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Abstract

We calculate various quantities that characterize the dissimilarity of reduced density matrices
for a short interval of length ¢ in a two-dimensional (2D) large central charge conformal field theory
(CFT). These quantities include the Rényi entropy, entanglement entropy, relative entropy, Jensen-
Shannon divergence, as well as the Schatten 2-norm and 4-norm. We adopt the method of operator
product expansion of twist operators, and calculate the short interval expansion of these quantities
up to order of 2 for the contributions from the vacuum conformal family. The formal forms of these
dissimilarity measures and the derived Fisher information metric from contributions of general
operators are also given. As an application of the results, we use these dissimilarity measures
to compare the excited and thermal states, and examine the eigenstate thermalization hypothesis
(ETH) by showing how they behave in high temperature limit. This would help to understand how
ETH in 2D CFT can be defined more precisely. We discuss the possibility that all the dissimilarity
measures considered here vanish when comparing the reduced density matrices of an excited state
and a generalized Gibbs ensemble thermal state. We also discuss ETH for a microcanonical ensemble
thermal state in a 2D large central charge CFT, and find that it is approximately satisfied for a
small subsystem and violated for a large subsystem.
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1 Introduction

Motivated by the eigenstate thermalization hypothesis (ETH) [12] or its generalization, the subsystem
ETH [3,4], it is important to characterize quantitatively the difference between the excited state and
the thermal state. One such characterization is to quantify the difference between reduced density
matrices over a local regions of these two states. This is also an interesting question by itself in
quantum information theory. For two-dimensional (2D) conformal field theory (CFT), many other
quantities of examining ETH have been adopted, such as correlation functions [5,/6], entanglement
entropy, Rényi entropy, relative entropy [3}/4,/7-10], trace square [11], etc. Due to the infinite number
of degrees of freedom in CFT, not every quantity is good for the use of examining the ETH [3}|4],
unless its behaviors for both excited and thermal states are known precisely.

It was proposed in [12] to use correlation functions of twist operators to calculate the Rényi entropy
in a 2D CF'T, i.e., the partition function of the Riemann surface resulting from the replica trick. When
there is no compact form for these twist-operator correlation functions, one can use operator product
expansion (OPE) of twist operators to calculate the short interval expansion of Rényi entropy [13-17].

Following this method, in this paper we will calculate various quantities which are just the sums of



some partition functions, and moreover can be used to characterize the dissimilarity of the reduced
density matrices of thermal and excited states, and other states on various Riemann surfaces.

Our results can be used to examine ETH. The ETH and subsystem ETH are originally defined by
comparing the highly excited state with the microcanonical ensemble thermal state [1H4]. Motivated by
[1819], as well as [5-8], we compare in [10] the excited state with the canonical ensemble thermal state,
and adopt the so-called weak ETH [1819]. In [10] the short-interval ¢ expansions of the entanglement
entropies for the excited state and canonical ensemble thermal state are calculated to order ¢%, and it
was found that their difference, which is just the relative entropy, is only suppressed by the powers of
large central charge ¢, instead of exponential suppression. In this paper we show that there are similar
behaviors for the Jensen-Shannon divergence and Schatten 2-norm. For the more refined consideration,
one should compare the excited state with the generalized Gibbs ensemble (GGE) thermal state [20-
25]. We will discuss the possibility that all the dissimilarities considered in this paper vanish when
comparing the reduced density matrices of an excited state and a suitably defined GGE thermal
state. As a by-product, we also check ETH for the microcanonical ensemble thermal state with the
dissimilarity measures of comparing with the energy eigenstate.

The rest of this paper is arranged as follows. In section [2] we give prescriptions of the method and
show how to get the partition functions from OPE of twist operators. Moreover, in subsection [2.5] we
apply the prescriptions to evaluate the Renyi and entanglement entropies. In section [3| we calculate
the various dissimilarity measures between reduced density matrices. In section [d] we apply our results
to examine ETH and the possible scenarios of GGE. In section [5| we discuss ETH for a microcanonical
ensemble thermal state in a 2D large central charge CFT, and find that it is approximately satisfied
for a small subsystem and violated for a large subsystem. We conclude with discussion in section [6}
In appendix [A] we calculate the relative entropy from modular Hamiltonian as a consistent check. In
appendix [B] we consider the contributions from general operators, and get the formal forms of the

various dissimilarity measures and the Fisher information metric.

2 Prescriptions of the method

In this section we first give the useful basics of the vacuum conformal family in two-dimensional large
central charge CFT and then show how we calculate the partition functions on various Riemann surfaces

using OPE of the twist operators.

2.1 CFT basics

In this paper we only consider the contributions from the holomorphic sector of the vacuum conformal
family in a two-dimensional large central charge CF'T, and the generalization to antiholomorphic sector
can be figured out easily. We need the quasiprimary operators to level 9, i.e., T, A, B, D, £, H, T
and J as shown in table I The definitions, normalization factors, and conformal transformations of
the quasiprimary operators up to level 8, as well as some useful structure constants, can be found
in [101[16,[17,[26].



level 02| 4 6 8 9
operator | 1 | T | A | B, D |E H,T|T

Table 1: The holomorphic quasiprimary operators to level 9 in vacuum conformal family of a two-
dimensional large central charge CFT.

In this paper, we need the additional structure constants
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with (X)) denoting normal ordering of two operators X and ). Under a general conformal transfor-

mation z — f(z) it transforms as
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J) =T+ + (2.3)
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where s denotes the Schwarzian derivative
" 3 " 2
s(z) = f, @) _ 7(f,(x)> ; (2.4)
fix) 2\ f'(z)
and - - - represents the omitted terms that are proportional to T', A, B, D and their derivatives.

2.2 OPE of twist operators

For one short interval A = [0,¢] on a Riemann surface R, replica trick leads to a CFT on an n-fold
Riemann surface R". The partition function on R"™ can be written as a two-point function of twist
operators 7 and 7 in an n-fold CFT on R [12]

c(n®—1)

traph = (TOTO)r, hr =hy=—"—,

(2.5)

and the n folds of the CFT, which we call CF'T", are independent except the connection by the twist
operators. In this paper we only consider Riemann surface R with translation symmetry, and so the

one-point functions are all constants. Using OPE of twist operators |13H17], we may get

Cn

(TIOTO)r = g1z D drcl" (2x(0))r, (2.6)
K



and in the summation we only need to consider the quasiprimary operators @ in CFT” that are the
direct products of the quasiprimary operators in different replicas of the CFT. Only considering the
contributions from the vacuum conformal family, we list the quasiprimary operators in CFT" to level
9 in table 2| To level 8, the coefficients dx can be found in [16,26], and using the method in [15] and

(2.2), (2.3) we can easily get
ds = 0. (2.7)

Interestingly, there is no contribution from level 9 operators, which consist of J only.

level | operator level | operator level | operator level | operator
2 T B, D EH, T 8 TTA
4 A 6 TA 8 TB, TD TTTT
TT TTT AA 9 J

Table 2: The holomorphic nonidentity quasiprimary operators to be considered in this paper for CFT"
and up to level 9. We have omitted the replica indices and their constraints, which can be easily figured
out and can also be found in [26].

