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ABSTRACT ARTICLE HISTORY

The analysis of a posteriori error estimates used in reduced basis meth- Received 14 March 2017
ods leads to a model reduction scheme for linear time-invariant systems  Accepted 9 January 2018
involving the iterative approximation of the associated error systems.
The scheme can be used to improve reduced-order models (ROMs) with M .
. A R L R . odel order reduction;
initial poor approximation ql.Ja.hty at a computational cost propprtnopal successive refinement; error
to that for computing the original ROM. We also show that the iterative system; weighted model
approximation scheme is applicable to parametric systems and demon- reduction

strate its performance using illustrative examples.

KEYWORDS

1. Introduction

Model order reduction (MOR) of dynamical systems has become a central topic in the computa-
tional sciences and engineering. In particular for linear time-invariant (LTI) systems, many MOR
methodologies have been proposed in recent years. For a survey we refer to the books [1-3] and
the recent survey paper [4]. Here, we will discuss the situation that a reduced-order LTI model has
been computed by any projection-based method, and it is desirable to improve its approximation
quality. This may be due to the fact that design specifications are not met with the original
reduced-order model (ROM), or an a posteriori error analysis shows insufficient accuracy of the
approximation. The goal is to employ the already obtained information from the ROM and an a
posteriori error analysis in order to improve the approximation quality of the ROM in a
systematic manner. Compared with the reduced basis (RB) method, which updates the ROM
iteratively, the approach proposed here is more general in that any appropriate model reduction
technique can be applied in the iteration steps, and the way the ROM is improved differs from the
RB method in several aspects. We are only aware of the approach in [5,6], which yields a
procedure similar to the one we suggest in this paper, but is derived from a different perspective.
(The relations and differences of both approaches are discussed later in this paper.)

The present paper has been inspired by the RB approach to MOR of parametrized systems [7].
In particular a careful analysis of the methodology presented in [8] leads to the developments
reported later. The essence of our approach is an iterative method which at each step is
performing MOR to the error system; as a result this error is reduced at each step of the iteration
in a targeted fashion, thus yielding good reduced-order systems. Due to the different derivation of
the method as compared to [5,6], it also becomes clear quickly that an extension to linear
parametric problems is straightforward.

The paper is structured as follows. An analysis of the a posteriori error bounds in [8] leads to
Lemma 2.1 which reveals the new structure of the error system. Consequences follow in Section 2.1
and the proposed new procedure is described in Section 3. The paper concludes with numerical
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examples illustrating the performance of the method and a generalization to parametric
systems.

1.1. Some preliminaries

Consider the single-input single-output (SISO) full-order model (FOM)
d
Eax:Ax—&—Bu,y:Cx (1)

of order n (i.e. the state x(¢) is in R” at any time ¢, A,E,€ R"™", B,CT € R") with transfer
function H(s) = C(sE — A)"'B. We construct the (SISO) ROM

. d N R R
Eai:Af(jLBu,?:Cf( (2)
of order k by means of a Petrov-Galerkin projection defined by V,W € C"¥, i.e.
E=W'EV, A=W*AV, B=W'B, C=CV.

The transfer function of the ROM, thus, is H(s) = C(sE — A)'B.

Assume for the time being that E =1, and W*V =1 (as in [8]). Given the FOM and ROM
defined by Equations (1) and (2), respectively, the error and residual in time domain are defined as
follows:

e(t) = x(t) — Vx(t), (3)
r(t) = AVX(t) + Bu(t) — V%&(t), (4)
Hence, the temporal evolution of the error is described by

%e(t) = Ae(t) +r(¢). (5)

Throughout this paper, we assume that A and all reduced order matrices A (or the associated
matrix pairs (A, E), (A, E)) have all their eigenvalues in the open left half plane. This implies that
the associated linear systems are (asymptotically) stable, as well as that the constant y, in the
following proposition is finite.

Proposition 1.1 (A posteriori error estimate [8].) Let y, > sup,., || exp(At) || . Then the follow-
ing bound holds:

| x(t) = VX(t) [< y, || e(0) ] +J [ x(z) [| dr| =: Ax(t). (6)
Furthermore: || y(t) —y(¢) [|<|| C || Ax(¢).

