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Abstract

We present a quantum simulation scheme for the Abelian-Higgs lattice gauge theory using ultracold
bosonic atoms in optical lattices. The model contains both gauge and Higgs scalar fields, and exhibits
interesting phases related to confinement and the Higgs mechanism. The model can be simulated by
an atomic Hamiltonian, by first mapping the local gauge symmetry to an internal symmetry of the
atomic system, the conservation of hyperfine angular momentum in atomic collisions. By including
auxiliary bosons in the simulation, we show how the Abelian-Higgs Hamiltonian emerges effectively.
We analyze the accuracy of our method in terms of different experimental parameters, as well as the
effect of the finite number of bosons on the quantum simulator. Finally, we propose possible
experiments for studying the ground state of the system in different regimes of the theory, and
measuring interesting high energy physics phenomena in real time.

1. Introduction

The study of natural systems governed by the laws of quantum mechanics is a complicated task. Most of the
usual theoretical and numerical techniques employed to tackle the behavior of quantum systems become rapidly
overwhelmed once their size starts increasing. In particular, the computational resources required to simulate a
quantum mechanical system using a classical computer scale exponentially with the number of its constituents.
This situation led Richard Feynman to think of the concept of a quantum simulator [1]. According to his idea,
such a device would be governed itself by the laws of quantum mechanics and, exploiting this fact, could be used
to study other quantum mechanical systems more efficiently. Feynman’s idea was formalized as an algorithm
that could be processed by a universal quantum computer [2]. This is referred to as a digital quantum simulation,
since it is based on approximating the simulated system’s dynamics by applying a discrete set of operations
(quantum gates) on a highly-controllable quantum device. Quantum computers are very interesting from a
theoretical point of view, since, in principle, they could simulate any other physical system using only
polynomial resources, provided that certain locality conditions are fulfilled [2]. From the experimental side,
however—and in spite of the great advances over the last decades regarding the manipulation of microscopic
quantum systems—a practical implementation of a fully operational quantum computer is still a long-

term goal.

Notwithstanding, having these controllable devices so well studied and reachable makes quantum
simulation a reality, by means of simpler quantum devices that can perform calculations beyond the scope of
classical machines. In particular, the so-called analog quantum simulators, although much more limited than an
universal simulator, can be used to study a broad range of quantum systems within the reach of today’s
technological progress [3, 4]. Analog simulators act by mapping the degrees of freedom of the simulated system
to those of the simulating one. The latter can be controlled in the laboratory and its dynamics can be tailored (in
particular, the corresponding Hamiltonian) to be equivalent to those of the system we are trying to study. This

©2017 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft


https://doi.org/10.1088/1367-2630/aa6f37
https://orcid.org/0000-0001-7804-7333
https://orcid.org/0000-0001-7804-7333
mailto:daniel.gonzalez@icfo.eu
http://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/aa6f37&domain=pdf&date_stamp=2017-06-30
http://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/aa6f37&domain=pdf&date_stamp=2017-06-30
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0

10P Publishing

NewJ. Phys. 19 (2017) 063038 D Gonzalez-Cuadra et al

allows us to obtain information about systems that cannot be accessed experimentally, by investigating others
for which state preparation and measurements are much easier tasks.

Among the relevant platforms that can serve as quantum simulators, both analog and digital, many atomic
and optical systems stand out due to their remarkable experimental controllability. Some examples include
ultracold atoms [5-9], trapped ions [ 10—14], photonic systems [15] and Rydberg atoms [16]. Ultracold atoms in
optical lattices, in particular, present the possibility of recreating many different interactions—such as nearest-
neighbor, long-range forces, on-site interactions, etc—allowing for the simulation of both condensed matter
and high energy physics models. Solid-state systems, such as quantum dots [ 17—19] or superconducting circuits
[20, 21], also show prominent results that make them interesting candidates to perform quantum simulations.

Using these ideas, many condensed matter Hamiltonians have been considered for quantum simulations,
some of them even realized experimentally. Some examples include spin systems [14, 22—24], such as the Ising or
Heisenberg models; the Bose-Hubbard model [5, 25]; the Tonks—Girardeau gas [26], or copper-oxide
superconductors [ 18]. External gauge potentials can be simulated as well, allowing for the study of the fractional
quantum Hall effect [27] and other topological phenomena [28-31].

Quantum simulations of high energy physics models, although more demanding than their condensed
matter counterparts, are also possible. Some examples include the simulation of the Dirac [32—-34] and Majorana
equations [35], the Casimir force [36], the Schwinger mechanism [37] or the oscillations of neutrinos [38, 39].
Simulations of quantum field theories [40, 41], gravitational theories [42] and black holes [43, 44] have been
proposed in recent years, some of them realized experimentally as well [45].

Within high energy physics, gauge theories are particularly relevant, since they lie in the core of the Standard
Model of particle physics [46—49]; dynamical gauge degrees of freedom are introduced in quantum field theories
to explain the interactions between the basic constituents of matter, such as quarks or electrons. Many
techniques have been developed to study such theories. Some of them rely on perturbative expansions around
small coupling constants. However, these methods lose their validity if one tries to apply them for the study of
non-perturbative phenomena, where the relevant coupling constant presents large values. This is the case for the
interaction strength between separated quarks, which grows with the distance between them (running coupling)
[46,47]. Atshort distances, the interaction’s coupling constant presents small values (asymptotic freedom) [50],
and the perturbative methods can be applied. Atlong distances, however, the growth in the interaction strength
gives rise to the confinement mechanism, implying that no free quarks can be found in nature, a claim that is
supported by the experiments [47]. To deal with this and other non-perturbative phenomena, the lattice
formulation of gauge theories was developed [51, 52], obtaining a proper framework to perform numerical
simulations on these theories—using Monte Carlo methods, in particular [53].

These techniques provided a great advance in the understanding of particle physics during the last decades.
However, they present some limitations when they are applied to certain cases. An example is the sign problem,
which appears in regimes with a finite chemical potential for fermionic particles [54], and becomes problematic
for the studying of different phases of QCD, such as the quark-gluon plasma or the color-superconducting phase
[55]. The analysis of real-time dynamics is also lacking, since Monte Carlo simulations only allow to calculate
Euclidean space—time correlation functions in imaginary time (after a Wick rotation).

In this context, two different approaches have been recently proposed to study lattice gauge theories in regimes
that cannot be accessed using previous techniques. One involves the application of methods based on tensor networks
[56—69]. Another consists on performing quantum simulations using low energy quantum systems. In contrast to the
case of condensed matter models, lattice gauge theories are more complicated to simulate using low energy systems,
such as ultracold atoms, since the gauge and Lorentz symmetries are not naturally present in the latter. In addition,
simulating both gauge and matter fields usually requires the use of bosonic and fermionic atoms, which increases the
experimental complexity. Any attempt to simulate theses theories must take these facts into account [70, 71].

Some examples of simulation proposals for gauge theories using ultracold atoms include both the continuous
[72] and lattice version of QED, focusing especially on the latter case. In particular, analog simulations for cQED
were proposed both in the absence [73, 74] and presence of dynamical matter [75-78], where gauge invariance
emerges as an effective symmetry. Realizations of U(1) gauge theories with dynamical or background Higgs fields,
using effective gauge invariance, were discussed in [79-81]. In [70, 82, 83] the gauge symmetry is obtained exactly by
mapping it to an internal symmetry of the atomic system. Other quantum systems that have been considered for
quantum simulations of lattice gauge theories are superconducting circuits [84, 85], trapped ions [86, 87] and
Rydberg atoms [16, 88]. Discrete symmetry groups have been considered as well, both for analog [70, 89, 90] and
digital simulations [91, 92], as well as non-abelian theories [93—100]. A general formalism for digital simulations of
lattice gauge theories with ultracold atoms can be found in [91].

Recently, the first experimental realization of a quantum simulation of a lattice gauge theory was performed
[101], where the real-time dynamics of the Schwinger model were simulated on a few-qubit trapped-ion
quantum computer. This experiment opened the door for studying high energy physics beyond the capabilities
of classical simulations.
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The present work is devoted to the quantum simulation of the Abelian-Higgs lattice gauge theory, which
contains both gauge and Higgs scalar fields, using ultracold bosonic atoms confined in optical lattices. This will
be done by mapping atomic symmetries to local gauge invariance. The paper is organized as follows. In section 2,
we introduce the Abelian-Higgs model, which is used as toy model in high energy physics to study the Higgs
mechanism. This model admits a discretized description as a lattice gauge theory, whose phase diagram shows,
apart from the mentioned mechanism, a confinement phase for the scalar Higgs field. We consider the
Hamiltonian formulation of the model, more suited for quantum simulation purposes. In section 3, we
introduce the necessary ingredients to simulate the Abelian-Higgs Hamiltonian using ultracold atoms in optical
lattices. First, the basic properties of the simulating system are explained, starting with the second-quantized
Hamiltonian that describe an atomic system in the ultracold regime, as well as the most important experimental
techniques that are needed to control and manipulate it. Then, we show how the degrees of freedom and
interactions of the simulated model—and, in particular, the local gauge symmetry—can be mapped onto the
atomic system. With the help of auxiliary ‘hard-core’ bosons, we show how the complete Abelian-Higgs
Hamiltonian emerges effectively up to some small corrections. Finally, in section 4, we introduce possible
experiments to measure interesting high energy physics phenomena, such as the dynamical breaking of electric
flux lines between scalar charges, effect that is related to confinement [102].

2. The simulated model

The spontaneous breaking of a symmetry refers to a situation characterized by a ground state which is not
invariant under the same set of transformations as the theory’s Lagrangian or Hamiltonian. The Higgs
mechanism [103—106] describes this phenomenon in the presence of a (local) gauge symmetry. It can be applied,
for instance, to the SU (2) x U (1) gauge group, associated to the electroweak interaction in the Standard Model
of particle physics, explaining how the corresponding gauge bosons, W= and Z, acquire a non-zero mass [107].
The basic features of the mechanism can be studied, however, in a much simpler case, the Abelian-Higgs model
[46, 108], involving complex scalar fields coupled to abelian gauge fields (appendix A.1).

The Abelian-Higgs model can be formulated as a lattice gauge theory [109—115], this is, as a field theoryon a
discretized space—time, invariant under U(1) local transformations. The phase diagram of the theory shows very
interesting phenomena, related to the Higgs mechanism and the confinement phenomenon (appendix A.2).

For quantum simulation purposes, it is more convenient to express the theory in a Hamiltonian
formulation. This makes the mapping between the simulating and the simulated system—in this case, ultracold
atoms in optical lattices—more straightforward, since the latter is described usually in terms of a second-
quantized many-body Hamiltonian. Here, we shall introduce the Abelian-Higgs model directly in the
Hamiltonian formulation. We obtained the former by applying the transfer matrix method to the standard
lattice gauge action used in the high energy physics literature. The details of these calculations can be found in
appendix B.

The Abelian-Higgs theory involves two types of fields: gauge and Higgs fields. We will formulateitonad
dimensional spatial square lattice, with continuous time, and will fix the lattice spacinga = 1.

The gauge fields reside on the links of the lattice. They are represented by the unitary operators

~

U,Eq,z = e 11, residing on the links (joining the vertices n and n + k,with k a unit vector in one of the d
orthogonal directions). g is an integer denoting the U(1) representation; we will omit it from now on and focus

A

on the case g = 1. On each link we introduce another operator, E,, x, with the commutation relations
[Eng Ul ] = Sp6nn Us 1o (1)
U, and LA]; , are unitary operators acting as ladder operators with respect to Ey, , which has a discrete spectrum,
En,k |m>n,k = Mnk |m>n,ky M,k € Z. (2)
We will call the latter the electric field operator. The commutation relations (1) define how the operators 0,1) cand
U,Ik act on the eigenstates of Ey, ;,
A At
Un,k |m>n,k = |m - 1>n,k) Un,k |m>n,k = |m + 1)n,k~ (3)

The Higgs fields, ¢, = e~'%, which reside on the vertices of the lattice, are unitary operators as well. Their
Hilbert spaces are very similar to these of the gauge fields; we define the operator Q,—referred as the charge
operator—obeying the commutation relations

[Qu ¢ ] = 6P, (4)
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n+i

Figure 1. The plaquette term contains the product of four gauge-field terms corresponding to the four links of a plaquette.

. A . . At 2 . .. .
having Qp, again, a discrete spectrum. ¢, and ¢, are unitary operators that act as raising and lowering operators,
respectively,

N ~T
¢n|Q>n :lQ_ 1>n’ ¢n |Q>n = |Q+ 1>n) (5)
where |Q),, is an eigenstate of the charge operator Qn.
All these ingredients appear in the Abelian-Higgs Hamiltonian,

A T " 1 d ) J il
Z Q,f - _Z Gpyp +hel + —Z Eik - _ZZ(Un,i Un+?,kU;+,;,,-UnI,k + h.c),

2R2 2g° nik

(6)

where the sums in n and k run over the vertices and links of a spatial lattice in d dimensions, and the coupling
constants R and gare introduced to recover the continuous Abelian-Higgs model in the limit a — 0. The
Hamiltonian (6) is composed of a non-interacting part with local terms (charge and electric field) for the vertices
and links of the lattice, and an interacting part that includes a plaquette-type term (figure 1) that creates electric
field excitations along the four links of a plaquette, and nearest-neighbor vertex couplings, mediated by an
excitation on the link that joins them. The second row in equation (6) corresponds, in particular, to the pure-
gauge Kogut—Susskind Hamiltonian [116].

