f5. In
the actual solutlon, fs = e *4de*t = —g, *¢ F5, even though we will not use this expression.
We deduce
(0) _ o4 2 94| Guv | o 2 _ 1 2
LMN w 4. 3'5,up7r<76 p7ra|f | T—4|f5| - Zg,ul/|f5| ) (B14)

where indices are raised with g».

(1)

Finally, we evaluate L/ _ i considering only first order fluctuations of the metric, mean-

ing that F510 remains at its background value. Interested in the problem of Appendix [A2] we
also set from now on hym = hpn = 0 as in (A4)), and get

1 g4
Lg\/I)N:;w - 4’ 2’|Eupwagyrwagpﬁhn)\gAT’fEJ‘z . (B.15)

: 1 mo 1
Since 5€upm0€,, "0 = m (gngT — Gur9pv), We conclude

1 1
LSW)N—;U/ = _Z (gul/h4 - huu) ‘f5’2 . (B16)

We finally compute the relevant combination in (B.9) in four dimensions and obtain

— L) + 9" %hgu LY, = igﬂy hy . (B.17)
The terms in h,, have been canceled! In this framework and with such a background, we
thus conclude that the additional content does not provide any four-dimensional mass term.
In addition, given the above discussion, it seems to be a fairly general result; in particular, a
similar result holds for an Fj flux.

For completeness, we considered as well first order fluctuations of the flux. For flux fluctu-
ations to contribute to LE&I)N: L in the form of a mass term, they should produce 5, , meaning
be equal in value, as a solution to the first order equation. Despite interesting possibilities
from the flux components partially along four dimensions and along M, with a flux fluctuation
weighting the square root of the h,, fluctuation, we did not find any satisfying solution. Flux
fluctuations are subject to the flux equation of motion and Bianchi identity, which are too
constraining. It would be interesting to analyse further the new contributions to the Einstein
equation.

29



References

[

2l

3]

4]

[5]

[6]

7]

8]

19]

[10]

[11]

[12]

[13]

[14]

VIRGO, LIGO SCIENTIFIC collaboration, B. P. Abbott et al., Observation of
Gravitational Waves from a Binary Black Hole Merger,
Phys. Rev. Lett. 116 (2016) 061102, [1602.03837].

VIRGO, LIGO SCIENTIFIC collaboration, B. P. Abbott et al., GW151226: Observation
of Gravitational Waves from a 22-Solar-Mass Binary Black Hole Coalescence,
Phys. Rev. Lett. 116 (2016) 241103, [1606.04855].

R. Konoplya and A. Zhidenko, Detection of gravitational waves from black holes: Is
there a window for alternative theories?, Phys. Lett. BT56 (2016) 350-353,
[1602.04738].

P. M. Chesler and A. Loeb, Constraining Modified Newtonian Dynamics with
Gravitational Waves, [1704.05116.

M. Arzano and G. Calcagni, What gravity waves are telling about quantum spacetime,
Phys. Rev. D93 (2016) 124065, [1604.00541].

X. Calmet, I. Kuntz and S. Mohapatra, Gravitational Waves in Effective Quantum
Gravity, Eur. Phys. J. C76 (2016) 425, [1607.02773|.

A. Kobakhidze, C. Lagger and A. Manning, Constraining noncommutative spacetime
from GW150914, Phys. Rev. D94 (2016) 064033, [1607.03776].

V. Cardoso, S. Hopper, C. F. B. Macedo, C. Palenzuela and P. Pani,
Gravitational-wave signatures of exotic compact objects and of quantum corrections at
the horizon scale, Phys. Rev. D94 (2016) 084031, [1608.08637].

R. Brustein, A. J. M. Medved and K. Yagi, When black holes collide: Probing the
interior composition by the spectrum of ringdown modes and emitted gravitational
waves, 11704.05789.

N. Yunes, K. Yagi and F. Pretorius, Theoretical Physics Implications of the Binary
Black-Hole Mergers GW150914 and GW151226, Phys. Rev. D94 (2016) 084002,
[1603.08955|.

I. Antoniadis, A Possible new dimension at a few TeV,
Phys. Lett. B246 (1990) 377-384.

N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, The Hierarchy problem and new
dimensions at a millimeter, Phys. Lett. B429 (1998) 263272, |hep-ph/9803315].