Remark 1.1 Denoting the Laplace transforms of X, u by X, U, the residual in frequency domain is

R(s) = AVX(s) + BU(s) — sVX(s)



MATHEMATICAL AND COMPUTER MODELLING OF DYNAMICAL SYSTEMS . 105

= (A —sI)VX(s) + BU(s) = [(A — sSDV[W'®(s)V] 'W* + I|BU(s)
= [I- ®(s)V(W'®(s)V) 'W*|BU(s),

where ®@(s) = sI — A. This expression (with U(s) = 1) will appear prominently in
the sequel.

1.2. Improved error estimation using the dual system

Following [8], we define the dual system on the interval [0, T], with fixed final time T. The dual
state will be denoted by x%:

d
Exd“(t) = Ad“xd“(t) where A% = —A*,xd“(T) =C". 7)

Given the dual projection defined by V&, W ¢ C"*, satisfying W3 "V = 1, the associated

ROM is
d A~ ~ * *
a;zd“(t) = AY3%(f) where A% = — V&AW 33 (T) = v&iCr, (8)

In this framework, the projection defined by V, W in Section 1.1 is sometimes referred to as the
primal projection. The resulting error and residual of the dual FOM and ROM are:

e () = x¥(t) — wax®and )
1,du(t) _ Aduwduidu(t) . Wdu%f(du(t) _ (Aduwdu _ WduAdu)f(du(t). (10)

Thus, the dual error satisfies the differential equation:

%edu(t) = A%ed (1) + r(t), where e®(T) = (I — WhV®")C, (11)

Proposition 1.2 (Dual a posteriori error estimate [8].) Let yit > sup;cjo.7 |l exp(—A%Y) | .
Then the following bound holds:
T

t

I x® () — WK (8) [|< p [I e™(T) | +J e () |l dT] = AP(D). (12)

The next result provides an exact expression for the output error y — y, where the two outputs are
defined by Equations (1) and (2), respectively. This expression involves both the primal and the
dual reduced systems. In the sequel, the inner product of the complex vectors X, y is denoted

by (x,y) =x'y.
Lemma 1.1 (Output error equality [8].) The reduced output error at time T satisfies

V(T)=Y(T) =T+ T, —T3+ 7Ty, with

T, = (e%(T),e(T)), where e(T) = (I — WV C* and
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T,= <Wd”Xdu(0),e(0)>, Where X% (t) = A=) Xdu(T) and
N——
Vdu*c*
e(0) = (I — VW")x(0),
T ~
T;= J (rd (1), e(t))dt, where  rd(t) = (AMW — WA (Hand
0

Ty= JT<Wd“f(du(t), r(t))dt, Where r(t) = (AV — VA)X(t) + (I — VW")Bu(t).

At this point (following [8]), the primal and dual systems are combined to define an improved
reduced system output at time T, namely:

V(1) =y(T)+ T2+ 7T, (13)

Our goal in the sequel is to analyse this expression so as to obtain an explicit reduced-order
system and hence an explicit error system for this improved reduced system output.

2. Analysis of the improved reduced system

In order to determine the linear system behind Equation (13), we start with some consequences of
the above definitions:

T
¥(T) = CveV AVTW*x(0) + J CveV AVIIOW*Bu(T — 1)dr,
0

T, = (Wh53(0), e(0)) = CVeW") AV T (widu)* ([ — yW*)x(0).
In order to investigate the term 74, we note that
Wduf(du(t) — Wdue—[\du (T—t) }A(du(T) _ Wdue(Vd”)*A*Wd“ (T—t) (Vdu)*c*

Therefore, with r(t) = (AV — VA)x(t) + (I — VW*)Bu(t), we get

T . X
T4 _ J [Wdue(vdu) AW (T—f) (Vdu)*c*:| [(AV - VA))E(t) + (I _ VW*)Bu(t)] dt
0

T ; A
- J CVa W™V AVE (=0 (Wduy* [(AV — VA)R(t) + (1 — VW*)Bu(r)] dt
0
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T
= J CVaueW") AVET=0 (Wdty* (1 — VW*)Bu(t)dt

0

T
+ J VW) AVE(T—1) (Wwduy < Ay — VA)x(£)dt.

