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1. INTRODUCTION

The shadow of the black hole is defined as the set of trajectories on which no
light from a background source, passing a black hole, can reach the observer, There
is hope for the Event Horizon Telescope to be able to resolve the blagk hole, at
the center of the Milky Way (Sgr A*) well enough that one can compare it to
the predictions from theoretical calculations, see for example [6] [T} [7]. “Therefore,
analyzing the shadows of black holes is of direct astronomical interest. Thenfirst
discussion of the shadow in Schwarzschild spacetimes can be found in [22], and, for
extremal Kerr at infinity, it was later calculated in [2]. The perspective of an actual
observation has led to a number of advancements in the theoreticaltreatment of
black hole shadows in recent years [3, [5, O 10, 20, 23, 24].  Ind[12] [14] possible
ways to extract the black hole parameters from the observation of the shadow have
been explored. However, a strict treatment of the question "How, much information
about the black hole is there in the shape of the shadew?" has, toyour knowledge,
not been carried out. The only work we are aware of, that, takes into account the
fact that an observer cannot a priori know what /Ais detailed motion with respect
to the manifold is, can be found in [§]. However, the focusin,that work is more on
the explicit deformation due to different velocities rather than a systematic study
on how the freedom of picking any observerfat a peintiinfluences the possibility of
extracting information about the black hole from the sh’ape of the shadow.

The most important conceptual idea introduced in the present work is the notion
of what it means for the shadows ‘at two pointsite be degenerate. In the case of
degeneracy there exist two distinct observers for which the shadow is absolutely
identical. Consequently, an observer cannot distinguish - from shape and size of the
shadow alone - between the gtwopsituations.

We will put the concept of degeneracy to work in this paper by proving the existence
of two continuous degeneracies, one-parameter curves in the parameter space of
observers in the exterior, region of Kerr=Newman-Taub-NUT spacetimes. Beyond
that, we show that there are.no further continuous degeneracies.

Note that even though the shadow parametrization in [I0] is given for the entire
Plebaniski-Demiainiski ¢lass of black hole spacetimes, we will focus on the subclass
of Kerr-Newman-Taub-NUT black holes in the present work. This has two rea-
sons, first for observations within our galaxy the cosmological constant should be
negligible, second including the cosmological constant increases the complexity of
the argumeénts without providing additional insight. The case with cosmological
constant will be,treated in a separate paper.

On a similar account, we will not be treating the case of arcs in superextremal
spacetimes as discussed in [21IL [12]. This case is potentially interesting from a
theoretical /observational perspective, but we cannot cover it in the present paper
because our results rely heavily on the restriction of the conformal transformations
that maintain the reflection symmetry of closed loops. Such a priori restrictions
are . net expected to0 occur for arcs. Therefore, that problem is substantially more
complicated.

Overview of this paper. In section [2] we collect some background on the Kerr-
Newman-Taub-NUT spacetime. We discuss its properties and discuss the geodesic
equation in these spacetimes in section In section [3| we introduce the framework
for the discussion of the black hole shadows, in particular the notion of the celestial
sphere. In section we discuss the shadow for observers at points of symmetry.
We use this context to introduce the formal definition of degeneracies and how they
arise. In section [3.3] we recall the explicit form of the shadow in the spacetimes
we consider. In section |4| we introduce the recipe of the search for continuous
degeneracies. Finally, in section we present the proof for the main result of our
paper. Appendix[A]is devoted to deriving several results on Mébius transformations
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needed in the main text and a list of somewhat long, explicit expressions have been
shifted to Appendix

2. THE KERR-NEWMAN-TAUB-NUT SPACETIME

In the following introduction of the spacetimes discussed in this paper, we follow
the work of Grenzebach et al. [9]. However, we are setting the cosmologicaliconstant
to zero. The Kerr-Newman-Taub-NUT black holes are stationary, axially symmet-
ric, type D spacetimes. In Boyer-Lindquist coordinates, (¢,r,0, ), the metrie is

given by [11], p. 314]: o

1 1
ds? =% (Adr2 + d92) + o (2 + ax)?sin®6 — sz) deé?+-

(2.1)
% (Ax —a(X +ay) sin? 9) dtde — % (A& a? sin’ 0) de?,

where

Y =74 (I +acosh)?,
x = asin? @ — 2I(cos @+ O
A =712 —2Mr+ad® =124 Q%

The coordinate ¢ takes values in (—oo, ), #:in (1, 00); where r is the largest root
of A =0, while # and ¢ are standard coordinates on the two-sphere. The relevant
physical parameters in the metric are the mass M and charge @), the former will
be assumed to be positive based onyphysical reasons. Further, we will assume
w.l.o.g. that the spin parameter satisfies @ > 0. The NUT parameter [ which can
be interpreted as a gravitomagnetic charge can in principle take any value in R.
In addition, there is a parameter C, first introduced by Manko and Ruiz [15], that
induces pathologies on both parts of the rotation axis, unless C' = +1. In the present
work we will simply ignoré these pathologies and take C' = +1 and only consider
the regular part of the rotation axis|in these cases (the case C' = —1 corresponds to
the original definition of the NUT metric [I7, [15]). For a detailed discussion of the
rotation axis in the ¢ase {4 0 and a # 0 see [16].

We will frequently makefuse of the following orthonormal tetrad at point p:

(X + ax)0; + ady

1
eg = , e1 =/ =0y| , 2.2
g VIA ) Vs (2:2)
—(9g + x04) A
— = - = — —a,,,
~ VEsing |, “ b )

The metric does not depend on the coordinates ¢t and ¢ and therefore features at least
tworindependent Killing vector fields independent of the choice of the parameters.
The Kerr=Newman-Taub-NUT family of metrics contains the Schwarzschild (a =
Q =1 =0), Kerr (Q =1 = 0), Reissner-Nordstrom (¢ = I = 0), Kerr-Newman
(I'=20)yand Taub-NUT (a = @ = 0) metrics as special cases.

Note that we are only interested in the exterior region of the black hole, hence the
region at r > r;, where the two horizons ry are defined by:

re =M+ /M2 —a?+12-Q2 (2.3)

and we are assuming that the inequality M? — a? 4+ %2 + @2 > 0 holds. Note that
A > 0 is satisfied in the exterior region.
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2.1. Geodesic Equation. We now focus our attention on null geodesics. For (all
members of the Kerr-Newman-Taub-NUT family of spacetimes there exist four lin-
early independent constants of motions for the geodesic equation. The morm of the
tangent vector is directly related to the mass of the test body:

m= gw}j/ﬂ;y’/ (24)
which we will assume to be equal to zero from here on. The dot denotes differen-

tiation with respect to the affine parameter A\. The two quantities arising from»the
Killing vector fields 0, 04:

E = *(&)W”, L,= (%)M“ ~ (2~5)

are, for appropriate choice of the parameter along the geodesie, the test body’s en-
ergy and angular momentum in the direction of the axis éfisymmetry/ The fourth
constant of motion is called Carter’s constant, K, and it originates from the exis-
tence of a Killing tensor, given by:

ou = S((e1)uler)y + (e2)ule2)y) — (I + acos 0) g K= 0,49, (2.6)

This tensor can be obtained from the general expression ofithe conformal Killing-
Yano tensor for the Plebanski-Demianski family of,solutions, as presented in [13].
Carter’s constant corresponds somewhat loosely to,theitotal angular momentum of
the test body.

The constants of motion can be used to write the geodesic equation as a system of
first order ODEs, e.g. [4, p. 242]:

. x(L:— Ex) " He)((E+ax)E —al,)

t= , 2.7
Y sin? 6 * XA (2.72)
L. —Ex va(E+ax)E —al;)
= 3 2.7b
Y sin? 6 YA (2.70)
Y292 =R(r,E, L., K)i=((X +ax)E — alL.)? — AK, (2.7¢)
) _ 2
¥20% = (0, ByL.,Q) = K — M. (2.7d)

2

sin” 6
Note that ¥ + ax 'depends ouly on r, so the radial and the 6 equations are

separated. Moreover, they are homogeneous in F and thus for F # 0 we have:

R(T7E7LZ7Q) :E2R(T717LE7KE)7 (28)
O@.FE,L.,Q)= E?0(r,1,Lp, Kg), (2.9)

where Ly = L JE and Kr = K/E?. These constants are invariant under affine
reparametrization of the geodesic.