In the Hamiltonian formulation of lattice gauge theories, the gauge is fixed in the temporal direction,
0,0 = 0 (appendix B). However, it is not fixed in the spatial directions. Therefore, the Hamiltonian is still gauge
invariant under a restricted subset of local transformations applied to the vertices of the spatial lattice,

Vo = elon ™

In this formalism, the gauge transformations are generated, like any other continuous symmetry, by
operators Gy that commute with the Hamiltonian of the theory,

(A, Ga] =0, ®)

defined, in this case, locally for each vertex. In the case of the Abelian-Higgs Hamiltonian (6), the generators G,
are expressed as

- Z(En,k - Enff(,k) - én- (9)
k

Itis easy to check that such operator commutes with the Hamiltonian for every vertex n.
The eigenvalues of the operators G, are called static charges g, , taking, as well, integer values. The Hilbert
space H of the system is divided into sectors, each one associated to a different static charge configuration,

H = DH{q,}: (10)
{4}
such that
Galv({2,)) = qulv({a,D)),  VIv({a,)) € H({q,). (11)

Since the Hamiltonian commutes with the generators of the gauge transformations, the dynamics cannot
mix different sectors. If the initial state belongs to a certain sector, the system will remain in the same sector
through its time evolution. The above equation is known as the Gauss’s law, and it is crucial for the structure of
the physical states of the system.

In general, the total Hilbert space of the system would be the product over the vertices and links of the lattice
of each infinite dimensional local Hilbert space. However, Gauss law (9) imposes a constraint on the allowed
states where the Hamiltonian (6) acts. Let us first consider the pure-gauge Kogut—Susskind Hamiltonian, for the

4
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A
A

Y

Y
Y

A
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Figure 2. The pure-gauge excitations on top of the empty state consist of closed electric flux lines, created by the plaquette interaction
term in the Hamiltonian (6). Since the plaquette term is gauge-invariant, these states are gauge invariant as well. This is clear observing
that the Gauss law (9) is fulfilled on each vertex, forcing the closed loop structure. In the figure, positive values of the electric field are
represented with arrows pointing right or upwards.

Y
Y

Figure 3. Two separated static charges are joined, in the strong coupling limit, by an electric flux line. If the coupling constant
decreases, pure-gauge loops will appear. If some link in the loop coincides with the electric flux line between the charges (in the
opposite direction), it will result in a deformation of the flux line.

case R = 0, within the zero-static charge sector (g, = 0 V n). In the strong coupling limit (¢ >> 1), the ground
state of the system is the empty state. This is, every link of the lattice is an eigenstate of the electric field operator
with eigenvalue equal to zero. As the value of the coupling constant g decreases, the empty state is no longer the
ground state of the system. The plaquette-interaction term can create excitations composed of closed electric
flux lines. The ground state, and the rest of excited states, will be superposition of such loops, with an increasing
number of them when the energy of the system grows (figure 2).

Consider now a gauge-invariant sector with non-zero static charges in some vertices (figure 3). In this case,
the empty state is not the ground state of the system even in the strong coupling limit. The reason for this is that
Gauss law (9) requires an electric flux line to exist between every pair of static charges, being the ground state in
the strong coupling limit characterized by the shortest of those paths. If the value of the coupling constant g
decreases, closed loops will be formed all around the lattice, deforming the flux line between the static charges if
they share a common link with the latter (figure 3).

If matter is present in the theory, the flux lines will not only fluctuate but can even break. For R = 0, the
gauge-matter interaction term can create charge excitations in two nearest-neighbor vertices. We can find, then,
states characterized by separated pairs of dynamical charges joined via fluctuating flux lines, which we will call
mesons. The difference with respect to the pure-gauge case is that, now, the flux lines can break, resulting in two
new—and shorter—meson-like states (figure 4). This phenomenon resembles the behavior of QCD, where, due
to the confinement mechanism, the flux lines between a quark—antiquark pair can break through the creation of
anew pair from the vacuum (string breaking) [47].

Here, we have described some basic features of this lattice model. The complete phase diagram of the theory
is described in appendix A.2 for different dimensions and different representations of the symmetry group.
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Figure 4. If a meson-like excitation is created along the electric flux line of an existing mesonic state, the latter can break, giving birth to
two separated and smaller mesons.

3. Quantum simulation

We shall now describe a quantum simulation scheme for the lattice Abelian-Higgs theory using ultracold
bosonic atoms trapped in optical lattices. The goal is to impose certain conditions on this highly controllable
atomic system, such that the Hamiltonian that describes it maps, approximately, the Hamiltonian under study
(6). Both the parameters appearing in the latter, as well as the degree of approximation, can be controlled
experimentally. This allows to study, for instance, the ground state of this many-body quantum theory in the
interacting regime, which is a hard task to perform using standard analytical or numerical calculations.

The simulation proposal involves three main steps. First, starting from the most general multi-species
Hamiltonian that describes ultracold bosons, the experimental requirements that are necessary for the
simulation will be presented. After that, the transformations required for mapping the degrees of freedom of the
atomic system to those of the Abelian-Higgs theory will be introduced. Finally, we will see how the desired
Hamiltonian is effectively obtained, apart from correction terms, after increasing one of the energy scales of the
system compared to the rest. Most of these corrections can be made as small as required by changing the
experimental parameters of the atomic system, keeping the freedom to move through the phase space of the
simulated theory, and by increasing the number of atoms used in the simulation.

3.1. Ultracold atoms in optical lattices

3.1.1. Atomic Hamiltonian

Ultracold atomic gases consist of neutral atoms trapped and cooled down to almost absolute zero temperature,
where quantum effects play a significant role. They represent one of the most relevant platforms for the study of
collective quantum phenomena in regimes that are either hard to access experimentally, or where numerical
simulations do not provide sufficiently good results. In particular, the so-called optical lattices—structures
made of counter-propagating lasers—can be prepared in a way that emulates a periodic lattice structure with
atoms bound to the vertices [5, 7, 9]. Within these lattices, interactions among the atoms can be tuned in order to
recreate Hamiltonian models describing many-body systems, both in condensed matter and in high energy
physics. In this work, we will consider the most general multi-species bosonic Hamiltonian [9],

2 NN Boapt ot o1
H=3 3 t5"biabig+ > > Ul biabysbisbys, (12)

a3 i i,k le, 3,0,y

where the latin indices denote the different sites of an optical lattice, and the greek indices represent different
bosonic species (either different kinds of atoms or atoms with different internal levels). The operators b; , and

A

b; ., are bosonic creation and annihilation operators, respectively, fulfilling the commutation relations

-
[bi,0> bjgl = 6i64 5 (13)

The parameters ti‘);’ﬁ and Ul‘;fl& 7 are constrained by conservation laws and their respective symmetries, and
can be fine-tuned using experimental techniques such as (optical) Feshbach resonances [7, 117-119]. The first
term in (12) corresponds to a hopping process of individual atoms along the lattice sites, while the second isa
two-body collision process. For the latter, the conservation of the total angular momentum F implies, in
particular, that the following condition must be fulfilled in each collision,

mp(a) + mp(B8) = mp(6) + mg(y), (14)

where m (o) represents the hyperfine angular momentum state for the atomic species a.

6
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Figure 5. (a) Two superimposed optical lattices, oriented with a 45° angle between their links, are required to simulate both the matter
and gauge degrees of freedom. The vertices of one lattice (blue in the figure) represent the vertices of the simulated one, whereas the
vertices of the rotated lattice (green) correspond with the links of the latter. The ‘matter’ lattice is filled with four types of bosons (¢),
two species per site, alternating on even and odd vertices. Two of these bosonic species represent dynamical matter (species cand d),
and the other two are auxiliary bosons required for the simulation (species eand f). The ‘gauge’ lattice, on the other hand, is filled with
two types of bosons on each site (species a and b), with no distinction for even and odd links. The characteristics of these lattices must
be configured such that there is no interactions between bosons from different sites of the ‘gauge’ lattice—using, for example, deep
potentials—but allowing for interactions between them and the bosons from the nearest-neighbor vertices of the ‘matter’ lattice. This
is the case if the corresponding Wannier functions have a non-vanishing intersection (b).

3.1.2. Experimental requirements

Our simulation proposal focuses on the 2 4 1 dimensional case, which is the first ‘non-trivial’ dimension, since it
contains plaquette interactions. In particular, we need two superimposed optical lattices to perform alattice
gauge theory simulation, whose minima correspond to the vertices and links of the simulated lattice, respectively
(figure 5(a)). Filling and combining two such lattices is possible in the two-dimensional case, however, it
becomes more complicated in three-dimensions. All the theoretical calculations are valid, nevertheless, for

d + 1dimensions, with d > 2.

To simulate the complete Abelian-Higgs Hamiltonian (6) we need six different bosonic species (figure 5(c)).
Two of them, a and b, are placed on the links of the simulated lattice and represent the gauge degrees of freedom.
Another pair of bosons simulates the scalar fields on the vertices (dynamical matter), one species on the odd
vertices, ¢, and the other one on the even ones, d. The last two species, e and f, are distributed, again, on odd and
even vertices, respectively, acting as auxiliary particles required to obtain the plaquette interactions in an
effective way, as we will see. Each pair of bosonic species corresponds to the same type of atom, but their internal
level differ in the value of the hyperfine angular momentum, 71 We will denote both types of dynamical bosons
with 7, and both auxiliary ones with ;, in those situations where a distinction between the hyperfine angular
momentum level is not important.

Dyn.n Aux. Y

0Odd c e
Even

3.2. Primitive Hamiltonian
For dimensions d + 1, with d > 1, the Hamiltonians that describe lattice gauge theories, such as the Abelian-
Higgs one (6), include plaquette-type interactions made out of the product of four unitary operators (figure 1).
Such four-body interactions are not found in the ultracold atomic Hamiltonian. In order to simulate them, we
have to obtain these type of terms effectively [ 70, 71], as we will explain in later sections.

We shall call primitive Hamiltonian the one from which the desired Abelian-Higgs Hamiltonian can be
obtained effectively, acting only on a low-energy sector. It has the form

N AX LAY AT A ~2 A2 AT At A
A= A KN D+ eSIRIOMA,  +hel + Y Byt 'Y 0) 4 €S8 00y i+ hel
n nk nk n n,k

(15)
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The first row contains the operators corresponding to auxiliary bosons living on the vertices of the lattice. § ;r
and ¥, are the bosonic creation and annihilation operators, respectively, and NS = )21; X, is the corresponding
number operator. The second row contains all the terms of (6) except for the plaquette interaction. The primitive
Hamiltonian is invariant as well under U(1) local transformations applied on the vertices of the lattice.

We will now focus on bringing the atomic Hamiltonian to the primitive (intermediate) form (15). Although
only an approximate Hamiltonian can be obtained, the level of approximation can be controlled by using a
different number of atoms in the simulation.

3.3. Operator transformations

The first step towards a quantum simulation is to construct a one-to-one mapping between the degrees of
freedom of both the simulating and the simulated systems. Here, this is achieved by defining the operators that
appear in the Abelian-Higgs Hamiltonian (6) in terms of bosonic creation and annihilation operators
corresponding to the different atomic species. For a finite number of atoms trapped on the vertices and links of
the optical lattice, the correspondence is not exact, in the sense that the defined operators will act only on a
truncated Hilbert space. However, the approximation will improve when the number of atoms increases, as the
connection between both systems becomes exact in the infinite number of atoms limit.

. . . A A AT
On the vertices of the lattice (both even and odds), we introduce the operators Qp, ¢, and ¢, using the
second-quantized operators 7), and f); for the dynamical bosons,

R - A R A At
fln = GaWNoy + Q)2 7 = Ny, + Qu)'/%0, (16)

and
Qn =], — Noy (17)

where Ny, is the density of 7 bosons. With these relations, both the canonical commutation relations for the
bosonic operators and the commutation relations (4) are fulfilled. According to this definition, the operator O,
is bounded from below by — N ,.. For this reason, it is not exactly equivalent to the dynamical charge operator
that appears in (6), however, we can think about it as the latter acting on a truncated Hilbert space—the one
spanned by the basis |m) with m € Z N[—N,,,, co)—where itis equivalent to the dynamical charge operator.
For this reason, we use the same notation for both, understanding, in the following, that we are referring to the
operator acting on the truncated space.

Another problem concerning the finiteness of N is that, by imposing the commutation relations (4), ),
and ﬁl: cannot be unitary, which also means that they are not the exponential of a self-adjoint phase ¢,

g?)n = e 1%, This is related to the quantum phase operator problem [120—124], and lies in the fact that O, is
bounded from below. A unitary operator is well-defined only in the limit N, — o0, such that the charge
operator is no longer bounded.

We are working with a large, but finite, number of atoms Nj , on each vertex. The reason it is still fine, from a
physical point of view, to use these definitions—although they are not formally correct—is that in all the
interaction terms of the Hamiltonian the bosonic operators appear in pairs, corresponding to nearest-neighbor

vertices, f]rl flai- Therefore, only phase differences between different vertices are relevant. The phase difference

is a well-defined quantity, since it is canonically conjugate to a number operator, N = N° — N 4 whichis not
bounded from below.

