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Abstract

When solving partial differential equations numerically, usually a
high order spatial discretization is needed. Model order reduction
(MOR) techniques are often used to reduce the order of spatially-
discretized systems and hence reduce computational complexity. A
particular MOR technique to obtain a reduced order model (ROM)
is balanced truncation (BT). However, if one aims at finding a good
ROM on a certain finite time interval only, time-limited BT (TLBT)
can be a more accurate alternative. So far, no error bound on TLBT
has been proved. In this paper, we close this gap in the theory by pro-
viding an Hs error bound for TLBT with two different representations.
The performance of the error bound is then shown in several numerical
experiments.
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1 Introduction

Let (A, B,C) € R™™ x R™™ x RP*™ he a realization of a linear, time-
invariant system

. @) = Az(t) + Bu(t), z(0)=0, y(t)=Cux(t) (1)

and assume that A is Hurwitz which implies is asymptotically stable.
The infinite reachability and observability Gramians

o0 o0
Py = / e BBT et 5 ds, Qoo = / A5 0T C et ds
0 0

*Corresponding author. Weierstrass Institute for Applied Analysis and Stochastics,
Mohrenstr. 39, 10117 Berlin, Germany, Email: martin.redmann@wias-berlin.de. Fi-
nancial support by the DFG via Research Unit FOR 2402 is gratefully acknowledged.

TMax Planck Institute for Dynamics of Complex Technical Systems, Sandtorstr. 1,
39106 Magdeburg, Germany, Email: kuerschner@mpi-magdeburg.mpg.de



of (A, B,C) solve the Lyapunov equations
AP + P AT + BBT =0, ATQo + QAT +CTC = 0. (2)

The first ingredient of balanced truncation [14] (BT) is to simultaneously
dlagonahze both Gramians through congruence transformations SPs ST =
S TQwS~1 = ¥, which gives a balanced realization (SAS 1 8B, CS~ b,
where ¥ is diagonal and contains the Hankel singular values o; (HSVs),
e., the square root of the eigenvalues of P, (). In the second step the
reduced order model X, is obtained by keeping only the r x r upper left
block of SAS™! and the associated parts of S’B,CS“l, i.e., the smallest
n — r HSVs are removed from the system. With Cholesky factorizations
Py = LPLE, Qoo = LQLT7 and the singular value decomposition (SVD)

_1
X3 YT = LTLp, the balancing transformation is given by S = LoX Yo

and S—1 = LpYEOO , see, e.g., [I]. This leads to non increasingly ordered
0j. Moreover, the resulting reduced system 3, is asymptotically stable and
satisfies the Hoo error bound [9]

15 = 2|l <2(0r41+ ...+ 0n). (3)

Once the SVD is computed, can be used to adaptively adjust the reduced
order r. A generalized Ho-error bound for BT has been proved in [2] [5],
where linear stochastic system are investigated.

The matrix of truncated HSVs X9 = diag(oy41,-..,0,) can be used to ex-
press the Hy error bound [1]. It is represented by

|1z - 23,A||§_[2 < tr(Xy(BoBI + 2Pm,M,2Agl))7 (4)

where By is the matrix of the last n — r rows of gB, Asq is the left lower
(n —r) x r block of SAS~! and P a2 are the last n —r rows of the mixed
Gramian Py ) = S fooo eAs BBlT eA115 ds. The bound in has already
been extended to stochastic systems in a more general form [3] [7, [15].

In [8] Gawronski and Juang restricted balanced truncation to a finite time
interval [0,7], T < oo, by introducing the time-limited reachability and
observability Gramians

T T
Pr = / es BBT eA's ds, 7= / A" 0T C e ds. (5)
0 0

It is easy to show that Py, (7 solve the Lyapunov equations

APp + Pp AT + BBT — FpFL =0, (6)
ATQr+ QAT + CTC - GEGr =0, (7)



where Gy := Ce?* and F; := e B, t € [0,T]. Time-limited balanced
truncation (TLBT) is then carried out by using the Cholesky factors of Py,
Q7 instead of Py, Qoo to construct the balancing transformation which in
this case is denoted by S. This transformation simultaneously diagonalizes
Py, Qp, ie., SPpST = S7TQpS™! = $1 and is, thus, referred to as time-
limited balancing transformation. The values in ¥4 are referred to as time-
limited singular values and are, similar to the HSVs, invariant under state-
space transformations. Because of the altered Gramian definitions, TLBT
does generally not preserve stability and there is no H error bound as in
unrestricted BT.

