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Abstract

A second fundamental form is introduced for arbitrary closed subsets
of Euclidean space, extending the same notion introduced by J. Fu for
sets of positive reach in [Fu89]. We extend well known integral-geometric
formulas to this general setting and we provide a structural result in terms
of second fundamental forms of submanifolds of class 2 that is new even
for sets of positive reach. In the case of a large class of minimal submani-
folds, which include viscosity solutions of the minimal surface system and
rectifiable stationary varifolds of arbitrary codimension and higher mul-
tiplicities, we prove the area formula for the generalized Gauss map in
terms of the discriminant of the second fundamental form and, adapting
techniques from the theory of viscosity solutions of elliptic equations to
our geometric setting, we conclude a natural second-order-differentiability
property almost everywhere. Moreover the trace of the second fundamen-
tal form is proved to be zero for stationary integral varifolds.

MSC-classes 2010. 53A07, 53C65, 49Q05, 49Q20.

1 Introduction (For notation and terminology, see[2)

Motivation

In the attempt to introduce models to efficiently study the severe singularities
emerging from many mathematical problems in the Euclidean space, classical
smooth submanifolds have been generalized in different ways, and many classes
of generalized submanifolds are currently studied for both theoretical and prac-
tical reasons. Since the concept of curvature has a fundamental role in the
study of smooth submanifolds, it is natural to try to introduce a similar con-
cept for such generalized submanifolds and this has been actually done in various
cases. Among all of them, we recall here the class of (certain union of) sets of
positive reach in [Fedh9], [Zah86], [Fu89] and [RZ01], for which it is possible
to extend classical facts of differential and convex geometry as the Steiner for-
mula, the principal kinematic formula, the existence of the normal cycle and the
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Morse theory. Furthermore we recall the class of curvature varifolds in [Hut86]
and [Man96], that is designed for applications in variational problems involving
curvature, because of the existence of a second fundamental form satisfying a
classical integration-by-parts identity and good compactness and semicontinuity
properties. However, no concept of curvature has been developed yet, that could
be used to study the geometric and regularity properties of generalized subman-
ifolds arising as solutions of very classical variational problems, as the critical
points of the area functional modelled by stationary integral varifolds. On the
other hand, a concept of curvature for arbitrary closed sets has been introduced
in [Sta79] and [HLWO04] to obtain a very general Steiner formula; it agrees with
the aforementioned case of sets of positive reach and have found applications in
stochastic geometry, see [HLW04]. Therefore it is a natural question to under-
stand if this concept of curvature can be used to describe the geometric features
of generalized minimal submanifolds and we address this question in the present

paper.

Results of the present paper

The aim of this paper is twofold. In the first part (sections BHE) we study
curvature properties of closed subsets of Euclidean space. Then, in section [7]
the results of the first part are applied to very general notions of minimal sub-
manifolds of arbitrary codimension, represented by either viscosity minimal sets
(a concept recently introduced in [SaviT]) or by stationary varifolds, and new
results on their geometric and regularity properties are proved.

We now provide a brief outline of the paper.

Second fundamental form of arbitrary closed subsets of Euclidean
space: sections BH5l If A C R"™ is closed and N(A) is the unit normal
bundle considered in [Sta79] and [HLWO04], i.e.

N(A) = (A x S" )N {(a,u) : distance (A, a + su) = s for some s > 0},

(whose fiber at a is denoted by N (A, a), see[dT]), we introduce in ELTT] the second
fundamental form Q4 of A as a function on N(A). This second fundamental
form extends the analogous concept introduced in [Fu89] for sets of positive
reach (see [£I0)), and its principal curvatures, defined as in .14l and denoted
by —oo < k1 < ... < Kp—1 < 00, coincide up to an exceptional set of measure
zero with the generalized principal curvatures of [HLWO04] (see [ T6). We extend
well known integral-geometric formulas, previously obtained for various special
classes, to the general setting of arbitrary closed sets (see LT3, and [B.7).
Furthermore we introduce the natural stratification of a closed set A C R™ (see

BEIHE3) given by the subsets
Alm) =An{a:0 <<%ﬂ”7m71(N(A,a)) <oo} form=0,...,n—1,

and we prove the following structural result, that is new even in the case of sets
of positive reach.

Structural theorem on the second fundamental form (see B9). If A is a
closed subset of R™ and 0 < m < n —1, then there exists a Borel set R C Alm)
such that 2™ (A ~ R) = 0 and the following two conditions hold.



Lusin condition (N): if S C R such that 7™ (S) =0, then

A" YN(A) N {(a,u) 1 a € S}) = 0.

Locality of the second fundamental form : if M is an m dimensional subman-
ifold of class 2 with second fundamental form by, then

Qala,u) = —by(a)eu
for "1 a.e. (a,u) € N(A)N{(a,u):a € RNM}.

The main result of [MS17] proves that A(™) can be #™ almost covered by the
union of a countable collection of m dimensional submanifolds of class 2 of R"™.
Combining this result with the locality property, we conclude that the second
fundamental form Q4 can be described on A, outside an ezceptional subset
of N(A) N {(a,u) : a € Al™} in terms of classical second fundamental forms.
However the exceptional subset, though projects onto a set of ™ measure
zero, may have positive s#"~! measure even in the case of convex sets, as the
example in [B.1T] shows. All the results described so far are based on the study
carried in section [3 of the approximate differentiability properties of the nearest
point projection onto an arbitrary closed subset of Euclidean space.

A Lusin condition (N) for the normal bundle: section [B. A special
class of closed subsets of Euclidean space can be introduced by ruling out the
exceptional subsets of positive s#"~! measure in[5.9. More precisely, for a closed
set A, we say that N(A) satisfies the m dimensional Lusin condition (N) if

A" YN(A) N {(a,u):a e S}) =0, if SC Asuchthat ™A™ NS)=0.

This property of N(A) is not shared by all convex sets, as the example in
BT shows. On the other hand the main goal of section [1 is to prove that
this property holds for a large class of generalized minimal submanifolds (see
paragraph below). An immediate consequence of this condition is the area
formula for the generalized Gauss map in [6.6] where the discriminant of the
second fundamental form plays the same role of the Jacobian in the classical
area formula for functions. The following theorem is the central result of this
section.

A general criterion for second-order-differentiability (see BI0). Sup-
pose 1 < m < n are integers, A C R"™ is a closed set with locally finite ™ mea-
sure, N(A) satisfies the m dimensional condition (N), for ™ a.e. a € A there
exists v € R™ ~ {0} such that lim, _or~!sup{ve(x—a):x € B(a,r)NA} =0,
and there exists a nonnegative "1 measurable function f on N(A) such that

trace Qa(a,u) < fla,u) for """ a.e. (a,u) € N(A),

/ / [ A 2 < oo,
KNA J{z}xN(A,z)

whenever K C R"™ x 8"~ is compact. Then A#™(A ~ A™) =0,

This result can be naturally compared with the classical result in [Tru89, The-
orem 1] (see also [CCKS96, 3.5]) asserting the twice super(sub)differentiability



of viscosity sub(super)solutions of certain second order elliptic operators. For
continuous scalar functions the notion of twice super(sub)differentiability and
the associated notion of super(sub)differential have been introduced in [Tru89]
(see also [CCKS96, p. 381]). In our geometric setting, noting that no natural
distinction exists between the two cases, the subset A(™ can be interpreted
to be the set of points where A is “one-sided second-order differentiable” and
the role of the second order super(sub)differential belongs to N(A). Therefore
the conclusion “#™(A ~ A™)) = 0” is analogous to prove that a continuous
scalar function is twice sub(super)differentiable almost everywhere. However it
is remarkable that our result holds for non-graphical sets of arbitrary codimen-
sion. The proof is based on the aforementioned area formula for the generalized
Gauss map and we refer to for further comments.

Regularity of generalized minimal submanifolds: section [7l In this
final section we deal with applications to minimal submanifolds of arbitrary
codimension in Euclidean space. They are represented by the viscosity minimal
sets recently introduced in [Sav17] as a notion of viscosity solution for the min-
imal surface system, see [[.Il They can be intuitively described as the largest
class of closed subsets including all minimal submanifolds of class 2 of arbitrary
codimension, for which the weak maximum principle holds; see [Sav17, p. 2] for
further comments. Employing the weak maximum principle in [Whil0], it is
not difficult to see that the support of a general stationary varifold is a viscosity
minimal set, see [ IO(d). The main result of this section is contained in [TH]
where the Lusin condition (V) is verified for the normal bundle of a very large
class of viscosity minimal sets (which include every stationary varifold with a
uniform lower bound on the density). Then, [the general criterion] of section
can be applied to deduce second order differentiability properties of viscosity
minimal sets in [[.§ providing a natural extension of classical results for vis-
cosity solutions of elliptic equations in this geometric setting; see and
In the special case of stationary varifolds, our main regularity result can be
summarized as follows.

Rectifiable stationary varifolds of arbitrary codimension (see [[11). If
0<d<oo, 1 <m<n—1 areintegers and V is an m dimensional station-
ary varifold in R™ such that @™ (||V||,z) > d for |V]| a.e. z € R™, then the
following three statements hold.

(1) N(spt||V|) satisfies the m dimensional condition (N) and

H{a: (a,u) € B}y dH" u

Sn—1

= / / | discr Qspt i |d%nim71d%mz,
spt |V J{z}x{v:(z,v)EB}

for every "1 measurable set B C N(spt ||[V]]).
(2) trace Qupy v (a,u) < 0 for 1 ae. (a,u) € N(spt||V]); in case V is

integral, “<” can be replaced by “=".

(3) ™ ((spt |[V[) ~ (spt |V|))™) = 0; in particular spt ||V| can be ™
almost covered by countably many m dimensional submanifolds of class 2.

We refer to [ T2HT.T5] for comments within the theory of varifolds.



Lines of further studies

Once the Lusin condition (N) introduced in[6.1has been verified for the minimal
submanifolds considered in section [T the regularity results are consequences of
the abstract theory established in section [6l In particular the general criterion
for second-order-differentiability is applied in the special case f = 0.

The general setting of section [6 as well as the summability condition of f
in the |general criterionl suggest other possible applications, than the case con-
sidered here. In particular, it is natural to ask if the hypothesis “0V = 0” can
be replaced by “|[0V||sing = 0 and h(V,-) € LL¢(||[V|,R")” in the regularity
result for varifolds in section [l These varifolds naturally arise in variational
problems involving the Willmore functional (see [Sch09]). The key step would
be to establish the Lusin condition (V) in this more general setting and, in this
regard, the announcement in is surely encouraging.

