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Buoyancy opposed mixed convection is considered in a vertical channel filled with an isotropic,
porous medium, in which the motion of an incompressible fluid is induced by external pressure
gradients and buoyancy forces. The Brinkman-Wooding-extended Darcy model has been used to
study the instability mechanisms of the basic flow and its dependence on the Prandtl number �Pr� of
the fluid. The stability analysis indicated that for the same Reynolds number �Re�, the fully
developed base flow was highly unstable for a fluid with high Pr. For a porous medium with a Darcy
number �Da� of 10−6 and Pr�0.7, two different types of instability, Rayleigh-Taylor �R-T� and
buoyant instability, are observed. The R-T instability mode is observed for relatively small values
of Re. Further, the results show that for Da=10−5 and Pr�1, the spectrum of the energy profile is
abrupt and sudden, whereas the same is smooth when Da=10−6. In the case of R-T instability, the
critical value of Ra at low Re is given by −2.47/Da. Though the R-T mode of instability is
independent of Pr, the range of Re that sustains the R-T mode is a function of Pr. It has been found
that enhancement of Pr reduces the Re range mentioned above. In contrast to the case of a purely
viscous fluid, where the effect of Pr is not significant, in isotropic porous media Pr plays a significant
role in characterizing the flow stability. The instability characteristics of zero temperature flux
perturbation �BC-I� and zero heat flux perturbation �BC-II� on the boundaries differ significantly in
the case of the R-T stability mode. However, both conditions lead to similar results for buoyant
stability, except at small values of Re. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2405321�

I. INTRODUCTION

Thermal convection in porous media is a topic of funda-
mental interest in diverse fields, such as thermal insulation
engineering, transpiration cooling, geothermal reservoir dy-
namics, and marine biological science �hydrothermal vents
in shallow water seas, convection in melting snow, flow in
biological membranes and filters�.

The majority of the available studies are relevant to free
convective heat transfer. However, it is known that the fluid
trapped in pores is subject to vaporization, condensation or
migration, giving rise to mixed convection phenomena. For
example, convection in permeable sediment of hot vents is a
combination of forced and natural convection. Due to high
pressure gradients, the hot water masses move upward lead-
ing to a forced convection mechanism. In the presence of a
gravitational field, however, the temperature gradient, along
with the density gradients in the fluid induce varying body
forces, which in turn, cause natural convection.1–3 This prob-
lem constitutes a very new research area, and its theoretical
investigation has been largely overlooked. Several attempts
have been made by different scientists in the area of natural

or forced convection, and are well documented in a book by
Nield and Bejan.4

In the case of laminar flows, few investigations in wall
bounded mixed convection through a vertical channel filled
with a porous medium are reported elsewhere.5–8 If flow in-
stability and transition occur, however, the fluid flow and
heat transfer mechanisms may significantly differ from those
obtained for laminar flows. An example for this is a recent
study of Bera and Khalili9 on the stability of mixed convec-
tion in a vertical channel filled with an anisotropic porous
medium. They suggested that fully developed 1D buoyancy
assisted flow within a constant pressure gradient does not
remain 1D beyond a critical heat source intensity. It was also
found that �i� the least stable mode is two-dimensional, �ii�
fully developed base flow is highly unstable �stable� for high
�low� permeable porous media as well as for media with
small �large� thermal conductivity, and �iii� for small Darcy
numbers the effect of the Forchheimer term is negligible.
Similar findings were also reported by Chen10 while studying
the stability of buoyancy assisted mixed convection in the
same geometry filled with an isotropic porous medium.

The present paper is concerned with buoyancy-opposed
mixed convection in a similar geometry. The instability
mechanism for different fluids was studied in an isotropic
porous medium. A wide range of Prandtl numbers �0.01,
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100� were considered to simulate the stability characteristics
of fluids covering the range of light liquids to heavy oils. As
the Darcy model does not hold for high velocities and per-
meabilities, the Brinkman-Forchheimer-Wooding-extended
Darcy model11–19 was employed.