The main contribution of this paper is a generalized Ho error bound for
TLBT. It leads to if T — oo. We provide two representations of this
bound. The first one can be used for practical computations and is, hence, an
important tool to assess the obtained accuracy. The second representation
is not appropriate for computing the bound but it shows that, similar to
BT, the time-limited singular values deliver an alternative criterion to find a
suitable reduced order dimension r. We conclude this paper by conducting
several numerical experiments which indicate that the time-limited o bound
is tight.

2 Ho-type Error Bounds for Time-Limited Balanced
Truncation

Let S be the time-limited balancing transformation. We partition the bal-
anced realization (SAS™!, SB,CS™1) as follows:

1 [An A4 B .
SASlz[A; A;ﬂ, SB:[B;], csTt=[C1 O,

where A1 € R™", By € R™*™ (1 € RP*" and the other blocks of appropri-
ate dimensions. Furthermore, we introduce

Er _ X
SFp= |0t GpS™h = [Gry Gro], Bp= |70 (|
Fro Y7o

We consider the corresponding Lyapunov equations in partitioned form:
A1 A2 EF + 2T ATV AL . [ B1B{ B1BY (8)
Az1 Azo Xpo P20 AL, AL 1 T | BoBf B2BY

. T _ T

FT,IFT,l FT,IFT,2
T _ T ;

_FT,ZFT,l FT,QFT,2

AL AL [ZPra n S5 A A _ [cfc cfo, )
A’{Q Ag2 ET,Q E’f,2 A21 Az - _0’21"01 C’QTCQ
-G%lGT,l G%lGTQ

T _ T _
L GT,2GT,1 GT,2GT,2

_l’_

_l’_




The TLBT reduced system that approximates is given by
Zp(t) = Anxe(t) + Bru(t), z,(0) =0, y,(t) = Crz,(t).

The goal of this section is to find a bound for the error between y and y,.
Since we have zero initial conditions for both the reduced and the full system,
we have the following representations for the outputs

t
y(t) = Cx(t) = C / A=) Bu(s)ds,
0
t
yr(t) = Chz,p(t) = Cl/ Alt=s) Bu(s)ds,
0

where t € [0, T]. To find a first representation for the error bound, arguments
from [3] [7, [I5] are used. There a generalized Hy error bound for stochastic
systems has been derived. Some easy rearrangements yield a first error
estimate

ly(t) — yr Mo

¢
Alt=9) Bu(s )dsCl/ A1) B u(s)ds
0

/H Ce (t=5) B — ¢y enr(t=9) > H

g/o HceA@—s)chl eAn(t=9) BlﬂF ()]l ds.

2

By the Cauchy Schwarz inequality it holds that

ly(t) —yr ()]l

! A(t—s) Ant—s) 1 || 2o 2 :
< </ HCe B —CyetTs BlHFds> (/ ||u(s)|2ds>
0 0

Using substitution, the definition of the Frobenius norm and the linearity
of the integral, we obtain

[ o8 -creme=n 5| as
0

t
= / |C et B = Cyeis By || ds
0

T 2
</ |0 et B — ¢y s By | ds
0

= /OT tr (C’ e4s BT A" CT) ds
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T
+ / tr (Cl e“ns By BT eAhrs C1T> ds
0

T T
- 2/ tr <C’e‘45 BBT 1 ClT> ds
0
= tr (CPpCT) + tr (C1Pp,.CT) — 2 tr (CPp ,CT)

T T T T
where P := [; e BBT A % ds, Py, := In e11s By BT eA1% ds and Py ,; 1=

T T . . .
Ih et BBT 4115 ds. Matrix-valued integrals of this form can under some
conditions be expressed as unique solutions of matrix equations.

Lemma 2.1. Let Ay € R™™™, Ay € R™" with A(A1) N —A(A3) = 0 and
By € R™™_ By € R™*™. Then,

T
X :/ et1s B BY 2% ds
0
solves the Sylvester equation

A X + XA = —BBY + eMT B BT 427
Proof. The integral is equivalent to
T T
vec X = / vece1® BB e2% ds

0

T
= / e428 @ e dsvec By BY
0

T
:/ Ur@ArtA281n)s g5 voe By BY
0

where we used [12, Theorem 10.9]. The matrix A := 1, ® A1 + A2 ® I, is
nonsingular and it holds that

veceX = A1 (eAT —IW> vec BlBZT
& Avec X = (eAT —Im> vec BlB"QF
and the claim follows after de-vectorization. O

Remark. The result of the above Lemma is also a consequence of the product
rule. Setting g1(t) := ¢™1* By and go(t) := BT 42t it holds that

T T
01 (D)g2(T) — 01(0)g2(0) = /0 g1()dga(s) + /0 dg1(5)ga(s)

T T
= / 91(s)ga(s)ds AT + A / g1(5)g2(s)ds,
0 0



since dgo(s) = g2(s)ALds and dgy(s) = A1g1(s)ds.

