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1 Introduction

The discovery of the AdS/CFT correspondence in the late 1990s [1], and its generalizations

now referred to as the gauge/string duality, have led to a broad research field in which one

studies the relation of string theory to the strong-coupling limit of a large class of quantum

field theories in lower dimensions. It can for example help us to a better understanding of

the strong interaction, i.e. quantum chromodynamics (QCD).

The gauge/string duality may for example be used for the description of a hot plasma

of particles in a gauge theory. A concrete example for such a state of matter is the Quark-

Gluon Plasma (QGP) which is a phase of QCD that appears for temperatures higher than

Tc ≈ 160 MeV. There quarks and gluons can propagate independently and are no longer

bound in colour-neutral hadrons [2]. On earth, the QGP can be produced in ultrarelativistic

heavy ion collisions. It is widely believed that RHIC and LHC succeeded in producing the

QGP and that for temperatures not too far above Tc it behaves as a fluid, i.e. it is a strongly

coupled system [3–9] (for theoretical reviews see [10–12]).

In general, there exist several theoretical methods that are used to get more insight

into the rich structure of QCD at high temperature. There are for example the Dyson-

Schwinger equations [13, 14], chiral perturbation theory [15], heavy quark effective field

theories [16, 17], the functional renormalization group approach [18], and lattice QCD [19].

– 1 –



J
H
E
P
0
6
(
2
0
1
9
)
1
2
8

The gauge/string duality is an additional promising tool to describe strongly coupled sys-

tems like the QCP. It includes systems at finite temperature by considering Schwarz-

schild-type black branes [20, 21] and — by the nature of the duality — it maps the strong

coupled regime of a gauge theory to the weakly coupled regime of the dual string theory,

s.t. calculation can be performed in a classical (super)gravity theory.

To describe the physics of the QGP with the help of the gauge/string duality one needs

to find the dual string theory description of QCD, which is so far not in sight. Nevertheless,

one can see promising progress in emulating the thermodynamics of high-temperature QCD

and related physics with the help of the gauge/string duality [22].

Roughly speaking there exist two philosophies within the community of gauge/string

duality applied to hot plasma. The first philosophy follows the idea to explicitly con-

struct the holographic dual description of QCD or something close to it. Within this

approach one for example computes meson spectra or the running of the coupling and

compares to known results. Either one uses a top-down construction where one starts from

ten-dimensional string theory and tries to derive the requested dual theory (see for exam-

ple [23–25]) or a bottom-up construction where one usually starts with a five-dimensional

supergravity action with a matter content of fields and solves their equations of motion

(see for example [26, 27]).

The second philosophy follows the universality approach. Here, one focuses on larger

classes of theories and so tries to understand the generic physics of strongly coupled the-

ories (see for example [28–30]). The goal is to find universal behavior of certain physical

phenomena or observables in these classes. The larger the class of theories the stronger

is the significance of these universalities. The hope is that one can extend these generic

results to QCD, even though QCD is still very different from all gauge theories that pos-

sess a known holographic dual description. Possibly the most famous result within this

approach is the lower bound in a vast class of theories for the ratio of the shear viscosity

η of a strongly coupled plasma to the entropy density s given by η/s ≥ 1/(4π), which is

known as the KSS bound [31].1

Here, we follow the second philosophy, namely to construct new classes of models and

analyse several observables within these classes.

As mentioned before, the QGP develops after the ultrarelativistic collision of heavy

ions. The resulting plasma is strongly coupled and has finite temperature, both properties

treatable within the gauge/string duality. However, there are more features which need

to find their description within the duality to result in a proper dual theory for the QGP.

First, the theory must not be conformal. In addition to that, the generic QGP produced

in collisions is inhomogeneous, of finite size, and is manifestly anisotropic.2

In this text, we focus on the non-conformal and anisotropic aspects. Starting from

N= 4 SYM theory, which is dual to pure AdS space, we first show the construction of two

1This bound named after Kovtun, Son and Starinets is, however, not true for anisotropc holographic

models as e.g. shown in [32–34].
2The latter is true for a short time after the collision and has been studied from a hydrodynamical

perspective e.g. in [35–42]. It is also worth mentioning that not only in the context of the QGP but also in

the holographic description of superconductivity anisotropy is under investigation [43, 44].
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single-parameter deformations that respectively break conformal invariance and isotropy.

