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Abstract

Parametric X-ray radiation (PXR) from relativistic electrons moving in a crystal along the crystal-vacuum interface is
considered. In this geometry the emission of photons is happening in the regime of extremely asymmetric diffraction
(EAD). In the EAD case the whole crystal length contributes to the formation of X-ray radiation opposed to Laue and
Bragg geometries, where the emission intensity is defined by the X-ray absorption length. We demonstrate that this
phenomenon should be described within the dynamical theory of diffraction and predict a radical increase of the PXR
intensity. In particular, under realistic electron-beam parameters, an increase of two orders of magnitude in PXR-EAD
intensity can be obtained in comparison with conventional experimental geometries of PXR. In addition we discuss in
details the experimental feasibility of the detection of PXR-EAD.

Keywords: parametric X-ray radiation, dynamical diffraction, extremely asymmetric diffraction
PACS: 41.50+h, 41.60-m

1. Introduction

Parametric X-ray radiation (PXR) occurs when a charg-
ed particle moves uniformly in a periodic medium [1, 2]
and possesses unique features such as high brightness, nar-
row spectral width and the possibility of tuning the X-ray
frequency simply by rotating a crystal target. Moreover,
PXR is emitted under a large angle with respect to the
particle velocity and its brilliance is competitive with other
X-ray sources, as already demonstrated experimentally [3].
Consequently, all these properties make it a suitable can-
didate for the development of novel-laboratory-compact
X-ray sources with high brightness and tunable, quasi-
monochromatic frequency.

There has been a lot of experimental research in this
field [1, 4–16] and at present an effort is made toward in-
creasing the intensity of the PXR source. For example,
the choice of the materials of the target was analyzed in
Ref. [17]. In Ref. [18] it was demonstrated that under con-
dition of anomalous absorption (the Borrmann effect) the
PXR intensity is slightly increasing.

At the same time, in the majority of conventional ex-
periments with PXR an electron beam is incident on a
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crystal under a large angle to its surface, i.e., transition
geometry. In this situation according to kinematic model
of diffraction [2] the PXR intensity is proportional to the
smallest of either crystal L or X-ray absorption Labs lengths.
In the X-ray frequency range Labs ∼ 10−2 cm and there-
fore in most cases Labs � L. For this reason, only a small
part of the electron trajectory contributes to the formation
of PXR.

As was mentioned above, PXR is emitted under a large
angle with respect to the electron velocity, which makes
it feasible to change the geometry of an experiment in a
way such that the entire crystal length will contribute to
the formation of PXR. Accordingly, this will lead to the
increase of the total number of quanta in the PXR peak.

In the first experiment of the detection of PXR [19]
the grazing geometry was used, when an electron beam
was moving in a short crystal in a thin layer parallel to
the crystal-vacuum interface and the emission occurred
under a large angle with respect to the crystal surface.
The first theoretical estimations were performed within
the framework of the dynamical theory of diffraction under
the condition of extremely asymmetric diffraction (EAD)
[20] and it was demonstrated that the whole crystal length
may contribute to the formation of PXR, despite the con-
dition Labs < L. Later, an analogous PXR geometry was
discussed in Ref. [21, 22] and the increase of the PXR in-
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Figure 1: (Color online) Left pane: Grazing geometry of PXR-EAD. An electron beam propagates with velocity ~v0 along the 〈110〉 axis in a
crystal parallel to the crystal-vacuum interface in a layer, whose thickness is smaller than Labs. The emitted radiation exits from a crystal
in the direction ~k′ = ω~v0/v20 + ~g and is not absorbed. Right pane: Conventional transition geometry of PXR. An electron beam is incident
on a crystal surface under a large angle. The propagation length of the emitted X-ray radiation is larger than the absorption length Labs.
Consequently, only a small part of the electron trajectory Labs cos 2θB contributes to the formation of the X-ray radiation, which leads to the
decrease of the PXR intensity.

tensity was observed [23].
However, in [20, 21, 23] the detailed analysis of the op-

timal conditions under which the PXR-intensity increase
takes place has not been performed. In this work we fill
this gap and provide a comprehensive theoretical analysis
and show the experimental feasibility of the observation of
PXR-EAD. Moreover, as will be shown below, we predict
the PXR-EAD intensity being two orders of magnitude
larger than the one observed by conventional transition
geometries. Quantitative estimations will be provided for
the parameters of the electron beam of Mainz Microtron
MAMI, where one of the most detailed analysis of the PXR
spectrum was performed [5].