I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, New dimensions at a
millimeter to a Fermi and superstrings at a TeV, Phys. Lett. B436 (1998) 257263,
|hep-ph/9804398)].

L. Randall and R. Sundrum, A Large mass hierarchy from a small extra dimension,
Phys. Rev. Lett. 83 (1999) 3370-3373, [hep-ph/9905221].

30


http://dx.doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/1602.03837
http://dx.doi.org/10.1103/PhysRevLett.116.241103
https://arxiv.org/abs/1606.04855
http://dx.doi.org/10.1016/j.physletb.2016.03.044
https://arxiv.org/abs/1602.04738
https://arxiv.org/abs/1704.05116
http://dx.doi.org/10.1103/PhysRevD.93.124065, 10.1103/PhysRevD.94.049907
https://arxiv.org/abs/1604.00541
http://dx.doi.org/10.1140/epjc/s10052-016-4265-8
https://arxiv.org/abs/1607.02773
http://dx.doi.org/10.1103/PhysRevD.94.064033
https://arxiv.org/abs/1607.03776
http://dx.doi.org/10.1103/PhysRevD.94.084031
https://arxiv.org/abs/1608.08637
https://arxiv.org/abs/1704.05789
http://dx.doi.org/10.1103/PhysRevD.94.084002
https://arxiv.org/abs/1603.08955
http://dx.doi.org/10.1016/0370-2693(90)90617-F
http://dx.doi.org/10.1016/S0370-2693(98)00466-3
http://arxiv.org/abs/hep-ph/9803315
https://arxiv.org/abs/hep-ph/9803315
http://dx.doi.org/10.1016/S0370-2693(98)00860-0
http://arxiv.org/abs/hep-ph/9804398
https://arxiv.org/abs/hep-ph/9804398
http://dx.doi.org/10.1103/PhysRevLett.83.3370
http://arxiv.org/abs/hep-ph/9905221
https://arxiv.org/abs/hep-ph/9905221

[15] L. Randall and R. Sundrum, An Alternative to compactification,
Phys. Rev. Lett. 83 (1999) 4690-4693, [hep-th/9906064|.

[16] T. Appelquist, H.-C. Cheng and B. A. Dobrescu, Bounds on universal extra
dimensions, Phys. Rev. D64 (2001) 035002, [hep-ph/0012100].

[17] M. Grana, Flux compactifications in string theory: A Comprehensive review,
Phys. Rept. 423 (2006) 91-158, |hep-th/0509003].

[18] R. Blumenhagen, B. Kors, D. Liist and S. Stieberger, Four-dimensional String
Compactifications with D-Branes, Orientifolds and Fluzxes,
Phys. Rept. 445 (2007) 1-193, |hep-th/0610327].

[19] D. Andriot, E. Goi, R. Minasian and M. Petrini, Supersymmetry breaking branes on
solvmanifolds and de Sitter vacua in string theory, JHEP 05 (2011) 028, [1003.3774].

[20] U. H. Danielsson, S. S. Haque, P. Koerber, G. Shiu, T. Van Riet and T. Wrase, De
Sitter hunting in a classical landscape, Fortsch. Phys. 59 (2011) 897-933, [1103.4858|.

[21] M. Quiros, Introduction to extra dimensions, in Proceedings, 41st Rencontres de
Moriond on Electroweak Interactions and Unified Theories: La Thuile, Val d’Aoste,
Italy, Mar 11-18, 2006, pp. 200-209, 2006. hep-ph/0606153.

[22] S. B. Giddings and H. Zhang, Kaluza-Klein graviton phenomenology for warped
compactifications, and the 750 GeV diphoton excess, Phys. Rev. D93 (2016) 115002,
[1602.02793].

[23] R. Emparan and H. S. Reall, Black Holes in Higher Dimensions,
Living Rev. Rel. 11 (2008) 6, [0801.3471].

[24] V. Cardoso, O. J. C. Dias and J. P. S. Lemos, Gravitational radiation in
D-dimensional space-times, Phys. Rev. D67 (2003) 064026, [hep-th/0212168|.

