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Abstract: Dielectric multilayer coatings exhibiting steep reflectance in an extremely 
narrow transition zone, highly sensitive to any variations of layer refractive indices and 
therefore suitable for studying the nonlinear properties are produced and characterized. 
Increase of reflectance at growing intensity reveals the presence of the optical Kerr effect. 
A new method calculating intensity dependent spectral characteristics of multilayer 
optical coatings in the case of nonlinear interaction with high intensity laser pulses is 
developed. The method is based on the numerical solution of a boundary-value problem 
derived from the system of Maxwell equations describing the propagation of light 
through a multilayer system. The method opens a way to synthesis of optical coatings 
with predictable nonlinear properties. Comparison of our numerical modelling with 
experimental data enabled us to accurately determine the Kerr coefficients n2 of the 
widely-used thin-film materials Ta2O5 and Nb2O5. 
© 2017 Optical Society of America 
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1. Introduction 

Dielectric optical coatings play an extremely important role in pushing frontiers of 
femtosecond and attosecond laser technology. Currently, the majority of ultrafast lasers 
include multilayer optical elements providing accurate group delay/group delay 
dispersion control as well as desired spectral characteristics [1,2]. Consideration of these 
multilayers is performed in the frame of a linear theory of optical coatings that is well-
known and widely used [3]. Nonlinear interactions of ultrashort pulses with dielectric 
optical coatings have been studied in the context of laser-induced damage, as an effect 
that should be minimized [4–7]. In [8] the qualitative behavior of optical multilayers has 
been categorized in four fluence ranges. At low intensities (i), the interaction of a laser 
pulse with a coating can be described in the frame of the linear model. With growing 
pulse intensity (ii), nonlinear effects such as the optical Kerr effect come into play due to 
anharmonicity of the materials’ polarization response. Approaching the optical 
breakdown threshold (iii), higher-order nonlinear effects such as multi-photon and tunnel 
ionization, resultant hot electron (plasma) formation in the conduction band possibly 
accompanied by impact ionization tend to set in. Beyond the breakdown threshold (iv), 
irreversible modifications occur. 

In the intensity ranges (ii) and (iii), exploitation or suppression of the emerging 
nonlinear effects may be desirable. For instance, in [9] a frequency tripling mirror 
producing third harmonic in reflection was designed and fabricated. In [10] the 
performance of dispersive mirrors was improved due to analyzing and minimizing two-
photon absorption. In [11,12] it was reported on specially-designed edge filters exhibiting 
a pronounced sensitivity to the nonlinear Kerr effect, which may potentially be exploited 
for laser mode locking. 

So far, only few models describing propagation of high intensity electromagnetic 
fields through dielectric multilayers were considered. In [13] a thermo-optic model and 
its modification admitting nonlinear refractive indices was developed. Simulations of 
thermo-optic effects as well as nonlinear effects of a quarter wave stack containing 401 
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thin layers were provided. In [14] a model valid for a specific case only was developed, 
namely, nonlinearities in layers with thicknesses which are small as compared to the 
wavelength were assumed. In [15–17] heterogeneous structures containing metal films 
were considered. In particular, nonlinear optical properties of a mirror comprising of a 
100 nm Ag reflector with a 23 nm Au layer sandwiched between two SiO2 layers was 
studied [15]. Third-order nonlinear properties of Ag-TiO2 metal-dielectric stacks were 
investigated [16]. In [17] the nonlinear optical properties of Ag/Ta2O5/SiO2 filters were 
experimentally studied and simulation of their properties was provided. It was assumed 
that the energy was absorbed by the multilayer and converted directly to the heat in the 
metal layer. The layer parameters were then recalculated with the help of temperature-
dependent Drude parameters and changes of the coating’s spectral characteristics were 
extracted. In [10] a theoretical model allowing estimation of the two-photon absorption 
coefficient and predicting intensity dependent behavior of multilayer coatings was 
proposed. In this model, the incident radiation is supposed to be s-polarized that 
simplifies significantly solving a system of differential equations describing the 
propagation of light through a multilayer coating. 