0

Thus, T, + T4 represents the analytical solution to the system:

d . . x . .
Ze(t) = Ak (t) + Wr(t), (1) = Coxa(t)
with initial condition %, (0) = (W®)*(I — VW*)x(0). Here, A, = (W3)*AVY® B, = (WI)* C, =
CV4. Hence putting the equations together yields the following augmented reduced system, where the

reduced state of the primal system X is redefined as X;:

4%,(t) = Ak (t) + Byu(t),
4%:(t) = A%y (1) + Bo[(AV — VA )% (£) + TIBu(t)], ¥,(t) = Coxa(t),
where
AL =W*AV, B, =W*B, C; =CV, Il =1 — VW*.
Hence,

d * d * *
%+ wiu Vo xi(t) = Aska + WS AVE, (1) + W Bu(t).

Rewriting these equations with £ = [21} yields

2

d . WAV 0 - W*B . .
:| E = |:Wdu*AV Wdu*Avdu } £+ |:Wdu*B:| wy= [CV? CVdu]é-

I 0
wa'y 1

Thus defining
Vi=V, V,=V¥ W, =W, W, = W

and re-inserting E#1, we get the following result.

Lemma 2.1 The system with output y as defined in (13) has the following generalized state form:

d, & A X
B~ &= A +Bay = G, £(0) =W {H)E(()())) ]

where T =1 — EV(W'EV) "W, V = [Vo v } W = m w } and
2 2

A o}vg,Bgzwg[B],cgz[c,c]vg.

«|E 0 WL
Be = We {E E}Vﬁ’Af_Wf {A A B

From the above lemma, it follows for the error of the transfer function H associated to the

improved reduced system with output y:
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@y (s) B,

I —— —~ =
o WiGE— AV, 0 WB
H(s) —H(s) = H(s) =[OV, Vo] |y ((E — A)V, WI(E—A)V, | | WB
C (&) N——
@y (s) Dy, (s) B,

= C® '(s)B — C,®@;] (s)B; — C@,; (5)B; + C, @, (5)®@2, (s) @, (5)By.
Here, ®(s) = sE — A.
Corollary 2.1 The transfer function of the error system is
Herr(s) = H(s) — H(s) = C[®(s) " — Vo @y (s) ' W3]D(s)[®(s) " — V @y, (s) ' W!]B (14)

Time domain representation of the error system

With the augmented system E, = {E g], A, = {A 0} B, = [B], C. =[C, C], the
augmented state x,(t) = [xl(t)] satisfies

Xz(t)
E. %xa(t) = Aux,(t) + Bau(t),y(f) = Coxa(t) = y(s) = H(s)u(s),

in other words the augmented system is a non-minimal realization of the original system
(E,A,B,C). Consider the augmented error system:

B frea(t) = Asea(t) + 10,7 (1) = ), 13

where r,(t) is the associated augmented residual defined by

12(t) = A VeWixo(t) + Bau(t) — E,VW %xu(t). (16)

Corollary 2.2 Equations (15) and (16) describe the associated error in generalized state space form.
That is, there holds: y,, .(s) = Her (s)u(s), where He(s) is defined by (14).

2.1. Some comments and consequences

(a) The interpretation of the ROM obtained here can be done without reference to the dual. This
system namely has triangular structure (the first projection affects the second, but not vice-versa).
In addition, while the improved system output in Equation (13) is defined only for time T, here,
this restriction is lifted and y(¢) in Lemma 2.1 is defined for all time.

(b) The error system (Equation (14)) factors in a product of two residues, the first coming from
the original projection and the second from the second (also referred to as dual) projection.
Specifically, the transfer function He,,(s) can be rewritten as

Her(s) = C[I — V2@, (s)W5®(s)] @7 (s) [T — OV, @, (s)W}]|B (17)

=:Rdu(s) =:RP*(s)

As we have assumed SISO systems, it is straightforward to get

[Herr ()| <[[RY (5) |, IR (5)],/ 0umin (@(5)) =2 A(s),
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where RP'(s) is the frequency-domain expression of the residual r(¢) of the ROM (2), and R%(s) is
the frequency-domain expression of the residual r**(¢) of the reduced dual system (Equation (8)).

Essentially, the error bound A(s) decays quadratically as it is the product of the two residuals
|[R%(s)||, and ||RP*(s)||,. [Her(s)| is the true error, often decaying faster than quadratic, and
sometimes, it is much smaller than the product of ||[R%(s)||, and ||RP*(s)||,, see Figure 7 for an
experimental illustration, where H(?) is the error system (Equation (17)) of a parametric model.