Acknowledgments. The author wish to thank Ulrich Menne for many indis-
pensable discussions about most of the content of the paper, to have provided the
unpublished lecture notes where the central idea of originates from (see [.0]), and
to have suggested the example in [B.I1l

2 Notation and preliminaries

Notation and terminology

The notation and the terminology used without comments agree with [Fed69,
pp. 669-676]. Additionally,

if AC R"™, then d4 : R™ — R is the distance function to A;
the symbol e denotes the standard inner product of R"™;

if T' is a linear subspace of R", then T} : R™ — R" is the orthogonal projection
onto T and T+ =R"N{v:veu=0};

if X isaset, f: X — R" is a function and v € R", then f e u denotes the
scalar function given by (f e u)(z) = f(x) @ u whenever z € X;

if X and Y aresets, ZC X xY and S C X, then Z|S =ZnN{(x,y) : z € S};

if M is an m dimensional submanifold of class 2, then by, is the second fun-
damental form;

the maps p,q : R® x R®* — R" are given by p(z,v) = z and q(z,v) = v,
whenever (z,v) € R™ x R".

if A C R™ and m > 1 is an integer, we say that A has locally finite F™
measure if ™ (AN K) < oo whenever K C R"™ is compact;

if A C R™ and m > 1 is an integer, we say that A is countably (F™,m)
rectifiable of class 2 if A can be ™ almost covered by the union of
countably many m dimensional submanifolds of class 2 of R"; we omit
the prefix “countably” when 2™ (A) < oo;

if X and Y are metric spaces and f : X — Y is a function such that f and
f~1 are Lipschitzian functions, then we say that f is a bi-Lipschitzian
homeomorphism;



Preliminaries

Basic preliminaries for the present paper are the classical methods and results of
Geometric Measure Theory for which we refer to [Fed69]. Further preliminaries
are collected here.

Notions of differentiability In the present paper we employ the concept of
approximate differentiability for functions and sets, for which we refer to [San17].
Moreover we use the classical notion of pointwise differentiability for functions
defined as in [San17, p. 4]. Finally, the concept of pointwise differentiability for
sets introduced in [Menl6] is employed in and BI0(3).

For reader’s convenience, we collect here some additional (basic) facts on
approximately differentiable functions.

2.1 Lemma. Suppose n > 1 is an integer, BC ACR", a€ Aand f: A— R
are such that f is approzimately differentiable at a, @*" (L™ L B,a) = 1 and
f(z) < f(a) for every x € B.

Then apD f(a) = 0.

Proof. Assume a = 0 and f(0) =0. If apD f(0) # 0 then there would be € > 0
and a non empty open cone C such that apD f(0)(x) > 2¢|z| for every z € C.
Therefore f(x) —apD f(0)(z) < —2¢|z| for every z € C N B and

(L. B~(C,0) <1, ©"(¥".BnNC0) >0,
O (L L R" ~ {x: |f(z) —apD f(0)(z)| < €|z|},0) > 0.

This would be a contradiction.

2.2 Remark. We observe that a similar argument proves that if f is approxi-
mately differentiable of order 2 at a then ap D? f(a) < 0. However, this fact will
not be used in the sequel.

2.3 Lemma. Suppose n > 1 and v > 1 are integers, B C A C R", a € B
and f : A — RY are such that f is approzimately differentiable at a, f|B is a
bi-Lipschitzian homeomorphism and ®™(Z™ . R" ~ B,a) = 0.

Then kerapD f(a) = {0}.
Proof. If T' = (1/2)(Lip(f|B)~!)~! then |f(y) — f(z)| > 2Ty — z| whenever
y,x € B. If there was v € R™ ~ {0} such that apD f(a)(v) = 0, then there
would exist a non empty open cone C' such that

lapD f(a)(u)] < T|u| whenever u € C.
Choosing 0 < e < " and letting D = {u+a: u € C} and
E=An{z:|f(z) - f(a) —apD f(a)(z — a)| < e[z —al},

we would notice that @"(¥" . R" ~ E,a) = 0and BNDNE = & and we
would get a contradiction.

2.4 Lemma. If m,n,v are positive integers, D C R™, U C R"™ 1is open,
f:D=>R", g:U—=R", z€D, flx) € U, f is approximately differentiable
at x and g is differentiable at f(x), then go f is approzimately differentiable at
x with

apD(go f)(x) =Dg(f(z)) oapD f(x).



Proof. Combine [San17, 2.8] and [Fed69, 3.1.1(2)].

2.5 Lemma. Ifn,v > 1 are integers, D CR", z€ D andg: R" - R” is a
Lipschitzian function such that g|D is approzimately differentiable at z, then g
is differentiable at z with apD(g|D)(z) =D g(z).

Proof. This is proved in [Fed69, 3.1.5].

Level sets of distance function We recall classical facts on the structure
of the level sets of 4 for an arbitrary closed set A. Besides the well known
rectifiability property that is an immediate consequence of Coarea formula (see
2.7)), we state the structural result in [GP72] in a slightly different way (see 2.9]).

2.6. It follows mechanically from the definitions that
5521{8}(34) =0d4(y) —s whenever d4(y) > s and s > 0.

2.7. Since Lipda <1 (see [Fed59l 4.8(1)]), it is a consequence of [Fed69) 3.2.15,
3.2.11] that 6,'{r} is countably (s#"!,n — 1) rectifiable with locally finite
2"~ measure, for £ a.e. r > 0.

2.8 Lemma. If T € G(n,n—1), f: T - T+, a €T, a=a+ fla) and
A={x+ f(x): x € T} are such that Tan(A,a) C T, then f is differentiable at
a with D f(a) = 0.

Proof. Tt follows immediately from the definition of Tan(A4, a).

2.9 Theorem. If A is a closed subset of R™, then 84 is differentiable at ™"
a.e. © €871 {r}, for L1 a.e. 7> 0. Moreover if r >0, x € 8, {r} is such that
d4 is differentiable at x and T = {v : vegradda(x) = 0}, then there exists an
open neighborhood V' of x and a Lipschitzian function f : T — T+ differentiable
at Ty(z) such that D f(Ty(x)) =0 and VN {r} =V n{x+ f(x): x €T}

Proof. The first part evidently follows from [Fed69] 3.1.6, 3.2.11].

If r > 0, 8,4 is differentiable at = € ;' {r} and T = {v : v e grad §a(z) = 0},
then, employing [Fed59l 4.8(3)], the proof of [GP72, Theorem 1] reveals that
there exist an open neighborhood V' of = and a Lipschitzian function f : T — T+
such that VN &, {r} = Vn{x + f(x) : x € T}. Moreover we observe that
Tan(8,'{r},x) C T. Therefore the conclusion comes from 28

2.10 Remark. Employing [Menl6, 3.14] we conclude that d'{r} is pointwise
differentiable of order 1 with Tan(d,'{r},z) =T at #" ! a.e. v € § ;' {r} and
for £t ae. r>0.

Approximate tangent cone of a measure The concept of approximate
tangent vector to a measure is introduced in [Fed69l 3.2.16]. Besides the fun-
damental results given in [Fed69, 3.2.16-3.2.22, 3.3.18], we prove here some
additional facts (see 212 and [ZT4]) that directly follows from them.

First, the following elementary inequality is useful here and elsewhere.

2.11 Lemma. If X and Y are metric spaces, m > 1 is an integer, 0(x) > 0 for
H™ ae e X, 0<y<ooand f: X — Y is an univalent Lipschitzian map
onto Y such that 7y is a Lipschitz constant for f=1, then

/ 0dA™ gym/ Oo frdxm.
X Y



Proof. We assume f; 0o f~l1d#™ < co. Then the conclusion easily follows
from the definition of upper integral in [Fed69, 2.4.2], using approximation by
upper functions.

2.12 Lemma. Suppose X and Y are normed vector spaces, P C X, m > 1
is an integer, O(x) > 0 for H™ a.e. x € P,a € Pand f : X =Y is a
function differentiable at a such that f|P is a bi-Lipschitzian homeomorphism.
Additionally, we define the measures

o) = [ sdrm, wm) = [ gasp)taen,
ANP BNf[P]
whenever AC X and BCY.

Then D f(a)[Tan™ (¢, a)] C Tan™(u, f(a)).

Proof. Firstly we prove that @™ () X ~ f~![T],a) = 0, whenever T C Y such
that @™ (uLY ~ T, f(a)) = 0. In fact, for such a subset T, if S = f~1[T], v is
a Lipschitz constant for f|P and(f|P)~! and r > 0, we observe that

fI(P ~S)NB(a,r)] € (f[P] ~T)NB(f(a),r),

and we employ 2.I1] to get that ¥(B(a,r) ~ S) < vy™u(B(f(a),yr) ~ T).

Therefore D f(a)[Tan™ (v, a)] € Tan™(y, f(a)) by [Fed69, 3.1.21, p. 234] and
[Fod69, 3.2.16, p. 252].

2.13 Remark. If 0 is the characteristic function of P then, by [Fed69] 2.4.5], we
have that ¢ = ™ L P and p = ™ f[P).

2.14 Lemma. Suppose 1 < k < v are integers, E C RY is countably (%, k)
rectifiable and % measurable, 0 is a A% L E measurable R valued map such
that

/de%ﬁk <00, 0(z)>0 for #% ae z€E,
E

and 1 is the measure over RY given by
P(S) = / 0d*  whenever S C RY.
ENS

Then Tan® (1, 2) is a k dimensional plane contained in Tan® (A% _E, z) for
HF a.e. z€ E and

Tan® (A% LF,z) C Tan® (¢, 2)  for #* a.e. z€ F,
whenever F C E is 7% measurable such that #*(F) < oo.

Proof. Firstly we observe that 1(S) = 0 if and only if 7#%(S) = 0. Therefore
RY is (¢, k) rectifiable and, employing [Fed69, 2.4.10, 2.10.19(3)],

O*F(1),2) < 0o for ¥ ae. z € RY.

We apply [Fed69, 3.3.18] to conclude that Tan®(y,z) € G(n, k) for % a.e.
z € E. If F C E is 2% measurable and 5% (F) < oo, we define

F,=Fn{z:0(z) >4 '} for every integer i > 1,



we observe that Tan® (% L F, z) = Tan®(* L F}, z) for A% ae. z € F; by
[Fed69l 2.10.19(4)], and we use [Fed69l 3.2.16] to conclude

Tan® (% L F,z) C Tan® (¢, 2) for % ae. z€ F.

Since by [Fed69, 3.2.14] the set E can be % almost covered by countably
many %% measurable k rectifiable subsets of R”, we may apply [Fed69, 3.2.19]
to conclude that Tan® (v, z) C Tan® (A% L E, 2) for " ae. z € E.

Normal bundle of smooth submanifolds We recall the basic structural
result on the normal bundle of a submanifold of class 2 of Euclidean space.

2.15 Lemma. Let M C R" be an m dimensional submanifold of class 2 and
let N =Nor(M)nN (M x S"—1).

Then N is a n — 1 dimensional submanifold of class 1 of R™ x R™ and,
if (a,u) € N then Tan(N, (a,u)) is the set of (r,v + Dwv(a)(7)) such that
7 € Tan(M, a), v € Nor(M, a) is orthogonal to u and v is a unit normal vector
field of class 1 on an open neighborhood of a such that v(a) = u.

Proof. The conclusion is a direct consequence of the fact that, using a normal
frame of M in an open neighborhood Z of a, we can locally parametrize N at
(a,u) using the product manifold (M N Z) x S*=™m~1,

2.16 Remark. If (a,u) € N, 7 € Tan(M,a), 11 € Tan(M,a) and o; € R" is
such that (11,01) € Tan(N, (a,u)), then

Teo1 =—by(a)(r,m1) e u.