[25] E. Berti, M. Cavaglia and L. Gualtieri, Gravitational energy loss in high-enerqy particle
collisions: Ultrarelativistic plunge into a multidimensional black hole,
Phys. Rev. D69 (2004) 124011, [hep-th/0309203|.

[26] V. Cardoso, O. J. C. Dias and P. Figueras, Gravitational radiation in d>/ from
effective field theory, |Phys. Rev. D78 (2008) 105010, [0807.2261].

[27] A. Ishibashi and H. Kodama, Stability of higher dimensional Schwarzschild black holes,
Prog. Theor. Phys. 110 (2003) 901-919, [hep-th/0305185|.

[28] R. A. Konoplya, Gravitational quasinormal radiation of higher dimensional black holes,
Phys. Rev. D68 (2003) 124017, [hep-th/0309030].

[29] S. Creek, O. Efthimiou, P. Kanti and K. Tamvakis, Graviton emission in the bulk from
a higher-dimensional Schwarzschild black hole, |Phys. Lett. B635 (2006) 3949,
|hep-th/0601126].

[30] A. Lopez-Ortega, Quasinormal modes of D-dimensional de Sitter spacetime,
Gen. Rel. Grav. 38 (2006) 1565-1591, [gr-qc/0605027].

31


http://dx.doi.org/10.1103/PhysRevLett.83.4690
http://arxiv.org/abs/hep-th/9906064
https://arxiv.org/abs/hep-th/9906064
http://dx.doi.org/10.1103/PhysRevD.64.035002
http://arxiv.org/abs/hep-ph/0012100
https://arxiv.org/abs/hep-ph/0012100
http://dx.doi.org/10.1016/j.physrep.2005.10.008
http://arxiv.org/abs/hep-th/0509003
https://arxiv.org/abs/hep-th/0509003
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://arxiv.org/abs/hep-th/0610327
https://arxiv.org/abs/hep-th/0610327
http://dx.doi.org/10.1007/JHEP05(2011)028
https://arxiv.org/abs/1003.3774
http://dx.doi.org/10.1002/prop.201100047
https://arxiv.org/abs/1103.4858
http://arxiv.org/abs/hep-ph/0606153
https://arxiv.org/abs/hep-ph/0606153
http://dx.doi.org/10.1103/PhysRevD.93.115002
https://arxiv.org/abs/1602.02793
http://dx.doi.org/10.12942/lrr-2008-6
https://arxiv.org/abs/0801.3471
http://dx.doi.org/10.1103/PhysRevD.67.064026
http://arxiv.org/abs/hep-th/0212168
https://arxiv.org/abs/hep-th/0212168
http://dx.doi.org/10.1103/PhysRevD.69.124011
http://arxiv.org/abs/hep-th/0309203
https://arxiv.org/abs/hep-th/0309203
http://dx.doi.org/10.1103/PhysRevD.78.105010
https://arxiv.org/abs/0807.2261
http://dx.doi.org/10.1143/PTP.110.901
http://arxiv.org/abs/hep-th/0305185
https://arxiv.org/abs/hep-th/0305185
http://dx.doi.org/10.1103/PhysRevD.68.124017
http://arxiv.org/abs/hep-th/0309030
https://arxiv.org/abs/hep-th/0309030
http://dx.doi.org/10.1016/j.physletb.2006.02.030
http://arxiv.org/abs/hep-th/0601126
https://arxiv.org/abs/hep-th/0601126
http://dx.doi.org/10.1007/s10714-006-0335-9
http://arxiv.org/abs/gr-qc/0605027
https://arxiv.org/abs/gr-qc/0605027

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

42]

[43]

[44]

[45]

|46]

W. G. Cook and U. Sperhake, Eztraction of gravitational-wave energy in higher
dimensional numerical relativity using the Weyl tensor,
Class. Quant. Grav. 34 (2017) 035010, [1609.01292].

P. Kanti, Black holes in theories with large extra dimensions: A Review,
Int. J. Mod. Phys. A19 (2004) 4899-4951, [hep-ph/0402168].

C. Cutler and K. S. Thorne, An Quverview of gravitational wave sources, in Proceedings,
16th International Conference on General Relativity and Gravitation: Durban, South
Africa, July 15-21, 2001, pp. 72-111, 2013. |gr-qc/0204090.