Each of the CFT" quasiprimary operator ® in (2.6) has the form
q)]l'évj%-n,jk — lel.)(én . X]gka (28)

with Xp, X, ---, A being nonidentity quasiprimary operators in table [1| and there are also some
constraints for the k replica indices j1, j2,- - - , jx. We have the one-point functions that are independent

of the replica indices
(@) = ()R (o) (B, 2.9)
and so we can define bx from the OPE coefficient dﬁjQ"'jk by summing over the replica indices [17]
b = Z d]l}j?"j’“ with some constraints for 0 < jy, jo, -+ ,jr < n — 1. (2.10)
J1.J2. " Jk

To level 8 the form of bx can be found in [10,/17], and from ({2.7)) we know
by = 0. (2.11)
Then we write (2.5 explicitly as

trap = EQLZ [1 +bp(T) Rl + (balA)r + brr(T)R) 04 + (bs(B)r + bp(D)r
+ by a(T)R(AVR + brrr(T)% ) + (be (E)r + by (H)r + bz (T)%
+brs(T)R(B)r + brp(T)R(D)R + baalA)k + brra(T) (AR
+ b (TR ) 65 + 0(510)] : (2.12)

Due to the absence of level 9 contribution, in the above the unknown terms start from O(¢1°).
In this paper we consider several different Riemann surfaces that are environments of a short
interval A = [0, /], and they are shown in figure |1, Note that the complex plane case figure can

be got as limits of other six cases.



e In figure the interval is on an infinite straight line in ground state of the CFT. It is just a
complex plane R((), and we denote the total system density matrix as p(()) and reduced density

matrix as pa(0).

e In figure the interval is on a length L circle in ground state, and it is a vertical cylinder
R(L). We have the density matrix p(L) and reduced density matrix pa(L).

e In figure the interval is on a circle in excited state |¢) of a primary operator ¢ with conformal
weight hg and normalization ay = 1. The manifold is a vertical cylinder capped with an operator
inserted at each of the two ends, and we denote it as R(L, ¢). We have the density matrix p(L, ¢)
and reduced density matrix pa(L, ¢).

e In figure the interval is on an infinite straight line in thermal state with inverse temperature
B. The manifold is a horizontal cylinder R(/3), and it is the modular transformation of R(L).
We have the density matrix p(f) and reduced density matrix pa ().

e Figure is the modular transformation of figure The interval is on an infinite straight
line in thermal state with inverse temperature 3, and also there are boundary conditions imposed
on both ends of the horizontal cylinder. Each boundary condition is effectively represented by
insertion of a primary operator ¢. We have the Riemann surface R(3, ¢), the density matrix

p(B,¢) and reduced density matrix p4 (3, ¢).

e In figure [1(f)| the interval is on a length L circle in thermal state with inverse temperature /3.
The temperature is low 5 > L, and the manifold is a fat torus. In limit /L — oo, it becomes
a vertical cylinder figure We have the Riemann surface R(L, q), the density matrix p(L, q)

and reduced density matrix p4(L, q), with definition ¢ = e 2mB/L

e In ﬁgure the interval is on a length L circle in thermal state with inverse temperature 8. The
temperature is high L > 3, the manifold is a thin torus, and it is the modular transformation
of the fat torus figure In limit L/ — oo, it becomes the horizontal cylinder figure
We have the Riemann surface R(f,p), the density matrix p(53,p) and reduced density matrix

pa(B,p), with p = e~27L/5,

We need the one-point functions (X)r with X = T, A,B,D,E,H,T for R being each of these
Riemann surfaces in figure |1} In practice, we only need to consider the cases of R(L, ¢) and R(L,q),
and the other cases can be got from them by some simple substitutes and/or limits. For the case
R(L, ¢) one can find the results in [10]. For the case R(L,q) one can find the results to level 6 in |17].
Using the method in appendix B of [17], the conformal transformations of £, H,Z in |10, as well as
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Figure 1: The Riemann surfaces as environments for the interval A = [0, ¢] we consider in this paper.
(a) A complex plane R(0). (b) A vertical cylinder R(L). (c) A vertical cylinder capped with operators

R(L, ). (d) A horizontal cylinder R(53). (e) A horizontal cylinder capped with operators R(3, ¢). (f)
A fat torus R(L,q = e~ 2™/L). (g) A thin torus R(S3,p = e 27L/5).



the structure constants in [17] and (2.1)), we get the one-point functions
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2.3 Partition function from twist operators
Gluing n reduced density matrices p4 ; on n different Riemann surface R; with j = 0,1,--- ,n —1,

one gets a CFT on the Riemann surface R = Rg & --- @ Rp—1. This suggests to assume that the

partition function on R'™ can still be written as a two-point function of twist operators

tra(pao - pan-1) = (T(OT(0)Row- &R 1- (2.14)
Each replica of the CFT lives on one of the Riemann surfaces, and different replicas are connected only
by twist operators. For the n = 2 and n = 3 cases one can see, for examples, [11},21,22,27-33], but we
are not sure if it is applicable for general n when Z,, replica symmetry is lost. Actually, in this paper

we only use a relaxed relation

1 . 1 = .
E[trA(pA70 -+ PAn—1) + permutations] = ﬁ[<T(€)T(O)>RO@“‘@Rn—1 + permutations], (2.15)

and Z, replica symmetry is recovered after permutations. Thus when we write (2.14]), we actually
mean ([2.15)), and there is caveat that (2.15]) basically is an assumption that we have no concrete proof.
For two different Riemann surfaces R and S, we may define respectively two reduced density

matrices p4 and o4. In this paper, we need to calculate the partition function
tra(plo’y ™), (2.16)

with n being an integer and m = 0,1,--- ,n. Using ([2.15]), we see that it is just the right-hand side of



with the substitutes of the forms
bx
bx(X)r — - [m(X>R + (n— m)<X>5},

bra(X)% - b”) [m(m — 1)) + 2m(n — m) (X)r(X)s + (n — m)(n — m — 1)(X)2],

n(n—1

bay(X)r(V)r — n(fjj’ 5 m(m = DR )% +min —m)(X)=()s +(X)s(V)r)

+ (= m)(n—m ~1)(X)s(V)s].
bexa( Xk = o bﬁ;‘(’; gy [mlm = D = (X% + 3mlm — 1)(n —m) (V)% (X)s
+3m(n —m)(n —m — 1){X)r(X)% + (n—m)(n —m — 1)(n—m—2)(2\,’>%],

(
bray(X)%(V)r — )

DXL 1) (m - (R D)r

n(n— 1)(n —2)
T m(m — 1)(n — m) ()% V)s + 2X) R (X)s(V)r) (2.17)
+m(n — m)(n — m — DX (X)sD)s + (X)D)r)
+ (n—m)(n—m—1)(n —m— 2)(X)3D)s],

b (X)k — e [m(m — 1)(m — 2)(m — 3)(X)%

n(n—1)(n —2)(n —3)

+4m(m —1)(m — 2)(n — m)(X)% (X)s
+6m(m —1)(n —m)(n —m — 1)(X)%(X)3
+4m(n —m)(n —m — 1)(n —m — 2)(X) g (X%
+(n—m)(n—m—1)(n—m—2)(n—m—3)(X)g],

with X, ) denoting general quasiprimary operators. A general substitute takes the form

b () (o) - (i) = e (O (Ao (b +-+0). (28)

with C¥ and C* being the binomial coefficients, and in the right hand side we have omitted various

terms with some R’s being replaced by S’s.
In section we need to calculate the partition function

patoant 1 L _
trA( : ) = 55 2 Ctralplioy™), (2.19)
m=0

with tra(p’fo’y ™) being understood as the left-hand side of (2.15)). Using the summation formulas
Z Crm=2""n, Y Clm(m—1)=Y_ Crm(n—m)=2"">n(n-1),
m=0 m=0 m=0
Z Cl'm(m —1)(m —2) = Z C™m(m —1)(n —m) = 2" 3n(n — 1)(n — 2),
m=0
> Crm(m = 1)(m Z C™m (m —2)(n —m) (2.20)
m=0

= Z C™m(m —1)(n —m)(n —m —1) = 2" *n(n — 1)(n — 2)(n — 3),
m=0



we get that (2.19) is just the right-hand side of (2.12)) with the substitutes

b (X)r = ()R + (X)),

XX 2

bl > 2 () + (X)s)’

bay(X)R(V)r = —= ((X)r + (X)s) (V)= + (V)s),

b
XX ()R + (X)s), (2.21)
bxxy
8
bxxxx
16

bXX/y<X>% —

baxy(X)R(V)r — ((X)r + (X)) (V) + (W)s),

((X)= + (X)s)".

brxxx(X)s —

In section we need to calculate

n

tralpa—oa)" =Y C(=)"""tra(pios ™). (2:22)

m=0

Using the fact that

n
ST om(—yrmmb =0 for k=0,1,--+ ,n -1,
m=0

n
> (=)mmm =, (2.23)
m=0
we get
tralpa—oa)" = D braex ((X)r — (X)s) ((o)r — (A)s) -+ ((Xa)m — (Xn)s). (2.24)
{X1,X2, ,Xn }
Note that the summation of { X7, Xs, -, X, } is over different sets of nonidentity quasiprimary opera-

tors and the order of the operators in each set does not matter. For n = 2 it is just the result in |11].
Note that for general n, by, x,...x, is complex and has no universal form, and it is related to the n-point

correlation function on complex plane (X} (z1)Xa(22) -+ Xn(2n))e.

