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ABSTRACT

Estimates of the directional wave spectrum obtained from the meteorological buoy of the University of
Hamburg and a pitch-and-roll buoy of the Institute of Oceanographic Sciences are reported from a series
of measurements made within the framework of the Joint North Sea Wave Project during September 1973.

Three main aspects were considered. First, the properties and parameterization of the directional
spectrum were studied when the waves were generated by steady winds without any significant swell
contribution. The results do not support the parameterization proposed by Mitsuyasu et al. (1975) and
are in agreement with a parameterization in which the peak frequency is the relevant scale parameter.
Second, comparisons are made between two independent methods of fitting the data exactly by means of
a maximum likelihood technique (Long and Hasselmann, 1979) and a least-squares technique. The two
methods give very similar fits to the observed data. Finally, the response of the directional wave spectrum
to veering winds is considered and a simple model is constructed as a first attempt to describe some of

the observations.

1. Introduction

Although there have been many studies of the
development and characteristics of the frequency
spectrum of wind waves, there are comparatively
few systematic studies of the directional wave
spectrum apart from the recent work of Mitsuyasu
et al. (1975), Tyler et al. (1974), Regier and Davis
(1977) and Forristall er al. (1978), and the early in-
vestigations of Coté et al. (1960), Longuet-Higgins
et al. (1963) and Ewing (1969).

One of the main aims of this study was to in-
vestigate the properties of the directional spectrum
and, in particular, the parameterization proposed
by Mitsuyasu et al. (1975) applicable to steady wind
conditions using data collected from two kinds of
system during the Joint North Sea Wave Project.
The principle of measurements of the directional
wave spectrum for the pitch-and-roll buoy is well
known (Longuet-Higgins ef al., 1963); the method of
obtaining directional information from a meteoro-
logical buoy is based on the measurement of all
three components of acceleration and rotation and,
in principle, gives identical information to that ob-
tained from the pitch-and-roll buoy. Details are ex-
plained in Appendix A.
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Under conditions of veering winds the directional
information is difficult to interpret and methods for
constructing the directional distribution which use
all the information available are heipful. The re-
cently proposed maximum likelihood technique
(Long and Hasselmann, 1979) was used and the re-
sults were compared with an improved parametric
fit similar to that discussed by Cartwnght and
Smith (1964).

2. Measurements

The measurements were made.during September
1973 at the JONSWAP site (Hasselmann et al., 1973;
Giinther et al., 1979). The pitch-and-roll buoy was
deployed from a ship located at station 10 approxi-
mately 52 km off the island of Sylt'in a water depth
of 22 m. The meteorological buoy was deployed
from a ship at station 8 (water depth of 18 m) about
27 km offshore. Measurements were made at inter-
vals of either 2 or 4 h at station 10, while at station 8
the data were recorded continuously and later
analyzed at approximately 1 and 2 h intervals. The
times of measurements are shown in Fig. 1 which
also displays the wind speed U (at a level of 10 m)



AuUGUST 1980

HASSELMANN, DUNCKEL AND EWING

1265

WINDSPEED
16.00
[mis]
12.00]
8.00
4.00
0.00 T T T T T T T T T T 18T 197 T .1221231 T25 T 261 27
7 8 g 10T T12T 13T gTriIsTiel 1711 1 20 T 21 24
250 255 26 265 270
SEPTEMBER
360.00 WINODIRECTION
270.00
180.00
90'00-——-———4n o e b b———t i
" i treene n Heeee firem 1
0.00
T e T Ttttz igiisTasTl ptast1at2otT2rPeeTosgtagtastas 2y
250 255 SEP%ESBER 265 270

Fi1G. 1. Wind speed and direction from where the wind is blowing (5,, + 180°) during JONSWAP 73 (10 min
averages). Also shown are the times of measurement at station 8 and the half-hourly intervals at station 10

(short blocks).

and direction measured at station 8 discussed in
Briimmer et al. (1974).

Fig. 1 shows that well-defined steady meteoro-
logical conditions were never encountered during
September 1973. Nevertheless, a number of cases
(Table 1) could be selected for the first analysis of
directional properties under fairly steady wind con-
ditions in the absence of swell. Criteria for the selec-
tion of these runs (data set A) were 1)c,, < U, where
¢ is the phase velocity at the spectral peak; 2) the
absence of swell; and 3) the steadiness of the wind
field with regard to speed and direction and judged
subjectively from Fig. 1. The analysis of veering
wind cases is discussed in Section 6.

3. Data analysis

Cross-spectral estimates were computed using
fast Fourier transform techniques. Each record of
length equal to 32 min was divided into 15 non-over-
lapping segments of length 128 s and cross spectra
were formed by averaging over all segments. The
sampling interval was 0.5 s. This procedure gives
spectral estimates with a resolution of %28 Hz and
30 degrees of freedom. The buoy diameters of 2.1 m
(meteorological buoy) and 1.2 m (pitch-and-roll
buoy) mean that information can be obtained up to

\

at least 0.5 Hz. At frequencies < %28 Hz the
meteorological buoy has problems with low-fre-
quency noise, while the pitch-and-roll buoy gives
results down to about %128 Hz. For this reason we
have analyzed results from both buoys over the
range %128 Hz to 0.5 Hz. We also found it neces-
sary to reduce the amount of information by averag-
ing directional spectra over five adjacent frequencies
thus giving estimates with 150 degrees of freedom.

Strong currents can have an important influence
on the estimation of directional spectra (Forristall
et al., 1978). In our situation tidal currents of
~0.4 m s7! have negligible influence over the fre-
quency range considered.

Using the methods of Longuet-Higgins er al.
(1963), we thus have estimates from both buoys of
the Fourier coefficients a,, b,, a,, b, of the spreading
function S(f,6) and the frequency spectrum E(f):

E(£.,0) = E(f)S(f.0),

where

J%S(f,e)d(iz 1 CAY

0
and

S(f,0) = 7% + Y a,cosnb + b, sinnf} (3.2)

n=1
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TABLE 1. Data set A.
Sta~ Ue? Hsa,b fma