The operators associated to the gauge fields, E,, x and Uy, ; can be obtained from the bosonic operators on the
links if we first represent them in a similar way as the atomic operators on the vertices,

. na (Nog | pa \2 2 b (Nog | ab )2
an,k = U‘ik(T + Eril,k) 5 bn,k = Un,k T + En,k 5 (18)
~ b .
where U,i r and U, ; are lowering operators, and
AO At A Noi  ab Aton No,i
Epr=4d, 00 — 0 Enk = bnibnr — B (19)

Again, if the commutation relations (1) are fulfilled, the canonical relations for the bosonic operators will be
satisfied.

The total number of bosons on each link, N ; is a conserved quantity,
At A N
NO,I = ajl-,kan,k + bn,kbn,k’ (20)

. . At T ~ATA . .
since, as we shall see, only products of bosonic operators of the form 4 ¢bnrand by d,  willappear in the

Hamiltonian. This implies that E,f = ,Ei i = En r. We use the latter as the electric field operator on the link
(n, k), which can also be expressed as
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1 .. . AT A
En,k = E(QJ,kan,k - n,kbn,k)' (21)

We construct the unitary operators acting on the links as

AT ~at ~Ab
Un,k = Un,k Un,k’ (22)
satisfying the correct commutation relations (1) with the electric field (21). Note that, in this case, the operator
E, r is not bounded from below. Un‘ rand (A],I « are, therefore, well-defined unitary operators, although they only

acton a truncated Hilbert space that grows with Ny ;.
Finally, the product of two bosonic operators on the links can be written as

T At (Nog(WNog+2) 5 4 1/2

“lkbn,k = Un,k(% — Eqx(Ene+ D

AT Noy(Noy+2)  ~ 4 12

by kln k= (% — Eni(Enr+ D | Unp (23)

where we used the property U f (E) = f(E + 1)U (see appendix C). In the following, we will assume this
property—similarly for the operators on the vertices, ) f@Q=fQ+1) ¢—to deal with these non-
commuting operators.

In order to simplify the notation, we define the non-unitary operators

1/2
A 1 - ~
'1)1(1 + —Qn] (bj:
0,v
T 4 1/2 +
~ A2 ~ N
un,k =|1- (En,k - En,k)) Un,k’ (24)
( No,i(No,s + 2)

. . . AT AT .. .
which become the desired unitary ones, ¢, and U,f ,in the limits Ny, — oo and Ny; — 00, respectively. The
connection with the atomic operators is summarized in the following relations,

~

RN o Ay ibak
cI)n = > un,k = >
No,y N0, (No, + 2) /4
A b .a
b, =—=2-, U Dk (25)

) ’k: .
" Now M [Noi(Noy + 2) /4

3.4. Gauge-invariant interactions
Local gauge invariance is not a fundamental symmetry in a system of ultracold atoms. It is essential, however, for
the description of the interactions present in high energy physics, as we have seen. If one aims to correctly
describe the latter, gauge symmetry must be imposed on the simulating system. This can be done either in a
digital [91] or in an analog simulation framework. For the latter, there are two distinct ways to achieve this [71],
one where gauge invariance is obtained effectively, as an emerging, low energy symmetry [73, 74, 76], and
another where it is mapped, exactly, to a fundamental symmetry of the system—such as the conservation of
hyperfine angular momentum in atomic collisions. In this case, as opposed to an effective gauge symmetry,
gauge invariance is exact, making the simulation more robust against experimental imperfections. Using the
second approach, quantum simulations of both abelian and non-abelian lattice gauge theories have been
proposed [70, 93]. Here, we will employ it to simulate the U(1) gauge invariance of the Abelian-Higgs model.
In order to obtain the correct ‘gauge-invariant’ interactions, the hyperfine angular momenta of the six
bosonic species must fulfill certain conditions (figure 6),

mp(a) — mp(b) = mg(c) — mp(d) = mg(e) — mp(f) = Am. (26)

Since only collision processes that conserve the total angular momentum are allowed, this condition selects the
type of terms that appear in the atomic Hamiltonian. Consider, for instance, the interactions between a
dynamical boson on a vertex and a gauge boson on one of its nearest-neighbor links. The conservation of
hyperfine angular momentum allows both species-changing collisions (figure 7(a)),

At e o~ Aot R ~
d aT b k€ +c bn+l€,ka i dn+21€> (27)
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Figure 6. The hyperfine angular momenta of the six bosonic species must fulfill certain conditions, such that the conservation of this
quantity during atomic collisions permits the desired atomic interactions.

Figure 7. The conservation of the total hyperfine angular momentum in the atomic collisions generates the desired gauge-invariant

interactions between the dynamical (a) and auxiliary matter (b) on the vertices of the lattice, and the gauge degrees of freedom on the
links.

and non-species-changing ones,

5T A v s At oa At s
dn dn (a;,kan,k + bn,kbn,k) = dn anO,l
At N At A AT At N
Cn+l€ n+1€ (an)k an,k + bn,k bn,k) = Cn«H; n+l€NO’l. (28)

The sum of these terms becomes a constant, proportional to the number of bosons, when summed over all
vertices, if the scattering lengths are properly tuned. The same kind of processes appears for the interaction
between gauge and auxiliary bosons (figure 7(b)).

The species-changing collisions can be seen to be equivalent to the matter-gauge interactions in (6), after
applying the canonical transformations

Ay i N Ay i
N — gt . (29)
buti ba+ i

Both cand d operators can be denoted now by 7, and both e and fby x. Using the transformations defined in the
last section (25), the species-changing collisions for the dynamical bosons are just

e it
66(ni“§,kbn,k77n+,; + hc) = € (U, 1 Pyt + hc), (30)

where a new coupling constant has been defined,

N 1 (N 2
e = ngo,v /—O’I( Z’l +2) . (31)

For the auxiliary bosons, the species-changing collisions transform to

AFat T A PP BN
50(Xn‘1i,kbn,kxn+,; + h.c.) = 6()(11/{“‘,()(““; + h.c.), (32)

No. (N 2
€= € —O’I( Z’l +2 . (33)

Note that these kind of interactions are possible provided the Wannier functions of the corresponding
bosons on the lattice overlap (figure 5(b)).

with

10
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The conservation of hyperfine angular momentum allows the two types of bosons to interact as well. This
would result in non-desired terms in the simulated Hamiltonian. For this reason, the system must be prepared
such that this kind of interaction does not occur, using, for example, Feshbach resonances to reduce the
corresponding scattering length.

Consider now the non-interacting terms in (15). Both the charge and the electric field kinetic terms arise
from on-site collisions. For the vertices we have

s At A2 ,
W ainain, = 1> Qy + ‘constants’, (34)
n n

where we used the conservation of the total number of bosons on the vertices.
On the links, different on-site collision processes appear. They correspond to the electric field kinetic term if
the right couplings are chosen,
Booat A At oA P S P
1 (@) Ani ) gk + by buibniboy — 241 4y by by )
Koy o AN A2
:Z(alkan,k - n,kbn,k) = ,L”En,k‘ (35)

Finally, the hard-core constraint for the auxiliary bosons can be obtained from on-site collision among
them, as well as atomic mass terms,

A Gt fa ke — Ra k) = ANy (N — D). (36)
Collecting all the building blocks we see how the atomic Hamiltonian corresponds to

AY A T N X A At At A
H=\> NYNY —1) + fZ[XnUn,kXH; + he] + uZEik + 1> Q,f + 6’2[@21/[“,,{(1)”,; + h.c],
n n,k nk n nk

(37)

which, in the limit Ny j, Ny, — oo resultsin (15). In an experiment, only a finite number of atoms is placed on
each link and vertex. However, this Hamiltonian provides a good approximation, even for a small number of
atoms [83]. We will discuss the effect that the number of atoms have on the simulation after obtaining the
effective Hamiltonian.

3.5. Effective Hamiltonian

3.5.1. Hard-core bosons

We shall next describe how the plaquette interactions can be obtained in an effective way from the primitive
Hamiltonian (37). The main idea is to impose a strong energy penalty in the atomic Hamiltonian, in such a way
that the Abelian-Higgs Hamiltonian (6) is obtained as a low energy effective approximation, including the
plaquette interactions [70]. The advantage of this method is that the building blocks from which the plaquettes
are constructed are already gauge-invariant. Therefore, even if the effective description contains undesired
terms, these will not violate the gauge symmetry.

The method requires the use of auxiliary particles, which can be either fermions or bosons [71]. In this case,
we make use of hardcore auxiliary bosons sitting on the vertices of the lattice, which we have already introduced
in the primitive Hamiltonian (37). The energy penalty comes from the on-site interaction between auxiliary
bosons,

Huc =AY Ny (N, — D). (38)

We initialize the system with one auxiliary boson per vertex. If A is much larger than ¢, the hopping of
auxiliary bosons to neighboring vertices implies a large energy penalty. The effective Hamiltonian acting on the
sector characterized by one boson per vertex contains all the terms in the primitive Hamiltonian (37) that
commutes with the penalty (38). It also includes higher order corrections, related to the virtual hopping of
auxiliary bosons to neighboring vertices, and the return to their original position. In the fourth order, an
auxiliary boson can hop along the links of a plaquette (figure 8), resulting the following effective contribution
(appendix D),

5¢t

2N
which is the desired plaquette interaction. Terms of the type "/ N~ ! only contribute for even values of .
Therefore, the latter is, in practice, a second order correction. Apart from the plaquette term, many other terms

appear in the effective expansion. Most of them arise as an effect of the non-unitary behavior of the operators
(24) when the number of atoms is finite, vanishing in the large number of atoms limit.

Uil by + hic), ik, (39)

11
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P

+—

Figure 8. The plaquette interactions are obtained as fourth order correction in the effective Hamiltonian. A virtual process consisting
on one auxiliary particle hopping four times along the links of a plaquette, and returning to its original positions, results in the correct
product of four unitary operators, each one attached to one link, that gives rise to the plaquette term.

The use of hard-core bosons has several advantages, compared to obtaining the effective plaquettes using
auxiliary fermions [70]. First, the penalty term should be easier to implement experimentally, since it is
homegeneous across the vertices of the lattice. Also, as we will see when we apply it to the complete lattice
Abelian-Higgs theory, no undesired divergence terms or inhomogeneous renormalizations appear in the
effective Hamiltonian, as opposed to in the fermionic case. Finally, the quantum simulation will only require
bosonic atoms, rather than bosons and fermions, which simplifies the experiment as well.

3.5.2. Effective expansion
Let us derive the complete effective Hamiltonian that acts on the sector of the energy constraint characterized by
just one auxiliary boson per vertex. We assume that A is large compared to the rest of the coupling parameters,

A> e, €, . (40)

This can be achieved experimentally using Feshbach resonances. In order to calculate the effective Hamiltonian,
we use time-independent perturbation theory, following [125, 126]. The effective Hamiltonian is perturbatively
expanded in terms of 1/ \. More details about the calculations can be found in appendix D. Here, we present the
results up to fourth order. Notice that all the terms obtained in the effective expansion are gauge invariant, since
the symmetry was exact in the primitive Hamiltonian (37).

The first order contributions to the effective Hamiltonian include all the terms in the primitive one (37) that
commute with the penalty term (38),

~ (1) ~2 A2 PR BN
Heff = /’LZ En,k + M/Z Qn + f/Z:((I)nZ/{n,lc(I)nJrI; + hC) (41)
n,k

nk n
The second order contribution is a renormalization of the electric part of the Hamiltonian,

A~ €2 4 2

f=————— e (42)
¢ A Noy(Noy+2) 5% "

In the third and fourth order, we get, apart from different renormalizations of the first order terms (41), new
contributions that were not present in the primitive Hamiltonian (37). The most important one is the already
mentioned plaquette interaction (39). Due to the non-unitary character of the operators (24), the effective
expansion provides, as well, a plethora of interaction terms that do not appear in the simulated Hamiltonian (6).
Most of these corrections can be made negligible (see appendix D). The only extra terms that could affect the
simulation in some regimes are the following fourth order contributions,

A et 4 2 2 ok
HCX = —3 /"L_z + ] n,k
X Noa(Nos + 2)\ e No,i(Nos + 2) ) 5
4 2 1 ~ ~ A N
R S S Z [EniEn ki — llEikEjr)k/]) (43)

X3 (No,i(No,i + 2))* «

»
n.n.

where the last term involves an interaction between nearest-neighbor links. The importance of the correction
terms is analized now for different situations.

3.6. Pure-gauge theory
Before discussing the complete effective Hamiltonian, let us consider the pure-gauge theory. Most of the
discussion generalizes when dynamical matter is present. Here, the situation corresponds to a quantum

12
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simulation of the Kogut—Susskind Hamiltonian [116],

O, + he). (44)

2
£ p2 S
:TZEnk__Z( zUn+f,kUz+k
nk

n,ik

By making ¢’ = 0, the effective Hamiltonian simplifies significantly. Most of the correction terms disappear,
and we are left with

2
A e pe? 1 ( 9
Her = - —\+
! [M( X ) X Noji(Nos + 2)

- 5? Z(unzun+z kun+k1unk + h. C) +

=

2
2|z

[
A Nol(N01+2) 4 )2 n
2

6 ~
Z En,k

>\3 No,i(No, + 2)

N>’|

n,ik
2,,2 8 . 4 4 2 2 N
+6/; ZEf,kJr%i“—eri S B
X Noi(Noj +2) 5 X Noi(Noj+ 2)\ € No,i(Nos + 2) ) 4
et 2 1
X3 (No,i(No,i + 2))* <

6
Z (EntEw i — llEnkE ,k,] + O( ) (45)

This Hamiltonian, although simplified, still contains some non-desired correction terms. We study now how we
can control them experimentally.