2.4 The n — 1 limit

If we are only interested in the n — 1 limit

_ logtrap’y

) 2.25
n—1 n—1 ( )

instead of the general n result, there can be a simpler calculation [34}35]. For each CFT™ operator

® -, we may define

aK:—%ﬂn_l, (2.26)
with bg being defined in (2.10]). Using the results of bx in [10,/17], we get the relevant results of ax
1 1 4
- _Z N = 2.27
ar 6’ arr 30¢’ arrT 315¢2° ( )
1 1 c+38
QAN = — oo, O =, a =— .
AT T 96e(be + 22)7 AT 3152 MTTTT T T 6303

10



For the reduced density matrix p4 on Riemann surface R, we get

log trAp" c l
_08MAPA =—log -+ aT(T>R€2 + CLTT<T>%£4 + aTTT<T)%€6 + (CLAA<.A>%
n—1 n—1 6 €

+ arralT)R (A)r + arrrr(T)%) 5 + O(00). (2.28)

For the reduced density matrix pa, o4, defined respectively on Riemann surface R, S, we get that
_logtra(pacy” D)
n—1

equals right-hand side of (2.28]) with the substitutes

(2.29)

n—1

axx(X)% — axx (2(X)r — (X ) )< )8

axxx(X)y = axxx (3(X)r — 2(X)s)(X)5, (2.30)
axxy(/")?e(yh%axxy(?( IR < )s(V)s < 5 (V) = 2(X)3(V)s),
axxxx(X)r = axxxx (HX)r — 3(X)s)(X

{
(X)

Similarly, we get that

_log try(2AT24 )"

(2.31)

n—1 n—1

equals right-hand side of ([2.28]) with the substitutes ([2.21]).

2.5 Rényi and entanglement entropies on various Riemann surfaces

Using the above prescriptions, we can evaluate the entanglement and Rényi entropies on various Rie-
mann surfaces, some of which have been obtained before. The results will then serve in the next section
for calculating the dissimilarity measures between reduced density matrices.

For a reduced density matrix p4, the Rényi entropy is defined as

1
Sp = ] log trap'y, (2.32)
and taking the n — 1 limit one can get the entanglement entropy

S = —tra(palogpa). (2.33)

The Rényi entropy can be calculated from , and the entanglement entropy can be calculated
from the n — 1 limit of the Rényi entropy or directly from .

We calculate the Rényi entropies and entanglement entropies for the seven Riemann surfaces in
figure The seven Rényi entropies are shown in figure 2] In practice we only need to calculate
Sn(L,¢) and S, (L, q), as marked in blue in the figure, and the other cases can be obtained easily from
them. Note that most of the results in this section are not new, and just serves as a check of the OPE
coefficients and the one-point functions.

Rényi entropy Sp(L,®) and entanglement entropy S(L, ¢) have been calculated in IIOIEL and we
will not repeat the results here. Since now at level 9 we have , the unknown terms O(¢%) in

'One can also follow different approach [36/{38] to obtain Rényi entropy S, (L, ¢) with finite size system in 2D rational
CFTs.

11



Sn(L.®) Sn(L.q) Sn(B,®) Sn(B.P)
Sn(L)  Sn(@)  Sn(B)

Figure 2: The seven Rényi entropies we can calculate using OPE of the twist operators. In practice, we
only need to calculate S, (L, ¢) and S, (L, ¢), as marked in blue, and the other cases can be obtained
easily from them.

results of [10] are actually of order O(£'9). For the reduced density matrix pa(f,¢), we have the Rényi

entropy and entanglement entropy

For pa(L,q), the Rényi entropy and entanglement entropy have been calculated using OPE of the
twist operators to order ¢7 in [17], and here we calculate the results to order ¢°. In large c limit we
write the Rényi entropy as the leading part, the next-to-leading part, the next-to-next-to-leading part,

and etc,
Sn(L,q) = Sy (L,q) + Sy (L, q) + Sy~ (L, q) + -+ (2.35)

and to order ¢° only the first three parts are non-vanishing. Explicitly, we have the leading part

SLL.q)= Tt _TAnTl _
n(lq) 12n 8¢ 2n L2 2160n 1813

o2ric(n — )(n+1)2¢3  1lx*c(n —1)(n +1)%¢* o
2 9712 +17%¢" ( 187);3 +1)%q —I—O(q5))ﬁ
7le(n+1)  7e(n —1D)(n+1)%2¢> 1075%(n — 1)(n +1)2¢3
(6_ 840200 , 2 ) 27n3
L7 c(n+ 1)(4&;7;15 49n” 4+ 1)q +O(q5))% N (_
moc(n —1)(n+1)%¢*>  4ndc(n —1)(n + 1)%¢®
90n3 B 15n3
mc(n — 1)(n + 1)2(3727n* — 62n? — 11)¢*
- 1620n7

cn+1) £ wen+1) N < _mle(n+1)  wle(n —1)(n+1)%¢?

mc(n + 1)
453600n

(2.36)

+0(") ]‘;88 +0(0")

the next-to-leading part

2
+ O(tf))%

SNL(Lg) = (27r2(n +1)¢? n 72(n+1)¢3 n 212 (n + 1)¢*
3n n n
n ( B 7t(n+1)(9n? — 11)¢? B 7t (n +1)(41n? — 44)¢3
45n3 45n3
4 1)(49n? — 51)¢* ¢ 270 1)(17n* — 4612 + 31)q¢?
_ﬂ—(n—i_ )( n )q +0(q5)>74+(77(n+ )( n ne + )q
15n3 L 945n5
70(n +1)(492n* — 101302 4+ 527)¢®> = 27%(n + 1)(1654n* — 2903n? + 1255)¢*
+ +
945n° 945n°
L o) I (- 78(n + 1)(62n® — 278n* + 415n2 — 205)¢>
) 1s 1417517
78 (n +1)(866n5 — 2694nt + 285012 — 1025)¢>
472507
78(n + 1)(66439n° — 163681n* + 139223n? — 36257)q*

B 5v) £ 10
2835017 +0(q )) +0(L7),

6

(2.37)
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and the next-to-next-to-leading part

4rt(n + 1) (n? + 11)¢* o4
NNL _( _ S5y 2
478 (n + 1)(26n* 4 27102 — 345)¢* (6
+ ( ( 945n5¢ ! + O(q5)> L6 (2.38)
8m8(n + 1)(116n° + 1141n* — 301702 + 3398)q* =\ 8 10
* (‘ 14175n7¢ +0l )>ﬁ+0(€ )

The leading and next-to-leading parts match the results in [39-41], which are calculated in another
method. The ¢% order of the next-to-next-to-leading part is a new result. Taking n — 1 limit we get

the entanglement entropy

c l er?  4AnPq? 2
S(L,q) = Slog - (—7 21%g® + 4n’q? 05)7
(L,q) = glog -+ g T3 T2 4T +0() ) 15
4 4 4.2 9 4.3 4(c — 8 4 4 £4
+(_ en” Ang” g (c — 8)1*q +O(q5)>—4
1080 ' 45 15 15¢ L
6 6 2 6,3 6 4 6
8 4 8(c — 16
+ (— SR i (c=16)mq” | (q5))—6 (2.39)
17010 '~ 945 315 315¢ L
cm® 4r8q®  2m8¢®  4n®(159c¢ + 728)¢* 8
- - O(¢° )7 O(£19).
+( 226800 | 4725 | 1575 1575¢ +0(@)) 75 +0UT)

The Rényi entropy and entanglement entropy for p4(3,p) are just the modular transformation of

those for pa(L,q), i.e.,

Sn(B,p) = Sn(L, a)|L—ig.qops S(B,p) = S(L, Q)| L-ig,g-p- (2.40)

Without considering the subtlety of boundary conditions at the entangling surface [42,43], the Rényi
entropy and entanglement entropy for pa(0), pa(L) and pa(53) are of universal forms and depend only

on the central charge |12]

1 l l
500 = U D iog . 50) = Clog
_c(n+1) L . !t _c L . !t
Sn(L) = W log (E Sin f), S(L) = 6 log (; S1n f)’
+1 . ¢ . 14
Sn(B) = C(%n) log (% sinth %) S(8) = glog (%smh %) (2.41)

To order ¢° the above results can be obtained easily as the limits and /or substitutes of S,, (L, q), S(L, q).

