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1 Introduction

The T-duality property of closed string theory implies the emergence of an O(d,d,R)
symmetry upon reduction of the low-energy effective actions on a torus 7¢. This holds
for bosonic string theory but also for the maximal and half-maximal supergravities in
D = 10 and their lower-dimensional descendants. The O(d,d) invariance is a ‘hidden’
symmetry from the point of view of conventional (super-)gravity in that it cannot be
explained in terms of the symmetries present before compactification. Double field theory
(DFT) is the framework that makes O(d,d) manifest before reduction by working on a
suitably generalized, doubled space [1-4]. DFT can be defined for the universal NS sector



consisting of metric, b-field and dilaton, including bosonic string theory in D = 26 and
minimal supergravity in D = 10, but also for type II string theory [5, 6].

The group O(d, d) is the universal duality symmetry arising for toroidal compactifica-
tion of any string theory, but for special theories or backgrounds this symmetry may be
enhanced further. For instance, for half-maximal supergravity coupled to n vector multi-
plets (or heterotic string theory with n = 16) the symmetry is enhanced to O(d, d 4 n), for
which there is a DFT formulation [1, 7, 8]. Moreover, compactifications of half-maximal
supergravity to D = 4 also exhibit an SL(2) duality, for which a DFT formulation has
been obtained recently [9]. The case of interest for the present paper is the compactifica-
tion to three spacetime dimensions. In this case, D = 10 supergravity yields an O(7,7)
symmetry that, however, is enhanced to O(8, 8) for half-maximal and to Egg) for maximal
supergravity. Similarly, heterotic string theory exhibits an enhanced O(8,24) duality [10],
while the T-duality group of D = 26 bosonic string theory on 7% is enhanced to O(24,24).
More generally, a string theory compactified on 7% to three spacetime dimensions exhibits
an O(d+ 1,d + 1) symmetry. This comes about because vector fields in three dimensions
can be dualized into scalars which join the universal scalars to combine into a larger coset
model [11, 12].

Our goal in this paper is to define an ‘enhanced double field theory’ that makes the
larger duality group O(d + 1,d + 1) manifest before compactification by working on a
suitable extended internal space. More generally, we will define the theory for any pseudo-
orthogonal group O(p, ). In this we closely follow the construction of the maximal Egg)
exceptional field theory [13] and the SL(2,R) covariant formulation of D = 4 Einstein
gravity [14]. Concretely, we generalize the formulation of [15] to an enhanced double field
theory, with external and (extended) internal coordinates, but the internal coordinates now
live in the adjoint representation of O(p, q).! The coordinates thus read YM = YIMN] with
fundamental indices M, N,...=1,...,p+ g, subject to section constraints that generalize
the level-matching constraint of DFT. A novel feature of this theory compared to the
original DFT is that the section constraint has inequivalent solutions. As a consequence,
we can embed in particular both the chiral and non-chiral theories in D = 6.

One of the conceptually most intriguing aspects of double and exceptional field theories
with three external dimensions is that they require the inclusion of ‘dual graviton’ degrees
of freedom. Indeed, in dimensional reduction the three-dimensional vector fields need to be
dualized into scalars in order to realize the enhanced symmetry, and these vectors include
the Kaluza-Klein vector fields originating from the higher-dimensional metric. Thus, their
duals would be part of a higher-dimensional dual graviton, whose existence within a more
or less conventional field theory is excluded by strong no-go theorems [16]. This is reflected
in the observation that the generalized Lie derivatives supposed to unify the internal diffeo-
morphisms and tensor gauge transformations do not define a consistent gauge algebra for
duality groups associated to three dimensions such as O(8,8) [17]. Within exceptional field
theory this obstacle shows up in the gauge transformations of the tensor hierarchy in any

1Since the coordinates are split into external and internal, with the latter not only being doubled but
embedded into the adjoint representation of O(p, q), this theory could also be referred to as an exceptional
field theory in the sense of [13]. We thank the referee for pointing this out.



dimension n, among the gauge symmetries associated to the (n — 2)-forms [18-21]. Never-
theless, consistent double and exceptional field theories can be defined upon including an
additional gauge symmetry (subject to somewhat unusual constraints) and its associated
gauge potential. Three external dimensions are special because the need for additional
gauge symmetries is apparent already at the level of the ‘scalar’ fields, and the additional
gauge potential features among the ‘vectors’ participating in the gauging and the needed
Chern-Simons action.

Concretely, the internal (generalized) diffeomorphisms parameterized by AM have to
be augmented by new gauge symmetries with parameters Xy that are subject to ‘extended
sections constraints’ requiring that they behave like a derivative in that, e.g., 3™ = 0.
Nevertheless, this additional gauge parameter cannot be reduced to the derivative of a
(singlet) gauge parameter, nor can the associated gauge vector be eliminated in terms of
(derivatives of ) the other gauge fields. In the present paper we will confirm that precisely
the same construction applies to enhanced DFT with duality group O(p,q). Moreover,
we use the opportunity to clarify the properties of these enhanced gauge symmetries by
showing that on the space of ‘doubled’ gauge parameters Y = (A™, ¥ ,) one has a gener-
alized Dorfman product that shares all properties familiar from, say, DFT. In particular,
we will show that the Chern-Simons action can be naturally defined in terms of a similarly
‘doubled” gauge field A, = (A,M, B, ).

As one of our main applications we will use the O(p,q) DFT to define consistent
generalized Scherk-Schwarz compactifications as in [22, 23], employing a novel notion of
generalized parallelization. For a generalized Scherk-Schwarz reduction, the compactifica-
tion data are entirely encoded in a group matrix (‘twist matrix’) uN A and a singlet p,
both depending only on the internal coordinates Y. For duality group O(p, q) the twist
matrix can be decomposed into fundamental matrices U™ ;, and we define a ‘doubled’
twist matrix as for the gauge parameters and gauge fields:

_ 1 _
Upin = <P UR U 5 1" 1(3KLUPM)UPN> : (1.1)

Although at the level of elementary gauge fields and parameters the additional (covariantly
constrained) components cannot be eliminated in terms of (derivatives of) the other fields,
for the Scherk-Schwarz ansatz the corresponding component ;5 7 can be written in
terms of derivatives of the twist matrix. Note that with its indices being carried by a
derivative, the above form is manifestly consistent with the constraint. We will show that
a twist matrix gives rise to a consistent compactification provided the doubled tensor (1.1)
satisfies the following algebra with respect to the (generalized) Dorfman product o:
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Uiy o Uzt = —Xpxrr O Upg (1.2)
where the X are constant and define the embedding tensor of gauged supergravity. For the
‘geometric component’ this relation encodes the familiar Lie algebra of Killing vector fields.
The above defines a notion of generalized parallelizability. Writing the compactification

ansatz in terms of the twist matrix, for instance for the ‘doubled’ gauge vector as Ay (z,Y) =
WUirn (YV)AMN (), we will show that the U-matrices and hence the Y-dependence factors



out homogeneously, thus proving consistency of the compactification. We will thereby
prove the consistency of a large class of compactifications to three dimensions, including
the truncations of D = 6, N’ = (1,1) and D = 6, N’ = (2,0) supergravity on AdS3 x S3.

This paper is organized as follows. In section 2 we introduce the O(p, q) generalized dif-
feomorphisms, the generalized Dorfman product and the associated gauge vectors. Based
on this, we construct in section 3 the complete O(p, ¢) enhanced DFT, and discuss its rela-
tion, upon solving the section constraint, to (super-)gravity theories in various dimensions.
In section 4 we discuss generalized Scherk-Schwarz compactifications in terms of general-
ized parallelizability and analyze the ‘twist equations’ (1.2). These results are then applied
in section 5 in order to establish the consistency of various Kaluza-Klein truncations to
three dimensions. We conclude in section 6 with a general outlook on further applications
and generalizations. Appendix A collects some O(p, q) identities, and in appendix B we
give for completeness the details of the generalized Dorfman product for (doubled) vectors
in the case of Egg).

2  O(p, q) generalized diffeomorphisms and tensor hierarchy

In this section we introduce the O(p,q) covariant generalized Lie derivatives that define
generalized diffeomorphisms. Their structure follows [13, 14] and is conceptually different
from theories with external dimension n > 4: they are defined with respect to a pair of
gauge parameters, one of which is subject to further constraints. We clarify their algebraic
structure by defining a generalized Dorfman product on the space of such pairs. This
significantly simplifies the subsequent constructions, including the tensor hierarchy and
the definition of the Chern-Simons action.

2.1 Generalized diffeomorphisms

We begin by spelling out our conventions for the group O(p, ¢). Its fundamental represen-
tations is indicated by indices M, N,...=1,...,p+ q. Hence, objects living in the adjoint
representation, like the coordinates Y™, are labelled by index pairs:

yM = yMN = yMN (2.1)
The structure constants are given by
fMN,KLPQ _ 85[P[M77N][K5Q]L} : (2.2)

with the O(p,q) invariant metric nysn, which we use in the following to raise and lower
indices. In addition, for O(p,q) we use two more invariant tensors:

sPQMN ) = 85 Pn@M g N (2.3)
which is symmetric under exchange of [PQ] with [M N], and

1
APQRSKLMN = 5KLMNPQRS = — (5KP(SLQ5MR5NS + permutations) s (2.4)
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which is totally antisymmetric in the lower and upper sets of indices.



We can now define section constraints for the derivatives dyy = dasnv dual to the adjoint
coordinates (2.1) in analogy to other double and exceptional field theories. In terms of the
above defined O(p, q) tensors, we impose

SMNKL fMNKL

PQOMN ® Ok =0 PQOMN ® Ok, =0,
AMNKL o ps Oy ® Ok, = 0, nMENLE OyN ® O, = 0. (2.5)

Writing out the invariant tensors in terms of n and Kronecker deltas it is easy to see that
the section constraints are equivalent to

Oun ® Ok = 0=n"" Oy ® Ok1 (2.6)

which is the form we will use from now on. We recall that as for higher-dimensional DFTs
and ExFTs these constraints are meant to hold for arbitrary functions and their products,
so that for instance for fields A, B we impose djpnyAdxr)B = 0 and oK AONKB = 0.
The constraints simplify when the second-order differential operator acts on a single object
A as follows

0= 8M[N6PQ]A = 8MNapQA =-2 8M[p8Q]NA . (2.7)

This can be verified by using that partial derivatives commute, Oy NOx 1A = O .OMNA.
We now turn to the definition of generalized Lie derivatives acting on arbitrary O(p, q)
tensors. For a tensor VMY in the adjoint representation it is defined as

Lias) VN = A0, VIV 42 (p+ —2) PP MY g, 0p AT VL4 N0y AR VN
—Spq fPOMN g VEE (2.8)

where PM /X /- is the projector to the adjoint representation, explicitly given in (A.3), and
we have also allowed for an arbitrary density weight A. While these terms capture the
generic structure of generalized diffeomorphisms [24, 25] the last term describes a local
adjoint O(p, ¢) transformation with parameter Xy which, subject to constraints, will be
seen momentarily to be necessary for consistency. Its presence is typical for ExFTs with
three external dimensions [13, 14]. The projector P can be written in terms of the above
invariant O(p, q) tensors, so that one obtains for the generalized Lie derivative

Liasy) VN = ALY, VMN — Y EL g  AMN (X — 1) OpoATQ VMY

1
+ <6 AP QMNRSKL + 16 SPQ’MNUVSRS,KLUV

1
+E fPQ’MNUVfRS,KLUV) IpoAFSVEL

—ZPQ fPQ’MNKL VKL . (2.9)

Let us emphasize that in the following we will always refer to A as the density weight of a
field, as opposed to the ‘effective weight’ (A — 1) emerging in the first line of (2.9).