Day number/time tion (m s™1) 8,2 (m) (Hz) Ulcy? Smax® [ Neun
250 0400-250 0600 8 8.5-8.7 76-83 0.64-0.72 0.23-0.24 1.31-1.34 7.2 0.273 3
250 G700-250 1600 8 8.0-8.9 74-100 0.75-0.88 0.19~-0.22 1.08-1.17 7.5 0.234 9
252 1200-252 1400 8 8.1-8.6 110-112 0.66-0.71 0.20-0.24 1.05-1.34 10.3 0.195 2
252 1600-252 2000 8 10.3-11.5 112-160 0.85-0.84 0.15-0.20 1.15-1.35 10.4 0.195 2
252 2200-253 0630 8 11.5-12.5 160-166 1.74-1.88 0.14-0.15 1.03-1.11 13.5 0.195 2¢
255 0300-255 1500 8 9.4-12.0 140-165 1.22-1.65 0.14-0.17 1.03-1.31 11.9 0.234 9
267 2100268 0200 8 12.9-15.0 240-260 0.92-1.39 0.17-0.21 1.68-1.78 14.3 0.195 4f
268 0300268 0700 8 10.1-11.2 219-260 1.12-1.33 0.17-0.19 1.16-1.31 18.1 0.195 4f
268 1800-268 2000 8 9.6-9.8 212-230 0.82-0.92 0.20-0.21 1.26-1.33 13.1 0.195 3f
252 1300-252 2010 10 8.2-11.4 110-160 0.79-1.80 0.14-0.20 1.02-1.04 11.2 0.156 2
255 0420 10 11.9 136 1.68 0.14 1.09 6.1 0.195 1
260 1620 10 6.8 300 0.55 0.25 1.10 4.9 0.273 1
262 1400-262 1630 10 7.5-8.2 314-330 0.88-0.89 0.20-0.21 1.01-1.06 . 8.5 0.195 2

2 Ranges given do not indicate a development in time.
b Hg = 4(§2>1,’2.

¢ Maximum observed volume of s, found at frequency f; (Hz).

9 Number of runs.
¢ At intermediate times runs with Ulc,, < 0.9.

" Wind slowly turning, these runs are also part of data set B. Waves not completely aligned with the wind, 8, — §,, = 40° at

the spectral peak.

and we count directions clockwise from north. Al-
ternatively, we may introduce r,, r,, 8, and 5, by
writing (3.2) as

S0 =Qm) Y1 +2 Y r,cosn(6 — 8, (3.3)
The rms spread angle 6, is obtained as '

o = (2 = 2r)". . (3.4

4. Conventional analysis of data set A

We may fit the parameters r, and §; of (3.3) with
a directional distribution

S:(f,0) = M(6,5,,6,),

- «
2|~ 4.
cos ( 5 ) , (4.2

“4.1)
where

M@@.pia) = N(‘p)

ry

S = “4.3)

1-r
For convenience we use the notation 1M to describe
a fit consisting of one function like (4.2). Later we
consider a combination of two such functions and
denote this by 2M.

For data set A, 8, and 8, were nearly always
closely aligned with the direction toward which the
wind was blowing, §,. The exceptions are listed in
Table 1. These exceptions, nevertheless, were
clearly generation cases, as could be seen from in-
spection of the one- and two-dimensional spectra,
and the offshore wind directions. Mitsuyasu et al.
(1975) have proposed the relations

f

S _ (E)—z's for f=fy, (4.42)

N m

5
LA (i) for f<fam  (4.4b)
Sm fm
where
-2.5
Sm = 11.5(U“"") . O = 27fn, (4.40)
g
so that
U —-2.5
s = 11.5(_) for £=f, (4.5
(o4

Based on the argument that primarily nonlinear
processes determine the wave spectrum, Hassel-
mann et al. (1976) have suggested that s should
depend mainly on fIf;,, rather than on U/c for f = f,,.
As a referee has pointed out, the spread parameter
s might be expected to depend both on U/c,, and
flfm even if the directional distribution is mainly
governed by nonlinear transfer, since the peak en-
hancement parameter y and Phillips’ ‘‘constant’” o
for the 1-D JONSWAP spectrum (Hasselmann
et al., 1973) depend on Ulc,. Nevertheless, the
general tendency should be as follows: if the spectral
shape was entirely governed by input from the wind,
the relation s = s(U/c,,; flf,,) should degenerate
into s = s(U/c); if, on the other hand, the spectral
shape was governed by nonlinear interactions, we
should expect s to depend mainly on fif,,, with a
slight dependence only on U/c,,. In Figs. 2 and 3 we
show our values of s, plotted against either fIf,, or
Ulc, and in keeping with (4.4) we have used the deep-
water value for ¢ throughout. The large scatter does
not allow a decision for the one or the other param-
eterization based solely on the correlation coef-
ficient. But a grouping into the classes I, II, IIT and
1V shown in Table 2 clearly shows the superiority
of the f,, scaling.
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F1G. 2. Spread parameter s, vs Ulc for data set A. Symbols classify data by
station and group: (I)-(III) of Table 2; O (8,1), O (8,II), + (8,III), 1 (10,I). Also,
shown are the regression line for group IV, the 95% limits for the mean values and
the standard deviation around the regression.

We see a significant (always at the 5% confidence
level) increase of a with U/c,,, whereas A remains
constant. As expected, b = B within statistical
error, but both parameters show a significant de-
crease with U/c,,, so that with increasing U/c,, and
constant f/f,, > 1 the angular distributions become
more isotropic. It is easily estimated (see also
Section 5) that the scatter around the regression
line is much larger than could be explained by
sampling error at » = 150 degrees of freedom. Thus
hidden parameters or ‘‘geophysical variability”
determine this scatter.

In subclass I ourrange of U/c,, (1.0 < Ulc,, < 1.2)
overlaps with that considered by Mitsuyasu ez al.
(1975). Our values for a and b are close to and pre-
sumably in statistical agreement with their values
(for which error margins were not given).

From the results of Table 2 we obtain as our final
best estimate

s1 = sa(flfm)", (4.6)

where

Sm=9.77 £ 0.43, (4.6a)

p = —(2.33 = 0.06)

- (1.45 £ 0.45)(U/c,, — 1.17). (4.6b)

This estimate has been derived from the data for
U =c,, and f = f,,; the errors are standard devia-
tions. From the data U = ¢, and f < f,,, we obtain
a best estimate

51 = S ml(flfm)s (4.7)

with
§m = 6.97 + 0.83, (4.7a)
i =4.06 + 0.22. (4.7b)

The values for s,, and §,, are significantly different
from each other and the simplest way to obtain
a consistent parameterization is to shift the break-
point f = f,, to f = 1.05f,,, so that (4.6) is valid for
f=1.05f, and (4.7) for f < 1.05f,. It is evident
from Fig. 3 that the regression line (4.6) systemati-
cally overpredicts s, for f/f,, = 3.0, but we have
made no attempt to determine a higher order re-
gression.