2. Qualitative consideration

In order to discuss the qualitative characteristics of
PXR-EAD we assume that a monocrystal plate of a thick-
ness d and a length L is used as a target. In addition we
consider that two realistic conditions L� d and Labs < d
are also fulfilled. In Fig. 1 the electron trajectories and
tracks of emitted photons are plotted for two possible ge-
ometries of an experiment, namely the transition geometry
(Laue case Fig. 1 Right pane) and the grazing geometry
of PXR-EAD (Fig. 1 Left pane).

As was demonstrated in many works [1, 24] the forma-
tion of PXR is caused by the vanishing coherence length
[25], as it takes place in the case of Cherenkov radiation.
This means that all photons emitted along the electron tra-
jectory have equal phase and are coherent. However, only
photons, which are not absorbed in a crystal contribute to
the detectable PXR peak. As follows from Fig. 1 in the

case of transition geometry the photons are emitted only
on the part of an electron trajectory, which has the length
Labs cos 2θB. Here θB is the angle between the electron
velocity ~v and the crystallographic planes, due to which
the PXR peak is formed. This PXR peak is located un-
der the angle 2θB with respect to ~v [1]. As a result, the
total number of quanta emitted in the case of transition
geometry can be estimated as

NPXR = QPXRLabs cos 2θB, (1)

where QPXR defines the number of photons emitted from
the unit length of the electron trajectory. Its value can
be estimated within the kinematic theory of diffraction
[2]. For our qualitative analysis it is sufficient to know
that QPXR is independent of the crystal length under the
condition Labs < d.

Returning to the grazing geometry of PXR-EAD we ob-
serve that the absorption does not occur (Fig. 1). Let an
electron beam with a transverse size ∆a, an angular spread
∆θe and a natural emittance (not normalized) ε = ∆a∆θe
propagates in a crystal parallel to the crystal-vacuum in-
terface. We denote as ~N the normal to the crystal surface.
We also assume that the central part of the beam has a
coordinate z0 = −a0, a0 < Labs and its velocity ~v0 is
perpendicular to ~N , viz. ~N · ~v0 = 0. Finally, we con-
sider that the PXR-EAD photons are emitted along ~N .
This geometry coincides with the experimental conditions
of Ref. [19]. In this situation, all photons emitted from the
whole electron trajectory L are not absorbed, contribute
to the formation of PXR-EAD and as will be shown be-
low the Cherenkov condition is fulfilled. Consequently, we
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Figure 2: (Color online) The grazing geometry of PXR-EAD. An
electron beam has an angular spread ∆θe and a transversal width
∆a. Its central part has coordinate z0 = −a0. ∆θs and ~N denote
the electron scattering angle and the normal to the crystal surface
respectively. 2θB is the angle under which radiation is emitted.

can write analogously to Eq. (1) for the total number of
emitted quanta of PXR-EAD

NPXR−EAD = QPXR−EADL. (2)

The exact value QPXR−EAD will be determined below.
Here we only notice that its magnitude is comparable with
QPXR, i.e., QPXR ≈ QPXR−EAD. Consequently, we can
define a parameter ξ, which characterizes the increase of
the intensity of PXR-EAD with respect to the intensity of
PXR in the ideal case ∆a = ∆θe = 0

ξ =
NPXR−EAD

NPXR
≈ L

Labs cos 2θB
. (3)

However, the experimentally available electron beams
impose constraints on the upper value of the parameter
ξ. Indeed, in order the condition a0 < Labs to be fulfilled
the transverse width and the angular spread should satisfy
inequalities (see Fig. 2)

∆a < Labs,

L ≤ ∆a

∆θe
≤ L2

abs

ε
,

(4)

which limit the actual value of the parameter ξ

ξ ≤ Labs

ε cos 2θB
. (5)