In [12] a nonlinear increase of the reflectance was considered in the frame of a 
simplified model assuming that the nominal refractive index of high index layers equals 
to Hn  at low intensities and to the intensity dependent effective refractive index Hn  

 2H Hn n n I= +  (1) 

at high intensities [18]. In Eq. (1), 2n  is a Kerr coefficient, I  is the light intensity. The 

intensity dependent spectral characteristics ( ) ( ),R I T I  were calculated with the help of 

the well-known linear theory (see, for example [3,19],). This simplified model does not 
take the dependence of the nonlinear refractive index on layer coordinate into account. 

Up to now, a universal method of evaluation of intensity dependent reflectance and 
transmittance of dielectric multilayer coatings is not available. Hence, it was not possible 
to incorporate the nonlinear Kerr effect into multilayer design and analysis. In addition, 
Kerr coefficients of thin dielectric layers have not been reliably determined. These 
coefficients may differ significantly from the Kerr coefficients of the same materials in 
the bulk form. The latter coefficients can be found in the literature [20,21]. 

The primary goal of this work is to propose a mathematical model of nonlinear optical 
multilayers and establish a numerical method for the accurate description of the nonlinear 
response of multilayer coatings to strong laser fields. The calculation of intensity-
dependent reflectance and transmittance ( )R I  and ( )T I  had to be validated by the 

experimental data. The secondary goal was to determine the Kerr coefficients of two thin 
film dielectric materials, Ta2O5 and Nb2O5 with the help of the new method. The 
experimental data used for the validation of the model calculations as well as for the 
determination of 2n  values of thin film materials was obtained with the help of carefully 

developed measurement process. This data includes reflectance and transmittance values 
measured at the increasing intensities as well as at different incidence angles. The 
measurements were built with a specially built laser setup based on an Yb:YAG thin disk 
amplifier. 

In Section 2, the design, production and optical characterization of nonlinear 
multilayers (NMC) is presented. In addition to the results presented in [11], careful 
optical characterization of the manufactured coatings was performed in this work to be 
able to put our model calculations to the test as precisely as possible. In Section 3, the 
results of nonlinear characterization of the produced NMCs with the help of ultrashort 
laser pulses are described. The measurement process was modified as compared to [11] in 
a non-destructive way that allowed detecting pre-damage behavior of investigated 
samples. In Section 4, a new numerical method of calculation of intensity-dependent 
spectral characteristics is provided. In Section 5, results of model calculations are 
compared with experimental data and Kerr coefficients of two thin film materials are 
estimated. Conclusions are presented in Section 6. 
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2. Design, production and optical characterization of nonlinear coatings 

Since the Kerr coefficients of dielectric materials are small enough, the spectral 
characteristics of the NMC designs need to be very sensitive to even small refractive 
index variations. For this purpose edge filters with extremely narrow transition zone 
between high and low reflectance ranges around the laser central wavelength of 1030 nm 
were proposed. The idea of the nonlinear multilayer design is illustrated in Fig. 1(a). It is 
expected that with the increasing intensity refractive indices of layers grow (Eq. (1)), the 
nominal reflectance curve ( )0R λ  is shifted to the longer wavelengths ( ( )nlR λ  in Fig. 

1(a)) and reflectance value at the central wavelength increases by the modulation depth 
RΔ . In Fig. 1(a) ( )nlR λ  illustrates shifted reflectance of the filter at high intensity 

values. 
Two pairs of thin film materials were used in the design process, namely Nb2O5/SiO2 

and Ta2O5/SiO2; the substrate was made of fused silica. Nominal refractive indices of the 
thin film materials and the substrate were specified by the Cauchy formula: 

 ( )
2 4

0 0
0 1 2 ,n A A A

λ λλ
λ λ

   = + +   
   

 (2) 

where 0 1 2, ,A A A  are dimensionless parameters, 0 1000nmλ =  and λ  is specified in 

nanometers. 

 

Fig. 1. (a) Sensitivity of the NMC reflection to a small increase of refractive index (see 
the text for details); (b) Angular reflectance sensitivity of the designed and produced 
NMCs. 