2.1.1.4The Trapped Set. Trapping for null geodesics in black hole spacetimes de-
scribes the phenomenon that there exist null geodesics which never leave a spatially
compact region of the exterior region. Consequently, these null geodesics never cross
the fufure or the past event horizons, H*, and they also neither go to future or past
fnll'infinity .7 *. From the properties of the function R(r, E, L., K), it follows (see
[9] and |18]) that the trapped null geodesics are those which stay at a fixed value
of r and hence satisfy 7 = # = 0, which corresponds to:

d
R(T,LE,KE) = de(T,LE,KE) =0. (2.10)
r
These equations can be solved for the constants of motion in terms of the constant
value r = rypqpp as [9):

16r2A 4rA
KEzi 5 CI,LE:(Z-FCLX)—T s

Al)2
( T=Ttrapp T=Ttrapp

(2.11)

where A’ denotes the derivative of A with respect to r.
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The allowed values of riqpp are obtained from the condition © > 0 and read [9):

(4rA — BA")? < 16a*r? Asin® 6. (2.12)
3. TRAPPING AS A SET OF DIRECTIONS

For the following, instead of the set of trapped null geodesics we will be. investi-
gating future trapped or past trapped null geodesics. This kind of trapping exists
at every point in the exterior region.

3.1. Framework. First we have to introduce the basic framework and notations.
Let M be a smooth manifold with Lorentzian metric g. At any pointwp.in M
choose an orthonormal basis (e, €1, 2, €3) for the tangent space, with' ey time-like
and future directed. It is sufficient to treat only past directed mull geodesics, as
the future directed ones can be obtained by a sign flip in the parametrization. The
tangent vector to any past pointing null geodesic at p can be writtenias:

Y(klp)lp = a(—eo + kie1 + kaea + kzes), (3.1)

where a = g(¥,e9) > 0 and k = (ky, ko, k3) satisfies'|k|? =1, hence k € S2. The
geodesic is independent of the scaling of the tangent{vector as this corresponds to an
affine reparametrization for the null geodesic, so thesspecific value of « is irrelevant.
The S? is often referred to as the celestial sphere of a time-like observer at p, whose
tangent vector is given by eg, e.g. [I9, p.8].

For the further discussion we fix the tetrad. We can make the following definition:

Definition 1. Let y(k|,) denote a null geodesic through p for which the tangent
vector at p is given by equation (3.1)).

It is clear that y(k,|p) and y(kgl|p) arelequivalent up to parametrization if k, = k.
Suppose now that M is the exterior région of a black hole spacetime with a complete
#* and boundary H* UK. As in [I8] e can then define the following sets on S?
at every point p:

Definition 2. The futuredinfallingiset: Qq+ (p) := {k € S?|y(k[,) N HT # 0}.
The future escaping set: Qg+ (p) :={k € S?|y(kl,) NI+ £ 0} .

The future trapped set:sTa(@)i= {k € S*|y(kl,) N (Ht U71) =0}

The past infalling set: Qq=(p) :={k € S?|y(k|,) N H~ # 0}.

The past escaping sets Uy (p)i= {k € S*|y(k|,) NI~ # 0}

The past trappedsset: T_(p) := {k € S*|y(kl,) N (H~ U .¥~) = 0}

Definition 3. We refer to the set Qq— (p) UT_(p) as the shadow of the black hole.

Note that light from a background source, i.e. not in between the black hole
and the ebserver and sufficiently far away, can only reach the observer in the set
Q - (p)rand hence the shadow will be black. For any practical purposes one can
only éxtract information about the boundary of the shadow from an observation.
In [18] it avas shown that for the Kerr-Newman-Taub-NUT black hole the boundary
ofthe shadow.s given by the set T_(p) and that this set consists of those directions
that asymptote to the trapped null geodesics in the past.

3.2. Degeneration for observers located on an axis of symmetry. The fol-
lowing discussions applies to observers located on an axis of symmetry, i.e. an
observer located at any regular point p in the exterior region of a black hole space-
time, for which there exists a one parameter family of diffeomorphisms with closed
orbits that leave p invariant. This includes in particular any point in the exterior
region of a spherically symmetric black hole spacetime, as well as observers located
on the rotation axis of e.g. Kerr. The discussion for points of symmetry, is here
treated in a separate section to introduce several important concepts needed for our
main theorem. Points of symmetry are special with respect to degeneracies as it
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was shown in [I8] that the shadow for observers at regular points of symmetry/in
the exterior of Kerr-Newman-Taub-NUT black holes is circular.

It is well-known (see e.g. [I9] p.14]) that a change of observer (i.e. an orthochronous
Lorentz transformation of the tetrad) corresponds to a conformal transformation
on the celestial sphere, and vice versa. Restricting oneself to orientation preserving
transformations, they are isomorphic to Md&bius transformations. A fundamental
property of conformal transformations on S? is that they map circlessinto circles.
As a consequence if p; and py are points in (possibly different) spacetimes,in the
family under consideration, and both lie on an axis of symmetry then, upon identi-
fication of the two celestial spheres by a respective choice of timé oriented orthonor-
mal basis, there exists a Lorentz transformatimﬂ (LT) of the ohsétver such that
T_(p1) = LT[T_(p2)]. This concept is central to our argument:

Definition 4. The shadows at two points p1, p2 are called degénerate if, upon
identification of the two celestial spheres by the orthomormal basisy there exists an
element of the conformal group on S* that transforms T_(py) into T_(p2).

Remark 5. The shadow at two points p1, ps being degenerate implies that for every
observer at p1 there exists an observer at py for dbhich the shadow on S? is identical.
Because this notion compares structures on S*mthextwo points need not be in the
same manifold for their shadows to be degenerate.” Justyfrom the shadow alone an
observer can not distinguish between these two gonfigurations.

Combining the discussion abovewith the shapeof the shadow at points off the
axis when a # 0 described in the next subsection, we conclude that the only reliable
information that an observer knowing to livesin the exterior of a Kerr-Newman-
Taub-NUT black hole can extract from observing a circular shadow is that he/she
is on an axis of the symmetry of the black hole.

3.3. Parametrization of the Shadew for generic observers. The shadow at
any point in the exteriorzegion of a Kerr-Newman-Taub-NUT spacetime has been
explicitly obtained in [9].andyits smoothness properties discussed in [I8]. Here we
only summarize the results that we need later.

From here on and forithe rest of the paper we will always assume that a # 0 as
a = 0 has been treafed ifsthe previous section. Fixing the orthonormal tetrad
to which we will refer as “standard observer”, the celestial sphere can be coordinated
by standard spherical coordinates p € [0,7] and ¢ € [0,27) so that can be
written as:

()| =(—eo + €1 8in pcosy + eg sin psiny + ez cos p). (3.2)

At any point pimthe exterior region of a Kerr-Newman-Taub-NUT black hole the
curve T (p) that defines the shadow is given by the parametric expression:

A'(x){2? + (L + acos[f(p)])*} — 4wA(x)

= Tz /A @) sml9(p)] (332
= f(z,0,M,a,Q,l),
sinp = Alr(p)A@) (3.3b)

Al(x )( (p)? — 2?) + dzA(z)
= h(ﬂf, T Ma a, Q? l)7

where the parameter = takes values in the compact interval [, (0(P)), T'maz (0())]

and 7y (60) and rpq,(0) are obtained by solving the equality case in (2.12)). Ge-

ometrically they correspond to the smallest and largest values that r can take at
the intersection of a cone of constant 6 with the area of trapping. The parameter

1By this we always mean an orthochronous Lorentz transformation.
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x corresponds to the asymptotic value of r along the past null geodesic with initial
tangent vector along the direction defined by {p(z),v(z)}. Note that the shadow
curve is independent of the Manko-Ruiz parameter C.