(c) The primal and dual projections can be of different dimension k, €, respectively; the
dimension of the ROM is then k + €. Notice also that the ROM above cannot be obtained by
means of an (explicit) Petrov-Galerkin projection applied to (E,A,B,C). Instead the (block
diagonal) projection defined by V¢, W¢, must be applied to a non-minimal realization of the

original system, namely E, = [g g} A, = [i X], B, = {g} C,=[C, C].

(d) The error system (14) can be written as

ClO™(5) — V203, (W3] @(s) [0 (5) — V@7 () WiB
= Cl@ ! (s) — Va0, (W3] [ - ®(5) V1, (s)W;]B

1
H{

Thus, one suggestion for making use of the above formula is

Step 1. Choose the first (primal) projection V;, W;.

Step 2. Compute the second (dual) projection V,, W, by means of weighted reduction, where
the to-be-reduced system is C® ' (s) and the (right) weight is H(!.

(e) The output of the error system (Equation (15)) describes the time-domain output error of
the improved ROM defined in Lemma 2.1. In Section 4, we plot the time-domain output errors of
the successively constructed ROMs for a parametric system in Figure 6, where the monotonic
decay of the errors can be observed.

(f) In this framework, it readily follows that three or more stages can be considered. In the case
of three stages, we project the system

E 0 0 A0 0 B
Es=|E E 0|,A;=|A A 0|, B;=|B|,CG=[C, C, (],
E E E A A A B

by V = blkdiag [V}, V3, V3], and W = blkdiag [W;, W, W3], to obtain
E: = W:E; V¢, Ag = W5A3V§, B = W¢B;V,, Cg = W§C3V§.

Let also ®;(s) = sE; — A, and recall that C3[sE; — As] 'B; = C[sI — A] 'B, i.e. (E3, A3, B3, C3) is
a non-minimal realization of (C,E, A, B). The transfer function of the associated error system is

HG)(s) =C[®7' () — V3®5 ! (W3] B(5)[@ ' (5) — V2@, ! (s) W, @(s)[@ ' (s) — V1@ ()W ]B.

err

HSY(s)

Thus, the to-be-approximated system here is still C®~!(s), while the weighting function is HY.
Hence, we may conclude that this method leads to model reduction by successive approximation
of the ensuing error systems.
(g) Some remarks on the related literature are in order.

(1) Some of the above considerations have been used in [9], e.g. some of the discussions in the
comments (b) and (c).

(2) In [5,6], Panzer, Wolf, and Lohmann have obtained an expression similar to Equation (14)
and its generalization to more than two stages. The motivation that led to these results,



110 A. C. ANTOULAS ET AL.

however, is different from the reduced-basis motivation used here. The papers above
contain an additional result which is not used here: namely the fact is used that if V is
constructed by means of a rational Krylov method based on E, A, B, then ITAV is rank
one, and in particular it can be factored as IIAV = (IIB)(C), where C is a row vector. In
these expressions Il = I — EV(W*EV) 'W*, and W is arbitrary.

3. The new procedure: weighted reduction of successive error systems

In the following, we give a detailed description of the iterative procedure to improve a ROM using
successive approximation of the error system. We use the following notation throughout:

q)i(S) :SW?EV,‘—WTAV,‘, i= 1,...,q.

(A) Data: given is the system (C,E,A,B) of McMillan degree n, with transfer function
H(s) = C®!(s)B, where ®(s) = sE — A.
(B) 1st step: find V;,W; € R™ ' and construct the corresponding ROM:
Hgi(s) = C,®;'(s)B;, where
Cl = (:\/17 E1 = ‘A’TE\/]7 A1 == WTAVl, B1 = WTB

It follows that the error system can be written as

H{)(s) = H(s) — H{}(s) = CO'B — C,®;'B, = CO ' (5) [T — ®(s)V,®; ' (s)W?]B.
Introducing the projection II; =1 — EV; (WTEV1)71W’{, we can eliminate ®@(s) as follows:
[—®(s)V,®; ' (s)Wi =TI, + ILAV,®, ' (s)W;. (18)

Hence the error system above can be expressed as follows, where HEVI)(S) is the weight:

H{)(s) = Cd'(s) [IT; + ILAV,®; ' (s)W}]B. (19)

err

H(5)
(C) 2nd step: we now seek V,, W, € R™* where the resulting reduced system with