Let us investigate the maximal value of the parameter ξ
from the inequality (5) within the experimental conditions
of Ref. [5]. For PXR from the crystalline planes (220) of
a silicone crystal the following values of parameters were
employed [5]

θB = 22.5◦, ~ω = 8.3 keV,

Labs = 9.0× 10−3 cm, ε = 10−6 cm× rad.
(6)

The estimation of the maximal value of the parameter
ξ Eq. (5) with the help of Eq. (6) yields

ξmax = 1.3× 104. (7)

However, in this case the crystal length L = 81 cm
and, consequently, for the more realistic experimentally
available crystals of the length L ∼ 1 cm, the actual value
of the parameter ξ via Eq. (3) is given as ξ ∼ 102.

Another restriction on the parameter ξ follows from the
multiple scattering of particles, which also withdraws elec-
trons from the layer of the thickness Labs (see Fig. 2). In
this case we can estimate the mean square of the scattering
angle according to Ref. [24]

θ2s =

(
Ek
E

)2
L

LR
, (8)

where E is the energy of the electron measured in MeV,
Ek ≈ 21 MeV and LR is the radiation length. (see also
Ref. [26])

Consequently, the following inequalities should be sat-
isfied (see Fig. 2)

Lθs < Labs ⇒ L <

(
E

Ek

)2/3

(L2
absLR)1/3 ⇒

ξ <

(
E

Ek

)2/3(
LR

Labs

)1/3

. (9)

For silicon the radiation length [24] LR ≈ 9.6 cm. The
typical energy of the electron beam on MAMI facility [5, 9]
E = 900 MeV. For this reason, for the realistic crystal
length L = 1 cm the multiple electron scattering does not
prevent the parameter ξ to reach ξ ≈ 102.

Concluding, our qualitative considerations indicate that
the optimization of the geometry of an experiment, namely
the change from the transition to the grazing geometry,
will provide the two orders of magnitude increase of the
peak PXR intensity on the currently available experimen-
tal facilities.

3. Spectral–angular distribution and integral in-
tensity of PXR-EAD

In the previous section we have introduced two quanti-
ties QPXR and QPXR−EAD, which characterize the number
of quanta emitted from the unit length of the particle tra-
jectory. In this section we will employ the dynamical the-
ory of diffraction and will determine the exact expression
for QPXR−EAD, which will validate the qualitative estima-
tions given above.

Our derivation will be based on the approach developed
in Refs. [1, 25, 27, 28], when the solutions of the homoge-
neous Maxwell equation are used to calculate the number
of emitted photons. It should be noted that the applica-
tion of the solution of the homogeneous Maxwell equations
instead of the solution of the inhomogeneous ones, as for
example in [29], significantly simplifies the analysis of the
radiation problems and enables one to take into account
multiple electron scattering [1]. The number of photons
with polarization s = 1, 2 that are emitted within a spec-
tral interval [ω, ω + dω] and a solid angle dΩ along a unit
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vector ~n by an electron of a charge e0, which moves along
a trajectory ~r(t) with a velocity ~v(t) = d~r(t)/dt is equal to

∂2N~n,ωs
∂ω∂Ω

=
e20ω

4π2~c3

∣∣∣∣∫ ~E
(−)∗
~k′s

(~r(t), ω)~v(t)eiωtdt

∣∣∣∣2 . (10)

Here ~E
(−)
~k′s

(~r, ω) is an electric field strength of an electro-
magnetic wave with a polarization ~es corresponding to the
solution of the homogeneous Maxwell equations. The in-
tegration in Eq. (10) is carried out over the whole particle
trajectory.