In [9] the parametrization of the shadow curve was in fact obtained for the more
general case of the Kerr-Newman-Taub-NUT-(anti-)de Sitter spacetime family. Tt
was further extended in [I0] to the full Plebanski-Demianiski class. Adrigorous
proof of the fact that the sets T_(p) and T (p) given by this parametrizationrare
smooth curves on the celestial sphere in the exterior region of any observer in a
Kerr-Newman-Taub-NUT spacetime was given in [I§].

One important observation, already made in [9], is that the shadow forithe stan-
dard observer is symmetric on the celestial sphere with respect to the&j = 0 plane
(i.e. the great circle in the celestial sphere defined by the meridians i) =/a/2 and
1 = —m/2) This is simply due to the form of equation that gives'two solu-
tion +4/0(0, Lg, Kg)/% for any combination of conserved quantities,.Lp and Kg.
Therefore if (ki, k2, k3) € T_(p) then we always have thatw(—k1, k2, ks) € T_(p).
Further note that from the radial equation wegetrimmediately that if & =
(k1,ko,k3) € T4 (p) then k = (k1,k2,—ks) € T_(p). Hence the properties of the
past and the future trapped sets are equivalent. Im particular this implies that if
there exists a conformal map ¥ from T_(p;) torT2(ps)ithen there exists another
conformal map, related to ¥ by conjugation svith @ refleasion about the ks = 0
plane, that maps T (p1) to T4 (p2).

An observer can only see the past,hence T_(p),.sowe will concentrate on this
curve in the search of degeneracies. Howeverithe fact that the properties T_ (p) and
T, (p) are equivalent tells us that our results will,hold true for both.

4. WHICH DEGENERACIES EXIST?

The question one would like to answer is, which observers can be fully distin-
guished based on the shape of the shadew they observe. A quick inspection of
the equations shows thatithe shadow is invariant up to a reparametrization
x — x/M as long as the following quantities are constant:

g e Q@ 1
S M M M
With this degeneracy we'see that the shape of the shadow can only be affected

by the change.of dimensionless parameters. There is a discrete degeneracy for two
observers with:

M1 = M2 ll = —l2 T =T a1 = az Ql = QQ 91 =T — 92 (42)

(4.1)

In the case ! = 0 this corresponds to a reflection of the observers position with
respect to the equatorial plane, while when [ ## 0 the spacetime itself changes. In
either/case, two observers related by this transformation are fully indistinguishable
from the observationiof the shadow.

The coniparison for the shadows of two arbitrary observers is a difficult problem
and it is unclear to the authors how to determine all possible degeneracies. We will
therefore restrict ourselves to continuous degeneracies. Hence a family of observers
who form a C' curve in the space of parameters for which the shadows are indis-
tinguishable.

In the following we will introduce a method to systematically search for continuous
degeneracies and to prove when such degeneracies do not exist. We will heavily
rely on the fact that we have an explicit parametrization c(z;r, 0, M, a, @,1) for the
curve defining the boundary of the shadow at a point p with coordinates r, 6 in the
exterior region of a Kerr-Newman-Taub-NUT spacetime with parameters (M, a, Q,
1) (and curve parameter x).

To study continuous degeneracies we impose that the first variation of the curve
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is zero. From here on we will look at the shadow as a curve in the complex plane
which is obtained from the parametrization (3.3)) by stereographic projection ofithe
celestial sphere [I9, p.10]:

co(z) = X(f)_JFZZ};)(I), (4.3a)
X (z) =sin(p)sin(y) = h(x) - f(z), 4.3b
Y (x) = sin(p) cos(vp) = £h(z) - /1 — f2(x), (4.3¢)
Z(x) = cos(p) = —sgn <gz> 1 — h2(z). o (4.3d)

The freedom of sign choice in comes from that fact that.upon stereographic
projection the symmetry with respect to the k; = 0 plane on the celestial sphere
becomes a reflection symmetry with respect to the real axis for, the curve in the
complex plane. The sign in Z makes the curve C! and.is the right choice to de-
scribe T_ [I8]. If we were to describe T instead,sthe global minus sign in front
would have to be dropped. Outside the area of trapping sgn (%) has a fixed sign.
Inside the area of trapping it changes sign when= r, where h = 1 and thus Z = 0.
From the definition of degeneracies for black hele shadows it follows that any de-
generacy is characterized by a change in parameters,toggther with a Mébius trans-
formation on the shadow (as the Mobius transformation on the complex plane are
equivalent to the orientation preserving conformal transformations on the Riemann
sphere). Therefore when searching for continuous degeneracies we have to take the
Mobius transformation into consideration. The limitation of our result to contin-
uous degeneracies arises from the fact that we analyze small perturbations, hence
we linearize the problem.
The first order of the action of anyymember of the conformal group on S? on a curve
is given by: .

\I/E(C) = C(‘T) + 6£|c(1) + 0(62)3 (44)
where € is a small paranieter and where ¢ is a conformal Killing vector field on S2.
The first variation of the curve with respect to a parameter p is given by:

ewyp+ dp) = c(z,p) + Vydp + O(dp?), (4.5)

where dp is an infiniteSimal‘change of the parameter and V,, is given by dpc(z, p).
The most generic variation/vector for a curve is then:

V= > Vodp+ > e (4.6)
peP={r,0,M,a,Q,l} g€ Lie(Mb)
We can| now formulate a necessary and sufficient condition for the curve to be
invariant under a continuous deformation. This is the case if there exists a nontrivial
combinationiof.dp and e such that V is tangential to the curve. Letting n be the
normaldo the curve c(x,p), the condition is that:

V.ii=0 (4.7)

has amontrivial solution in terms of dp and e;. Here we did not yet restrict the
vector field £, however as we will discuss next, there are a priori restrictions on the
mostdgeneral conformal Killing vector capable of compensating the deformations
induced by the change in parameters.

4.1. Vector Fields from Mobius Transformations. By the definition of de-
generacies for every observer at point p; there exists an observer at point ps who
observes the exact same shadow. For our purpose we can reformulate this statement
the following way: If the shadows at two points are degenerate, then there exists a
Mobius transformation that maps the stereographic projection of the shadow of a
standard observer at point p; to the stereographic projection of the shadow of the

Page 8 of 23
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shadow of the standard observer at point ps.

As we have observed in section the stereographic projection of the shadow of
any standard observer is reflection symmetric with respect to the real line. Arrather
involved argument (which may be of independent interest) is needed to show‘that
only those conformal transformation that preserve the reflection symmetry/can be
used to “counter” the deformation from the change in parameters (as those cor-
respond to a change between standard observers). The detailed proof.issgiven.in
Appendix [A]

On finds that the most general such conformal Killing vector is an arbitrary linear

combination of the three linearly independent vector fields given by:
~

£ =0y  Ea=ax0,+ydy, &= (2 —y?)0p ¥2aydy (4.8)

in terms of Cartesian coordinates {x,y} on the complex plane, ire«z = = + iy.

L
4.2. Conditions for Continuous degeneracies{ We 1ow start with the explicit
calculations. Most of them are by no means difficult, but they are lengthy and have
thus been performed mostly in Mathematica. Here we will describe the essential
steps involved. From here on we will restrict tora domain of x such that sgn (%)
does not change. This does not restrict our argument, as our aim is to prove that a
certain quantity is zero independent of ZmSo it is equivalent to consider the problem

in an open and dense interval. With:

Dy, [ etz
Vo =hatm(dep)) | (4.9)
dp

A S

and with the normal vector to/a curve parametrized by = in two dimensions given

by:

. d(Imd(c(:r)))

dz

we can calculate the various terms that show up in . Note here that the sign
choice ‘in the definition of the normal vector corresponds to the choice between
the inward and the outward pointing normal to the curve. Because we want to find
curves with V' -n = 0 it doesn’t matter which orientation or normalization we choose
for m.asdong as we choose it consistently, hence we pick the plus. From equation

(4.3a) we directly get:

Refeta)) = T, (4.11)
Im(e(z)) = w (4.12)
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Plugging everything in, we obtain the following result in terms of f(x) and h(x):

Of(x,p) Oh(x, Of(x,p) Oh(x,
) h(x)( fézp) épp) _ fgpp) égcp))

V1= 2(@)/1- h2(@)(1 — /1 - h2(x))?’
- T R2@)f(@)h(x) % + (1= fP(e) o5 (4.14)

(4.13)

=
Si
I

o V1- @)1= R2@)(1 - 1 12(@)?
2 i ek 5 4.15
N S P - IR g0
L RP@0 = VT R@) (fe)h(a) 2 + 2 _fz(m)a%x)>
Sa = (4.16)
V1= F2(2)y/1-h2(x) 1—\/1—h2
f () () 252

_¢wﬂwﬂ—Wx— L— n2@)*

At this point it is important to note that f(x,0,M,a,Q,!), h(x,r, M,a,Q,!) and all
their partial derivatives are rational functionsdn @after.multiplication with \/A(z).
For a list of all partial derivatives of f(x,0,M,a,Q,I)and h(z,r, M,a,Q,1) see Ap-
pendix [Bl Hence any product of f, h and their derivatives which contain an even
number of factors is a rational fun¢tion in x, whiledany such product with an odd
number of factors is a rational function in a after multiplication with A(z). (i.e.