3 Approximate differentiability of the nearest
point projection

In this section we provide the basic technical tools that are used in the subse-
quent sections. In particular we study the approximate differentiability proper-
ties of the nearest point projection onto an arbitrary closed set A in B.6] and
the second-order differentiability properties of certain subsets of the level sets

Of(SA inm

3.1 Definition. Suppose A C R"™ is closed and U is the set of all x € R"
such that there exists a unique a € A with |x — a] = da(x). The nearest point
projection onto A is the map €4 characterised by the requirement

|z — €a(z)] = €a(z) forxzeU.
We let v4 and 14 to be the functions on U ~ A such that

va(z) =04(2) " (2 = €a(2)) and a(z) = (a(z),va(2)),
whenever z € U ~ A.

3.2 Remark. The notation agree with [Fed59| 4.1].

It is proved in [Fed59, 4.8(4)], [MS17, 3.5] and [Fed59l 4.8(2)] that &4 is
continuous, dmn &4 is a Borel subset of R™ and 5;1{(1} is a convex subset
of R™ whenever a € A.



3.8 Remark. f U = (dmné&y4) ~ A, then, noting B:2] we readily infer that for
every 0 < r < 0o the map ¥ 4|U N 521{7"} is an homeomorphism with

(PalU NS {r}) " (a,u) = a+ru  whenever (a,u) € PA[U NI {r}].

3.4 Remark. f v € R™ ~ {0}, a € A and |v] = da(a + v), then a + tv €
(dmnés) ~ A and €4(a + tv) = a whenever 0 < ¢ < 1.

3.5 Lemma. Suppose A C R"™ is closed, v € (dmné&y) ~ A, € is approxi-
mately differentiable at x and T = R" N{v:vewvy(x) =0}.
Then & 4 is differentiable at x, v4 is approximately differentiable at x,

apD€a(x) eva(z) =0 and apDwva(z) = |z —€a(z)| (T, —apD€a(x)).
In particular kerapD b4 (z) C T+.

Proof. Since d4(y) = |y — €a(y)| for y € dmn &4, we use 2.4 and to deduce
that &4 is differentiable at x. Moreover v 4 is approximately differentiable at x
by 24l Let r = |z — €4(x)| and we use the continuity of £€4 (see B2) to select
0 < 6 < r such that |€4(z) — €a(z)| < r whenever z € U(z,d) Ndmn 4. Since
|€a(z) — x| > r whenever z € dmn €4, we compute

(€a(z) —z) eva(z) = (§a(z) — &alx)) eva(z) —r <O,
[(€a(2) —2) ova(2)]? = [€a(2) — 2> — |Ty(§a(z) — €al)]?
> 12 — |Ty(€a(z) — €al@)),
(€a(z) — €a(z)) ova(z) <r—(r" = |Ty(€a(z) — €a(x))[))/?,

whenever z € U(z,0) Ndmn &4. Therefore apD €4 (z) e va(z) = 0 by 21 and
24 Using 24 we can now easily compute the desired formula for ap D v4(z),
whence we deduce the postscript.

3.6 Theorem. If A is a closed subset of R™ and if we define:

the sets Ay corresponding to 1 < A < 0o, given by x € (dmn&y) ~ A such
that 64(&a(x) + Az — £a(2))) = Ada(x),

the sets Dy corresponding to 1 < A < oo, given by v € Ay such that
O (L™ L R™ ~ Ax,x) =0 and €4 is approzimately differentiable at x,

the maps hy on (dmné&€y) ~ A corresponding to 0 < t < oo, given by

hi(z) = €a(2) + t(z — €a(2))  whenever z € (dmn &) ~ A,

then the following four statements hold for 1 < A < oo and 0 <t < A.

(1) Ay is a Borel subset of R", Lip(€4]Ax) < A\ — 1)7! and hy|Ay is a
bi-Lipschitzian homeomorphism onto Ay j; with (he]AN) "t = hy | A/t

(2) L"(Ax ~ D)) =0, the map pa|Ayx has an extension ¥ : R™ — R™ x R"
such that ¥ is differentiable at every x € Dy with DU (z) = apD ¢ a(x),
and kerapDpa(x) = {sva(z) : s € R} whenever x € Dj.
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(3) Ifx € Dy, then hy(x) € Dy, the map hy—1 is approzimately differentiable
at hy(z) with apD hy—1(he(z)) = apD he(z) ™! and

apDa(x) = apDapa(hi(z)) oapD he(x).

(4) If x € Dy, the eigenvalues of apD &€4(x) and apDwa(x) belong to the
intervals 0 < s < AMA —1)71 and (1 — N\)71oa(x)! < s < da(x)7 1,
respectively. In case apDEx(x) is a symmetric endomorphism, so are
apD &4 (hi(z)) and apDwva(hi(x)).

Proof of (). ByB2the set Ay is a Borel subset of R™. If x € Ay and y € Aj,
then we apply [MS17, 4.7(1)] with ¢, a, b and v replaced by A|z — &a(x)|, €a(x),
&4(y) and x — €4(x) respectively, to infer that

(€aly) —€a(2)) o (z = €al)) < (2N) 7 €a(z) — Ealy)I?,

and symmetrically,

(€a(z) —€aly)) o (y — €a(y)) < 2N Héa(z) — Ealy) .

Combining the two equations we get

[€a(x) = €a)llz —yl > (€alz) = €a(y)) o (2 —y) = AT (A= 1)[€a(2) —€aly) .

By B4l one infers &4 (h¢(x)) = €a(x) and hy-1(he(x)) = x whenever z € Ay,
and hy[A)] € Ayt Since 0 < t71 < A\/t, the same conclusions hold with X and
t replaced by A/t and t~! respectively, and () is proved.

Proof of (@). By (@), [Fed69, 2.10.19(4), 2.10.35] and [Sanl7, 2.11(1)], we
conclude that .£"(Ay ~ Dy) = 0. By (@) and [Fed69, 2.10.43], the map £4|Ax
has a Lipschitzian extension F' : R™ — R™. Then, by 235 the map F is
differentiable at every x € Dy with

D F(z) = apD &4 (x).

Defining G : R" ~ A — R" as G(z) = da(z) " }(z — F(x)) for z € R" ~ A, we
notice that G is differentiable at every x € Dy with D G(x) = apDwva(z) by BH
and [Fed59) 4.8(3)] and the existence of the extension of 1p4|Ay is proved.

Finally, if z € Dy, we notice that D F'(z)(v4(x)) = 0, since F(x+sva(z)) =
Ea(z) for every —d4(z) < s < (A —1)da(x). Then, using BH we get the
remaining part of (2.

Proof of @). If y = he(z), we notice that h; is approximately differentiable at
2 and hy—1(y) = x by ([I). Therefore, by 233 () and [Buc92, Theorem 1], we
infer that

apD h¢(x) is an isomorphism of R",

O"(ZL"L R" ~ Ay,y) =0,
O"(L" L Ay N{z: [h-1(2) =z —apDhy(2) " (z —y)| > elz —yl},y) =0
whenever € > 0. Therefore h,-1 is approximately differentiable at y with
apDhy-1(y) = apD hy(x) 1.

Let ¥ be an extension of 14| Ay given by ([2). Since ¥4(z) = (Pohs-1)(z) when-
ever z € Ay, by B4 we use2.4lto infer that 14 is approximately differentiable
at y with

apDpa(y) =apDpa(x) cap D hi—1(y).
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Proof of @). If p € R,v e S" ! andapD €4 (z)(v) = pv, then (1—s)u+s#0
whenever 0 < s < A and 0 < pu < AA — 1)7!, since apD hs(z) is injective
by @). If u # 0, v € S* ! and apDwa(z)(v) = pv then v e vy(z) = 0,
apD &4 (2)(v) = (1 = da(z)p)v by BE and (1 - A)716a(2)™ < p < da(x)”".

If ap D € 4(x) is symmetric, then there exists an orthonormal basis vy, ..., v,
of R" and 0 < p; < ... < up, such that apD&a(z)(v;) = psv; whenever
i=1,...,n, by [Fed69, 1.7.3], and

apD&a(he(x))(v;) = ps(1 — )p; +t)"'v; whenever i = 1,...,n,

by @B). Therefore ap D &4 (h:(z)) is symmetric and so is apD vy (he(x)), by BE

3.7 Remark. Combining 35 and BO@E]), if 1 < A < o0, 0 <t < A, € Dy and
T=R"N{v:vewvy(x) =0}, then

imap D €4 (hy () = imapD €a(z) C T

imapDuvy(hi(z)) =imapDry(x) CT.

3.8 Remark. If 0 < R = reach(A), 0 < r < R and 0 < d4(x) < r then, by
[Fed5al 4.8(6)],

sup{t : £4(€a (@) + t(x — £a(2))) = €alx)} = R/r;

in particular, R" N {x:0 < da(x) <r} C Ag,.

3.9 Remark. In case A is convex, the map h; is called “dilation with center A”
in [Wal76l §3].

3.10 Theorem. Suppose 1 < A < 0o, Ay and Dy are as in[3.4,
M, = 621{7“} and N, = M,.NAyx forevery0<r < co.
Then the following four statements hold.

(1) For every r >0, ¥ a|N, is a bi-Lipschitzian homeomorphism and 1) 4[N;]
is a countably ("1, n — 1) rectifiable closed subset of R"™ x S"~1 with
locally finite ™' measure.

(2) For every r >0, N, is countably (7"~ n — 1) rectifiable of class 2 with
locally finite 7"~! measure, ap Tan(N,,z) € G(n,n — 1) and

~[v* < apD? N, (z)(v,v) @ (z = €a(x)) < (A= 1) |vl?,
whenever v € ap Tan(N,., x), for A"~ a.e. x € N,.
(3) For £ a.e. v >0 and for ™! a.e. x € N,.,
ap Tan(N,, z) = Tan(M,,z) = R"N{v:vevy(x) =0}

and there exist an open neighborhood V' of x and a Lipschitzian func-
tion f : Tan(M,,x) — Nor(M,,x), pointwise differentiable of order 2 at
Tan(M,, z)y(x), such that

VNM,=Vn{x+f(x):x € Tan(M,,z)}, D f(Tan(M,,z);(z)) =0,

pt D? f(Tan(M,, z)y(z)) o Oy Tan(M,, z); = ap D? N, (z).
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(4) For L' a.e. v >0, #" (N, ~ D)) =0,
(A" VLN n—1)apDapa(x) = apDpa(z)|ap Tan(N,, z),

apD? N,.(z)(u,v) e vs(z) = —apDwva(z)(u) e v,
whenever u,v € ap Tan(N,., x) and for #"~! a.e. x € N,.

Proof of (). Firstly we notice that whenever 0 < r < oo the map ¥ 4|N, is a
bi-Lipschitzian homeomorphism by B3 and B.GI(I) and

Wa[N] = (A xS" V)N {(a,u): 6a(a+ Aru) = M}

Therefore 1p4[N,] is closed and ¥ 4[N,] C 1h4[Ns] whenever 0 < s < r < oo.
Moreover 9 4[N,] N (B(0,t) x S*~1) C 4[N, NB(0, ¢+ )] whenever r > 0 and
t > 0. Therefore () follows from 2.7

Proof of [@). Let r > 0. By B6|()),
$alN, Bz, 1)) € $alN,] N (BEa(x), A —1)718) x $71)

whenever ¢t > 0 and x € N,., whence we deduce that N, has locally finite s#"~!
measure by ({0l). Evidently U(€4(z),r) N M, = & whenever z € M,, and by 20

U(éa(x) + Mz — €a(z)),( A= 1)r) N M, =& whenever x € N,.