We stress that our data base is not ideal and more
measurements in ideal generation conditions and at
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FiG. 3. As in Fig. 2 except s, vs flf,, for data set A.

small nondimensional fetch would be helpful to
check our conclusions. '
Whether our parameterization (4.6) and (4.7) re-
mains valid in the nearly fully developed growth
range 0.8 < U/c,, < 1 remains to be seen. The
" high s values reported by Mitsuyasu et al. (1975)
provide evidence to the contrary, but it should be
kept in mind that in this range of U/c,, it is often dif-
ficult to distinguish between swell and sea; for this
reason we have not included data from this range

in our analysis. For large values of Ulc,, some re- '

sults supporting our conclusion that (4.5) needs im-
provement have been obtained from experiments
in sufficiently wide tanks at U/c,, = O(10) when the
directional spread was found to be narrower than
given by (4.5) (preliminary information kindly pro-
vided by a referee and by M. Donelan).

If S,(f,0) of (4.1)—(4.3) is a good approximation
of S(f,0), then s, = s(r,) should lie close to s, where
(Cartwright, 1963)

_ s2|52 - ll
(52 + D(ss +2)

For 0 < s, < 1 the root s, of (4.8) closest to s,
is understood. In Fig. 4 we show the comparison

(4.8)

re

TABLE 2. Regression analysis, Data set A.

VOLUME 10

L 1.0=sUl, <12 II: 1.2 < Ule,, < 1.4
IH: 1.6 < Ulc,, = 1.8 IV: 1.0 = Ulc,, < 1.8
logs = a + b log(Ulc); flfn = 1

N U/Cm a Ta b Ty Pa
1. 235 1.10 1.07 0.024 -2.21 0.069 -0.90
1I. 104 1.29 1.37 0.045 -2.68 0.120 -0.90
II1. 34 1.74 1.64 0.170 -2.84 0.330 -0.83
Iv. 373 1.17 1.1t 0.025 -2.35 0.067 -0.85

logs = A + B log(f/fu); flfw = 1

N Ulc,, A T4 ‘ B- o p?
1. 235 1.10 098 0.021 -221 0.069 -0.90
11. 104 '1.29 1.06 0.033 -2.62 0.120 -0.90
II1. 34 1.74 097 0.090 -2.90 .0.300 -0.84
1v. 373 1.17  0.99 0.019 -2.34 0.064 -0.88

logs = o+ B log;f/fm;f/fm <1

N U, a Oy B a5 p*
1. 89 1.10  0.81 0.058 4,16 0.25 0.87
1I. 52 1.30  0.98 0.090 3.9 0.38 0.82
II1. 14 1.74 0.63 0.160 4.6 0.70 0.88
Iv. 155 1.17 0.84 0.052 4.06 0.22 0.82

a Correlation coefficient.
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Fi1G. 4. As in Fig. 2 except s, vs s, for data set A.

between s, and s,, and while there is clearly a high
correlation for s, > 3, considerable scatter at lower
values of s, is also evident.

At near isotropic distributions s, < 1 the sam-
pling error will cause a bias of the estimator 7, at v
degrees of freedom in order of (1/v)'? = 0.08
atv = 150.In0 < s < 1 the maximum value of r,(s)
is r, = 0.072 [at s = (V3 — 1)/3] and thus in most
cases the bias will enforce a value s, > 1. Thus we
have a simple explanation for most of the points
with s, < 1in Fig. 4, but not for those with s, > 3.0,
s < 1.

5. Improved fits and testing of hypotheses
a. Improved fits

In the comparatively simple conditions of data set
A the fit (4.1) would seem to provide a reasonable
description of the angular distribution. In more com-
plicated cases, when there was a swell running into
a windsea or especially when the wind was turning
the simple 1M fit was clearly not appropriate and
the need for a fit which included all the informa-
tion arose.

Two methods of fitting were therefore investi-
gated: the maximum likelihood (ML) fit of Long and
Hasselmann (1979), denoted with §,(#), and the 2M
fit, which has the form

S3(0) = AM(0,p1,8)) + (1 = NM(0,p:,B), (5.1)

with ¥4 < A =< 1 and for uniqueness we impose the
side condition (p, — p,)? = min; details are given
in Appendix B. Uniqueness of the ML fit S,(9) is
ensured by requiring minimum distance to a most
preferred function S,(0), i.e.,

j [S2(8) — S.(0)]2d6 = min (5.2)

and for all of our cases we have chosen $, = S,
from (4.1).

In the versions we used both the ML fit and the
2M fit reproduce the Fourier coefficients exactly
and make no allowance for statistical error. We
therefore refer to them as exact fits.

We have looked at the following questions:

1) How well do the fitting procedures reproduce
known artificial angular distributions when they have
only the four lowest Fourier coefficients as input
information and how do they behave numerically?

2) How do the algorithms respond numerically to
measured Fourier coefficients?

3) To which degree do the Fourier coefficients
determine the angular distribution and can we de-
fine a typical distance between exact fits?

4) Does allowance for statistical error drastically
increase a typical distance between two allowed fits



1270

90. i , :
g ~4 i B P12
3) | WM A -
— - -ﬁjek J&(\A—
0. ] ; C
360. | . ' -
(2) 7 N
0.297 . -
S N3/ M F
i A R I
- ChEd A L
0.0 ] !g' \\ .

0.0 0.5

HZ NESWNETSTWHK

F1G. 5. Spectra for case B3 (day 256, time 2000, station 8). LEFT:
Boxes (1), (2), (3) show E(f), §,(f) and the mean-square spread
angle 8,(f), respectively. Also indicated by dashed lines are the
mean wind direction 8, and the frequency f, at which U = c,
U =gRuf,. In box (1) E(f) shows twice-integrated low-
frequency noise to about 0.08 Hz and then rises to a maximum
of 0.297 m* Hz™' at 0.17 Hz. Also shown is the JONSWAP fit
E to E(f) with a slightly lower peak frequency and vanishing
below 0.1 Hz. The third curve, rising from 0.1 Hz and causing
some confusion at 0.17 Hz, where it crosses over onto its
plateau for 0.2 < f < 0.4 Hz, is A(f) = f°E(f). The scale for
A(f) runs from 0 to 0.0002 m?> Hz‘. RIGHT: Directional dis-
tribution functions $,(8), S.(6) and S;3(0) for bands 1, . . . , 12.
[The frequencies f,, are indicated by the frequency tick marks
on top of the upper left box (3), f; = Y28 Hz, f, = (Sn + 4)/
128 Hz for n > 1.] The IM fit §,(8) is in all cases the broadest
distribution, while the 2M fit $;(6) is always that with the highest
maximum value. At all frequencies the scale is from 0 to 1.25.
The 1M fit is accepted in bands 6, 7 and 10. The maximum values
of A,,and Ay zare A, = 0.99inband3and A, 3 = 0.51inbandS5.

as compared to the distance between two exact fits?
This point will be examined in Section 5b.
The other points are answered as follows:

(i) In many trials on artificial data we found both
methods to be fast and stable, but the ML fit is more
stable. The results of the ML fit do not sensitively
depend on the choice of $,(8). Both fits reproduced
input distributions with at most two peaks (e.g.,
two boxes) surprisingly well. When there were more
than two peaks both methods were unable to repro-
duce this structure and returned at most two peaks
for S, = S, or S, = 127, '

(i) When applied to our 194 runs, yielding 2328
fits, the ML fit failed in only 16 cases, all of which
occurred in two runs, while the 2M fit failed in 132
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cases. The concentration of ML errors in two runs
strongly suggests that these data were erroneous
and we have found the ML fit to provide an efficient
means of checking the validity of data.