V12 = blkdlag [Vl, Vz}, W12 = blkdlag [Wl, Wz], is
L[o o e | B
wio-camifs S]]
It readily follows that the resulting error system is

HE(s) = H(s) — HE(s) = [C0'(s) — CV,; ' (5)W;] [ - @(s)V,@; ' (5)W;]B.

err

()
Consequently, the second step amounts to the approximation of C® ! (s), subject to the weight
H{(s) = [IL, + ILAV,®, ' (s)W;]B. (20)

(Note that CO'H(" is nothing but the first error system H(!)(s) (Equation 19). Therefore,
approximation of C®~!(s), subject to the weight H(!(s), implicates that V,, W, are obtained
from applying MOR to the error system H{!)(s).)

(D) g-th step: we seek V,, W, € R where the resulting reduced system with
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qu = blkdlag [Vl, cee ,Vz, Vq],qu = blkdlag ["V]7 s 7W27 W‘ZL is
® --- 0 0 - B
@ (o) — Sl T o |
Her(s) - [Cv"WC’ C]qu qu ® d 0 Vig qu B
(0 (O J () B

It readily follows that the resulting error system is
HUE)(s) = H(s) — HY) (o)

= [coi(s) - cqu>;1(s)w;] [1 - d)(s)Vq,l(D;_ll(s)W;_l} 1= @)V, 0, (s)W|B

(1)
H&?il)(s) H,'(s)

Consequently the g-th step amounts to the approximation of C®'(s), subject to the weight
H~Y ... B), the newest component of the weight being

1)

H7V(s) = [Hq—l I AV @ (W

-1
where IT,y =1~ BV, (W)_EV,1) W,

Remark 3.1 (Computation of V;, W;, i > 1) From the above procedure, we know that at each
iteration step, a pair of matrices V;, W;, i =1,...,q, is computed, such that an updated ROM
(with error H{!)(5)) of the original system is obtained. We observe that

err

HU () = HIZV(s) —HIEV(s), i=2,..., (22)

err err err

where HU-V (s) = CV;[@;!(s)]W:B(), and B{) = H(=V(s) ... H()(s5)B.

err

Comparing H{V (s) with

Hi; 'V (s) = Clo™! (s)]BY), (23)
it is easy to see that the matrices V;, W; are obtained by performing MOR to the error system
HU-V(s), where HU-V(s) is the resulting reduced error system. After V;, W; are computed, they
are combined with V;, W;, j < i, to form Vy;, Wy;, so as to construct the ith updated ROM Hi;)d(s)
of the original system.

For i > 1, if the balanced truncation (BT) method is used to compute V;, W;, i =1,...,¢, it
consists of applying BT to the error system H{-V(s) (23), i.e. the weighted system C,E, A, B

If an interpolatory method is used, such as moment-matching (MM), selection of good
interpolation points is important. At each step i > 1 of updating the ROM, the interpolation
point can be selected as the one which corresponds to the largest magnitude of H-(s). The idea
of selecting the interpolation point is analogous to the greedy algorithm of the RB method [7],
where at each iteration step, the parameter corresponding to the biggest error is selected to
compute a new basis vector, and usually a single vector is added to enrich the RB. For MM,

several vectors could be selected at once.

Remark 3.2 (Decay of the ROM error) The behaviour of HU)(s), for i > 1, depends on the

construction of the matrix pairs W; and V; used for the projection. From the analysis in Remark
3.1, we see that V;; W; are computed such that
HD ~ HEY (5) = Cvi[@; ! (s)] W B,

err € w
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(i-1

) .
oy is below a

Usually, it is required that V;, W; are computed so that the relative error of H
certain tolerance € <1, i.e.

HEYD - Al Y| <eH

err

()|

err

From the relation in Equation (22), we get
[HU)(s) [ <e[H{, V|

Therefore, if W; and V; are computed to obtain a ROM H{-V) of the error system meeting the above
accuracy requirement, the magnitude of the error system H{)(s),i > 1 should monotonically
decrease.

Remark 3.3 (Generalization to linear parametric systems.) Consider either the first-order
parametric system

E(p)& = A(p)x+B(p)u(t), "
y(i) = Clpix .
or the second-order parametric system
M(p) 3 +K() G +Alp)x = B(p)u(t), (25)
y(t) = Clp)x

where p is a vector of parameters. E,A,M,K € R"", B € R"™", and C € R"™*". Using the
Laplace transformation, we get the parametric system in the frequency domain,

sE(p)x = A(p)x+ B(p)U(s),
y(u) = C(p)x,
or
s’M(p)x +sK(p)x + A(p)x = B(p)U(s),
y(u) = C(p)x.