R.-G. Cai, Z. Cao, Z.-K. Guo, S.-J. Wang and T. Yang, The Gravitational Wave
Physics, [1703.00187.

A. O. Barvinsky and S. N. Solodukhin, Echoing the extra dimension,
Nucl. Phys. B675 (2003) 159-178, [hep-th/0307011].

V. Cardoso, S. Yoshida, O. J. C. Dias and J. P. S. Lemos, Late time tails of wave
propagation in higher dimensional space-times, Phys. Rev. D68 (2003) 061503,
|hep-th/0307122).

Y.-Z. Chu, Gravitational Wave Memory In dSito, and 4D Cosmology,
Class. Quant. Grav. 34 (2017) 035009, [1603.00151].

Y .-Z. Chu, More On Cosmological Gravitational Waves And Their Memories,
1611.00018.

L.-E. Qiang, S. H. Zhao and P. Xu, Measuring the dimensionality of compact extra
dimensions with inspiral gravitational waves from black-hole binaries,
FEurophys. Lett. 116 (2016) 60001.

E. Alesci and G. Montani, Can be gravitational waves markers for an
extra-dimension?, Int. J. Mod. Phys. D14 (2005) 923-932, [gr-qc/0502094].

C. J. Hogan, Gravitational waves from mesoscopic dynamics of the extra dimensions,
Phys. Rev. Lett. 85 (2000) 20442047, |astro-ph/0005044].

C. J. Hogan, Scales of the extra dimensions and their gravitational wave backgrounds,
Phys. Rev. D62 (2000) 121302, |[astro-ph/0009136|.

C. Clarkson and S. S. Seahra, A gravitational wave window on extra dimensions,
Class. Quant. Grav. 24 (2007) F33-F40, [astro-ph/0610470].

K. T. Inoue and T. Tanaka, Gravitational waves from sublunar mass primordial black
hole binaries: A New probe of extradimensions, |Phys. Rev. Lett. 91 (2003) 021101,
lgr-qc/0303058].

M. R. DePies and C. J. Hogan, Stochastic Gravitational Wave Background from Light
Cosmic Strings, Phys. Rev. D75 (2007) 125006, |[astro-ph/0702335|.

E. O’Callaghan, S. Chadburn, G. Geshnizjani, R. Gregory and 1. Zavala, Effect of
Extra Dimensions on Gravitational Waves from Cosmic Strings,
Phys. Rev. Lett. 105 (2010) 081602, [1003.4395].

32


http://dx.doi.org/10.1088/1361-6382/aa5294
https://arxiv.org/abs/1609.01292
http://dx.doi.org/10.1142/S0217751X04018324
http://arxiv.org/abs/hep-ph/0402168
https://arxiv.org/abs/hep-ph/0402168
http://arxiv.org/abs/gr-qc/0204090
https://arxiv.org/abs/gr-qc/0204090
https://arxiv.org/abs/1703.00187
http://dx.doi.org/10.1016/j.nuclphysb.2003.10.011
http://arxiv.org/abs/hep-th/0307011
https://arxiv.org/abs/hep-th/0307011
http://dx.doi.org/10.1103/PhysRevD.68.061503
http://arxiv.org/abs/hep-th/0307122
https://arxiv.org/abs/hep-th/0307122
http://dx.doi.org/10.1088/1361-6382/34/3/035009
https://arxiv.org/abs/1603.00151
https://arxiv.org/abs/1611.00018
http://dx.doi.org/10.1209/0295-5075/116/60001
http://dx.doi.org/10.1142/S0218271805006717
http://arxiv.org/abs/gr-qc/0502094
https://arxiv.org/abs/gr-qc/0502094
http://dx.doi.org/10.1103/PhysRevLett.85.2044
http://arxiv.org/abs/astro-ph/0005044
https://arxiv.org/abs/astro-ph/0005044
http://dx.doi.org/10.1103/PhysRevD.62.121302
http://arxiv.org/abs/astro-ph/0009136
https://arxiv.org/abs/astro-ph/0009136
http://dx.doi.org/10.1088/0264-9381/24/9/F01
http://arxiv.org/abs/astro-ph/0610470
https://arxiv.org/abs/astro-ph/0610470
http://dx.doi.org/10.1103/PhysRevLett.91.021101
http://arxiv.org/abs/gr-qc/0303058
https://arxiv.org/abs/gr-qc/0303058
http://dx.doi.org/10.1103/PhysRevD.75.125006
http://arxiv.org/abs/astro-ph/0702335
https://arxiv.org/abs/astro-ph/0702335
http://dx.doi.org/10.1103/PhysRevLett.105.081602
https://arxiv.org/abs/1003.4395