We then in particular combine the feature of anisotropy and non-conformality in one frame-

work. This will help us to investigate a larger class of anisotropic theories and gives us

more insight in the nature of anisotropic, non-conformal, strongly coupled plasmas.

The first one-parameter deformation is a bottom-up constructions breaking conformal

invariance even at zero temperature by coupling a scalar field to pure gravity in AdS. The

second deformation is a top-down construction of an anisotropic deformation that was first

introduced in [45, 46] (Other versions of anisotropic deformations of N= 4 SYM theory are

e.g. [47, 48], where anisotropy is due to strong magnetic fields generated in the overlapping

region of the colliding nuclei, or [49]. Another model that breaks isotropy by introducing

two scalar fields was studied in [50]). We will then combine the anisotropic with a non-

conformal model at the supergravity level. This is not generically possible for any two

one-parameter deformations. We solve the equations of motion for a good range of the two

parameters. Hence, we construct a class of non-conformal, anisotropic models specified by

these two parameters.

After the construction we investigate various observables in the two-parameter model.

We will have a short look at the thermodynamics, especially at the dependency of the

entropy density and the temperature of the plasma on the parameters that specify the

deformation. We then focus on observables of heavy quarks surrounded by the anisotropic

plasma. We compute the screening distance which is the maximally possible distance

between two quarks so that they can still form a bound state. For distances larger than

that the quarks are said to be screened from each other by the plasma. We also compute

the binding energy between the two particles for all distances smaller than the screening

distance. At last we compute the drag force experienced by a single quark moving with

constant velocity through the plasma. We will see that all the observables will behave

differently under (i) isotropic non-conformal and (ii) anisotropic deformations. We will also

see that the stronger the anisotropic deformation the stronger do the different observables

depend on orientations relative to the anisotropic direction.

We organized the text as follows. In section 2 we show the construction of the three

previously mentioned models. In the following section 3 we concern ourself with the deriva-

tion of the observables. We show the general methods to derive the respective quantities

and then apply them to our two-parameter deformation. We summarize the main results

and give a general conclusion of this paper in section 4. Finally, some technical derivations

are presented in the appendices.

2 Deformations of N= 4 SYM theory

2.1 Single-parameter isotropic deformation

In this section we introduce a one-parameter deformation of AdS5 space. We assume that

the deformation on the gravity side also leads to a deformation of the dual N= 4 SYM

theory and in particular breaks conformal invariance explicitly. It shows similar effects on

observables as other known non-conformal deformations, e.g. in [30]. It will turn out that

the present model can consistently be combined with the upcoming anisotropic deformation

which is the main reason we present it here.
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The deformation is a bottom-up construction solving 5D gravity equation of motions

with specific boundary conditions. The starting point is a gravity action of the form

S =
1

16πG5

∫
d5x (Lgravity + Lmatter) , (2.1)

with Lgravity =
√−g(R − 2Λ), where R is the Ricci scalar, Λ ≡ −6 is the cosmological

constant, and G5 is the five dimensional Newton constant. In our calculations we choose the

AdS radius to be one, LAdS ≡ 1. For a vanishing matter content, Lmatter = 0, solving the

latter action gives pure Anti-de-Sitter (AdS) space, that is dual to N = 4 SYM theory. Our

deformation Ansatz is to introduce a single scalar ψ(u) that depends solely on the additional

holographic coordinate u and, among other features, breaks conformal invariance on the

level of the action. In addition to a kinetic term, the scalar comes with a potential that we

choose to be

V (ψ) = −2ψ2 − cψ4 . (2.2)

It fixes the squared mass of the scalar at m2 = −4, which is exactly the Breitenlohner-

Freedman bound for consistent scalar solutions in AdS5-like gravitational backgrounds [51].

As we will see, for suitable boundary conditions the pre-factor c parametrizes the deforma-

tion, where we regain the AdS-background for c = 0. The form of the potential guarantees

that is has a minimum and a solid AdS UV solution on the boundary. It is in particular

directly related to the potentials proposed in [52] and also used in [53] when taking the UV

expansion. The gravity action is thus given by

S =
1

16πG

∫
d5x
√−g

(
R+ 12− 1

2
(∂ψ)2 + 2ψ2 + c ψ4

)
. (2.3)