Cauchy parameters describing dispersion behavior of refractive indices of thin film 
materials and substrates used in the designs are presented in Table 1. Designing of NMCs 
was performed with the help of the needle optimization technique and gradual evolution 
algorithm incorporated into OptiLayer Thin Film Software [25,26]. Target reflectance 
was 100% in the spectral range from 900 nm to 1029 nm and 0% in the range from 1031 
nm to 1100 nm. In the case of Ta2O5/SiO2 thin film materials, an additional requirement 
was introduced: the desired group delay dispersion (GDD) for the p-polarized light was 
−5000 fs2 in the range from 1024 nm to 1033 nm. A merit function estimating the 
closeness of the designed spectral reflectance in the p-polarized case ( )pR  to the target 
one was defined as: 

 ( )( ) ( )( )
134 662 22 ( ) ( )

1 1

; 100% ; ,p p
j i

j i

MF R Rλ λ
= =

= − + X X  (3) 

where { }jλ  and { }iλ  are wavelength points in the ranges from 900 nm to 1029 nm and 

from 1031 nm to 1100 nm, respectively. It is seen that the width of the target transition 
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zone is only about 2 nm. In Eq. (3), { }1,..., md d=X  is the vector of layer thicknesses, m  

is the number of layers, the angle of incidence (AOI) is 15°. 
In the case of Ta2O5/SiO2 materials pair, a term estimating the GDD performance was 

added to the merit function: 

 ( )( ) ( )( ) ( ) 2( )134 66 2002 22 ( ) ( )

1 1 1

; 5000
; 100 ; ,

5000

p
kp p

j i
j i k

GDD
MF R R

λ
λ λ

= = =

 +
= − + +  

  
  

X
X X

 (4) 

where { }kλ  is the wavelength grid in the range from 1024 nm to 1033 nm, kΔ  are 

tolerances introduced to balance the reflectance and GDD target requirements. During the 
design process 25000 fskΔ =   was used. 

As the result, two filter designs named F502 (materials Nb2O5/SiO2) and F504 
(materials Ta2O5/SiO2) were obtained. The NMCs consist of 69 layers and have total 
physical thicknesses of 8.7 μm and 9.2 μm, respectively. The structures of the obtained 
designs are shown in Fig. 2. Spectral performance of F502 filter in the vicinity of the 
central wavelength of 1030 nm is shown in Fig. 1(a) by a black curve. The red curve in 
Fig. 1(a) represents reflectance of F502 filter calculated under the assumption that the 
refractive indices of all high index layers were increased by 0.001, i.e., for Nb2O5 layers 

0 2.219485A =  was taken for calculations. It is seen that even with such a small variation 

of the refractive index, the reflectance curve is shifted to the longer wavelengths and the 
modulation depth RΔ  at the wavelength of 1030 nm is quite big (about 15%). It means 
that at high intensities, filter reflectance is expected to be increased. The actual values of 
the modulation depth are estimated based on the intensity measurements described in 
Section 3. 

Table 1. Cauchy coefficients and thermo-optic parameters of layers’ refractive 
indices and substrate. 

Material 0A  1A  2A  
Thermal expansion 

coefficient, K−1 
Thermo-optic 

coefficient, K−1 

Ta2O5 2.065721 0.016830 0.001686 
63.6 10−⋅  [22] 56 10−⋅  [22] 

Nb2O5 2.218485 0.021827 0.00399968 

65.8 10−⋅  [23] 51.43 10−⋅  
[24] 

SiO2 1.465294 0 0.00047108 
60.51 10−⋅  [23] 68 10−⋅  [23] 

Fused Silica 1.443268 0.00406 

66.9481764 10−⋅
 

  

 

Fig. 2. Structures of the designed NMCs: F502 (a), F504 (b). 
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Fig. 3. Comparison of the experimental, nominal and model transmittance curves of F502 
(a) and F504 (b) samples. Inset: comparison of measured and nominal group delay at AOI 
= 8°. 

In Fig. 1(b) the nominal angular dependencies of the F502 and F504 filters are 
plotted. One can observe that the spectral reflectance at the wavelength of 1030 nm is 
extremely sensitive to the angle of incidence. For F502 filter, reflectance values 0R  vary 

across the range from almost 100% down to 0% when AOI varies from 12° to 16°; for 
F504 sample, reflectance values 0R  vary from almost 100% at AOI of 16° down to 5% at 

the AOI of 23°. It means that F504 filter is less sensitive to the AOI than F502 sample. 
This is connected with the fact that the additional requirement on GDD was specified for 
F504 design. 

Production of the designed filters was a complicated task requiring advanced 
instrumental tools, high monitoring accuracy and a lot of deposition experience. The main 
challenge was to provide extremely steep spectral characteristics in the vicinity of the 
central wavelength of 1030 nm. The designed NMCs were produced using Bühler 
Leybold Optics magnetron sputtering Helios high vacuum coating system, the layer 
thicknesses were controlled with the help of well-calibrated time monitoring [27]. 
Substrates of different thicknesses/diameters were coated, namely 0.2 mm/10mm, 1 
mm/10mm and 6.35 mm/25.4 mm. 