The time-limited Gramians also exists for unstable systems. Therefore,
it is, e.g. in [1, Section 7.6.5], discussed to use TLBT to reduce unstable
systems. The above Lemma further reveals that in this situation and if A(A)N
—A(A) = 0, the time-limited Gramians can still be obtained by solving the
time-limited Lyapunov equations @ which is important from a numerical
point of view. In this work, however, we will not pursue the reduction of
unstable systems further.

From now on we assume that A(A11)N—A(A11) = 0 and A(A)N—A(A11) =0,
implying by Lemma @ that the matrices Pp, and Py, are the unique
solutions of

AnPr, + Pp, Al = =BiB{ + Fr Ff , (10a)
APy + Pr Al = —=BB{ + FrFy (10b)

where Frp . 1= e411T By, We have, thus, established the following result.

Theorem 2.2. Let A(A11) N —=A(A11) =0 and A(A) N —A(A11) = 0. Then
the following error bound holds for the reduced system X, generated by TLBT

max |[y(t) —yr(t)[ly < €llullzz
te[0,T] T (11)

¢ = (tr (CPpCT) + tr (C1Py, CT) — 2tx (C Py, CT)) 2 .

The representation ((11)) of the error bound has the same structure as the
one computed in the stochastic framework [3], [7, [I5] but it is clearly different
since solutions of different matrix equations enter in the time-limited case.
The bound in (|11)) can be used for practical computations. It only requires
to solve the matrix equations in since Py is already known from the
balancing procedure. The matrix equations are not expensive since
Pr, usually is a small matrix and Pr j, only has a few columns.

The next theorem provides an alternative representation of this bound. It
can be expressed with the help of X7 o = diag(o7 .41, ..,07,,) Which is the
matrix of truncated time-limited singular values. In [3] 7, [15] representations
of generalized Ho error bounds have been shown using the truncated HSVs
of the underlying stochastic system. However, the matrix equations @
and have a very different structure than the generalized equations for
stochastic system. Therefore, we need to apply other techniques in order to
obtain the result below. This result also shows essential differences in its
structure compared to the stochastic case.

Theorem 2.3. Using the coefficients of the balanced realization of the sys-
tem, the error bound in can be expressed as follows:

tr (CPrC" + C1 Py ,.CT — 2CPy ,,CY)
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= tr(ET,z(B2B2T + 2PT,M,2A51)) - Qtr(Gg,lGTPT,M)
+tr(Gf Gy Pr ) + tr(Fr  FL S75)
—tr((Fr, — Fp,)(Fpy — Fr,) S7,),

where Pr 5p o are the last n — 1 rows of SPp \y with S being the balancing
transformation.

Proof. By selecting the left and right upper block of @D, we have

AiplET,l + X5, A1 = —cfor+ G;QJGT’J (12)
A 870+ S5 Alg = —CT Co+ GF Gy, (13)

We introduce the reduced order system observability Gramian Qr, :=

fOT eA1s CT ¢y e115 ds which satisfies
Ar{l Tr + QT,TAH = _Cfcl + G%:,TGT,T (14)

with G, == Cy e?117T We make use of the integral representations of Py
and Q7 and apply properties of the trace. Hence, we have

T
tr(CP-CT) = / tr(C e* BBT e’ CTYds
0

T
= / tr(BT A5 T C e B)ds = tr(BTQ+B).
0
Using the balancing transformation S and the partition of SB, we obtain
tr(BTQ#B) = tr(BTSTS™TQ+S7'SB) = tr(BT STL75B)

= tr(B] S, B1) + tr(B] 75 B2).

The partition of CS~! and P75, = [P WJ} yield

PT,M,Q

tr(CPp C) = tr(CS™' SPp ,CT)
= tr(CIPT,M,lc;‘F) + tT(C2PT,M,201T)~

For € in this leads to

€ :tr(BfEilBl) + tr(BgETQBQ) + tr(CﬁPTJ,C?) (15)
— 2tr(C1 Py 31O ) — 2tr(CoPp 31 5C1).