Noting that £€4(z) =z —rva(z) and €a(x) + AMax —€a(z)) =2+ (A — Drva(x)
for x € N,, we conclude that

(%) limsup ¢~ 2sup{dr(z — 2) : z € U(z,t) N M,.} < oo,
t—0

whenever € N, and T = {v : vewvs(xz) = 0}. Therefore, applying [Sanl7,
5.4] with k =1 and « = 1, [Fed69| 3.1.15] and [San17, 3.23, 4.12], we conclude
that N, is countably ("1 n — 1) rectifiable of class 2, N, is approximately
differentiable of order 2 with ap Tan(N,., ) € G(n,n—1) for #" ! a.e. x € N,
and the desired estimate for ap D® N,.(z) holds at #"~! a.e. x € N,.

Proof of @)). First, we notice grad d4(x) = va(x) for 7! ae. z € M, and
for #! a.e. 7 > 0 by 23 and [Fed59, 4.8(3)]. Second, we apply EI0, (x) and
[Menl6, 5.7(3)] to infer that M, is pointwise differentiable of order 2 with

Tan(M,,z) = R" N{v:vewvy(x) =0},

at #" ! ae. x € N, and for £ a.e. r > 0. Third, M, and N, are ap-
proximately differentiable of order 2 with ap Tan(N,,x) = ap Tan(M,,z) =
Tan(M,,z) and

ap D? N,(x) = ap D? M, (z) = pt D? M, (x, Tan(M,, z)),

at A" ! a.e. z € N, and for £! a.e. r > 0, as may be inferred from (), [San17,
3.23, 3.22] and [Fed69] 2.10.19(4)]. Fourth, if we fix r > 0 and « € N, such that
the statements above hold and 84 is differentiable at x, then we may combine
and [Menl6, 3.14] to infer the existence of V and f as required by (@).
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Proof of ). By B.(@) and [Fed69) 3.2.11] we get that #"~L(N, ~ D)) =0
for #! a.e. r > 0. Therefore for such a number r > 0, by B.6([2) and [Fed69,
3.2.16], the map 1 4 is ("1 L N,., n—1) approximately differentiable at ;#"~*
a.e. x € N, with

(A" L LUN.yn—1)apDapa(x) = apDpa(z)| ap Tan(N,., ).
Therefore, by [Sanl7, 3.25], (), @) and @),
apD? N,.(z)(u,v) e va(z) = —apDva(x)(u) e v,

for £ ae. r>0, #" ! ae. x € N, and whenever u,v € ap Tan(N,., x).

4 Second fundamental form

For an arbitrary closed set we introduce the normal bundle in 1] the second
fundamental form in [£1T] and the associated principal curvatures in[£14l Clas-
sical facts (including a well known integral geometric formula), which have been
previously proved for various special classes of closed subsets, are extended to
arbitrary closed sets in .14l Moreover, a basic estimate is proved in and
we compute in the second fundamental form of the image of an arbitrary
closed set under smooth diffeomorphisms.

4.1 Definition. Suppose A is a closed subset of R™. We define
N(A) = (A x 8" Y)Y n{(a,u): 64(a + su) = s for some s > 0}.
Moreover we let N(A,a) = {v: (a,v) € N(A)} for a € A.

4.2 Remark. We notice that N(A) coincides with the normal bundle of A intro-
duced in [HLWO04] §2.1]. Moreover, we let Dis(A) to be the distance bundle of
A introduced in [MS17, 4.1] and we recall from [MS17, 4.2, 4.6] that Dis(4, a)
is a closed convex subset of Nor(4, a) and

N(A) = {(a,|v|'v) : 0 # v € Dis(4,a)}.
4.3 Remark. Using the notation of [3.6] and noting [3.4] we observe that
N(A) = pal(dmnéa) ~ Al = pa[AN] = U, palAr 063 {7},

whenever 1 < A < oo. Therefore, by BIO(I), it follows that N(A) is a countably
(A" n — 1) rectifiable Borel subset of R™ x S*~1. There are closed sets A
for which N (A) does not have locally finite 52" ~! measure.

4.4 Remark. Suppose reach(4) = R > 0,1 < A < oo and 0 < r < RA™L.
Since Ag/, C Ax, we deduce by B.8 B2 3] [Fed59) 4.8(12)] and the displayed
equation in the proof of BI0(), that

6, {ry =Axné {r}, a6, {r}] =Nor(4)N(Ax 8" ).

Therefore N(A) = Nor(A4) N (A x 8"~ 1) and N(A) has locally finite 7"~}
measure by BIO(T).

In [A5HATQ we provide the necessary preliminaries for 111
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4.5 Definition. If A is a closed subset of R", we define

p(A;x) = sup{t : 6a(£a(x) + t(x — £a(x))) = tda(x)},
whenever x € (dmné&y) ~ A .

4.6 Remark. Evidently 1 < p(A, z) < oo whenever z € (dmn €,4) ~ A. Moreover
(seeB8) Ay = {y: p(A,y) > A} whenever A > 1; whence we deduce that p(4,-)
is a Borel map whose domain is a Borel subset of R™ by B.2] and BGI(T]).

4.7 Definition. If f is a function mapping a subset of R™ into R and a € R™,
we define

apli;n_}i}llff(x) =sup{s: O"(L" {x: f(z) < s},a) = 0}.

4.8 Definition. Suppose A is a closed subset of R™ and = € (dmné&4) ~ A.
We say that x is a smooth point of € 4 if and only if

(1) apliminf,_,, p(4,y) > p(A,z) > 1,
(2) &4 is approximately differentiable at x,
(3) apD€(x) is a symmetric endomorphism of R™.

We say that a point (a,u) € N(A) is a smooth point of N(A) if and only if
(a,u) = Y a(x) for some smooth point = of £4.

4.9 Lemma. If A C R"™ is closed, then the following three statements hold.

(1) If x is a smooth point of €4, then €a(x) + t(x — Ea(x)) is a smooth point
of €4 whenever 0 < t < p(A,x).

(2) L™ a.e. x € (dmn€y) ~ A such that p(A,xz) > 1 is a smooth point of €4.
(3) A"t ae. (a,u) € N(A) is a smooth point of N(A).

Proof. We define h; as in for every 0 < t < oco. If x is a smooth point of
€4 and 0 < t < p(A,z), then p(A, hi(x)) = t71p(A,z) by B4 and, choosing
1 <A< p(A, z)sothat 0 <t < A and employing .6 and B6IB]) @), we conclude
that €4 is approximately differentiable at hi(x), apD €4 (hi(z)) is symmetric
and apliminf, 5, ) p(A,y) > A/t, whence, letting A\ — p(A,x), we get that
h¢(x) is a smooth point of &4 and () is proved.

We observe that aplim,_,, p(4,y) = p(4, ) for £™ a.e. v € (dmnéy) ~ A,
by .8l and [Fed69, 2.9.13, 2.10.19(4)]; by [Fed69l 3.2.11], the same conclusion
holds for "1 ae. x € 6, [{r}] Ndmn &4 and for £ a.e. 7 > 0. Combining
B BA@) and BIO@E) ), we infer that £4 is approximately differentiable at
x and apD &4(x) is symmetric for 71 ae. x € {y : p(A,y) > 1} N, {r}
and for £?1 a.e. r > 0; by [Fed69, 3.2.11], the same conclusion holds at .£™ a.e.
x € {y: p(A,y) > 1}. Therefore () is proved and ([B) follows from 6] and

4.10 Lemma. Suppose A is a closed subset of R"™ and x is a smooth point
of €4. Then the following statements hold.
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(1) If v,v1,v2 € R™ are such that apD €4(z)(v1) = apD €a(x)(ve), then

apD €a(z)(v) @ ap Dwva(z)(v1) = apD€a(z)(v) @ ap Dva(x)(v2),
apD £a(z)(v1) @ ap Dva(x)(v) = apD€a(z)(v) @ ap Dva(x)(v:).

(2) If 0 <t < p(A,x), y = €a(x) +t(x — €a(z)) and v,w,v1, w1 € R™ are
such that (see[{.9(0))

apD&a(y)(w) = apD &a(x)(v), apD&€a(y)(w1) = apD &a(x)(v1),

then
apDv4(x)(v1) eapD&a(x)(v) = apDwva(y)(wi) e apD €a(y)(w).

Proof. Let r = |x — €4(x)|. In order to prove (II) we use and BG([@) to
compute

apD &a(x)(v) e ap Dwa(x)(v1)
=r"'vefapD&a(r)(v1) — (apD€a(x) o apD €a(x))(v1)]
=r"veapDEa(r)(v2) — (apDEa(z) 0 apD€a(x))(v2)]
=apDEA($)(U)°apDVA( )(v2),

apD &4(z)(v) @apDuvy(x)(v1)
=r"vefapDEa(z)(v1) — (apDEa(z) o apDa())(v1)]
=rtapDé&a(z)(vi) e [v —apD€a(x)(v)]
=apD&s(x)(v1) eapDry(z)(v).

In order to prove (2)) we use and B0 @) @) to get

apD&a(y)(w1) =apD&a(x)(v1) = apD &a(x)(T}(v1))
=apD&a(y)fapD &a(x)(v1) + t(T;(v1) — ap D &a(2)(v1))]
=apD&a(y)[apD&a(y)(w1) +trapDuva(x)(v1)],
t~'r M apD €a(y)(w1) — (apD&a(y) o apD &a(y))(wr)]
= (apD &a(y) oapDwa(z))(v1),
apD vy (z)(v1) e apD €a(z)(v)
=apDwva(z)(vi) eapD&a(y)(w )
= (apD&a(y) capDwy(x))(v1) @
=t""r MapD &a(y)(w1) — (apDﬁA( JoapD&a(y))(w1)] e w
=apDwa(y)(w1) e apD &a(y)(w).

4.11 Definition. Suppose A is a closed subset of R™ and (a,u) is a smooth
point of N(A). We define

Ta(a,u) =imapD&a(z) and Qal(a,u)(r,71)=7eapDwv(z)(v1),
whenever z is a smooth point of €4 such that ¥4(x) = (a,u), 7 € Ta(a,u),

71 € Ta(a,u) and v1 € R™ such that apD €4(x)(v1) = 71.
We call Qa(a,u) second fundamental form of A at a in the direction u.
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4.12 Lemma. Let (a,u) be a smooth point of N(A).
Then Qa(a,u) : Ta(a,u) x Ta(a,u) = R is a symmetric bilinear form and
Ta(a,u) C{v:veu=0}. Moreover if r >0 and da(a +ru) =1, then

Qala,u)(r,7) > —r7|7|*> whenever 7 € Ta(a,u).

Proof. If x and y are smooth points of €4 such that ¥a(z) = (a,u) = Ya(y)
then y = €4(x)+ (0a(y)/0a(z))(x — €a(x)), and the first part of the conclusion
follows from B.1 and 10

If 0 < s < r then a+ su is a smooth point of €4 by L), and 14 (a+ su) =
(a,u). If 7 € Ta(a,u) and v € R™ is such that apD €4(a + su)(v) = 7, then
from B.5 and B.6lH]) we compute

Qala,u)(r,7) =apD&a(a+ su)(v) eapDwa(a + su)(v)
= s 'apD&a(a+ su)(v) o (Ty(v) —apD&a(a + su)(v))
> —s_1| apD&a(a+ su)(v)|2 = —s_1|7'|2.
Letting s — r we get the second conclusion.