2
h(z)f(x) 8f{(92,p) 8hép’p) and h3(z) (%) A(z) are both rational functions in

Further we notice that away fromythe real axis we have f2(z) < 1 and outside the
area of trapping we always have h*(@).< 1.

Definition 6. A degeneration isicalled intrinsic when there is no need to act with a
Mdébius transformation to counter the deformation in the shadow due to the change
m parameters. N

The condition'for an intrinsic degeneracy of the shadow is then the existence of
a non-trivial.walue of dp such that the following linear combination vanishes:

Af (x,p) Oh(zx, df(x,p) Oh(x,
Z( éxp) (8pp)_ (8pp) ((%p)>dp:07 (4.17)

PEPR

wheére P is the'set of parameters within which we are searching for degeneracies of
the shadow ¢If we.now write down the general linear combination that we required

to bezero in condition (4.7):

BEy i+ aby T+ T+ Y V- iidp =0, (4.18)
peP

we get one set of terms which are products of f, h and their derivatives with an
odd number of total powers and another set of terms with an odd number of total
powers but an additional factor of /1 — h2(z). Now if \/1 — h?(x) is not a rational
function (showing this will be part of our program), then for the above condition
to be true, both sets of terms have to be equal to zero on their own, as adding a
rational and an irrational function can never be equal to zero unless both functions
themselves are equal to zero on their own. This gives us a system of two equations

Page 10 of 23
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that we can solve for 5 and ~:

of(x,p) Oh(z, of(x,p) Oh(z,
Zpeph(x)( f(op) Ohop) _ fépp) f%p))dp

p= (4.19)
2 (1= W) f(@)h() 2 — (1 f2(2)) 22

h (@) 25
2 (f@)h(x) 25 — (1 - f2(2)) 22 )

Of(xz,p) Oh(x, of(x Oh(x
ZpeP h(x)( féwp) h(z,p) _ 9f(x,p) haxp))dp

+ «

dp op
B : (4:20)
g 2 ((1 - h2)f(gs)h(x)%(;) —(1- fz(w))a%))
hQ(x)m

2 (f@)h(x) 25 — (1 - f2(2)) 22 )

Now we know that 8 and v both are constants. With.the above result this is only
possible if both terms are independent of x individually. Adding them and noticing
that a = 0 is always a possibility, we conclude that the condition for the existence
of a degeneracy of the shadow within a certain setrof parameters P is the existence
of a non-trivial dp satisfying: e

of(x,p) Oh(x, 9f(z,p) Oh(x,
5 ZpEP h(m)( f((%p) gp:ﬂ) _ fg;P) ém:ﬂ)) dp

9\ 2 (1 - 1) f(a)h(e) PG — PP(e)) 520

has a non-trivial solution in terms of the dp. If only the trivial solution exists than
there exists no continuous degeneracy within the parameter set P. We can elaborate
further on the role of « as follows: either

00 \ 2 (rame)2s - 0P )Z)

and « can take any value but with the only effect of modifying both 8 and ~, or
does not hold, and wenmust take o = 0. In no case the validity of
affects the existence of a dégeneracy. In fact, one can show that the above condition
can never be satisfied but since this is of no relevance to our argument, we will omit
the proof herérand just assume o to be zero. For the actual proof this leaves us
with the following strategy:

(1) Check whether of not intrinsic degeneracies exist using condition ([£.17).
(2) Check whether eventual intrinsic degeneracies can be used to eliminate pa-
rameters from the set within which one has to search for degeneracies.
(3)¢Check that4 /1 — h2(z) is an irrational function for all possible combinations
of the remaining parameters in P.

(4),Check that the denominator of the first term in is not equivalent to
zerofor all possible combinations of parameters.

(5) @heck whether there exist any non-trivial solutions to for all possible
combinations of the remaining parameters.

0 (4.21)

0, (4.22)

Note that wherever in these steps we have to show that something is either equiv-
alent) to zero or not equivalent to zero the expressions we have to check are poly-
nomials. Hence the condition is that the coefficients for every order of x have to
be equal to zero simultaneously, which leaves us with a system of equations that
has to be satisfied. These system of equations in the steps above are of different
complexities, however for most steps too involved to be solved by hand. Note that
the derivation until here is independent of the detailed form of f(z) and h(z) and
hence in principle valid for any black hole spacetime where the parametrization



©CoO~NOUTA,WNPE

AUTHOR SUBMITTED MANUSCRIPT - CQG-104305.R1

12 M. MARS, C. F. PAGANINI, AND M. A. OANCEA

(3.3)) exists, hence given the results in [I0] the following analysis can in principle/be
carried out for the entire Plebaiiski-Demianski class of black hole spacetimes.

4.3. Continuous Degeneracies. We now apply the above recipe to the, Kerr-
Newman-Taub-NUT family, which we are interested in the present workhence our
set of parameters is given by P = {M, a,Q, 1, r,0} for this section. We will here re-
derive the degeneracy already mentioned in to illustrate the way. the method
works. We start with the first point in the list, the search for intrinsic degeneragcies.

Lemma 7. There are two intrinsic degeneracies given by:

l ~
= (}, i Cy, 0 =C5s. (4.23)

a T
72017 M:CQa

Q
M M

and
asinf = Cq, l+acost =Cs, Q + 2acos 0(l + acosl) = Cs,
’I”:C4, M:O5

Proof. The derivatives in Appendix [B| are written such that,every term in (4.17):
Of Oh  Of Oh of Oh Of Oh Of Oh
<axaa ‘aaax) dat <8xaM ~onde) Moo )

of oh  of oh oporl of oh of on\
+(‘_1’)dQ+<({9$W—E&ﬂ>dl_<898x>d9:0
(4.24)

has the same denominator. The numerator in the above equation is a polynomial
in = of order 11. Hence thig ¢ondition gives us a system of 11 equation. Solving
this system leaves us with two degrees of freedom. One of the solution is given by
dl = ldM /M. Inserting this yields the following set of ODEs:

do _dM dr'Ndd o dQ TdM I dM

_ - = 4.2
a M’ r M’ Q M’ l M’ d0=0, (4.25)
which can be integrated to give:
a N Q l
YRy i Sl VA U vt Cs (4.26)

where C1, C5,.C3, €4 and C5 are integration constants. We now explain a method
that will be used several times below. A degeneration involving four integration
constants means that (locally) the parameter space is threaded by a congruence of
curves, with any, two points along the same curve having identical shadows. Con-
sider now another\degeneracy, independent of the previous one. This means that
the vectorifield tangent to the new congruence of curves is linearly independent of
the'previous one. Consider a point p in parameter space where the two vectors are
linearly independent. At that point, and in fact in an open neighbourhood thereof,
the two congruences of curves are nowhere tangent to each other. It follows that
the shadow at any point in this open set is now invariant under a two parame-
ter family of transformations, i.e. a two-dimensional surface in parameter space.
Consider a hypersurface passing through p and transverse to the first congruence.
The intersection of this hypersurface with the invariant two-dimensional surface is
necessarily a non-trivial degeneration curve, which obviously does not belong to the
first congruence. This means that we can look for linearly independent degeneracies
by restricting the problem to a hypersurface transverse to the original one. This
greatly simplifies the computations. Geometrically, the procedure is analogous to
performing a gauge fixing. In summary, the idea is to use the existing degeneracies
to reduce the order of the problem. Point (2) in the strategy outlined above refers
precisely to this “gauge fixing” procedure.