The electric field in Eq. (10) satisfies an asymptotic
boundary condition when r → ∞ corresponding to the
superposition of a plane wave and an ingoing spherical
wave

~E
(−)
~k′s

(~r, ω) ≈ ~esei~k
′·~r + const · e

−ik′r

r
, (11)

which is different from the conventional relation for the
solution ~E

(+)
~k′s

of the Maxwell equations, which contains

as r → ∞ an outgoing spherical wave. The field ~E
(−)
~k′s

is

related to the field ~E
(+)
~k′s

with the following relation

~E
(−)∗
~k′s

= ~E
(+)
~ks

, ~k = −~k′ (12)

that is an analog of the well known ‘reciprocity theorem’
in classical optics [30]. For this reason, instead of Eq. (10)
we will employ the modified expression

∂2N~n,ωs
∂ω∂Ω

=
e20ω

4π2~c3

∣∣∣∣∫ ~E
(+)
~ks

(~r(t), ω)~v(t)eiωtdt

∣∣∣∣2 , (13)

which contains the field amplitude ~E(+)
~ks

.
Consequently, in order to calculate the number of emit-

ted quanta with Eq. (13) we firstly need to determine the
solution of the homogeneous Maxwell equations ~E(+)

~ks
. For

this we will employ the dynamical theory of diffraction.
As was mentioned above, for the observation of PXR-EAD
the crystal thickness should be larger that the absorption
length. Under this realistic assumption we can employ
the two wave approximation of the dynamical diffraction
theory [31, 32]. Within this framework two strong diffrac-
tion waves are excited. Let us separate out the scalar
field amplitudes for incident ~E(+)

~ks
= ~esE~ks and diffracted

~E
(+)
~kgs

= ~e1sE~kgs waves. These amplitudes satisfy a set of
algebraic equations [1]:(

k2

k20
− 1− χ0

)
E~ks − csχ−~gE~kgs = 0,(

k2g
k20
− 1− χ0

)
E~kgs − csχ~gE~ks = 0,

(14)

where k0 = ω/c, ~kg = ~k + ~g, ~g is the reciprocal lattice
vector, χ0 and χ~g are the Fourier components of the crystal

susceptibility χ(~r):

χ(~r) =
∑
~g

χ~ge
i~g·~r, (15)

cs = 1 for σ (s = 1) and cs = cos 2θB for π (s = 2) polar-
izations of the incident and diffracted waves respectively.
In the following we denote the real and imaginary parts
of the dielectric susceptibilities with a single and double
prime respectively χ~g = χ′~g + iχ′′~g . Moreover, it is well
known [31, 32] that waves of different polarizations prop-
agate independently with an accuracy up to |χ0|2.

The system of Eqs. (14) is a system of linear uniform
equations. Consequently, in order this system to be solv-
able its determinant should vanish. This provides us with
a dispersion equation and allows us to determine the pos-
sible wave vectors in a crystal. In addition, we can find
the relation between scalar amplitudes of incident E~ks and
diffracted E~kgs waves respectively(

k2

k20
− 1− χ0

)(
k2g
k20
− 1− χ0

)
− c2sχ~gχ−~g = 0, (16)

E~kgs = V~ksE~ks, V~ks =
(k

2

k20
− 1− χ0)

csχ−~g
. (17)

In Fig. 3 we show the propagation directions of electro-
magnetic fields in vacuum and in crystal for our grazing
geometry. This type of geometry corresponds to the EAD
case (grazing exit) [31, 32]. However, in vacuum one should
take into account not only an incident wave ~E(0)

~ks
, but also

a diffracted wave ~E(sp)
~kgs

, which is specular reflected

~E
(0)
~ks

= ~ese
i~k·~r,

~E
(sp)
~kgs

= ~e1sE
(sp)
~kgs

ei(
~k‖+~g‖)·~reik

′
gzz, (18)

k′gz =

√
k20 − (~k‖ + ~g‖)2.

