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Abstract

The main goal of this paper is to develop a concept of approximate
differentiability of higher order for subsets of the Euclidean space that
allows to characterize higher order rectifiable sets, extending somehow
well known facts for functions. We emphasize that for every subset A
of the Euclidean space and for every integer k > 2 we introduce the
approximate differential of order k of A and we prove it is a Borel map
whose domain is a (possibly empty) Borel set. This concept could be
helpful to deal with higher order rectifiable sets in applications.
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1 Introduction

For notation and terminology, see the dedicated section in the Introduction.

Motivation. This paper deals with the class of subsets of the n dimensional
Euclidean space that can be covered, up to a set of ™ measure zero, by
countably many m dimensional submanifolds of class k, for some integer k£ > 1.
These sets are called countably (S™, m) rectifiable of class k; see the definition
of Higher order rectifiability later in this section. Evidently, this class of sets
finds applications in the study of differentiability properties of “singular sub-
manifolds” in geometry and analysis. In what follows, we mention some of these
applications.

In Calculus of Variations, solutions of problems involving elliptic functionals
can be efficiently modeled using the class of varifolds, originally introduced by
Almgren in the 60’s (the classical reference is [All72]). Even just considering
the class of integral varifolds V in R™ whose first variation with respect to area
is represented by integrating a function] in Lc(||V]|, R™) (usually called mean
curvature), it is well known that there are examples whose support does not
locally correspond to a graph of a function of class 1, on a set of positive S
measure (see 8.1(2)] for a 1 dimensional example). However, combining
the recent result in with [AII72] 8.3], we can deduce that the support
of an integral varifold V with mean curvature in LI%¢(||V||,R"™) is countably

1See [Fed69) 2.4.12] for the definition of Lebesgue spaces.
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(2™, m) rectifiable of class 2. Yet, it is unknown if “class 2” in the previous
assertion can be replaced by “class k, for every integer £ > 17, in case the first
variation of V' with respect to area equals zero.

The level sets of maps between Euclidean spaces with distributional deriva-
tives up to order k representable by integration can be covered, up to a set of
J€™ measure zero, by countably many submanifolds of class k of the appropriate
dimension, see [BHS05, 1.6].

In Convex Geometry, [AIb94, Theorem 3] asserts that if for a convex subset
of the n dimensional Euclidean space we define the m-th stratum as the set
of points where the normal cone has dimension at least n — m, then the m-
th stratum is countably (2, m) rectifiable of class 2. This result has been
recently extended to every closed subsets of Euclidean space in [MS17].

Finally we mention the work in [Dell2] in the context of Legendrian currents
and the work in [Kol16] in relation to the notion of discrete curvatures for sets.

Results of the present paper. The main contribution of this paper is to
introduce a notion of approximate differentiability of higher order for subsets of
the Euclidean space and to use it in order to characterize higher order rectifiable
sets. For functions whose domain is a subset of the Euclidean space this is a well
known fact, established in [Whi51], [Fed69, § 3.1] and [Isa87]. More specifically
these results can be combined to get the following result, see [Z11] and

1.1 Theorem (Federer, Isakov, Whitney). If 1 < m < n and k > 1 are
integers, 0 < a <1, A CR™ is L™ measurable and f: A — R"™™ is L™ A
measurable, then f is approximately diﬁerentiabl of order (k,a) at L™ a.e.
a € A if and only if there exist countably many functions g; : R™ — R"™"™ of
class (k,«) such that

27 (A~ U gy(a) = F@)}) =0

In this paper we establish this result for subsets of Euclidean space. In fact,
employing the notion of approximate differentiability of higher order for sets
introduced in [3.8 we can prove, in [3.23] and (5.6 the following result.

1.2 Theorem. If1 < m <n and k > 1 are integers, 0 < a <1, AC R" is
™ measurable and ™ (A) < oo, then A is approzimately differentiable of
order (k,«) at ™ a.e. a € A if and only if A is (F™, m) rectifiable of class
(k, ).

It is worth to compare this result with other results in the literature. Firstly,
this result can be seen as a generalization to the case of higher order rectifiability
of the well known fact in Geometric Measure Theory that (7", m) rectifiable
setdd of class 1 can be characterized among all the 7™ measurable subsets
of R™ with finite " measure through the existence of an m dimensional
“measure theoretic tangent space” at S a.e. points of the set. There are
essentially two natural ways to define this notion of measure theoretic tangency.
One uses a blow up procedure and the other one uses densities of Hausdorff
measures.

2For the definition of approximate differentiability for functions, see
3By [Fed69, 3.2.29] the notion of rectifiability of class 1 coincides with the classical notion
of rectifiability phrased in terms of images of Lipschitzian maps, see [Fed69) 3.2.14].



1.3 Definition (Simmﬁ). Suppose 1 < m < n are integers, A C R"™ and
a € R™. An m dimensional plane T' € G(n, m) is the m dimensional approximate
tangent plane of A at a if and only if there exists 0 < 6 < oo such that

lim r_m/ flz—a)/r)d#"z = 9/ fds#™ whenever f € Z(R").
r—04 A T

1.4 Definition (Federerﬁ). Suppose 1 < m < n are integers, A C R™ and
a € R". A vectorv € R"is an (™ L A, m) approximate tangent vector at a if
and only if @*" (™ . ANE(a,v,¢€),a) > 0 for every € > 0. An m dimensional
plane T € G(n,m) is the m dimensional approximate tangent plane of A at a
if and only if T equals the set of all (4™ L A, m) approximate tangent vectors
at a.

In[[ 3 and in[T4lit is not difficult to see that m and T are uniquely determined
by A and a. Either employing the notion in or the one in[[.4] the following
well known result holds.

1.5 Theorem (Federerﬁ, SimOIE). Suppose 1 < m < n are integers and A C
R™ is ™ measurable with ™ (A) < co. Then A is (™, m) rectifiable of

class 1 if and only if A admits the m dimensional approximate tangent plane at
™ a.e. a € A.

Suppose now A C R™ and a € R™. The definition of approximate differen-
tiability of order 1 introduced in B.§ (see also B.19) is equivalent to require the
existence of a measure theoretic tangent space at a, denoted by ap Tan(A4, a). If
A is 7™ measurable and ™ (A) < oo, the sets of points of A where the afore-
mentioned approximate tangent spaces are m dimensional subspaces, coincide
up to a set of ™ measure zero (notice B21] BI4] 34 and BI7)).

The problem of generalizing to the case of higher order rectifiability was
addressed in [AS94]. In that paper a notion of differentiability of order 2 and
order (1, a) for every 0 < e < 1, is introduced by means of a blow up procedure
similar to [[L3l However, as it is pointed out in [AS94, pp. 7-8], examples show
that (™, m) rectifiable sets of class 2 may fail to be differentiable of order 2
in the sense of [AS94] at %™ a.e. points. Therefore, in order to generalize [[.5]
additional technical hypotheses on the structure of the sets are needed in the
main theorems [AS94] 3.5, 3.12]. These facts suggest the possibility to consider a
different notion of (approximate) differentiability of order greater than 1 and in
the present paper we accomplish such goal. Our notion is based on the approach
of [ (see also B), rather than [[3]

For every integer k > 2, the notion of approximate differentiability of order &
for a subset A C R™ naturally induces a notion of approximate differential of
order k, apD® A, of A; see For every A C R, this is always a Borel
map with values in @k(R”,R”) whose domain is a (possibly empty) Borel
subset of R™, see[5.hl Moreover the approximate differential of order 2 naturally
induces a notion of “approximate second fundamental form”. In fact, for every
a € dmnapD? A this can be defined as the symmetric bilinear form

apD? A(a)| ap Tan(A, a) x ap Tan(A4, a).

4See [Sim8&3} 11.2, 11.4] and [FM99, 2.2].
5See [FedB9, 3.2.16].

6See [Fed69, 3.2.19, 3.3.17].

"See [Sim83] 11.6, 11.8].




In and two classical properties of the second fundamental form of
submanifolds of class 2 are extended to our setting.

Finally we mention that a notion of pointwise differentiability for subsets
of the Euclidean space has been recently developed in [Menl6] to study higher
order differentiability properties of stationary varifolds. In the present paper
we establish the connection between the notion of approximate differentiability
and pointwise differentiability in 111

Notation and basic definitions. The notation and the terminology used
withouth comments agree with [Fed69 pp. 669-676]. However, for the reader’s
convenience, sometimes we use footnotes to point out the references in [Fed69].
Moreover we add the following classical definitions.