In the following we will show that the generalized Lie derivatives form a closed al-
gebra, which in turn fixes the coefficient 2 (p + ¢ — 2) in front of the projector in (2.8).



More precisely, the £, for ¥ = 0 do not close separately, but closure follows upon in-
cluding a ‘covariantly constrained’ parameter X,y satisfying the same constraints as the
derivatives Oy n:

Sy ® Oy =0=n""Syy @ Okr ete. . (2.10)

Indeed, defining the gauge variations of a generic tensor field V' by the generalized Lie
derivative, 6o xV = L4 x)V, and provided the section conditions (2.6) are satisfied, one
finds for the gauge algebra

[0ar 1) O(haise) | = Oaamo)(ans) > [(A2,32), (A1, B1)] = (A2, 512) , (2.11)
with the effective parameters

AN =2 A[ZKLaKLAl]MN —6 A]VHVKLPQI% A[2PQ aKLAl]RS
1

~ 16 (spors”V s"NEL Gy + frorsYY FMINEE L) AR Ok AT
S1omn = =28 w0k Ay + 20" Ok LS mn — 28 kO AR
1
~3 frsxr™C AR OunOpo Ay T . (2.12)

In order to prove the above closure result it is convenient (and sufficient) to work with
the Lie derivative acting on an object in the fundamental representation of O(p,q), i.e., a
vector VM| for which we write

Lasy)VM = AL VM + KMy (A, D) VY + Ao AREVT (2.13)

where we defined
KMN(A, %) = 4 (M g ANIE 1 5MNY (2.14)

The action of the generalized Lie derivative on a tensor with an arbitrary number of
fundamental O(p,q) indices is then defined straightforwardly, with a K term for each
index. In particular, one may verify that this definition reproduces the above form of the
generalized Lie derivative acting on an adjoint vector VMY,

Closure of the gauge transformations given by the generalized Lie derivatives (2.13) can
now be proved by a direct computation. Specifically, one may quickly verify that closure
is equivalent to the following condition on K:

KMN(A]_27E]_2) = AfLaKLKMN(Al,21)+KMK(A2,EQ)KKN(Al,El)—(l — 2) R (2.15)

where A1y and X9, given in (2.12), can be simplified by writing out the invariant tensors
in terms of (2.2)—(2.4):

AN =2 A Lo LAY — 6 AN Og p A — 4 A O NN K
Siomn = — 28 N0k LAy + 2 A POk L SNy — 28 kO Ay (2.16)

— A" kOunOpLAy



As a help for the reader and an illustration of the use of the section constraints (2.6) and
the analogous constraints (2.10) on X, we display the relevant terms involving . It is easy
to see that, as a consequence of the constraints, they are linear in ¥ and vanish by use of
the first constraint in (2.10) in the form

0= GE[MKE)NP] = QZM[K 8|N|p] + QEN[p 8|M\K} — X unNOkp — XkPOMN - (2.17)

We will next discuss the transformation rules for partial derivatives of tensor fields.
Let us compute the variation of the partial derivative of a vector of weight A:

5A,E(8MNVK) =0MuN (APQOPQVK + KKP(A, E)Vp + A apQAPQ VK)
= APCOpQIMN VI + Oun AT OpgVic + K P OunVp (2.18)
+ )\apQAPQ OounNVi + 6MNKKPVP + A 8MNapQAPQ Vi .

In order to compare this with the expression for a generalized Lie derivative, we use the
section constraint as in (2.17), which yields

OmuNATROpoVi = 2 K 01p v Vik — OpA Q0N Vi (2.19)
Thus, using this in (2.18), we have shown
oA s(OMNVEK) = ACE//\\T;;])((?MNVK) + 0N Kk Vp + X Oun0poAT? Vic | (2.20)

where the notation in the first term indicates that the generalized Lie derivative acts
now with weight (A — 1). [We will use similar notations in the following whenever it is
convenient.] The additional terms involving second derivatives of the gauge parameter are
referred to as non-covariant variations. The non-covariant variations for the (first) partial
derivatives of arbitrary tensors take the analogous form, with a 0K term for each index
and one term proportional to A involving 9y (9pgAT?) (which, of course, vanishes for
zero density weight).

We close this subsection by discussing trivial gauge parameters or gauge symmetries
of gauge symmetries, i.e., choices of (A, X) whose generalized Lie derivative (2.8) gives zero
on all fields as a consequence of the constraints. The simplest example is

with ¥y/n = 0. Indeed, the transport term vanishes by the section constraint, and KM~ =
0 as a consequence of the section constraint in the form (2.7). There are more subtle trivial
gauge parameters, involving both A and ¥, parameterized by an arbitrary y®%:

1
AMN = a[MKXN]K y EMN = —ZaMNaKLXKL . (2.22)

Again, triviality follows from the section constraints, which immediately imply that trans-

KMN

port (and density) terms vanish, as well as = 0 by a quick computation with (2.7).

Note that yM¥ can be symmetric, in which case the ¥ parameter vanishes. In particu-
lar, this contains as a special case the familiar DFT trivial parameter AMN = gM¥N

YMN =y nMN | There is a more general trivial parameter for the latter:

X via

AMYN — QMN " with QMY covariantly constrained (2.23)



by which we mean QMN9y,y = 0, etc. Finally, there is a trivial parameter that gen-
eralizes (2.22) for xM¥ antisymmetric. Indeed, the Eg(s) case suggests that AMN =
fMN.KL PQf2 &9, where Q is covariantly constrained in the first index, is trivial. Here
we find that

AMN _ qIM _NIK

1 1
, Yun = —=0unQr 5 — 20k QunEE
K MN 3 MN?MKL 3 KL:tMN (2‘24)

with Qg7 covariantly constrained (2.10) in the first index pair,

is indeed trivial.

2.2 Generalized Dorfman structure

We will now introduce a new notation that allows us to exhibit an algebraic structure
on the space of gauge parameters AMY ¥,y that is analogous to the Dorfman product
appearing for DFTs and ExFTs with external dimension n > 4. We introduce for the
gauge parameters the pair notation

T=(AY), (2.25)

and we treat the first entry as an adjoint vector AMY of weight A = 1 and the second
entry as a co-adjoint vector X sy of weight zero that is covariantly constrained according
to (2.10).2

Our goal is to define a product for such doubled objects such that its antisymmetric
part coincides with the gauge algebra structure introduced in the previous subsection and
its symmetric part is a trivial gauge parameter. It turns out these conditions are satisfied for

Tl o TQ = (Al, 21) o (AQ, EQ)

1 (2.26)
= <£§]1A§”N, LY Sonn + 4A§L8MNK(T1)KL> ,

where we used the notation (2.14) for K (Y1) = K(A1,31). Moreover, the Lie derivatives
in here act as defined in the previous subsection, with A carrying weight one and Y weight
zero. Specifically, using that ¥ is constrained one computes

Lo, Youn = »C[(%hzl)EZMN = MOk pZomn + O A Doxcr, + O LA Tann - (2.27)

Note that, curiously, the ‘anomalous’ terms in the ¥ component of (2.26) have the order of 1

and 2 such that we cannot think of this as a deformed Lie derivative of ¥ w.r.t. T1, because

Ao enters explicitly. This ordering turns out to be crucial for the following construction.
We first verify that the antisymmetrized product defines the expected bracket:

1

[Tl, Tz} = §(T1 [0) Tg — Tg o Tl) = [(Al, 21), (AQ, 22)] = (A[1,2]7 2[172]) s (2.28)

20f course, since we have a metric to raise and lower indices, adjoint and co-adjoint representations are
actually equivalent, but it is sometimes useful to make this distinction in order to keep track of the two
components.



where

Af\fé\}[ = MR Lo AMN — 3 A N O p A — 2 A MO NN RE

+asM AN 1 69
L\ KL KL KL (2.29)
YhomN = 5(1\1 OrrYomN + OuNAT "Xok L + Ok AT " Eomn

— M POMNSok s — MT kOMNOPLAKY — (14 2)) .

This is not quite of the form (2.16), but is equivalent to it upon adding trivial gauge
parameters. Indeed, the gauge algebra is only well-defined up to trivial gauge parameters,
and adding a trivial parameter of the form (2.24), with

QunEl = —43 ynvAEE — (14 2), (2.30)

shows that the above indeed defines the gauge algebra bracket. Next we have to prove that
the symmetric part of the product is trivial. We compute:

1
§(T1 0Ty +Tyo T1) — <3 aKL(AQ[MNAlKL}) + Q[MKN}K + 8[MKXN]K ’

1 1 (2.31)
- §8MNQKLKL - 83KLQMNKL> ’
where
QN = a3 v A EL — 200 v A E p AP + (12), (2.32)

XM = 2 Ay M e AN

We infer that the result is indeed of the trivial form (2.21), (2.22) and (2.24).