Either of the above equations can be generally written as

D (u)x B(u)U(u),
y(u) Clu)x, (26)

where = (p, s)T, so that the transfer function of Equation (24) or (25)
is H(x) = C(1)[®(u)] 'B(w).

The new procedure explored in the current section can, more or less straightforwardly, be
applied to these parametric systems by replacing ®(s) with ®(u), C with C(y), and B with B(u).
For the second-order system in Equation (25), in addition to the block matrices of A introduced
in Section 2.1, the block matrices of M, K should also be introduced to compute the updated
ROMs as explained in the comment (c) in Section 2.1. The block structures of M.K,A are the same
as the block structures of E,A for the first-order system. In the next section, we also demonstrate
the new procedure applied to an example of a second-order parametric system.

4. Examples

We will now illustrate the above considerations by means of three examples. For the weighted
model reduction needed in the successive approximation procedure, we can use weighted
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balanced truncation (W-BT). For completeness, we sketch this method here, more details can be
found in [1].

Let (C,E,A,B,D) be a realization of the original system and (C,, E,, Ay, By, ,D,,) a realization
of the weighting function.! We define the composite system with transfer func-
tion H(s) = H(s)Hy(s):

- E 0| . A BC | 5 [BD | ~ N
e [P 0] a=[A 58] 8- [P] coicbe oo,
Let P be the controllability Gramian of (E,A,B), and Q the observability Gramian of (C,A).
Finally, let P, be the leading n X # minor of P. With P, = U*U and Q = L’L, we compute the
SVD UL* = WXV*. The projection matrices are then

-1 -1
W*=%,’ViL and V =U"W,Z,’
Example 1. The first system has order 16 and is defined as follows:

. —.1 40 —.01 25 —.02 10 .
A—blkdlagH_40 _.1},{_25 _.01},{_10 _.02},—dlag(1.1.10)7

B = ones(16,1);C = [2,1,—1,3,1,—1,—1,-2,-2,5,3,1,—1, -2, —4, 1;

The W-BT procedure described above is applied in three steps. The reduction order at each
step is 2, i.e. the three reduced systems have order 2, 4, 6. In Table 1, the H,- and the H,-norms
of the three error systems are shown, together with the norms of the sixth order BT (last row of
the table). Here, X is the original system, X,, X4, ¢ are the systems obtained by successive W-BT,
and 22 is the sixth order reduced system obtained by BT (listed for comparison purposes). Recall
that BT of order 6 involves a full, as opposed to block triangular, projection and hence the
reduced system has a better fit than the one obtained by a three step-reduction where each step is
of order 2.

In this particular case, the iterative procedure is very close to BT, and furthermore the resulting
poles of the ROM,

[ —9.9364¢ — 02 + 3.9999¢ + 01i |
—9.9364¢ — 02 — 3.9999¢ + 01
—1.9821e — 02 + 1.0000¢ + 01

M(Ag) = | —1.9821¢ — 02 — 1.0000e + 01i

—1.0021e — 02 + 2.5000¢ + 01

—1.0021e — 02 — 2.5000¢ + 01

are very close to the three complex poles — .14 40i, —.01 £ 25i, —.02 + 10i of the original
system. At each iteration, one of the peaks of the Bode plot is captured together with the
corresponding pole. Notice also the monotonicity of the decrease of the error norms as the
order of the approximants increases. The corresponding plots are shown in Figure 1.

Table 1. Example 1, error norms for reduction of 16th order system by W-BT.

= 1.5349e+01 4.9852e+01
-2 1.3058e+01 4.9890e+01
[ 4.2125e+00 7.4014e+00
=2 9.5388e-01 1.3787e+00
|z -3 9.5371e-01 1.3790e+00




114 A. C. ANTOULAS ET AL.

Original and reduced systems using weightrd BT Error systems: reduction by W-BT

10% T
1
10" £ ‘
'| i
100 Pore g, " ,
-~ 7 \
U~ = \
10" R TN
o \\'.'.
- 10° N
e original n =16 ~ e, ] = error system k=2 o
102 == reduced k=2 Ny === error system k=4
=== reduced k=4 103 . _
== reduced k=6 0 error system k=6
103 - . . 104 Lo | ‘
10° 10 102 10° 10 102

(a) (b)

Figure 1. Example 1, reduction of a 16th order system by Weighted-BT — Bode plots of FOM and ROMs (left) and the error
systems (right).

