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Obtaining the exact solutions of the Dirac equation in a magnetic field
The solutions of te squared Dirac equation in a constant magnetic field (A = 1
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The exact solutions pf the first order Dirac equation can be obtained by applying �P+m to the solutions of the
squared Dirac equation. Using
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the de derivatives with respect to t and z are easy to compute and give resp. E and k. For the transverse derivatives,

one can use the rescaled coordinates x̃ =
√
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2 x, ỹ =
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The components
√
|e|B

2 (−i∂x̃ + ∂ỹ + (ix̃− ỹ)) and
√
|e|B

2 (−i∂x̃− ∂ỹ− (ix̃+ ỹ)) give rise to the spin-orbit mixing
terms, whose explicit computation is rather lengthy. The following three identities will be of use

(∂x̃± i∂ỹ)r̃n = nr̃n−1e±iφ ,

(∂x̃± i∂ỹ)r̃|n|e±i|n|φ = 0,

(∂x̃± i∂ỹ)r̃|n|e∓i|n|φ = 2|n|r̃|n|−1e±i(|n|−1)φ .

The form of the spin-orbit term depends on the signs of the spin and orbital angular momentum. For spin and orbital
angular momentum positive, one has√
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thus the overall solution of the first order Dirac equation in this case becomes
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Now for positive orbital angular momentum and negative spin, the spin-orbit term is√
|e|B

2
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the first order Dirac equation for positive orbital angular momentum and negative spin becomes
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For negative orbital angular momentum and positive spin, one has√
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Laguerre polynomial:
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Dirac equation for negative orbital angular momentum and positive spin becomes
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The case of negative orbital angular momentum and spin is simple, one has√
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and using again Ll
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Explicit forms of the radial and azimuthal gamma and spin matrices

γ
r = cosφγ

x + sinφγ
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Explicit evaluation of
∫
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Ψ†Ψ

.

The quantity
∫

Ψ†r̃2Ψ∫
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appears in the computation of the gauge covariant angular momentum of the electron vortex

states. For the four different combinations of positive and negative orbital angular momentum and spin (order the
same as in the main text)
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For Laguerre polynomials, we have the orthogonality relation
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+
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Computation of the magnetic moment
Using the explicit form of the azimuthal Dirac matrix, it is easy to see that only the crossterms between the main
and spin-orbit parts contribute to the azimuthal current and these can be computed to be
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Now Mz =
∫ e

2 r jφ r̃dφdr̃ =
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2
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2 r̃ jφ rdφdr̃. Substituting the explicit currents into this integral, using x = r̃2 and
performing the angular integration yields
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∫
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∫

∞
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∫
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∫
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Commutator identities for the gauge covariant angular momentum opera-
tors
For this section we write the angular omentum operators in antisymmetric tensor form. The gauge covariant angular
momentum can be split in a spin and an orbital part like

Jµν = Lµν +
i
2

σµν , with σµν =
1
2
[γµ ,γν ] and Lµν = x[µ Pν ] ≡ xµ Pν − xν Pµ .

Because Lµν contains no Dirac matrices, one obviously has [Lµν ,σρσ ] = 0, so [Jµν ,Jρσ ] = [Lµν ,Lρσ ]− 1
4 [σµν ,σρσ ].

Writing out the commutator for the σ -tensor gives

[σµν ,σρσ ] =
1
4
(
(γµ γν − γν γµ)(γρ γσ − γσ γρ)− (γρ γσ − γσ γρ)(γµ γν − γν γµ)

)
.

One can check that if all four indices are different, this commutator is zero. If two indices are the same one can
eliminate the identical Dirac matrices and obtain after some algebra

[σµν ,σρσ ] = 2(−ηµρ σνσ +ηµσ σνρ +ηνρ σµσ −ηνσ σµρ).

For the orbital part, we need the commutation relations of the gauge covariant momentum Pµ = i∂µ−eAµ . It is easy
to check that

[ix[µ ∂ν ], ix[ρ ∂σ ]] =−ηµρ x[ν ∂σ ]+ηµσ x[ν ∂ρ]+ηνρ x[µ ∂σ ]−ηνσ x[µ ∂ρ].

To get the commutators for the gauge coveriant orbital angular momenta, we need to add [ix[µ ∂ν ],−ex[ρ Aσ ]] +
[−ex[µ Aν ], ix[ρ ∂σ ]] = [ix[µ ∂ν ],−ex[ρ Aσ ]]− [ix[ρ ∂σ ],−ex[µ Aν ]] (the vector potentias commute with each other). Using
that both terms are the same up to the index swap µ↔ ρ , ν↔ σ and using ∂µ Aρ − (µ↔ ρ) = Fµρ these terms can
be evaluated to be

[ix[µ ∂ν ],−ex[ρ Aσ ]]+ [−ex[µ Aν ], ix[ρ ∂σ ]] =−ie(ηµρ x[ν Aσ ]−ηνρ x[µ Aσ ]−ηµσ x[ν Aρ]+ηνσ x[µ Aρ])

− ie(xµ xρ Fνσ − xµ xσ Fνρ − xν xρ Fµσ + xν xσ Fµρ).
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Using −x[µ ∂ρ]− iex[µ Aρ] = ix[µ Pρ], and putting things together gives

−i[Lµν ,Lρσ ] = ηµρLνσ −ηµσLνρ −ηνρLµσ +ηνσLµρ + e(xµ xρ Fνσ − xµ xσ Fνρ − xν xρ Fµσ + xν xσ Fµρ),

−i[Jµν ,Jρσ ] = ηµρJνσ −ηµσJνρ −ηνρJµσ +ηνσJµρ + e(xµ xρ Fνσ − xµ xσ Fνρ − xν xρ Fµσ + xν xσ Fµρ).

Then using Jx = J23, Jy = J31 and Jz = J12, one gets

[J j,Jk] =−iε jkl(Jl− xlx ·B).

For the commutator [�P−m,Jµν ], one can first note that m commutes with any operator. Again using Jµν = Lµν +
i
2 σµν , one can compute the commutators of the spin and orbital parts seperately using [Pµ ,Pν ] =−ieFµν :

[�P,σµν ] =
1
2

Pλ
[
γλ , [γµ ,γν ]

]
= 2Pλ

ηλ [µ γν ] = 2P[µ γν ] =−2γ[µ Pν ],[
γ

λ Pλ ,x[µ Pν ]

]
= iγλ

ηλ [µ Pν ]+ iex[µ Fν ]λ γ
λ = iγ[µ Pν ]+ iex[µ Fν ]λ γ

λ ,[
γ

λ Pλ ,x[µ Pν ]+
i
2

σµν

]
= [�P,Jµν ] = iex[µ Fν ]λ γ

λ .
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