Distance function from a set. Let A C R™. We define d4 to be the function
on R™ such that d4(z) = inf{|z —a| : a € A} for z € R™.
Orthogonal projections. If 1 < m < n are integers we define G(n,m) to be

the set of all m dimensional subspaces of R®. If T € G(n,m) we define
T, : R" — R" to be the linear map such that

Th* =Ty, TyoTy="1T, imT,=T,

and we define T+ = ker T;.

Pointwise differentiability for functions. Suppose X and Y are normed vector
spaces, k > 0 is an integer, 0 < a < 1, g maps a subset of X into Y and a € X.
We say that g is pointwise differentiable of order (k, ) at a if and only if there
exists an open set U C X and a polynomial function P : X — Y of degree at
most k such that « € U C dmny, g(a) = P(a),

o 1@ = P@L et - Pla))

< if a > 0.
T—a |£C — a|k r—a |SC - a|k+°‘ oo ta

In this case P is unique and the pointwise differentials of order i of f at a are
defined by pt D g(a) = D' P(a) for i =0, ..., k.

Functions and submanifolds of class (k,«). Suppose X and Y are normed
vector spaces, k > 0 is an integer, 0 < o < 1, g maps some open subset of X
intoY and @ € X. We say that g is of class (k, «) if and only if g is of class k and
each point of dmn g has an open neighbourhood U such that (Dk F)|U satisfies
a Holder condition with exponent a.

Suppose k > 0 is an integer and 0 < « < 1. The notion of diffeomorphism of
class (k, ) is made by replacing “class k7 with “class (k, «)” in [Fed69, 3.1.18].
Analogously the notion of p dimensional submanifold of class (k,«) of R™ is
made by replacing “class k” with “class (k,«)” in [Fed69, 3.1.19].

Second fundamental form. If 1 < m < n are integers, M is an m dimensional
submanifold of class 2 of R™ and a € M then we call second fundamental form
of M at a the unique symmetric 2 linear function

by (a) : Tan(M, a) x Tan(M, a) — Nor(M, a)

such that bs(a)(u,v) ev(a) = —Dwv(a)(u) e v for each u,v € Tan(M, a), when-
ever v : M — R"™ is of class 1 relative to M with v(z) € Nor(M,z) for every
xe M.



Cones. A subset C' C R™ is called cone if and only if Az € C whenever x € C
and A > 0.

Higher order rectiﬁabilitgﬁ. Suppose 1 < m < n are integers and ¢ is a measure
over R™. A subset A C R" is called countably (¢, m) rectifiable of class (k, «) if
and only if there exist countably many m dimensional submanifolds M; of class
(k, @) such that

¢(A ~ U(;; Mj) =0.
A subset A C R" is called (¢, m) rectifiable of class (k,«) if it is countably
(¢, m) rectifiable of class (k,a) and ¢(A) < co.

Some further notation. Suppose 1 < m < n and k > 1 are integers, 0 < a < 1,
a€R", T € G(n,m), 0 <k < oo and suppose f : T — T+ is a function such
that f(Ty(a)) = ThJ-(a).

Then we defined

Xpala, T, fir) =R"N{z: |f(Ty(2)) — Thl-(z)| < K|Ty(z — a)[F+e);

alternatively Xy (a, T, f, k) = Xgo(a, T, f, k). If f(x) = Tbl(a) for every x € T
then we abbreviate X(a, T, k) = Xy(a, T, f, k).
If0<s<ooand 0<t< oo we define

C(T,a,s,t)=R"N{z: |Ty(x — a)| <s, |ThL(:c —a)| < t}.

Finally let gr(f) = {x+ f(x) : x € T}.
Organization of the paper. In section Plwe recall the theory of approximate
differentiability for functions because both we use it in the following sections
and it provides a scheme for the theory of approximate differentiability for sets
we develop later. In section Bl the key concepts of lower and upper approximate
tangent cones (see B.I]), approximate differentiability (see3.8) and approximate
differentials (see B20)) are introduced together with proofs of a basic charac-
terization in B.14] one part of in B.23] and some illustrative examples in [3.4]
and BI7 At the end of section B] we generalize to rectifiable sets of class 2 the
classical equation relating the differential of a normal vector field and the second
fundamental form of a submanifold of class 2. In section [ after giving in 8]
an equivalent formulation of the notion of pointwise differentiability of order 1
for sets, we prove a result enlightening the relation between approximate dif-
ferentiability and pointwise differentiability of higher order for sets in .11] and
a basic estimate for the approximate second fundamental form in Finally
in section [f] we prove that the approximate differentials are Borel maps and the
remaining part of
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8When ¢ = ™ this notion has been introduced in [AS94] 3.1].
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2 Approximate differentiability for functions

2.1 Definition. Let f be a function mapping a subset of R™ into some set Y
and let a € R™. If Y is a normed vector space, a point y € Y is the approximate
limit of f at a if and only if

Q"ML L R ~{z:|f(x) —y| <e€},a) =0 forevery e >0

and we denote it by aplim,_,, f(z). If Y = R, a point ¢ € R is the approximate
upper limit of f at a if and only if

t =inf{s: @™ (L™ {z: f(x) > s},a) =0}
and we denote it by aplimsup,_,, f(z).

2.2 Remark. This concept is a special case of [Fed69, 2.9.12].

2.3 Definition. Let 1 < m < n and k£ > 0 be integers, 0 < a <1, A C R™,
f:A—R" ™ and a € R™.

We say that f is approzimately differentiable of order (k,a) at a (f is ap-
proximately differentiable of order k at a if a = 0) if

O™ (L™ L R™~Aa)=0

and there exists a polynomial function P : R™ — R"™™™ of degree at most k
such that P(a) = f(a) if a € A4,

ap lim M =0 ifa=0, auplimsupM

< if a > 0.
r—a |:L' — a|k r—a |£L' - a|k+0‘ cona

2.4 Remark. The condition @™ (L™ L R™~ A,a) = 0 in is redundant if
a = 0. Moreover, employing a classical result due to De Giorgi, see [Cam64,
Lemma 2.1], we deduce that the polynomial function P in is uniquely deter-
mined by f and a.

2.5 Definition. Let A C R™ and let f : A — R™™ ™. For every non negative
integer k the function ap D¥ f is defined to be the function whose domain consists
of all @ € R™ such that f is approximately differentiable of order k at a and
whose value at a equals D* P(a), where P satisfies

2.6 Remark. If a € ACR™ and f: A— R" ™ then f is approximately differ-
entiable of order 0 at a if and only if f is ((Z™, V) approximately continuou
at a. In this case ap D° f(a) = f(a). Here V is the standard .Z™ Vitali relation,
V={(a,B(a,7)) :a e R™, 0 <r < o0}

In case a € A the notion of approximate differentiability of order 1 has been
introduced in [Fed69, 3.1.2].

2.7 Lemma. Suppose 1 < m < n are integers, A C R"™, a € R™, f: A —
R*™ ~>1,0< M < o0 and 0 <\ < oo such that

lim sup ZL"B(a,r) N Az |f(z)] > A}

< M.
r—0+ a(m)rm

Then @*™ (L™ {x : |f(x)] > 27\ |z —a|'},a) < M(1 —27™)~ L
10See [Fed69) 2.9.12].




Proof. Let § > 0 such that
ZL™B(a,r) N {x:|f(@)] > Ar"}) < Ma(m)r™ for 0 <r <é.
Therefore for 0 < r < § we observe

B(a,r)N{z:|f(x)] > 2"\ |z —a|"}

={a}U U(B(a,r/Qi) ~ B(a,r/2 ) N {x: |f(2)] > 2\ |z — a|'}
=0

C {a}ulUB(a,r/2)n{z: [ f(@)| > A(r/2')},
=0

Z™(B(a,r) N {z: |f(x)] > 2N |z —a|"}) < M a(m)r™(1 — 2=m)~1
and the conclusion follows.