At the channel walls, two different types of boundary
conditions for perturbed temperature are possible. If the
bounding walls of the fluid layer have a high heat conduc-
tivity and a large heat capacity, then temperature would be
spatially uniform and constant in time. In other words, the
temperature of the boundary would be stable despite any
flow or temperature perturbation in the fluid domain. There-
fore, taking the disturbed wall temperature equal to zero
�boundary condition of first kind� would be appropriate. In
what follows, this case is termed as BC-I. However, this
fixed temperature boundary condition at the surface of the
fluid layer may be too restrictive, because there will be heat
exchange between the solid conductive wall and the fluid.
Hence, a constant heat flux at the wall could also be possible
�BC-II�. This paper is organized as follows: In Sec. II, the
mathematical formulation of the physical problem including
base flow, disturbance, energy spectrum analysis, and code
validation are described. Results and discussion including
impact of Prandtl number as a function of Re and Da for
BC-I and BC-II are then reported in Sec. III. Finally, some
important features of the analysis are summarized in Sec. IV.

II. PHYSICAL PROBLEM AND MATHEMATICAL
FORMULATION

The flow investigated here is a mixed convection prob-
lem caused by the combined action of buoyancy-opposed
forces and external pressure gradients in a vertical channel of
width 2L �see Fig. 1�. The channel was bounded by two
walls and filled with an isotropic porous medium. The wall
temperature �Tw� was linearly varying with x as Tw=To

−Cx, where C is a positive constant and To is the upstream
reference wall temperature. The gravitational force is aligned
in the negative x direction. The thermophysical properties of
the fluid are assumed constant except for density dependency

of the buoyancy term in the momentum equation. The per-
meability, as well as thermal diffusivity of the medium, are
denoted by K and k, respectively.

Using nondimensional quantities y*=y /L, x*=x /L,

z*=z /L, V*�v ,u ,w�=V / Ū0, P*= P /�Ū0
2, t*= tŪ0 /L, �= �T

−Tw� /CL Pr Re, Da�K /L2, �= �̃ /�, F=CFL /K1/2, �

= ��c�m / ��cP� f, Pr=	 /k, Re= Ū0L /	, and Ra=g
TCL4 /	k,
the nondimensional governing equations are given by

� · V = 0, �1�

1

�

�V

�t
+

1

�2 �V · ��V

= − �P −
1

Da Re
V − F�V�V +

Ra

Re
�ex +

�

Re
�2V , �2�

�
��

�t
+ u

��

�x
+ v

��

�y
+ w

��

�z

=
1

Re Pr
� �2�

�x2 +
�2�

�y2 +
�2�

�z2 − u� �3�

in which V= �u ,v ,w�, �, and P are the nondimensional ve-
locity vector, temperature, and pressure, respectively. Fur-

thermore, Ū0 is the mean base velocity, ex is the unit vector
along x, 
T is volumetric thermal expansion coefficient, � is
the viscosity ratio, � is porosity, and � is the heat capacity
ratio. Different values have been reported for �e in the
literature.19,20 However, in the absence of any specifically
measured values, a value of �=1 has been assigned for this
study.

The nondimensional governing parameters are Rayleigh
number �Ra�, Reynolds number �Re�, Prandtl number �Pr�,
Forchheimer number �F�, and Darcy number �Da�.

A. Base Flow

The base flow is a fully developed, unidirectional,
steady, and laminar flow. Under these circumstances the gov-
erning equations �1�–�3� are reduced to

− F Re�U0�U0 − Re
dp

dx
−

1

Da
U0 + Ra �0 + �

d2U0

dy2 = 0,

�4�

U0 =
d2�0

dy2 , �5�

accompanied with the boundary conditions

U0 = �0 = 0 at y = ± 1, �6�

with U0 and �0 being the basic velocity and temperature,
respectively. The nonlinear coupled equations �4� and �5� are
solved numerically using the DBVPFD routine of the IMSL
library. In the case of F=0, the same is solved analytically.
The analytical solution of the above equations is given by

�0 =
e2

b1
��1 −

1

d
� cosh m2y

cosh m2
+

1

d

cos m3y

cos m3
− 1� , �7�

FIG. 1. Schematic of the problem considered.
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U0 =
e2

b1
��1 −

1

d
�m2

2cosh m2y

cosh m2
−

m3
2

d

cos m3y

cos m3
� . �8�

The parameters denoted by b1, d, e2, m2, and m3 are given by
−Ra/�, 1+m3

2 /m2
2, �b1dm2� / �m3�m3 tanh m2−m2 tan m3��,

��a+�a2+4b1� /2�1/2, and ��−a+�a2+4b1� /2�1/2, respec-
tively, in which a is defined by 1/ �� Da�.