4.13 Remark. A similar estimate is proved in [Sanl, 4.12] for different notions
of curvature.

4.14 Theorem. Suppose A C R™ is closed, 0 € L¢(A#""1LN(A)), 0 is
AL N(A) almost positive and v is the measure over R™ x R™ such that

*

P(S) = / 0d#"""  whenever S C R™ x R™.
SNN(A)

For each smooth point (a,u) of N(A) we define k1(a,u) < ... < kn_1(a,u) so
that km+1(a,u) = 0o, k1(a,u),. .., km(a,u) are the eigenvalues of Qa(a,u) and
m = dimTx(a,u).

Then the following three statements hold.

(1) For ™" a.e. (a,u) € N(A), Tan" ' (¢, (a,u)) is a (n — 1) dimen-
sional plane contained in Tan"_l(%”_lLN( ), (a,u)) and there exist
ui(a,u), ..., up—1(a,u) such that uy(a,u), ..., uy—1(a,u),u is an orthonor-
mal basis of R and

1 Ki(a,u)

(e

is an orthonormal basis of Tan" (¢, (a,u)). [Here and in the sequel, a
function a : R — R is extended to oo by a(0o) = limg—,o0 a(k).]

(2) For #" 1 a.e. (a,u) € N(A),
Ta(a,u) = p[Tan"_l(i/), (a,u))] and Qa(a,u)(r,71)=Te001

mui(“”‘)) fori=1,...,n—1

whenever T € Ta(a,u), 71 € Tala,u) and (11,01) € Tan" " (¢, (a,u)).
(3) For every (™1 L N(A)) integrable R valued function f on N(A),

B |Ki(a )l -1
drm ,
/N(A) 1;[ (1 + ri(a, u)2)i/2 (a,u)

= / / fad° dam .
s»=1 J{a:(a,v)EN(A)} x{v}
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Proof. We choose A > 1. For every r > 0 we let N,- to be as in[3.I0 and S, to be
the set € N, such that z is a smooth point of €4, O™ (L" L R™ ~ Ay, z) =0,

’,[‘zatn"71(¢72,”7’71 LNy z) =R"N{v:vevy(r) =0},
Tan"_l(ﬁf"_l Lpa[N:],Ya(x)) € G(n,n —1).

By BI0[@ @), E8 E9@) and [Fed69, 2.10.19(4), 3.2.11, 3.2.19] we infer that
HHN, ~ S,) =0 and "L (Pp4[N,] ~ a[S,]) =0 for £ ae. r > 0. By

BoR), BI0(), and 2.13] we notice that
apDapa(z)[Tan" ("L L N,., x)] = Tan" " (" Lap AN, ], ¥ a(2)),

whenever x € S;. and for every r > 0. Therefore, if r > 0, x € S,

X1 < ... < xn-1 are the eigenvalues of apD vy ()] Tamn_l(%””_1 L N, x),
and v, ...,v,_1 is an orthonormal basis of Tan™ ! ("' L N,.,, z) such that

apDuvy(z)(v;) = xv; fori=1,...,n—1,
then we apply to conclude that
apDé€a(z)(v;) = (1 —da(x)xs)v; fori=1,...,n—1,
Xi =0a(z)"t fori>dimTa(va(z)),
Qa(wa(x))(vi,v;) = x;(1 = da(2)xy) vy ev; fori,j < dimTa(sha(x)),
Xi

ki(a()) = xi(1 = da(w)xs) ™" for i < dimTa(spa(x)),
and an orthonormal basis of Tan™ ' (A"~ L4ps[N,],a(x)) is given by

: i rilia (o) v or i = n—
((1+I€i(¢A(.T))2)1/2 v (1+’€i(’¢/’A($))2)1/2 l) f 1,..., 1.

Therefore by £3] BI0(I) and 214 we get () and (2).

Finally, when f is a nonnegative (2#"~! L N(A)) measurable R valued func-
tion, we may apply [Fed69, 3.2.22(3)] with W, Z and f replaced by ta[N,],
S"~! and q|1pa[N,] to conclude

(x
(x

n—1

a,u rki(a,w)|(1 + ri(a,u)?) "2 d#" " (a,u
/Mmf( ) T i ) (1 + ri(a, w)?) (a, )

i=1

- / / FdA° Ao
Sn»—1 J{a:(a,v)EPa[N,|} x{v}

for £ a.e. r > 0 and (@) is a consequence of L3 and [Fed69, 2.4.7]. The general
case asserted in (3] is then a consequence of [Fed69, 2.4.4].

4.15 Remark. In case reach(A4) > 0, it follows from [£4] and LT4I2) that Q4
coincides with the second fundamental form of A introduced in [Fu89l 4.5] on
A1 almost all of N(A).
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4.16 Remark. The principal curvatures on N(A) introduced in [HLW04, p. 244],
to give an explicit representation of the support measures po(A;-), ..., pn-1(4;-)
of A in [HLWO04, Corollary 2.5], coincide on 5#"~! almost all of N(A) with
the functions k; introduced in 14l This follows from EI4(). The support
measures arise as coeflicient measures of a general Steiner formula for A, see
[FILW04, Theorem 2.1].

4.17 Corollary. If Ay and Ay are closed subsets of R™, then
Qa,(a,u) = Qa,(a,u) for ™1 ae. (a,u) € N(A1) N N(A).

Proof. By BI0() and 43 we can choose two Borel functions, 6; and 62, such
that 01 = 02 on "~ almost all of N(A;) N N(Az) and the hypothesis of EE14]
are satisfied with A and 6 replaced by A; and 6; and by As and 5. If we let

*

’l/)l(S)/S* 91d%n71 and 1/)2(S)/AS Hgd%”*

ﬁN(Al) ﬁN(Az)

whenever S C R™ x R", we notice that 1 L N(A2) = 2. N(A;) and we may
apply 214 to conclude that

Tan” ! (42, ¢) = Tan""" (Y20 N(A1),¢) = Tan" "' (41,¢) € G(n,n — 1)

for #" 1 a.e. ( € N(A1)NN(Az). Therefore the conclusion comes from [LTA(Z).

The following result is employed in the computation of the formula in [£19]
as well as in the subsequent sections.

4.18 Lemma. Suppose A C R" is a closed set, F : R® — R" is a diffeomor-
phism of class 2 onto R™ and vr : R® x S"~1 — R™ x 8" is given by

= a (D F(a)™)"(u) whenever (a,u " n-1
vrton) = (P p Ry ) whenever (@) € R xS

Then vr is a diffeomorphism of class 1 onto R™ x 8"~ such that
(Z/F)il =vp-1 and vp[N(A)] = N(F[4]).

Proof. A direct computation shows that vg is a diffeomorphism of class 1 onto
R" x S"~1 with (vp)™! = vp-1.

If (a,u) € N(A) and r > 0 such that U(a + ru,r) N A = &, we let

v=(DF(a)"")*(u), W =F[U(a+ru,r)], S=BdryW.
Since S = F[Bdry U(a + ru, )], by [Fed69, 3.1.21] we conclude that
D F(a)[Tan(Bdry U(a + ru,r), a)] = Tan(S, F(a)),

and, consequently, v € Nor(S, F(a)). If s = reach(S, F(a)), then by [Fed59, 4.11,
4.8(12)] we conclude that s > 0 and U(F(a) 4+ s(v/|v]),s) NS = &. Therefore,

either U(F(a) + s(v/|v]),s) € W or U(F(a)+ s(v/|v]),s) € R"™ ~ ClosW.
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If v(t) = F(a + tu) for t € R, noting that 4(0) e v = 1 and
Di(|y(#) = F(a) = s(v/[v[))(0) = =1/]v],
we conclude that v(t) € U(F(a) + s(v/|v]),s) for t > 0 sufficiently small,
U(F(a) + s(v/v]),s) CW and vp(a,u) € N(F[A]).

Therefore vr[N(A)] € N(F[A]) and replacing F by F~! and A by F[A] we
conclude
vr[N(A)] = N(F[A]).

4.19 Theorem. Suppose A is a closed subset of R™ and F' : R" — R"™ is a
diffeomorphism of class 2 onto R"™.
Then (see[{.18) D F(a)[Ta(a,u)] = Tpia)(vr(a,u)) and

Qria(vr(a,u)) o Oy(D F(a)[Ta(a, u))
= (D F(a)™")" (u)| "' Qala, u)
+(D? F(a)] O, Tala, w)) o (D F(a)™)*(w)/|(D F(a)™1)* (u)]),
for 71 a.e. (a,u) € N(A).
Proof. We define, for (a,u) € R" x (R™ ~ {0}),
g(a,u) = (D F(a)™1)"(u)/|(D F(a)~")" (u)]-
If (a,u) € R" x (R" ~ {0}), (1,0) € R" x R™ and
¢=(DF(a)™")*(o) = (D F(a)™)* o DD F)(a)(7)* o (D F(a)~")")(u),

then we compute

D g(a,u)(r,0) = [(D F(a)~")"(u)|7'(¢ — (9(a, u) ® ¢)g(a, u)).
If 6 and ¢ are as in[4.14] noting[4.18] we define the measure u over R™ x R™ by

w(S) = / Oovpd#""t whenever S C R" x R",
(F[ADNS

and we apply 21Tl with v = Lip(vp|vp-1[K]) to conclude that

/ Qovpd" ! < 7”_1/ 0dA" ! < 0o,
N(FIADNK N(A)Nw,_1[K]

whenever K C R™ x S"~! is compact. Combining I.I8 EETA[) @) and 212 we
conclude
n" (¢, (a,u)) is a (n — 1) dimensional plane,

(
TA(a u) = p[Tan" " (¥, (a,u))], Qala,u)(r,m1)="Te0,
Dvp(a,u)[Tan™ " (4, (a,u))] = Tan™*(u, vr(a, u)),
D F(a)[Ta(a,u)] = Tria(vr(a,u)),

Qriaj(vr(a,w)(D F(a)(r),D F(a)(n)) = D F(a)(7) D g(a, u)(m1,01),
whenever 7 € Ta(a,u), 71 € Ta(a,u), (11,01) € Tan™ (¢, (a,u)) and for 7#"~!
a.e. (a,u) € N(A). Since

D F(a)(7) @ g(a,u) = |(D F(a) ™ ")*(u)| " 'uer =0

whenever (a,u) is a smooth point of N(A) and 7 € Ta(a,u) by EI2, the con-
clusion follows.
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5 Curvature and second-order-rectifiable strata

We introduce a natural stratification in B] and we extend a classical integral-
geometric formula to arbitrary closed sets in Then we prove in the
lstructural theorem on the second fundamental forml announced in section [II

5.1 Definition. Suppose A is a closed subset of R™. For each 0 < m < n, we
define the m-th stratum of A by

A™ = An{a:dim&; {a} =n —m}.

[The dimension of a convex subset K of R™ is the dimension of the affine hull
of K and it is denoted by dim K.