3.6.1. Large number of atoms

First, consider the limit where a very large number of atoms is placed on each link of the lattice, Ny ; — oco. Every
correction term, except for a fourth order renormalization of the electric field, disappears in this limit. The non-
unitary operators (24) converge to the correct unitary ones, and the effective Hamiltonian becomes the Kogut—
Susskind Hamiltonian (44),

€? ~2 t 22l
Heff = ,u( - /&_3) ZE“k - EF Z( n,i n+z kU +hi Un,k + h.C.), (46)
n n,ik

up to higher order corrections. These are, in the next orders, proportional to e/ X, p3e?/ X and €%/ X. We
will see that the last correction is the most relevant one. Note that, since no terms of order ¢/ X'~ 1, for n odd,
appear in the effective expansion, it is enough to impose (¢ /\)? < 1to make higher order correction negligible.
This also applies to the rest of the situations we will consider. It is important to notice that, at the fourth order,
the effective Hamiltonian in the large atom limit does not include any non-desired contribution, agreeing
perfectly with the Kogut—Susskind Hamiltonian.

We write now the experimentally controllable parameters, € and p, in terms of the coupling constant g of the
Kogut—Susskind Hamiltonian (44). In order to do so, since we are only interested in the ratio between the electric
and the magnetic part of the Hamiltonian, we multiply everything by a constant «, whose effect is just to rescale
the energy. This constant, and the coupling g, are defined as

_ 2;M31 e’ i lr» ) pe?) ! 2 .
Slhsall W) el ) | @

The effective Hamiltonian can then be expressed as

O O
,i Pn+i,k n+

2
~ 1 ~
CkHeff = g_ZEn,k - _2Z(Unt
2 n 2g n,ik
) 1 pfp 2 ) 1 p ) 1 (€Y 4
+ ?K ; + ?; + E X 5 (48)

where the most important higher order corrections are written explicitly, allowing us to discuss their importance
in the different regimes of the theory.

By using the Feshbach resonance technique to fine-tune the ratios % and ’F—L, one can explore the phase
diagram of the Kogut—Susskind Hamiltonian. Consider, in particular, two extreme relevant limits.

i
lg,i Un,k —+ hC)

+ Strong coupling limit (g > 1)
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To achieve this, we require

3
(i) > £ (49)
€ 7

In this limit, only the electric part of the Hamiltonian is relevant. All the corrections are negligible as well.
+ Weak coupling limit (g < 1)

In this case, we need

3
i > (?) . (50)

Here, the electric part vanishes and the plaquette interaction becomes relevant. The first two corrections in
(48) are small compared to the latter, since ¢/ is very large. Therefore, the biggest correction in this limit is of
order (¢ /)\)? compared to the plaquette interaction.

From this, we conclude that both €/ and 11/ A must be small in order to make the higher order corrections
in (48) negligible. However, we still have freedom to change the ratio ¢ /i to achieve different values of g.

3.6.2. Finite number of atoms

Consider now a more realistic case, where the number of atoms on each link is finite, and non-desired
contributions appear in the effective Hamiltonian. At the same time, a different approach to generate the electric
field operators is introduced. We set 1 = 0, and use the renormalization terms that were obtained in the
effective expansion (at the second order) as the electric field part of the Hamiltonian. Proceeding this way, many
correction terms disappear, and we are left with the following effective Hamiltonian,

H, g4 1+E6_2 Zﬁz ___Z( ol it ' he)
ot A N()’Z(NO,I + 2) 4 ) a n.k 2N o n,i ﬂ+1 M ntk,iAnk
64 8 4 64 2 1 6
S N - Si————— 3 B — NEa Byl + (9( )
A (Nos(No,i + 2))° Z CON 3 Nou(No + 207 4 Z K JE
(51

Defining, as before, the coupling constant in terms of the system parameters in a proper way,

2 2 1/4
g= 8 X 1+ B8 ) (52)
_5N0,](N0,l + 2) 62 4 )\2

and multiplying everything by a constant

_ o
Noy(No,s + 2) X 1T
o= DN+ DX | 18¢ (53)
| 40 €l 4 )\2
the effective Hamiltonian can be written as
af —g—ZZEz S U Ui Ui U + D) + i —Z“‘
eff 2 - n,k 2g2 =~ n,iln+i,K n+kt n,k Sg (NOI(NOZ + 2))2 nk
2 ! Z[EE — NEgErpl + O| = i (54)
1582 (Noa(Nog + 2))7 e 0 8 T g2 =5
Since Ny is a fixed quantity, once the experiment starts, the coupling gis controlled with the ratio (¢ /\)2.
Consider, again, the weak and strong coupling limits.
+ Strong couplinglimit (g > 1)
To access this regime, the experimental parameters must be chosen such that
A 2
(—) > Ny (55)
€

Higher order corrections will be negligible provided that ¢ /A < 1. In this limit, the electric part of the
Hamiltonian dominates. Therefore, even for a small number of atoms in each link, the atomic Hamiltonian
accurately simulates the Kogut—Susskind one.
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+ Weak coupling limit (g < 1)

This regime is more problematic, and the accuracy of the simulation depends strongly on the number of
atoms used in the experiment. To access it, we have to impose

A 2
Ny > (—) > 1, (56)
€

where the second condition is required to make higher order corrections negligible. In this regime, the number
of atoms (and correspondingly, the eigenvalues of the electric field operator) are not good quantum numbers,
since the corresponding operators undergo large fluctuations. Butas long as condition (56) is satisfied, the non-
unitary operators are close enough to Uy, x = e~ ifnk, with 9,1 r awell-defined hermitian phase operator. The latter
provides good quantum numbers when large fluctuations are present.

In this regime, the non-desire fourth-order terms become important. All of them are of the order O(N s
but E,, x can take values m, depending on the state, from — N ;/2 to Ny ;/2. Higher values of |m| are relevant
when the plaquette interaction dominates over the electric part, however, their influence rapidly decreases with
Nj,1. In particular, for a large number of atoms, the non-desired corrections vanish faster than 4, ; converges to
Up 1 the latter problem again being the most important one.

A final comment about the energy scale of the simulated Hamiltonian is in order. To be able to obtain a
plaquette interaction term that dominates over the electric field one, the latter should be made smaller.
Therefore, the energy scale of the simulated Hamiltonian in the weak limit is very small. As a consequence, one
would have to wait a longer time to be able to observe relevant physical phenomena. In this situation, the
coherence time of the experimental system plays an important role.

Apart from the two extreme limits, it is especially interesting to consider the intermediate case, with g ~ 1.
This corresponds to the condition

» (AY
NE ~ (—) > 1. (57)
€
This situation is not as hard to achieve in an experiment as the weak limit, but it is very relevant since most of the
usual analytical approaches to study lattice gauge theories fail in this intermediate region [116].

Setting p© = 0 has several advantages with respect to the more conventional approach [70]. As we have seen,
it eliminates some of the non-desired correction terms. Also, the condition to enter the weak regime is easier to
realize here, compared to (50). In this case, we can access the regime by making A/ ¢ smaller than Nj ;. The ratio
should still be larger than 1, but just enough to make higher order corrections small.

3.7. Complete Abelian-Higgs theory

Let us consider now the complete Abelian-Higgs theory. Following the discussion of the pure-gauge case, we

choose, again, ;1 = 0. This automatically removes many of the correction terms obtained in the last section.
Again, we multiply the effective Hamiltonian by a properly chosen constant «, and define g as before (52). In

order to get the correct coupling constant in front of the charge term, and the interaction term between the

dynamical charges and the electric field, we define R as

3 !

TRV -
g\5 €

Once gis fixed through A/ ¢, R can be fine-tuned by changing the ratio |¢’| /€. Note that ¢’ must be negative,

since the charge term and the gauge-matter interaction have opposite signs in the simulated Hamiltonian (6).
The total effective Hamiltonian reduces, then, to

aHeff——ZQ — —Z[(I) Ui+ hel
+ g_ZEZk - _Z(un,tun+z kun+ Z/A{jl,k + hC)
2 n 2g n,ik
2 1

Eo B — 11E By,
1587 (Noy(Noy + 2))% & Z[ K cEat el

° 1 > E Eng + afl ff+0( 1] (59)

5g% (No,i(No,i + 2))* 5
up to higher order effective contributions, which are negligible for all values of g provided that the conditions
introduced in the pure-gauge case are fulfilled. I-Alelff comprises the non-desired effective corrections (up to fourth
order) that are small enough to neglect (appendix D.2).
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Figure 9. In the figure, the state of both the simulating and the simulated systems is represented in two different situations. Figure (a)
corresponds to the state of the system at the beginning of the simulation, with R=0and g >> 1. In this situation, the ground state of
the simulated system, in a sector characterized by two static charges of opposite sign (3 = +1and g = —1), corresponds to an electric
fluxline (m = +1) between the static charges, and zero dynamical charges. The latter is achieved by placing Ny, = 4 bosons on each
vertex. The electric field on the links, on the other hand, depends on the difference between the number of atoms of species aand b,
which interchange their role in alternating links. When R is increased, the state represented in (a) is no longer an eigenstate of the
Hamiltonian. The electric flux line can break (b), along with the appearance of two dynamical charges (Q = +1and Q = —1),
leaving the system in a superposition of the states (a) and (b)—notice that both of them fulfill the corresponding Gauss law at each
vertex (9). The dynamical breaking of electric flux lines can be observed, in real time, by measuring the state of the ultracold atomic
system.

The phase diagram of the theory can be explored by changing the ratios — and L'l at the same time as we
maintain most of non-desired terms small enough. For small values of R and large values of g, the atomic system
maps exactly to the Abelian-Higgs theory. When R grows and g decreases, the effect of the non-unitary character
of the operators Z/{n « and &, becomes important, as well as the relevance of the non-desired electric field terms,
as it was discussed for the pure-gauge case. Making Ny ; and Ny, larger will allow us to perform better
simulations, going deeper into the large R and small gregime. The discussion for the strong regime in R is
analogous to the weak regime in g, and vice versa.

4. Possible experiments

In the last section, we derived the experimental conditions under which the Hamiltonian describing a system of
ultracold bosons is well approximated by the Hamiltonian associated to the Abelian-Higgs lattice gauge theory
(6). Once this is achieved, several experiments can be performed on such a system, providing useful information
about different high energy physics phenomena.

4.1. Initialization: static charge sectors

As afirst step, the atomic system is initialized in the ground state of the non-interacting part of the Hamiltonian
(6). Therefore, we choose the experimental parameters such that ¢ > 1(52) and R =0(58) and consider the
vertices of the lattice. Any dynamical charge configuration maps directly to the number of dynamical bosons of
species cand d (17). The ground state corresponds, in particular, to an initial atomic system with Nj , dynamical
bosons on each vertex (of the corresponding species, with the same number for each case), such that there are no
dynamical charges present at the beginning of the simulation (figure 9(a)). In addition, the vertices of the lattice
are also filled with one auxiliary boson per site, alternating the two species (e and f) on odd and even vertices, as
we described in section 3.5.

For thelinks, there is also a mapping between the eigenstates of the electric part of the Hamiltonian and the
difference in the number of gauge bosons of species a and b (21), noting that their roles interchange (29). The
difference here is that the ground state of the Hamiltonian does not correspond, in general, to the product of the
ground states of each link (zero electric field configuration). As a consequence of gauge invariance, the Hilbert
space of the system is divided into different sectors (10)—characterized by different static charge configurations—
and the states that belong to them are constrained by the Gauss law (9).
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Consider, for example, the sector characterized by two static charges of opposite sign (figure 9(a)). The states
that belong to such a sector present an electric flux line—or a superposition of them—that joins the two vertices
where the static charges are placed. Consequently, some of the links will be in excited states of the electric part of
the Hamiltonian, whereas others remain in the ground state—since, altogether, everything must satisfy all the
local Gauss laws (9). The ground state corresponds to the shortest path of electric field excitations between the
charges, in this case, a straight line. This is the situation, in general, for any gauge-invariant sector. Therefore, any
configuration of static charges can be achieved by initializing the atomic system with the proper number of
atoms of type a and b. Since this number will not be the same on every link for a non-zero static charge
configuration (as opposed to the vertices), single-atom addressing techniques will be required [127].

4.2. Turning on the interactions

Once the system is initialized in the ground state of the non-interacting part of the Hamiltonian, the interactions
can be introduced by modifying the value of the coupling constants R and g, tuning the corresponding
experimental parameters (58). This can be done either adiabatically or suddenly (quench). If the change is
adiabatic, the system will adapt to a new state that corresponds to the ground state of the new Hamiltonian.
Measuring the new state allows us to explore the phase diagram of the system. In the case of a quench, the system
will not have enough time to adapt to the change in the Hamiltonian. Instead, it will remain in the initial state,
which will correspond now to an excited state of the new Hamiltonian. Here, measuring the state of the system
will provide us with information about the non-equilibrium and thermalization properties of the theory.

4.3. Real-time dynamics
We propose two different dynamical effects that can be measured in this setup.

4.3.1. Fluctuation of electric flux lines

An initial state with well-defined electric flux lines is an eigenstate of the non-interacting part of the
Hamiltonian. Reducing the value of gincreases the probability of a plaquette-type electric flux loop to appear
(figure 3). If we change this parameter adiabatically, more of these flux loops will appear, being the state of the
system a superposition of many different electric field configurations. The initial straight flux line can be
deformed if one plaquette excitation coincides with one of its links (figure 3). This effect can be detected
dynamically by measuring the state of the atoms on the links of the lattice.