Transmittance data of the produced samples was measured by Perkin Elmer 950 
spectrophotometer in the range from 400 nm to 1200 nm. To reveal all informative 
features in the transmittance spectrum as well as to describe accurately the steep 
variations of the transmittance curve, the measurements were performed at 0.2 nm 
wavelength step and at the spectral resolution of 0.5 nm (Fig. 3). The slit size of 0.5 nm 
corresponds to the line width (optical resolution) of 0.5 nm. It means that all spectral 
features reveling themselves in the narrow spectral ranges of 0.5 nm width will not be 
clearly described. The transmittance curves of the designs considered in the present work 
do not contain such features. It is seen from Fig. 3 that the spectral characteristics of 
NMCs exhibit expected steep variations as well as all spectral features. At the same time, 
the measurement curves are shifted towards to the longer (F502) or shorter (F504) 
wavelengths with respect to the nominal ones (black curves in Fig. 3). These shifts can be 
addressed to presence of small systematic errors inevitable during the high vacuum 
coating process. For further modeling of the nonlinear effects (Section 4), it was 
important to know the actual design thicknesses. To estimate these thicknesses, the 
experimental transmittance data was to be fitted by model transmittance. For this purpose, 
the discrepancy function DF  estimating the closeness between experimental and model 
spectral characteristics was to be optimized with respect to the relative systematic shifts 

,H LΔ   Δ  in layer thicknesses: 
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 ( ) ( ) ( )( ) ( ) 2

1 2
1

ˆ, 1 , 1 ,...; min,
L

H L H L j j
j

DF T d d Tλ λ
=

 Δ Δ = + Δ + Δ − →   (5) 

where ( )ˆ
jT λ  are measured transmittance values at the wavelength grid { } , 1,...,j j Lλ = , 

T  is the model transmittance. As a result, relative systematic thickness shifts in layer 
thicknesses were estimated equal to 0.7%, 0.3%H Ln n=   =  and 1.4%, 0.3%H Ln n= −   =  

for F502 and F504 samples, respectively. Corresponding model transmittance data is 
shown in Fig. 3 by blue curves. It is seen that the deviations of the model transmittance 
curves from the experimental ones still exist in the range from 1050 nm to 1100 nm. 
Investigation of possible reasons of such deviations are out of scope of this paper. For 
model calculations provided in Section 5, F502 and F504 designs with shifted layer 
thicknesses ( ) ( ) ( )1 2 691 , 1 ..., 1H L Hd d d+ Δ + Δ + Δ  were used. 

Due to the special structure of the NMC designs, the systematic shifts ,H LΔ  Δ  of 

layer thicknesses do not affect high sensitivity of the produced filters to the refractive 
index variations and the AOI. It is demonstrated in Fig. 1(b) where angular dependencies 
of the model and nominal reflectance are plotted. In order to achieve the steep transition 
zone in the experiment, the AOI should be adjusted accordingly. 

The group delay of the F504 sample was measured with the help of a home-made 
white light interferometer [28]. Measured and nominal group delay values are in a good 
agreement (see the inset of Fig. 3(b)). 

Absorption of the F502 sample on 6.35 mm substrate and F504 sample on a 1 mm 
substrate was measured using laser calorimetry [29]. The absorption values were found 
equal to 66 ppm (F502 sample) and 76 ppm (F504 sample). Therefore, the samples 
possessed a small linear absorptance and thermal effects had to be taken into account. 

3. Intensity dependent measurements 

The nonlinear behavior of the produced NMCs were studied with the setup shown in Fig. 
4. The laser was an Yb:YAG thin-disk regenerative amplifier with a repetition rate 

50repf =  kHz emitting 1 ps pulses ( 1pspτ =  ) [30]. The pulse intensity was varied with a 

/ 2λ  plate followed by a polarization cube. The beam diameter (the distance from the 
beam axis where the intensity drops to 1/e2 of the maximum value) was measured in the 
beam focus with the help of a CCD camera. The beam size on the sample was estimated 
equal to 375 µm x 396 µm with the accuracy of 5%. Incident incP , reflected refP  and 

transmitted trP  power was measured with a powermeter (PM-10, COHERENT). The 

relative level of fluctuations shown by powermeter was estimated as 0.5%. The 
temperature change tΔ  of the spot where the laser hits the NMC sample was monitored 
with the help of the infrared camera (FLIR SC 300 Series Camera A325) with the 
accuracy of 02 C.±  