2.8 Theorem. Let 1 < m < n and k > 1 be integers, 0 < a <1, A C R™,
a€R™ and f: A— R"™.

Then f is approximately differentiable of order (k,a) at a if and only if there
exists a function g : R™ — R ™ pointwise differentiable of order (k,a) at a
such that f(a) = g(a) if a € A and

O"(L™ L R™ ~a: glx) = f(2)}0) = 0.
In this case pt D' g(a) = apD’ f(a) fori=0,..., k.
Proof. Suppose f is approximately differentiable of order (k,a) at a and o = 0.
There exists a polynomial function P : R"™ — R"™™ of degree at most k such
that, if for every integer i > 1 we define S; = {z : |f(z) — P(z)| < i~ |z — a|*},
then there exists §; > 0 such that Z™(B(a,r) ~ S;) < 227%™ for 0 < r < §;.
We can assume d;41 < J; for each i > 1 and §; — 0 as i — oco. Let

T =UZ, [SinB(a, ;) ~ B(a, 0i41)] -

If r >0 and j > 1 is an integer such that d;41 < r < d; we compute

L (Bla,r) ~T) < L7 (Bla,r) ~ )+ S L7(Bla, ) ~ S) <32
I=j+1 l=3
and we conclude @™ (L™ R™ ~ T,a) = 0. Moreover
@)~ PG)
T>x—a |£E — a|k

If we define g : R™ — R" ™ as g(z) = f(z) if x € T and g(z) = P(x) if
x € R™ ~ T, then we have @™ (L™ L R™ ~ {x: g(x) = f(z)},a) =0,

=0.

lim lo(@) = P(x)| =0 and g¢g(a) = P(a),

z—a |x — a|k
since a ¢ T. If & > 0, once we have chosen 0 < A < oo such that

|f(z) — P(z)|

|z — alkte <A

ap lim sup
r—a

we can use the same argument above replacing the sets S; with the set

S={z:|f(zx) = P(x)] < Xz — alfTo}.



2.9 Remark. The proof of Z8 has been adapted from [Fed69, 3.2.16] and [Fed69,
3.1.22).

2.10 Remark. Let 1 <m < n and k > 1 be integers, 0 < a < 1, let A C R™ be
Z™ measurable and let f : A — R™" ™ be £ L A measurable. If there exist
countably many functions g; : R™ — R"~™ of class (k, «) such that

2m (A~ U 45) =0

where A; = AN{z:g;(z) = f(2)} for j > 1, then using [Fed69) 2.10.19(4)] and
2.8 we can easily prove that f is approximately differentiable of order (k, ) at
L™ a.e. a € A and, for each j > 1,

D'g;(2) =apD f(z) for L™ ae.z€ Ajandi=0,..., k.

2.11 Theorem. Let 1 < m < n and k > 0 be integers, A C R™ and let
f: A= R" ™ be approximately differentiable of order (k,1) at L™ a.e. a € A.
Then the following statements hold.

(1) f is approximately differentiable of order k+1 at L™ a.e. x € A.

(2) A is L™ measurable and the functions ap D' f are £™ L A measurable for
i1=0,....,k+ 1.

(8) There exist countably many functions g; : R™ — R"™™™ of class k + 1

such that
2 (An Ui {e: g5(2) = f()}) =0.

Proof. First we observe that A is Z" measurable, f is (£™, V) approximately
continuoud] at .#™ a.e. a € A and fis Z™ A measurable by [Fed69, 2.9.11,
2.9.13].

If Kk = 0 the conclusions are consequences of [Fed69, 3.1.8, 3.1.4, 3.1.16]
respectively. We use induction over k. Since f is approximately differentiable
of order (k —1,1) at .£™ a.e. point of A we inductively assume that ap D’ f are
Z™ L Ameasurable for i =0, ..., k. We use now [[sa87, Theorem 2] and [Fed69,
3.1.15] to deduce the existence of countably many functions g; : R™ — R" of
class k + 1 satisfying [B). Now () and () follow from 20

2.12 Theorem. Suppose 1 < m < n and k > 1 are integers, 0 < a < 1,
ACR™ and f: A — R" ™ is approzimately differentiable of order (k,a) at
L™ a.e. ac€ A

Then the following statements hold.

(1) A is L™ measurable and the functions ap D' f are £™ L A measurable for
i=0,...,k.

(2) There exist countably many functions g; : R™ — R"™™™ of class (k, «)

such that
2 (An Ui {e: g5(2) = f()}) =0.

Proof. Since f is approximately differentiable of order (k —1,1) at every x € A
then () follows from 2ITI[2]). Now we can apply [[sa87, Theorem 1] if & = 0 or
[Isa87, Theorem 2] if o > 0 to get ().

1 As usual, V = {(a,B(a,7)) :a € R™, 0 <7 < co}.




3 Approximate differentiability for sets

3.1 Definition. Suppose X is a normed vector space, ¢ is a measure over X,
m is a positive integer and a € X.
We define the m dimensional approximate upper tangent cone of ¢ at a b

Tan™(p,a) = X N{v: O (L E(a,v,¢€),a) > 0 for every e > 0}

and the m dimensional approzimate lower tangent cone of ¢ at a as the set
Tan]"(¢,a) of v € X such that for every e > 0 there exists 7 > 0 such that

o(U(a + rv,er)) > nr'™  whenever 0 < r <.

In case Tan™" (¢, a) = Tan}' (¢, a), this set is denoted by Tan™ (¢, a) and we
call it the m dimensional approximate tangent cone of ¢ at a.

3.2 Remark. Evidently Tan]'(¢,a) C Tan*"(¢$,a). Moreover one may easily
verify that Tan}"(¢,a) and Tan™" (¢, a) are closed cones. Finally

0" (¢,a) >0 [O(4,a) >0] <= 0¢€ Tan™(¢,a) [0 € Tan*(¢,a)].

3.8 Remark. Observe that, in this case, our notation does not agree with [Fed69,
3.2.16]. In fact, Tan™™ (¢, a) is denoted by Tan™ (¢, a) in [Fed69, 3.2.16].

It is often useful to recall that if C is a compact subset of X ~ Tan™" (¢, a)
and T ={a+rv:r >0,v € C} then ®"(¢.T,a) = 0. This is proved in
[Fed69, 3.2.16].

3.4 Remark. It is natural to consider the following cone
T=Xn{v:07(¢.E(a,v,€),a) > 0 for every ¢ > 0}.

Evidently Tan}"(¢,a) C T, but simple examples show that the opposite inclusion
does not hold. In fact, if we consider X =R, ¢ = L' LA, m=1and a =0,
where

A=JRn{t: 272 <t <277},
=0

then Tanl(¢,0) = {0} and T = R.

3.5 Remark. Suppose 1 < m < n are integers, A CR"™, B CR"™ and a € R".
If @™ (™ A~ B,a) =0 then it is not difficult to see that

Tan" (™ L A, a) C Tan (™ L B, a),
Tan™" (" L A,a) C Tan™™ (™ L B, a).

3.6 Lemma. Suppose 1 < m < n are integers, A C R", a € R" and
T € G(n,m).
Then the following three conditions are equivalent:

(1) Tan™™(#™_A,a) C T,
(2) (™ A~ X(a,T,€),a) =0 whenever e > 0,

12As in [Fed69) 3.2.16], E(a,v,¢) = X N {z : |r(z — a) — v| < € for some 0 < r < co}.



(3) whenever e > 0

i H(ANB(a,r)N{z: |Thl‘(z —a)|>er})
r—0 a(m)rm N

Proof. The fact that () implies (2] is a consequence of and the fact that
@) follows from (@) is evident. If the condition in (@) holds for some € > 0 then
we can argue as in 2.7 to show that
i H(ANB(a,r)N{z: |ThL(z —a)| >2¢elz—al})
50 a(m)rm
Therefore [B]) implies ().

3.7 Lemma. Let1 <m <n and k > 1 be integers, 0 < a < 1,0 < X < o0,
0<M<oo, ACR", a € R", T € G(n,m) and let f : T — T~ be a function
of class 1 such that f(Ty(a)) = Tﬁ(a) and D f(Ty(a)) = 0. Suppose

=0.

HA(ANB(a,r)N{z: |Thl(z) — f(Ty(2))] > er})

lim =0 for every e > 0,
r—0 a(m)rm
i su A (ANB(a,r)N{z: |Thl‘(z) — f(Ty(2))| > Arktey)
p < M.
r—0 a(m)rm
Then

O™ (A™L A~ Xpola, T, f,k),a) < M(1—2"")"1
for every k > 2k ),
Proof. Arguing as in the proof of 7 we conclude that
O (™ L AN{z: |f(Th(z))—ThJ‘(z)| > 2k te )z —alf T} ) < M(1—27™) L

Since D f(T}(a)) = 0 we can easily get that

- H"(ANB(a,r)N{z: |Thl‘(z —a)| >er})
lim = 0 for every € > 0
=0 a(m)rm
and applying [3.6 we conclude that @™ (2™ L A ~ X(a,T,¢€),a) = 0. Since

X(a, T,e)N{z: |f(T}(2)) — ThJ‘(z)| < 2k+0‘/\|z - a|k+o‘}
C Xkala, T, f, 2kFtaN(1 4 2)(F+)/2) " for every € > 0,

the conclusion follows.