B. Disturbance and energy spectrum

Here, the linear stability of a fully developed unidirec-
tional base flow is studied using standard techniques.21

Using infinitesimal disturbances to the fully developed
laminar base flow, the solution of the 3D problem can be
written as

�V,P,�� = �U0�y�ex,Po�x�,�o�y�� + �V�,P�,��� . �9�

The primed quantities denote the infinitesimal disturbances
on the corresponding terms and can be represented by

�V� , P� ,���T�ei�x+
z−ct��V̂ , P�y�ˆ ,��y�ˆ �T, with  and 
 as
the real-valued wave numbers in the x and z direction, re-
spectively, and c=ĉr+ iĉi is the complex wave speed. The
growth and decay of the disturbances depend on ĉi. The de-
tails of this method can be found elsewhere.9

To understand the physical mechanisms responsible for
the instability, the two-dimensional �
=0� disturbance ki-
netic and thermal potential energy balances were studied
first. The rate of change of nondimensional kinetic and ther-
mal energies are

1

�

�

�t
	 1

2
�u�2 + v�2 + w�2�


=
1

�2	− u�v�
dU0

dy

 +

Ra

Re
�u����

−
1

Da Re
��u�2 + v�2 + w�2��

− F��U0��2u�2 + v�2 + w�2�� −
�

Re
����u��2

+ ��v��2 + ��w��2�� = Es + Eb + ED + EF + Ed,

�10�

�
�

�t
	 1

2
��2
 =

1

Re Pr
	− � ���

�x
�2

+ � ���

�y
�2

+ � ���

�z
�2�
 + 	− ���v�

d�0

dy
�


−
1

Re Pr
���u�� = Td + Tc + Tb. �11�

Here, the brackets �� represent the volumetric average over
the volume of the disturbance wave. The first term on the
right-hand side of Eq. �10� is Es, and represents the gain
�loss� of the disturbance kinetic energy from �to� the mean
flow through Reynolds stress, referred to as shear production
�destruction�. The second term denoted by Eb represents the
nonisothermal effects, that is the production �destruction� of

disturbance kinetic energy caused by the action of buoyancy.
The third, fourth, and fifth terms �namely ED, EF, and Ed� are
negative definite quantities representing the dissipation of
disturbance kinetic energy due to surface drag, form drag,
and viscous effects, respectively.

The terms Td and Tc in Eq. �11� are negative and positive
definite quantities, respectively. They represent the dissipa-
tion of disturbance thermal energy due to diffusion and the
production of disturbance thermal energy due to thermal con-
vection. Finally, the last term, denoted by Tb represents the
production �dissipation� of disturbance thermal energy due to
buoyancy.

The relative error in the kinetic energy balance, �K, is
defined as the residual, normalized by the sum of the abso-
lute values of shear production of disturbance kinetic energy
and disturbance kinetic energy due to thermal buoyant poten-
tial, and is given by

�K =
�Es + Eb + ED + EF + Ed�

�Es� + �Eb�
,

while

�T =
�Tc + Td + Tb�

max��Tc�, �Td�, �Tb��

is used to account for the relative error of the thermal energy
balance.

C. Validation of code

Verification of the code was shown in several ways.
First, the independence of the solution was examined for
variation of grid size �M� and order of the base polynomial
�N�. Second, it was checked whether or not the total rate of
change of kinetic and thermal energy at critical points were
zero. Finally, some comparisons of our data with published
results were made for specific choices of input parameters.

As can be seen from Table I, grid independence of the
numerical simulation was achieved at M =701. Table II
shows the convergence of the Galerkin method at Re
=15 000 and F=0. With an order of polynomial �N� of 25
and 30, an accuracy up to five digits after the decimal point
can already be obtained. As the number of terms in the ap-
proximations increased, the results remained consistent and
accuracy also improved. Similarly, satisfactory results were
obtained for other sets of input parameters. In all computa-
tions reported, it was found that accurate solutions could be
reached by taking 50 terms of the Lagrangian polynomials.
An additional check was provided via analysis of the energy
balance. As demonstrated in Table III for all calculations
presented in this paper, the errors in thermal energy balance
��T� and kinetic energy balance ��K� were �2%. Due to
these low errors, one may conclude that the flow and stability
features are well resolved. Finally, in the linear stability
analysis given below, 701 grid points and an order of poly-
nomial of 50 have been considered as standard values for all
calculations.