Our next goal is to show that the product satisfies a certain Jacobi or Leibniz-type
identity that will be instrumental for our subsequent construction. To this end it is con-
venient to extend the notion of generalized Lie derivative slightly so as to act on doubled
objects A = (AMN Byn) of the same type as T:

Ly =TodA. (2.33)

From the definition (2.26) of the product we infer that for the first component (the ‘A
component’) this reduces to the conventional generalized Lie derivative, but for the ¥
component there is an additional contribution due to the ‘anomalous’ term in (2.26). We
will next prove, however, that these extended generalized Lie derivatives still close according
to the same bracket:

(L), Lr,| A= Ly, v 2. (2.34)

Again, for the A component this reduces to the closure of standard generalized Lie deriva-
tives established in the previous subsection, but for the ¥ component one obtains additional
contributions, so that after a brief computation

1
[£T17£T2]Q{ = <[’[T1,T2]AMN ’ [’[Tl,Tz}BMN + ZAKLETl(aMNK(TQ)KL) -1« 2)) .
(2.35)



On the other hand, the right-hand side of (2.34) equals

1
Lir, x, A = (5[T1,T21AMN s Lpey o Bun + A O K ([T, Tz])m) . (2:36)
In order to prove that the above two right-hand sides are actually identical we use

O (L, K(Y2)rr) = L, (OunK(To)kr) +20unK(T1) k" K(Ya)ipirp - (2:37)

This follows as in (2.20), using that the Lie derivative acts on K, defined in (2.14), as a
tensor of zero density weight. With this one can quickly establish

1
[£T1,£T2] A = ﬁ[Tl,Tg]m + (0 , 4AKL3MNXKL> , (2.38)
where
Xkr =Ly, K(Yo)kr — K(Tl)KPK(Tg)pL —(1+2)— K([Y1,T2])krL - (2.39)

Using (2.15) it is easy to see that this is actually zero, completing the proof of (2.34).
We now derive a Leibniz identity for the product from the closure relation (2.34). We
first note that for T trivial the extended generalized Lie derivative (2.33) vanishes:

T trivial = ToA=0. (2.40)

This holds by definition for the A component and for the 3 component follows from the
fact that the K (Y) entering the anomalous term of (2.26) is zero for trivial parameters.
Thus, using that the symmetric part (2.31) of the product is trivial, the closure relation
can also be written as

|:£T17£T2:| A= Ly or,2A . (2.41)
Using (2.33) twice we can write this as
Tio(YTa0A)—To0(YT10A)=(T10Ty)0A. (2.42)

Upon renaming the doubled objects entering here and reordering the equations, we have
thus established the Leibniz identity

Ao(Bol€)=AoB)o€+Bo((AoC). (2.43)

Let us finally note that formally all relations that hold for conventional Dorfman products
are then also satisfied for the product defined here, except that the relevant objects are
doubled in the sense of (2.25). In particular, the Jacobiator of the bracket (2.28) can
then be proved to be trivial in precise analogy to the original DF'T and ExFTs for E,,)
with n < 7.

,10,



2.3 Gauge fields, tensor hierarchy, and Chern-Simons action

We will now introduce gauge fields that, roughly speaking, take values in the algebra given
by the Dorfman product defined above. More precisely, we introduce gauge fields AMM N
and B, pyn and combine them into a pair or doubled object as above:

A = (AN Buuw) - (2.44)

In particular, A carries weight one and B weight zero while being constrained according
to (2.10), i.e.

B,mun ® 90k =0= VK B,vn ®Ikr , ete. . (2.45)

Their transformation rules receive inhomogeneous terms as to be expected for gauge fields.
Indeed, in analogy to Yang-Mills theories we postulate the following gauge transformations
w.r.t. doubled parameters (2.25)

oA, =9,7, (2.46)

where we defined the covariant derivative
D,=0,—2A, 0. (2.47)

It should be emphasized that the covariant derivative as written is only defined on doubled
objects, which is indicated by the mathfrak notation. We can, however, define covariant
derivatives for any field with a well-defined action of the generalized Lie derivatives in
section 2.1. For a generic (undoubled) tensor field V' we define

DMV = 6“V - E(AmBu)V . (248)
For instance, for a vector VM of zero weight this reads explicitly
D,VM =9, vM — A0k VM +2 (OMP A, pic — Ok p AL VE
—dnML B, VI (2.49)

Despite V' not being a doubled object we can prove in an index-free fashion that the
covariant derivative indeed transforms covariantly:

5(A,E)(Duv) =06v(0,V — L, V) = 0u(LYV) — Lo, x—21,0xV — Lo, (LYV)
= LoxV + Lr(0,V) — LoV + LayoxV — Loy, (LxV)
= Lx(0,V — Loy, V) + ([Ly, Loy, ] + Lay,or)V
=Ly(D,V),

(2.50)

where we used (2.41) in the last step. This proves the covariance of the covariant derivative
under combined tensor transformations given by generalized Lie derivatives and vector
gauge transformations, whose component form is with (2.46) and (2.26) found to be

6(A,E)AMMN — DNAMN ,

(2.51)
dasyBumN = DyXun — ALOyNBurr, — A LOMNOkp ALY
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which of course may also be verified with a direct component computation. This clarifies
the seemingly ‘non-covariant’ terms in the gauge transformations of B, first identified for
the SL(2,R) and Eg(g) cases [13, 14], and explains them as a consequence of the necessary
‘anomalous’ terms of the Dorfman product.

Let us next discuss the gauge structure and invariant field strengths for the gauge
vectors. With the Leibniz identity (2.43) it is straightforward to compute the commutator
of two gauge transformations (2.46):

[5'1'17 5T2] Qlu = 5T10T2mu +2 {T[h QMTZ]} , (2.52)
where we introduced the notation
{A,B}=A0B+BoA. (2.53)

We infer from (2.52) that the vector gauge transformations do not quite close, but the failure
of closure involves the symmetrized product, which is trivial, cf. (2.31). This implies that
the extra terms can be absorbed into higher-form (here 2-form) gauge transformations, as
is standard in the tensor hierarchy. Thus, the combined one- and two-form transformations
close. Another way to see the need for 2-forms is by inspection of the naive field strength
for the gauge vectors:

G = 0,2, — 0, — [, 2]+, (2.54)

where the ellipsis denotes 2-form terms to be added momentarily. In components, writing
Suw = (Fuw, Guy) + - - -, this reads

FMVMN = 28[uAV}MN_2A[,uKL 8KLAV}MN+6A[#[MNaKLAV}KL]—4A[#K[M8N]LAV]KL,
G;u/ MN = 2 D[HBV]MN — .A[uKP aanMN.Ay]KQ . (2.55)

We consider now the general variation under an arbitrary ¢2,, for which we compute
(53#1,:2©[M69ly]+{2l[u,5mu}}+--- . (2.56)

We do not quite obtain the expected identity with only the covariant curl of 2, but the
additional terms are trivial and can hence be absorbed into the 2-forms. More precisely,
2-forms are introduced in precise correspondence with the trivial terms in the symmetrized
product (2.31). We thus define the full field strength to be §,.., = (Fpuw, Guv), where

Fu N = B MN 4 9y 0 KEMN] g M o NIE g KM NI
G N = Gy N + Ok 1Cow ™ + OnNCow k1L (2.57)

KL

and the two-forms C,,, pyn™ ™ are covariantly constrained in its indices [M N]. After adding

the appropriate 2-forms to the field strength, we can show its complete gauge covariance.
To this end, we use the identity

[0, D,]T = -FuwoX, (2.58)
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which follows immediately from (2.47) and the fact that the 2-form contributions are of
the trivial form and hence drop out of this relation by (2.40). We similarly have for the
covariant derivatives (2.48)

[Du, DIVM = Lz cn VY = —LFngm VY (2.59)

This is contained in (2.58), which can be evaluated on the first (A) component of a doubled
object, thereby reproducing this equation. We then compute with (2.58)

NS =T oS, (2.60)

using that up to trivial contributions taken care of by the 2-forms the order of the product

can be exchanged up to a sign.

Chern-Simons term

We will now define a Chern-Simons action for the gauge vectors 21,,. To this end we need
an invariant inner product. The naive ansatz for the ‘off-diagonal’ inner product between
adjoint and co-adjoint vector needs to be deformed by a derivative term in order to account
for the ‘anomalous’ term in the ¥ component of the product. One finds:

(A1, Aa)) = (((A1, Br), (A2, B2))) = 2 A0 M Boyurw + A MY Onric Aoy v ™ (2.61)
The invariance condition means, more precisely, invariance up to total derivatives:
(T 021, Az)) + (A1, T 0Aa)) = Dprn (AN (21, 22))) (2.62)

which can be verified by an explicit computation. Thus, a truly invariant inner product
involves the N-dimensional Y integration (where N = 3(p+ ¢)(p + ¢ — 1)):

<911, Q[2> = /dNY(.AlMNBgMN + AMN B + AlMNaMK.AQNK) , (2.63)

where we used that one can integrate by parts in the terms with derivatives to combine
two terms into one. We can then also write, using the notation (2.14),

1
<911,Ql2> = /dNY<4.A{WNKMN(Q[2) +.A§4N81MN> . (2.64)

Although no longer manifest, the inner product defined in this way is of course still sym-
metric in the two arguments, up to boundary terms. An important consequence is that
the inner product is zero whenever one argument is trivial:

T trivil = (A, T)=0 VA. (2.65)

This follows directly from (2.64),

(A, %) = /dNY<iAMNKMN(S)+TMNBMN> =0, (2.66)
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using that for trivial ¥ = (7MY, 7y/n) we have K(%) = 0 and that the contraction of 7MY
with any covariantly constrained object such as Bj;n vanishes.

Having established the existence of an invariant inner product, a natural ansatz for
the Chern-Simons action is its familiar three-dimensional form:

Sog = /d% E;wp(@[w A, ) — %@lu, A, 0%, >> ) (2.67)

where the internal integration is implicit in the inner product. Using the Leibniz identity,
its gauge variation up to total derivatives can be written as

5TSCS = _g /d?’x etp <91H7 {911/7 aPT}> =0 ) (2'68)

which vanishes as a consequence of (2.65) since the symmetric pairing {, } is trivial. Using
the Leibniz identity (2.43) again, one can show that under an arbitrary variation ¢ 2,

6SCS = /de 5W}p<5mua Sup> . (269)

Because of the degeneracy (2.65) this does not imply that the field equations are §,, =0,
but only a suitably projected version of the field strength is zero. In the following we will
couple such a Chern-Simons action to charged matter, such that the field equations relate
a projection of the field strength to scalar currents. We can now use this result to compare
with the more familiar form of this variation. We first recall the identification

guu = (F;J,VMN7g;UJMN) . (270)

We then read off from (2.69) and (2.63)
0Scs = /dg‘r dNY ehvp (5BuMN-FupMN + 5~AMMN (gupMN + aMKJTZ/pNK)) . (271)

2.4 Covariant derivatives and variations

For completeness and in order to relate to the ‘covariant variations’ employed for the
supersymmetric Egg) ExFT in [26], we will now discuss some aspects of the ‘O(p, q) co-
variant’ geometry, notably the notion of connections and torsion. We begin by introducing
derivatives that covariantize the internal partial derivatives w.r.t. the internal generalized
diffeomorphisms. For a (co-adjoint) vector of weight zero we define

ViV = OV — Taun Vi, (2.72)

with connections I"pq s K that take values in the Lie algebra so(p, ¢). We can thus introduce
Can by
Tapn™ = Tae 5, (2.73)

which reads in index pairs

1
Tyunikr’ = 1 Tun,rs fE9P9K, (2.74)
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with a pre-factor for later convenience. This implies for fundamental vectors

VunVi = 0unVik —Tunx™Vi ,

2.75
VMNVK:aMNVK+FMN7LKVL . ( )

In (2.20) we computed the non-covariant gauge transformation for a partial derivative
of a vector. From this result and the first equation above we infer that the covariant
derivative indeed transforms covariantly provided the connection transforms as tensor of
weight A = —1, plus the usual inhomogeneous term:

orTanxr = OunKrr(T) + L5 Tk (2.76)

with gauge parameter (2.25), and Kx, defined in (2.14). We can also define the covariant
derivative of a tensor of arbitrary density weight X, using that the above implies for the
non-covariant variation