3.8 Definition. Let n > 1 and k£ > 1 be integers, 0 < a <1, ACR", a € R"
and A; = {z—a:x € A}. We say that A is approzimately differentiable of order
(k, ) at a if there exist an integer 1 < m < n, T € G(n,m) and a polynomial
function P : T — T of degree at most k such that P(0) = 0, D P(0) = 0 and
the following two conditions hold.

(1) For every e > 0 there exists p > 0 and 5 > 0 such that
H(C(T, z,er,er) N Ay) > nr’™

for every z € TN B(0,7) and 0 < r < p.

10



(2) For every € >0
A (AN B(0,7) N {2z : 8y (py(2) > €7*})

li =0
0 a(m)rm

and, if a > 0, there exists 0 < A < oo such that

i T (A1 NB(0,7) N {z: dg(py(2) > )\rk+a})
im

=0.
r—0 a(m)rm

3.9 Remark. If k =1 and « = 0 the conditions in B8 are equivalent to [Mat95,
15.7].

3.10 Remark. We prove that the condition
T C Tan] (™LA, a)

is necessary and sufficient to have B8([l). The condition is clearly necessary. To
prove the sufficiency assume a = 0, suppose 0 < € < 1 and observe there exist
an integer [ > 1, vq,...,v € S !N T and a positive number 7 such that

Tns*!'clU_, U,eNT,
H(ANU(rvg,er)) > ne”™r™  whenever 0 <r <npandi=1,...,1L

Since @7 (™ L A,0) > 0 by B2l we can choose n > 0 smaller, if necessary, in
order to have

H(ANTU(0,er)) > nr™  whenever 0 < r < 7).
We fix 0 < r <nand z € B(0,r). If |z| < er then U(0,er) C U(z, 2er) and
H(ANU(z,2er)) > nr™.
If |z| > er then we choose 1 < i <[ such that |(z/|z]) — v;| < € and we observe
U(|z|vs, |2]€) € U(z,2¢|z|) € U(z, 2er),
HT(ANU(z,2er)) > ne”™|z|™ > nr™.

3.11 Lemma. Suppose 1 <m < n are integers, 0 < r < oo, w € R*NB(0,r),
T € G(n,m) and f : T — T+ is a locally Lipschitzian function such that

f(0)=0, .
Then 8y f(w) < |T(w) — f(Ty(w))| < (2+ Lip(f[B(0, 21))) dge 4 (w).

Proof. If we choose x € T' so that dg r(w) = |w — x — f(x)| then x € B(0, 2r)
and we get
Oge r(w) < [Ty (w) — f(Ty(w))|
< fw—x = fOOI+ Ix + f(x) = Th(w) — f(Th(w))]
< (2+ Lip(f[B(0,2r))) &g 5 (w).
3.12 Lemma. Suppose 1 < m < n are integers, v >0, A CR", BC R" such
that 0 € Clos B, f : R™ — R"™ is an univalent map onto R™ such that f(0) =0

and f and f~1 are locally Lipschitzian maps.
Then the following two conditions are equivalent.
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(1) For every e >0 [for some 0 <€ < o0f

lim HAT(ANBO,r)N{z:dp(z) >er’}) _

70 a(m)rm

0.

(2) For every e > 0 [for some 0 < e < 00

lim ™ (fIAINB(0,7) N {z: 655 (2) > er}) _
r—0 a(m)rm

Proof. Since f[Clos B] = Clos f[B] we assume B to be closed. Moreover if we
prove one implication we immediately get the other one. Therefore we prove
that (1) implies ). Suppose 1 < T' < oo is such that

Pz —w| < |f(2) = f(w)] < Tz —wl,
Iz —w < |f71(2) = FH(w)| < Tz —w

whenever z,w € B(0,2). Evidently it is enough to show that
FHAAIN B, r/T2) N {w = §¢pm)(w) > er?}]
CANB0,r/T)N{w: dp(w) >T ter?}

fore > 0and 0 < r < 1. Suppose z € f[A]NB(0,r/I'?) such that &4p)(z) > er?.
Let w € f[B] such that |f~1(z) — f~}(w)| = d5(f~1(2)) and observe

Sp(f1(2) < If ()] If M w) <2f 1 (2)] S 2T < 20 r < 2,
lw| <T[f~H(w)| < 2r <2,
Op(f~1(2) 2T z—w| =T 1o (z) > T ter?.
3.13 Lemma. Let 1 < m < n and k > 1 be integers, T € G(n,m) and let
P:T—=T: and Q: T — T+ be polynomial functions of degree at most k such

that P(0) = 0 and D' Q(0) = 0 fori = 0,...,k — 1. Suppose for every ¢ > 0
there exists p > 0 such that

C(T,z,er,er®) N {w: gy (w) < e’} # @

whenever z € gr(P)NB(0,r) and 0 < r < p.
Then P = Q.

Proof. Let 0 < ¢ < oo such that |P(x)| < ¢|x| whenever x € TN B(0,1). If
0<e<landO0< p<1areasin the hypothesis, y € B(0,(1+¢)"'p)NT and
z=x+ P(x) then |z| < (1 + ¢)|x| < p. Therefore there exists

w € C(T, z,e(1+ ¢)|x|, e(1 + ¢)*|x|*)

such that dg, (@) (w) < e(1+c)¥|x[*. If y € gr(Q) is such that |w—y| = 4 (o) (w)
then
I Te(y) = x| < Te(y —w)| + [ Tx (w) — x| < 2e(1+ )" ],

1PO) = QUOI <15 (2) = Ty (w)| + [Ty (w) = Ty ()] + |75 (y) = Q)

)
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and the Taylor’s formula (see [Fed69, p. 46]) implies

k
Q(Ty(y) — QM) = Z<(Tu (y) = x)' /it X '/ (k =), D Q(0)),
Q(T:(y)) — Q)| < crelx|,

where ¢; = || DF Q(0)]| Zle 21(1 4 ¢)¥ /(i!(k — i)!). Therefore |Q(x) — P(x)| <
(2(1 + ¢)* + c1)e|x|* and the conclusion follows.

3.14 Theorem. Suppose 1 < m < n and k > 1 are integers, 0 < a < 1,
ACRY acR", Ay ={r—a:2€ A}, T€G(n,m) and P: T — T+ isa
polynomial function of degree at most k such that P(0) =0, D P(0) = 0.

Then the following two conditions are equivalent.

(1) T and P satisfy[Z8[) and[380).
(2) If Pi(x) = (x'/i!,D" P(0)) for x e T andi=1,...,k and

A ={z—P_1(Ty(x)) :x € Aia} fori=2,...k,
then the following two conditions hold:

(a) for everyi=1,...,k and for every e > 0 there exist p > 0 andn >0
such that _
H(C(T, z,eryer') N A;) > na(m)r™
for every z € gr(P;) NB(0,r) and 0 < r < p,
(b) for everyi=1,... k and for every ¢ >0
lim A (A NB(0,7) N {2z : 8y (py)(2) > €r'})

=0
r—0 a(m)rm

and, if a > 0, there exists 0 < A < co such that

i A™ (A NB(0,7) N {z : bgr(p,) (2) > ArFTol)
im

=0.
=0 a(m)rm

In this case P is uniquely determined by a, A and k,
Ol (™ L Aja) >0, Tan] (™LA a) =Tan™ (" L A,a) =T

and A is approzimately differentiable of order (I, ) whenever either | < k and
0<p<lorl=kand0< < a.

Proof. Assume a = 0 and suppose sup {1, 2?21 27| D/ P(0)]|} < T < o0.
Fori=1,...,k we define Q; :Z;:le and f; : R® — R" by

filz) =2 — Qi(Ty(x)) + P;(Ty(x)) for z € R".

We observe that for every i = 1,..., k the map f; is a diffeomorphism of class co
onto R™ and, by induction over i, one may easily prove that

filA] = Ai,  filgrQi] = gr Pi.