Page 12 of 23
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Applying this strategy, the second degeneracy condition can be found without
loss of generality by setting dM = 0 (the foliation by hypersurfaces is given by
M = const, which indeed is transverse to the congruence of curves defined by
(4.26))). Solving the set of equations obtained from with dM = 0 yieldst

sin @

do = dl, da=—cosfdl, dQ=2(l4+acos@)dl, dr=0, dM =0, (427)
a

and can be integrated to yield:

asing =Cy, l+acostd =Csy, Q4+ 2acosf(l+ acos) =Cs, r =Cy, M = Cs,
T (4.28)
where C1, Cs, Cs3, C5 and C5 are again integration constants. O

The first degeneracy can be “gauge fixed” immediately and globally by fixing
M = const and restricting the whole problem to this lowér,dimensional parameter
space. We want to exploit in a similar way the second.degeneracy and reduce the
problem further. The vector field along the second/degeneration can be read off
directly from and it always has a non-zero cemponent along the [ direction.
Thus, a suitable family of transverse hypersurfaces is'{'= const.

Now we want to prove that if we set M = const and | = const then there is no
further degeneracy in P = {a,r,Q,0}. We start with point’(S) of the recipe in the
previous section.

Lemma 8. The function \/1 — h?(x) s urrational.
Proof. We need to prove that
[A(x)(r? — 2?) + el (22162’ A(r)A(x) = P(x)? (4.29)

admits no solution where P(x) is a polynomial on z. The leading term in the
right-hand side is 42°, which,combined with the fact that a global sign in P(z) is
irrelevant, shows that P(z)amust be of the form P(z) = 223 + Ky2? + Kz + Ko.
The zero, first and fifth order coefficients in are immediately solved to give:

Ky = —6M, N Ky = —2¢(r? +28), Ko = 2eMr?,

where € = +1 and Bli= a*— [%+f ¢>. The choice ¢ = —1 makes P(z) = A'(z)(r? —
2?) + 4xA(x) and equation (4,29) becomes 1622A(r)A(x) = 0, which is impossible
for 7 in the extefior regioms«For the choice ¢ = 1 the coefficients in z* and 23 in
(4.29) impose, respectively:
2Mr + 8 =0,
—2(2Mr +pB) - A(r)+ 6 =0.
Sincedn the exterior region r > r; > 0, the first requires § < 0 and the second

A(r) = B4< 0, whielhis impossible. We conclude that /1 — h?(x) is an irrational
functiont O

Next we check that the denominator in (4.21]) is non-trivial for all allowed pa-
rameter combinations.

Lemma 9.

((1 ) 2 fQ(m))ah(x)) £0 (4:30)

Ox
Proof. Plugging in the parametrization (3.3)) we get:

VA{—2(A'(x))* - 2A(x) (A (z) — 2A"(x)) }g1 ()
16a2x\/A(x) sin? 0 (4zA(z) + (r2 — 22) A/ (z))3

£ 0, (4.31)
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where g; () is given by the following polynomial of order six:
g1(z) =162 [z + (I + acos 0)*] A(r) (2 [2* + (I + acos 0)*] A(z) — 8zA(z)) =
(4zA(z) + (r* — 2%)A'(2)) (32a°2(r® — 2°) sin® 0
+(r® + (I + acos0)?) (—32zA(z) + 8(x* + (I + acos §)*)A'(z))) .
(4.32)
The first factor in the numerator of (4.31)) is clearly non-zero for anebserver imthe
exterior region. The second factor is a polynomial in x with leading term —4z3,
hence non-identically zero. The zeroth order coefficient for g (2)ris:
—32M?r%(l + acos0)*(r* + (I + acos )?), (4.33)

thus the only way this can be zero for an observer in4the exterior/region is if
l = —acosf. Plugging that in for the other coefficient we get. that the first or-
der coefficient is given by —64MQ?r* and the fifth jorder coefficient is given by
—192M (—Q? + 2Mr). Those can never be equal to zerorat the same time which
finishes the proof for this lemma. O

~

When we plug the parametrization into the aumerator inside the parentheses in

we get this is equal to:
{—2(A'(2))* — 2A(2)(Allw) Ao Al (@))}g2 ()
2a2\/A(x) sin O(daA(z) + (12 — 22)A'(2))3
where go(x) is given by the following pelynomial of order five:
92(z) =2a [2° + (I + acos0)?] (4dzA(@) + (03— 2*)A/(2))-
(2QdQ + 2ada + (2r =2M.)dr)—

, (4.34)

{16x(x2 —r%)(da + acot@df) A(z) + 16aQx [r* + (I + acos 0)*] dQ+
16a’z [r? + (I +acos 0)?] da + (2z — 2M)-
{8&7" [2% + ([ + acosO)2dr + 4(r* — 2*)(2® + I* — a® cos® 0)da

+4a(r2 - xQR'Zal $cosO(z? + 1% 4 a® + a®sin? 9))
sin 0

d@} } A(r).
(4.35)
We can now plug, (4.31) and (4.34) into condition (4.21) to obtain:

0 ([ 8xsinflga(x) | _
z (mm) - .

Athis point we introduce the notion of a restricted degeneracy.

Definition 10. A restricted degeneracy is one where a combination of parameters
has tonbe zero instead of just being constant.

Since a degeneracy is defined by a curve in parameter space, two things may
happen. Either the curve is tangent to the submanifold of parameter space defined
by the restricted degeneracy, or it is transverse to it. In the latter case, the curve
leaves immediately the submanifold, and hence the degeneration curve must exist
away from the submanifold. It follows that the only degeneracies that one could be
missing by the general analysis are those satisfying not only that the parameters
are zero, but also that their variation is zero, so that the curve is tangent to the
restricted submanifold.

An example of a restricted degeneracy is sin # = 0, under which condition is
obviously satisfied. By the argument above, the corresponding degeneration curves

Page 14 of 23



Page 15 of 23

©CoO~NOUTA,WNPE

AUTHOR SUBMITTED MANUSCRIPT - CQG-104305.R1

THE FINGERPRINTS OF BLACK HOLES - SHADOWS AND THEIR DEGENERACIES 15

must satisfy df = 0. The other parameters can vary arbitrarily in this case. Thus,
with a slight abuse, we recover the degeneracy on the rotation axis. Of course, the
argument in this case is not fully sound since it ignores the fact that the coordinate
system and the shadow parametrization breaks down on the axis. This argument
just serves the purpose to illustrate the concept of a restricted degeneracy.” The
situation on the rotation axis was treated properly in section [3.2} In the following
we will always assume that sinf # 0.

Lemma 11.

0 [ 8zsinfgs(z)

— | =" ) =0 = g2(x) = 0 ~(4.37)
Oz ( VA(r)g1(x)

Proof. First note that (4.36]) can only be true if either g;(z) =,Bxgs(z) for some
non-zero constant B, or if go(z) = 0. We will now exclude the first pessibility. Note
that the zeroth order coefficient of xgs () is zero and with thezeroth order coefficient
for g (x) given in (4.33)). Thus, the only chance for thetwo to be proportional is if:

I =—acosb. (4.38)

Since [ was already fixed, this requires for df = cotfa~'da to hold. However
plugging these two condition into go(z) we get that now itsizeroth order coefficient
also vanishes. Thus not only the zeroth, but also ghe ﬁrst’term in g1(z) must be
zero. Plugging into g1 () it follows that its first order coefficient is given by
—64MQ?r*, which vanishes only if Q = 02Setting Q= 0 and dQ = 0 everywhere,
the first order coefficient in go(z) zero, while the second order coefficient of gy (z) is
96M2%r*. This is manifestly non-zero and we reachya contradiction. Thus, the only
possibility is go(2) = 0 and the dlemima.is proved. |

From this lemma, the remaining task is to show that there exists no non-trivial
solution for go(x) = 0 which is equivalentyto condition (4.17). We emphasize, in
particular, that the previousilemma already implies that all degeneracies of the
shadow must be intrinsic.