AN (Tr™ nr) = O (O L AE) (2.77)
Thus, for a vector of weight A,
VunVi = 0unVi — Tun Vi — )\F[ML,N]L Vi . (2.78)

We next aim to define a torsion tensor as a particular projection of the connection
that transforms tensorially. In general, the connection lives in the tensor product

Fvnkr - H@HE@@H@ o[l @ e, (2.79)

where the Hook and window tableaux are traceless, with the antisymmetric and symmetric
tableaux carrying two boxes denoting their trace parts. The latter is traceless itself with
its trace give by the singlet o. We next use that the section constraint implies

OmnKkr =0, O Knyx =0, (2.80)

as may be quickly verified by a direct computation. We then infer with (2.76) that the
following projections have tensor character:

Tunkr =6 yN k1) Tun =20 0" vk (2.81)

corresponding to the totally antisymmetric and the symmetric trace tableaux. We may
also combine this into a reducible torsion tensor:

Tun kL = Tunkr + 2 Tmk N - (2.82)
In the following, we will thus impose torsionlessness of the connection I' as

Tvunkr =0. (2.83)
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As usual in generalized geometries, this condition does not fully determine the connec-
tion [1] but all the parts that are required in order to formulate the field equations and
transformation rules. For DFTs and ExFTs with external dimension n > 4 the torsion
tensor is such that for vanishing torsion the manifestly covariant Lie derivative in which
all partial derivatives have been replaced by covariant derivatives equals the original gen-
eralized Lie derivative. The same is not quite true for ExFTs with n = 3 [26, 27], but we
have the following close analogue: for

- 1
Yun=3uN — 1 Ty rrn ASY (2.84)

one can write for a vector Vs or arbitrary density weight
(L5 — L)V = =Tunacr VVARE (2.85)

in terms of (2.82). This follows by a direct computation. Useful intermediate results are
(recalling that A has weight A = 1)

VMNAMN = 8MNAMN + FMKyNKAMN s (286)

Kyn(AS) = Kyn(A, %) + AY (Tynr + Trroun — Tunkr) — 2 T Mg -

With these relations we can relate the general variation (2.71) of the Chern-Simons
term to its ‘covariant variation’ as used in [26]. Indeed, one quickly sees, upon adding and
subtracting connection terms, that

6Scs = /d3x dNy 6“Vp<ABHMN prMN + (5./4HMN (GprN + VMK]:VpNK)) , (2.87)

where we introduced

1
ABuyn = 6Buun — ~ Tun g 04,5,

) 4 (2.88)
GuwMN = Guw MN — 1 Taiwrern Fu
Let us also note with (2.76) that G transforms as
5TGHVMN = ETQ,U,VMN s (289)

i.e., it transforms covariantly in the more conventional sense of covariance.

3 Construction of O(p, q) enhanced DFT

Having set up the formalism we can now construct the enhanced DFT invariant under
O(p, q) generalized diffeomorphisms. The field content of the O(p,q) enhanced DFT is
given by the gauge fields (2.44) together with an external 3 x 3 metric g,, (or vielbein e,%),
and an internal O(p, ¢) valued metric Mpsn.
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3.1 Building blocks of the DFT action

The field equations of SO(p,q) enhanced DFT are most compactly derived from a La-
grangian whose different terms are of the form generic for exceptional field theory with
three external dimensions [13, 14]

L = Lgu + k1 Lxin + k2 Lcs + k3 Lpot (3.1)

each term being separately invariant under generalized internal diffeomorphisms. The
modified Einstein-Hilbert term and the scalar kinetic term have the following form

LEg = Jjgea“eby (Ruyab + fuyMNeapaMNepb) = \/ng ;

1
Lyin = TR g" DL MMN D, My, (3.2)

with the covariant derivatives (2.48) and the Riemann tensor Rw,ab computed from the
external vielbein e,* with derivatives covariantized under internal diffeomorphisms under
which e, transforms as a scalar density (of weight A = 1). By construction, both these
terms are invariant under generalized internal diffeomorphisms with the second term in R
moreover ensuring invariance under local SO(1,2) Lorentz transformations.3

The Chern-Simons term in (3.1) is given by the standard non-abelian form (2.67)
based on the gauge invariant inner product (2.61) on the gauge algebra of internal diffeo-

morphisms. For concreteness, we spell out its explicit form

2
Log = P <FWMNBpMN + 0 Ay N O ALY — 3 OmNOKk L AT AMY A, pt

4
> AMLNaMPAuMNaKLApPK> ; (3-3)

2
+ 3 .AMLNaMN.AZ,MPaKL.ApPK —3

with its variation given by (2.71).

The last term in (3.1) is referred to as the potential term (from a three-dimensional
point of view) as it does not carry any external derivatives 9, but is bilinear in the internal
currents

Tun.xr = MPCnordyunMerp
(jMN)uy = gyp 8MNgup ’ (3'4)

such that the full expression is invariant under generalized internal diffeomorphisms up
to total derivatives. It is useful to note the non-covariant transformation behavior of the
currents (3.4)

LiasyTungr = 0 Tunkr + (MprgMrg — npinng) Oun K,
Liasy Ty =T +20un0k AN 6,7 (3.5)

¥Note the absence of the factor of 1/2 with respect to the expression in [28] that is due to our different
sum conventions for sums over pairs of antisymmetric indices.
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with K@ from (2.14). It is then straightforward to verify by explicit calculation that the
following combination of currents

1 1
V=-—2 MEP MEC g My dpgMMY — 3 g MNP O MMCO MELE Mpg
1
- N MPE e MM MpE MY + 200k MV Oy MM E
1
— g OuNg O L MME MNE 1 MMEMNE 67203 vg Ok g

1
~ 1 MMEMNE v g™ Ok 1.9y (3.6)

is such that Lo = —y/—¢g V is indeed invariant under generalized internal diffeomorphisms
up to total derivatives.

The Lagrangian (3.1) thus is (term by term) invariant under internal generalized dif-
feomorphisms up to total derivatives \/Tgflﬁu (v/—gI*). It remains to fix the relative
coefficients k1, ko, k3. This will be a consequence of the invariance under external diffeo-
morphisms.

3.2 External diffeomorphisms

The full Lagrangian (3.1) should also be invariant under a suitable definition of external
diffeomorphisms with parameter {#(x,Y’). This fixes all remaining constants in the La-
grangian. The calculation closely follows the analogous cases of maximal Eggy ExFT [13]
and minimal SL(2) ExFT [14], such that here we only briefly sketch the pertinent cancel-
lations in order to determine the constants k1, ko, k3. For the external dreibein field and
the scalar matrix external diffeomorphisms take the usual form

de,* =&"Dye,* + Dy,
IMuyn =E'DyMpyn,

of properly covariantized three-dimensional diffeomorphisms. For the gauge fields, we start

(3.7)

from an ansatz following [13, 14]
520)AMMN = &"F,,MN 4 g MME MNLgpev
520)[% MN =GN + B Tun Ok € + B2 v/—g EyuAgApDV(gpaaMNga)y

which reduces to standard three-dimensional diffeomorphisms in case the parameter &

(3.8)

does not depend on the internal coordinates. The coefficients (51, 82 will be fixed in the
following.

In what follows it proves useful to have the explicit form of variation of the full La-
grangian with respect to a variation of the gauge fields which we put in the form

Sap L =" (5,§§>MN 6Byrin +ED s x 5,4,,MN) , (3.9)
with the coefficients
1 o
gﬁf)MN = k2 F,uVMN - 5 V=g kl Euva J MN ’
R 1 "
5$)MN = ky GuomN +V—9€uwo J MN — 6 k1 V=9 umoi”™ LIun" Kk

+ ok E N (3.10)
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Here, the internal current Juyn"x has been defined in (3.4), the external currents are
defined as

juMN — MK[MDMMN]L’

3.11
Jiun = —2¢€l€e"y (6Mwaab — Dl/(ep[aaMNepb})> ; (311

and related to the sources from the Einstein-Hilbert and the kinetic scalar term, respec-
tively, cf. (3.14) below. Note that the first equation of (3.10) does not appear as a full field
equation of the theory, since the field B, pry w.r.t. which we vary in (3.9) is constrained
according to (2.45).

With the variation (3.7), (3.8) and the general variation (2.71) of the Chern-Simons
term, we find that under external diffeomorphisms this term transforms non-trivially as

5§0)£CS = P (MMPMNQaMKFMVNKngaPQfa + GWPQMPKMQLgpaaKLfa)
+ B e P F P9 Tp0 900k 167 — 2 Bo /=g FP MY D, (00 nEP gpw)

1
= 5 & POMKET Fop ™ Fun ™ (3.12)
up to total derivatives. Using (3.10), the last term here can be written as

1
—5 €‘Wp 8MKfUngMNFw,NK = €“ypaMK§05L(T“;‘)MNgL(Lf)NK (3.13)

_@

k1 k3 . »
- <]€2 Y, _gFupMN - ZLI::QEqu]MMN> J NKaMKgp .
2 2

Next we proceed with variation of the Einstein-Hilbert term. With its variation under a
general variation of the gauge field .AMM N given by

OALEH = jMMN 5.AMMN , (3.14)

the full diffeomorphism variation of the covariantized EH term becomes up to total
derivatives

58 (V=gR) = V=g F""MN D, (0yn€ ) + V=g MMEMVEJ, e dune® . (3.15)

The first term in this variation has been computed in [14] and cancels the corresponding
term in the variation of the Chern-Simons term if we choose 2 = 1/(2 k2).
Also the variation of the scalar kinetic term follows [14]. We find

0Liin = 6°° 6Lign + V=9 5" 0P R (gupMTE MO 1)
1 . "
—gVy GuMPEMLOpoe” TN junn — V=9 Fu Q0K 16" 5" ¢

. y 1 p -
+ V=g BreTkr TP, L opoe” + e "5, 5D, (9o Ok LE7) (3.16)
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Upon integrating by parts the derivative D, in the last term above it can be rewritten in

the following form

1 KL
ks Dy ("3, %) 9p0 Ok 167 =

L e K 1,
= 27]62 et p]l/KN]/LNLgPO'aKLga + Tk‘g et pMKM;C(FVH7GUH)MMLngaKL£U

1 K 1
= %%, e 5 NG 9p0 Ok LET + me“”prupQ Iro™ 900K 1E° (3.17)

1
—+ k‘72 SMVP MMKMNLBMPFVH NP gpa' aKL‘fO

1
+ k; 8“”pGy“pQMPK /\/lQLgpaaKLgor .

