Supplementary material

K. C. van Kruining, A. G. Hayrapetyan & J. B. Gotte

Obtaining the exact solutions of the Dirac equation in a magnetic field

The solutions of te squared Dirac equation in a constant magnetic field (A = %B[—y,x7 0]) are, using the rescaled

coordinate 7 = 4/ |elBr and taking / positive

) 2
W et(kz—Sr:tld));le—TLi?(i;Z)

[ el
(=N e o)

The exact solutions pf the first order Dirac equation can be obtained by applying Z+ m to the solutions of the
squared Dirac equation. Using
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the de derivatives with respect to ¢ and z are easy to compute and give resp. € and k. For the transverse derivatives,
one can use the rescaled coordinates ¥ = 4/ #x, =1/ #y to rewrite them as
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The components 4/ #(fiag + 5+ (ix—¥)) and 4/ —(718 — dy — (i¥+ 7)) give rise to the spin-orbit mixing
terms, whose explicit computation is rather lengthy. The following three identities will be of use
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The form of the spin-orbit term depends on the signs of the spin and orbital angular momentum. For spin and orbital
angular momentum positive, one has
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Using the recurrence relations for Laguerre polynomials L’ ! (~2 Ll+1 (7) (prime denotes differentiation with

respect to %) and LZ(FQ) = Lﬁ,“ () — LIJrl | (), the Laguerre polynomlals in the brackets become simply L! “( ),



thus the overall solution of the first order Dirac equation in this case becomes
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Now for positive orbital angular momentum and negative spin, the spin-orbit term is
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Using the recurrence relation
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to rewrite the derivatives of the Laguerre polynomial, one gets
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With the relation Lfn_l () = Lé,(?z) — L;q (7) this expression simplifies to —(p + l)Lé,‘l(Fz) and the solution of
the first order Dirac equation for positive orbital angular momentum and negative spin becomes
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For negative orbital angular momentum and positive spin, one has
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Using Lﬁ,(fz) =-L if_ll (7), where the prime denotes differentiation with respect to 7%, one can rewrite the first

Laguerre polynomial:
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Using again L', () = pL, () — (p+ I)LL, | (7) this expression becomes

~ (4 DLA ) = (P DL (P) + L)+ PLy(P) = (p+ DL ().

Because of Ly, (%) = L}, () — L!, | (), everything but the first term cancels and the solution for the first order
Dirac equation for negative orbital angular momentum and positive spin becomes
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The case of negative orbital angular momentum and spin is simple, one has
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and using again Lﬁ,(?z) =-U Il;r L (), the overall solution of the first order Dirac equation becomes
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Explicit forms of the radial and azimuthal gamma and spin matrices
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Explicit evaluation of IfTr‘P
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The quantity W appears in the computation of the gauge covariant angular momentum of the electron vortex

states. For the four different combinations of positive and negative orbital angular momentum and spin (order the
same as in the main text) [¥T72¥ can be shown to be resp.
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Substituting x = 7 turns these integrals to
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For Laguerre polynomials, we have the orthogonality relation [; pr (x)Lé (x)e¥dx = (tp
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(x), we obtain the following integral identity

which can be used to evaluate all the integals and obtain
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By noting that 8% + 8% is 2B|e| times resp. p+1+ 1, p+1, p+ 1 and p and rearranging, one gets
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Dividing by [P = [jo =2mE(E +m)% and adding the canonical angular momentum, resp. [+ %, [—
—1 + and —/— 2, one gets for the gauge covariant angular momentum
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Computation of the magnetic moment

Using the explicit form of the azimuthal Dirac matrix, it is easy to see that only the crossterms between the main
and spin-orbit parts contribute to the azimuthal current and these can be computed to be
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Now M, = [ §rjeid¢di =,/ ﬁ [ 57 jorddF. Substituting the explicit currents into this integral, using x = # and
performing the angular integration yields
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Now one can agai'n use Lﬁ) (x)= Lﬁ,“ (x)— Lif_ll (x) and the orthogonality relation of associated Laguerre polynomials
to evaluate these integrals
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Commutator identities for the gauge covariant angular momentum opera-
tors

For this section we write the angular omentum operators in antisymmetric tensor form. The gauge covariant angular
momentum can be split in a spin and an orbital part like
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Juv=Luv + EO-”V’ with oy = 5[}/#, Yl and Ly = xp, Py = xpu Py — xy Py

Because £,y contains no Dirac matrices, one obviously has [£ .y, Ops] =0, 50 [duv,dps] = [Luv. Lpo) — §[Ouv, Ops]-
Writing out the commutator for the o-tensor gives

1
[Ouv,Cps] = 1 ((}’M’v WY)W Ye —Yo¥p) — (Yo — Yo ¥p) (YuWv — ?’v?’u)) .

One can check that if all four indices are different, this commutator is zero. If two indices are the same one can
eliminate the identical Dirac matrices and obtain after some algebra

[Guw O'pcr} = 2(_77,up6vo +NusOvp +NvpOuc — Tlvoo',up)~

For the orbital part, we need the commutation relations of the gauge covariant momentum Py, = idy, —eAy. It is easy
to check that

[1X49v] X1 9] = —MupX(y O] + Mo X[y p) + MvpX(u9o) ~ MvoX(up|-
To get the commutators for the gauge coveriant orbital angular momenta, we need to add [ix[uav], —ex[pAU]] +
[—ex(uAy), ix(p )] = [ix(, 0y}, —ex|pAg| — [iX(p I5), —ex|u Ay (the vector potentias commute with each other). Using
that both terms are the same up to the index swap p <> p, v <+ o and using dyAp — (U <> p) = Fy;p these terms can
be evaluated to be

[ix(u0y), —exjpAg)] + [—exuAy), iXjp o] = —ie(MupX(yAc) — MvpXuAs) = NuoXyAp] + MvoX(uAp))
—ie(xyxpFvo —xuxoFyvp — XyXpFuo +xyxaFup).



Using —x, a,,] —iexpyAp) = ix, Pp), and putting things together gives

—i[Lyuv,Lps] = NMupLve —NusLlvp —NMvpLus +MveLlyup +e(xuxpFyo — XuxoFyp — XvxpFuo +XvXsFup),
—i[Hngpc] = Nupdve — Nuodvp — NMvpduc +Mvedup + e(xuprvc —xpxoFvp —xvxpFuo +xvx6Fup)-

Then using Jx = d23, J, = J31 and J; = J12, one gets
[vagk] = —iSjkl(H/ —xx-B).

For the commutator [P —m,Jyy], one can first note that m commutes with any operator. Again using J,v = Ly +
50uy, one can compute the commutators of the spin and orbital parts seperately using [P, Py] = —ieFyy:
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