For a given polarization of an electromagnetic field in a
crystal there exist four solutions of the dispersion Eq. (16).
However, two out of four these solutions are unphysical,
as the corresponding values of k lead to the exponentially
growing solutions for electromagnetic waves inside a crys-
tal. Consequently, we need to take into account only two
electromagnetic waves inside the crystal with a positive
imaginary part of kz, which defines the z component of the
wave vector ~k in a medium [31, 32]. In addition, due to the
boundary conditions on the crystal-vacuum interface the
in-plane components ~k‖ in vacuum and in the crystal are
equal. For this reason the correction to the wave vector is
defined through the change of the projection of the wave
vector on the normal ~N to the surface [1]

~ksµ = ~k − k0εsµ ~N, µ = 1, 2. (19)

Here ~k = k0~n and ~n is a unit vector in the direction of
an incident wave in vacuum. In the considered geometry
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Figure 3: Left pane: The grazing geometry of PXR-EAD in the ideal case, when the Wulff–Bragg’s condition for the emitted photons is
fulfilled and propagation directions of incident, diffracted and diffracted-reflected waves. The angle θ0 is the angle between ~v0 and the x-axis
and in the ideal case θ0 = 0. Right pane: Non ideal case. The deviation from the Wulff–Bragg’s condition and the variation of the velocity of
the center of the beam are described by the vectors ~θ and ~θe respectively. In this pane the diffracted and diffracted-reflected waves are not
shown. In both panes the incident wave ~E(+)

~ks
describes the emitted PXR field in accordance with reciprocity theorem Eq. (12).

the value ν0 = (~k · ~N)/k0 ≈ −1. At the same time, the
wave vector of the diffracted wave ~kg = ~k + ~g is directed
parallel to the crystal surface and, consequently, |νg| =

|(~kg · ~N)/k0| � 1.
As a result, εsµ in Eq. (19) are defined as two solutions

of the following cubic equation

− 2ν0ε
3 + (4ν0νg − χ0)ε2 + 2ν0(χ0 − αB)ε+ χ2

0

− χ0αB − c2sχ~gχ−~g = 0, (20)

where we disregarded the part from the specular wave,
since its amplitude is small in the considered grazing ge-
ometry [31, 32]. The quantity αB in Eq. (20) defines the
deviation from the Wulff–Bragg’s condition

αB =
k2 − k2g
k20

= −2~k · ~g + g2

k20
.

We note here that the vector ~kB in Fig. 3 corresponds
to the condition αB = 0. In addition, we highlight here
that in accordance with the above mentioned reciprocity
theorem Eq. (12) the incident wave with the wave vector
~k describes the PXR wave, which is emitted in the obser-
vation direction ~k′ = −~k.

In the general case the solutions of the cubic Eq. (20)
are given by cumbersome analytical expressions. However,
simple analytical approximate solutions can be found if
one considers the following fact [33]. It is well known that
the angular spread in the PXR peak is defined via the
parameter γ−1 = mc2/E ∼

√
|χ0|. Consequently, the

conditions |ν0| ≈ 1 and |νg| ≈
√
|χ0| � |χ0| are satisfied.

Within this approximation the desired roots are

ε1s = − χ0

2ν0
+

c2sχ~gχ−~g
2ν0(αB + χ0)

, (21)

ε2s = νg +
√
ν2g + αB + χ0, (22)

|ε2s| ∼
√
|χ0| � |ε1s| ∼ |χ0|,

ε′′2s ∼
χ′′0√
|χ0|

� ε′′1s ∼ χ′′0 . (23)

Hence, the desired solutions of the Maxwell equations
in the interval 0 < x < L in crystal (z < 0) and in vacuum
(z > 0) are represented as the following superposition

~E
(+)
~ks

= ~ese
i~k·~r + ~e1sE

(sp)
s ei(

~k‖+~g‖)·~reik
′
gzz, z < 0, (24)

~E
(+)
~ks

= ei
~k·~r

∑
µ=1,2

e−ik0zεµs(~esEµs + ~e1sEgµse
i~g·~r), z > 0.

(25)

In order to determine the amplitudes of these waves
one shall impose the continuity of the field on the crys-
tal surface, which in the EAD case yields the system of
equations [31, 32]

E1s + E2s = 1,

E(sp)
s = Eg1s + Eg2s,

ν′gE
(sp)
s = (νg − ε1s)Eg1s + (νg − ε2s)Eg2s,

(26)

where ν′g = (~k′g · ~N)/k0.
Finally, the solutions of Eqs. (26) are easily obtained
E1s =

(2ε2s + ν0)(ν′g − νg + ε2s)

(ε2s − ε1s)[2ν0(ν′g − νg + ε2s + ε1s) + χ0]
,

E2s = 1− E1s,

Egµs = −2ν0εµs + χ0

csχ−g
Eµs.