4.3.2. Breaking of electric flux lines

Another effect that could be measured dynamically is the breaking of electric flux lines (figure 9). By increasing
the value of R, the probability of new pairs of dynamical charges of opposite sign to appear grows. If such
excitations coincide with an existing electric field line between other pair of charges, it will cause the breaking of
the latter, resulting in two new pairs joined by shorter lines (figure 9).

This phenomenon, relevant in the understanding of confinement of matter in gauge theories, is hard to
study using analytical or numerical techniques, since real-time dynamics are difficult to simulate using standard
Monte Carlo methods. Using this quantum simulation scheme, the dynamical breaking of electric fluxes could
be accurately measured.

4.4. Measuring the state of the system

We showed that there is a mapping between the state of the simulated system in the basis of the eigenstate of the
electric field and charge operator, and the number of atoms of each species on the vertices and links of the lattice.
Therefore, in order to know the state of the system at any point of the simulation, it is enough to measure the
number of atoms locally, using single-atom detection techniques [ 128]. By doing that we could obtain a detailed
picture of the flux lines and dynamical charge configuration that characterizes the state of the system.

5. Summary

In this paper, we proposed a quantum simulation scheme for the lattice version of the Abelian-Higgs theory,
using ultracold bosonic atoms trapped in an optical lattice. The interest in performing such simulation is
twofold. On the one hand, and despite its simplicity, this model shows very interesting high energy physics
phenomena. It allows the possibility to study both the Brout—Englert—Higgs mechanism and the confinement of
dynamical Higgs matter. On the other hand, it can serve as a benchmark to study the validity of several quantum
simulation techniques, since the phase diagram of this theory is well known from conventional theoretical and
numerical calculations, and can be compared to the one obtained in a quantum simulation.
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Starting from the lattice action of the Abelian-Higgs theory [109], the corresponding quantum Hamiltonian
was obtained using the transfer matrix method (6). Such a Hamiltonian is a generalization of the pure-gauge
Hamiltonian obtained by Kogut and Susskind [116], including, as well, the degrees of freedom corresponding to
the scalar matter fields.

The quantum simulation of this model using ultracold atoms is achieved by utilizing two superimposed
optical lattices, filled with six different bosonic species. These correspond to three different types of atoms, each
one possessing two accessible hyperfine angular momentum levels. One type of atom simulates the gauge
degrees of freedom, and another one the dynamical matter. The last type of atom serves as auxiliary particles,
required for obtaining the plaquette interactions. An intermediate ‘primitive Hamiltonian’ is first obtained by
selecting the correct hyperfine angular momentum levels for the six species, and tuning some atomic scattering
lengths using Feshbach resonances. After transforming the atomic degrees of freedom and expressing them in
terms of the lattice Abelian-Higgs operators, the atomic Hamiltonian results in a gauge-invariant Hamiltonian.
The corresponding operators are approximated with the bosonic ones, improving the approximation when the
number of bosons increases. The primitive Hamiltonian contains all the terms of the Abelian-Higgs
Hamiltonian except for the plaquette interactions. From the former, and with the help of the ‘hard-core’
auxiliary bosons, the Abelian-Higgs Hamiltonian can be approximated effectively, provided that the energy
scales of the system are tuned correctly. The degree of approximation can be controlled by increasing the
number of atoms used in the simulation, making the non-desired correction terms in the effective expansion
negligible.

Finally, we described an experimental scheme for measuring, in real time, interesting phenomena such as the
fluctuation and breaking of electric flux lines, and for adiabatically preparing the system in the ground state,
which could help to explore the phase diagram of this high energy physics theory.

Next steps toward a complete understanding of the Abelian-Higgs theory might include higher dimensional
cases, as well as non-fundamental representations of the gauge group (q > 1), allowinga richer phase diagram to
be accessed in a quantum simulation experiment. In a more general context, scalar Higgs matter could also be
studied for non-abelian theories.
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Appendix A. The Abelian-Higgs model

A.1.Review of the Brout-Englert—-Higgs mechanism
Consider the following Lagrangian density,

£ = 06" + igA, 69016 — igh,0) + M6 — 2¢%0) — TEL P, A1)

where ¢ (x) is a complex scalar field, A, (x) is a massless vector (gauge) field—which we will call the photonic
field—and gis the interaction strength (charge). Finally, F,,, is the usual electromagnetic field tensor,

Eu/(x) = a/LAu(x) - 8VA/L(x)‘ (A.2)

This theory is invariant under the group of local U(1) transformations,

P(x) — e*@ep(x),  A,(x) = A,(x) — éaﬂa(x), (A3)

parametrized by « (x), which can be different at each space—time point, locally.
The Lagrangian also includes a quartic potential for the scalar field, the Higgs potential,

wwzﬂMW+§m% (A4)

A semiclassical approximation for the expectation value of the field ¢ in the ground state is obtained by
minimizing the above potential, obtaining a non-zero value for m> > 0,
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2m? R
=, |— = —. (A.5)
@ = |2 = 2
For m? < 0, however, the minimum is found for (¢), = 0.
To take into account the effect of quantum fluctuations, one can expand the complex field ¢ (x) around the
semiclassical result, using two real scalar fields, o (x) and 7 (x), such that

$(x) = (R%;(x))em’/ R (A.6)

Plugging this expression into (A.1), the Lagrangian can be expressed in terms of the new fields. In particular, the
terms containing the gauge field A,, alone are now the following,

L= —iF#,,FW + %mﬁA/‘Au T (A7)

with my = gR. Thus, the non-zero expectation value of the scalar field ¢ generates a mass term for the gauge
field A, or, in other words, the photon becomes massive, which shows how the Higgs mechanism takes place in
this simple model.

In thelimit m, A — oo, with m?/\ fixed, the radial field o decouples, and the effective Lagrangian for the
remaining fields is just

1 1 1
Lot = E@“ﬂ'@ﬂr + EmiA#AH — myAtQ,m — ZEU,F‘“’. (A.8)

A.2. Lattice gauge action
The Abelian-Higgs model can be formulated as a lattice gauge theory [109—-115], this is, as a field theoryon a
discretized space—time. The Euclidean lattice action corresponding to the effective theory (A.8) has the following
form, after a Wick rotation is applied [ 109],
2,,d—1 d-3
Sg = — R az Z [ei¥eltre 1% + h.c.] —

a

3 (elthreituriehesie it 4 huc), (A.9)
[ 4 NTRY

where the fields ¢, = e~ reside on the vertices ofa d + 1 dimensional square lattice with lattice spacing a,
whereas the fields U,E?Bl = e 4% reside on the links that joins the vertices nand n + a ji, with i a unit vector in
oneofthe d 4+ 1 orthogonal directions. The coupling constants R and g are introduced to obtain the correct
expression in the continuum limit. Finally, g is an integer number denoting the representation of the U(1) group
under which the Higgs field is transforming, where the fundamental one corresponds to g = 1.

The first term in (A.9) is an interaction between nearest-neighbor vertices, mediated by the link that
connects them. The second one is a plaquette interaction, which involves the fields on the four links of a
plaquette.

The phase diagram of this lattice gauge theory depends on the specific group representation under which the
Higgs field transforms. In particular, one finds a phase diagram with two phases if the representation is the
fundamental one (g = 1), and another one with three phases if any other representation is used [109, 114]. We
shall describe now the properties of the possible phases one can find in the theory for d + 1 > 4,based on the
results from [109]. If the Higgs field transforms according to a representation of U(1) with g > 1, the theory
presents three different phases (figure A1(a)):

+ Higgs phase (large R, small ). In this phase the photon is massive (Higgs mechanism), the force between
different particles is short-ranged, and there is no confinement of charges.

+ Coulomb phase (small R, small ). Here, the photon is massless, and the charges are free, as well.

+ Confinement phase (large g). In this regime there are no free charges (confinement) and the photon has a
finite mass.

In the fundamental representation (q = 1), it can be shown that there is no phase boundary between the
Higgs and confining regimes [109]. The theory presents only two different phases (figure A1(b)), a Coulomb
phase as in the previous case, and a Higgs-confinement phase, characterized by massive photons, short-ranged
forces, and the absence of free charges.

19



10P Publishing

NewJ. Phys. 19 (2017) 063038 D Gonzalez-Cuadra et al

(a) R b)) R

Higgs-confinement

Confinement

1/g /g

Figure Al. Qualitative phase diagram, based on the results of [ 114], of the Abelian-Higgs lattice theoryin d + 1dimensions, with
d > 3forq=1(a)and g =2 (b). The solid lines represent first-order phase transitions, broken lines represent higher-order
transitions.

In the 2 + 1 dimensional case there is no Coulomb phase for finite coupling constants. In the fundamental
representation, there is only one phase, the Higgs-confinement one, whereas for g > 1, thereis a phase
boundary separating the Higgs and confinement regimes [109].

Appendix B. Hamiltonian formulation

We compute the quantum Hamiltonian corresponding to the Abelian-Higgs action (A.9) by applying the
transfer matrix method. The application of the method to the pure-gauge theory leads to the standard Kogut—
Susskind Hamiltonian [52]. Here, we extend it to the matter part of the action for the fundamental
representation of U(1) (q = 1),
RZ le -1
2

S =

S [eineimre i + hec.]. (B.1)
N0

First, we separate the temporal and the spatial directions. We introduce the notation . = (0, k), with k=
1,...,d,and n = (ny, n), where the first component corresponds to the temporal direction and the second to the
d spatial ones. Both 1y and n take integer values from 0 to N. We also consider the temporal gauge,

0,0 = 0. (B.2)
The action is expressed, then, as
R’a’ 2,d—2
S=— > C0S(Py i1 — Pany) — R2aT2ar Y7 cO8(n e — Pang — Onkono)s (B.3)
T n,ng n,k,ng

where a, and a are the lattice spacings in the temporal and spatial directions, respectively. To obtain the correct
continuum limit, the fields ¢, should dependona,as ¢, , | — @, ,, ¢ a-. Therefore, we can expand the cosine
in terms of this parameter. We get, disregarding irrelevant terms (in the limit a, — 0),
R?a4
S =
2a,

Z(Qan,noJrl - (pn,no)z - Rzad72a7 Z C°5(¢n+12,n0 - QOn,no - en,k,ng)- (B4)

n,ng n,k,ng

In order to connect the path integral and the Hamiltonian formulations of quantum mechanics, it is useful
to consider the partition function,

7= f DpeS = f D [] e S, (B.5)
1y

where ¢, denotes the set of fields variables ¢, , forall n,and & refers to the complete set of ¢, , forall y. In the
previous expression, the action was split into a sum of different terms,

S= Z S(spn[ﬁ»l’ QD”O)’ (B6)

1oy
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with
R2g4 R2ad-2g
S(@n0+1’ wno) = Z((pn,no-H - Son,nu)z - —TZCOS(@n-ﬁ—I;,nU RZ T en,k,"o)
2a, n 2 nk
R4
- - ZCOS(QOnJrl;,nOJrI - @n,n0+1 - en,k,no+l)- (B.7)

2 nk

The transfer matrix elements are defined as T (', ) = e3¢ and canbe thought as the matrix elements
ofatransfer operator T over a complete and orthonormal productbasis {| ¢) = IT, |4, }>

('] Tle) = T(¢', ). (B.8)
The partition function is expressed in terms of the transfer operator as
- A AN
Z= fDSD IT (Pugr1l Ty, :fDSDoD‘PNH (eng1l T lgg)s (B.9)
o

where, in the last equality, the completion relation for the basis,

I =fD<p lo) (ol (B.10)

wasused N — 1times. Using periodic boundary conditions, ¢, = ¢y = ¢, the partition function can be
expressed as a trace,

z:fmp (o] V@) = teT™. (B.11)
Motivated by the latter, a quantum Hamiltonian is defined through the transfer operator,

T = (e ™)/N — e—a-fl, (B.12)

taking the continuum limit in the temporal direction, N — 00, a, — 0, with 7 = Na. fixed.
In order to get an expression for the transfer operator, we introduced the second-quantized operators ¢, and
Q. following the commutation relations:

[@na QAn/] = i611,11’- (B.13)
@, is defined such that
Zal®) = al @) (B.14)
It can be shown that the following property holds,
a2 R2at (¢, — ¢,)*
"lexp| ——a,Q, x exp| — —r | B.15
(@l p( SR Q )Icp> p( 5 o (B.15)

by using the commutation relations (B.13). With this, it is easy to see that the transfer operator can be expressed
as

A R2g4-2 A a A2
T = exp| —a, > cos(Puri — P — bnp) |exp faT—ZZ Q,
n,k 2R n
R2ad—2 R
X exp| —a- Zcos(@nH; — @0 — i) | (B.16)
n,k

where 6, ; is a quantum operator corresponding to the gauge field 6, 1, obtained after applying the similar
procedure to the gauge degrees of freedom on the links [52].
Taking the continuum limit in the time direction, 4., one can read the Hamiltonian (up to irrelevant
constants) from the transfer operator, using equation (B.12),
—d R2 ad -2