5.2 Remark. Noting [MSI17, 4.4, 4.12] and [Fed69l 3.2.14], we observe that
A(™) can be covered, up to a set of #™ measure zero, by countably many
m dimensional submanifolds of class 2 of R™ and there exists countably many
m rectifiable Borel subsets B; of R" (in particular, 5™ (B;) < co) such that
B; C B,y whenever ¢ > 1 and

A =2, B;.
5.3 Remark. We infer from [MS17, 4.4] that
dimDis(4,a) = dim&,'{a} whenever a € A.

Moreover, from B3, if m = 0,...,n — 1 and a € A(™ then there exists
P € G(n,n —m) such that N(4,a) C PNS" ™! and

0< A" 1N(A,a)) < .

In particular, {a : N(A,a) # @} = U:;_:lo A and {a: N(A,a) = @} = AM™,

5.4 Remark. Combining T8 and we conclude that if FF: R" — R" is a
diffeomorphism of class 2 onto R™ and m =0, ...,n, then

FA)™ = FlA™)].

5.5 Lemma. If A C R" is closed, 0 < m < n — 1 is an integer and x €
€11 A satisfies [-3M @), then dimimapD €4 (x) < m.

In particular, dim T (a,u) < m whenever (a,u) is a smooth point of N(A) such
that a € A™),

Proof. Let a = €4(x), 1 < A < p(A,z), B = {y : p(A,y) > A} and C =
€, [{a}] N B. Then C is a convex subset of R” and dim C' = dim¢&,'{a}. In
fact, C ={y: da(a+ Ay — a)) = My — a|} by 6l and B4l and C' is convex by
[Fed59, 4.8(2)]. Moreover, if U is the relative interior of £,'{a} (the relative
interior of a convex subset K of R" is the interior of K relative to the affine
hull of K), then {y : a + Ay — a) € U} is contained in C' and it is open relative
to the affine hull of £, {a}. Therefore dim C' = dim &' {a}.

By B6IR2), let F: R™ — R"™ be an extension of £4|B that is differentiable
at © with D F(z) = apD &4(x). Since F(y) = a whenever y € C, we conclude
that D F(z)(y — ) = 0 whenever y € C. Therefore D F(z)(y — ) = 0 whenever
y belongs to the affine hull of C. Since dimC' = n — m, we conclude that
dimimap D €4(xz) < m. The postscript readily follows.
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5.6 Theorem. If f is a (#" 'L N(A)) integrable R valued function, then

m

1 n—1
/N<A>|A<m> flaw 1] Arm@aniz " @

i=1

= / / fdA" """ A2,
Alm) JL{z}x N(A,z)

where K1,...,kn—1 are defined as in[{.1]]

Proof. We assume f > 0 on "1 almost all of N(A), since, as usual, the
general case follows from [Fed69, 2.4.4]. Since A©) is a countable set by [5.2} the
case m = 0 is a consequence of [Fed69, 2.4.8]. Therefore we assume m > 1.

Suppose A > 1, N, is as in for every 0 < r < oo and B; is as in
for every integer i > 1. We notice that ,41(a,u) = oo for "1 ae.
(a,u) € N(A)|A™) byE5l Therefore for every i > 1 we apply [Fed69, 3.2.22(3)]
with W, Z and f replaced by 4[Ny ,;]Np~![B;], B; and p and, noting ELTA(T]),
we conclude

m

1 n—1
fla,u) H (e DL A" (a,u)

=1

_ / / FdAmt g,
B: Jp- 1 {=HNw AN,

Letting ¢ — oo, the conclusion comes from [Fed69, 2.4.7], and

5.7 Remark. We can combine [5.5] and [£.16] to infer the following explicit
formulas for the support measures of A: for every m =0,...,n—1,

/1!)A[N1/i]ﬁP1[Bi]

1
(n —m)a(n —m) J4om

fim (A; BJAM)) = AW (2,0) € BYdA ™z,

whenever B C N (A) is "~ ! measurable. If m = n—1 this formula is contained
in [HLW04| Proposition 4.1]. If reach(A) > 0, the same formulas are proved in
[Hug98l Theorem 3.2].

5.8 Remark. Tt follows by 5.6 that if S € A(™) and #™(S) = 0, then
dim Ta(a,u) <m —1 for #" " ae. (a,u) € N(A)|S.

5.9 Theorem. If A is a closed subset of R™ and 0 < m < n — 1, then there
exists a Borel set R C A™) such that

(1) A™(A™) ~ R) = 0;
(2) #"1(N(A)|S) =0, whenever S C R such that ™ (S) = 0;

(3) Qala,u) = —bpr(a) eu for "' a.e. (a,u) € N(A)|RN M, whenever
M is an m dimensional submanifold of class 2 of R™.

Proof. Suppose A > 1 and N, is as in [3.10 for » > 0. For every integer i > 1
we let C; = a[Ny/;] and B; to be as in5.2 By BIO(I) and [Fed69, 2.2.17] we
notice that ™ B; and p4 ("1 L C;) are Radon measures of R" whenever
i > 1. Therefore for every ¢ > 1 and j > 1 we can apply [Fed69, 2.9.2] with
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¢ and 1 replaced by ™ L B; and px(#"~' L C;) to infer the existence of a
Borel set R; ; C B; such that ™ (B; ~ R; ;) =0 and

HA"H(Cj18) =0 whenever S C R; ; such that 7™ (S) = 0.

If we let R = U;Z, N;=, Rij, then one may readily check, using B3] and B2}
that R is a Borel set satisfying (1) and (2]).

Suppose M is a m dimensional submanifold of class 2 of R™, Z is the set of
a € A™ N M such that N(A,a) C Nor(M,a) and N = Nor(M) N (M x S*~1).
Since by [Fed69, 2.10.19(4)] we have

Tan(M,a) C Tan™ (™ LA™ a) C Tan(A4,a) for ™ ae. ac A™ N M,

we conclude by that (A N M ~ Z) = 0. We choose a measure 1) as
in[LT4l Since N(A)|Z C N, we can use 214 LT[ @), and to get
that
Tan"~' (¢, (a,u)) = Tan" "' ("1 L N(A)|Z, (a,u)) = Tan(N, (a, u)),
TA(G, u) = Tan(Mv a’)a QA(a’a u) = 7bM (a‘) e u,
for "1 ae. (a,u) € N(A)|Z. Since A" Y (N(A)|RNM ~ Z) =0 by @),
the conclusion follows.

5.10 Remark. Noting and [Sanl7, 3.23], we can describe Q4 on the subsets
of R of finite ™ measure, in terms of the approximate second fundamental
form introduced in [SanlT, p. 3].

5.11 Remark. The conclusion of BI([2]) may fail to hold if we replace “S C R”
with “S C A(™”_ Suppose C' C R is compact, 0 < s < 1, 0 < 2°(C) < o0,

flx)=22°(CNn{z:2<z}) whenever z € C,

and g is a primitive of f. Then g is a non-decreasing convex function of class 1
on R. Welet A=R?>N{(z,y):g(x) <y}and S = {(z,9(x)) : * € C} and we
notice that A is a closed convex set,

N(A, (z,9(x))) = {1+ f(x)*)"2(f(x),—1)} whenever z € R,

S C AM | #1(S) = 0 and #(q(N(A))) > 0. Since q(N(A)|A ~ S) is a
countable subset of S!, we conclude that s#!(N(A)|S) > 0. We notice that
dim Ta(a,u) = 0 for 1 a.e. (a,u) € N(A)|S by 5.8 Therefore k1(a,u) = oo
for " a.e. (a,u) € N(A)|S; see EI4

6 Lusin’s condition (IN) for the normal bundle

We establish the area formula for the generalized Gauss map in and the
general criterion for second-order-differentiability in [6.10] for the special class of
closed subsets whose normal bundle satisfies the Lusin condition (N) in

6.1 Definition. Suppose A C R"™ is a closed set, 2 C R"™ is an open set and
1 <m < nis an integer. We say that N (A) satisfies the m dimensional (Lusin’s)
condition (N) in Q if and only if

A" (N(A)|S) =0, whenever S C ANQ such that #™(A™ N .S) = 0.
In case Q2 = R", we say that N(A) satisfies the m dimensional (Lusin’s) condi-

tion (N).
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6.2 Remark. If A is a closed subset of R™, Q is an open subset of R™ and
C = Clos(ANQ), then one may easily check that N(A)|Q2 = N(C)|Q. Therefore
A Q= 0™ N Q for every m = 0,...,n by B3 and Q4(¢) = Qc(C)
for #m1 ae. ( € N(A)|Q by ETTL Consequently, if N(A) satisfies the m
dimensional condition (N), then N(C) satisfies the m dimensional condition
(N) in Q.

6.3 Remark. If s#"~1(N(A)) > 0, then there is at most one integer m =
0,...,n—1 so that N(A) satisfies the m dimensional condition (V).

6.4 Lemma. Suppose U C R"™ is open, A C R"™ is closed, N(A) satisfies the
m dimensional condition (N) in U and F : R™ — R" is a diffeomorphism of
class 2 onto R"™.

Then N(F[A]) satisfies the m dimensional condition (N) in F[U].

Proof. Suppose S C F[A] N F[U] such that s#™(F[A](™ N S) = 0. Since
F~US] C ANU and 0 = 2™ (F~[S N F[A]™]) = s#2™(F~1[S]n A(™) by
.4 we conclude that

A" NN (A)FHS]) = 0.

Therefore, by EIR,
vr[N(A)|F7HS]| = N(F[A])|S, 2" (N(F[A)])|S) = 0.
6.5 Remark. If in 6.1 we replace /2"~ (N(A)|S) = 0 by
A" ({v: (a,v) € N(4)|S}) =0,

then the resulting property is not preserved under diffeomorphisms of class 2,
as the following example shows for n = 3 and m = 2.

If A=R3N{(x,y,2): 2= |z|} and F : R® — R3 is defined by F(z,y,z) =
(r,y,2 +1— 2% —9y?) for (z,y,2) € R3, then

AO =g, AU =R°n{(z,y.2):z=2=0}, AP =A~AW,
H%({v: (a,v) € N(A)|S}) =0 whenever S C A and s#%(SNA?) =0,
{v: (a,v) € N(F[A])|F[A]Y} has not empty relatively interior in S2.

The area formula for the generalized Gauss map in the next result is a
consequence of LT4[B]) and

6.6 Theorem. Suppose 1 < m < n is an integer, Q C R™ is open, A C R" is
closed and N(A) satisfies the m dimensional condition (N) in Q.
Then for every S#™~1 measurable set B C N(A)|Q,

A a: (a,u) € B}y dA™ u
Sn—1

:// | discr Qald A" "™ YA ™ 2.
A J{z}x{v:(z,0)EB}

Proof. If k1,...,Kkp_1 are as in [£14] we notice, by and 5.9 that

m

KEm+1(a,u) =00 and disecrQa(a,u) = H ki(a,u),

i=1
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for "1 a.e. (a,u) € N(A)|Q. Therefore, using EETA([]) and 5.6 we compute

H#{a: (a,v) € B}yd#" v

Sn—1
n—1
:/ H |ki(a, w)|(1 + ri(a, u)®) " 2dA" " a, u)
B =1
= / | diser Q a(a, u)| H(l + ki(a,u)?)"V2d" " (a, u)
B|A(m) i1

Alm) J{z}x{v:(z,v)€B}

whenever B C N(A)|Q is 5"~ ! measurable.
We need the following elementary estimate in the proof of
6.7 Lemma. Suppose V' and W are finite dimensional vector spaces with inner

products such that dimV = m and dimW = n, f € Hom(V,W), 0 < t < oo
and b e O W such that b(w,w) < tjw|? whenever w e W.