In the course of the measurement process, the incident power was increased gradually 
until the damage or irreversible materials’ modifications occur. The damage was 
indicated by a rapid increase of the surface temperature and a decrease of the 
transmitted/reflected power. Irreversible sample modifications revealed themselves in 
strong fluctuations of the transmitted/reflected power simultaneously with decreasing this 
power. A charge-coupled device camera monitored the sample surface. The camera was 
used for additional control of a strong escalation of the scattered light indicating damage 
occurrence [31]. 

The NMC samples were placed in the beam focus on a rotational stage in order to 
adjust the AOI and achieve different initial reflectance ( )0R  and transmittance ( )0T  

levels (see Fig. 1(b)). Reflectance and transmittance coefficients of the NMC were 
estimated as follows: 
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 , .ref tr

inc inc

P P
R T

P P
=    =  (6) 

The peak intensity I  of the Gaussian pulse was calculated as: 

 
2

,inc

rep p

P
I

f abτ π
=  (7) 

where ,a b  are radii of the Gaussian beam. In the experiment 187.5μm, 198μma b≈    ≈  . 

 

Fig. 4. Schematic of the setup for studying the nonlinear effects of the NMC samples. 
Yb:YAG thin-disk regenerative amplifier: 1030 nm central wavelength, 50 kHz repetition 
rate, 1 ps pulse duration [30]. 

 

Fig. 5. Comparison of experimental modulation depths values measured with optical 
chopper at increasing intensities and model values calculated with the help of the 
developed method (see the details in Section 4): F502 (a), F504 (b). 

The initial 0 0,R T  values were adjusted at a small incident power value 

200 mWincP =  corresponding the intensity of 6.7 GW/cm2. It was assumed that at this 

intensity level nonlinear effects in dielectric layers are negligible. For each 0R , a series of 

( )R I  values was measured. After each I  increase, the incident power of 200 mW was 

set up again and it was checked that the values 0 0,R T  were not changed. This can serve 

as a verification that no long-live or irreversible modifications of the layer materials 
occurred. 

It was noticed in the course of these and previous similar intensity measurements [11] 
that the surface temperature grows with the increasing intensity. The temperature growth 
can be explained by the presence of absorption in produced coatings. Due to the 
temperature increase coatings’ layers become thicker because of the thermal expansion 
and the refractive indices grow because of the thermo-optic effect. Thus, optical 
thicknesses of the layers increase and the spectral characteristics shift to the longer 
wavelengths that leads in its turn to the increase of reflectance at the wavelength of 1030 
nm. In order to decouple the thermal and nonlinear effects experimentally, a chopper 
wheel (10% duty cycle) was inserted into the measurement setup (Fig. 4). When the laser 
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beam is modulated by the chopper wheel, the incident average power decreases 
approximately by 10 times without attenuating the peak intensity which drives the 
nonlinear process (Eq. (7)). It was noticed that when the chopper wheel was switched on, 
the temperature increase was not observed at all or was only 1-2°C at high intensities 
close to the damage. 

At each intensity value, the incident ,inc chP , reflected ,ref chP  and transmitted ,tr chP  

power values with switched chopper were recorded. In this case, the reflectance chR  and 

transmittance chT  of the NMC samples were estimated as: 

 , ,

, ,

, .ref ch tr ch
ch ch

inc ch inc ch

P P
R T

P P
=     =  (8) 

 

Fig. 6. Comparison of the experimental modulation depth values measured at different 

0R  levels and modulation depths calculated based on the developed model (see Sections 

4 and 5 for details). 