[47] C. de Rham and A. J. Tolley, Gravitational waves in a codimension two braneworld,
JCAP 02 (2006) 003, |hep-th/0511138|.

[48] S. P. Gomez Martnez, J. E. Madriz Aguilar and M. Bellini, Gravitational waves during
inflation in presence of a decaying cosmological parameter from a 5D vacuum theory of
gravity, |Phys. Lett. B649 (2007) 343-348, |gr-qc/0703156|.

[49] K. Agashe, H. Davoudiasl, G. Perez and A. Soni, Warped Gravitons at the LHC and
Beyond, Phys. Rev. D76 (2007) 036006, |hep-ph/0701186].

[50] M. J. Duff, B. E. W. Nilsson and C. N. Pope, Kaluza-Klein Supergravity,
Phys. Rept. 130 (1986) 1-142.

[51] D. Bailin and A. Love, KALUZA-KLEIN THEORIES,
Rept. Prog. Phys. 50 (1987) 1087-1170.

[52] D. Andriot and A. Betz, 3-supergravity: a ten-dimensional theory with non-geometric
fluzes, and its geometric framework, JHEP 12 (2013) 083, [1306.4381].

[53] D.-M. Sjgstrem, Bosons and Fermions in Curved Spacetime, Norwegian University of
Science and Technology (Master Thesis), 2013.

[54] P. van Nieuwenhuizen, Supergravity and the Kaluza-Klein Program Report of Workshop
D2, Fundam. Theor. Phys. 9 (1984) 471-489.

[55] P. Van Nieuwenhuizen, AN INTRODUCTION TO SIMPLE SUPERGRAVITY AND
THE KALUZA-KLEIN PROGRAM, in Relativity, groups and topology: Proceedings,
40th Summer School of Theoretical Physics - Session 40: Les Houches, France, June
27 - August 4, 19883, vol. 2, pp. 823-932, 1985.

[56] D. Andriot, G. Cacciapaglia, A. Deandrea, N. Deutschmann and D. Tsimpis, Towards
Kaluza-Klein Dark Matter on Nilmanifolds, JHEP 06 (2016) 169, [1603.02289].

[57] C. M. Will, The Confrontation between General Relativity and Ezxperiment,
Liwing Rev. Rel. 17 (2014) 4, [1403.7377].

[58] M. Maggiore, Gravitational Waves. Vol. 1: Theory and Experiments. Oxford Master
Series in Physics. Oxford University Press, 2007.

[59] E. C. G. Stueckelberg, Interaction energy in electrodynamics and in the field theory of
nuclear forces, Helv. Phys. Acta 11 (1938) 225-244.

[60] E. C. G. Stueckelberg, Interaction forces in electrodynamics and in the field theory of
nuclear forces, Helv. Phys. Acta 11 (1938) 299-328.

[61] R. Delbourgo and A. Salam, The Stuckelberg formalism for spin two,
Lett. Nuovo Cim. 12 (1975) 297-299.

[62] M. Favata, The gravitational-wave memory effect,
Class. Quant. Grav. 27 (2010) 084036, [1003.3486].