A a A2 AT oA
A=">%Q, - S o160} Un &y + hocl, (B.17)
2R n n,k

where g?)n =e¢ @andU,; = e~ifnx_In order to avoid the quantum phase operator problem [120-124], the
operator Q, must be unbounded from below. Only in that case el is a well-defined unitary operator. The
situation is equivalent for the conjugate momentum of A, ¢, Ey ¢, defined in [52] to derive the pure-gauge part of
the Hamiltonian via the commutation relations

[9n,k) EA'n’,k’] - i(sk,k’én,n’- (BIS)
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The complete Hamiltonian associated to the Abelian-Higgs theory, including the pure-gauge part [52], is

A2 A2 A 1—
2 ZQH - _Z QST ﬂk nrk T h.e] + _ZE kT _Z(UnlUn-ﬂ kU Uni + h.c.),
2R Zg n,ik
(B.19)

whereweseta=1.
Appendix C. Non-commuting operators
Let A, Band C be operators, fulfilling the commutation relation

[A, B] = CB, (C.1)

with [A, C] = 0and [B, C] = 0. Then, for any analytical function f, acting on the operators through its Taylor
series, the following property holds,

f(A)B = Bf (A + O). (C.2)
To see this, let us first prove that
A"B = B@A + O, (C.3)

where 1 is any positive integer. We do this by induction. The case n = 11is (C.1). Assume it is true for n = k. For
k + 1,wehave

AMB = A'BA + &) = BA + O, (C.4)
where the property (C.1) was used in the first equality, and the induction hypothesis in the second. Therefore,

property (C.3)istruefor n > 1.
By Taylor expanding f (A),

fA) =37 el (C.5)
n
itis easy to obtain (C.2),

fAB=> cA"B=B>"c,(A + O =Bf(A + O). (C.6)

Consider, as an example, the operators E and 0", such that
(£ 0 =0" (C.7)

In that case, C is the identity, and the property (C.2) reduces to
fFEU = U'fE + D). (C.8)

Appendix D. Effective Hamiltonian

D.1. Effective expansion

Here, details about the calculations that were carried out to obtain the effective Hamiltonian are provided. The
property introduced in appendix C will be assumed henceforth. We follow the notation of [ 125, 126]. The
starting point is the primitive Hamiltonian,

A A A PR N A2 A2 At AT 2
A=)\ R® — 1)+ eZ[Xn‘un,kan; +hel+pd Epp+ 1D Qp + €/ [Pl Py + hecl.
n nk nk n nk

(D.1)
An effective Hamiltonian, acting on a subspace (sector) generated by an eigenvalue of the hard-core
constraint
Huc =AY Ny (N, — 1) (D.2)
n

is obtained perturbatively—provided that A is much larger than the rest of the energy scales.

The hard-core constraint is diagonal in the number basis of the auxiliary bosons, denoted by x. Its
eigenvalues are largely degenerate, each of them associated with a set of distributions of auxiliary bosons over the
vertices of the lattice. The ground state sector includes all the states characterized by either zero or one particle on
each vertex. Our goal is to obtain an effective Hamiltonian that acts on the latter. The quantum simulator will be
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Figure D1. Second order contributions to the effective Hamiltonian can be viewed as a virtual hopping of an auxiliary boson (red ball)
to a nearest-neighbor vertex, where other boson lies (black ball), and then hopping back to its original position.

initialized, in particular, in a state with one auxiliary boson sitting at each vertex. In this situation, some of the
fourth order corrections in the perturbative expansion of the effective Hamiltonian (figure 8) turn out to be the
desired plaquette interactions of the Abelian-Higgs Hamiltonian (6). There are, of course, other contributions to
the effective Hamiltonian. Here, we will analyze some of them. Instead of focusing on the detailed calculations,
we will motivate the appearance of the correction terms by viewing them as virtual physical processes.

The primitive Hamiltonian (D.1) contains two types of terms, apart from the hard-core constraint. First, we
have those that do not commute with the latter. In particular, the hopping of auxiliary bosons to nearest-
neighbor vertices, mediated by the gauge-field operators on the corresponding links, take the system out of the
ground state sector. They form what we will call the interacting part of the Hamiltonian,

Hin = €3 (%iUniX,  ; + hec), (D.3)
n,k

where the notation introduced in (24) is assumed. The rest of the terms in (D.1), on the other hand, keep the
system inside the same sector.

The effective Hamiltonian will be composed of terms that commute with the hard-core constraint and, on
top of them, higher order corrections made out of product of terms from H.,... The latter can be seen as non-
trivial contributions resulting from virtual processes where the auxiliary bosons hop to nearest-neighbor
vertices and then return to their original positions. Since the final state of the auxiliary bosons will not change,
these degrees of freedom can be traced out of the effective Hamiltonian.

D.1.1. Firstorder. The first order contributions to the effective Hamiltonian are given by Py HP,, where P, is the
projection operator to the ground state sector H?,

A

Po= 3 1#)(ol (D.4)

lg)eH"
In the case where the system is initialized in a state with one auxiliary boson per vertex, represented by | ¢,), the
projector reduces to | ¢,) (@, |, since the conservation of the total number of auxiliary particles prevents the
system from being in other states from this sector—which have zero auxiliary bosons in some vertices, and one
in the rest. At this order, only the terms that commute with the hard-core constraint contribute,

A (1) 52 A2 st At 2
Hy = pYy  Epp+ 1/ Qp + €'Y (Pl 1Py + hc). (D.5)
nk n

nk

D.1.2. Second order. The second order contributions are given by

~2) A
H.g,, = —PoHine K HincPo, (D.6)
where
16)gne Eo — Eo

projects to states outside the ground state sector. The expression (D.6) can be interpreted as second order virtual
processes for the auxiliary bosons (figure D1).

Note that, if the operators on the link were unitary, they would cancel with the respective adjoint operators,
resulting in a constant contribution. Since this is not the case, however, for a finite number of atoms Ny ;, the
second order virtual processes result in non-trivial corrections to the effective Hamiltonian. We calculate them
explicitly in this case, for clarity. Other higher contributions can be obtained in a similar way.

The operator K can be written as

N 1
K—g%l%ﬂfblla (D.8)

where states | ¢,) correspond to a distribution with zero auxiliary bosons at a single vertex, two in a nearest-
neighbor one, and one in the rest of them. The factor 2 comes from the difference in energy between |¢,) and
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the ground state. The total contribution to (D.6) is

G =-S Z 3 o160 (00l Gllnik,  + Do) (O Rl wark, o+ e oo (0. (D.9)

¢, nk o'k

The terms including hopping must connect the states | ¢,) and | ¢,) twice. The second order contribution to the
effective Hamiltonian reduces, then, to

€2
o)) 4 A2
i =—-—SU i +Z/I U, )Pp=———" S E. P, (D.10)
eff 2A§; n, kY n,k nkMn /Lo — /\NOZ(N()["'Z)% n, kL0
Since this operator is acting on the ground state sector, Py can be removed.
D.1.3. Third order. There are two types of third order contributions,
N N N N (N T S R V(|
it = Pobliog R A R Fin Py — ~ (P i R i By, ALY, (D.11)

The first one involves, again, the virtual hopping of auxiliary bosons to the nearest-neighbor vertices. The
difference is that, in this case, the the Hamiltonian H éflf) (which does not change the sector) is applied before the
auxiliary boson comes back to its original vertex. This gives rise to non-local contributions, however, they will
cancel with the second part of (D.11), which is itself non-local. The latter is composed of the first and second
order corrections. Performing similar computations as in the second order case, we obtain the following local
terms,

2.7
G €% 2
Hef = —— (1 — 2Bag + 2B, + O(Noz))q’ unkq)n+k+k + h.c.
X N 1 mk N
- K;Z}%j’k. (D.12)

X Noi(Noy+2) 5

We get another renormalization of the electric part of the Hamiltonian, as well as a new term that correct the
hopping term of dynamical bosons with a function of the electric field on the link. These correction terms
disappear in the limit Ny ; — oo.

D.1.4. Fourth order. Many virtual processes contribute to the fourth order corrections to the effective
Hamiltonian,

L srn 2a0s2a 5 v 22V e g p. oW
He(glf) = 5{ 0 th eff K I_IintPO: eff} + _{ K ff K intPO) eff}
1 oo an o Lo 2ap g®
+ E{PO intK HlntP P I_IthI_IthO} E{POHintK intP0> eff}
5 Ty > 5D 5 A0 2 5 Ty > > > b
— PoHine K Het K Hop K HinPy — PoHine K Hing K Hine K Hin P, (D.13)

Most of these terms are composed of first, second and third order processes. As in the third order case, many
non-local contributions arise, but they all cancel out in the end. Let us consider first the last term in (D.13). It
involves the four virtual hopping steps of an auxiliary boson, returning to its original position. There are two
main processes attached to this. The first one, already explained, related to the hopping of an auxiliary boson
around the fourth links of a plaquette (8), contributing to the plaquette-type interaction,

75? Z( n,i n+z kun+k zun k + h. C) (D'14)

n,ik
The second non-trivial contribution comes from the virtual process that involves hopping twice to a next-
nearest-neighbor vertex, and then hopping back to the original position. This can be done in many different
ways (figure D2). The total contribution, after canceling out the non-local terms, involve interactions between
the electric fields of nearest-neighbor links,
) 1

- En E/ ;- llEn E! ' D.15
¥ 3 N 1 27 2 Z[ En k kEn k] ( )

The rest of the terms in (D.13) provide many other contributions. Apart from renormalizations to the
electric part of the Hamiltonian, we obtain terms that also depend on different powers of the electric field
operator,
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Figure D2. Many fourth order virtual hopping processes contribute to the effective nearest-neighbor electric field interaction. All the
possibilities are represented for two links when the first one is traversed first. The same number of them also appear if one starts from
the second link, which are symmetric to the ones represented above.
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We also obtain interactions between the electric field on the links and the dynamical charge operators on the

vertices,

2

66 16 Az 1
Enill +
22[ k( N

~ ~ N N N A A B
)\ N2 (Qn + Qn+l; + 1)) + N_Z(En,k(Qn - Qn+1€) - QnQn+l€ + O(No)ll))]-
0 I nk 0,1 0,v 0,v

(D.17)

Again, as in the third order, we get corrections to the interaction term between the links and the vertices, that
depend, in this case, on the electric field and the charge operators,

€%e 1 ~ ~2 1 N A2
M = [((—3 + 4En ) — 4E, ) + N—(6 — 8Enk + 8En,k)

Ol n,k 0,1

1 . . st At o

(= aba 8E. ) + O(N&f)]@f,u;kcbﬁ,; + h.c.] (D.18)
0,1

and
ez’ 1 1 N A A atat a
— S| ——— (=1 + 2B, ) Qn — Qnsi + DOLUL D, .1 + hec.|. D.19)
% No %[Noz i K)( +k KPnii (

Finally, two new interaction terms appear in the effective Hamiltonian, consisting on applying twice the
hopping term. The first one acts on the same link,

2,12 At A A
€c Zl( S S —(z i+ Enp) + O(Naf)](@flulk@m)z i h.c.], (D.20)

)\3 Nz N()l NOl

whereas the second involves hopping processes in two nearest-neighbor links,

€%€’? 1

XN 2Ngi(Noy + 2) <

Z (1 — 2E, L) un,;ka + he), b unkq>n+k] + h.c], (D.21)
and it is written in terms of the commutator between them.

D.2. Relevant corrections

We study the importance of the correction terms (for the case ;¢ = 0), obtained in the effective expansion of the
Hamiltonian, by expressing them, first, in terms of the simulated parameters, R (58) and g (52), and multiplying
everything by v (53). Let us consider the terms proportional to (¢ /A)*. They are proportional to the following

25



I0OP Publishing NewJ. Phys. 19 (2017) 063038 D Gonzalez-Cuadra et al

coupling constants,
4
_‘-‘_32 172a __ 2 . 1 - (D.22)
AN’ 3 (No,i(No,i + 2)) 15¢% (No,i(No,1 + 2))
et 8 8 1 (D.23)

—_— 0= _—,
X (Noi(No,i + 2)) 5¢% (No,i(No,1 + 2))

which correspond to the electric field interaction between nearest-neighbor links (D.15) and the quartic electric
field term (D.16), respectively. These terms become relevant in the weak regime. However, their importance
decreases rapidly when the number of atoms increases.

The rest of the non-desired contributions are proportional to the following parameters,

2./ 1 2 2
) < 020
0,1 0,1
2,12 5R4 2 6
e
0.1 0.1
2.1, 2 6
cew 1~ —Eg—(i) < 1. (D.26)
3 No,1 4 Nog\ A

All of them are negligible, since % can be made small enough to compensate for the possible growth due to R and

. o) .
g Wedenote all the terms of this type with H,. In general, we can say that only the corrections of order (¢/\)*
are important, since this is the order of the effective plaquettes, and is the most relevant one in the weak regime.