(27)
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Proceeding with the calculation of the number of emit-
ted quanta Eq. (13) we notice that according to its defini-
tion the PXR radiation corresponds to the uniform motion
of a particle, i.e.,

~r(t) = ~r0 + ~vt, ~r0 = (0, 0, z0). (28)

Here ~r0 is an electron coordinate in the crystal (x, z) plane.
Moreover, without the loss of generality we can consider
r0y = 0.

When an electron velocity ~v is directed perpendicular
to the normal of the surface ~N (~v⊥ ~N) the radiation is
formed by the field of the diffracted wave, which propa-
gates along the electron velocity ~v (~v‖(~k + ~g)). For this
wave the Cherenkov condition ~v ·~kg = ω/c can be fulfilled
[25]. In the case when z0 > 0, i.e. the particle travels
above the crystal surface, the radiation is caused by the
field E(sp)

s . Accordingly, this contribution is exponentially
suppressed ∼ exp(−γ−1k0|z0|), γ = E/(mc2), as in the
case of Cherenkov radiation [34]. Consequently, in the X-
ray frequency range the stringent requirements need to be
imposed on the transverse size of the electron beam.

In the case when z0 < 0 the emitted radiation is formed
by the diffracted waves Eg1,2s ∼ exp (−ε′′1,2sk0|z0|) in a
crystal. However, the estimation (23) for the dielectric
susceptibility ε′′2s leads to Eg2s ∼ exp (−k0|z0|χ′′0/

√
|χ0|),

which is also exponentially suppressed for realistic transver-
sal beam sizes.

As a result, we can perform integration over an elec-
tron trajectory in Eq. (13) with Eg1s only and find the
following expression for the spectral-angular distribution
of the PXR-EAD intensity

∂2N~n,ωs
∂ω∂Ω

=
e20ω

4π2~c5
(~e1s · ~v)2|Eg1sLg(1− e−iL/Lg )|2

× e−2ε′′1sk0|z0|, (29)

where

Lg =
c

ω − ~v · (~k + ~g) + ~v · ~Nk0ε1s
≡ 1

k0q
,

q = 1− ~v · (~k + ~g)

ω
+
~v · ~Nε1s

c
.

Here the quantity Lg is the so called coherent length [35]
of the considered radiation, k0q is the longitudinal compo-
nent of the wave vector, which defines the recoil exhibited
by the electron in the emission process [25].

The approximation (23) also significantly simplifies the
expression for the field amplitude Eg1s in the expression
(29)

Eg1s =
csχg

αB + χ0
. (30)

For our grazing geometry θB = π/4, cσ = 1, cπ =
cos 2θB ≈ 0. Consequently, the emitted radiation will be
polarized in the plane perpendicular to the one defined by
the vectors ~N and ~g.

In the X-ray frequency range k0L� 1 and the analyt-
ical analysis of the number of emitted quanta Eq. (29) can
be performed with the help of the following asymptotic
relation [2]

|Lg(1− e−iL/Lg )|2 ≈ π

k20
δ[Re q]

1− e−2k0L| Im q|

| Im q| , (31)

which is valid when | Im q| � |Re q|. Here δ(x) is a delta
function.

As follows from Fig. 1 the spread of an electron velocity
in the (z, y) plane is small and the wave vector ~k = k0~n

is directed along ~ez = − ~N with a small angular spread in
the plane (x, y) (see Fig. 3). Then with the accuracy up
to O(|~θ|3 ' γ−3) one can write

~n = ~ez cos |~θ|+ ~θ, ~v = v0(~ex cos |~θe|+ ~θe), (32)

where ~θ = (θx, θy) and ~θe = (θez, θey). With the help of
these notations we find for the parameter Re q

Re q ≈ 1− ~v · ~g
ω
− v0

c
(θx + θez + ~θ · ~θe)− θezε′1s. (33)