The final check was made by a comparison between the
published results for a fluid-filled vertical channel as a par-
ticular case of our general purpose study. Table IV compares
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the critical Ra and  of the present study with those by Chen
and Chung22 for �=1, Da=106, and Pr=0.7. As can be seen,
the agreement is good.

III. RESULTS AND DISCUSSIONS

In the study presented here, linear theory of stability
analysis has been used to study the conditions necessary for
the occurrence of the maximum stability of different fluids in
a vertical channel filled with porous medium. All calcula-
tions made here use a porosity �=0.4, a viscosity ratio �
=1, and a heat capacity ratio �=1. The effect of Prandtl
number �Pr� on the stability of base flow was emphasized by
taking three different values of Pr �0.7, 7.0, and 70�. With
this, the stability characteristics of air, water and oil could be
studied in a low permeable porous medium �Da=10−6�. Fur-

thermore, Reynolds number �Re� has been employed to find
the neutral stable mode. Throughout this section, critical Rac

and c values have been represented by Ra and , respec-
tively, and a logarithmic scale has been used along the ver-
tical axis to display all the instability boundaries on the �Re,
�Ra�� plane. From rigorous numerical experimentation, it has
been concluded that, similar to buoyancy assisted flow,9 two-
dimensional disturbance motion causes the maximum insta-
bility of buoyancy opposed mixed convective flow in the
vertical channel �data not shown here�. Therefore in the en-
tire present section, except for the critical Ra of Rayleigh-
Taylor instability mode,21 
=0 has been considered.

As mentioned by Chen and Chung,22 two different con-
ditions are possible at the boundaries: �i� zero temperature
perturbation �BC-I�, and �ii� zero heat flux perturbation
�BC-II�. In the following, the impact of Prandtl number on
the stability of base flow under BC-I �corresponding to sys-
tems with highly conducting walls� followed by the same
under BC-II is investigated. A comparison of results under
two different temperature perturbation conditions is also
made.

To find out the role of the Forchheimer term on the in-
stability boundaries, a Darcy-Brinkman-Wooding-
Forchheimer model �DBWF� with different values for the
Forchheimer number �F� as well as a Darcy-Brinkman-
Wooding �DBW� model were employed. The plot of the in-
stability boundary curves as a function of Re at Da=10−6

�see Fig. 2� showed that the influence of the Forchheimer
number is a simple vertical shift rather than a modification of
the profiles. Therefore, F=0 has been assigned for the entire
section.

TABLE I. Dependence of the critical Rayleigh number on number of grid
points �M� at N=50 ��=1, �=0.4, F=0, Pr=7, and Da=10−6�.

Re Grid No. Ra 

104 201 −1815000 7.14

104 301 −1805000 7.20

104 401 −1805000 7.24

104 501 −1805000 7.30

104 601 −1805000 7.25

104 701 −1805000 7.26

104 801 −1805000 7.26

5�104 201 −367000 3.40

5�104 301 −365000 3.36

5�104 401 −365000 3.42

5�104 501 −367000 3.34

5�104 601 −367500 3.26

5�104 701 −367500 3.26

5�104 801 −367500 3.26

105 201 −209500 1.98

105 301 −209500 2.00

105 401 −212500 1.98

105 501 −213000 1.98

105 601 −213000 1.98

105 701 −213000 1.98

105 801 −213000 1.98

TABLE II. Dependence of complex growth speed on the order of the base
polynomials �N� for Da=10−6, Pr=1, F=0, �=1, and �=0.4.

N �order of polynomial� cr ci

10 1.18888252 −0.00074394

20 1.18897272 −0.00081439

25 1.18896191 −0.00084331

30 1.18895945 −0.00083926

35 1.18896062 −0.00083974

40 1.18896068 −0.00083964

45 1.18896056 −0.00083956

50 1.18896058 −0.00083952

55 1.18896061 −0.00083952

60 1.18896069 −0.00083951

TABLE III. Kinetic and thermal energy errors for different values of the
Prandtl number �Re=50 000, Da=10−6, F=0, �=1, and �=0.4�.