13



Now, using BI2 it is easy to see that (2) implies (I). Henceforth, we
assume (). First we prove that

Ogr p(2) > 6gr,(2) = T|2["™t foreveryi=1,...,k—1and z € B(0,1).
In fact if w € gr(P) such that [z — w| = 04 (p)(2) then

w| < 22|, |P(Ty(w)) — Qi(Ty(w))| < Tz,
|z —w| > [z = Ti(w) — Qi(Th(w))| — |Qi(Th(w)) — P(Ty(w))|
> 6,0 ,(2) — DIz,
It follows, for i =1,..., k, that

i S (A1 NB(0,7) N{z: dgr(q,)(2) > eri})
im

L () =0 for every e > 0.
r— m)r

and, fori=1,...,k — 1 that

i ™ (A1 NB(0,7) N {z: dgr(q,)(2) > 21"7“”1})
im

=0.
70 a(m)rm

Therefore (L) is a consequence of 312 Moreover, using[3.12}, it follows that A is
approximately differentiable of order (I, 5) whenever either | < kand 0 < 5 <1
orl =kand 0 < f < « We prove now (2al), whose proof is slightly more
involved. We fix 2 <4 < k and we replace I' by a larger number, if necessary,
in order to have

[ ) = [T I < Tlw =2, [fi(w) = fi(2)] < Tlw — |
for w, z € B(0,4). Therefore we have
Fil[ANC(T, z,er/T,er/T)] C A; N C(T, z,er/T", 3r),

H(A;NC(T, z,er/T,3r)) > T (ANC(T, z,er/T, er/T)),

whenever 0 <7 <1,0<e¢<1and ze B(0,r/T'). We fix 0 < e <1 and, using
[BI1] we can find 0 < p < 1 and 1 > 0 such that

(A, NB(0,5r) N{w: |THJ‘(w) — Pi(Ty(w))| > er'}) < nl ™" ae(m)r™,

H(C(T, z,er /T er/T) N A) > 2na(m)r™  for every z € T NB(0, ),
whenever 0 < r < p. Let 0 <r < p and z € gr(P;) N B(0,7/T"). Then

C(T,z,er/T,3r) C (B(0,57) N {w : | P;(Ty(w)) — Thl(w)| > er'})
UC(T, z,er/T, 2er?).

In fact if w € C(T', z,er/T, 3r) and |P;(T}(w)) — ThL(w)| < er’ then

| Pi(Ty(w)) — Pi(Ty(2))]

= | 5o (Ty(w = 2)7/51) © (Ty(2)" /(i — j)!), D' P(0))]
<i|| D" P(0)||T~fer’ < er'
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and we infer
|ThJ‘(z) - Thl‘(w)| <2er', we C(T,z er/T,2er").
We can now conclude that
H™(A; N C(T, z,er /T, 2er)) > T na(m)r™

and (2al) is proved.

By B8(d) we immediately conclude that ©7 (™ A,0) > 0 and T C
Tan]' (™ A,0). By (B) and we conclude that Tan™™ (5™ L A,0) C T.
Finally let R: T'— T be a polynomial function of degree at most k such that
R(0) =0 and D R(0) = 0 and satisfying B.8() and BJ|[2). Let

Ri(x) = (x*/i!,D" R(0)) for x € Tandi=1,...,k,
B = Al, B, = {$ — Ri_l(Th(x)) T € Bi—l} for i = 2,...,k.
We prove by induction that P; = R; for i = 1,...,k. Assume, for j =1,...,1

and ¢ < k, that P; = R; and observe that A;y; = B;y1. Let e >0,0<p <1
and 1 > 0 such that

H™(C(T, z,er,er'™™) N By 1) > na(m)r™ for every z € B(0,7) Ngr(Riv1),
A (Aig1 NB(0,2r) N {z 1 8y (p,, ) (2) > er™'}) < (n/2)a(m)r™
whenever 0 < r < p. Therefore for every z € B(0,7) N gr(R;+1) and for every

0 < r < p we conclude that
A" (Biy1 NC(T, z,er,er'™™) N {z : 8gu(py, ) (2) < er™™1}) > (n/2)a(m)r™

and Pi+1 = Ri+1 by

3.15 Remark. A conceptually similar characterization has been proved for the
notion of pointwise differentiability in [Menl6, 3.22]. Moreover the reader may
find useful to compare BT[] and [AS94] 3.4], where a concept of approximate
tangent paraboloid is introduced by means of inhomogeneous dilations and weak
convergence of Radon measures.

3.16 Remark. Suppose A C R"™ and a € R™. It is not difficult to see that the
condition

Tan™ (A L A, a) € G(n,m) for some integer 1 <m <n

is necessary and sufficient to conclude that A is approximately differentiable
of order 1 at a. In fact the necessity is asserted in B.14l while the sufficiency
follows from [B.10 and

3.17 Remark. We describe now a simple example which illustrates some features
of the notion of approximate differentiability of order 1.

With each v > 1 and v7! < a < (y — 1)7! we associate the family F, ,
consisting of the subsets

RPN({(n 1) :0<t<n 7 }U{(-n"%1t):0<t <n~*7})
correspoding to the integers n > 1. We define

Aoy = (R*N{(5,0): =1 < s <1}) U[ Far.
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Since ay > 1 then J#'(Aq,4) < 0o. Moreover, for each n > 1,
(n—1)% Zf’” > (n— 1)0‘/ L e = (n — 1)y — 1)t =

as n — oo. Therefore @ ('L A, ,,0) = co. Finally A, - is approximately
differentiable of order 1 at 0 by B.I06l since

Tan' (A L A, -,0) = R x {0}.
3.18 Remark. Let A CR"™, a € R™ and let 0 < u < v be integers. Since
Tan™ (" L A,a) C Tan™ (" L A, a),
we deduce by B.14l that the integer m in B.8lis uniquely determined by A and a.

3.19 Definition. Let A C R™ and a € R"™. Suppose A is approximately differ-
entiable of order 1 at @ and m and T are as in 3.8 We define the approximate
tangent space of A at a to be the m dimensional subspace T" and we denote it

by ap Tan(A4, a). Moreover we define the approximate normal space of A at a to
be
apNor(A,a) =R"N{v:veu=0}.

3.20 Definition. Let A C R"”, let £ > 2 be an integer and a € R". If A
is approximately differentiable of order k at a then we define the approximate
differential of order k of A at a to be the symmetric k linear map

apD* A(a) = DF(P o T)(0) € ©F(R",R™),
where T'= ap Tan(4,a) and P : T — T+ is as in B.8

3.21 Remark. Suppose A C R".

Following [Sim&3] 11.2, 11.4] (see also [FM99, 2.2]) we consider the map Py
whose domain is given by the set of a € R™ such that there exist an integer
1<m<n,TeG(n,m)and 0 <6 < oo such that

r—0+

lim r*m/ fl(z—a)/r)d™z = 9/ fds™ whenever f € 2 (R"),
A T

and whose value P4 (a) at a equals T. In fact, one may readily verifies that m,
T and 6 are uniquely determined by A and a.
Then it is not difficult to check that if @ € dmn P4 and m = dim P4 (a) then

Pi(a) C Tan* (5™ L Aja), Tan™™ (™ L A a) C Pa(a),

O (H™L Aja) =0.
Using and B.14] we deduce

dmn P4 C dmnap Tan(A,-), Pa(a) = apTan(A, a) whenever a € dmn Py.

If A, 4 is defined as in B.I7 then 0 € (dmnap Tan(Aq 4, ) ~ (dmn Py, ).

16



3.22 Remark. Let 1 < m < mn and k > 1 be integers, 0 < a < 1, A C R",
B CR"™ and a € R™. Suppose A is approximately differentiable of order (k, «)
at a, m = dimap Tan(A4, a) and

O"(H™M L A~ B,a)=0, O"(H"L B~ Aa) =0.
Then B is approximately differentiable of order (k, ) at a with

ap Tan(A, a) = ap Tan(B, a),
apD' A(a) =apD*B(a) fori=2,..., k.