To solve this we have to specify a metric Ansatz. We assume a metric that is diago-

nal, invariant under translations in all boundary coordinates (t, ~x) and under rotations in

the spatial boundary coordinates (~x) for all u. We assume a temperature so that boost

symmetry is broken. A most general metric Ansatz under these conditions is given by

ds2 =
1

u2

(
−FB dt2 + dx2 + dy2 + dz2 +

du2

F

)
, (2.4)

where F ,B are functions of the holographic coordinate u only. Some algebra shows that

the equations of motions for the action (2.1) can be reduced to the two simple differential

equations for the metric functions

B′
B = −u (ψ′)2

3
, (2.5)

F =
−12(ψ + cψ3) + u(12 + 2ψ2 + cψ4)ψ′

3u(ψ′ + uψ′′)
(2.6)

and a third order differential equation for ψ given by (B.1) in appendix B. It can be solved

numerically for given boundary conditions. At first we demand the existence of a horizon

uh, so F(uh) = 0. Next the scalar should vanish at the boundary, so ψ(0) = 0. The last

boundary condition arises from the requirement to recover AdS for vanishing parameter c.
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Figure 1. The solutions for ψ, F and B for uh = 1 and c = 0 (top left), c = 0.5 (top right), c = 1

(bottom left) and c = 2 (bottom right).

One simple choice that fulfills this requirement is ψ(uh) = c, s.t. the scalar vanishes at the

horizon for c = 0. We then choose the trivial solution for ψ, i.e. it vanishes everywhere in

the bulk. In that case Lmatter = 0 and we recover the black brane AdS5 solution. Other

choices of boundary conditions for ψ at uh are possible, as long as ψ(uh) = 0 for c = 0.

However, we take the simple one from above.

With the specification of the boundary conditions the construction above defines a

one-parameter deformation of AdS5. It can be solved numerically for a large interval of the

deformation parameter c, so that it is well suited to investigate a large number of theories.

In figure 1 we visualize the solutions for F ,B, ψ for several values of c. Already there we

see how the difference of the functions to pure AdS space grows for larger c.

2.2 Single-parameter anisotropic deformation

Before we come to the explicit construction let us shortly state some general considerations.

We want to consider models with geometries that are dual to uniform, static and anisotropic

plasmas. A corresponding stress-energy tensor of the plasma should look like

〈Tµν〉 =


ε 0 0 0

0 p⊥ 0 0

0 0 p⊥ 0

0 0 0 p‖

 , (2.7)

where p⊥, p‖ are the pressures perpendicular and parallel to the anisotropic direction, and

ε = 2p⊥ + p‖ is the energy density of the plasma (see e.g. [54]). For a uniform and static
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plasma all the entries of the energy momentum tensor have to be constants in both time

and space. We assume that the 5D dual gravitational theory has the same symmetries as

the stress energy tensor. Then a general metric Ansatz for that theory is given by

ds2 =
1

u2

(
−FB dt2 + dx2 + dy2 +Hdz2 +

du2

F

)
, (2.8)

where F ,H, and B are functions of the holographic coordinate u only.

We now shortly want to present an anisotropic top down construction — a solution to

type IIB supergravity equations of motions. It was introduced in [45, 46] where they were

motivated by string theory duals of Lifshitz-like fixed point [55].

The field theory side is a spatially deformed version of N = 4 finite temperature SYM

theory. The deformation term is included in the action and contains a θ-parameter that

depends linearly on one of the three spatial coordinates, θ = 2πnD7z, where (t, x, y, z) are

the coordinates of the gauge theory. nD7 is a constant that can be interpreted as a density

of D7-branes distributed along the z-direction. The total gauge theory action then takes

the form

Sgauge = SN=4 + δS with δS =
1

8π2

∫
θ(z)Tr(F ∧ F ). (2.9)

In the gravity dual θ is related to the axion χ of type IIB supergravity through the com-

plexified coupling

ξ =
θ(z)

2π
+

4πi

g2
YM

= χ(z) + ie−φ , (2.10)

where φ is the dilaton and χ the axion, which can be shown to be of the form χ = az.

This is because the axion is magnetically sourced by the D7-branes distributed along the

z-direction, and in particular a ∝ nD7 . The larger a the stronger the branes back-react

on the geometry anisotropically. In this sense one can see a as an anisotropy deformation

parameter.

The ten-dimensional solution to this construction is a direct product M× S5, where

S5 is the five-sphere. Now M can be seen as a solution of a 5D supergravity action whose

excited fields are the 5D metric gµν , the axion χ and the dilaton φ. Their dynamics

is governed by the five-dimensional axion-dilaton-gravity action which in Einstein frame

takes the form [46]

S =
1

16πG5

∫
M
d5x
√−g

(
R+ 12− 1

2
(∂φ)2 − 1

2
e2φ(∂χ)2

)
+ boundary terms , (2.11)

where the dilaton φ only depends on u. Note that in Einstein frame the metric Ansatz (2.8)

comes with an additional overall factor of e−
φ
2 .