(iii) The results of the two fits were often very
close together, even when they deviated markedly
from the 1M fit. As a measure of distance we use

‘a normalized form of (5.2):

00

A% = 4”J (Si — 8;yd6 G-3)

0
so that A = 1 is the distance between isotropy and
(1 + cosn)2m.

Good agreement between fits is usually obtained
for A < 0.2 (e.g., see Figs. 5 and 6). In more than
95% of all cases the distance between exact fits fell
into the range A, ;3 < 0.4.

The frequency distributions of the distances
A, ; and A, to the IM fit were nearly identical [in
agreement with (5.2) A,, < A, ; always held] and
only in 53% of the cases was A, , < 0.4. It is often
stated that pitch-and-roll buoys have only a coarse
angular resolution. The results of (i)—(iii) allow us to
qualify this statement:
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FiG. 6. Spectra for case B4 (day 264, time 0815, station 10).
LEFT: As in Fig. 6 except that E, E, A are now easily distinguish-
able. The scale for E and E is from 0 to 1.33 m? Hz™! and for A
from 0-0.00037 m2 Hz“. RIGHT: Same scale and the same fea-
tures identify S,, S, and S; as in Fig. 5. (Due to finite plot steps
the 1M fit in band 1 does not have §, = 0 at NE as it should.)
The 1M fit is accepted in bands 8, 10 and 12. The largest distances
A are A,, = 1.12 and A, 3 = 0.34, both found in band 3.



AUGUST 1980

TABLE 3. Percentage contributions for model 1
(N = 2304; entire data set).

0<aA A<04 A=04
0=y 100 53 47
Xt < 5.9 57 50 7
X2 = 5.99 43 3 40

If all available information is taken into account
then pitch-and-roll buoys have a high resolving
power for angular distributions consisting of one or
two narrow peaks and will not tend to smear these
out. If, for instance, the true angular distribution
is the & function, S (0) = 8(6), or if S(8) = 0.5[5(9)
+ 86 — m)], then the onmly fit to pitch-and-roll
information is the true distribution; and if the true
angular distribution is close to these examples then
any fit must remain close to these.

As the true distribution becomes more isotropic
the positivity constraint § = 0 becomes less strin-
gent, so that for broad angular distributions the
angular resolution of a pitch and roll buoy is indeed
coarse.

The sampling error has the same tendency: It
vanishes for the first 6 function example given above
and is not important for distributions close to either
example; for nearly isotropic distributions, how-
ever, the bias for r; and r, may produce spurious
peaks (see, for example, the lower frequency bands
in Figs. 5 and 6).

b. Testing of hypotheses

We have not yet considered whether the 1M fit,
despite its often large distances to exact fits, is
nevertheless statistically consistent with the data.
Nor have we considered, whether the parameteriza-
tion of Section 4 is in statistical agreement with the
data, although the abovementioned large scatter
around the regression makes this unlikely. The con-
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cept of minimizing x* (Miiller ez al., 1978; Long and
Hasselmann, 1979; Long, 1980) allows us to find a
best model (with a given number of parameters) and
the minimum x2 then allows us to decide whether
the best model can be accepted. We have not at-
tempted to find a best model, but have simply tested
three obvious models for consistency with the data.
A model is rejected at the 95% confidence level if
x? > X%.0.0s Where v, is the number of predicted
variables.

Model 1 is our 1M fit and has »; = 2 since only r,
and J, are predlcted

Model 2 is given by S(6) = M(G $,8,), where s is
taken from the U/c dependent parameterization
group IV in Table 2 for f = f,; for f < f,, we have
chosen s/s,, = (flfw)* with s,, depending on U/c,,.

Model 3 is given by S(8) = M(6,s,5,,) where we
have now used s as given by the f/f,, dependent
parameterization group IV in Table 2, but with the
breakpoint at fif,, = 1.05.

For models 2 and 3 v, = 4, since all parameters
ris 84, re, 9, are predicted variables.

We have tested the last two models only against the
runs of data set A. Details are given in Appendix C.

Model 1 was rejected in 28%, model 2 in 83% and
model 3 in 82% of these cases. We did not test our
best parameterization [(4.6) and (4.7)], but the re-
sults would undoubtedly have been similar. Thus,
the poor prediction of the first harmonic (r,,8;) is
mainly responsible for the inconsistency of models 2
and 3, since model 1 is consistent in the majority
of cases.

To see how well the distance A = A, , corresponds
to the consistency of fits, we have compiled Table 3,
which shows that 57% of all 1M fits were consistent
with the data, and nearly all of these fell into the
range A < 0.4; A, ;5 = 0.4 presents an upper bound
for the typical distance between exact fits [see (iii)
of Section 5a). Conversely if A = 0.4, nearly all 1M
fits were inconsistent with the data.

Thus, for pitch-and-roll measurements there is

TABLE 4. Data Sets B and B’ (B' = B-BS).

Sta- u2
Case Nrun tion Day number/time (ms™) 8.2 5,0 Swell Response?
B1 13 8 250 1500-251 900 3-4 120-060 —60/5 + h
B2 44 8 253 2000256 0400 12-8 160-130-160 +30/12 + mh
8-4 160-320 160/10 + h
B3 11 8 256 1800-257 0600 4-6 60-160~-120 90/1 + mh
B4 6 10 263 2000-264 1200 4-12 60—(—100) —150/12 + mh
BS 13 8 264 2200-265 1200 8-2-10 310-150 —160/6 + non-local®
B6 14 8 267 1800-268 1100 8-12-8 330-240 -90/5 - mh
B7 24 8 268 1800-269 2000 10-4 210-320 110/9 + mh

2 Range gives crude temporal information.

> Typical values in degrees h™!.

¢ Plus values indicate spectrum dominated by swell
d Response of 8, in high (h), or medium (m) bands.

¢ Not included in the data set B’ selected for further analysis.
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little point in increasing the number of degrees of
freedom beyond » = 150, since then the distance
between exact fits and not the sampling error be-
comes the limiting element in data interpretation.