3 Dissimilarities of reduced density matrices

In this section we evaluate various dissimilarity measures between reduced density matrices, which

include relative entropy, Jensen-Shannon divergence, Schatten 2-norm and 4-norm.

3.1 Relative entropy

The relative entropy is also called Kullback-Leibler divergence. For two reduced density matrices pa

and o4, the relative entropy is defined as
S(palloa) = tra(palogpa) — tra(palogoa). (3.1)

13



To calculate the relative entropy, one may first calculate the n-th relative entropy

1 .
Sn(palloa) = ——llogtraph —logtra(pac’y )], (3:2)

and then takes the n — 1 limit. The relative entropy is not symmetric for its two arguments, and one

may define the symmetrized relative entropy

S(pa,oa) = S(palloa) + S(oallpa)- (3-3)

To calculate the symmetrized relative entropy, one can first calculate the n-th symmetrized relative

entropy
Sn(pa,oa) = Sn(palloa) + Sn(oalpa), (3.4)

and then takes the n — 1 limit. It turns out that

S(palloa) = —arr((T)r — (T)s )254—CLTTT(< T)r <T)5) (T)r + 2(T)s)L°
— laaa((A)r — (A ) + arra((T)r — (T)s) ((TYr(A)r + (T)s{A)r — 2(T)s(A)s)
+arrrr (AR — (A)s) (DR +2(T)R(T)s — 3(T)%)] 6 + 0410, (3.5)

IR
)

S(pa,04) = —2ar7((T)r — (T)s)*¢* = 3arrr ((T)r — (T)s)*((T)=
— [2aaa((A)r — (A)s)? + arra((T)r — (T)s) B{T)r (A)r — (T)R(A)s
+(T)s(A)r — 3(T)s(A)s) + darrrr ((A)r — (A)s)”
+ O(£19). (3.6)

_I._
3
[97)
~—
(S
=)

Figure 3: The 48 relative entropies we can calculate using OPE of the twist operators. By pa — 04
we mean the relative entropy S(pa|loa), and by pa <> 04 we mean the relative entropies S(pa|ca)
and S(oallpa). Note that ¢ = e 2™/L and p = ¢ 27L/8 depend on both L and 8. In the figure

«L---—---L-- actually means ---Ly--- — --- Lo --- with generally Lj % Lo, ---¢p+++— ---¢h---
means - - ¢+ —---¢po---,and -G+ —---F--- means --- [y --- — -+ Fo---. In practice, we only
need to calculate the four relative entropies as marked in blue.

As shown in figure [3] we use OPE of twist operators as described in section [2] to calculate four
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relative entropies. For pa(L1, ¢1) and pa(Le, ¢2) we have the relative entropyﬂ

L3 (e — 24hg,) — Ly(c — 24hg, )20

S(pa(Ly, ¢1)llpa(Le, ¢2)) =

1080cLiL}
N 7 [L3(c — 24hy,) — L3(c — 24hys,)|?[2L3 (c — 24hg,) + L3(c — 24hy, )]0
17010c2LS LS
+ B4 001, (3.7)

For the special case L1 = L in (3.7)), it matches the result in [10]. For pa(Li,¢) and pa(Le,q) we

have the relative entropy

74cl? — (c — 212 grtf(c — 2 7212
S(oaLe, Olpa(La,q) = [ MG | Arl(e = 2hy )1 - clila

1080cL3L3 45¢L3L3
214[(c — 24hy)L3 — cL?|q®  4n*[(c — 24hy)L3 — (c — 8)L?]¢*
wlle=2ho)I3 = el | Ax'l(e=2hLE— (= DU | )
15¢Li Ly 15¢Li Ly
m[cL? — (¢ — 24hy)L3]?(2cL? + (c — 24hy)L3) N 1675[(c — 24hy) L3 — cL3]¢?
17010¢2LS LS 945cL2L§
875(c — 24h¢)2L§6— cL?)q3 N 1675[(c — 8)(c — 24h¢)§§6— c(c—16)L3]q* Lo (qw /5
315cL3LS 315c2L2LS
+-- 84019, (3.8)

For pa(L1,q) and pa(La,¢) we have the relative entropy

7(c — 24hy)L? — cL3]?  4n*[(c — 24hy)L? — cL2]¢?
S(pa(la, )lpa(ls,0) = [TH= 2ol el | Arle= 22, = cby

1080cL3iL3 45¢L}L3
214 ((c — 24hy) LT — cL3]q’ . Amt[(c — 24hg) L — (c — 8)L3]q" n O(q5)}€4
15c¢L}L2 15c¢L}L2
78[(c — 24hy) L3 — cL3)?[2(c — 24hy) L3 + cL3]  87°[(c — 24hy)? Lt — 2 L3)¢?
17010¢2LYLY 945¢2LS L3
47%((c — 24hy)? LT — ALY N 87%[(c — 24hy)? LT — (c — 16)cLj]q* O(q5)}€6
315¢2 L8 L4 315¢2L5 L3
4 B+ O(019). (3.9)
Note that
S(pa(Ly, d)llpa(L2,q)) # S(pa(Lz, q)llpa(Ly, ¢)). (3.10)

2Note that the % order in ([3.7) is too complex and so we just omit it. One can see its explicit form in the Mathematica,
notebook in the attachment of the paper in arXiv. In the following part of the paper, all the missing terms represented
by - -+ can be found in the attached Mathematica notebook in arXiv.
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For pa(L1,q1) and pa(Le,q2) we have the relative entropy

4,072 212 4072 2\(72,2 2.2
w*c(Ly — L 4n*(Ly — L5)(L3yq5 — Lsq
S(pall a)lloa(Lz ) = [t - Dol Ar U = B - L)

1080L4 L3 45(LALY)
2n(L3 - L3)(L3g3 — L3q})  4n'[(c — 8)(Ligs + Lyqi) — LiL5(cqi — 16547 + cgy)]
15(L1L3) 15(cLiL3)
O q5)}€4 n {WGC{?L? —3L3L1 + L§)  8xO(L] — L3)[2L1q5 — L5(LT + L3)gi]
12 17010L8 LS 945L8 LS
| ArPILILE(a) + 2qg’)6—62L?q§ — L3qi] (3.11)
315L8L8
_ 8n°l(c = 16)(2LYq5 + Lyq1) — LiL3(cqs — 32a1q5 +2(c = 8)gp)] o)
315¢LLS 1

+o B+ O01),

For general n # 1, the n-th relative entropy S,(pallca) and n-th symmetrized relative entropy
Sn(pa,o4) have no obvious physical meaning because they are not positive definite. However, the 2nd
symmetrized relative entropy, which is defined as

(trap%)(trac?)
[tra(paca)l?

Sa(pa,oa) = log (3.12)

is positive definite and can be used to characterize the dissimilarity of pa, 4. In fact, it is directly

related to the overlap of the two reduced density matrices

[tra(paca)]®
(trap%)(trac?)

Flono) = (3.13)

As shown in figure [4] we calculate three symmetrized relative entropies using OPE of twist opera-

tors. Explicitly, we have

7T4[L2(C — 24hy ) — LQ(C — 24hy )]254
S(pa(L1, 1), pa(La, ¢2)) = —— 2) — L3 1
5400L‘11L§

+ WG[L%(C — 24h¢2) — L%(C - 24h¢1)]2[L%(C - 24h¢2) + L%(C - 24h¢1)]£6
5670c2LSL8

(3.14)

+- B+ 001,

m[cL? — (c — 24hy) L3> 87*[(c — 24hy) L3 — cL3]¢?