Here, the terms linear in the field strengths cancel the corresponding terms from the vari-
ation of the Chern-Simons term (3.12) if the following holds true

1
ki=ki, b= 1 (3.18)

The remaining contributions coming from the Einstein-Hilbert, the scalar kinetic and
the Chern-Simons terms can be collected in the following expression

520) (»CEH + k1 Liin + k2 Ecs) =
= V=g MMEMNE T e dpn€? + by /=g i*qopr (9upMPE MOEO 1£P)

1 v ,
_ g""l V=9 g M EME0poe” jk ™ junn (3.19)

: L o
+ k181 v —g jKLPQJuKLaPqu - %5“ POMKE gé/;‘)MNgx(xf)NK

2
+ fikl(_g) g;u/pj“ MNjVNKaMKgp + ;jikl: g'uypjuKNjuNLgpaaKLéU

2 2
Terms in the last line cannot be cancelled by any contribution coming from the scalar
potential and hence must cancel each other, for which we must choose k1 = 2.

To see the cancellations coming from the variation of the scalar potential let us look

only at the relevant terms inside variation of the potential (3.6). First it is useful to write
first variations of the scalar current Jyn*% and of the derivative 9y Nguv that read

oe (TN L) = €D (Tun™ 1) + Ouné" 5.5 1,

(3.20)
be (OmnNGur) = Le(OmNgu) + OMn E°Dpguw + 2(0mnD(uE”) 9u)p-

The first term in each line is a covariant variation, while the remaining parts give the
non-covariant variation of the scalar potential. Since the full cancellations work precisely
like in the Egg) theory [13] there is no need to repeat the full derivation here. Let us check
the most indicative terms to fix the coefficients and to check the consistency. For that we
consider the following contribution from the non-covariant variation of Lyt

k .
~ksd (V=gV) = k36 (V=gV) — 53\/—9 Orr& i N Tun™t + .., (3.21)
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whose cancellation against the corresponding term in (3.19) forces us to set ks = 2k151 = 1.
We have now fixed all the unknown coefficients in (3.1) and (3.8)

1 1
kir=2, ke=+vV2, ks=1 =- =—. .22
1 ) 2 \[7 3 ) /81 4 3 /82 2\/5 (3 )
After these numerical values ensure all the above cancellations to take place we are finally
left with the following variation of the full Lagrangian
1
5§0) (»CEH +2 Lyn + V2 Los + ['pot) = —Tﬂﬁ“ypaMnggéﬁ)MNgﬁf)NK
(3.23)

1
= —=eMPE O ELPMNELN VK

up to total derivatives. To get rid of this remnant, we perform the same trick as in [13]
and define the full diffeomorphism transformation of the gauge fields as the following de-
formation of the initial ansatz (3.8)

1
Se AMN = 5§0)AMMN + \ﬁgugls.;l)MN

1 1
0eBu N = 5é0)6u MN + ESV (&E@MN - SfMN,KLPQaprﬁf)KL> (3.24)

1
= 5§0)5’M MN + —=¢" (5;(5)MN - 8K[Mg;(¢f)KN])‘

V2
(0)

Indeed, according to (3.9) and the above discussion, the variations 550 provide the con-
tribution (3.23) which cancels against the term coming from the £ in the second line.
The new contributions of the form £M) . £B) cancel each other as they form an expression
totally antisymmetric in four space-time indices. The mutual factor in the brackets of the
second and the last line above was chosen in such a way as to keep 6¢B,, v satisfying the
same section constraints as the field B, psn does.

Hence, the full diffeomorphism transformations leaving the theory invariant can be

collected as follows

dey, = §"Dyey, + Du&ley, Muyn = "D Mun ,
5§AuMN — _\/jgé-uglngaMN _'_g“y MMKMNLaKLfV ’
1
0cB =v—g9cuw,| —=
EPUMN 9&u 9(2\/§
1
+ 2 I Tun™tokre”,

. 1
9D (9r0OMNET) + TP pN — 8§VJPKLJMNKL> (3.25)

that have precisely the same form as the ones in [13] as expected. The final Lagrangian
then becomes

L =Lgyg + 2 Lyin + \@ﬁcs + £p0t , (3.26)

with all relative coefficients now fixed by invariance under external diffeomorphisms (3.25).
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3.3 Solutions of the section constraint

Let us now discuss the explicit solutions of the section constraint (2.6). We will identify two
inequivalent solutions that essentially correspond to the embedding of D = 6 non-chiral
and chiral theories, respectively.

For the first solution, we start from the theory based on O(d+1,d+1+n) and consider
its decomposition under GL(d) embedded as

O(d+1,d+1+mn) D> O(d,d) D GL(d) , (3.27)
with fundamental vectors breaking into
(VM {vi,vﬂ,m,%,ffp} Ci=1,....d, p=1,....n, (3.28)
and a Cartan-Killing form

Odxd 0 67 0 Oaxn

0O 0 0 1 0
nun = | 0% 0 Ogxa 0 Ogxr | - (3.29)
0 1 0 0 O

0n><cl 0 0n><d 0 ann

It is then straightforward to see that restricting all fields to depend exclusively on d coor-
dinates 3’ defined as

{y' =YY"}, Oz, YMNY) = o(z#, ) | (3.30)

constitutes a solution to (2.6). Upon evaluating the above constructed theory for this
solution of the section constraint, it reproduces the field equations of the bosonic string in
d + 3 dimensions, coupled to n abelian vectors, i.e., for n = 16 the field equations of the
heterotic string truncated to the Cartan subalgebra of the full gauge group.

An alternative solution to the section constraints (2.6) is found by starting from the
theory based on O(3 + nr,,3 + ng) and decomposing it under a GL(3) embedded as

OB +np,34+nr) D 0O(3,3) D GL(3) , (3.31)
with fundamental vectors breaking into
vy — {viv, v vl
i=1,...,3, p=1,...,n,, q=1,...,nr, (3.32)
and a Cartan-Killing form

Odxd 07 Odxny  Odxng
8 Ogxq 0 0
77MN — Vi dxd anL dXTLR . (333)
Onxd On><d HnLXnL OnLXnR

0n><d Onxd OnRXnL _HnRXnR

“More elaborately, we could in a first step have broken down O(d 4 1,d + 1 +n) to O(d,d) and selected
coordinates {Y'} = {Y, Yo}, such that the section constraints (2.6) reduce to n'”9; ® 85 = 0 and
reproduce the structures of standard double field theory. In a second step, this remaining section constraint
is then solved by (3.30).
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Restricting all fields to depend exclusively on coordinates ¢; defined as
{gz = E’ijyjk} ’ (I)(x'u7 YMN) = (I)(:Bp’,gz) ) (334)

again constitutes a solution to (2.6). In this case, the above constructed theory repro-
duces the field equations of D = 6 gravity, coupled to np, selfdual and ny anti-selfdual
antisymmetric two-form tensors, as well as to ny, - ng scalar fields.> Indeed, it follows from
inspection that fields depending on the full set of coordinates {7’} cannot depend on any
further internal coordinate without violating the section constraints (2.6). The resulting
theory cannot be lifted beyond six dimensions which is the case for the chiral theories
coupling (anti-)selfdual tensor fields.®

Comparing the two solutions (3.30), (3.34) it is obvious that for d < 2 the coordi-
nates (3.30) can be considered as a subset of (3.34). Indeed, in this case the D < 5 theories
described by (3.30) are obtained by dimensional reduction (and possible truncation) from
the D = 6 theories described by (3.34). The two solutions thus are not independent.
For d > 3 on the other hand, the different choices of coordinates are inequivalent (as
discussed, the set of coordinates (3.34) cannot be extended without violating the section
constraints (2.6), thus never be equivalent to the d > 3 coordinates (3.30)) — and so are
the resulting higher-dimensional theories. An interesting case is the theory with d = 3,
n =0 (i.e. n, = ng = 1), built on the group O(4,4). In this case, the two choices of
coordinates (3.30) and (3.34) can be shown to be related by an outer automorphism (a
triality rotation) of SO(4,4), they hence describe equivalent theories. Indeed, the D = 6
theory from (3.34) coupling gravity to one selfdual tensor, one anti-selfdual tensor, and a
scalar field, is precisely the bosonic string described by (3.30). We will come back to this
equivalence later when discussing Scherk-Schwarz reductions and consistent truncations.

Let us finally discuss two important series of theories, based on the groups O(4,n)
and O(8,n), respectively. These theories can be supersymmetrized upon adding fermionic
fields into half-maximal and quarter-maximal field theories, respectively. According to the
above discussion, the O(4,4) theory has a unique solution of the section constraint which
describes the embedding of the D = 6, NV = (1,0) supergravity coupled to one tensor
multiplet, such that its full field content and couplings are non-chiral. The theories built
from O(4,4+4 n), n > 0, on the other hand admit two inequivalent solutions (3.30), (3.34)
of the section constraint, describing the coupling of N/ = (1,0) vector multiplets and chiral
tensor multiplets, respectively, to this D = 6 supergravity. The O(8,n) theories can be
supersymmetrized into half-maximal field theories. For these theories, the solution (3.30) of
the section constraint, describes the embedding of D = (2 + n) half-maximal supergravity
for n < 8 and of D = 10, N' = 1 supergravity with n — 8 vector multiplets for n > 8,

°In particular, the special case nr, = ng = 0 corresponds to pure D = 6 gravity with SO(3,3) ~ SL(4)
encoding the Ehlers symmetry group upon reduction to three dimensions. The gauge structure and section
constraints in this case have also been considered in [17, 27].

5Similarly, the section constraints in exceptional field theory in general admit two inequivalent solutions
corresponding to a higher-dimensional ITA and IIB origin [18]. Specifically, the two solutions (3.30), (3.34)
are based on different embeddings of GL(3) into SO(3, 3), in analogy to the two inequivalent solutions in
SL(5) exceptional field theory [29].
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O(d+1,d+14n) <« 0O(d,d) <+ GL(d) | D =d+ 3 bosonic string,
YMN - (YY) — ¢i=Y" | with (3.30) and ny = n
OB+ nr,3+ng) <« 0(3,3) <« GL(3) | D =6 gravity,
YMN - (Y0Y,) — y'=Y" | with (3.34) and ny = ng L,
O(4,4+n) <+ 0(3,3) <+ GL(3) | D=6 bosonic string,
for (3.30): with ny =n
for (3.34): with n_=n
upon adding fermions: i SUSY
O@B8,n+1) <+ O(7,7) <+ GL(7) | for (3.30): D = 10 bosonic string,

withny =n—7forn>7

upon adding fermions: % SUSY
O@B8,n+1) <+ O(n,n) <+ GL(n) | for (3.30): bosonic sector of

D =n+ 3 sugra, forn <7

upon adding fermions: % SUSY
O@B,n+1) <+ 0(3,3) <+ GL(3) |for(3.34): D=6,

bosonic sector of N/ = (2,0) sugra,

n — 2 tensor multiplets

Table 1. Table of gravitational theories which can be embedded into the present construction
together with the corresponding solutions of the section constraint. Notations are the following:
ns — number of scalar multiplets, ny — number of abelian vector multiplets, n4+ — number of
(anti)self-dual 2-forms.

respectively. The solution (3.34) on the other hand describes the embedding of D = 6,
N = (2,0) chiral supergravity coupled to n — 3 tensor multiplets. In accordance with the
above counting, every one of these multiplets combines a selfdual tensor with five scalar
fields while the N' = (2,0) supergravity multiplet carries five anti-selfdual tensors.