The Cherenkov condition Re q = 0 defines the fre-
quency ωB of the emitted radiation in the PXR-EAD peak.
With the accuracy γ−2, ωB is equal to

ωB =
~v · ~g

1− (θx + θez + ~θ · ~θe)
≈ gv0√

2
(1 + θx). (34)

We pay attention here that with the considered accu-
racy the deviation of the electron velocity from the x-axis
does not change the frequency of the emitted radiation. At
the same time the deviation from the Wulff-Brag’s condi-
tion defines the magnitude of the field Eg1s. With the
above accuracy one finds for αB and Im q

αB = −2
[
1− v0

c
cos |~θ| cos |~θe| − θyθey − θxθez

]
≈ −[γ−2 + (θy − θey)2 + (θx − θez)2], (35)

Im q ≈ 1

2
θezχ

′′
0

[
1− |χg|2

(αB + χ′0)2

]
≈ 1

2
θezχ

′′
0 . (36)

In Eq. (36) we disregarded the second term in square
brackets as the numerator in that fraction is approximately
one order of magnitude smaller than the denominator [36].

Finally by plugging Eqs. (36), (35) and (33) into Eq. (29)
and integrating out the frequency one finds a relatively
simple angular distribution

∂2Nσ
∂θx∂θy

=
e20

4π~c
(θy − θey)2|χg|2

[γ−2 + (θy − θey)2 + (θx − θez)2 − χ′0]2
×

× (1− e−Lk0χ′′
0 |θez|)

χ′′0 |θez|
e−χ

′′
0 k0|z0| (37)

and all characteristics of the medium are evaluated for
ω = ωB.
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In order to determine the total number of emitted X-
ray photons we will perform an angular integration in
Eq. (37) weighted with the Gaussian probability distribu-
tions of θey,z and z0 due to the beam spread and multiple
electron scattering. In addition, we perform a simple ap-
proximate analytical estimation.

For the numerical evaluation we consider that the an-
gle θez is counted from the angle θ0 and introduce polar
coordinates θx−θ0 = ρ cosϕ, θy = ρ sinϕ. The integration
is then performed in the range ρ = [0, θD] and ϕ = [0, 2π],
with θD being the aperture of a detector. The result of this
integration is then convoluted with the normalized Gaus-
sian distribution exp[−(θ2ez+θ2ey)/(θ2s +∆θ2e )]×exp[(|z0|−
a0)2/∆a2]. We also note that the integration with respect
to |z0| is performed in the range [0,∞).

For the analytical approximation we assume that the
electron beam satisfies the conditions (4) and (9), which
were fulfilled during the experiment of Ref. [5]. Moreover,
we consider that the beam entrance angle is located near
θ0 and θez ∼ θ0. During an experiment the angle θ0 can
vary within the angle of total external reflection of the
X-ray radiation with frequency ωB, θ0 ≤

√
|χ0(ωB)| [27].

The multiple electron scattering will be taken into account
in analogy with the kinematic model of diffraction by sub-
stituting 〈θ2e 〉 → θ2s , Eq. (6).

Consequently, within this approximation, for the total
number of photons emitted by a single electron and regis-
tered by a detector with the aperture θD one finds

Nσ(θ0) =
e20

4~c
|χg|2

[
ln(D2 + 1)− D2

D2 + 1

]
× (1− e−Lk0χ′′

0 θ0)

χ′′0θ0
, (38)

where

D =
θD√

γ−2 + θ2s + |χ′0|
.

Eq. (38) can be rewritten as

Nσ(θ0) = QPXR-EADξ, (39)

ξ =
(1− e−Lk0χ′′

0 θ0)

θ0
. (40)

As the last step we need to compare QPXR−EAD with
an expression for QPXR. For this Eq. (1) of Ref. [5] for
the differential number of quanta ∂2NPXR/(∂θx∂θy) emit-
ted in the angular range θx, θy can be employed. Con-
sequently, we fix the same reflection (400) and the same
frequency of the emitted radiation ωB, θB = π/4 as in
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our Eq. (38). We also consider symmetrical transition ge-
ometry, when the planes (100) are perpendicular to the
crystal surface on which an electron beam is incident. In
this situation (~k′ · ~N)/k0 = (~v0 · ~N)/v0 = cosπ/4 =

√
2/2.