References

[1] Feynman RP 1982 Int. J. Theor. Phys. 21 467-88
[2] Lloyd S 1996 Science273 1073
[3] CiracJIand Zoller P 2012 Nat. Phys. 8 264—6
[4] BulutaIand NoriF 2009 Science 326 108—11
[5] Jaksch D, Bruder C, CiracJ I, Gardiner C W and Zoller P 1998 Phys. Rev. Lett. 81 3108—11
[6] Jaksch D and Zoller P 2005 Ann. Phys. 315 52—79
[7] BlochI, Dalibard J and Zwerger W 2008 Rev. Mod. Phys. 80 885-964
[8] Lewenstein M, Sanpera A, Ahufinger V, Damski B, Sen A and Sen U 2007 Adv. Phys. 56 243—379
[9] Lewenstein M, Sanpera A and Ahufinger V 2012 Ultracold Atoms in Optical Lattices: Simulating Quantum Many-body Systems (Oxford:
Oxford University Press) (https://doi.org/10.1093 /acprof:0so,/9780199573127.001.0001)
[10] CiracJIand Zoller P 1995 Phys. Rev. Lett. 74 4091-4
[11] LeibfriedY, Blatt R, Monroe C and Wineland D 2003 Rev. Mod. Phys. 75 281
[12] Blatt R and Roos C 2012 Nat. Phys. 8 27784
[13] Lanyon BP etal2011 Science 334 57—61
[14] Porras D and Cirac ] 12004 Phys. Rev. Lett. 92207901
[15] Aspuru-Guzik A and Walther P 2012 Nat. Phys. 8 285-91
[16] Weimer H, Miiller M, Lesanovsky I, Zoller P and Biichler H P 2010 Nat. Phys. 6 3828
[17] Loss D and DiVincenzo D P 1998 Phys. Rev. A57 120-6
[18] Manousakis E 2002 J. Low Temp. Phys. 126 1501-13
[19] Byrnes T, Kim N'Y, Kusudo K and Yamamoto Y 2008 Phys. Rev. B 78 075320
[20] You]J Q and Nori F 2003 Phys. Rev. B 68 064509
[21] van Oudenaarden A and Mooij ] 1996 Phys. Rev. Lett. 76 4947
[22] Friedenauer A, Schmitz H, Glueckert ] T, Porras D and Schitz T 2008 Nat. Phys. 4 75761
[23] Garcia-Ripoll]Jand CiracJ12003 New J. Phys. 576
[24] Garcia-Ripoll J J, Martin-Delgado M A and Cirac J 12004 Phys. Rev. Lett. 93 250405
[25] Greiner M, Mandel O, Esslinger T, Hansch T W and Bloch 1 2002 Nature 415 3944
[26] Paredes B, Widera A, Murg V, Mandel O, Fslling S, Cirac I, Shlyapnikov G V, Hansch T W and Bloch 1 2004 Nature 429 277-81
[27] Serensen A S, Demler E and Lukin M D 2005 Phys. Rev. Lett. 94 086803
[28] Jaksch D and Zoller P 2003 New J. Phys. 5 56
[29] Mueller EJ2004 Phys. Rev. A70 041603
[30] Goldman N, Kubasiak A, Gaspard P and Lewenstein M 2009 Phys. Rev. A79 023624
[31] Osterloh K, Baig M, Santos L, Zoller P and Lewenstein M 2005 Phys. Rev. Lett. 95 010403
[32] Gerritsma R, Kirchmair G, Zahringer F, Solano E, Blatt R and Roos C 2010 Nature 463 68-71
[33] LamataL, Le6n J, Schitz T and Solano E 2007 Phys. Rev. Lett. 98 253005
[34] Gerritsma R, Lanyon B, Kirchmair G, Zahringer F, Hempel C, Casanova J, Garcia-Ripoll ] J, Solano E, Blatt R and Roos CF 2011 Phys.
Rev. Lett. 106 060503
[35] CasanovaJ, Sabin C, Le6n J, Egusquiza I, Gerritsma R, Roos C F, Garcia-Ripoll ] J and Solano E 2011 Phys. Rev. X 1021018

26


https://doi.org/10.1007/BF02650179
https://doi.org/10.1007/BF02650179
https://doi.org/10.1007/BF02650179
https://doi.org/10.1126/science.273.5278.1073
https://doi.org/10.1038/nphys2275
https://doi.org/10.1038/nphys2275
https://doi.org/10.1038/nphys2275
https://doi.org/10.1126/science.1177838
https://doi.org/10.1126/science.1177838
https://doi.org/10.1126/science.1177838
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1016/j.aop.2004.09.010
https://doi.org/10.1016/j.aop.2004.09.010
https://doi.org/10.1016/j.aop.2004.09.010
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1103/RevModPhys.80.885
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1080/00018730701223200
https://doi.org/10.1093/acprof:oso/9780199573127.001.0001
https://doi.org/10.1103/PhysRevLett.74.4091
https://doi.org/10.1103/PhysRevLett.74.4091
https://doi.org/10.1103/PhysRevLett.74.4091
https://doi.org/10.1103/RevModPhys.75.281
https://doi.org/10.1038/nphys2252
https://doi.org/10.1038/nphys2252
https://doi.org/10.1038/nphys2252
https://doi.org/10.1126/science.1208001
https://doi.org/10.1126/science.1208001
https://doi.org/10.1126/science.1208001
https://doi.org/10.1103/PhysRevLett.92.207901
https://doi.org/10.1038/nphys2253
https://doi.org/10.1038/nphys2253
https://doi.org/10.1038/nphys2253
https://doi.org/10.1038/nphys1614
https://doi.org/10.1038/nphys1614
https://doi.org/10.1038/nphys1614
https://doi.org/10.1103/PhysRevA.57.120
https://doi.org/10.1103/PhysRevA.57.120
https://doi.org/10.1103/PhysRevA.57.120
https://doi.org/10.1023/A:1014295416763
https://doi.org/10.1023/A:1014295416763
https://doi.org/10.1023/A:1014295416763
https://doi.org/10.1103/PhysRevB.78.075320
https://doi.org/10.1103/PhysRevB.68.064509
https://doi.org/10.1103/PhysRevLett.76.4947
https://doi.org/10.1038/nphys1032
https://doi.org/10.1038/nphys1032
https://doi.org/10.1038/nphys1032
https://doi.org/10.1088/1367-2630/5/1/376
https://doi.org/10.1103/PhysRevLett.93.250405
https://doi.org/10.1038/415039a
https://doi.org/10.1038/415039a
https://doi.org/10.1038/415039a
https://doi.org/10.1038/nature02530
https://doi.org/10.1038/nature02530
https://doi.org/10.1038/nature02530
https://doi.org/10.1103/PhysRevLett.94.086803
https://doi.org/10.1088/1367-2630/5/1/356
https://doi.org/10.1103/PhysRevA.70.041603
https://doi.org/10.1103/PhysRevA.79.023624
https://doi.org/10.1103/PhysRevLett.95.010403
https://doi.org/10.1038/nature08688
https://doi.org/10.1038/nature08688
https://doi.org/10.1038/nature08688
https://doi.org/10.1103/PhysRevLett.98.253005
https://doi.org/10.1103/PhysRevLett.106.060503
https://doi.org/10.1103/PhysRevX.1.021018

I0OP Publishing NewJ. Phys. 19 (2017) 063038 D Gonzalez-Cuadra et al

[36] Wilson C, Johansson G, Pourkabirian A, Simoen M, Johansson J, Duty T, Nori F and Delsing P 2011 Nature 479 376-9
[37] SzpakN and Schiitzhold R2012 New J. Phys. 14035001
[38] Noh C, Rodriguez-Lara B and Angelakis D G 2012 New J. Phys. 14 033028
[39] LanZ, Celi A, Lu W, Ohberg P and Lewenstein M 2011 Phys. Rev. Lett. 107 253001
[40] Jordan SP, Lee K S and Preskill ] 2012 Science 336 11303
[41] CiracJI, Maraner P and Pachos J K2010 Phys. Rev. Lett. 105 190403
[42] Barcelo C, Liberati S and Visser M 2001 Class. Quantum Grav. 18 1137
[43] GarayL, Anglin], Cirac]and Zoller P 2001 Phys. Rev. A 63 023611
[44] Horstmann B, Reznik B, Fagnocchi S and Cirac J 12010 Phys. Rev. Lett. 104 250403
[45] Lahav O, Itah A, Blumkin A, Gordon C, Rinott S, Zayats A and Steinhauer ] 2010 Phys. Rev. Lett. 105 240401
[46] Peskin M Eand Schroeder D V 1995 An Introduction to Quantum Field Theory (Reading, MA: Addison-Wesley)
[47] Schwartz M D 2014 Quantum Field Theory and the Standard Model (Cambridge: Cambridge University Press)
[48] Polyakov A M 1987 Gauge Fields and Strings (New York: Harwood Academic)
[49] Ryder LH 1996 Quantum Field Theory 2nd edn (Cambridge: Cambridge University Press)
[50] Gross D Jand Wilczek F 1973 Phys. Rev. Lett. 30 1343—6
[51] Wilson K G 1974 Phys. Rev. D 10 2445-59
[52] Kogut] B 1979 Rev. Mod. Phys. 51 659-713
[53] Smit] 2002 Introduction to Quantum Fields on a Lattice (Cambridge: Cambridge University Press) (https://doi.org/10.1017/
CB09780511583971)
[54] Karsch F2000 Nucl. Phys. B83 14-23
[55] Kogut ] and Stephanov M 2010 The Phases of Quantum Chromodynamics: From Confinement to Extreme Environments (Cambridge
Monographs on Particle Physics, Nuclear Physics and Cosmology) (Cambridge: Cambridge University Press)
[56] Banuls M, CichyK, CiracJand Jansen K 2013 J. High Energ. Phys. 2013 158
[57] Kiihn S, CiracJ Tand Bafiuls M C 2014 Phys. Rev. A 90 042305
[58] Buyens B, Haegeman J, Van Acoleyen K, Verschelde H and Verstraete F 2014 Phys. Rev. Lett. 113 091601
[59] Saito H, Bafiuls M C, Cichy K, Cirac J I and Jansen K 2014 The temperature dependence of the chiral condensate in the Schwinger model
with Matrix Product States 32nd Int. Sym. on Lattice Field Theory (Columbia University, New York, June 2014) p 302 (arXiv:1412.0596)
[60] Bafuls M C, CichyK, CiracJI, Jansen K and Saito H 2015 Phys. Rev. D 92 034519
[61] Pichler T, Dalmonte M, Rico E, Zoller P and Montangero S 2016 Phys. Rev. X 6 011023
[62] RicoE, Pichler T, Dalmonte M, Zoller P and Montangero S 2014 Phys. Rev. Lett. 112201601
[63] Tagliacozzo L, Celi A and Lewenstein M 2014 Phys. Rev. X 4 041024
[64] Haegeman J, Van Acoleyen K, Schuch N, Cirac JTand Verstraete F 2015 Phys. Rev. X 5 011024
[65] SilviP, Rico E, Calarco T and Montangero S 2014 New J. Phys. 16 103015
[66] Kiihn S, Zohar E, CiracJ I and Bafiuls M C 2015 J. High Energ. Phys. 2015 130
[67] Zohar E, Burrello M, Wahl T B and Cirac J 12015 Ann. Phys., NY 363 385439
[68] Zohar Eand Burrello M 2016 New J. Phys. 18 043008
[69] Zohar E, Wahl T B, Burrello M and Cirac J 12016 Ann. Phys., NY 374 84-137
[70] ZoharE, CiracJIand Reznik B 2013 Phys. Rev. A88 023617
[71] ZoharE, CiracJIand Reznik B 2016 Rep. Prog. Phys. 79 014401
[72] Kapit E and Mueller E 2011 Phys. Rev. A 83 033625
[73] Zohar E and Reznik B 2011 Phys. Rev. Lett. 107 275301
[74] ZoharE, Cirac J I and Reznik B 2012 Phys. Rev. Lett. 109 125302
[75] Banerjee D, Dalmonte M, Miiller M, Rico E, Stebler P, Wiese U J and Zoller P 2012 Phys. Rev. Lett. 109 175302
[76] ZoharE, CiracJIand Reznik B 2013 Phys. Rev. Lett. 110 055302
[77] Biichler H P, Hermele M, Huber S D, Fisher M P A and Zoller P 2005 Phys. Rev. Lett. 95 040402
[78] Dutta O, Tagliacozzo L, Lewenstein M and Zakrzewski ] 2017 Phys. Rev A 95 053608
[79] Kasamatsu K, Ichinose I and Matsui T 2013 Phys. Rev. Lett. 111 115303
[80] Kuno Y, Kasamatsu K, Takahashi Y, Ichinose I and Matsui T 2015 New J. Phys. 17 063005
[81] Kuno'Y, Sakane S, Kasamatsu K, Ichinose I and Matsui T 2016 Phys. Rev. A 94 063641
[82] Kasper V, Hebenstreit F, Oberthaler M and Berges ] 2016 Phys. Lett. B760 742—6
[83] Kasper V, Hebenstreit F, Jendrzejewski F, Oberthaler M K and Berges ] 2017 New J. Phys. 19 023030
[84] Marcos D, Rabl P, Rico E and Zoller P 2013 Phys. Rev. Lett. 111 110504
[85] Marcos D, Widmer P, Rico E, Hafezi M, Rabl P, Wiese UJ and Zoller P 2014 Ann. Phys., NY 351 63454
[86] Hauke P, Marcos D, Dalmonte M and Zoller P 2013 Phys. Rev. X3 041018
[87] YangD, Giri G S, Johanning M, Wunderlich C, Zoller P and Hauke P 2016 Phys. Rev. A 94 052321
[88] Tagliacozzo L, Celi A, Zamora A and Lewenstein M 2013 Ann. Phys., NY 330 160-91
[89] Dougot B, Ioffe L B and Vidal ] 2004 Phys. Rev. B 69 214501
[90] Notarnicola S, Ercolessi E, Facchi P, Marmo G, Pascazio S and Pepe FV 2015 J. Phys. A: Math. Theor. 48 30FT01
[91] Zohar E, Farace A, Reznik B and Cirac J12017 Phys. Rev. A 95 023604
[92] Zohar E, Farace A, Reznik B and Cirac J12017 Phys. Rev. Lett. 118 070501
[93] ZoharE, CiracJIand Reznik B 2013 Phys. Rev. Lett. 110 125304
[94] Banerjee D, Bogli M, Dalmonte M, Rico E, Stebler P, Wiese U J and Zoller P 2013 Phys. Rev. Lett. 110 125303
[95] Tagliacozzo L, Celi A, Orland P, Mitchell M and Lewenstein M 2013 Nat. Commun. 42615
[96] Mezzacapo A, Rico E, Sabin C, Egusquiza I L, Lamata L and Solano E 2015 Phys. Rev. Lett. 115 240502
[97] Stannigel K, Hauke P, Marcos D, Hafezi M, Diehl S, Dalmonte M and Zoller P 2014 Phys. Rev. Lett. 112 120406
[98] Wiese UJ 2013 Ann. Phys., Lpz. 525 777-96
[99] Kosior A and Sacha K 2014 Europhys. Lett. 107 26006
[100] Wiese UJ2014 Nucl. Phys. A931 246-56
[101] MartinezE A etal 2016 Nature 534 5169
[102] Greensite ] 2011 An Introduction to the Confinement Problem (Lecture Notes in Physics) (Berlin: Springer) (https://doi.org/10.1007/
978-3-642-14382-3)
[103] Anderson P'W 1963 Phys. Rev. 130 43942
[104] Englert Fand Brout R 1964 Phys. Rev. Lett. 13 321-3