Pr Re �K�%� �T�%� Ra 

0.7 5�103 0.2 0.030 −6167500 30.06

0.7 5�104 0.001 0.164 −2250625 2.7

0.7 105 0.0004 0.315 −1486250 1.98

7 5�103 0.0005 0.546 −3181250 11.98

7 5�104 0.0004 0.862 −367500 3.26

7 105 0.0002 1.401 −213000 1.98

70 5�103 0.0001 0.641 −702500 12.68

70 5�104 0.0003 1.202 −39500 3.22

70 105 0.001 1.800 −22250 1.94

TABLE IV. Comparison between published results �Ref. 22� and present
results ��=1, Pr=0.7, Da=10−7�.

Re Ra Ra  

Present work Chenga Present work Chenga

660 −6.03 −6.06 1.27 1.275

1000 −4.58 −4.58 1.20 1.20

1750 −2.77 −2.74 1.10 1.11

2500 −1.62 −1.54 1.06 1.065

aReference 22.
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Furthermore, a special note must be made regarding the
Reynolds number. As mentioned by many researchers,11–17

for a porous environment, different characteristic lengths
may be chosen as an input for the Reynolds number. Usually,
Re is based on macroscopic lengths such as depth, width or
height of the geometrical configuration in question. How-
ever, as mentioned by Ward,23 it has been customary to in-
troduce a “superficial” Reynolds number based on the per-
meability of the medium. Some authors have also introduced
a pore-scale Reynolds number based on the average grain or
pore diameter.4 Obviously, the inclusion of one or the other
length scale will lead to a different magnitude of the corre-
sponding Re. Hence in our case, a Re of 50 000, based on the
half channel width �L�, is equivalent to Re=50, based on the
square root of permeability �when Da=10−6 and L=5 cm�.
However, to remain consistent with past studies, a channel
width-based definition of Re was chosen in this study.

A. Zero temperature perturbation

Figures 3�a� and 3�b� illustrate the instability boundaries
on �Re, �Ra�� and �Re, � planes for different fluids in an

isotropic porous medium. As can be observed from Fig. 3�a�,
a higher Pr results in a lower critical Ra. That is, the effect of
Pr is destabilizing.

A qualitative explanation for the physics involved is pro-
vided by examination of the diffusion terms in the momen-
tum and energy equations. The importance of momentum
and thermal diffusion are measured by �Re�−1 and �Re Pr�−1.
Thus, Prandtl number reveals the relative efficiency of mo-
mentum and thermal diffusion. Hence, a low Pr includes an
increase in the thermal diffusivity, which itself suppresses
the thermal fluctuations in the flow field. As a result, the flow
remains stable even for larger values of Ra. However, the
situation reverses when a fluid with a high Prandtl number is
considered. Since an increase in Pr increases the interaction
between the substance and the fluid particles, the flow
strength in the channel is reduced.24

To understand the possible underlying mechanism, a
study of the energy spectrum of different fluids as a function
of Reynolds number is required. It has been observed that for
Pr=0.7 and 70, the production disturbance kinetic energy
due to buoyancy force �Eb� is the dominating term in balanc-

FIG. 2. Dependence of the critical Rayleigh number �a� and wave number �b� on Re for different models for Da=10−6 and Pr=70.

FIG. 3. Dependence of the critical Rayleigh number �a� and wave number �b� on Re for different Prandtl numbers and Da=10−6.

124103-5 Influence of Prandtl number on stability Phys. Fluids 18, 124103 �2006�



ing the dissipation of kinetic energy due to surface drag �ED�
throughout the Re range. Whereas, the thermal energy spec-
trum for the same set of Pr shows that the diffusion of ther-
mal energy �Td� is balanced by the production of disturbance
thermal energy due to convection �Tc� in almost the entire Re
range �data are not shown�. However it remains unclear why
the critical value of Ra and  change significantly. The clue
to this was given when both stream functions and tempera-
ture profiles were calculated �see Figs. 4 and 5�. It is not the
qualitative shift of the isotherms towards the center which is
responsible for the phenomenon mentioned above, but rather
the quantitative, sudden jump of the values of �max varying
from 0.39 �for Pr=0.7� to 1.4 �for Pr=70� shown in Figs.
4�a� and 4�b�. Although a similar jump is experienced by

�max �see Fig. 5�, the flow stability is decided by the strength
of the thermal convection. Therefore, enhancement of Pr in-
creases the strength of the disturbance temperature, which in
turn, makes the system unstable even at a low Ra.