In Fig. 5 modulation depth values ( ) ( ) 0ch chR I R I RΔ = −  measured at different 

intensities are presented. In Fig. 5(a) the experimental values corresponding F502 sample 
and the reflectance levels of 50% and 80% are shown. Figure 5(b) represents chRΔ  values 

of F504 sample measured at the reflectance levels 0 040%, 70%R R= = . The increase of 

the modulation depth with growing intensity is clearly observed. 
In Fig. 6 the modulation depth values at different 0R  levels (different AOI) measured 

when the optical chopper was switched on ( chRΔ , blue crosses) and when the optical 

chopper was switched off ( expRΔ , red spots) are presented. In the case of F502 sample, 

the values measured at the intensity level of 30.9 GW/cm2 are collected and in the case of 
F504 sample, the experimental values corresponding to the intensity of 75.9 GW/cm2 are 
shown. The temperature values recorded in the course of the measurements without 
optical chopper are indicated. In Section 5, the experimental values are fitted by the 
model dependencies ( ) ( )0, ,nlR I R RΔ Δ  and ( )0nlR RΔ  (solid curves in Figs. 5 and 6). 

4. Method for the evaluation of design spectral characteristics in the 
nonlinear case 

The optical Kerr-effect in NMCs can be described as an induced addition to the refractive 
index proportional to the squared modulus of the electric field amplitude: 

 ( ) ( ) ( ) 2

2
0

, ,
2

z
n z n I z I

η
Δ =   =

E
 (9) 

where z  is the coordinate along the coating’s cross section, 0 376.7η = Ω  is the 

impedance of vacuum, the electric field is measured in V/cm and the pulse intensity is 
measured in W/cm2, 2n  is measured in cm2/W. Three assumptions were done for the 

present model calculations: 
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• The calculations were carried out in the approximation of plane quasi-
monochromatic waves assuming that the pulse bandwidth ωΔ  is much less than 
the carrier frequency 0ω , or, in terms of a time scale, that the pulse duration pτ  

is much longer than the optical period 02 /π ω . Actually, the bandwidth of the 

pulses used in the experiment is about 3.4 nm, 

03.55 THz 1830 THzω ωΔ =   =    ; the optical period of 1.3 fs is much shorter 

than the pulse duration 1pτ =  ps. 

• Since Kerr coefficient of SiO2 is significantly less than 2n  of Ta2O5 and Nb2O5 

[20], then the induced addition nΔ  in SiO2 layers was neglected. 

• Absorption was neglected in the course of the model calculations. This assumption 
does not limit the applicability of the model. 

 

Fig. 7. Nonlinear addition to the refractive index ( )n zΔ  (Eq. (9)) calculated for F502 

design at the intensity of 30.9 GW/cm2, reflectance levels 0R  of 50% and 80% (a) and 

for F504 design at the intensity of 75.9 GW/cm2, reflectance levels 0R  of 40% and 70% 

(b). 

The initial system of Maxwell equations describing the interaction of p-polarized light 
with a multilayer coating can be reduced to a Cauchy problem for a system of two 
nonlinear ordinary differential equations by the analogy with [19]: 

 

( )( ) ( )( )

( )( ) ( ) ( ) ( ) ( ) ( )
( )( )

( ) ( )

2
2

2

2

2 2

1 , , , 0 ,
,

, , ; ,
,

0 , 0 ,

a

T s T

du dv
ik v ikn z z u z z

dz dzn z z

v z
n z z n z n z z u z

n z z

u E v q E

α

α

 
 = − = < <
  

  = + = − 
  

= =   

Ε
Ε

Ε Ε Ε
Ε







        

    

    

 (10) 

where TE  is the amplitude of the tangential component of the electric vector of the 

transmitted wave at the boundary with the substrate, 2 2 2/ , sins s s aq n n nα α θ= −   = , sn  

is the refractive index of the substrate, an  is the refractive index of the incident medium, 

θ  is AOI. In Eq. (10), 2 /k π λ=  is the wavenumber, ( )u z  and ( )v z  are tangential 
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amplitudes of the electric and magnetic fields, respectively, and ( )n z  is the nonlinear 

refractive index profile of the multilayer design and ( )E z  is the full electric field. The 

coordinate 0z =  corresponds to the boundary between the coating and the substrate, and 
the coordinate az  corresponds to the boundary between the coating and the ambient 

medium. 
In the linear case, the scaling of the equations is done with respect to 1TE =  [19]. 