Then
I£1? trace(b) + (1 — n)t|[f||* < trace (bo O, f) < mt||f[|*.
Proof. By [Fed69, 1.7.3] we can choose an orthonormal basis vy, ..., v, of V
and an orthonormal basis wy, ..., w, of W such that

(ffof)(v;)ev; =0 and b(w;,w;)=0,

whenever i # j. If we define c¢(w, z) = t(w e z) — b(w, z) whenever w,z € W,
noting || f|| = ||/*| by [Fed69l 1.7.6], we compute

trace(co Oy f) = 21ty D iy (f(vi) @ wy)?e(w;, wy)

= 251 1 (wy)Pe(w;, wy) < |If]*(nt — traced),
trace(co Oy f) =t > i, | f(v3)|? — trace(bo O, f) > t|| f||* — trace(bo O, f).
Combining the two equations we get the left side. The right side is trivial.
6.8 Definition. If 0 <t < oo, a € R" an T € G(n,n — 1), we define

Ce(T,a) =R"N{z: [T}(z —a)| <t, |Tﬁ(:c —a)| < t}.

The criterion for second-order-differentiability in [6.10, that is the central
result of this section, can be deduced by standard arguments from the somewhat
more subtle result in

6.9 Theorem. If 1 < m < n are integers, then there exist 0 < § < co and
0 < o < oo such that the following statement holds.

If ACR" is a closed set, N(A) satisfies the m dimensional condition (N),
a€A 0<r<oo, TeG(n,n—1) and the following two hypothesis hold,

(1) there exists v € S"~! such that Ty(v) = 0 and

sup{ve (x —a):x € Clos(ANCy(T,a))} <r/16;
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(2) there exists a nonnegative S~ ! measurable function f on N(A) such
that

trace Qa(x,u) < f(z,u) for A" ae. (x,u) € N(A)|Cop(T,a),

/ / frd ™y <65
Cor(T,a)NA J{z}xN(A,z)

then there exists a Borel set M C N(A)| Clos C(11/8), (T, a) such that
dalz+ (r/2)u) =r/2 whenever (z,u) € M,
A"y s (w,0) € M} >0 whenever x € p[M],
and ™ (p[M]) > or™.
Proof. We assume a = 0 and we let Cy = C¢(T,0) whenever 0 < t < oco.
By[6.2 we notice that N (Clos(ANCy,)) satisfies the m dimensional condition
(N) in Cy, and we replace A with Clos(ANCYy,). We consider the diffeomorphism
F:R" — R" given by
F(x) =2+ (r/8)v — (4r) ' |Ty(z)[*v whenever z € R"
and we compute
F~H(z) =z — (r/8)v + (4r) 7 Ty(2) v,
D F(x)(u) = u — (2r) " (Ty(z) o Ty(u))o,
D F~H(z)(u) = u+ (2r) 7 (Ty(w) o Ty(u))v,
D* (&) (uy, uz) = (2r) (T4 (u1) @ Ty (u2))v,
whenever z, u,u1,us € R". Moreover F~![Clos C,] C Clos C(11/s),,

sup F'(z) e v < 3r/16, sup F(z)ev < —r/16.
z€A TEA,|Ty(x)|2r

Suppose L is the set of (z,7) € (F[A]NClos C,.) x S"~! such that (w—2z)en <0
whenever w € F[A], and we observe that L is compact and

L C N(F[A])|F[Clos C(11/8)r]-
We prove (see [£18) that if (z,7) € L then
(#6)  Sa(FH(2) + (r/2)(aovp-1)(z,m) = 1/2.
In fact, if 2 = F~%(2), ( = (qovp-1)(z,7n) and y € A, we compute
IDF(x)"(n)|"'n = (D F(x))7H(¢) = ¢+ (2r) " (v e Ty (),
0> (DF(2)")71(¢) » (F(y) — F(x))
=Co(y—a)+ @) (| Ty(@)P — [T(y)*) (v e Q)
+(2r) N (Ty(z) o (y —x)) (v e ()
=(e(y—a)— 47Ty — 2)]*(ve ),
ly = — (r/2)¢1 = |y — x> + (r*/4) = r(y —x) o ¢
> |y —z* + (r?/4) = (/4| Ti(y — 2)]*(v e ¢) = % /4.
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IfC ={1-tF0)+tr:x e TNB0,4r), 0 <t < oo} then C is a
closed convex set and Dual Nor(C, F(0)) = Tan(C, F(0)) = {z — F(0) : z € C}.
Observe {z: zov <0, |T;(2)| < 4r} C C. Then the following assertions will be

proved,
Nor(C, F(0)) nS"~! C q[L],

A" (Nor(C, F(0)) N S™ 1) > 2" 1(U(0,1/(1 + 32%)1/2)).

Let n € Nor(C, F(0)) nS"~ L. If 2 € F[A] and (z — F(0)) en > 0, then z ¢ C
and |T}(z)| < 4r, whence we deduce that zev > 0, |T,(2)| <, |ThL(z)| < 3r/16
and z € C,.. Therefore if s = sup{(z — F(0)) en : z € F[A]} > 0, then we select
zo € F[A] such that (zo— F(0))en = s, we observe that (w—zp)en < 0 for every
w € F[A] and we conclude that (z9,7) € L. Moreover a direct computation
shows that

S" 1N Nor(C, F(0)) =S" ' n{n:32/(1+322)/2 <pewv <1}

and the desired lower bound for the #"~! measure of S"~! N Nor(C, F(0))
readily follows.

We notice that N(F[A]) satisfies the m dimensional condition (N) in F[Clyy]
by By B9 [4.19] and (xx) we infer that

dimTF[A] (Za 77) =m, D Fﬁl(z)[TF[A] (Za 77)] = TA(VF’I (Za 77))’
QF[A](Zan) =0, QA(VF*I(ZaT/))(T’ T) > —(T/2)_1|T|2
Qrpa)(z,m) = (D F(F™(2))" 0)|Qawp-1(2,m)) © Oy (D F~(2)|Trpay(z,1m))
— (D*F(2)| Oy Trra(2,m)) e DF(F~(2))" (n)

for "1 ae. (z,m) € L and for every 7 € Ta(vp-1(z,n)). In particular,
by [Fed69, 2.10.25], the same conclusion holds for /™ a.e. z € p[L] and for
AL ae. ne{(: (2 € L}. We combine 6.8 and the classical inequality
relating the arithmetic and the geometric means of a family of non negative
numbers (see [Roc70, pp. 29]) to estimate

A" (alL]) < . Az (2,m) € LydA™ "

= / / discr QF[A]d%nimild%mZ
FIA] J{z}x{n:(z,m€L}

< m_m/ / (trace QF[A])md%"_m_ld%mz.
F[A] J{z} x{n:(z,m)€L}

We observe that if z € ClosC,., n € S*~! and S € G(n,m), then
IDFF () <3/2, |DF'(2)] <3/2,
| trace (D* F~'(2)| ©, S) ¢ DF(F~'(2))*(n)| < (3/4)mr~".
Therefore, using [6.7, we infer there exists ¢; > 0 depending only on m such that

(trace Qppa)(z,m)™ < e1(f(vp-1(z,m)™ +77™),
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for "t ae. (2,n) € L.

By BI0(() and we infer that L is a countable union of compact sets with
finite 2"~ measure. Therefore D = {z : "™ H( : (2,{) € L} > 0} is a
Borel subset of R™ by [Fed69] 2.10.26, p. 190]. We let

M = vp-1[L|D],
and we notice that M is a Borel subset of N(A) by LIS p[M] C Clos C(11/s)r,
da(x + (r/2)u) = r/2 whenever (z,u) € M and 5"~ Huv: (v,v) € M} >0
whenever @ € p[M]. By [Fed69 2.2.7], B3] and 211l we infer the following

estimates,

Lip(F|Clos C(11/8)r) < sup IDF(z)] <27/16,
2€Clos C11/8)r

/ AN L) dA™ 2 < (27/16)™ TS 2™ (p[ M),
F[A]

/ / FWps (2, ) d A" d ™
F[A] J{¢:(z,¢)eL}

§c2// f(z,n)mde%”"fmflndjfmz,
A J{¢:(2,0)eM}

where ¢, is a constant depending on m and n. Therefore,

sty <mvee [ [ i
A J{¢:(z,0)eM}
+m™ e (27/16) NS T ™ (p[ M) r T,
whence we get the conclusion.

6.10 Corollary. Suppose 1 < m < n are integers, A C R" is a closed set with
locally finite ™ measure, N(A) satisfies the m dimensional condition (N),
for ™ a.e. a € A there exists v € S*™1 such that

1inr107°_1 sup{ve (zr —a):x € B(a,r) N A} =0,
r—

and there exists a nonnegative "1 measurable function f on N(A) such that

trace Qa(a,u) < f(a,u) for " ae. (a,u) € N(A),

/ / frdA" "N 2 < oo,
KNA J{z}xN(A,z)

whenever K C R™ x S*~1 s compact.
Then A™(A ~ A™)) = 0. In particular, A is countably (™, m) rectifiable
of class 2.

Proof. Combining [Fed69) 2.10.19(5)] and [6.9 and [Fed69, 2.4.11], we infer that

lim inf A(A™ 0 B(a, 1))

r—0  A#"(ANBl(a,r)) >0 for ™ a.e. a€ A
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IV = {(a,B(a,7)) : a € R",0 < r < oo} we apply [Fed69, 2.8.18, 2.9.12]
with ¢ replaced by 5™ L A to deduce that V is a ™ L A Vitali relation, the
(#™ LA, V) density function of A™ is positive on ™ almost all of A and
it is ™ L A almost equal to the characteristic function of A(™). Therefore
H™(A ~ A™) = 0 and the postscript follows from [5.21

6.11 Remark. As already mentioned in section [l this theorem can be compared
to the classical result in [Tru89, Theorem 1] asserting the twice superdifferen-
tiability of viscosity subsolutions of certain second order elliptic operators. The
central idea of [Tru89, Theorem 1] is to use the Alexandroff maximum principle
in [GT01l 9.1], which in turn is based on the area formula for functions, to
get a lower bound for the measure of the set of superdifferentiability points of
subsolutions; whence the conclusion follows by classical density arguments. The
same strategy has be adapted to our case, using the area formula in

7 Generalized minimal submanifolds

Following [Sav17] we introduce the class of viscosity minimal sets in [[.I] and
we establish the Lusin condition (N) for their normal bundle in Second
order differentiability almost everywhere is deduced in [[.8 as an application of
the results in section Finally, a regularity result for stationary varifolds of
arbitrary codimension is given in [T.11]

7.1 Definition. Suppose 1 < m < n are integers and A C R" is closed. We say
that A is a m dimensional viscosity minimal set of R™ if and only if whenever
x € A and v is a R valued function of class 2 on a neighbourhood of z such that
1| A has a local maximum at  and grad ¢(z) # 0, then there exists L € G(n,m)
such that

grad(v) € L* and A,y p(r) <0,

where A, 1, denotes the Laplace operator on the affine subspace {x+u : v € L}.