We insert equation which yields

tr(C2PT,M,2C1T) = tr(PT,M,2C1TC2)

7



= - tT(PT,M,z(A%qET,Q + Xp1412))
+ tr(PT,MgG%lGTa)

= - tr(ET,ZPT,M72A§1) —tr(X7 1 412 P pr2)
+ tr(Gg,lGTQPT,M,z)-

We multiply (10b)) with S from the left and evaluate the resulting upper
block of the equation:

—A12Pr a0 = A Prpq + PT,M,1A1T1 + BB — FT,1F%T-

Hence, we have
— 2tr(Co Py 37 5CY ) =
2[tr(ET,1FT,1F%T) - tr(ETJ(BlBiF + A1 Pppq + PT,M,lArfl))]
+ 2[“(2213:?,1\4,21451) - tr(G%lGisz’,M,z)]-
Using equation , we obtain

tr(Xp 1 (A1 Py + PT,M,1A1T1)) = tr(Pp 1 (X7 A1 + A1T1ET,1))
= tr(PT,M,I(G%1GT,1 - cfoy)),

so that

— 2tr(CoPr 37501 )
= 2[tr<ET,2PT,M,2Agl) - tr(B{ET,lBﬁ + tr(CIPT,MJC;‘F)]
+ Q[tr(ZT,lFT,lF%r) — tr(G%JGTPT,M)]'

Inserting this result into equation (15| provides
€ =tr(Sr(BaB3 +2Pr 2431))
+2tr(S7 Fr  Ff ) — tr(GL G Proay)]
+tr(C1 Pp, Cf ) — te(Bf S5, B1).
With the integral representations of P, and @, it holds that

T
tr(C’lPirClT) = / tr(Cy e11* By BT eAlis CcTds
0

T
= / tr(BT el CTCy 118 By)ds = tr(BlTQiTBl).
0

So, we have

tr(C1Pp,Cy) — tr(B{ £5,B1) = tr(B1B] (Qp, — £7.1))-

8



Combining equations and , we have
A1T1(QT,r —Y71) + (Qp, — X5 1)A1 = Gg’rGT,T - G%Gm- (16)

Inserting and gives

tr(C1 Pz, CT) — te(B{ X7, B1)

= —tr((AuPr, + Pr Afy — Fr, F{ )(Qr, — S7,))

= —tr(Pp,((Qf, — X7.1) A1 + AT (Qr, — S11)))

+tr(Fr, Pl (QF, — S7.1))
= tr(Pp, (G}, Gy — G1.,Gr ) + t0(Fr, Ff, (Q7, — X71))-

Using again the integral representations of Py, and Q7 ,, we see that

T _ _
tr(PTﬂ,G%TGTﬂ,) = /0 tr(e”11* B, BT eAlis oANT C,CT Ty s

T
T T T
:/ tr(CF 4118 AT B BT AT eA1% C))ds
0

= tr(BT AN T oAl C,CT eAurs eAnT By)ds
= te(Ff,Q7,Fr,) = te(Fp, Ff, QF,).
Hence, we have
tr(C1Pp,CT) — te(B{ X7, B1) = tr(Pr, G} \Gp ) — tr(Fr, Ff S75).
The error bound €? then is
e :tT(ET,z(B2B2T + 2PT,M,2A§1))
+2[tr(S7 Fr  Ff,) — tr(GL G Proay)]
+tr(Pr, GT | Gry) = te(Fp, Y S7,).

Since
1 1
2tr(37  Fr Ff,) =2 <27%71FT’T, 2;71FT71>
1 2 1 2 1 " 2
= ' 2’15_"71FT,T' + HE%JFT,I - ' 2%71(FT,1 - FT,T) ’
F F F
we obtain

¢ = tr(Em(Bng + QPT,M,QAgI))
+tr(Sp Fr  Ff L)) — 2te(Pr G Gr) + te(Pr, GT  Gry)
— tr(Sg, (Fry — Fr,)(Fry — Fr,)")

which is the claimed result. O



We now discuss the impact of the remainder term Ry := —2 tr(G% \G7Pr )+

tr(GL Gy, Pp,) +tr(Fg  FL 57 ) of the error bound in Theorem Ev-
ery summand of Ry can be bounded from above as follows:

(G, GrPrar) < |G|l o 1GE e | oo o

2

. < || Bra |l (S ,0),
2

= G [[5 tx(Pr,)-

1
tr(FT,qugf,lET,l) = HE%JFT,I

1
T 2 T
tr(GT,lGT,IPT,r) = ’ P’I%,TGT,I

If A is asymptotically stable, then the norms HFT,1HF7| GT,lHF and ||G7|

—coT

decay exponentially fast, i.e., they are bounded by c; e , where c1,c3 > 0

are suitable constants.