S(pa(L1,9), pa(La ) = |

540cLiL3 45¢L3L3
474 [(c — 24hy) L3 — cL?)q®  8m*[(c — 24hy)L3 — (c — 8)L3]q*
(c = 24ho) 3 — cLily” | 8r'{le —24he) L — (e~ 8)LHla" ;0 501
15¢LiL; 15¢LiLs
m[cL? — (c — 24hg) L3)?[cL? + (c — 24hy) L3] (3.15)
5670c2L8LS '
B 870[cL} — (c — 24hy)L3][3cL? + (c — 24hg) L] q?
945c2L4 LS
_ 4nO[eL? — (¢ — 24hg)L3][3¢L] + (c — 24hy) L3)g°
315c2L4 LS
87%[3c(c — 16) L} — 2(c — 8)(c — 24hy)L3L3 — (c — 24hy)?L3)q* Lo 5)}56
3152 LILS 1

+ -2+ 001,
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412 2\2 412 2 2.2 2.2
cr*(Ly — L 8m*(Ly — L5)(Liq5 — Lsq
S(PA(Ll,(h),PA(LQ,%)) — |: ( 1 2) o ( 1 2)( 142 2 1)

540L31L3 45L1L3
_ AnMI - L5)(Lig3 — Liqp) | 8nU(8(Lagt — Lig3)” + c(L] — L3)(Lat — Ligy)l 5
15L1 L3 15¢LiL3 '
O )|t [TUA LR L) e (L = LB+ Lile} = I8 = S
b 5670LSLS 9455 LS
 4mS(LF - L3)[3g3 L1 + L3(g5 — ¢f) LT — 3L5g}]

+-F0(q), ) [0+ - 5+ O(0").

315L5L§

pa(L,q) |
| )
pa(B.9) | s
pa(B)
oaBp)

Figure 4: The 27 symmetrized relative entropies we can calculate using OPE of the twist operators. We
only need to calculate the three ones marked in blue. This figure also applies to the 2nd symmetrized
relative entropy, Jensen-Shannon divergence, as well as the Schatten 2-norm and 4-norm in the following
subsections.

We have the 2nd symmetrized relative entropies

7T4[L%(C — 24h¢2) — L%(C - 24h¢1)]2€4

SQ(pA(Lh ¢1)7 /)A(L27 (Z)Q)) =

4608cL{L}
N 7 [L3(c — 24hy,) — L3(c — 24hy,)][L1(11c — 240hy,) — L3(11c — 240hy, ) |¢5
552960c L} LS
+ B4 001, (3.17)

micL? — (c — 24hg)L3]?  7t[(c — 24hy)L3 — cL?]¢?

Sa(pa(L,@). pa(Le,) = |

4608cL{L3 48cL3L3
m4[(c — 24hg) L3 — cL3]g3 N 7 [(c — 24hy)L3 — (c — 8)L3]¢* n O(q5)] /A
32cL3L; 16cL32L3
N |:7['6 [cL? — (c— 24h¢)L3H116L‘411 + (240h4 — 11c)L3]
552960cLS LS
N 7[3¢(10c + 33) L} — 10(3c + 11)(c — 24hy)L3L3 + (11c — 240h4) Li)q?
11520cL{L$
N 7[c(80c + 319) L} — 10(8¢ + 33)(c — 24hy) L3L? + (11c — 240h4) Li)q3
7680cL{L$
70[11(c(10¢ 4+ 9) — 160) L4 — 10(11c + 59)(c — 24hy)L3L? + (11c — 240hy) Li¢*
1 ¢) 21 ¢) 2
3840cLiL$
+O(P) [0 + - 5+ 0, (3.18)
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4(12 2)2 412 2 2.2 2.2
er*(L7— L 7w (LY — L5)(Lig5 — L
Sz(PA(L1,Q1),PA(L2,QQ)) |: ( 1 2) . ( 1 2)( 192 2q1)

4608L{ L3 A8LYL3
(L7 - L3)(Ligs — L3q}) N m[8(L3qt — Lig3)* + e(L3 — L3)(L3q} — Lig5)]
32L1L3 16¢LiL3
1178¢(L? — L3)?(L2 + L3)
O(dP. & }64 { 1 2 1 2
Ol @)+ 552060LL§
N 7O(L2 — L2)[3(10c + 33)q3 L7 + 11L3(¢? — ¢3)L? — 3(10c + 33) L3q?]
11520L8L$
N 78 (L2 — L3)[(80c + 319)g5 L} + 11L3(¢} — ¢3)L? — (80c + 319) Lig3]
7680LS LS
+...+O(q?’qg)}g6+...58+O(£10)_ (3.19)

3.2 Jensen-Shannon divergence

The Jensen-Shannon divergence of two reduced density matrices p4 and o4 are defined as

PATIA) L S(pa) — 5S(on), (3.20)

JS(pa,oa) = S( >

with S(%), S(pa), S(o4) being the von Neumann entropies. By definition
0 < JS(pa,oa) <log2. (3.21)
One can also define the Jensen-Shannon distance
JS(pa,o4). (3.22)
To calculate the Jensen-Shannon divergence, we first calculate the Jensen-Rényi divergence
pa+ UA) 1

: L8, (pa) - %Sn(oA), (3.23)

JRn(pA,O-A) :Sn( 9

with SH(%), Sn(pa), Sn(ca) being the Rényi entropies, and then take the n — 1 limit. We then

get
I8(pa00) = —arr({T)m — (T)s)"¢* = Zarer ((Thm — (1))’ (T + (T)s)
- [aaa((Ar — (A1)’ + garra(Thr — (T)s) BIT)R (AR — (T)r(A)s
+(T)s(A)r — 3(T)s(A)s) + %mn(mm — (A)s)* (D)% + 10(T)R(T)s + T(T)3)] £
+ 0", (3.24)

Explicitly, we have

T [L3(c — 24hg,) — L3(c — 24hy, )20

JS(pa(L1, ¢1), pa(La, ¢2)) =

4320cLALA
N (L3 (c — 24hy,) — L3(c — 24hg, )]*[L3(c — 24hg,) + L3(c — 24hy, ) |00
45360c2LS LS
4+ B0, (3.25)
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mi[cL? — (c — 24hg)L3)?  7t[(c — 24hy)L3 — cL3]¢?

JS(pa(L1,8), pa(L2,0) = |

4320cLALA 45¢L3LA
(e — 24hy) L3 — cL3)g3 N 74[(c — 24hy)L3 — (c — 8)L3]¢* +o(g et
30cLiL3 15¢L3 L3
7[cL? — (c — 24hy) L3)%[cL} + (c — 24hy)L3]
45360c2LSLS
 7%[eL? — (¢ — 24hy) L3][3¢Li + (c — 24hy) L3]q? (3.26)
9452 LA L§ '
 7%[eL? — (¢ — 24hg) L3][3¢LT + (c — 24hy) L3)g°
630c2LALS
B m0[3(c — 16)cL} — 2(c — 8)(c — 24hy) L3LE — (¢ — 24hy)2L]q*
3152 LALS
+0(g)] 0+ -+ 65+ O(1),
4072 _ 72)2 4072 2V(72,2 _ 72,2Y,.2
cr(Li — L3) 7 (L1 — L3)(Lig; — Lagi)x
JS(pa(Ly,q1), pa(La, q2)) = [ _
(pa(L1,q1), pa(L2,q2)) 432OL‘11L§ 45L%L§
_ (L = L)(Liay — Lyay) | w'[8(Lyar — Ligy)® + e(Li — L5)(L341 — Lig))] (3.27)
30L{L3 15¢LiL3 '
o @)+ [T I UL r— AL + 1368 — )Lt — 3tk
e 45360L5 LS 945LS LS
n(L3 — L3)[3¢3L1 + L3(a3 — af) LT — 3L34i]
— e O(gP 5]56 08 L Oy,
3.3 Schatten 2-norm and 4-norm
For a general matrix p, the Schatten n-norm is defined as
ol = (exlpl™)""™, (3.28)

with |p| = v/pfp. For n = 1 it is just the trace norm, and for n = 2 it is just the Hilbert-Schmidt

norm. For two reduced density matrices pa, 04, we just calculate

lpa = oally = tralpa —oal™ (3.29)

For n = 1 it is just the trace distance, and for n = 2 it is just trace square. Since the reduced density

matrices are hermitian, when n := 2p is an even integer we have a simpler expression

loa = oallzy = tra(pa — oa)*. (3.30)

In this paper we use (2.24) to calculate the Schatten 2-norms and 4-norms. We have

_c 4 ATT2(, T 9
\IPA(Ll,cle)—pA(LQ,(;sQ)Hg:(é) s{W(C+2)€ [L2(c — 24hy,) — L3(c — 24hy,)]

9216¢LIL}
7O(c+4)5 ) A
————— | Li(c —24hy,) — L5(c — 24 L 22) —24 — 12 2
~ Life(5e +22) — 240hy, (¢ — 12k, +2)]} +--£5 4+ O()}, (3.31)
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cL? — (c — 24hy)L3)?
9216¢LiL3
[(c — 24hg) L3 — cL3]@® | [(c— 24hg)L3 — cL3]g® | [(c — 24hy) L — (c — 8) L3¢
96cL3L3 64cL3L3 32cL3L3
[cL§ — (c — 24hg) L3]
4423680c LS LS

loa(n,6) - pattaa)lf = (£) {42!