An important feature of the instability boundaries on the
�Re, �Ra�� plane is that, for all cases, but especially for water
�Pr=7� and heavy oil �Pr=70�, a drastic change of Ra is
observed before a threshold value of Re is reached �Fig.
3�a��. Beyond this value, a smooth and slow change occurs.
This is because the fluid is unstably stratified in the vertical
direction when there is no motion. At low Re with a mini-
mum heat source intensity, however, an instability occurs
because hot fluid from the bottom and cold fluid from top
�due to back flow� accelerate towards each other. This type

FIG. 4. The disturbance temperature for Re=50 000, Da=10−6; �a� Pr=0.7 ��min=−0.39, �max=0.39� and �b� Pr=70 ��min=−1.4, �max=1.4� within one
period.

FIG. 5. The disturbance streamlines for Re=50 000 and Da=10−6; �a� Pr=0.7 ��min=−0.06, �max=0.06� and �b� Pr=70 ��min=−0.005, �max=0.005� within one
period.

124103-6 P. Bera and A. Khalili Phys. Fluids 18, 124103 �2006�



of instability is known as the Rayleigh-Taylor instability,
through which a slow flow can carry denser fluid upwards
into the region of lighter fluid. Such an instability was also
observed by Yao and Rogers.25

Besides energy due to shear force existing in the viscous
fluid, for a channel filled with a saturated porous medium, a
new source of disturbance energy �namely the one caused by
surface drag� appears in the region of low velocity. The con-
sequence of this is a back flow close to the bounding walls
leading to the appearance of separation points in the near-
wall region. From this state, even a minor enhancement of

Re is sufficient to increase the convection in the main flow
direction. With this, a more dense fluid can then be trans-
ported upwards to destabilize the flow, and the critical Ra
falls significantly.

The critical value of Ra has been calculated as a function
of Da, and is shown in Table V. It can be seen therein that
the RT mode of instability is achieved when Ra Da=−2.47.
To shed more light on the mechanism leading to the
Rayleigh-Taylor flow instability, rigorous numerical experi-
ments were carried out on the basic flow profile as a function
of three governing parameters Ra, Da, and �. Basic velocity
profiles are plotted for Da=10−3 and 10−6 for three different
values of Ra Da, namely, −2.25, −2.5, and −2.75
�see Figs. 6�a�–6�c��. For Ra Da=−2.25, no point of separa-
tion occurred. However, separation points appeared for
−Ra Da�2.5. To visualize this in more detail, the graphs
were magnified at the boundary and are plotted in Figs.
6�d�–6�f�. From rigorous numerical experiments on the base
flow, it can be concluded that when Ra Da�−2.5, irrespec-
tive of any Da lying within �10−2 ,10−7�, points of separation
developed near the boundary walls. This suggests that in the
Rayleigh-Taylor instability mode, there exists a direct link
between the critical Ra and the product −Ra Da. Hence, re-
considering Fig. 3�b�, the jumps of critical wave number for

TABLE V. Dependence of the critical Rayleigh number of the Rayleigh-
Taylor instability mode on the Darcy number.

Da −Ra

10−2 246.5767637

10−3 2465.4766637

10−4 24654.6282764

10−5 246553.15399170

10−6 2465476.60827637

10−7 24650791.16821289

FIG. 6. Velocity profiles of basic flow �solid lines: Da=10−3 and dotted lines: Da=10−6�. �a� Da Ra=−2.25, �b� Da Ra=−2.50, �c� Da Ra=−2.75. The
subfigures �d�, �e�, and �f� are, respectively, closeups of �a�, �b�, and �c� near the boundary.
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Pr=0.7 at Re=30 000, Pr=7, at Re=10 000, and Pr=70, at
Re=2000 become plausible. Similar findings were observed
for fluid-filled channels22 and tubes.26

Investigation of the effect of Prandtl number on flow
stability for two different permeabilities �10−6 and 10−5� at
Re=50 000 �Fig. 7� disclosed two facts. First, enhancement
of Pr destabilized the base flow rapidly up to a certain thresh-
old value of Pr. Further, the critical value of Ra was reduced
smoothly and slowly. Second, an increase in permeability
reduced the flow stability drastically. Since an increase in
permeability implies more flow into the system �equivalent
to strengthening the convective flow�, a slight increase of Re
enhances the convection in the main flow direction. Conse-
quently, more fluid can be transported upwards to destabilize
the flow, which is shown by a fall of the critical heating
condition.