Table 1 summarizes the embedding of the various higher-dimensional theories. For
completeness, let us mention that the theory based on the group O(2,1) constructed in [14]
which describes pure D = 4 gravity with the Ehlers group made manifest, does not seem
to fit in the present construction. This is seen from the fact the section constraints (2.6)
for O(2,1) do not admit any solution whereas the construction of [14] is based on a weaker
version of the section constraints (suppressing only the 1 @ 3 in 3 ® 3) which allows for a
one-dimensional solution.

4 Generalized Scherk-Schwarz reduction

In this section, we study reductions of the O(p, ¢) enhanced double field theory via a gener-
alized Scherk-Schwarz ansatz [22, 23, 30-36]. We derive the consistency conditions on the
Scherk-Schwarz twist matrices and rephrase them as a generalized parallelizability condi-
tion. The particular structure of generalized diffeomorphisms (2.9) and in particular the
presence of constrained rotations in the diffeomorphism algebra requires a modification of
the standard constructions. We discuss in some detail the structure of three-dimensional
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gauge theories obtained by these generalized Scherk-Schwarz reductions. We finally decom-
pose the system of compatibility equations according to the solution (3.30) of the section
constraints and reproduce as a particular case the structures known from SL(d + 1) gener-
alized geometry. In turn, this allows to employ known solutions of this system in order to
describe consistent truncations to three dimensions.

4.1 Reduction ansatz and consistency equations

The generalised Scherk-Schwarz reduction ansatz is encoded in an O(p, ¢) matrix Uy (V)
and a weight factor p(Y). As in exceptional field theory [23], we impose the following
reduction ansatz on the fields

g,ul/(x7y) :p(Y Zg,uu(x)J
Muyn(z,Y) = UM (Y) UNN(Y) Myy(2)
AMN@c,Y):p(Y) LUM (V) UN g (V) 4,8 ()
Buxr(z,Y) = — < ) LUM G (Y) 0L Uppp (V) ALY (2) (4.1)

Fundamental indices on the twist matrix are raised and lowered with the invariant tensor
NM N, such that in particular U yMUMN — 17M N Note that the ansatz for the constrained

gauge connection B, k1, is manifestly compatible with the constraints (2.45). The gauge
parameters AMN ¥, ,n associated with .A#M N B, mn factor accordingly

AMN (2, Y) = p(v)TLUM (V) OV 5 (V)M (2)

Skr (0, Y) = == (V) Uy (V) g UM () AN () (4.2)

4

The consistency constraints on the twist matrix are straightforwardly obtained by working
out the gauge transformations of these objects. E.g. we find that

Las) G = 297" (Am Oxi g;w) ;
Lonm Mun = =200 UMY (ME X 09 Mpyg) (4.3)

where the embedding tensor Xz 1 iz Captures the gauge structure of the three-dimensional
theory, and is given by

1
XrLpQ = OrIPqQ + 5 (UP[I‘(HZ]Q - 77@[1?%15> +0npRNL)Q - (4.4)

with the various components defined in terms of the twist matrix as

Oripg = 6p ' OLpUy gUN U U g
4p1

050 = 4p*1 UK pogrUlg - poURLO L UL — 4972 0pgp

4
o= 0 prig, LU (4.5)
p+q
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The truncation (4.1) thus is consistent, if all the components (4.5) of the embedding tensor
are constant, i.e.

8MeKEpQ = 0=0y0%1 = 050 . (4.6)
This provides a set of differential equations on the twist matrix and the weight factor

which encodes the consistency of the truncation. In terms of O(p,q) representations, the
components (4.5) of the embedding tensor transform as

H@H—H@H@Dj@ , (4.7)

in a subrepresentation of the full tensor product (2.79).

For those theories admitting a supersymmetric embedding (i.e. the O(p, q) enhanced
double field theories with p = 2,4,8), the structure (4.3), (4.4) precisely reproduces the
gauge structure of the associated three-dimensional gauged supergravities [37]. Here, that
same structure appears more generally for an arbitrary group O(p, ¢). The anti-symmetric
tensor «9[ pq) triggers three-dimensional gaugings in which the trombone scaling symmetry
is part of the gauge group [38]. This follows directly from the first line of (4.3): a non-
vanishining 9[13@ implies that the three-dimensional metric g,, is charged under part of
the gauge group. The resulting theories do not admit a three-dimensional action and are
defined only on the level of the field equations. For most of the following discussions we
will thus require that ;s = 0.

In a generic three-dimensional gauge theory, the embedding tensor (4.4) is subject to
the quadratic constraints

R 2 R 2 R 2
X " Xune® — Xuve Xeir® = 2 Xcrpr Xmar? s (4.8)
which guarantees closure of the gauge algebra. With the embedding tensor defined by a

twist matrix as (4.5), these constraints follow directly from the section constraint (2.6).
Note that the section constraint combined with (4.5) furthermore implies that

O, 5 Ons..Ng) = 0 (4.9)
Le. the generalized Scherk-Schwarz ansatz with twist matrices that obey the section condi-
tion can only reproduce gaugings whose embedding tensor satisfies the additional quadratic
condition (4.9). This is consistent with the fact, that the general potential of D = 3
half-maximal supergravity carries a term proportional to 05, 5,08,  w, MNL-NE ith a
scalar dependent totally antisymmetric tensor M™1Ns [39] that is not reproduced by the

Scherk-Schwarz ansatz from the scalar potential given in (3.6).

4.2 Generalized parallelizability

Here we discuss the notion of generalized parallelizability outlined in the introduction, which
gives a more ‘geometric’ perspective on the consistency conditions on the twist matrices
discussed above. We claim that for the doubled tensor (in the sense of (2.25))

B 1
iy = <p U Uy =50 l(aKLUPM)UPN> , (4.10)
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which is manifestly compatible with the constraints on the second component by having
the indices KL be carried by a derivative, the consistency conditions can be stated simply
in terms of the (generalized) Dorfman product (2.26) as

Uiy o Ugr =~ X r @ Upg - (4.11)

Here X is the constant embedding tensor.

We will now show that for the gauge vectors and its associated gauge symmetries the
consistency of the Scherk-Schwarz ansatz is an immediate consequence of the fact that
all relations are governed by the same Dorfman product ‘o’ satisfying the Leibniz iden-
tity (2.43). We make the following Scherk-Schwarz ansatz for gauge fields and parameters:

Ay (2,Y) =ty y (V) 4,V (@)

- (4.12)
T(z,Y) = yn(Y)AMN ()

It immediately follows with (2.44) and (4.1) that this is equivalent to the Scherk-Schwarz
ansatz given above for the vector components. Let us now consider the gauge transforma-
tion of the Scherk-Schwarz ansatz:

e (2, Y) = 8, — A, 0T
= iy MM — Uiy 0 Upg A, FATC

- Qi T (4.13)
= Wy (O A + X g g™ A NEAT?)
= gy 0aAMY
where we used (4.11) and defined in the last line
5AAMMN = 3MAMN + X[‘{LIBQMNAMKEApQ . (4.14)

In here the Y-dependence encoded in LU(Y) has factored out, and this is precisely the
expected gauge transformation in gauged supergravity. Thus, the gauge transformations
reduce consistently under Scherk-Schwarz. Similarly, one may show for all objects defined
in terms of the Dorfman product, such as the non-abelian field strengths (2.54), that they
reduce consistently under Scherk-Schwarz. In general, the consistency conditions on the
twist matrix are fully encoded in the algebra property (4.11).

4.3 GL(d+1) twist equations

In the following, we will be interested in constructing explicit solutions to the consistency
equations (4.6). Obviously, the precise content of these equations will depend on the
solution of the section constraints (2.6), i.e. on the choice of physical coordinates among
the {YM}. We have discussed the different choices in subsection 3.3 above. Let us stress
that in this paper we will only be interested in constructing twist matrices that satisfy
the section conditions (2.6), i.e. in constructing consistent truncations from actual higher-
dimensional supergravities. It is known [23, 33, 35] that the match with lower-dimensional
gauged supergravity formally holds even in the case the section constraint is replaced by the
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weaker quadratic constraint on the resulting embedding tensor (provided the initial scalar
potential is written in an appropriate form). On the other hand the higher-dimensional
origin of the resulting gaugings within a well-defined theory remains mysterious.

As an ansatz for the solutions constructed in this section, we consider Scherk-Schwarz
twist matrices Uy (Y) living in the maximal GL(d + 1) subgroup of O(d + 1,d + 1), i.e.
of the explicit type

UMM = |-=-= == - = - 9 (415)

with an SL(d + 1) matrix V4 and a scalar function ¢. Under this subgroup, the extended
coordinates decompose as

YV} — {YAP, Yag, Ya®} (4.16)

with the indices A, B =1,...,d + 1 labelling the fundamental representation of SL(d + 1).
We moreover restrict the physical coordinates to {YAB }, suppressing all dependence on
{YAB,YAB}. This restriction is compatible with the choice (3.30) of physical coordi-
nates. What we will show in the following is that with this ansatz the consistency equa-
tions (4.5)—(4.6) can be reduced to the SL(d + 1) system of equations that has ben solved
in [23] with solutions corresponding to sphere and hyperboloid geometries.

Rather than directly plugging the ansatz (4.15) into the consistency equa-
tions (4.5)—(4.6), it is useful to first analyze the representation content of the latter. With
the ansatz (4.15), the consistency equations (4.5) turn into equations linear in the currents

Jipe? = (VHAVHEE (VY dapVe?
jag = ¢ (VH AV YR dase, (4.17)

which under SL(d + 1) transform in the representations

J-R@D : [0,1,0,...,0] @ [2,0,0,...,0] @& [0,0,1,...,0,1] & [1,1,0,...,0,1],
jig :10,1,0,...,0], (4.18)

denoted by their standard Dynkin labels. We may trace back the appearance of the various
components of these currents within the various components of the consistency equations
by decomposing the O(d + 1,d + 1) representations (4.7) of the latter under SL(d + 1).
Specifically, we find that the different components of the consistency equations (4.5)—(4.6)
accommodate the following components of the currents (4.18)

e — —
— — [0,1,0,...]

L ]—12,0,0,...]

— —[0,1,0,...]4[0,0,1,0,...,0,1] . (4.19)
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We thus conclude that the consistency equations (4.5)—(4.6) translate into

Jin P = const. , 4.20
ABC 19,0,0,..00 @ [0,0,1,...,0,1] (4.20)

together with two equations combining jzz with the projection Jyg B,C’D

0,1,0,...,0] Which
take the explicit form

~ !