6. The response to veering winds
a. Presentation of the data

The directional distribution in the case of veering
winds can be rather complex, since a number of
competing mechanisms are acting:

(i) the local wind will have a tendency to align
the waves in the wind direction.

(ii) Turning winds are usually associated with
a nonhomogeneous wind field, so that the wind, say,
some 50 km away, might be generating waves which
are radiated into our area in a direction deviating
from that of the local wind.

(iii) Interactions with swell will have some,
although normally rather weak, tendency to align the
entire wave field into the swell direction.

(iv) In our site shallow water refraction effects
may play a role.

We have considered only the influence of mecha-
nism (i), unless there was clear evidence that a case
was dominated by other processes—such cases
were not included in data set B’ selected for the
further analysis of Section 6b.

We discuss here only the behavior of 8,, since of
all variables (ry, 12, 8,, 8, Or 54, §3, 8,, 8,) 6, was the
only one to show a clearly detectable response to
the wind. The response of r,, or the mean square
spread angle 6, was sometimes detectable, but was
much harder to separate from the noise.

The runs for data set B (Table 4) were selected
solely by the criterion that the wind was turning,
so that we have purposely avoided a bias toward
“strong effects.’”” The decision whether a wind was
turning or just fluctuating was made subjectively.
Times prior to the turning of the wind were some-
times included and thus there is some overlap with
data set A. These runs are marked by a footnote in
Table 1. All other runs of data set B had a strong or
dominant swell contribution.

For lack of space we can present a detailed
analysis only for cases B3, B4 and B7. On the basis
of such an analysis the data of case BS (Giinther et
al., 1979) were seen to be dominated by mechanism
(ii) mentioned above. These data were the only ones
not included in the selected set B'.

Fi1G. 7. Case B3 (station 8); r = 0 corresponds to day 256 at
1800. Shown are the wave directions §,, the wind direction
8, (00) and the wind speed (Y) as function of time for the low-
frequency (a), medium-frequency (b) and high-frequency bands (c).
Bands 1-4, 5-8 and 9-12, respectively, have symbols O,
A, +, X, !
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1) CASE B3 (STEPLIKE CHANGE)

In Fig. 7, we show the development in time of
8y, U and 3§, for the low-, medium- and high-fre-
quency bands. During day 256 the wind U = 4-6
m s~! had shifted from §,, = 270° at 0400 (all times
GMT) through north to §,, = 60° at 1800 (see Fig. 1).
At the last previous measurement (256, 0400) we
observed 8, = 150° for the bands 1, . . ., 8, while
for the high-frequency bands §, ran from 8§, = 190°
for band 9 to 8, = 270° at band 12.

Comparison with the values at 1800 shows that the
medium- and high-frequency bands had responded
to the shifting winds and that band 5 behaves as
swell, whereas the value of 8, in band 6 can be ex-
plained by a strong swell component. Between 1900
and 2000 the wind shifted rapidly from 70° to 160°
and then gradually fell back to 120°. We see that both
the medium- and high-frequency bands responded
and that the slope 8, is greater for the high-frequency
than for the medium-frequency bands.

The wave spectrum was at all times dominated
by swell; Fig. 5 is typical for the one-dimensional
spectrum, which also shows that the swell tail ex-
tends to band 8 and that the medium-frequency
bands still contain a strong northerly component
due to the history before 1800, while the high-fre-
quency bands reflect the prevailing wind direction
between 1800 and 1900.

The secondary dip in 6, is typical for turning wind
situations, but its position is not normally well de-
fined and the dip is usually undetectable when we
plot 6,(f,t) at a fixed frequency. There is no de-
tectable increase of the wave spectrum in the. gen-
erating range U = ¢ and this feature was found in all
cases except the next one B4.

2) CASE B4 (CONSTANT ANGULAR VELOCITY)

Fig. 8 shows a beautiful example of a wind turn-
ing at nearly constant angular velocity—over a
period of 12 h the wind turned from §,, = 60° through
north to §,, = —90°. The wind speed increased from
4 to 11 m s™!, which is the reason for the increase in
the one-dimensional wave spectrum in the frequency
range U = c. Nevertheless, the spectrum was
always dominated by swell (see Fig. 6).

The response of §, is absent in the swell-domi-
nated low-frequency bands but is clearly evident in
the medium- and high-frequency bands and now we
observe fairly good agreement between the slopes
o; and d,,.

We notice in Fig. 6 that the mean spread angle
0, is large compared to the steady wind cases. At
the end of the period when the wind steadies 6, de-
creases (not shown). Although this has also oc-
casionally been observed in other cases, we have
not been able to establish a definite correlation be-
tween 6, and 8, for the entire data set B.
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F1G. 8. Case B4 (station 10);7 = Ocorresponds to day 263 at 2000.
Otherwise as in Fig. 7.
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FI1G. 9. Case B7 (station 8);¢ = 0 corresponds to day 268 at 1800.
Otherwise as in Fig. 7.

3) CASE B7 (MIXED SITUATION)

This case is more complicated than the previous
two. Between 269 at 0200 and 269 at 1300 the wind
gradually turned from 8, = 210° to §,, = 310° at an
approximately constant angular velocity. The wind
speed was only 3.5-6 m s~! (see Fig. 9). The low-
frequency swell bands again did not respond. The
medium-energy bands did not respond until 269 at
1300 when they gradually began to turn into the pre-
vailing wind direction, but interestingly their direc-
tion of turn is opposite to that of the wind. Since
the wind and wave directions were ~180° apart
before turning this is not too surprising and a swell
contribution could easily cause such a behavior. Of
these medium-frequency bands, only the highest fell
into the range U = ¢, so that we were possibly
observing waves radiated into our area, although the
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fact that the higher frequencies in the medium-
frequency bands turn faster than the lower ones does
not support this interpretation.

We see that the high-frequency bands behave as
expected, the highest frequencies being the first to
turn. During the time in which the medium-frequency
bands are turning the high-frequency bands show a
perplexing ‘‘overshoot’’ over the local wind direc-
tion, running into a direction intermediate between
the wind direction and the direction of the medium-
frequency bands. Perhaps interactions between the
medium- and the high-frequency bands are impor-
tant in this situation.

b. Further analysis of data set B’

The type of situation we shall try to model is
the following: We consider the response of a homo-
geneous wind sea to a wind field which is homogene-
ous, but changes direction &, = 6,(¢t) while the
speed remains constant. This is an idealization
which is never met in the field. However, neither
does our data base allow a reasonable estimate of
horizontal scales of the wind and wave fields, nor
does a simple theoretical framework exist which
could easily incorporate horizontal inhomogeneity.
Inhomogeneity can be included in numerical models,
but this is beyond the scope of this paper. Even in the
idealized case it is not simple to decide how the
wavefield is expected to behave. We have finally
opted for an extremely simple model, aware of the
fact that it cannot render a correct description.