7.2 Remark. The notion of viscosity minimal set has been recently introduced in
[Sav17], where an Allard-type local regularity result is proved for graphical vis-
cosity minimal sets ([Sav1T, Theorem 1.5]) by means of nonvariational methods
and weak Harnack inequality.

Every m dimensional minimal submanifolds of class 2 is an m dimensional
viscosity minimal set, see [Savi7, p. 2].

7.3 Lemma. Suppose 1 < m < n are integers, T € G(n,n — 1), n € T+,
Inl = 1, f : T — T+ is pointwise differentiable of order 2 at 0, f(0) = 0,
D f(0) =0, x1 > ...> Xn_1 are the eigenvalues of pt D* f(0) en and A is a m
dimensional viscosity minimal set of R™ such that 0 € A and

ANV C{z:zen < f(Ty(2)) e n},

for some open neighbourhood V' of 0.

Then .
Z xi > 0.
i=1
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Proof. For € > 0 we let
P(¢) = (1/2)(pt D £(0)(¢*) @+ €[¢[*)n  whenever ¢ € T,
M. ={C+P(¢): C €T},
f om (%) if zemp> P.(Ty(2)) on
ve(z) = { —8u,(2) if zen < PTy(2)) en

and we observe that 9. is of class oo on a neighbourhood of 0 by [GT01], 14.16],
1| A has a local maximum at 0 and ¢.(¢ + P.(¢)) = 0 whenever ¢ € T. Differ-
entiating the last equation we get

grad¢(0) =7 and grad.(0) e D? P.(0) = — D%+ (0)|T x T.
Therefore there exists L € G(n,m) such that
ne Lt and Apy.(0) <0,

and, noting that —x1 — ¢, ..., —Xn_1 — € are the eigenvalues of D? ¢ (0)|T x T,
we employ [JT03, Lemma 2.3] to conclude

Yiti(xi+te) =0

Letting ¢ — 0, we get the conclusion.

We need the following elementary consequence of coarea formula in

7.4 Lemma. Suppose 0 < u < m are integers, W is a (F™,m) rectifiable and
™ measurable subset of R™, S C RY is a countable union of sets with finite
FC" measure and f: W — R is a Lipschitzian map such that

AW {w: [ A, (A" W,m)apD f(w))]| = 0}) =0,

SNz ™ (7 H2Y) > 0}) = 0.
Then ™ (f~1]9]) = 0.
Proof. Firstly we reduce the problem to the case S##(S) < oo; then, by [Fed69,

2.1.4, 2.10.26], to the case of a Borel subset S of R”. Now the conclusion comes
from the coarea formula in [Fed78| p. 300].

7.5 Theorem. If A is a m dimensional viscosity minimal set and A is a count-
able union of sets with finite ™ measure, then N(A) satifies the m dimen-
sional condition (N) and

trace Qa(a,u) <0 for #" ' a.e. (a,u) € N(A).

Proof. For A > m we let N, to be as in 310 whenever r > 0.

We select 7 > 0 such that BI0@E) @) holds at "1 a.e. z € N,; then we
fix € N, to be one of these points. We let T'= {v : vew(z) = 0}, we assume
€4(x) = 0 and we notice that T}(x) = 0. Suppose f : T — T+ is a Lipschitzian
function pointwise differentiable of order 2 at 0 such that D f(0) = 0,

pt D? £(0)(u,v) @ va(x) = —apDwva(z)(u) ev whenever u,v € T,
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U(z,s) N3 {r} =U(z,s) N {x + f(x): x €T} forsome 0 < s<r/2.

We let U = Ty[U(z,s) N{x + f(x) : x € T}] and ¢(¢) = f(¢) — = whenever
¢ €T. Since U is open relative to T, theset V={y—x:y € T[l[U] NU(z,s)}
is open in R™ and we claim that

VNAC{z:zeva(z) < g(Ty(z)) eva(z)}.
In fact, if y € U(z,s) N Th_l[U] and y — x € A, then we notice that
Ty(y) + f(Ty(y)) € Ulz,s) N o3 {r}y,  |Tul(y) + f(T(y) —yl <7,
and we compute
r<|Ti(y) + f(T(y) — (y —z)| =7 — (y — f(Tu(y))) e va(z);
whence the claim readily follows. If x; < ... < x,—1 are the eigenvalues of
apDwva(2)|T, then 1 — x17,...,1 — xp—17 are the eigenvalues of apD €4 (x)|T

by and —x1,..., —Xn_1 are the eigenvalues of pt D* g(0) @ v4(x). Therefore
we apply with f and 5 replaced by g and v4(z) to conclude that

ZXi <0.
i=1
Since x; > —(A —1)7'r~! whenever j = 1,...,n — 1 by BI0[), we conclude
Xj— (m-=1A-1)"1rt< in <0 and x; <r*,
i=1

whenever j = 1,...,m; therefore,
A (7 FCNpn = 1) apD€a(z)) ]| > 0.

In particular all the assertions of this paragraph hold for s#"~! a.e. x € N, and
for ' a.e. r > 0.

Ifz €A, r>0and 2" 1(£; [{z}] N N,) > 0, then by BIO(I), A3 and
B3l we conclude that

AN (A,2) >0 and xe UL, AD.

Suppose now S C A such that 2™ (S N A™) = 0. Since #™(AW) =0
whenever 0 < i < m — 1 by 5.2, we get

(SN xS {2} N N,) > 0}) =0 whenever 7 > 0,
and, employing B.I0() @) and [[4] we infer that
AHELSINN,) =0 for £ ae. r > 0.

We use BIO) to get #" 1(1pa[N,]|S) = 0 for £! ae. r > 0 and B3 to
conclude " 1(N(A)|S) = 0. Therefore N(A) satisfies the m dimensional
condition (V).
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Employing 5.9, BI0() and B3 we get that dim Ta(1pa(x)) = m for 7!
a.e. r € N, and for every r > 0. Therefore, letting 1, ..., k,_1 to be as in[L14]
the proof of .14 allows to conclude that

m

Y prtvala)
2T i,y (94 ()

j=

for " ! a.e. x € N, and for £ a.e. r > 0. Choosing a sequence r; > 0
converging to 0 such that for the subset M; of IV,, whose points satisfy the

inequality above, the following condition holds
A" YN, ~ M;) =0 whenever i > 1,

we can easily verify that trace @ 4(a,u) < 0 for every (a,u) € N2, Uj=; ¥a[M;].
Moreover, employing BI0() and 3]

ATTHN(A) ~ 2 Ui $alMy]) = 0

7.6 Remark. A somehow similar approach is adopted in [AIm86, §5, §6] to
prove, among the other things, an equation relating the perpendicular part of
the variational mean curvature of certain varifolds with the principal curvatures
of the level sets of the distance function to the convex hull of their supports (see
[AIm8&6, §6(2)]).

The idea to deduce the Lusin condition (N) from the fact that the ap-
proximate Jacobian of the nearest point projection &4 is positive on #"~!
almost all of N, for Z! a.e. r > 0, originates from unpublished lecture notes
of Ulrich Menne, where the aforementioned approach of [Alm86] is employed to
study a kind of weaker Lusin condition (N) in the case of certain varifolds of
bounded mean curvature.

7.7 Remark. The second conclusion of [[LHlis the natural extension of [CCKS90,
3.4] to viscosity minimal sets.

7.8 Corollary. If A is an m dimensional viscosity minimal set of R™ with
locally finite ™ measure and for ™ a.e. a € A there exists v € S"~! such
that

}iil%r_l sup{ve (z —a):x € B(a,r) N A} =0,

then ™ (A ~ A"™) = 0; in particular A is countably (™, m) rectifiable of
class 2.

Proof. Combine [6.10] and

7.9 Remark. Noting[6.1T] this result is the natural extension of [Tru89, Theorem
1] and [CCKS96| 3.5] to viscosity minimal sets.

The remaining part of this section is devoted to state and comment our
regularity result for stationary varifolds. We adopt the notation of [AII72].

7.10. Three facts on stationary varifolds, that are immediate consequences of
well known general results in varifold theory, are provided here for reader’s
convenience. Suppose 1 < m <n — 1 are integers.

(1) ¥V € V,,(R") and 6V = 0 (i.e. V is an arbitrary m dimensional sta-
tionary varifold) then spt ||V is an m dimensional viscosity minimal set.
This follows from [Whil0, Theorem 1].
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(2) Ve V,R"), 0V =00<d< oo and O@"(||V],z) > d for |V] a.e.
z € R™, then

A (ANspt ||V]) <d Y V||(A) whenever A C R™;

in particular, spt ||V has locally finite 7™ measure. This follows from
[ALI72, 5.5(1), 3.5(1), 8.6].

B) UV e V,R"),dV=00<d<ocoand O@"(|V],z) > d for ||[V] a.e.
x € R", then for ||V|| a.e. x € R™ there exists T € G(n, m) such that

lir%r_l sup{dr(y — ) : y € B(z,r) Nspt||V|} = 0.
T

This follows from [Sim&83] 17.11].
7.11 Corollary. If 1 < m < n — 1 are integers, V € V,(R"), 6V = 0,

0<d<ooand O™ (|V|,z) > d for |V a.e. z € R™, then the following three
statements hold.

(1) N(spt||V|]) satisfies the m dimensional condition (N) and

H{a: (a,u) € B} dA" u
Sn—1

= / / | discr Qspt i |d<%ﬂn7m71d%mz,
spt |V J{z}x{v:(z,v)€B}

for every 5"t measurable set B C N(spt ||V]]);
(2) trace Qspy v (a,u) < 0 for A" a.e. (a,u) € N(spt||V]);

(3) ™ ((spt|[V]) ~ (spt||V[))™) = 0; in particular spt||V|| is countably
H™,m) rectifiable of class 2.

Proof. Combine [[.10] [7.5] [7.8] and
7.12 Remark. In case V is integral, then

trace Qupe v (a,u) =0 for 7" " ae. (a,u) € N(spt ||V]]);

this can be deduced combining [T.TTI(), 5.9 and [Sch09, Corollary 4.2].
However, it is not known if the hypothesis of integrality is essential here.

7.18 Remark. In [Menl2] a result similar to [[TI([I) has been announced for
the case of m dimensional integral varifolds V of R™*! with mean curvature
h(V;-) € Lle¢(||[V[,R™), [|6V||sing = 0 and m > 2.

7.14 Remark. The main result of [Menl3| proves that the support of every m
dimensional integral varifold V of R" (1 < m < n — 1) with mean curvature
h(V;-) € L¢(||V]|,R™) can be || V|| almost covered by the union of countably m
dimensional submanifolds of class 2. In this regard, the main novelty in [.TTi[3])
lies in the fact that the stationary varifolds are required to be only rectifiable.
Moreover our approach completely differs from [Men13].

7.15 Remark. The regularity result in [[.I1]is a substantial consequence of [6.9]
whose proof is based on techniques adapted from the theory of viscosity so-
lutions of elliptic PDE’s. Such a theory has been previously applied to prove
regularity results for integral varifolds of codimension 1 in [Sch04]. In this re-
gard, the conclusions in [ TTI2) @) are conceptually similar to [Sch04, Theorem
6.1] (notice that, by [Sanl7l, 3.23], the conclusion in [ZTTI[8]) implies that spt | V]|
is approximately differentiable of order 2 at ™ almost all points of spt ||[V]]).
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