—p_lw_Q(aAB(V_l)ABAB +(d=1) (V") 15" 0apn w) = 05pc° = const,
2p L2 (8AB(V71)ABAB —2(V"YH ;54204 1In (pp)) = 0145 L const . (4.21)
It follows that with the ansatz
p= go_(d+1)/2 , (4.22)

for the weight factor p, these two equations coincide and the full system (4.20)—(4.21) of
consistency equations reproduces the SL(d + 1) consistency equations solved in [23] for
sphere and hyperboloid compactifications. In particular, for these solutions 9[ ip = 0=
03 B@c. Translating the solutions of [23] into our conventions here, we identify physical
coordinates {y'}, i = 1,...,d, as (3.30) among the Y4B
left block of (4.15) as

) 0 j
VA = (SOVO A% )

and accordingly split the upper

Vi oV
O —w) T A uk(u)  —y (1= u) Y E(u)
- ( G ) eV ¥ A > ’ (4.23)

with u = y%y’, and with a scalar function k(u) found as a solution of the differential
equation

2u(l—u)k'(u) = ((d—1)u—d)k(u) —1. (4.24)
The weight factor p is given by”
p=1—-u)l?. (4.25)

The resulting U-matrix (4.15) induces an embedding tensor 6 4p) o dap in the L1
within (4.7). When evaluated in (4.3), (4.4) it describes a gauge group

Ggange = SO(d + 1) x TUHD/2 (4.26)

which is the semi-direct product of SO(d+1) with § d(d+1) nilpotent generators transform-
ing in the adjoint representation of SO(d+1). It is important to note that the gauge sector

"To avoid confusion let us point out that p in (4.25) denotes the weight factor of the O(d + 1,d + 1)
consistency equations (4.5) and not the weight factor of the SL(d+ 1) equations in [23] from which it differs
by a power of % . In particular, in the present context, the construction applies to any values of d without
an analogue of the relation (4.28) in [23]. This is due to the fact that the additional factor ¢ in (4.15) has

been fixed such as to compensate for the missing powers of (1 — u).
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of the resulting three-dimensional theory, obtained by evaluating the action (3.26) under
the Scherk-Schwarz ansatz, is governed by a Chern-Simons action rather than a Yang-Mills
action for the vector fields. With the gauge group (4.26) and the particular structure of
the embedding tensor (4.4), this theory may be rewritten as an SO(d+ 1) Yang-Mills gauge
theory [40] upon furthermore eliminating % d(d+1) scalar fields from the action. The three-
dimensional scalar coset space then reduces from SO(d+1,d+1)/(SO(d+ 1) x SO(d+ 1))
to GL(d+1)/SO(d+1). The generalized Scherk-Schwarz reduction in this case reproduces
the consistent truncation of the (d + 3)-dimensional bosonic string on the sphere S? which
has been explicitly constructed in [41]. In particular, it describes the S7 reduction of the
NS-NS sector of ten-dimensional supergravity to an A/ = 8 half-maximal supergravity in
three dimensions. The theory does not admit an AdS3 solution but a domain-wall solution
that preserves half of the supersymmetry.

Note that here we have only given the explicit twist matrix for the case of compact
gauge groups underlying sphere compactifications. It is straightforward to also employ the
solutions from [23] with non-compact gauge groups to describe consistent truncations on
(warped) hyperboloid backgrounds.

Let us finally stress that our construction of explicit twist matrices here has been
based on restricting the coordinates to the antisymmetric bifundamental {Y45} in the
decomposition (4.16) under GL(d + 1) € O(d + 1,d + 1). In principle, one may also
explore other choices of physical coordinates, e.g. within the adjoint representation {Y4?}
of SL(d + 1), which together with an ansatz (4.15) for a GL(d + 1) twist matrix will give
rise to yet other solutions.

5 Consistent truncations from D = 6 dimensions

In this section, we evaluate the generic reductions from the previous section for the par-
ticular case of an S® reduction from D = 6 dimensions. As it turns out, in this case
inequivalent reductions can be constructed based on the alternative solution (3.34) of the
section constraint. Moreover, the above constructed twist matrices admit a one-parameter
deformation corresponding to turning on an internal flux for the three-form field strength.
The resulting three-dimensional theories capture the compactification of six-dimensional
supergravities around the supersymmetric AdS3 x S? vacuum.

5.1 Generic S? reduction

For d = 3, the GL(4) twist matrix (4.15), (4.23) describes the generic S* reduction [41]
from the minimal D = 6, N/ = (1,0) supergravity coupled to a tensor multiplet. The
total D = 6 field content thus combines the metric, a (non-chiral) two-form and a scalar

field. After T2 reduction, this theory gives rise to a D = 3 theory with scalar coset space
SO(4,4)/(SO(4) x SO(4). It induces an embedding tensor of the form

01 = 404p = ©ip,cD = 20014080 - (5.1)

As described above, the resulting three-dimensional theory is a Chern-Simons gauge theory
with gauge group SO(4) x T%, which may be rewritten as a more standard SO(4) Yang-Mills
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gauge theory upon eliminating the six nilpotent gauge fields together with six of the scalar
fields [40]. The scalar coset space then reduces to GL(4)/SO(4) and can be parametrized in
terms of a symmetric GL(4) matrix T4p. The theory has a runaway potential given by [41]

V=4 (Tr (T2) — ;(TrT)2)) , (5.2)

and no ground state.

Interestingly, this solution allows for an alternative presentation upon using the dual
coordinates (3.34). Switching from (3.30) to these coordinates and changing the twist
matrix (4.15) into

U@ = -~ - -7~ - R (5:3)

with V' still given by (4.23), produces another solution to the consistency equa-
tions (4.5)—(4.6), with an embedding tensor given by

016" = €ipod” " - (5.4)

This is a DFT analogue of the construction used in [42] to relate consistent ExFT trun-
cations from ITA and IB supergravity by accompanying the change of coordinates by the
action of an outer automorphism V' — (VT)~! on the SL(4) twist matrix. Here, the re-
sulting gaugings are equivalent as can be seen by comparing the representations of the
embedding tensors (5.1), (5.4) within SO(4,4)

0i5 C[ 1 1=35,, Oic° C —=35,®35,.. (5.5)

The two embedding tensors (5.1), (5.4) then are related by a triality flip 35, +> 35, the
two gaugings hence equivalent. They both describe the S? reduction of minimal D = 6,
N = (1,0) supergravity coupled to a tensor multiplet.

52 D=6, N =(1,0) on AdS; x S3

In the three-dimensional case, the generic S? reduction constructed in [41] can be modified
by integrating out the two-form from the resulting three-dimensional theory which gives
rise to an additional contribution to the scalar potential. In turn, the new potential then
supports a stable supersymmetric AdSs solution [43], corresponding to the supersymmetric
AdS3 x S? solution of minimal D = 6 supergravity. For the description in terms of a Scherk-
Schwarz twist matrix this corresponds to a deformation of the above construction by an
extra matrix factor

Uly) = Uly) Ualy) (5.6)
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with the GL(4) matrix U(y) from (4.15), (4.23), and the matrix U(y) obtained by expo-
nentiating some nilpotent generators of SO(4, 4) according to

Uy = exp (a (1 + k(u)(1 — u)’1/2N0) ,

0 3 —420
0 —y3 0 y' 0
N() = x4 10 s ng = :g 1 y s (57)
O4x4 O4xa y° -y 0 0
0 0 0 0

with the function k(u) from (4.24) and a constant a. It is straightforward to check that
the matrices U and U, commute and that their product (5.6) remains a solution of the
Scherk-Schwarz consistency equations. It results in an embedding tensor that in addition
to (5.1) has the further non-vanishing component

Oipep = —2@cipeD - (5.8)

This gives rise to a three-dimensional gauging with the same gauge group SO(4) x T° but
a modified scalar potential

V=4 (Tr (T?) — % (Tr T)2 + 2 det T) , (5.9)

which (for @ = 1) exhibits a critical point at the scalar origin which corresponds to a
supersymmetric AdSs solution [43]. The product of twist matrices (5.6) thus describes the
consistent truncation of D = 6, A" = (1,0) supergravity on AdSz x S3.

Similar to the discussion in the previous subsection, also the deformed twist ma-
trix (5.6) can be expressed in terms of the dual coordinates (3.34). In dual coordinates,
the twist matrix U in (5.6) is replaced by (5.3) whereas the factor U, now is given by

Ua(§) = exp (a (1+ k(@) (1 — a)—1/2N0) ,

00 0 ¢t
~2

No= (00t Mo} 2|00 0w (5.10)
O4x4 O4xa 00 0 g
O_gl _g2 _g?)

Again, the two matrices U and U, commute with their product solving the Scherk-Schwarz
conistency equations (4.5)—(4.6). The resulting embedding tensor turns out to be given by
the sum of (5.4) and (5.8):

w]]
[«

sl

w]]

0ipc” = €ABCE ; 0ipcD = —2a€ipeh (5.11)

inducing the same scalar potential (5.9). ILe. with respect to the decomposition (5.5) of
the embedding tensor, its new component 6 ;575 lives in the 35, and is not affected by
the SO(4,4) triality flip 35, <> 35..
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53 N =(1,1) and N = (2,0) on AdS3 x S?

We have presented the consistent truncations of D = 6 A" = (1,0) supergravity on S3
described by an SO(4,4) twist matrix ¢. Upon embedding SO(4,4) into SO(4 + m,4 +
n), the same twist matrix can be employed to describe consistent truncation of D = 6
supergravity coupled to vector or tensor multiplets.

E.g. choosing in the SO(8,4) theory physical coordinates according to (3.30) together
with a twist matrix (5.6) describes the consistent truncation of half-maximal D = 6,
N = (1,1) non-chiral supergravity on AdS3 x S?. The embedding tensor of this theory is
given by the sum of (5.1) and (5.8) as

Oip = 4945, Oipcp = —20€ip6D (5.12)

for indices A, B,C,D € {1,2,3,4} and zero otherwise. On the other hand, choosing for
the SO(8,4) theory the dual physical coordinates according to (3.34), together with a twist
matrix (5.3), (5.7) describes the consistent truncation of half-maximal D = 6, N' = (2,0)
chiral supergravity (coupled to a tensor multiplet) on AdS3 x S?. The embedding tensor
of this theory is given by (5.11) as

]

y:lo ABCD = —2QEABCD (5.13)
for indices A, B,C,D € {1,2,3,4} and zero otherwise. This is precisely the embedding
tensor derived in [44] for the gauging associated with the N' = (2,0) compactification
(given in a different basis). The present construction provides the full non-linear embedding
of the three-dimensional theory in six dimensions. In this case, the gaugings induced
by (5.12) and by (5.13) are no longer equivalent since the different representations (5.5) of
the embedding tensor are no longer related by triality within SO(8,4). Accordingly, the
higher-dimensional theories are strictly in-equivalent. It is straightforward to extend the
construction such as to include the couplings to further N = (1,1) vector or N' = (2,0)
tensor multiplets. The resulting three-dimensional gaugings in particular reproduce the
mass spectra computed in [45, 46].