€

+ 0(q5)}£4 +7(c+ 4){ {c(5c +22) L4

q2
92160cLiLS
—10(5¢ + 22)(c — 24hy) L3L3 + [e(5¢ + 22) — 240(c — 12hg + 2)hy] L3}

q3

* 61440cLL$

+ [240(c — 12Dy + 2)hg — c(5c + 22)| L3} + {9¢(5¢ + 22) L} (3.32)

{29¢(5¢ + 22) L} — 30(5¢ + 22)(c — 24hy4)L3L3

+ [e(5e 4 22) — 240(c — 12hy + 2)hg|L3} + -+ - ¢* + O(q5)}€6 4B 0(510)},

0N—% o(L? — L3)?

bra ottt = (5) e o [Tl

(L3 - LY)(L363 — L3g)) (L3 — L3)(Lig} — Lig)) (3.33)
96L71 L3 64L1L3 '
_ (e=8)(Ligs + Lyai) — Lil3(cai — 160505 +cgz) o s B¢
32cLiL}
Li— L5 9Lig5 + LiL3(qi — a3) — 9L5ai
4423680LJ LS 92160LS LS
L 291163 + LiL3(a} — a3) — 29L3q7
61440LS LS

+ 70¢(c + 4)(5c + 22) [

+"'+0(Q?,qg)}€6 4B +O(€1°)}.

We also have

5) -3 |:7['8(C + 2)[25¢(25¢ — 14) 4 192)¢8

lpa(Er,61) = palLz,o)lld = (- L2(c — 24hs,)

21743271936¢3 L LS
— Ly(e — 24hs )] + O£, (3.34)
0\~ [cL? — L3(c — 24hy)]*
L1,) — pa(Lo, 4:(7) {8 2)[25¢(25¢ — 14 192[ L~ ¢
lpa(L1,¢) = palLa, a)lls = (2 7 (c + 2)[25¢(25¢ — 14) + 192] 217132719363 LT L]
_[eLf = L3(c — 24hy) P> [cLf — L3(c — 24hy)’¢° (3.35)
1132462083 LS LS 754974723 LOLS '
_ [(C - 24)L% _ L%(C B 24h¢)H6L% _ L%(C B 24h¢)]2q4 + O(QS)} 68 + 0(610)}
377487363 LOLS ’
{\~76 o(Li —L3)*
Li,q1) — pa(L 4:(7) {8 2)[25¢(25¢ — 14 192[ [
(L] - L3)P(Lig3 — L3q) (L% — L3)*(Lig3 — Liqi)
113246208 L5 LS 75497472L5 L8
(L = L3)%[(c — 24)(Ligs + Lagl) — LTL3(cqi + cqy — 484547)]
37748736¢L3 LS
+0(df, a3)| £ + 01" }. (3.36)
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4 ETH for canonical ensemble and GGE thermal states

As a check of ETH for canonical ensemble thermal state, we calculate various quantities to characterize
the dissimilarity of the reduced density matrix pa(L, ¢) for the excited state and p4(3) for the thermal
state. Note that ETH is for comparing a highly exited state and a high temperature state, so that we
use pa(fS) to approximate pa(83,p). The excited state |¢) is heavy and we write the conformal weight

as

hg = ceg, (4.1)
and by requiring
(TYr(L,0) = (T)Rr(8)> (4.2)
we get the identification [5,(6] .
B = \/ﬁ (4.3)

We have the difference of Rényi entropy

4 B 9 B A

B moe(n —1)(n + 1)%e4[8(145n> + 188)€; — 3(46n° + 37)ey + 4n® + 2(° o)
2835n5 L6 ’

and it has been calculated in [3//9,10]. The difference of entanglement entropy is

12875 ce’ (2264 — 1)%£°

10
1575(5¢ + 22)I°5 O™, (45)

S(L,p)— S

and it has been calculated in [10]. We have the relative entropies

12875 ce (2264 — 1)%4°

12875 ce (2264 — 1)%4° "
S(pa(B)lloa(L: 8)) = —grrir o — + O, (4.6)

and the first one has been calculated in [10] by a different method. Note that S(pa(L, ¢)||pa(B)) and
S(pa(B)llpa(L,¢)) happen to be the same at order £8, and we expect they will be different at higher

orders. We have the symmetrized relative entropy and the 2nd symmetrized relative entropy

| 2567mce(22¢5 — 1)2°

S(pa(L, d),pa(B)) = 5o 22 o0,
m8c(5e + 27)€2 (22¢4 — 1)%68
Spal,)pa(0) = O A U o) )

The Jensen-Rényi divergence and Jensen-Shannon divergence are respectively

m8(n + 1)ce?(22¢, — 1)28
JRy(pa(L, ¢), pa(B)) = — 2268000(5c + 22)n7 L8

— 8(n? +11)(157n* — 298n? + 381)] 4+ O(¢19),

32m8¢(22¢y — 1)%€4 (8
JS(pa(L, ¢), pa(B)) = 1575(5c + 22)L8

[175¢%(n? — 1) + 70¢(7Tn? — 55)(n? — 1)?

+ O(019). (4.8)
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We also have
mcfe(5e + 62) + 216]€;(22¢4 — 1)26°
25600(5c + 22) L8

loa(L.6) — paB)3 = (£) ]

+ 0", (4.9)

All the above dissimilarities between the excited and thermal state originate from the fact that the

level 4 operator A has different expectation values [9,/10]

(A rr.e) # (Ars)- (4.10)

A more refined consideration is that one should not compare the excited state and the canonical
ensemble thermal state, instead one need to consider the generalized Gibbs ensemble (GGE) thermal

state [20-25]. The GGE state has the density matrix

pagE = e P Bl (4.11)

with .J; being some conserved charges and (3; being the corresponding chemical potentials. By requiring

the ETH comparison is done for the same macroscopic super-selection sector, we should impose

(H)r(L,g) = (H)ace, (Ji)r(L,¢) = (Ji)GGE, (4.12)

so that one can get the relation of hy with the GGE parameters 3, p;. In the vacuum conformal
family, there are an infinite number of commuting conserved charges o1 with & = 0,1,--- [44,45].

For examples, one has

1 (L2 27 c
h==5 /., dwT(w) = T (Lo ﬂ) ~ H, (4.13)
1 [L2 27\ 3 5c+ 22 c
=5, _L/deA(w)_ (f) [“40_ 60 0_@)}

We may choose the GGE state

pagr = e PH-EiL1 Porsilaiir (4.14)

Then we have the requirement
(X)R(L,0) = (X)GGEs (4.15)

for all vacuum conformal family quasiprimary operator X. Since there are more equations than the
unknown chemical potentials, we do not know if there is a unique solution for all 8, Bogy1, &k =1,2,---.
If this is the case, all the dissimilarities considered in this paper vanish so that there is no difference
between the reduced density matrices of the excited state and GGE thermal state.