This allows one to express amplitudes of the incident ( )AE  and reflected ( )RE  fields 

through the solutions of Eq. (10) with initial conditions related to 1TE = : 

 
( ) ( ) ( ) ( ), , , ,

, .
2 2

a a a a a a
R A

a a

q u z k v z k q u z k v z k
E E

q q

− +
= =   (11) 

Then reflectance of the multilayer coating can be expressed as: 

 ( ) ( ) ( )
( ) ( )

2
, ,

, .
, ,

a a a
A

a a a

q u z k v z k
R E k

q u z k v z k

−
=

+
 (12) 

In Eqs. (11) and (12) 1/ cosaq θ= . Note that the model Eq. (10) differs from the one 

in [10] by considering p-polarization case, when electric field vector has two non-zero 
components. It makes the introduction of nonlinear refractive index modulation more 
complicated. 

The scaling with respect to TE  cannot be done in the nonlinear case (p-polarization) 

because the full electric field ( )E z  is included in Eq. (10). The amplitude of the incident 

electric field AE  depends on the amplitude of the transmitted field in a nonlinear way: 

 ( ) ,A TE f E=  (13) 

where f  represents the solution of Eqs. (10) and (11). This solution can be found by 

considering various TE  values, calculating corresponding ( ) ( ) ( ) ( ), , , , Au z v z E z n z E  and 

comparing the obtained AE  with the values ,expAE  which are known from the experiment 

through Eq. (9) (shooting method). The nonlinear equation Eq. (13) was solved with the 
secant method, it allowed to find required TE  values with high accuracy. 

The value AE  (Eq. (13)) can be calculated for any TE  in the following way. Each 

layer 1,..., md d  is divided into N  sublayers. Let jd  is the thickness of j -th layer. Let 

, 0,...,i jz ih i Nξ = +   =  is the grid in this layer, h  is a step, /jh d N=  ; jz  is the left 

boundary of the layer. For brevity, the dependency on layer number j  in these and 

further expressions was omitted. Then for each grid point iξ  several iterations 1,..., ,...k  

are performed: 

 ( ) ( ) ( ) ( ) ( )( ) ( )
( )

2 ,( ) 2 ( )
, , 1 ( ) 2

,

2

2

( )2 1
, , ,

2 ( )

k
k k k i avk k

i i av i av i i i k
i av

nh
n n n n q

n

πϕ α ξ ξ
λ α

−= −    = +   =
−

 (14) 
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( ) ( )( ) ( )

( ) ( ) ( )
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−

    
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 (15) 
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 ( ) ( ) ( ) ( ) ( ) ( )
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In Eq. (16), the relation defined by Eq. (9) is taken into account. The electric field and 
refractive index values at the point iξ  are therefore following: 

 ( ) ( ) ( ) ( ) ( ) ( ),k k
i i i iE E n nξ ξ ξ ξ= =   (17) 

It should be noted that the intermediate iterations Eqs. (14)–(16) are performed for high 
index layers only. 

To compare distributions of electric fields in the linear and nonlinear cases, the 
obtained nonlinear electric field should be scaled with respect to the amplitude of the 
transmitted field: 

 ( ) ( ) ( )
( ) ( )

2
, cos .

2
a a

T T
a a a

q u z
E z E z E E

q u z v z
θ→ ⋅ = ⋅

+
         (18) 

In this way, the reflectance of any multilayer coating can be calculated using Eq. (12) 
for any given intensity value I  and any given coefficient 2n . The modulation depth 

values are evaluated as ( ) ( ) 0nlR I R I RΔ = − . 

5. Determination of Kerr coefficients 

In order to estimate the Kerr coefficients 2n  of Ta2O5 and Nb2O5 layers, the modulation 

depth values nlRΔ  were calculated for a series of 2n values on the angular grid { }jθ  

containing 101 points. The angular ranges were taken from 16.0° to 17.5° for F502 design 
and from 17.0° to 20.2° for F504 design. The angular ranges correspond to the reflectance 
levels 0R  from 92% down to 10%. Then root mean square deviation σ  of model data 

from the experimental data (Section 3, Figs. 6(a) and 6(b)) was calculated as: 

 ( ) ( )
8

22

2

1

7 nl i ch i
i

R Rσ θ θ
=

 = Δ − Δ   
 
  (19) 

where iθ  values correspond to different levels of 0R , namely, 20%, 30%, 40%, 50%, 

60%, 70%, 80% and 90%. The modulation depth values observed at 0 10%R =  were not 

taken into consideration because the spectral characteristics of the F502 and F504 
samples deviate from the expected ones at the edge of the low reflection zone (see Fig. 3). 
The model values nlRΔ  were calculated assuming the intensity of the incident pulses 

equal to 30.9 and 75.9 GW/cm2 for designs F502 and F504, respectively. The value of 2n  

providing the minimum of σ  can be considered as an estimation of the Kerr coefficient. 
For the samples F502 and F504, the minimum of σ  were achieved with

15 2
2 2.2 10 cm /Wn −= ⋅ and 15 2

2 2.1 10 cm /Wn −= ⋅ , respectively. In Fig. 6 the experimental 

and model modulation depths values are compared. One can observe a very good 
agreement between measured and model values almost at all reflectance levels 0R . In 

addition, in Fig. 6 a remarkably good agreement between qualitative behavior of 
experimental and model data can be observed. 