3.23 Theorem. Let 1 < m < n and k > 1 be integers, 0 < a < 1 and let
A CR"™ be ™ measurable and (™, m) rectifiable of class (k,a).
Then for 7™ a.e. a € A the set A is approximately differentiable of order
(k, ) at a with
ap Tan(4,a) € G(n,m)

Proof. Since an m dimensional submanifold M of class (k, ) of R™ locally cor-
responds at each a € M to a graph of function f : Tan(M,a) — Nor(M,a) of
class (k,a) with D f(Tan(M, a);(a)) = 0, one readily checks that M is approx-
imately differentiable of order (k, «) at each of its points. Then the conclusion
follows from [Fed69, 2.10.19(4)] and B:22

3.2/ Remark. The conclusion of may not hold if we replace “(,m)
rectifiable” with “countably (4™, m) rectifiable”, as the following example in
R? shows,

U {(n 1) : 0 <t <1}U{(0,): 0 <t <1}

3.25 Theorem. Let 1 < m < n be integers, let A C R"™ be ™ measurable
and (F™, m) rectifiable of class 1 and let v: A — R™ be a map such that for
™ a.e. x € A there exists 0 < \ < oo such that

O™ L AN{z:|v(z) —v(z)| > Nz — x|}, x) =0.

Then v is H™ L A measurable and (™ A,m) approzimately differen-
tiabldd at ™ a.e. x € A.

If additionally v(z) € apNor(A,x) for ™ a.e. x € A and A is (™, m)
rectifiable of class 2 then

(™ L A,m)apDv(z)(u) e v = —apD? A(z)(u,v) e v(z)
for every u,v € ap Tan(A, z) and for ™ a.e. x € A.

Proof. By [Fed69, 3.2.29, 3.1.19(4), 2.10.19(4), 3.2.16] it is enough to prove the
statement in the following special case: let U C R", V' C R™ be bounded open
sets and let ¢ : U — R™, ¢ : V. — R"™ be maps of class 1 (of class 2 if A
is (™, m) rectifiable of class 2) such that A C im¢ and ¢ o¢p = 1y. Let
M = im1 and observe that ¢|M = =1, #[A] is an H#™ measurable subset of
R™. Moreover we can prove that v is J#™ L A measurable by [Fed69, 2.9.13].
In fact one verifies that V' = {(a,B(a,7)) :a € R", 0 <1 < 0o} is an ™ L A
Vitali relation by [Fed69, 2.8.18] and, since @™ ("™ A,z) = 1 for ™ a.e.

13G8ee [Fed69) 3.2.16].
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x € A by [Fed69, 3.2.19], we conclude that v is (™ L A, V) approximately
continuoud™ at ™ a.e. x € A.

Let n = v o (¢|¢[A]) and, by [Fed69l 2.9.11], we deduce that 7 is approxi-
mately differentiable of order (0,1) at Z™ a.e. x € ¢[A]. Therefore by 2ITI3)
there exist countably many maps n; : R™ — R" of class 1 such that

" (W‘] ~UZ i) = n(x)}) —0.

We deduce, by [Fed69, 2.10.19(4)], that v is (4™ L A, m) approximately differ-
entiable at ™ a.e. x € A because

A (A~ U yfe: (0 0)(@) = v(@)}) =0.

If we further assume v(z) € apNor(A,z) for ™ ae. x € A and A is
(A, m) rectifiable of class 2 then, for every j > 1, we define

vij(z) = (Nor(M,z); omj o ¢)(x) forz € M,

we observe that v; is of class 1 relative to M and, by [Fed69, 2.10.19(4)] and B.22]

M (A ~ U2 {zvi(a) = u(a:)}) = 0.
Since, by [Fed69, 2.10.19(4), 3.2.16] and B2,
Dv;(z)(u) ev = —apD? A(x)(u,v) e v;(x) for every u,v € ap Tan(A, x)

and (™ L A,m)apDv(x) = Dy;(z) for ™ a.e. x € A, the conclusion fol-
lows.
3.26 Remark. The conclusion of the second part of may fail to hold at ™
a.e. a € A if we omit the hypothesis “A is (H#™, m) rectifiable of class 2”7, even
if we assume that A is an m dimensional submanifold of class 1. This fact can
be easily deduced from [Koh77] and

Moreover the same conclusion may fail to hold at 5™ a.e. a € A if we omit
the hypothesis “A is (™, m) rectifiable of class 2” but we assume v(z) = ¢
for ™ a.e. x € A for some ¢ € S*~!. In fact it is proved in [AS94, Appendix]
that for every 0 < v < 1 there exists a function f : R — R of class (1,a) and
a Cantor-type set E C R such that

LY E)>0, Df(z)=0 foreveryz€ E,
LY EN{z: f(z) =g(z)}) =0 whenever g: R — R is of class 2.

If A= gr(f|E) then, by , #'(ANdmnapD? A) = 0.

4 Relation with pointwise differentiability

4.1 Definition. Suppose X is a normed vector space, B C X and a € X.
We define the upper tangent cone of B at a by

Tan*(B,a) = X N {v : liminf r '&p(a 4+ rv) = 0}
r—0+

14See [Fed69) 2.9.12].
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and the lower tangent cone of B at a by

— R H -1 —
Tan,(B,a) = X N{v: 7‘1—1>%1+T dp(a+rv) =0}

In case Tan.(B,a) = Tan™(B,a), this set is denoted by Tan(B,a) and we
call it the tangent cone of B at a. Finally the [lower, upper]/ normal cone
of B at a is defined to be the set of v € R™ such that v e u < 0 whenever
u € [Tan,(A,a), Tan* (A4, a)] Tan(A4,a), and it is denoted by

[Nor.(A4,a), Nor*(4,a)] Nor(A,a).
4.2 Remark. If 1 < m < n are integers and B C R"™ then one may verify that

Tan™™ (™ B,a) C Tan™(B, a)
Ul Ul
Tan" (™ L B,a) C Tan.(B, a).

Moreover one may readily verify that Tan,(B,a) and Tan*(B, a) are closed
cones.

4.8 Remark. This notation does not agree with [Fed59, 4.3], [Fed69) 3.1.21] and
[Men16]. In fact Tan™(B,a) is denoted by Tan(B,a) therein.

4.4 Remark. Employing [Fed59, 4.1], we observe that if A is a closed subset
of R", a € A and reach(A, a) > 0 then, by [Fed59l 4.8(10),(12)],

Tan, (A, a) = Tan™ (4, a).

4.5 Definition. Let k£ and n be positive integers, 0 < a < 1 and B C R"™.
We say that B is pointwise differentiable of order (k,«) at a if there exists a
submanifold M C R" of class (k, «) such that a € M,

hnsril sup{|0r(z) — dp(x)| : x € B(a,r)} =0,
r—

lir%rfk sup{dup(z) :z € B(a,r) N B} =0 ifa=0,
T—

limsupr*"“sup{dy(z) : € B(a,7r) N B} < 0o if a > 0.
r—0

4.6 Remark. This concept has been introduced in [Menl6, 3.3]. In[LITand {12
we employ the concept of pointwise differential of order 7 for sets, introduced in
[Menl6, 3.12].

4.7 Remark. Tt is worth to mention that, for sets, pointwise differentiability does
not imply approximate differentiability. In fact, suppose n > 1 is an integer and
B is a countable dense subset of R™. Then for every integer k > 1 the set B is
pointwise differentiable of order k at every x € R™. But B is not approximately
differentiable of order 1 at every x € R".

4.8 Lemma. Let B C R" and a € Clos B.
Then the following statements hold.

(1) If M ={a+v:v € Tan*(B,a)} then

111%7"71 sup{dn(z) : € B(a,r) N B} = 0.
r—
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(2) If M ={a+wv:v € Tan.(B,a)} then
1in%r_1 sup{dp(x): z € B(a,r) N M} =0.
r—

(8) The condition
Tan(B,a) € G(n,m) for some integer 0 <m <mn

is necessary and sufficient to conclude that A is pointwise differentiable of
order 1 at a.

Proof. Proof of (). If there existed ¢ > 0, r; > 0, r;, — 0 as ¢ — oo and
x; € BNB(a, ;) such that dps(x;) > er; then, possibly passing to a subsequence,
we could assume there would exist v € S"~! such that (z; — a)/|z; — a| — v as
i — 0o0. Then v € Tan™(B, a),

e<ri'ei—a—|z —al| < |z —a| o —a— |z —al| fori>1

and we would get a contradiction.

Proof of ([@). Suppose ¢ > 0 and observe there exist an integer | > 1,
v1, ..., € Tan,(B,a)NS" ! and n > 0 such that r~*dp(a+rv;) < € whenever
i=1,...,land 0 < r <7 and

Tan*(B,a) NSt c Uizl B(’Uiae)'

If0 <r <mandwv € B(0,r)NTan.(B,a) ~ {0} then we choose i = 1,...,[ such
that |(v/|v]) —v;] < € and, since Lip dp < 1, we conclude that dg(a+v) < 2¢|v].