The next Theorem, which is the main result of this paper, proves that there are
no more degeneracies than those already found.

N
Theorem 12. The only continuous degeneracies of the black hole shadow for ob-
servers located at coordinate position r, 8 in the exterior region of Kerr-Newman-
Taub-NUT black holes with-parameters M, a, Q and l are given for observers such
that their parameters have the same value for all the following functions:

a

72017 L:CQa Q:C?ﬂ !

7 @ i 7 =Cu  0=0Cs (4.39)

or

asin® = ¢y, [H+acos = Cz, Q+2acosb(l+acos) = Cs, r=Cy M = Cs. (4.40)

Proof. The two degeneracies have already been derived in Lemmal[7} Given Lemma
[11] we knowthat the condition for degeneracies to exist is given by (4.36). The only
thing remaining to show is that go(x) = 0 has no non-trivial solutions. The highest
order coefficient is given by:

acos OA(r)

sin 6

aQdQ + a(r — M)dr + (a® — A(r))da — df = 0. (4.41)

We solve this for dr and substitute back into go. This leads to a third order poly-
nomial in x, i.e. go = Z?:o w;zt, and each coeflicient w; must vanish. The combi-
nation Mws + ws is very simple:

16A(r)M (r? + (I + acos 0)?)

sin 6

Mws + wy = — (acos 0df + sin fda) = 0.
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The first factor is nowhere zero in the exterior region, so we can solve for da:

da — 7acost9

o (4.42)

sinf
and substitute back into ga(x), which factorizes as:
16aA(r)(r — z
ga() = BT )
where g3(z) is a quadratic polynomial in z. Obviously, g2 is identically zerosonly if
g3 = 0. The highest order term of g3 is:

—rQdQ + ﬁ (I(M —r)+aM cos6)do Z0. ~ (4.43)

At this point we need to split the treatment in two caseSndepending/on whether
@ = 0 or not.
For the case with @ # 0, we solve ([4.43) for dQ and substitutéyback into g3 to
obtain:
M(r— M)(r%+ (I 2
g3(z) = aM{(r )~ + (L + acos ) (I'+acos ) do.

rsin 6

Thus g3(z) = 0 can can only happen if [ + acosd =)0. Taking its differential and
inserting da from yields —a(sin6)~1df = 0, henge dff = da = dr = dQ =0
and we have no continuous degeneration.

The remaining case is when @ =00 and dQ@ = 0. We want to impose gz(z) = 0,
so that in particular it must be that gs(z.= M) =0. Evaluating:

Ma? cos 0d0 (12 + (I + acos 6)?)
- sin 0
which implies cos df = 0, and ‘hence df'= 0 (if df # 0 it must be § = 7/2 so that

df = 0 anyway). Consequently df"='da = dr = d@Q = 0, which finishes the proof.
O

gs(x = M)

)

5. CONCLUSION

In the present work we showed that there exist only two continuous degeneracies
for the shadow of any obServerdn the exterior region of a Kerr-Newman-Taub-NUT
spacetime. In particular when one focuses on the physically relevant case of Kerr-
Newman (hence I ='0) the only continuous degeneracy is given by scaling of all
parameters with the mass. If one assumes that, apart from the discrete spacetime
isometries, no diserete, degeneracies exist, then the result presented in this paper
suggests/that in, principle an observer in the exterior region of a Kerr-Newman
spacetime could extract the relative angular momentum a/M of the black hole,
as well ‘asithe relative charge Q/M, the relative distance r/M, and the angle of
observation relative to the rotation axis of the black hole. Additionally, one could
extract' how(fast one is moving in comparison to a standard observer at that point
in thé manifold. Preliminary calculations suggest that the same result should hold
true for the Kerr-Newman-de Sitter case. The proof for this case is work in progress.
It is interesting however, that from an observation of the shadow alone an observer
can never conclude that the Taub-NUT charge must vanish.

Note that if one looks at the projection of the shadows of the standard observers on
the complex plane and chooses a parabolic and a hyperbolic M&bius transformation
(see Appendix for each standard observer such that all shadows intersect the
real axis at +1 and —1, it turns out that the changes of the shape due to variations
of r/M and Q/M are extremely small. Hence reading off these parameters from
the shadow would require a very precise measurement of the shadow curve. Adding
in the fact that the light sources can be rather messy, the observational task is
certainly formidable, so that at least in the foreseeable future there is little hope

Page 16 of 23



Page 17 of 23 AUTHOR SUBMITTED MANUSCRIPT - CQG-104305.R1

1

2

3 THE FINGERPRINTS OF BLACK HOLES - SHADOWS AND THEIR DEGENERACIES 17

4

5 that from the shape of the shadows alone one can extract in practice more than a

6 rough estimate on a/M. However, from a theoretical point of view it seems plausible

7 (and our results are a strong indication in this direction) that one can extract very

g detailed information about a black hole just by looking at it.

10
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15 ~
APPENDIX A. MOBIUS TRANSFORMATION

16

17 The Riemann sphere S? can be globally parametrized by stéréographic projection

ig by means of C := CU {oco}. A Mobius transformation is a map

20 x:C—C,

21 b

22 c— x(2) := ﬂ, a,b,c,d € C, ad— bc = 1.

23 cz+d

24 The set of all M&bius transformations define a group, denoted by Mb.

25 This group is isomorphic to the set of positively oriénted conformal maps of S?

26 endowed with the standard round metric.

27 In this appendix we prove the following theorem.

gg Theorem 13. Let C:=CU {oo}l)e the Riemann sphere and Mb the set of Mdbius

30 transformations. Let ¢ : S' — C be an embedding. If there exists x # ldx that

31 leaves ¢ invariant as a set, thew ¢'isyangeneralized circle (i.e. a circle or a straight

32 line with the point at infinity attached), or there exists n € N such that x™ = Idz

33 and c is conjugate to a closed curve invariant under rotations of angle @, m € Z

34 around the origin of C.

35 By “invariant as a set” Ave mean that there is a diffeomorphism f : S! — S!

36 such that x o ¢ = co f (the image of ¢and x o ¢ are obviously the same). A closed

37 embedded curve c is conjug@e to another closed embedded curve ¢; if there exists

gg X1 € Mb such that yj oc=c;.

40 Proof: We first. note(that the problem is invariant under conjugation: for any

41 & € Mb the conjugate curve ¢; := & o ¢ is invariant (as a set) under the conjugate

42 transformation e =& - x.: €71, as it is obvious from:

43

2 A o ce o x o6 o (o0 =¢olxoc) =Eoco S =ceo .

jg It is well-known that all Mobius transformations (different from the identity) can

47 be classified by eonjugation into four disjoint classes: parabolic, elliptic, hyperbolic

48 or loxodremic. 'Each class admits a canonical representative, in the sense that any

49 element in the/class is conjugate to this representative. The representatives can be

50 chosen as. follows:

51 Parabolic: 2= = A1l

50 xp(2) 1+ 2 (A1)

53 Elliptic: xe(z) =€’z 0#0 Ry 0d or

gg Hyperbolic: xm(z) = etz A e R\ {0}

56 Loxodromic: xr(z) =kz ke C\{R} and |k| # 1C.

g; Thus, we may assume without loss of generality that the transformation x leaving ¢

59 invariant is one of these canonical transformations. Obviously x"*, m € Z also leaves
60 c invariant. The action of x™ is immediate to obtain in the elliptic, hyperbolic and
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loxodromic canonical cases. In the parabolic case, a simple inductive argument
shows that:

z

_ m € Z.
mz+1

Xp(2) =
Thus, it follows easily that the cyclic group {x";n € Z} is finite (i.e. 4™ = Id for
some m € Z) if and only if x is elliptic and % € Quod 1-

Let us consider first the loxodromic, hyperbolic and parabolic/cases. We start
by showing that the embedded loop ¢ must pass through the origin z = 0 of the
complex plane. Let 0 # 29 € C be any point on the curve, d.e.” 2o € Imfc) and
define, for each m € Z, z,, := x™(20) € C. From invariance/of the curve under X5
all points in the sequence {z,,} lie on the image of the curve. From compactness of
Im(c) C C it follows that the set of accumulation points of {2} issnén-empty and
a subset of Im(c).