We have considered testing models which can
incorporate more of the physics, but eventually
decided the effort was not worthwhile, since it is
doubtful whether our noisy data would allow the
determination of a more complex process.

Our first simple model was based on the following
assumptions:

e Since, except for case B4 in which there was
also a marked increase in wind speed, there is no
obvious increase of the one-dimensional spectra due
to changes in direction, we neglect all effects which
may change E(f).

e Concentrating entirely on S(f,0) we assume
that, even in situations with a turning wind, the
directional distribution S(f,6) can be approximated
by the 1M fit S,(f.0), so that we deal only with r,
and §,. Plots of the distributions nearly always
showed considerably skewed, often double-peaked
distributions, but we have not attempted to describe
these effects in our simple model. |

Introducing the vectors

r, = r,(coss,, sind,), (6.1a)

n = (cosd,, sind,), (6.1b)
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our first attempt was the model
r, = An — Bry, (6.2)

where the parameters A and B were allowed to
depend on U/c and fIf,,. There is only one unknown
for the response to changing winds in (6.2) since the
analysis of the data set A prescribes the ratio A/B
for §,, = constant.

According to (6.2), a turning wind causes both a
decrease of r, relative to its equilibrium value and
an angular adjustment. We have analyzed the data
according to (6.2), performing a linear regression
between the left-hand and right-hand sides of (6.2).

Due to large scatter no reasonable estimates could
be obtained, except for a poor determination of the
known value of A/B. Thus we analyzed an even
simpler model by locking r, into its equilibrium
value, thereby eliminating the scatter of r, from the
analysis.

This leads to a formulation

5, = wb sin(8,, — &), (6.3)

where w = 27f and b = b(U/c; fify). For a wind
turning with a constant angular velocity Q = §,
and constant wind speed, we obtain, for Q/(wb)
< 1 and t — o, regardless of the initial values,

8= Q-1 =0t -8, (6.4)
where the lag angle §,; is given by
sing, = Ql(wb). (6.5)

Applying this analysis to data set B4 we estimate
from Fig. 8 8, = 80° for the medium-frequency bands
and §; = 40° for the high-frequency bands, and thus
with 0 = 150° per 12 h both ranges of bands yield
the estimate

b =3 x 1075, (6.6)

On the other hand, for a steplike change of 3,
from 0° to 90° Eq. (6.3) predicts

tan (—TL - -8—1—) = gmwht,
4 2

so that for an angle, of, say §; = 70°, we obtain
) wbT, = 1.74. 6.8)
With the above value of b = 3 X 1073 this yields
T =25h for f=0.5Hz(band 12), (6.9a)
T =3.6h for f=0.34 Hz (band 8). (6.9b)

Comparison with Fig. 7 shows reasonable agreement.

We then performed a one-parameter regression
analysis of all data in the set B’. For U/c < 2.0 our
results are given in Table 3; the errors given for b
are standard deviations while those for the correla-
tions are 95% confidence limits. For U/c > 2.0 the
correlation is consistent with zero. These values of

6.7)
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TABLE 5. Regression analyses according to Eq. (6.3).

Range b

of Ul Entries (X 10%) Correlation
( 1.2) 150 1.6 + 0.4 0.29 + 0.1
(1 1.6) 155 2.4 £ 0.5 04 =+ 0.12
(1.6, 2.0) 126 2.0 £ 0.5 03 =0

Ulc were found only during the relatively high wind
cases in which the wind did not turn markedly, so
that the signal is lost in the noise. The noise is
probably less due to instrumental and statistical
error than to environmental variability and, of course,
the inability of our simple model to describe a
complex process. Thus the perplexing overshoot
during case B7 does not appear to be experimental
error. It is difficult to think of a model which would
produce such an effect in the absence of additional
environmental factors (swell, inhomogeneities,
etc.). We do not believe that an improved model
would yield radically different response times.

We believe the idealized case of a constant wind
turning with an angular velocity () in a time and fetch
unlimited situation to provide a useful asymptotic
limit for examining various theoretical models of
spectral evolution and to see in which combination
the parameter () enters the dimensional analysis.

For this asymptotic case we have crudely esti-
mated the total momentum flux to the waves, 7,
= M,,, which is perpendicular to the total wave
momentum M,, and of magnitude QM,.. We use the
parameterization proposed by Hasselmann et al.
(1976) for E(f) and for the directional distribution
S(f,0) assume the validity of (6.3) with the mean
spread 6,( /) given by the equilibrium relations (4.6).
In this case we find that {0M, is typically a few per-
cent of the total momentum transfer out of the
atmosphere, with the angle between M,, and U .
depending on QU/g. Thus, we conclude that our
value for b and the model (6.3) are consistent with
earlier estimates (Hasselmann et al., 1973) of C,q4
for the total momentum flux to waves in simpler
generation conditions.

An additional check on the time scales implied
by Eq. (6.6) or Table S follows from the ideas of
Mitsuyasu and Rikiishi (1978) concerning the growth
of spectra in time-limited conditions. If in a homo-
geneous situation the wind suddenly shifts by 90°
the time it takes to turn the wavefield at the fre-
quency f into the new wind direction should roughly
correspond to the time T,(f) it takes for the fre-
quency f to become the peak frequency in time-
limited growth conditions. This analogy is only loose
but the time scales should show some similarity.

If we take the results of Mitsuyasu and Rikiishi
[1978, Eq. (7)] and use u,2 = 1.4 x 1073 U?%, we
obtain
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OnTm = 5.3 X 10 (cn/U)*™.  (6.10)

This response, observed in laboratory conditions
for frequencies f = 2 Hz is thus roughly 10 times
faster than ours. For our frequency range we use
the formula given by Mitsuyasu and Rikiishi (1978,
Appendix)

(¢
=— Nd¢' 6.11
T 1.34LV(5)§, (6.11)

where
v=Ufnlg, 7=¢gT,/U, §&=gF/U?
and F is fetch. But now using the relation
v = 3.5£70.33 (6.12)
proposed by Hasselmann ez al. (1973), we obtain
OpTy = 2.4 X 10* (¢,/U) (6.13)

which roughly agrees with our estimates forb~. [We
point out that (6.13) depends sensitively on the ex-
ponent in (6.12).] We have been unable to detect
any dependence of b on (c,,/U) as given by (6.13)
or (6.10) for reasons explained above.