Now, if the terminal time 7T is sufficiently large, the term Rz is small and
hence it can be neglected in the error bound. For very stable systems (co is
large), T' can be chosen small and for slowly decaying systems (small constant
c2), T needs to be large in order to have a sufficiently small Rp. If the re-
mainder term Ry is small, it can be concluded from Theorem [2.3|that TLBT
works well if the truncated time-limited singular values o ,4,...,07,, are
small.

For non-stable systems the remainder term R in the error bound is expected
to be large (exponential growth) which might be an indicator for a large error
when applying TLBT to these systems.

Remark. The representation in Theorem|[2.3 is not appropriate to determine
the error bound since Bo and As1 are never computed in practice. However,
for asymptotically stable systems (R7 is expected to be small) we know
that the reduced order dimension r has to be chosen such that o, q,..., 07,
are small in order to guarantee a good approzimation. Consequently, looking
at the time-limited singular values instead of computing the error bound
provides an alternative way to find a suitable reduced order dimension.

3 Practical Considerations

Here we review the practical execution of TLBT for large-scale systems and
evaluate the usefulness of the error bound in actual computations. Di-
rectly solving the Lyapunov equations , @ is infeasible for large dimen-
sions. Therefore, for large-scale systems it has become common practice to
approximate the Gramians by low-rank factorizations, e.g., Py & ZooZL,
with low-rank factors Zs, € R™ " rank(Z.) = h < n, and similarly for
the other Gramians. This is justified by the often observed and proven fast
singular value decay of solutions of Lyapunov equations [I1], especially if

10



p,m < n. For this situation there exist efficient algorithms [4, [16] em-
ploying techniques from sparse numerical linear algebra for computing the
low-rank solution factors. For the Lyapunov equations @ in TLBT, a ra-
tional Krylov subspace method [6] is proposed in [13] that is also able to
deal with the arising matrix exponentials. With low-rank approximations
Py ~ ZPTZII;Tv Qp ~ ZQTZST, one com;iutes the SVD XYY 7T = ZIZTZQT
and projection matrices V = ZpTY1§]1_§ and W := ZQTXlEl_E, where
31 contains the largest r singular values and Xi,Y] the associated singu-
lar vectors. The reduced order model ¥, is obtained via Aj; := WTAV,
By :=WTB, C; := CV which makes it clear that some of the quantities of
the bound in Theorem [2:3] are not accessible in practical computations.

However, we may nevertheless acquire an approximation of . For this

tr (CPpCT) can be approximated by tr (C’ZIZTZPTC’T>, tr (C’lPT,TCf) re-

quires solving the r dimensional Lyapunov equation , and tr (C’Pi uCE )
requires the solution of the Sylvester equation , which amounts to solve
r linear systems of equations defined by A — al, o € A(A11) see, e.g., [10,
Algorithm 7.6.2]. Unlike the error bound in BT , the TLBT bound
cannot be easily used to adjust the reduced order because when changing r
to, say, r +d, d > 1, the solutions of have to be computed entirely from
scratch. Especially because of the Sylvester equation , this would be
increasingly expensive.

TLBT can with minor adjustments be applied to generalized state-space
systems

—_

S Bi(t) = Az(t) + Bu(t), z(0)=0, y(t)=Cz(t) (17)

with E nonsingular. In that case the time-limited Gramians are Py, ET Q#FE,
where Py, Q7 solve the generalized Lyapunov equations

AP;ET + EPp AT + BBT — FE(FE)T =0, 18)
ATQrE + ETQp AT +CTC — (GR)'GE =0

with FE := Eef "4 E1B and GE = Cef "4 sce [13]. Hence, the
derivations of Section [2] can be carried out as before by using the quantities
in . In particular, in the constant in the bound , Pr pr has to be

replaced by the solution ij; a of

APf\ + EPf\ An + BB — FE(Ff, )" =0,
By
By
mass matrix F is transformed to the identity in (TL)BT. The transforma-

tion matrices V, W for TLBT are constructed as before but using the SVD
XyyT = ZgTEZQT, where Zp.., Zq, are low-rank solution factors of .

where SE~1B = [ ], FYET = eAnT B;. Here we employed that the

11
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Figure 1: Results obtained by BT and TLBT for small rail model (n = 1357,

T = 100, u(t) = 5017, r = 40).