When y is hyperbolic or loxodromic, the canonical form is xx(z) := kz with
|k| # 1. The sequences are now z,, = xp'(z0) =k™zo. k| > 1, the sequence
converges to z = 0 as m — —oo. If |k| < 1, the sequenge converges to z = 0 as
m — oco. In either case z = 0 is an accumulation point, so the loop ¢ passes through
z = 0. When y is parabolic, the sequence is 2, = # which converges to z =0
as |m| — oo, and we reach the same conclusion. 4

We can now show that a loxodromic Mobius transformation does not leave any
closed embedded loop invariant. Let us take differentials in the invariance equation
x oc=co f and evaluate at the invariantypoint p := {z = 0}:

dX'p(é) N f|c*1(p)c'a

which simply states the fact that,the differential map of x, must preserve the
direction of ¢|, (it may change its scale, but not the direction). The differential of
Xx(z) = kz at z = 0 is'dx|.—o = k. Thus, this differential acts on a vector v by
scaling with |k| and rotating by, arg(k). When & is not real, all vectors v # 0 change
direction and we reach'a contradietion. Thus, no embedded loop is invariant under
a loxodromic Md&bius transformation.

We next consider theh!yperbolic case. The canonical representative is now x =
xu. Let & be a rotation ofd¢he form £(z) = €'®z a € R. Upon conjugation with &,
the map y g remainstunchanged. The conjugate curve £ oc passes though z = 0, and
the parameter .o can beradjusted so that its tangent vector there points along the
real axis z._Sineec is an embedded curve, there is a neighbourhood U of z = 0 such
that U e is connected and in fact a graph over the real axis. After restricting U
if necessary we may assume that U is an open disk centered at z = 0. We consider
the curve ¢y :=/N U from now on. This curve can be parametrized by z, i.e.
c(#) ="z +4y(@) where y(x) is a smooth function of z € (—¢,€). The parameter
Alin the definition.of x g can be assumed to be negative (if it were positive simply
replace x g by X]—{l)' Then x g maps U into itself, and leaves the curve ¢y invariant.
So, it must be the case that, for all x € (—¢,e):

Ao +iy(a) = /(@) + iy(@(2) > yo) = yla). (A2

where 2/(z) indicates the reparametrization of the curve induced by the Mobius
transformation yp. Define the function P(u) := e *y(e*). By construction,
P(u) is smooth on (=00, A" 11ne). In terms of P, the function y(z) restricted to
x > 0 takes the form y(x) = xP(A~!Inz). The invariance property becomes,

when applied at the point z = e*:

P(u+1) = e e y(erer) = e My(er) = P(u).
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4
S So P(u) is a periodic function of period one. We can now compute the derivative
? of y(x) (prime denotes derivative with respect to w):
dy(x _ _

g %:P()\ Inz) + A Pyt
10 If P(u) is not a constant function the combination P(u) + A~1P’(u) doesmot con-
11 verge as u — —oo. To show this, take the sequence u, = ug — n with ug € [=1,0)
12 defined by the condition that P(ug) attains the supremum of P(u) and another se
13 quence u,, = u3 —n where u; € [—1,0) is the value where P(u) attains the infintum.
14 By periodicity, the sequences P(u,) and P(u},) are both constantimMoreover; P’
15 vanishes on all points u, and u/,. Thus, the sequences {P(u,) & A\~1P/(w,)} and
16 {P(u})) + A7 P'(u},)} converge to the same limit if and only if P(ug) = P(u1), i.e.
ig if the function P(u) is constant, as claimed. As a consequénce, % converges as
19 x — 07 if and only if P(u) = a for some constant a, or equivalentlyiff y(z) = ax.
20 Since, in our setup, % = 0 at x = 0 we conclude that y(z),= 0. We have proved
21 this fact in a neighbourhood U of 0, but this extendssto,the whole loop ¢ by ap-
29 plying repeatedly the transformation ypm. In summary, weshave shown that the
23 only embedded loops invariant under the canonical@epresentative y g of hyperbolic
24 Moébius transformations is the line (z,y = 0), and-arbitrary rotations thereof around
25 the origin. We now use the property that Mobius transformations map generalized
26 circles into generalized circles, and conclude that an embedded loop which is not a
27 generalized circle can never be invariantunder a hyperbolic M&bius transformation.

e want to use a similar argument for the parabeolic case. To that aim, it is
28 W imil for th. boli To th im, it i
29 preferable to use a different representative. More precisely, recall that for x = xp
30 given in (A.1) the invariant embedded loop c necessarily passes through z = 0.
31 Let usAapply a conjugation with the ifiversion map £(z) = —1/z. TheAconjugate
32 Xp =E&oxpollisgiven by Xp(z) =iz — 1 and the conjugate loop ¢ := & o ¢ passes
33 through the point at infinity. Consider the,vector field:
34
35 ¢ =220, +7%05.
36 This field is smooth in a neighbourhoed of the point at infinity. Indeed, the vector
37 field 9, = 0, + 05 is clearly smooth in a neighbourhood of zero. The inversion
38 map 2z’ = —% transforms thﬁneighbourhood of zero into a neighbourhood of infinity
39 and transforms the vector field 0,/ into ¢, from which smoothness follows. In the
40 coordinates {z, y} definéd by z = x + iy we have:
41
43 The property of invariance of an embedded loop under a Mobius transformation is
44 preserved by reparametrizations of the curve, so we are free to choose the parametriza-
45 tion of ¢. However, we must make sure that the parameter is smooth everywhere,
46 including a neighbourhood of infinity. To that aim we choose to parametrize ¢ with
a7 arc length/s with respect to the round sphere metric:
48 g p P

1
49 ds® = (dz? + dy?) (A.3)
2 )

50 (1+ 322 +y2)
g; which extends smoothly to the point at infinity. As before, let 0 # zo = ¢(s9) =
53 (z0,90) € C be a point on the curve. From the condition that the tangent vector
54 T, of the curve is unit with respect to (A.3)), there exists a € [0, 27) such that:
55 T|, = F|p (cos ad, + sinady) ,
gs with F|, determined by:
58 Lo 2
59 F|p=1+1(x + %)

60 (z0,Y0)
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We compute the scalar product with the vector ¢ to find:

cos ax? — y?) + 2sin awy
1+ 5 (22 +y?)

<T|p»dp> =

(z0,Y0)

Consider now the sequence of points {z,, = (g — m,yo)}. From invariance under
Xp, they also also lie on the curve é In fact, the set Im(é) defines aperiodic
submanifold, in the sense that a unit translation along the = axis leaves'it invariant.
As a consequence, all the tangent vectors T}, of the curve at each point z,, must be
parallel to each other (in the natural euclidean sense of the term). Hence ais the
same for all z,,. Let us compute the limit along the sequence/of the sealar product

<Tpm7<pm>:
_ 2,2 24i o
lim (Tl,,,Clp,,) = lim cos o (o mi to) + SmO;(fEO m)yO:4COSO"
m=es e T (o~ m2 +43)

Given that the curve is smooth everywhere, includingsinfinity; and that the sequence
{#m} converges to the point at infinity, it follows that all:the tangent vectors T,
must converge, namely to the unit tangent vectot,Z', to the curve there. The scalar
products above must then converge to a singlesfinite,value, and this must happen
independently of the initial point zy. Since the limit depgnds on a we conclude that
a must be the same for all points along the curve. If'a = 7 or a = 37“ then the
curve would be an infinite collectionsof verticallines in the {x, y} plane, all of them
passing though the point at infinity andithe curve ¢ would not be embedded. Thus
the tangent vector 7}, must have a non-zero component along the x axis everywhere
along the curve. This implies that it ean be described as a graph y(x) on the x
axis. Since y(x) must reach a local.maximum and « vanishes there we conclude
that o = 0 at all points, and henee that 9y = yo = const. So, the embedded loop ¢é
must be the straight line y = yo. Thisiclaim is for embedded curves invariant under
the parabolic transformation z — z — 1. Upon conjugation, and using again that
Mobius transformations map'generalized circles into generalized circles, we conclude
that the only embedded closed loops invariant under a parabolic transformation are
generalized circles.