7. Conclusions

Our data show in generating conditions U/c = 1
that s, is best parameterized with the parameter
f/fm with an additional dependence of the exponent
in (4.6) on U/c,,. The scatter around the parametri-
cal relation is larger than can be explained by
sampling error and the origin of this scatter remains
unexplained. Since our data base only contained
four runs with values U/c,, > 1.5, more experiments
at small nondimensional fetch are desirable.

In applying the maximum likelihood fit to a large
body of data we have found it to be a fast and stable
procedure to assess data quality and improve data
interpretation. We have found the ML results to be
in close agreement with the results of an entirely
different fitting procedure, indicating that unimodal
and bimodal angular distributions can be fairly well
estimated from pitch-and-roll information.

At 150 degrees of freedom the differences be-
tween the exact fits and those which fit only the first
harmonic were statistically significant in 43% of all
cases and in 28% of all steady wind cases.

As a first attempt to describe the response of the
wavefield to a veering wind we have proposed the
simple relation (6.3). The analysis yields an empiri-
cal time constant T(w) such that

oT(w) = b~ = (4 = 1) x 10 (7.1)
for the response of the mean propagation angle to
changes in wind direction. The model has obvious
shortcomings, but we do not believe that a more
sophisticated analysis will provide entirely differ-
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ent response times; thus (7.1) may serve as a guide
for further work.
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APPENDIX A
The Meteorological Buoy

The buoy has the shape of a circular cone, with
diameter 2L = 2.08 m and height of 2.0 m, and the
cutoff frequency lies at kL = 1, f = 0.5 Hz [see
Hasse et al. (1978) for a more detailed description].
The wave-measuring equipment consists of a gyro,
three accelerometers to measure the three accelera-
tions b,’, by, b;' in a buoy-fixed frame, two inclina-
tion measurement devices (o, ,a,’) to measure the
inclinations of a buoy-fixed plane against the true
(gyro-)vertical, a compass a3, and finally two pres-
sure transducers to measure the submersion depth
d,, d, of the buoy.

All data are recorded at 20 Hz; the 20 Hz data
were then rotated to a data set (by,b,,b3,0y,05,a3;
d,,d,) giving all data in the (east, north, vertical)
system. The data were then filtered and decimated
to a 2 Hz series. The buoy’s response functions to
tilt and heave can be obtained from the data. An
independent calibration of the buoy would have been
desirable, since it could have provided useful addi-
tional checks. Unfortunately, such an additional
calibration was not available for the lack of a suit-
able facility. All components of the system must
work to obtain a meaningful data set. If they do we
obtain two sets of data which yield the same informa-
tion within statistical error, since both the data set
(b, by, bs; d,, d,) and the data set («, an, b3; dy, dy)
give the equivalent to pitch-and-roll information.
Furthermore, the phases should and did behave
according to linear wave theory, allowing for de-
partures at buoy resonances, provided these occur
approximately where they should, which is the case.
With d = I/Z(dl + d2) and <b1b1> = Cij + lQlJ; i, j
= 1, PP 3 and (aiaj> = Cy; + l'qij for i,j = 1, 2,
(aibs) = ciy + iqis, (b3d) = Csq + iQ3q and (dd)
= C44, the wave spectrum was obtained as

E(f) = (.0_4C33 — 2(1)_2C3d + qu

and the parameters r{”’, 8{ were obtained from ac-
celerations (v = a) and inclinations (v = i), as

Ha — [ Q2® + 015° }1/2
' C3s(Cry + Ca2) ’

(A1)

(A2)
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o = [(Cu — Cy)? + 4C2 }1/2’ a3
(Cu + C)?
& = —artan(g_zﬁ> + 7/2, (Ad)
13
28 = —aﬂan(&) + K . (AS)
Ciu—Cyp 2

Inclination values were obtained by the same
formulas with C;;, Q;; replaced by ¢;;, q;;.

As long as the buoy response is isotropic, not
in resonance and linear, the directional analysis is
insensitive to buoy response (except for a shift by 7
when we are above the tilt resonance, which,
indeed, had to be introduced for the inclination
analysis; below resonance we should have replaced
0;; by —q;;). In Fig. 10 we show typical results (run
251, 0200) for the comparison of inclination (i) and
acceleration (a) information.

There is some discrepancy between r{® and r{’
particularly for f < 0.15 Hz. We have not yet
analyzed this point systematically—it is possible
that inclinations are not so well correlated with
vertical accelerations because they are more sensi-
tive to the forces exerted by the mooring and the
wind. We have found no case, just from a compari-
son of the (a) and (i) information, in which we
would definitely say that the system was not meas-
uring correctly. In the debugging phase of the pro-
gram we found the results to be sensitive to errors
in any instrument. Thus, for instance, an incorrect
calibration formula for the angle a; (wrong sign)
was immediately seen in the results and the coher-
ence (b3,d) which was 0.97 with the correct calibra-
tion dropped to 0.76 and the one-dimensional
spectrum was also considerably distorted.

In Fig. 11 we show the transfer functions T, and
T,? for heave-and pitch, i.e.,

T, = o E‘Zf) , (A6)
+

1 =gt Cm (A7)
33

The pitch resonance is so sharp that we must expect
the buoy tilt to behave severely nonlinearly, when-
ever we have a wave field with considerable slope
variance at resonance, but we have not yet looked
at this point. For the data shown in Fig. 11 the
variance (8a)? integrated over the resonance yields
da = 5°. Since we believe that the inclination may

FiG. 10. A comparison of the directional information obtained
from accelerations (light line) and inclinations measured with
the meteorological buoy. The straight line in (c¢) and (d)
shows the wind direction §,,. The frequency resolution is Af
= Y128 Hz, corresponding to 30 degrees of freedom.
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FiG.
and transfer functions Tw(f) (=--), T,%(f) (-'-) and g*(f)
(solid line) for the same run and resolution as in Fig. 10. The

11.. One-dimensional wave spectrum E(f) (heavy line)

straight line shows g% = 1. Scale runs from 0 to § for ¢2, from
0t0 0.64 m?2 Hz* for E(f); from 0 to 221 for 7,2, and from 0 28 to
S72forTy. Tp — 1, forf— 0.

be both more sensitive to other than wave forces
and more likély to be influenced by nonlinear re-
sponse, we have in all but 29 runs used the accelera-
tion data, which require only that the acceleration
response be isotropic and linear for the final analysis.
In the beginning 29 runs were analyzed with a faulty
program, which gave incorrect values of b, and b,
but was otherwise correct. Omission of these in-
clination runs (four of which fell into data set A) does
not alter any of our conclusions, as is to be expected
from the generally good agreement between the
acceleration and inclination data, for which Fig. 10
is representative. For the acceleration runs the ratio

. WE(f)
Cll + C22

should yield a test for the dispersion relation for
kL < 1. The results for g* shown in Fig. 11 are
typical and we considered the value for ¢? to be in
satisfactory agreement with the dispersion relation.