Furthermore, in GGE it is not necessarily that all the conserved charges commute with each other
[22]. For each nonidentity quasiprimary operator in vacuum conformal family, say X', we may define a

conserved charge

L2
Iy x / dwX (w). (4.16)
—L/2
Then we may define the GGE state
paa = e~ =¥ Pxlx, (4.17)
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with which there are the same number of equations and the unknown chemical potentials. However,
we still do not know if there is any solution to the equations (4.15)).
To be more concrete, we consider a toy model of GGE

L/2

pacp = T am oL deA), (4.18)
For an arbitrary operator X we have
tr (X (wo)pcar) < — e M2 dwAw) — 4 [, dwA
—Ix or J_L/2 > ~ <X 27 J oo AW (w)> . 4.19
tre—AH (wo)e R(B,p) (wo)e R(B) (4.19)

We get the expectation value of GGE in expansion of the small chemical potential p

tr(X (wo)paar)
trpGGE

(X(wo))acE =

~ (o) — 9 [ dollAwX(0)r

— (A(w))r(s) (X (wo))r(s)] + O1?). (4.20)

The correlation functions on the cylinder R(S) can be calculated by mapping the cylinder to a complex
27w
plane by the conformal transformation z = e # . Note that the above expectation value should be

independent of the position wy. Using the integraﬂ

© d r(rs2
/ - GG ), (4.21)
o sinh® z 2/
with S =4 and S = 8, we finally get
m2c  wle(5e+22)u
T = D AR o2
(T)ace e + 1555 +O0(),
mte(5e + 22 70¢(5e+ 22)(Tc + 74
(Avgan = = ) _med I L o), (4.22)

18034 94537
In the excited state |¢) of a holomorphic primary operator ¢ with conformal weight hy = cey, there
are expectation values [9,(10]

m2e(1 — 24ey) mhe((5e + 22) — 240(c + 2)eg + 28800635)

(T)y = — %z (A)p = 13072 : (4.23)

To consider ETH comparison for the same super-selection sector, we equate (4.22) and (4.23)
(T)aee = (T)¢, (A)ccE = (A)g, (4.24)

and solve the inverse temperature § and chemical potential y in terms of €4, ¢, L. As known that
the ETH for canonical ensemble works well in the leading order of large ¢ limit [7,8], we should then
expect
lim g = L li =0 (4.25)
clglo o 24€¢—1’ ciglo'u_ ’ ’

On the other hand, the finite ¢ correction causes the mismatch between excited state and the canonical

thermal state by power suppression of 1/c [10], we then need to find the solution of (4.24]) for GGE

3Note that the integral is only convergent for 0 < ReS < 1, and it is analytically continued to other values of S. The
results are the same as these from more delicate calculations in [46-48].
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with power correction of 1/¢ to (4.25)) as follows. To make the 1/¢ expansions in (4.22) well-defined,
we need the leading order p ~ 1/c¢® with o > 1. Since there is no subleading term in (T")4, we need

the leading order correction to 3 of order 1/c®~!. We then make the following ansatz for the solution

to equations (4.24])

5= L i al —i—o( 1 )
24y — 1 et ca=1)
bL? 1

with the constants o, a, b to be determined. It is easy to see that (A)cgr = (A)e cannot be satisfied
for @« > 2. Thus, we have 1 < a < 2 in ansatz (4.26]). However, we cannot determine the coefficient
b in ansatz (4.26) at the present expansion order of (4.22)), but might be determined uniquely at the

higher expansion orders.

5 ETH for microcanonical ensemble thermal state

The ETH [1,2] and its corollaries such as the subsystem ETH |[3,/4] are originally considered for
comparing the energy eigenstate and the microcanonical (ensemble) thermal state. Despite that the
difference between canonical and microcanonical thermal states is power-law negligible in the limit of
large number of degrees of freedom, it is still interesting to check ETH directly for microcanonical
thermal state. In this appendix we will do this using OPE of twist operators as described in section

The microcanonical thermal state to be considered is the equal-weight sum of the pure states

|pi) == ¢i|0) i =1,2,--- €, i.e., its density matrix is given by

Q
1
pme = o > o) (¢l (5.1)
i=1
where ¢;’s are nonidentity primary operators of conformal weights (hg,, B¢i). For the microcanonical
thermal states, we should require for all i =1,2,--- ,Q
hg, = hg, he, = hg (5.2)

where (hg, he) is the conformal weight of the excited state ¢ with which we will compare for checking
ETH.

For simplicity, we can choose an orthonormal set of ¢;’s, i.e.,

(pilpj) = dij- (5.3)

We also choose ¢ as one of the Q operators ¢;, i.e., ¢ € {¢;}.
Globally, the pure excited state density matrix py = |¢)(¢| and the microcanonical thermal state
density matrix ppe = %Z?:l ps, are very different. This can be seen from various dissimilarity

measures, i.e., starting from their von-Neumann entropies,
S(ps) =0, S(pme) =1log, (5.4)
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and then the relative entropy
S(pslpme) = log 2, (5.5)
and the Jensen-Shannon divergence

1 Q+1
TS (pg: pme) = log2 + 5 log 2 - % log(€ + 1). (5.6)

Instead, the ETH should be explored by the local observables. If ETH holds, for arbitrary local
observable X we should have
tr(ppX) = tr(pme). (5.7)

If X is the operator in the vacuum conformal family, it is easy to see that (5.7) holds by the fact
(5.2). On the other hand, if X is some nonidentity primary operator or its descendants, then the ETH

imposes constraints on OPE coefficients Cy, ¢, x:

Q
1
Copx = o > Copr (5.8)
=1

This implies that not every CFT satisfies ETH.

However, in a large ¢ CF'T, it is often a good approximation to consider contributions only from
the vacuum conformal family, and this is what we adopt in this paper. We now consider to divide
the circle of length L, on which the large ¢ CFT lives, into a small subsystem A of length ¢ and its
large compliment B of length L — /. We can define the reduced density matrices p4 4 and pp 4 for the
excited state pg, and pa me and pp me for the microcanonical thermal state ppe. We then use OPE of

twist operators to calculate dissimilarity measures for comparing pa 4, pA,me, and for comparing pp 4,

PB,me-
We only include contributions from the vacuum conformal family in the following calculation. For
the small subsystem A, from (5.7) we get

trA(PA P me) = traph g, m=0,1,---,n, (5.9)

and we further get the entanglement entropy, relative entropy, and Jensen-Shannon divergence

S(pA,¢) = S(pA,me>a S(pA,¢HPA,me) =~ 0, JS(pA,¢>pA,me) =~ 0. (5'10)

For the large subsystem B, we use (/5.3)) and [49]

trp [pB(¢i1’ ¢i1)PB(¢i27 ¢22) T pB(¢in’ ¢Zn)] =trp [pA(¢i1’ ¢i2)pA(¢i27 (bls) T IOA((binv ¢i1)]7 (5'11)
and get
trBOB me Ql_”trApZ,d), tre(PE pPB me) = V"M tr AP g m=1,2,-- . (5.12)

Then we get

S(va(ﬁ) = S(pA,¢)7 S(pB,me) = S(pA7¢) + lOg Q,
S(pB.ollpBme) = log,

1 Q41
JS(pB,¢s PBme) = log2 + S logl — ——=1lo

5 oo loa(+1). (5.13)
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The above result agrees with the expectation from ETH, which states that the energy eigenstate
approximates the microcanonical thermal state only for a small enough subsystem but not for a large
one. This is also verified by the numerical simulations for lattice models done in [50] as long as the
size of subsystem is smaller than the half of the total system size. When the size of the subsystem A
becomes as large as half the total system size, the trace square distance starts to deviate from zero,
and the behavior indicates that one may be able to extract some critical exponents from the behavior
around ¢ = L/2.

As a byproduct, from , , we get the approximate saturation of the microcanonical

ensemble version of the Araki-Lieb inequality [51]

S(pme) - S(ﬂB,me) + S(pA7me) ~ 0. (514)

The saturation of canonical ensemble version of the Araki-Lieb inequality and its holography have
been studies in [49,52-58]. We expect the suturation in ((5.14)) is lifted if the approximation (5.2) is

scrutinized carefully and/or contributions from nonvacuum conformal families are included, i.e., that

S(pme) — S(PBme) + S(pPa,me) > 0. (5.15)

6 Conclusion and discussion

We have used the OPE of the twist operators to calculate various quantities that can be used to
characterize the dissimilarity of two reduced density matrices, and these quantities include the Rényi
entropy, entanglement entropy, relative entropy, Jensen-Shannon divergence, as well as the Schatten
2-norm and 4-norm. We first consider contributions from only the holomorphic sector of the vacuum
conformal family, and make expansion of all the quantities by the length of short interval ¢ to order
¢°. As an application of the results, for ETH we show how these dissimilarity measures behave for the
excited and thermal states in the high temperature limit. As we have showed in this paper, all these
quantities can capture the dissimilarity of the two reduced density matrices. Furthermore, we also
discuss the possibility to define ETH with GGE thermal state. By using GGE, we provide a possible
scenario to define ETH and resolve the mismatch between ETH and highly excited states in large ¢
CFT. We also discuss ETH for microcanonical ensemble thermal state. In the appendix we give the
formal forms of the entanglement entropy, relative entropy, Jensen-Shannon divergence, and Fisher
quantum metric with contributions from general operators.