Proof of @). For the necessity, suppose M is as in when £ = 1 and
a = 0, observe that Tan(M, a) = Tan™(B, a) by [Menl6l 3.4] and Tan(M, a) C
Tan, (B, a) because

lim lo|"18nr(a +v) = 0.
Tan(M,a)>v—0

For the sufficiency let M = {a+ v : v € Tan(B,a)} and, since a € Clos B, one
verifies that

sup{|dp(z) — dp(2)| : € B(a,r)} <

<sup({dp(z) : z € B(a,2r) N M} U {dp(z) : © € B(a,2r) N B}),
Therefore the conclusion comes from () and (2)).

4.9 Remark. Compare E§[B]) with the analogous result for approximate differ-
entiability in B.T6 Moreover [L.8|B]) is a restatement of [Menl6l 3.19].

4.10 Remark. If M is an m dimensional submanifold of class 1 of R™ then, by
E3@3), and 2] one may readily infer that
Tan(M,a) = Tan™ (™ L M,a) for every a € M.

4.11 Theorem. Let 1 < m < n and k > 1 be integers, 0 < a <1, ACR"
and a € R™. Suppose A is approzimately differentiable of order (k,«) at a and
m = dimap Tan(A, a).
Then there exists B C A pointwise differentiable of order (k,«) at a such that
Om(H#™L A~ B,a)=0,
ap Tan(4, a) = Tan(B,a) = Tan™ (™ L B, a),
pt D’ B(a, Tan(B,a)) = apD* A(a) fori=2,...,k.
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Proof. Assume a = 0 and suppose T = ap Tan(A, 0), P : T — T is defined by
P(X) = X5 (/! apD? A(0)) for x € T

and T' = sup{1, Z;LQ | apD? A(0)||/5'}. In particular if k = 1 then P = 0 and
I’ = 1. By BII and B we infer that

O"(H™L A~Xp(0,T,Pe),a) =0 foreverye>0if a=0,
Om( AL A~Xpa(0,T,P,)N),a) =0 forsome0<\<ooifa>0.

We fix 0 < A < oo as above if a > 0. We define, for every integer i > 1,
A; = ANXL(0,T,P,(20) ) ifa=0, A =ANXka(0,T,PN\) if a> 0.

Let Q- =R"N{z: |Thl-(z)| <7, |Ty(z)| < r} for 0 < r < co. For every integer
i >1let 6; > 0 be such that

H(ANQ, ~ A;) <2 "a(m)r™ whenever 0 < r < §;
and we assume ;11 < d;, §; = 0 as i = o0,
<@ Vifa=0, & <A+D)7V ifa>0.
We define, for every integer ¢ > 1,
Ci =T, '[B(0,6;) ~B(0,0i11)], B=U;2; 4;NC;.
Observe that B C X(0,7,1) and
(Qs; ~Qs,,,)NX(0,T,1) ~C; =@ whenever j > 1.

We can prove now that @™ (#™ . A ~ B,0) = 0. In fact, by B8 and BI4 we
infer @™ (™ A ~ X(0,T,1),0) = 0. Moreover, if 0 < r < ¢; and ¢ > 1 are
such that d;11 < r < §; then
Q- NANX(0,T,1) ~ BC (QTOANAZ-)UU;';HlQ(;j NA~Aj,
AR NANX(0,T,1) ~ B) < a(m)r™ 372, 277,

Since this implies 0 € Clos B by B.14] it follows that

1in%7°_k sup{|P(Ty(2)) = Ty (2)| : 2 € BNT,; ' [B(0,7)]} =0 if a =0,
T—

lim sup = *~* sup{| P(T}(2)) — ThL(z)| iz € BN Thfl[B(O, m} <A ifa>0.

r—0
In particular, Tan*(B,0) C T. By Bl and B.14] we get that
T = Tan* (™ L A,0) C Tan]" (2™ L B,0).

Therefore B is pointwise differentiable of order 1 at a with T = Tan(B,0) =
Tan™ (™ B,0) by and [L8|[B). Moreover, since Tan(gr P,0) = T, we can
use B.I7] to check that the conditions in hold with M replaced by gr P.
Therefore, by [Men16l 3.12] and B220] we conclude that

ptD'B(0,T) = apD* A(0) fori=2,...,k.
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4.12 Theorem. Let ACR", a € R", v € S"7, 0 < r < 0o and suppose
U(a+ry,r)NA=0.
Then the following three statements hold.

(1) If A is a submanifold of class 2 and a € A then

ba(a)(v,v) ev < r |v]* whenever v € Tan(A, a).

(2) If A is pointwise differentiable of order 2 at a then

pt D? A(a, Tan(A4, a))(v,v) e v <7 w|?> whenever v € Tan(A, a).

(3) If A is approximately differentiable of order 2 at a then

apD? A(a)(v,v) e v < 7 Yv|?  whenever v € ap Tan(A4, a).

Proof. Assume a = 0. Observe that v € Nor*(A4,0).

The statement in (I)) is classical. We give a proof here for completeness.
If T = Tan(A, 0) then there exist a function f : T — T+ of class 2 and an
open neighbourhood U of 0 € R™ such that D f(0) = 0, T,[{U] = T;[U N A] and
ANU ={x+ f(x) : x € Ty[U]}. Since for every x € T;[U]

IX+fOx) —rv| =7, 2rf(x)ev < |x]>+[f(X)?,

we conclude that D? f(0)(v,v) @ v < r~!u|? for every v € Tan(4,0) and, since
b4 (0) = D? (0), the statement in () follows.

The statement in (2]) is mainly a consequence of [Menl6l 3.18]. In fact
suppose T = Tan(A4,0), P : T — T+ is the homogeneous polynomial function
of degree 2 such that pt D? A(0,T) = D*(P o T})(0) (whose existence can be
asserted, from instance, by [Menl6l 3.22]) and B = {x + P(x) : x € T'}. If we
prove that U(rv,r) N B = & then (2) is a consequence of ({]). By contradiction
let x € BN U(rv,r) and, by [Menl6, 3.18], for every positive integer ¢ we can
select x; € A such that

[iTy(z;) + iQThJ‘(xi) —z|—0 asi— oo.
Since |x; — rv| > r for every i > 1, we get

[iT () + iQThJ‘(zi) —ry?
= i?|lz; —rv? + (i - 2'2)|ThL(zi)|2 + 72 — %2

> (i* — )| T (@) ]? +r° fori>1;

yet [iTy(x;) 4+ i*T;-(z;) — rv| < r for i large. This is a contradiction.
Finally (@) is a consequence of (@) and 111
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5 Rectifiability and Borel measurability

5.1 Lemma. Let 1 <m <n and k > 1 be integers, 0 < a <1, y=k+ « and
ACR™ LetY be the set of

k
(G,T, (bOa .. -a¢k) S R"™ x G(n,m) X H@Z(RnaRn)
=0

such that ¢o = Thl‘ (a) and
™ (ANU(a,7) N {2 T (2) = 5_o(Th(z — a5 65)] > Ar7})

I _
50 a(m)rm 0

for every A >0 [for some 0 < X\ < o0/ _
Then'Y is a Borel subset of R™ x G(n,m) x Hf:o O'(R™,R").

Proof. Let Z = R" x G(n,m) x [[5_y @’ (R",R"). If 0 < A < 00, i > 1 is an

integer and 0 < r < oo, we define Wy ; , to be the set of (a,T, ¢o,...,¢r) € Z
such that ¢g = T;(a) and

A" (Aﬂ U(a,r) N {Z : |Tul(z) - Z;C:()(Th(z - a)l/l!,¢l>| > )\T’Y}) <qi~lym,

Then W ;» is a closed subset of Z. In fact if (a;,T},¢0,5, -, Pk;) € Wirir,
j > 1, is a sequence converging to (a,T, o, ...,dr) € Z as j — oo, we define

Pi(x) = Sizol(x = Ty(ay)' /1, du)  for x € Ty and j > 1,
P(x) = Yizo((x = Ty(a))! /L, &) for x €T,
and we observe that P;(T}4(z)) = P(Ty(2)) as j — oo, whenever z € R". Let
By = ANU(a,r) 0 {z: [TA(2) — Py(T3(2)] > Ar),
B=ANnU(a,r)N{z: |Thl‘(z) — P(Ty(2))] > Ar7}

and observe that

(@
D)

B C By,

Il
—

h

I
<.