Moreover, we consider L � Labs. Then the total number
of photons in the PXR peak is defined through the angular
integration over θx and θy within the angular aperture of
a detector θD. By performing this angular integration in
Eq. (1) of Ref. [5] one can obtain the expression for the
total number of quanta, which coincides with the value
QPXR−EAD introduced in Eq. (39). Consequently, the ra-
tio Nσ(θ0)/NPXR is given with the parameter ξ of Eq. (40).

Finally, we will employ the parameters taken from the
X-ray database [36] for both numerical and analytical eval-
uation of the PXR radiation generated in a Si crystal by
the reflection (400)

~ωB = 6.45 keV, k0 = 3.29× 108 cm−1,

E = 900 MeV, θ2s = 5.7× 10−5,

χ′0 = −0.24× 10−4, χ′′0 = 0.83× 10−6,

χ′g = 0.12× 10−4, χ′′g = 0.71× 10−6,

θD = 10−2, L = 1 cm,

Labs = 3.7× 10−3 cm, a0 = Labs/2.

(41)

Lastly, we assume that two different electron beams
with similar emmitances, but different transversal sizes
and angular spreads are employed in the experiment, viz.
ε = 5×10−6 cm×rad, with ∆θe = 10−2 rad, ∆a = 5×10−4

cm and ε = 3× 10−6 cm× rad, with ∆θe = 3× 10−3 rad,
∆a = 10−3 cm.

During an actual experiment we suggest to measure the
intensity of PXR radiation as a function of the beam inci-
dent angle θ0, which varies from θ0 = 0 (grazing geometry)
to θ0 = 0.3 (transition geometry). Consequently, we pre-
dict the exponential increase of the PXR-EAD intensity
when θ0 → 0.

In Fig. 4 the comparison of the numerical evaluation
and an analytical approximation Eq. (38) is presented for
the case when the crystal length L� Labs = (k0χ

′′
0)−1. As

follows from Fig. 4 the number of photons of PXR-EAD
significantly increases when the angle θ0 < [Lk0χ

′′
0 ]−1 =

Labs/L.
The parameter ξ = NPXR−EAD/NPXR is proportional

to the ratio L/Labs. Consequently, the increase of the radi-
ation can be larger for lower photon frequencies, for which
Labs decreases. For example, in the considered geometry
the reflection (220) corresponds to ~ωB = 4.51 keV and
Labs = 1.4× 10−3 cm.

In Fig. 5 we plot the dependence of the number of
emitted quanta on the crystal length L, when the electron
energy is fixed at E = 900 MeV. When the crystal length
increases to Lopt ≈ 2 cm the PXR intensity reaches its
maximum, while for crystal lengths L > Lopt the multiple
electron scattering decreases the intensity in two ways. On
the one hand, the multiple electron scattering decreases D
in Eq. (38), which takes place also for the conventional

transition geometry of PXR. On the other hand, it with-
draws the electrons whose angle θe ∼ θs > |Lk0χ′′0 |−1 from
the layer Labs and consequently the parameter ξ in Eq. (39)
reduces. According to Eq. (8) the angle θs ∼ 1/E. There-
fore, the optimal crystal length grows with the increasing
electron energy as Lopt ∼ 1/θs ∼ E, which additionally
can increase the PXR-EAD intensity.

4. Conclusions

In the present work we investigated the influence of the
geometry of an experiment on the PXR intensity. When
the geometry of an experiment is changed from the transi-
tion to the grazing one, a significant increase of the PXR
intensity takes place. The physical reason for this is that
the electron beam propagates in a crystal in a layer par-
allel to the crystal-vacuum interface and the thickness of
this layer is smaller than the absorption length of the X-
ray radiation. Consequently, the emitted photons are not
absorbed and the whole electron trajectory contributes to
the formation of PXR radiation. In addition, we have
demonstrated that the multiple-electron scattering does
not prevent one to reach the predicted increase of the in-
tensity.
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