After analyzing all runs we averaged g over all
runs to obtain the results shown in Fig. 12. We
are not worried about the deviations for f = 0.25
Hz, since kL = 0.25 here and the values of g already
may well be influenced by the geometry of the buoy.
We have no explanation for the departure from the
dispersion curve for the poor frequencies 0.1 < f
< 0.2 Hz, while again for lower frequencies the
wave signal is so weak that many explanations are
plausible. In the poor region it is hard to see how
some 10-20% of the acceleration signals could be
due to noise (mooring, instrumental noise, nonlinear
buoy response, accelerations due to rotation rather
than translation of the buoy), but it is even harder
to believe that the wave field should show such a
strong departure from linear theory. For now the
problem remains unresolved, but we plan to look

(A8)
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into this matter—we also plan to test whether the
departures for kL = 0.25 are really explamed by
buoy properties.

We have postponed this analysis, because as
stated above, away from resonance as long as the

‘response remains linear and isotropic, the direc-

tional information is not influenced. The poor fre-
quency region causés more concern, since noise of
any sort will to some degree influence the direc-
tional information, except for §,. We do not believe
this results in a serious error,.but some reserve is
expressed regarding the poor frequency region;
nevertheless, these frequency bands were eventu-
ally treated on an equal footing in the overall analysis.

" APPENDIX B

The 2M Fit

We first rotate to 8, = 0, so that we now' have
ry, Fo, 81 =0, § =&, — 8,. We then introduce
(q.,q92) as the (ry,r,) values of M(6,p,,8,) and
(Q1,0,) as those of M(8,p,,B,) in Eq. (5.2). Thus

-1
B S 1 Sk WY
p1+ 1 (py+ Dp1 +2)
and Q,, Q, are obtained from p,.
Thus, we obtain
ry = Agy cosB; + (1 — A)Qy cosBs, (B2)
0 = Ag, sinB; + (1 — A\)Q, sinf,, (B3)
'€3 =Ty COSZSQ - }\qg COSZB|
~ (1 - MNQ,co0s28, =0, (B4)
€ = ry sin28, — Ag, sin2pB, '
— (1 — NQ,sin2B, = 0. (BS)
3.00
d {
{i
2.00 *f{H{
f
df#
h'"
“ﬁ
«""“
o
1. . ”_‘o‘“
0.
0.60  0.80 1.00

T
. Hz

FiG. 12. Mean transfer function g averaged over all 137
acceleration runs, error bars showing standard deviation of the
mean. The line shows the dispersion relation ¢ = w*(kg)~* for

the mean water depth of 18 m at station 8. The deviations for
frequencies 0.08 < f < 0.20 Hz are not satisfactorily explained.
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After solving (B2) and (B3) for 8, and S,, i.e.,

L+ p? — po’
\ cosB, = _h TP (B6)
2p,
1+ p? — pi
003’32 = _p_zi , (B7)
2p,
where
A
pr="T0 p= (1= NQr,
1

and sing, sinB, < 0, we can insert these results into
(B4) and (B5), which thus yield a fairly simple set of
equations in the parameters (A,p.,p,); in the nu-
merics we actually worked with (A\,q,,Q,). The
simple parametrical relations between (q,, ¢,) and
(Q,,Q,) are the main advantage of IM functions
as structure functions—otherwise any one-param-
eter unit-integral-structure centered on an angle

(e.g., a box or a triangle) could just as well be used.

in Eqgs. (B2)-(BS5).
Our method of solution was simply to minimize

€ = w3 + wue + wies?,

€ = p, — p: = Ap, (B8)

and the weights w; had to be varied to detect and
escape from undesired side minima of €. A solution
was accepted as perfectly satisfactory if € + €,°
<4 x 107% and A% < 10, (It can be shown that
Ap = 0is a too restrictive condition to'be generally
imposed.) If only the condition on Ap was not satis-
fied, the solution with the minimum A%y was taken.
If no solution satisfying e + €2 < 4 X 107% was
found, the case was classified as a 2M-failure.

APPENDIX C
Error Analysis

The following relations hold for the usual reduc-
tion of pitch-and-roll data as used for the data ob-
tained at station 10. Minor modifications resulting
from Eqgs. (A2)-(A5) (Long, 1979), as used for the
data obtained with the meteorological buoy, were
included. We turn the directional distribution S(6)
= M(0,s,5) to 8 = 0and can estimate the parameters
from simplified expressions if we neglect terms
O(1/v)?in the associated error matrix. The results are

Qs -
=—=——=0, C1
ry Cus (C1)
Cn — Cy
R C2
re Coo (C2)
8, = artan(Q;/Q13), (C3)
2
282 = artan (—0'2"‘_> ’ (C4)
Cu - C22
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where the inequality (C1) is satisfied if we rotate
our coordinate system accordingly. The covariance
matrix of the estimators C;; and Q;; is known (see,
e.g., Miiller et al., 1978) which yields, writing, e.g.,
#, = ry + r, forthe mean and error of the estimators,

v(ry'ry') = Y1 + rp) — ri, (C5)
v(ry'rs') = 2[Y2(1 + 3r5%) — 2rori?],  (C6)
v(ri'ry'y =ri(1 +ry) — 2r?, (C7)
v(8,/8,') = Vol — ry)r 2, (C8)
v{8:'8,) = Va(l — r.Hr, 7%, (C9
v(8,'8,") = 15(1 — ry)r 7. (C10)

All other matrix elements vanish at O(1/v). These
estimates are obtained under the approximation that
Fy, P4, 8, and 8, have a joint normal distribution,
which is poor for |r;, — 1| < /v and r, < 1/v. We
have, similar to the usual treatment of coherences,
therefore transformed to p, and p,, where

pi = tanh™'(ry), i=1,2,
so that
dp; :
i, = —r,-'. Cl1
P an (C11)

Having thus determined the error matrix V;; of our
estimators p; = (py,09,9:,0,) the value of x? is deter-
mined from .

xX* = &Vii g (C12)
where ¢; = p; — P;, and p; are the model and P; the
measured parameters. In this treatment the bias of
7, and 7, at low values of r; and r, is not included.

The use of the variables p,, p,, 6,;, 8, has some
obvious disadvantages regarding their statistical
properties, but they are simple to use because of the
simple covariance matrix V;;. A more rigorous treat-
ment starting directly from the C;; and Q;; (Long,
1979) would probably not have produced results
differing much from ours. Note that detV — 0 as
(1/s)* for 1/s — 0, so that a model with a high s
parameter will produce high values of x? for com-
paratively low values of €.
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