Example 2. The second system is the well-known CD player model with McMillan degree
120 [10]. The reduction is also performed in three steps (orders of the resulting ROMs:
6, 12, 18). We apply two reduction methods for each successive step. The first is W-BT as
described earlier and the second is Rational Krylov, where the interpolation points are chosen
from the peaks of each error system. The necessity for the second method arose from the fact
that W-BT missed the second peak of the amplitude Bode plot (between 10* and 10° Hz); this
is due to the low magnitude of this part of the frequency response compared with the
magnitude of the dominant peak. Capturing the secondary peak is thus achieved at the
expense of obtaining higher error norms as shown in Table 2. There, X is the original system;
Y6, X1z, X1g are the systems obtained by successive W-BT or rational Krylov; and Zbgl is the
18™-order reduced system obtained by BT. Again, the monotonicity of the decay of these
norms holds. Finally, for comparison purposes, we add the norm of the 18th-order reduced
system obtained by BT.

The corresponding Bode plots of the FOM and ROM transfer functions as well as the resulting
error systems are shown in Figures 2 and 3.

Example 3. We study a parametric model of a plate (floor inside a building near a highway).
The parametric model is of second-order form,

d2 dx
dt2+pE +Ax =B, y=Cx,

The parameter p is the damping coefficient. The size of the original system is n = 22.

We use the parametric MOR algorithm proposed in [11] to compute the ROM. From the
algorithm, a projection matrix V is computed, and the ROM is obtained by Galerkin projection as
below,

Table 2. Example 2, error norms.

Reduction of CD player by W-BT

Reduction of CD player by R-Krylov

HZ Hog HZ H:)o
Norms 2] 2.6367e + 02 6.8492¢ + 01 = 2.6367e + 02 6.8492¢ + 01
[ Z—36| 2.7375e + 00 8.4375¢ — 01 | =—2 | 2.6464e + 02 6.7444¢ + 01
£—2 | 1.3057e + 00 1.4160e — 01 12— 8.4270e + 00 1.9912e + 00
| =—2s | 1.0567¢ + 00 7.0622e — 02 [ 2% || 8.3346e + 00 1.9807¢ + 00
| =—x% 5.0463e — 01 2.2918e — 02 || = — = 5.0463e — 01 2.2918e — 02
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CD player and reduced systems using weighted BT

CD player reduction by W-BT: error systems
102 100 player re y W- yst
n
10" ¢ 1 1\
[\

107 £ \

10° Arsast oA
= ..-...gm. - igl \
R " 3.
107 i ‘h. XD &
§ EARE B N

102 Eart's : ‘.. ;“\ N

102 : i1 "’u\,"} \
HE ! \
-
107 ¢ s original n =120 10° | = error system k=6 1 i
== reduced k=6 === error system k=12 H l‘
vl === reduced k=12

10 »s reduced k=18 == error system k=18 I‘\

10-4 b |
10° ¢ 4

10’ 102 10° 10* 10° 10’ 10? 10° 10° 10°
(a) (b)

Figure 2. Example 2, reduction of a CD player model by weighted-BT - Bode plots of FOM and ROMs (left) and the error
systems (right).

CD player and reduced systems using rational Krylov CD player reduction by rational Krylov: error systems
102 T T T ) T T T
10 - L
10" / S
0 L 1
10 ~ 'Jt\ 4}
10° ¢ s i e
/M i 1 Tl
102F 47 \ At
1 / i s i T
10 Pron ¢ RSN
10% §y | : egnt PR
2| ] H FEE M-
. 17 I
10 I i3 4
10° | 1 I . |
m== original n =120 i i
" — reduced k=6 10 ’ oo 1
10" F === reduced k=12 i
===sreduced k=18 aann ’ =
105+ 107° ! | 1
1
L L L L H
10' 10? 10° 10° 10? 10’ 102 10° 10 10°
(a) (b)

Figure 3. Example 2, reduction of a CD player model by rational Krylov-Bode plots of FOM and ROMs (left) and the error
systems (right).