4 Numerical Experiments

All following computations are carried out in MATLAB® 8.0.0.783 on a
Intel®Xeon® CPU X5650 (2.67GHz, 48 GB RAM). We use the rail model
from the Oberwolfach benchmark collection! which represents a finite ele-
ment discretization of a cooling process of a steel rail. It provides sym-
metric positive and negative definite matrices M and, respectively, A, as
well as B € R™7 (C € R6*". We begin with the coarsest discretization
level with n = 1357 which still allows to compute the matrix exponentials
and Lyapunov solutions by direct methods. The final time is 7 = 100, the
input chosen as u(t) = 5017 (15 := [1,...,1]7 € R"), and the time inte-
gration is carried out using an implicit midpoint rule until 7" = 400 with
a fixed time step §t = 0.04. We generate reduced order models of dimen-
sion 7 = 40 by both BT and TLBT. Figure |1| shows the obtained errors
ly(t) — yr(t)||l2 and the bound (L1)), clearly indicating that the proposed
bound is valid. Of course, after leaving [0, 77, is no longer valid and
ly(t) —yr(t)||2 > € HUHL2T for some ¢t > T. We also see that ordinary BT pro-

vides less accurate reduced order models. It is important to point out that
almost identical results were obtained if low-rank Gramian approximations
computed by rational Krylov subspace methods [0, (13| are used. In particu-
lar, running the method for the restricted Gramians with the same settings
as in [I3] led to |e¥PProx- — ¢&Xact| ~ 1.6.107Y and visually indistinguishable
error norms ||y(t) — yr(t)]|2.

We continue by investigating the influence of the final time 7" and the re-
duced order r to tn%éx% ly(t) — yr(t)||2 and (1I). The results are visualized

€

)

in Figure For the top plot we fixed T = 100 and varied the reduced
order r = 10,...,100. Apparently, TLBT achieves smaller errors than BT

"http://portal.uni-freiburg.de/imteksimulation /downloads/benchmark
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Figure 2: Influence of r (top) and T' (bottom) for small rail model.

for increasing r. After some value of 7, the bound appears to stagnate
and fails to capture the decreasing behavior of the error. The bottom plot
shows the results for a fixed r = 50 but different final times T = 50, ..., 300
which for TLBT requires, naturally, computing (approximations of) the ma-
trix exponentials and Py, Qg for each value of T. The results indicate that
increasing T also increases the achieved error and the bound appears
to capture this behavior. As investigated for TLBT in [I3|, for even larger
final times T, TLBT will at some point produce errors which are very close
to those of BT.

Next we experiment with a larger version of the rail model with n = 79841.
This size requires using low-rank solution factors of the Gramians. We set
u(t) = u4(t) := [sin(4t7 /100), cos(tm/100), 3, e~ cos(t/100) e, litQ’ 1+1\/£]T
and T = 150. Motivated by Theorem we experiment with an automatic
determination of the reduced order r s.t. E?:T 10,7 < 7 for some specified
tolerance 0 < 7 < 1 and 7 := min(rank(Zp..), rank(Zg_.)), i.e., similar as in
unrestricted BT. The obtained reduced orders r in BT and TLBT, as well
as the largest errors in [0, T'] and are shown in Figure 3| against different
values 7 = 1077,...,1072,

TLBT again achieves smaller errors than BT and approximately two orders of
magnitude smaller than 7. Note that the obtained reduced orders r of TLBT
are for 7 = 107%,1073, 1072 slightly larger than those of BT. This experiment
nevertheless suggests that choosing the order r in TLBT automatically by
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Figure 3: Automatically adjusted orders r, maximum errors, bound (111
against tolerances 7 for the larger rail model (n = 79841, T" = 150, u(t) =

ue(t)).

looking at the time-limited singular values is as reliable as in BT.

5 Conclusion

In this paper, we have studied time-limited balanced truncation, an alter-
native to conventional balanced truncation. This scheme can outperform
the conventional ansatz when seeking for a good reduced order model on a
certain finite time interval but, so far, no theory on error bounds has been
established. Therefore, we proved an Hs error bound in this work. We pro-
vided two different representations for the bound. One is appropriate for
practical computations, whereas the other one shows that the time-limited
singular values can be used as well in order to determine a suitable reduced
order dimension. This paper also contains numerical experiments in which
we presented the performance of the error bound.
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