The former observation can be explained with the help
of an energy spectrum �Fig. 8�, which shows negligible ki-
netic energy due to shear and viscous forces, and simulta-
neously a significant production of kinetic energy by buoyant

force for Pr�1. However, as Pr was moved below unity,
contributions arise from energy production due to shear force
and energy dissipation due to a viscous term.

An interesting finding from this analysis is that shear
production �Es for Pr�0.7� favors of flow stabilization,
whereas flow is destabilized below this. Accordingly, for
Da=10−5, the mode of instability changes abruptly from
buoyant to shear and later to buoyant instability. In the case
of Da=10−6 however, instability changes smoothly from
shear to buoyant instability. It is interesting to note that the
abrupt change in instability mode for Da=10−5 is related to a
position in the �-Pr� plane where  experienced a jump
�Fig. 7�b��.

B. Zero heat flux perturbation

In this section, we present a brief study of instability
boundaries on the �Re, �Ra�� plane and their dependency on
Pr. Here, the derivatives of the temperature perturbation with
respect to y at the boundaries were zero, but the temperature

FIG. 7. Dependence of the critical Rayleigh number �a� and wave number �b� on Pr for two different values of Darcy numbers at Re=50 000.

FIG. 8. Kinetic energy spectrum as a function of Pr for Re=50 000; �a� Da=10−6, �b� Da=10−5.

124103-8 P. Bera and A. Khalili Phys. Fluids 18, 124103 �2006�



perturbation remains nonzero. A variation of critical Ra as a
function of Re for the perturbed BC type I and BC type II are
displayed in Fig. 9 for Da=10−6, Pr=7. The dashed and solid
lines in the �Re, �Ra�� plane and �Re, � plane represent
instability boundary curves for BC type I and BC type II,
respectively. As can be seen from the figure, the base flow
under BC-I remains slightly more stable compared to BC-II.
For both BC-types, the difference between the critical Ra
was significant for relatively small Re. Beyond this threshold
value �Re=20 000�, both BC-types led to the same results.
Since, under BC-I, bounding walls are assumed to have high
heat conductivity and heat capacity, it is expected that heat
transfer by thermal diffusion will be comparable to the same
under BC-II. Hence, thermal diffusivity suppresses the ther-
mal fluctuations in the flow field. As a result, the flow re-
mains stable even for larger values of Ra. Another important
finding from this analysis is that the R−T mode of instability
for both BC-types differs significantly.

IV. CONCLUSIONS

We have attempted to understand of instability of buoy-
ancy opposed, mixed convection in a vertical channel filled
with a fluid-saturated porous medium. To this end, we
adopted the Brinkman-Wooding-extended Darcy model. By
means of linear theory, we were able to extract detailed in-
formation on the transition of basic flow through a porous
medium for different fluids. The constant heat flux imposed
on the walls was studied for two different temperature per-
turbations �namely zero temperature and zero heat flux�. The
main objective in this study was to investigate the effect of
Prandtl number on the stability of base flow.

Furthermore, the basic flow stability was examined for
the Pr range of �0.01,100�. As previously reviewed for buoy-
ancy opposed flow of a viscous fluid �Scheele and
Hanratty27�, for pipe flows �Su and Chung26�, for vertical
annulus �El-Genk and Rao28�, and for channel flow �Chen
and Chung22�, there are sudden and abrupt jumps. This was
also true for a saturated porous medium. Furthermore, it was
found that fully developed flow is most unstable for heavy

oils �liquids with very large Pr�. Scheele and Hanratty’s27

speculation that the instability in buoyancy opposed flows
can be attributed to the appearance of point of separation is
true only for fluids with Pr of O�1�. The present study dis-
closes that Pr plays an active role in buoyancy-opposed
flows, and it is an indication for the viability of kinetic and
thermal disturbances. Also, depending on the magnitude of
all parameters studied, Rayleigh-Taylor and buoyant insta-
bilities may occur. It was also observed that the energy spec-
trum profile at 
=0 was gradual for Da=10−6, and abrupt for
Da=10−5. The Rayleigh-Taylor mode of instability was op-
erative for relatively small Re, and a direct link existed be-
tween the critical Ra in the Rayleigh-Taylor mode and Da
given by −Ra Da=2.47. It is worth mentioning that beyond a
certain value of Re, different types of boundary conditions
on temperature did not alter the buoyant stability, whereas
they did modify the Rayleigh-Taylor instability significantly.
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