For the sake of cross verification of the 2n  estimation, model and experimental 

intensity dependent modulation depth values, ( ) 0nl nlR R I RΔ = −  and 

( ) ( ) 0ch chR I R I RΔ = −  were compared. For this purpose, nlRΔ  values were calculated for 

different intensity values using the method described above and compared with 
experimental values. In Figs. 5(a) and 5(b) model and experimental data are compared for 
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samples F502 and F504, respectively. For the sample F502, the comparison is plotted for 

0 50%R =  and 0 80%R = . For the F504 sample, the intensity dependent modulation depth 

values are compared for 0 40%R =  and 0 70%R = . In both figures a good agreement 

between measurement and model data is observed. 
In Fig. 7, the nonlinear addition ( )n zΔ  of the electric field distributions in the 

nonlinear and linear cases for the 0R  levels of 50% and 80% (Sample F502) and 0R  

levels of 40% and 70% (Sample F504) are plotted. 
It was experimentally demonstrated (Section 3) that along with the nonlinear effect, a 

thermal effect is presented. It was assumed that the modulation depth RΔ  is the sum of 
the modulation depth nlRΔ  caused by the nonlinear Kerr effect and thermalRΔ  induced by 

the thermal effect: 

 ( ) ( ) ( ),nl ThermalR I R I R P tΔ ≈ Δ + Δ Δ  (20) 

It is highlighted in Eq. (20) that the thermal shift of the reflectance depends on the 
incident power and the temperature while the nonlinear effect depends on the intensity 
only. The thermal shift in its turn was be estimated as: 

 ( )1 2 0, ,...; ,Thermal H L H H L LR R d t d t n t n t Rα α β βΔ = + Δ + Δ + Δ + Δ −  (21) 

where Hα  and Lα  are thermal expansion coefficients, Hβ  and Lβ  are thermo-optic 

constants of Ta2O5/Nb2O5 and SiO2, respectively (see Table 1). In Fig. 6 the experimental 
modulation depth values expRΔ  and model values RΔ  calculated with the help of Eqs. 

(20)–(21) are compared. One can observe a good agreement between experimental and 
model data. This agreement confirms the validity of the developed method and 
demonstrates the good accuracy of determined Kerr coefficients 2n  of Ta2O5 and Nb2O5 

thin film materials. It should be mentioned that the obtained 2n value for Ta2O5 is 

consistent with the value of 152.57 10−⋅  [21] and of the same order with the value of 
157.23 10−⋅  estimated for the waveguides at the wavelength of 800 nm [32]. The value 2n  

for Nb2O5 is consistent with the value of 152.14 10−⋅  provided in [21]. 

6. Conclusions 

Dielectric edge filters exhibiting extremely narrow transition zone in reflectance were 
produced and optically characterized. The comprehensive study of the nonlinear 
properties of the fabricated coatings was possible due to high sensitivity of filters’ 
spectral characteristics to any changes of the refractive indices. Measurements of the 
intensity dependent coatings’ reflectance at a laser system emitting ultrashort pulses 
reveal the presence of nonlinear Kerr effect in the produced coatings. In order to quantify 
this effect, a new numerical method for calculation of nonlinear response of multilayer 
optical coatings was developed for the first time. The method evaluates modulation depth 
values in cases when the multilayer coating interacts with short laser pulses. The method 
is universal since it can be applied to any type of dielectric optical coatings and to wide 
spectra of laser pulses. Excellent agreement between the results of model calculations and 
experimental data validates the numerical method as well as the reliability of the 
determined Kerr coefficient of Ta2O5 and Nb2O5 thin film materials. The new method 
paves the way towards dielectric optical elements with engineered nonlinear optical 
properties for a variety of applications. 
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