— +Ax=B, y=CVxg,

where M = VIMV, E = V'EV,A = VIAV € R™,B=V'B € R™",C=CV € R™*, and
x € R,y € R™.

We have computed H{!)(s, p), H2) (s, p), and H) (s, p), which are the transfer functions of the
error systems of the first, second and the third ROMs of sizes r = 4, 7, 10, respectively. The ith
ROM is obtained by interpolating the i — 1st error system H{~!), where the interpolation point of
(s, p) corresponds to the peak of H{'"V), for i = 2,3. In Figure 4 on the left, we compare H{!)(s, p)
with H?)(s, p), and in Figure 4 on the right, we compare H2)(s, p) with H®) (s, p), where the error
systems are plotted along the axes of frequency f and the parameter p. The figures are plotted by
randomly choosing 50 samples of f € [0,200]Hz and 10 samples of p € [95300, 95310].

From Figure 4(a), we see that the peak of H(!) is close to f = 140Hz. After interpolation of H(!)

err err

at the point close to f = 140Hz, the error of the second ROM, i.e. the error system H?), has the

err’

lowest magnitude at that interpolation point. Similarly in the right plot of Figure 4, the peak of
H?) is at a point close to f = 40Hz. After interpolating H(?) at that point, the error of the third

err
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5
uy
= .10 4

° °
g g
= 15 4 9.531 = -15 A
5 - error system r=4 5305 - error system r=7 9.531
error system r=7 9.5305 & error system r=10 9.5305
-20 - : : f 953 20 ' %104
0 50 100 150 200 0 50 100 150 200 9.53 p
Frequency (Hz) Frequency (Hz)
(a) (b)
: 1 2)
Figure 4. Example 3, the error systems H(!), H) and HZ)
Table 3. Example 3, H,-norm of the error systems.
= — =] Iz — =, 1= — Zrll
max Hoo 0.1027 0.0013 0.0012
p

Bode plot of the transfer functions

100 200 300 400 500

500 samples of p and frequency

Figure 5. Example 3, the transfer functions of %, ¥,_4, ¥,_;.

ROM, i.e. the error system H(), has the lowest magnitude at the same point. It is entirely in
agreement with the theoretical analysis in Remark 3.1. The maximal H-norm of the error
systems over the parameter sample space p is given in Table 3.

In Figure 5, we plot the magnitudes of the transfer functions of the original system X, and those
of the first ROM ZX,_4, and the second ROM X,_; at 500 random samples of frequency and the
parameter p. The second ROM is already indistinguishable from the original model.

In addition, we plot the error behaviour of the ROMs in the time domain in Figure 6. The plots
clearly describe the behaviour of the output error according to the time evolution as well as the
parameter variation.

In Figure 7, the norms of the two residuals ||[R%||, and ||R¥"||,, as well as the magnitude of H?)
are plotted, where ’Herr} is indeed smaller than the product of ||R%||, and ||RP"||,, as implied by
the error bound discussed in the comment (b) in Section 2.1.
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: -Upper: output erro of £ __ _, __________
*| [ Lower: output error of %, _

/" 9.531

- Upper: output error of £ _
[l Lower: output error of %, _

4

10 |-

7 95305 , 1ot 10710k

2
& 1 953 p
x10 Time (s) 0 x10 Time (s)

Figure 6. Example 3, behaviour of the output error in the time domain.

—— error system r=7
-=0-dual residual norm

log,, (H,,,) or log,, (residual norm)

) ) — » —primal residual norm
100 200 300 400 500
ith sample of (s, p)

Figure 7. Example 3, magnitude of the error system H2 and the norms of the two associated residuals ||R%||, and ||RS[|,.

5. Conclusions

We have discussed an iterative procedure to improve a ROM of a LTI or parametric system
computed by an arbitrary method. The procedure is based on successively reducing the error
systems associated with the current reduced systems. The formulas used are derived by analysing
known a posteriori error estimates used in RB methods. The iterative process uses either weighted
BT or rational Krylov methods to reduce the error systems, represented as weighted transfer
functions. Numerical examples illustrate the performance of the suggested procedure.

Note

1. If the weight is the product of two transfer functions defined by means of (CLE;ALBSDY); i = 1; 2, then

E' 0 Al B'C B'D’ 1 ple2 12
EW:|:0 E2:|aAW:|:O A2 7BW: B2 7CW:|:C7DC:|7DW:DD~
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