J
Therefore, by [Fed69, 2.1.5(1)], we conclude that

A™(B) < lim ™ (1) By) < liminf ™ (B;) < i~ 'r™,

) — 00 —00
J h=j J

(a’a Tv (bOa ey ¢k) S W/\,i,r and W/\,i,r is closed.
Henceforth Y is a Borel set because

V=2 Nz Uiy MW s 0 < < 51,

Y = U N2 U2y M{ Wi s 0 < < 571
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5.2 Lemma. Suppose 1 < m < n are integers, A C R"™ and 7,(x) = x — a
whenever a,x € R™. LetY be the set of (a,T) € R™ x G(n,m) such that for
every € > 0 there exist n > 0 and p > 0 such that

H(C(T, z,eryer) N 14[A]) > no(m)r™

for every 0 < r < p and for every z € TN B(0,r).
Then'Y is a Borel subset of R™ x G(n,m).

Proof. We prove that (R™ x G(n,m)) ~ Y is a Borel subset of R™ x G(n,m).
For every ¢ > 0, n > 0 and 0 < pa < p; suppose W, . 0, is the set of
(a,T) € R™ x G(n,m) such that

A (C(T, z, er,er) N 14[4]) < na(m)r™

for some z € B(0,7) N T and some py < r < p;. We prove that W, 5, . I8
a closed subset of R™ x G(n,m). Suppose (a;,T;) € Wenpips J > 1, 18 a
sequence converging to (a,T) € R™ x G(n,m) as j — oco. Therefore there exist
sequences p2 < 7; < pp and z; € TN B(O,rj), for j > 1, such that

H(C(T}, zj, erj, ery) N 7o, [A]) < no(m)r*  for every j > 1.

Then there exist z € R™ and r € R such that, possibly passing to a subsequence,
zj > zand r; — r as j — oo. Observe that z € B(0,r) NT and ps < r < p;.
For each j > 1 we define

B = C(T}, zj,erj,ery) N 14, [A]l, B = C(T,z,er,er) N1,[A],

and one may easily verify that

BcJ ﬁ Ta—ay [ Bi)-

h=1k=h
Now we can use [Fed69, 2.1.5(1)] to conclude that

A™(B) < liminf " (14—q, [Bn]) < a(m)nr™.
h—o0

Therefore (a,T) € We pn.p1.p, a0d We 5, 5, 15 a closed subset of R” x G(n,m).
If E C R is a countable set such that inf E = 0 ¢ E then it is not difficult to

see that
(Rn X G(n,m)) ~Y = U m ﬂ U We,n,pl,pz-

e€cEneE p1€FE p2€E

5.3 Definition. A measure ¢ over X is called o finite if there exists a sequence
X; such that ¢(X;) < oo for every i > 1 and X = J;2, X;.

5.4 Theorem. Suppose 1 < m <n and k > 1 are integers, 0 < a <1, ACR"
such that €™ L A is o finite and for every a € A there exists an m dimensional
submanifold B C R™ of class (k, ) such that a € B and the following condition
(%) is satisfied. For every e >0

lim A (ANB(a,r) N{z:8p(z) > er*})

—0
r—0 a(m)rm
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and, if a > 0, there exists 0 < A < co such that

A (ANB(a,r) N{z 1 dn(2) > Artte))

=0.
r—0 a(m)rm

Then A is countably (™, m) rectifiable of class (k,a).

Proof. Clearly, we can assume J#™(A) < co. If X is the set of points a € R™
such that there exists an m dimensional submanifold B of class (k, «) such that
a € B and (x) is satisfied, then X is an %" measurable subset of R™ by [B.11]
Bl and [Fed69, 2.2.13]. If E C R™ is an 2™ hull of A, by [Fed69, 2.1.5(2)],
then A C ENX and EN X is a ™ measurable subset of R™ that satifies the
same hypothesis A does. Therefore we can assume A to be ™ measurable.

If a € A and B is an m dimensional submanifold of class 1 such that a« € B
and (x) is satisfied then, by B.11l and 3.6l we get that

Tan™" (™ L A,a) C Tan(B,a), O™ (™. A~ X(a,Tan(B,a),¢),a) =0,

for every € > 0. Therefore by [Fed69, 2.10.19(2), 3.3.17, 3.2.29] we conclude
that A is (™, m) rectifiable of class 1.

Let S € G(n,m), let U C S be relatively open, let f : U — S+ be a function
of class 1, M = {x + f(x) : x € U}, Lip f < 0o and S (M) < oco. We prove
that AN M is (™, m) rectifiable of class (k,«). This evidently implies that
A is (A™, m) rectifiable of class (k, «). Let Y be the set of points a € AN M
such that @™ (™. M ~ A,a) = 0. We use @2 10 and B5 to conclude that

Tan*™ (™ . AN M,a) = Tan(M,a) for every a €Y.
By [Fed69, 2.10.19(4)] we have 2™ (AN M ~Y) = 0. Let
C=Sn{x:x+f(x) e AnM}, D=Sn{x:x+f(x) €Y}
we observe that #™(C ~ D) =0 and
"L S~C,x)=0 forevery x € D.

Let x € D, a = x + f(x) and suppose B is an m dimensional submanifold
of class (k, ) such that a € B and (x) is satisfied. Since Tan(B,a)N S+ = {0},
there exist a function g : S — S+ of class (k, @) and an open neighbourhood V'
of a such that BNV ={¢+ g(¢) : ¢ € S} N V. Therefore, by B.11]

e (A NB(a,r) N {2 : |9(Sy(2) — S(2)] > erk})
Pg%) a(m)rm =0

for every € > 0 and, if o > 0, there exists 0 < A\ < oo such that

e (AﬂB(a,r) N{z: 1g(S5(2)) — SE(2)] > Mkm})
}1‘% a(m)rm =0

Let P:S — S+ be the k jet of g at x. If € > 0 then, possibly replacing A by a
larger number if o > 0, we can choose p > 0 such that

l9(¢) = P(O)| < ArFte if a >0, |g(¢) — P(¢)| < erf if a =0,
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for every ¢ € B(x,r) and 0 < r < p. Let I' = (1 + (Lip f)?)/2, v = A + 'kt )
if @ > 0 and observe that, whenever 0 < r < p,

CNBx.7) N{C:f(Q) = P(Q)l > vrie}
CSANMNB(a,I'r)Nn{z: |ShL(z) — g(Sy(2))] > ATFFe kT if o > 0,

CNB(x;T) N{C: Q) = PO > 27}
CSANMNB(a,I'r)N{z: |ShL(z) —g(Sy(2))| > er*}] ifa=0.

Since x is arbitrarily chosen in D, we infer by 27 and [Z12] that there exist
countably many functions g; : S — St of class (k, ) such that

H (€~ U 1O = 95(0)) =0,

whence AN M is (™, m) rectifiable of class (k, «).

5.5 Theorem. Suppose n > 1, k > 1 are integers, 0 < a <1, ACR"™ and X
is the set of a € R™ where A is approximately differentiable of order (k, ).

Then X is a Borel subset of R". Moreover ap Tan(A,-)y is a Borel map
whose domain is a Borel subset of R™ and the same conclusion is true for
apD? A for every j > 2.

Proof. First apply B.1] and to see that the set Z of
(@, T, o, - .., dx) € U [R" x G(n,m) x [[_, ©'(R",R")]

such that ¢; = 0 and the conditions listed in [5.1] and are satisfied for every
A > 0if @« = 0 and for some 0 < A < oo if @ > 0, is a Borel set; then use
B.11] and B14] to conclude ‘that Z is the graph of a function f mapping X into
U” _,[G(n,m) x [T, ©'(R", R™)]; finally apply [Men6, 4.1] to infer that X
is a Borel subset of R™ and f is a Borel function. In case o = 0, this clearly

proves the second part of the conclusion.

5.6 Theorem. Suppose 1 < m < n and k > 1 are integers, 0 < a <1, ACR"
is ™ measurable with ™ (A) < oo and X is the set of a € R™ such that A

is approximately differentiable of order (k,«) at a with dim ap Tan )
Then X is (F€™,m) rectifiable of class (k,a) and ™ (X ~ A

(4,

) =
Proof. Apply BAlto get that AN X is (™, m) rectifiable of class (k, «). Since
O (™ L A jx) > 0 for every x € X by BI4 we infer that #™(X ~ A) =0
by [Fed69, 2.10.19(4)].

5.7 Remark. The pattern of this section follows [Menl6l §5].
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