27


https://doi.org/10.1038/nature10561
https://doi.org/10.1038/nature10561
https://doi.org/10.1038/nature10561
https://doi.org/10.1088/1367-2630/14/3/035001
https://doi.org/10.1088/1367-2630/14/3/033028
https://doi.org/10.1103/PhysRevLett.107.253001
https://doi.org/10.1126/science.1217069
https://doi.org/10.1126/science.1217069
https://doi.org/10.1126/science.1217069
https://doi.org/10.1103/PhysRevLett.105.190403
https://doi.org/10.1088/0264-9381/18/6/312
https://doi.org/10.1103/PhysRevA.63.023611
https://doi.org/10.1103/PhysRevLett.104.250403
https://doi.org/10.1103/PhysRevLett.105.240401
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1017/CBO9780511583971
https://doi.org/10.1017/CBO9780511583971
https://doi.org/10.1016/S0920-5632(00)91591-3
https://doi.org/10.1016/S0920-5632(00)91591-3
https://doi.org/10.1016/S0920-5632(00)91591-3
https://doi.org/10.1007/JHEP11(2013)158
https://doi.org/10.1103/PhysRevA.90.042305
https://doi.org/10.1103/PhysRevLett.113.091601
http://arXiv.org/abs/1412.0596
https://doi.org/10.1103/PhysRevD.92.034519
https://doi.org/10.1103/PhysRevX.6.011023
https://doi.org/10.1103/PhysRevLett.112.201601
https://doi.org/10.1103/PhysRevX.4.041024
https://doi.org/10.1103/physrevx.5.011024
https://doi.org/10.1088/1367-2630/16/10/103015
https://doi.org/10.1007/JHEP07(2015)130
https://doi.org/10.1016/j.aop.2015.10.009
https://doi.org/10.1016/j.aop.2015.10.009
https://doi.org/10.1016/j.aop.2015.10.009
https://doi.org/10.1088/1367-2630/18/4/043008
https://doi.org/10.1016/j.aop.2016.08.008
https://doi.org/10.1016/j.aop.2016.08.008
https://doi.org/10.1016/j.aop.2016.08.008
https://doi.org/10.1103/PhysRevA.88.023617
https://doi.org/10.1088/0034-4885/79/1/014401
https://doi.org/10.1103/PhysRevA.83.033625
https://doi.org/10.1103/PhysRevLett.107.275301
https://doi.org/10.1103/PhysRevLett.109.125302
https://doi.org/10.1103/PhysRevLett.109.175302
https://doi.org/10.1103/PhysRevLett.110.055302
https://doi.org/10.1103/PhysRevLett.95.040402
https://doi.org/10.1103/PhysRevA.95.053608
https://doi.org/10.1103/PhysRevLett.111.115303
https://doi.org/10.1088/1367-2630/17/6/063005
https://doi.org/10.1103/PhysRevA.94.063641
https://doi.org/10.1016/j.physletb.2016.07.036
https://doi.org/10.1016/j.physletb.2016.07.036
https://doi.org/10.1016/j.physletb.2016.07.036
https://doi.org/10.1088/1367-2630/aa54e0
https://doi.org/10.1103/PhysRevLett.111.110504
https://doi.org/10.1016/j.aop.2014.09.011
https://doi.org/10.1016/j.aop.2014.09.011
https://doi.org/10.1016/j.aop.2014.09.011
https://doi.org/10.1103/physrevx.3.041018
https://doi.org/10.1103/PhysRevA.94.052321
https://doi.org/10.1016/j.aop.2012.11.009
https://doi.org/10.1016/j.aop.2012.11.009
https://doi.org/10.1016/j.aop.2012.11.009
https://doi.org/10.1103/PhysRevB.69.214501
https://doi.org/10.1088/1751-8113/48/30/30FT01
https://doi.org/10.1103/PhysRevA.95.023604
https://doi.org/10.1103/PhysRevLett.118.070501
https://doi.org/10.1103/PhysRevLett.110.055302
https://doi.org/10.1103/PhysRevLett.110.125303
https://doi.org/10.1038/ncomms3615
https://doi.org/10.1103/PhysRevLett.115.240502
https://doi.org/10.1103/PhysRevLett.112.120406
https://doi.org/10.1002/andp.201300104
https://doi.org/10.1002/andp.201300104
https://doi.org/10.1002/andp.201300104
https://doi.org/10.1209/0295-5075/107/26006
https://doi.org/10.1016/j.nuclphysa.2014.09.102
https://doi.org/10.1016/j.nuclphysa.2014.09.102
https://doi.org/10.1016/j.nuclphysa.2014.09.102
https://doi.org/10.1038/nature18318
https://doi.org/10.1038/nature18318
https://doi.org/10.1038/nature18318
https://doi.org/10.1007/978-3-642-14382-3
https://doi.org/10.1007/978-3-642-14382-3
https://doi.org/10.1103/PhysRev.130.439
https://doi.org/10.1103/PhysRev.130.439
https://doi.org/10.1103/PhysRev.130.439
https://doi.org/10.1103/PhysRevLett.13.321
https://doi.org/10.1103/PhysRevLett.13.321
https://doi.org/10.1103/PhysRevLett.13.321

10P Publishing

NewJ. Phys. 19 (2017) 063038 D Gonzalez-Cuadra et al

[105] Higgs P W 1964 Phys. Rev. Lett. 13 508-9

[106] Guralnik G S, Hagen C R and Kibble T' W B 1964 Phys. Rev. Lett. 13 585-7

[107] Weinberg S 1967 Phys. Rev. Lett. 19 12646

[108] Gasenzer T, McLerran L, Pawlowski ] M and Sexty D 2014 Nucl. Phys. A 930 163—-86

[109] Fradkin E and Shenker S H 1979 Phys. Rev. D 19 3682-97

[110] Einhorn M B and Savit R 1978 Phys. Rev. D 17 2583-94

[111] Einhorn M B and Savit R 1979 Phys. Rev. D 19 1198-213

[112] Jones DRT, Kogut J and Sinclair D K 1979 Phys. Rev. D 19 1882-905

[113] Osterwalder K and Seiler E 1978 Ann. Phys., NY 110 440-71

[114] Callaway D] E and Carson L] 1982 Phys. Rev. D 25 531-7

[115] Delgado Mercado Y, Gattringer C and Schmidt A 2013 Phys. Rev. Lett. 111 141601

[116] Kogut]and Susskind L 1975 Phys. Rev. D 11 395-408

[117] Chin C, Grimm R, Julienne P and Tiesinga E 2010 Rev. Mod. Phys. 82 1225-86

[118] FedichevP O, KaganY, Shlyapnikov G V and Walraven ] T M 1996 Phys. Rev. Lett. 77 2913—6

[119] Theis M, Thalhammer G, Winkler K, Hellwig M, Ruff G, Grimm R and Denschlag ] H 2004 Phys. Rev. Lett. 93 123001

[120] Dirac P A 1927 Proc. Roy. Soc. of London A 114 243—65

[121] Susskind L and Glogower ] 1964 Physics 4 1968

[122] Carruthers P and Nieto M M 1968 Rev. Mod. Phys. 40 411-40

[123] Pegg DT and Barnett S M 1988 Europhys. Lett. 6 483

[124] Pegg D T and Barnett S M 1989 Phys. Rev. A 39 1665-75

[125] Soliverez CE 1969 J. Phys. C: Solid State Phys. 22161

[126] Cohen-Tannoudji C, Grynberg G and Dupont-RocJ 1992 Atom-Photon Interactions: Basic Processes and Applications (New York:
Wiley)

[127] Weitenberg C, Endres M, Sherson J F, Cheneau M, Schauf P, Fukuhara T, Bloch I and Kuhr S 2011 Nature 471 319-24

[128] Bakr W S, Gillen] I, Peng A, Folling S and Greiner M 2009 Nature 462 74—7

28


https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.585
https://doi.org/10.1103/PhysRevLett.13.585
https://doi.org/10.1103/PhysRevLett.13.585
https://doi.org/10.1103/PhysRevLett.19.1264
https://doi.org/10.1103/PhysRevLett.19.1264
https://doi.org/10.1103/PhysRevLett.19.1264
https://doi.org/10.1016/j.nuclphysa.2014.07.030
https://doi.org/10.1016/j.nuclphysa.2014.07.030
https://doi.org/10.1016/j.nuclphysa.2014.07.030
https://doi.org/10.1103/PhysRevD.19.3682
https://doi.org/10.1103/PhysRevD.19.3682
https://doi.org/10.1103/PhysRevD.19.3682
https://doi.org/10.1103/PhysRevD.17.2583
https://doi.org/10.1103/PhysRevD.17.2583
https://doi.org/10.1103/PhysRevD.17.2583
https://doi.org/10.1103/PhysRevD.19.1198
https://doi.org/10.1103/PhysRevD.19.1198
https://doi.org/10.1103/PhysRevD.19.1198
https://doi.org/10.1103/PhysRevD.19.1882
https://doi.org/10.1103/PhysRevD.19.1882
https://doi.org/10.1103/PhysRevD.19.1882
https://doi.org/10.1016/0003-4916(78)90039-8
https://doi.org/10.1016/0003-4916(78)90039-8
https://doi.org/10.1016/0003-4916(78)90039-8
https://doi.org/10.1103/PhysRevD.25.531
https://doi.org/10.1103/PhysRevD.25.531
https://doi.org/10.1103/PhysRevD.25.531
https://doi.org/10.1103/PhysRevLett.111.141601
https://doi.org/10.1103/PhysRevD.11.395
https://doi.org/10.1103/PhysRevD.11.395
https://doi.org/10.1103/PhysRevD.11.395
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1103/RevModPhys.82.1225
https://doi.org/10.1103/PhysRevLett.77.2913
https://doi.org/10.1103/PhysRevLett.77.2913
https://doi.org/10.1103/PhysRevLett.77.2913
https://doi.org/10.1103/PhysRevLett.93.123001
https://doi.org/10.1098/rspa.1927.0039
https://doi.org/10.1098/rspa.1927.0039
https://doi.org/10.1098/rspa.1927.0039
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/10.1103/RevModPhys.40.411
https://doi.org/10.1209/0295-5075/6/6/002
https://doi.org/10.1103/PhysRevA.39.1665
https://doi.org/10.1103/PhysRevA.39.1665
https://doi.org/10.1103/PhysRevA.39.1665
https://doi.org/10.1088/0022-3719/2/12/301
https://doi.org/10.1038/nature09827
https://doi.org/10.1038/nature09827
https://doi.org/10.1038/nature09827
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature08482

	1. Introduction
	2. The simulated model
	3. Quantum simulation
	3.1. Ultracold atoms in optical lattices
	3.1.1. Atomic Hamiltonian
	3.1.2. Experimental requirements

	3.2. Primitive Hamiltonian
	3.3. Operator transformations
	3.4. Gauge-invariant interactions
	3.5. Effective Hamiltonian
	3.5.1. Hard-core bosons
	3.5.2. Effective expansion

	3.6. Pure-gauge theory
	3.6.1. Large number of atoms
	3.6.2. Finite number of atoms

	3.7. Complete Abelian-Higgs theory

	4. Possible experiments
	4.1. Initialization: static charge sectors
	4.2. Turning on the interactions
	4.3. Real-time dynamics
	4.3.1. Fluctuation of electric flux lines
	4.3.2. Breaking of electric flux lines

	4.4. Measuring the state of the system

	5. Summary
	Acknowledgments
	Appendix A.
	A.1. Review of the Brout–Englert–Higgs mechanism
	A.2. Lattice gauge action

	Appendix B.
	Appendix C.
	Appendix D.
	D.1. Effective expansion
	D.1.1. First order
	D.1.2. Second order
	D.1.3. Third order
	D.1.4. Fourth order

	D.2. Relevant corrections

	References