In the method of twist operators we cannot calculate the trace distance, which is essential for the
definition of subsystem ETH [3,/4]. Trace distance is just the Schatten n-norm with n = 1, and the
absolute value in the definition makes it hard to evaluate when n is an odd integer. It would be nice

if the trace distance can be calculated in CFT.
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A Relative entropy from modular Hamiltonian

We calculate the relative entropies using modular Hamiltonian as shown in figure 5| and some of them
have been calculated from the same method in [59,60]. This appendix serves as a check of the relative

entropies from twist operators in section [3.1

oa(L.9)
——

pA(L7q) ¢
PA(9)
Pa(B.®) \ D

15
PA(B.p)

Figure 5: The 20 relative entropies we can calculate using modular Hamiltonian and entangle-
ment entropy. We only need to calculate the two relative entropies S(pa(L1,®)|pa(L2)) and
S(pa(L1,q)|pa(L2)) as marked in blue.

For a reduced density matrix p4, the modular Hamiltonian H(p4) is defined as

e_H(pA)

A7 tae HOa) (A1)
For two reduced density matrices pa, o4, the relative entropy can be written as
S(palloa) = (H(oa))p — (H(oa))o — S(pa) + S(0a), (A.2)

with H(o4) being the modular Hamiltonian of o 4. The modular Hamiltonian is known only for cases
of pa(0), pa(L) and pa(B), and one has [43,61,62]@

Z.T — X
HMWZ—AM)H@M,

l
. T . T(l—x
H(L)-—E esmfsm (L)T( )d
A N ™ Jo sin %Z .
g (¢ sinh 7F sinh W(Zgw)
e e (A3)
T Jo sinh 5

“One can see modular Hamiltonian for excited states in |63,64].
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We have only incorporated contributions from the holomorphic sector. They satisfy the relations
Ha(0) = lim Ha(L) = lim Ha(B), Ha(B)= Ha(L)|L—ip- (A.4)
L—oo B—00

As shown in figure [5] we use the entanglement entropy and modular Hamiltonian to calculate the
relative entropies S(pa(L1,¢)||pa(L2)) and S(pa(L1,q)||pa(L2)). We have
m4cL? — L3(c — 24hy)]2 0t

S L Ly)) = A5
(pa(L1,9)[pa(Ls)) T080cL1L3 (8.5)
N 70[cL? — L3(c — 24hy)|?[2¢L? + L3(c — 24hy)|¢° L 1O
170102 LS L§ ’
and this is in accord with (3.7 and (3.8). We have
4 LQ_LQQ 44L2_L2 2 24L2_L2 3
S(pa(Ly. ) pa(La)) [77 c(Ly : 42) (LY - 22)61 (LY - 22)q
1080L4 L3 450413 15L1L3
dnlleLi — (c = ) Lla" o qw o [wﬁc(%‘f —3L3LY + L§) | 87°(L] — LY)¢?
15¢L3L3 17010LYLS 945L8 L3
46 4 _ 14\,.3 67.74 _ -1 41,4 8 8_426 8
T (L] 6L42)q 8m°[cLi (06 46)L2]q +O(q5)}£6 n [77 c(3LY L28L18+ L) (A.6)
3150813 315¢LYL3 226800L5 LS
4r8(L8 — L9)g®>  2mn8(L8 — LS)q®  4nB[cLb + (159¢ + 728)LS]q* o] + 0@
4725L5L§ 157505 LS 1575¢ L5 LS ’

and this is in accord with (3.9)) and (3.11]).

B Contributions from general operators

In the main text, we only consider the contributions from the holomorphic part of the vacuum conformal
family to order . In this appendix we consider the contributions from general holomorphic and
antiholomorphic operators, and we get closed forms of the entanglement entropy, relative entropy, and
Jensen-Shannon divergence.

For a short interval A = [0, /] on a Riemann surface R that has translational symmetry, we have

the reduced density matrix p4 and get

bt = (2)4% (1 YT Any (A (Xk>R)7 (B.1)
=1 (X0, .0)

with the summation {X] --- Xj} being over different sets of all the nonidentity holomorphic and anti-
holomorphic quasiprimary operators. For a quasiprimary operator X, we use Ay to denote its scaling

dimension. Then we get the entanglement entropy

c 14 >
S(pA) - g logg + Z Z gAX1+ +Ax, ax, .-, <X1>R e <Xk>7€ (B.2)
k=1{Xy, Xk}

For the same short interval A = [0, ¢] on another Riemann surface S that also has translation symmetry,
we have the reduced density matrix o4 and similar expression for entanglement entropy S(c4). The

difference of entanglement entropies is

S(pa) = Sloa) =3 S AuT Ay Ly (N)r - (Xir — (X)s - (A)s).  (B3)
k=1{X1, &}
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For k quasiprimary operators X1, -, Xk, and two translation invariant Riemann surfaces R, S,

we may define
1 .
Fil, o 4R, 8) = —({(X1)r - (Xi)R{Xit1)s - - () + permutations), (B.4)
with 0 < i < k. Note that the above definition is normalized such that F;(X,--- , X|R,S) =

(X)L (XY Fil( X, X[ R,R) = (X1)R -+ - (Xk)w. For 0 <m < n, we have

n I k—1i
tra(pho) = (%)4h”(1+2 ST ANy Z gg ™ (X, ,Xk\R,S)).
k=1{X1, X} i=0

Then we get the relative entropy

PAH(TA Z Z {EAX1+W+AX}€ ax; .- Xy [kfl(‘)(l? e 7‘)(k|7?'7 S) - <X1>R e <Xk>R
k=2{Xy, Xk}

— (k= 1)(X1)s - (X)s]}, (B.6)

and the symmetrized relative entropy

PA,UA Zk Z {KAX1+...+AX}€G’X1“~X;Q[fl(Xla’" 7Xk|R78) +'F1(X17"' 7Xk|877?’)
k=2 {X1, X}

—(X)R - (A)r — (X)s - (A)s] - (B.7)

Using the summation
n

»ocrcheri =2 ke, (B.8)
m=0
and (B.5)), we get
n k i
+04\n €\ 4ho ;
w2 = (5) (XS X AN Y SERL - AR.S)). (BY)
k=1{X, %} i=0

Then we get the Jensen-Shannon divergence

1 1
S(pa,oa) Z Z {EAX1+ +AXkaX1‘..Xk{—§<XI>R"'<Xk>R_§<X1>S"'<Xk>8
k= 2{;(1, LX)

+Z Fi(Xy, - ,XHR,S)H. (B.10)

With the above results, we can also calculate short interval expansion of the Fisher information
metric. We parameterize the states of the CFT by ¢, and we have the density matrix p(6), and
formally the Riemann surface R(#). For the reduced density matrix p4(6), the Fisher information

metric is defined as

goss = 5 (1ralpA(6) (@108 pa(6)) (03 108 pa(8))] + (0 ¢+ 9)) (B.11)
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It is related to the relative entropy and Jensen-Shannon divergence as [65,(66]

S(pa(0+56)a(6)) = 590500°50° + O[(50)°),
TS(pa(6+ 66), pa(6)) = égaﬁaeaaeﬁ +0[(50)3]. (B.12)

From or (B.10) we get short interval expansion of the Fisher information metric

Gop == D BTNy Gas(X, o, X|R(6)), (B.13)
k=2 {Xy, X}

with the definition
Gop(X1, -, % RO) = D {{(Xre) - 0 (Xidrio)] - - - 005 (Xi)R(@)] - - (Xk)re) + (e 4 B)}.

1<i<j<k
(B.14)

In principle, the Fisher information metric can be used to define the distance on the state space, i.e.,
all the thermal and quasi-primary states of 2D CFTs as considered in this paper. Though we do not
know at present how to efficiently characterize the state space by this metric, we expect it may help

to visualize the ETH geometrically for the future studies.
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