33


http://dx.doi.org/10.1088/1475-7516/2006/02/003
http://arxiv.org/abs/hep-th/0511138
https://arxiv.org/abs/hep-th/0511138
http://dx.doi.org/10.1016/j.physletb.2007.04.043
http://arxiv.org/abs/gr-qc/0703156
https://arxiv.org/abs/gr-qc/0703156
http://dx.doi.org/10.1103/PhysRevD.76.036006
http://arxiv.org/abs/hep-ph/0701186
https://arxiv.org/abs/hep-ph/0701186
http://dx.doi.org/10.1016/0370-1573(86)90163-8
http://dx.doi.org/10.1088/0034-4885/50/9/001
http://dx.doi.org/10.1007/JHEP12(2013)083
https://arxiv.org/abs/1306.4381
http://dx.doi.org/10.1007/978-94-009-6469-3_29
http://dx.doi.org/10.1007/JHEP06(2016)169
https://arxiv.org/abs/1603.02289
http://dx.doi.org/10.12942/lrr-2014-4
https://arxiv.org/abs/1403.7377
http://dx.doi.org/10.5169/seals-110852
http://dx.doi.org/10.1007/BF02790604
http://dx.doi.org/10.1088/0264-9381/27/8/084036
https://arxiv.org/abs/1003.3486

63]

[64]

[65]

[66]

[67]
[68]

[69]
[70]

[71]

[72]

V. Braun, T. Brelidze, M. R. Douglas and B. A. Ovrut, Figenvalues and
Eigenfunctions of the Scalar Laplace Operator on Calabi- Yau Manifolds,
JHEP 07 (2008) 120, [0805.3689].

S. B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluzes in string
compactifications, Phys. Rev. D66 (2002) 106006, [hep-th/0105097].

A. Strominger, The dS / CFT correspondence, JHEP 10 (2001) 034,
|hep-th/0106113).

B. Mclnnes, Ezploring the similarities of the dS / CFT and AdS / CFT
correspondences, Nucl. Phys. B627 (2002) 311-329, [hep-th/0110062].

R. Rahman and M. Taronna, From Higher Spins to Strings: A Primer, [15612.07932.

H. Davoudiasl, J. L. Hewett and T. G. Rizzo, Phenomenology of the Randall-Sundrum
Gauge Hierarchy Model, Phys. Rev. Lett. 84 (2000) 2080, |[hep-ph/9909255].

B. M. Dillon and V. Sanz, A Little KK Graviton at 750 GeV,[1603.09550.

D. Andriot, New supersymmetric vacua on solvmanifolds, JHEP 02 (2016) 112,
[1507.00014].

D. Andriot, J. Blabdck and T. Van Riet, Minkowski flux vacua of type I supergravities,
Phys. Rev. Lett. 118 (2017) 011603, [1609.00729].

D. Andriot and J. Blabéck, Refining the boundaries of the classical de Sitter landscape,
JHEP 03 (2017) 102, |1609.00385].

34


http://dx.doi.org/10.1088/1126-6708/2008/07/120
https://arxiv.org/abs/0805.3689
http://dx.doi.org/10.1103/PhysRevD.66.106006
http://arxiv.org/abs/hep-th/0105097
https://arxiv.org/abs/hep-th/0105097
http://dx.doi.org/10.1088/1126-6708/2001/10/034
http://arxiv.org/abs/hep-th/0106113
https://arxiv.org/abs/hep-th/0106113
http://dx.doi.org/10.1016/S0550-3213(02)00055-X
http://arxiv.org/abs/hep-th/0110062
https://arxiv.org/abs/hep-th/0110062
https://arxiv.org/abs/1512.07932
http://dx.doi.org/10.1103/PhysRevLett.84.2080
http://arxiv.org/abs/hep-ph/9909255
https://arxiv.org/abs/hep-ph/9909255
https://arxiv.org/abs/1603.09550
http://dx.doi.org/10.1007/JHEP02(2016)112
https://arxiv.org/abs/1507.00014
http://dx.doi.org/10.1103/PhysRevLett.118.011603
https://arxiv.org/abs/1609.00729
http://dx.doi.org/10.1007/JHEP03(2017)102
https://arxiv.org/abs/1609.00385

	1 Introduction
	Background and state of the art
	Description of the work


	2 Gravitational waves in a D-dimensional space-time
	2.1 Gravitational-wave equation in D dimensions
	2.2 Splitting dimensions and equations

	3 Equation analysis and effects in four dimensions
	3.1 Massless mode as a modified four-dimensional gravitational wave
	3.2 Massive modes as high-frequency signals

	4 Summary and discussion
	Results and comments
	Observability of the effects


	A Further analysis of the equations
	A.1 Equations in the Transverse-Traceless gauge
	A.2 The case of a non-constant warp factor

	B Completing the model