6 Conclusions and outlook

We have constructed enhanced double field theories in which the usual O(d,d) is enlarged
to at least O(d+1, d+1) due to the inclusion of ‘dual graviton’ graviton degrees of freedom.
In this we have employed the ‘split formulation’ common for exceptional field theory, in
which one has external and internal coordinates. The structure of the resulting theory
parallels maximal Egg) ExFT [13] and minimal SL(2) ExFT [14]. It can certainly be
further generalized for other choices of groups together with coordinates in the adjoint
representation, cf. the classifications in [12, 17, 37, 47]. For three external dimensions the
dual graviton components arise among the ‘scalar’ fields. One may also introduce the dual
graviton in the more familiar ‘non-split’ double field theory, for which they take the form of
higher-rank O(d, d) representations, but so far this has only been achieved at the linearized
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level [48, 49]. It remains as an open problem to find a non-split formulation for the dual
graviton at the full non-linear level.

The theories we have constructed for the groups SO(8,n) and SO(4, n) reproduce the
bosonic sectors of half-maximal and quarter-maximal supergravities, respectively. Depend-
ing on the solution of the section constraint, these theories describe chiral or non-chiral the-
ories in six dimensions. It should be straightforward and parallel to the maximal case [26]
to introduce the fermion fields directly in the ExFT formulation given in this paper. This
will require to identify the proper SO(p) x SO(q) spin connections, determine their relevant
components via the torsionlessness condition (2.83) and work out the supersymmetric field
equations.

As an application of these theories we have worked out a number of consistent trun-
cations via the generalized Scherk-Schwarz ansatz with suitably chosen twist matrices. In
particular, the truncations from six-dimensional supergravity on AdSs x S? are constructed
from a new class of twist matrices that give rise to three-dimensional supergravities with
supersymmetric ground states. The consistent truncations of D = 6, N’ = (1,1) and D = 6,
N = (2,0) supergravity on AdS3 x S? should be important in the context of the associated
AdS/CFT dualities. It is interesting, that the reduction of the chiral N = (2, 0) supergrav-
ity appears consistent only in presence of an additional tensor multiplet which vanishes in
the background. It would be interesting to explore if similar consistent truncations can
be constructed upon including massive vector multiplets, leading to the three-dimensional
gaugings constructed in [44]. The techniques recently developed in [50, 51] for generalized
consistent truncations in exceptional field theory may be very useful here.

We have found that the generalized Scherk-Schwarz ansatz cannot produce arbitrary
three-dimensional gaugings but only theories whose embedding tensor satisfies the addi-
tional condition (4.9) — at least as long as the twist matrices satisfy the section constraints.
A geometrical higher-dimensional origin of gaugings violating (4.9) thus remains unclear.
Similar no-go theorems have been found in [42, 52, 53] for higher-dimensional theories.
Interestingly, most three-dimensional theories that seem to describe parts of the spectrum
on AdS3 x S? x §? x S! appear to violate the condition (4.9) [54]. The quest for consistent
truncations around this background thus remains elusive. This may be related to recent
surprises in the BPS spectrum on this background [55, 56]. A notable exception is the
lowest massive spin-3/2 multiplet in the BPS spectrum which fits into a maximal three-
dimensional supergravity [54] whose ten-dimensional uplift may be constructible within
maximal ExFT.

Another interesting generalization would be the explicit inclusion of Ramond-Ramond
(RR) fields to the presented formulation in order to enhance supersymmetry from half-
maximal to maximal. In the standard O(d,d) DFT the RR fields fit into spinor represen-
tations [5, 6] and it would be interesting the work out the generalization to the enhanced
DFT discussed here. Since the extended section constraint allows for solutions correspond-
ing to chiral supergravity in six dimensions it is tempting to speculate that the maximally
supersymmetric and enhanced DFT may shed a light on Hull’s conjectured six-dimensional
(4,0) theory [57].
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A O(p,q) tensors and identities

In this section, we present our O(p,q) conventions, define a number of relevant tensors
and collect some useful identities. Generators Tyyn = Tjprny of O(p, q) are labelled by
antisymmetric pairs of fundamental indices M, N = 1,...,p+ q. Their structure constants

are given as

Fraun™ = 85p" nguon™ (A.1)

with the O(p,q) invariant tensor npsn, which we use to raise and lower indices. The
Cartan-Killing form is given by

NKLMN = —NMIK"ILIN - (A.2)

The projector of a product of two adjoint representations onto the adjoint representa-

tion reads
PFOreMN g = 16(p+1q—2) FUVPC Rs fuv ™Y kL
= p+;_2 (5[RP5S] M N 6109 — SRIPn@M SN enp
- 5[RQ55} (M §N] [K5L]P + 3Pl M) [KUL]R) . (A.3)
We also define the tensor
sPQMN ) = 85 Py s N, (A.4)

symmetric under exchange of [PQ] with [M N], as well as the projector

APQMN PQMN (A.5)

KLMN = OKLMN

In terms of these tensors, the O(p, q) section constraints (2.6) can then be written as

APOMN 4N Opg @ Oy = 0 = "M@ 9pg @ O

sP@MN .y 0pg @ Oun = 0= fFOMNyy 0pg © Ouw - (A.6)

A useful identity for the projection tensor (A.3) (the analogue of the Eg) identity (2.3)
in [13]) is the following

p+q—2 1 3
— PP MV o = ~1 (Ors™? 6k ™ + 651,79 g™ + B APOMN pokL

1
L 4PQMN

1
e vvsrsxn’Y + 6 fPQMN o frs VY, (AT)
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which together with (A.6) shows in particular that
2(p+q—2) PPQRSMNKL OpQ ® OuN = — (Ors ® Ok, + Ok, @ ORrs) - (A.8)
Another useful identity is given by

2(K —2)PPPpsMNpep = — POV pomyeo™y) (A.9)

B Esg) generalized Dorfman structure

For completeness we present in this appendix the generalized Dorfman product for Egg),
which allows one to formulate the gauge sector of the Eggy ExFT constructed in [13] in
the same way as in section 2.2. We use the same notation and conventions as in [13], to
which we refer the reader for further details. In particular, M, N,... = 1,...,248 denote
the adjoint Egg) index. We group the two gauge parameters, as in the main text, into the
‘doubled’ object

T=(AY.Sy), (B.1)

and assume that the second component is a covariantly constrained object. The generalized
Lie derivative of an adjoint vector with density weight A can then be written as

LYVM = ANON VM 4 P RY(T)VE 4 A ap ANV (B.2)

where we defined
RM(1) = fMN o AK + 1M (B.3)

We recall from [13] that AM has weight one, ¥3; has weight zero, and dys lowers the weight
by one, [0x7] = —1, so that RM has weight zero. The above Lie derivatives close according
to the ‘E-bracket’, [Ly,,Ly,] = Ly, r,), whose explicit form we will give momentarily. A
useful intermediate relation for proving closure, in terms of (B.3), is

Rur([Y1,Ya]) = 2A0 N OnRar (Yo) + fruuvx RY (Y1) RF(T2) . (B.4)

We also recall that there are trivial gauge parameters with respect to which the generalized
Lie derivatives act trivially on fields as a consequence of the section constraints. They take

the form
AM = pMNQ with Qjs covariantly constrained ,
AM = (Psgrs) M5 N O XV (B.5)
AM = fMN QB Yar = 0N + o,

where Q" is covariantly constrained in the first index.
Let us now turn to the definition of the generalized Dorfman product in terms of the
doubled vectors (B.1):

Ti0Ty = (}L[%]IAQM , LY Son + AQNBMRN(T1)> . (B.6)
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This definition is such that the E-bracket is given by
1
[Tl, TQ] = §(T1 e} TQ - TQ o) Tl) . <B7)
More precisely, this agrees with the bracket given in [13] upon adding a trivial parameter
of the last form in (B.5), with Qn% = 2 NAQ]K , which is manifestly compatible with the

constraint. On the other hand, the symmetric part of the product is trivial: one finds by
an explicit computation

1 1
§(T1 oYy +To0Ty) = (7 (P3szs) M5 np Ok (AT A) + 3 OM(AY Aan) + N QN
oY + 8NQMN> , (B.8)
where 1
Q™ = AV 8oy — 3 N Aa™ Oy Ag)" . (B.9)

Since Q3" so defined is manifestly covariantly constrained in the first index, this is indeed
a trivial parameters of the last form in (B.5).

We next prove that the Dorfman product satisfies the Leibniz algebra relation discussed
in the main text. To this end we define again an extended generalized Lie derivative on
doubled vectors A = (AM, Byr) according to

LyA=ToA, (B.10)
and verify that they satisfy the same algebra w.r.t. (B.7):
[Ler,, Loy, |2 = Ly, g2 (B.11)

This relation only needs to be proved when acting on the second, covariantly constrained
component of 2, for which closure can be quickly seen to be equivalent to

O Ry ([T1, T2]) = L (00 Ba (T2)) — L (00 Ry (1)) - (B.12)

This in turn can be proved by taking the derivative of (B.4) and using the Lemma (2.13)
of [13]. The proof of the Leibniz identity (2.43) finally follows precisely as in the main text.
Let us now turn to the definition of an invariant inner product on the space of doubled
vectors in order to construct a Chern-Simons action. The following symmetric pairing
transforms covariantly (i.e. as a scalar density of weight one in the sense of (2.62))

((A1,2Aa)) =2 A4 Boyyy — FHunAY 0k Ay)Y (B.13)

In order to prove this covariance property one has to compute the non-covariant variation
of the second term, which in turn cancels the effect of the ‘anomalous’ term in the definition
of the Dorfman product (B.6). Specifically, we have to establish

Ar (S unAa™MokAyN) = M N R poAaN 0 RY (1) Ay

(B.14)
=2AMAYNOMRN(Y),

— 37 —



which follows by a somewhat tedious computation, writing out R and using Lemma (2.13)
and (A.1) in [13] in order to reduce the number of f’s. Given the covariance property, it
follows that under an integral we have an invariant inner product:

(Aq, ;) = / A*8Y (A1M Bons + AM Biar — M v AN o A" (B.15)
where the second term was simplified by integration by parts. We can rewrite this as
(Ag,Ap) = / *BY (AM Ry (A2) + A2 Biwr) (B.16)

This form makes it manifest, as in the main text, that if one argument is trivial the inner
product is zero, cf. (2.65).

With the above we have established that the analogues of all Dorfman-type identities
used in the main text also hold for the Egg) case. This implies that the discussion of
covariant derivatives, gauge fields and the tensor hierarchy proceeds in complete parallel.
In particular, there is a (generalized) Chern-Simons formulation for the (doubled) gauge
vector 24, for the Egg) ExFT that takes precisely the same form as (2.67).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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