It only remains o consider the elliptic case, i.e. x = xg. Since xg is a rotation
of angle 6 of thé complex plane around its origin, the invariant embedded loop
¢ defines a figure invariant under a rotation of angle 6 # 27k, k € Z. Consider
the set of all‘angles Bne(0, 27) under which this figure is invariant and let 5y be
its infimum’ Tf Bg = 0, the curve must be a circle. If 3y is different from zero,
then there must exist n € N such that 5y = 2% (if such n did not exist, define
n € N by nfy <27 < (n + 1)B, the angle (n + 1)8y — 27 is positive, smaller
that Sy and belongs to the set of rotation angles that leave the figure invariant,
whi¢h is a contradiction.) Thus 8y = 27” and in fact all other symmetry angles must
bé a maltiple ofithis (by a similar argument as before). The number n is called
thevorder of symmetry of the figure. In summary, the closed embedded loop c is
invariant-iunder y g if and only if it is a circle centered at zero, or a figure with a
discrete rotational symmetry of order n. The statement of the theorem then follows
once again from the fact that the collection of generalized circles is preserved under
Mobius transformations. O

As discussed in the main text, the shadow curve for suitable chosen observers
at any point in the class of black hole spacetimes under consideration here has the
property of being reflection symmetric. In precise terms, let the map r : C — C
be defined by reflection with respect to the real axis y = 0, i.e. r(z) =Z. A closed
embedded loop ¢ : S' — C is reflection symmetric if there exists a smooth
map fi : S' — S! such that 7 oc = co fi. One checks immediately that f; is a
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diffeomorphism of S' (in fact an orientation reversing diffeomorphism). Our aim is
to determine which elements x € Mb have the property that the conjugate curve
x o c is also reflection symmetric. Thus, we want to impose the condition that there
exists a diffemorphism f; : S' — S! such that r o Y oc = x o co f5, which in‘tuzn
is equivalent to y"*oroyor~loco fi = co fo, ie. to:

1

X oroxor_l

oc=cof,

where f := foo fi !is an orientation preserving diffeomorphism of $'. The map
X := x loroyor~!is by construction an element of the Mébius group, and leaves the
loop defined by ¢ invariant (as a submanifold). From Theoremit followsithat 'y is

the identity map, unless either Im(c) is conjugate to a figure with/discrete rotational

Tm

symmetry of order n and, in addition, X is conjugate to Xmm =2 — ¢S5 2 for
some integer m between —n and n, or else c is a generalized circle.

In this paper we are interested in Md&bius transformations sufficiently close to
the identity that map reflection symmetric curves into reflection symmetric curves.
Since, for fixed n {&{m.n;—n < m < n} is discrete, it ishdisjoint-to a sufficiently
small neighbourhood of the identity map Id¢, and we can‘ignore the case of dis-
crete rotational symmetry of order n. Also, we restrict, ourselves to non-degenerate
spacetimes points, where the shadow curve is not/a generalized circle (for simplicity
we call such curves “non—circular”). So, we conclude that4 must be the identity
map, i.e.:

X_loroxor_lzld@ <— roxor_lzx.

Letting x correspond to the SL(2,C) matrix:

~

it is immediate to compute that 7 o x o7t

Q)

Thus, is x is sufficiently close to the identity map and the reflection symmetric
curve c is non-circular, it mitstibetthe case that x € SL(2,R), i.e. all o, 8,7,0 are
real parameters.

Our second,aim is toddentify the infinitesimal transformations with generate this
subgroup of M&bius transformations. Consider a one parameter subgroup 7 : R —
SL(2,C) of SL(2,C)rand denote by x.(s), s € R the corresponding curve in the
Mébius group. A straightforward computation gives, for each z € C:

corresponds to the SL(2, C) matrix:

dx (s (2
%)() = Bo + (a0 — do) — 702,
where ag = do(;ss) L Bo = %(SS)‘ 0 Yo = d?ii(ss) , 00 = d(;f) . The condi-

5=
tionsthat the curve 7(s) takes values in SL(2, C) requires that 69 = —ag. Thus, the
infinitesimal generator of this one-parameter subgroup is:

€ = (Bo + 2002 = 702%) 0 + (Po + 200 % — 0 2°) 0=

Thus if we restrict ourselves to the subgroup of transformation preserving the re-
flection symmetry of a non-circular curve ¢, the generators are:

€= Po (0 +0z) + 200 (20; +205) — 0 (+°0. +72°0z), a0, Bo, 0 ER.

In terms of Cartesian coordinates {x,y} on the complex plane, i.e. z = x + iy, this
vector field becomes:

& = B0y + 20 (205 + ydy) — Yo ((12 — yz) Oy + 2xy6y) .
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So, the three generators of Mobius transformations preserving reflection symmetry
turn out to be the translations along the x axis £, = 0, the dilations about the
origin & = x0y + y0, and a third conformal Killing vector given by &z = (x?°=

y*)9: + 2zyd,. These vector fields generate a Lie algebra with structure constants:

(€1, &) = &1, (€1, &3] = 2&o, [€2,&3] = &3.

Note that the subset of reflection symmetric transformations that leave the ori-
gin { = 0,y = 0} invariant is generated by {&, &3}, which is, naturally, a two-
dimensional subalgebra. Another observation is that the only element in {£1(&2, &3}
which is a Killing vector of C U {oo} endowed with the spherieal metric/ ds?> =
(1+ 3@+ y2))72 (dx?+dz?), is 4¢; + €3 (and its constant multiples). This Killing
field corresponds to rotations of the sphere leaving invariant the poles' with corre-
sponding equator mapping onto the real axis by stereographie, projection.

APPENDIX B. PARTIAL DERIVATIVES(OE f AND h

Af  4xA? = a*{z® + (I +acos)*HA" — Ada’r 4 (@4 I° — a® cos® H)A)

da 4a2xA3/2 sin @
g) (B.1a)
of  UHa?+ (14 acos)?}A — 2A(202 + (U acost)A')
ol daxrA3/2sin 0 (B-1b)
of  {a*+ (I+acos0)’}2A+ @A) + 4r2A B1
oM 4axA3/2 sin (B.1c)
of  Q(A{a?+ (14 acos0)?} +4daA)
0Q daxA3/2sin 6 (B-1d)
Of _ 2a(l+acosf)A’ sin? 0 %.cos O(A'{z? + (I + acos6)?} — 4aA) (B.1e)
o0 4ar/? sin? 0 e
of  {z?+ (I +acos@)2}(M —x)3 — M(M? — a® — Q> +1?))
dr 2a2A3/2 sin 0 (B-19)
Oh _ tas(-SoAWBEI () + A1~ )N @) + 15AG) o
da A(z)A(r)((r2 — 22) A’ (z) + 4zA(x))?
oh _ 4Qz (=8 A A () + (A(r) + A(z))((r? — 2?)A'(x) + 4z A(x)) (B.2b)
oQ VA@)A(r)((r? — 22)Al(z) + 42A(x))?
Oh _ AU B2A (MA@) — (A(r) + A(z))((r? — 2?)A'(x) + 4zA(x)) (B.2¢)
ol VA@A(r)((r? —a?) A () + doA(x))?
Oh e (rA@)(—42A(x) + (22 — 1) A (2)) + A(r)(2(r? + 2?)A(z) + z(2? — r?)A'(z))
oM A(X)A(r)((r2 — 22)A’(z) + 4z A(x))?
(B.2d)
Oh™ 22wl (z) (4zA(x)A'(r) + (A'(r)(r? — 2?) — 4rA(r))A'(z)) (B.2e)
or VA@)A)((r2 — 22) Al (z) + dzA(z))2
@ ' 4 2(r2 — 2H)A(r)(x — M)3 + M(M? — a® — Q2+12))' (B.2f)
RE A(@)AF)((r2 — 22) 28 4+ 22A(2))?
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