Deriving the equations of motion of (2.11) one finds that the functions F ,B and H
can be given in terms of the dilaton as

H = e−φ , (2.12)

F =
e−

φ
2

4 (uφ′′ + φ′)

(
a2ue

7φ
2
(
uφ′ + 4

)
+ 16φ′

)
, (2.13)

B′
B =

20uφ′′ − 9uφ′2 + 24φ′

2 (5uφ′ + 12)
, (2.14)
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N=4 SYM = C(0) = A(0) C(c) = T (0, c)

A(a) = T (a, 0) T (a, c)

non-conf. deform.

aniso. deform.

c

a

Figure 2. Scheme of the two-parameter deformation we seek. A(a) symbolizes the anisotropic

deformation with deformation parameter a and C(c) the isotropic non-conformal deformation of

SYM theory with parameter c. T (a, c) symbolizes the model we want to construct.

where again a prime denotes a differentiation with respect to u. For the dilaton one obtains

a third order differential equation that is shown in (B.2) in appendix B. Again one has to

specify the boundary conditions. In particular φ(0) = 0 and F(0) = H(0) = B(0) = 1

(see [45] for the rest).

The latter construction of an anisotropic model for the quark gluon plasma has been

used frequently since its presentation in [46]. Interesting observables in this model are for

example the binding energy and screening distance of a qq̄-pair [56–59], jet quenching [56],

the drag force on heavy quarks [56, 60], thermal photon production [61], and Brownian

motion/diffusion [62–64]. Another interesting feature of this construction is the violation

of the previously predicted lower bound for the ratio of the shear viscosity over the entropy

density η/s = 1/4π.

Our idea is to extend the present construction by combining it with the non-conformal

deformation of section 2.1. This is shown in the following section.

2.3 Two-parameter combined deformation

So far we have introduced models that describe isotropic non-conformal deformations in

section 2.1 and a second model that describes an anisotropic deformation in 2.2. The

deformations each can be controlled by a single parameter where we can always obtain N= 4

SYM theory continuously for vanishing deformation parameter. The goal of the present

section is to construct a model of combined non-conformal and anisotropic deformation.

We seek a two-parameter deformation where one parameter — call it c — controls the

non-conformal deformation and the other parameter — call it a — controls the anisotropic

deformation. For vanishing c we want to obtain continuously the anisotropic model of

section 2.2, whereas for vanishing a we want to get a purely non-conformal deformation.

The general idea of the two-parameter deformation we seek is shown in figure 2.

We want a model that is given by a solution to equations of motion of a (super)gravity

action in 5D. Therefore we first have to introduce an action that combines the different

models. For anisotropy we need the axion-dilaton (φ, χ) and for the non-conformal defor-

mation we add an additional scalar ψ with a potential V (ψ).3 At this stage, one might

3We choose to introduce an additional scalar to really separate the two types of deformation. One

might also introduce a potential for φ as in [53] for which it is, however, not clear if the schematic idea of

figure 2 holds.

– 7 –



J
H
E
P
0
6
(
2
0
1
9
)
1
2
8

wonder if it is not easier to simply introduce a potential for φ or χ. However, generic po-

tentials in the 5D gravity-axion-dilaton-action lead to inconsistencies because the system of

differential equations derived from the action is over-determined. We will talk more about

this in what follows, too.

In string inspired models, all fields couple to the dilaton. The coupling is given by a

factor ebφ, where b = const. controls the strength of the coupling. Thus, we first assume

that the additional scalar is coupled to the dilaton, too. The action in five dimensions can

then be written as

S=
1

16πG

∫
M
d5x
√−g

(
R+12− 1

2
(∂φ)2− 1

2
e2φ(∂χ)2− 1

2
ebφ
(
(∂ψ)2+2V (ψ)

))
. (2.15)

We choose the same Ansatz for the metric in Einstein frame as in section 2.2

ds2 =
e−

1
2
φ

u2

(
−FB dt2 + dx2 + dy2 +Hdz2 +

du2

F

)
, (2.16)

where all the metric functions and the dilaton φ and the scalar ψ depend only on the

holographic coordinate u. As in section 2.2, the axion and the metric function H can be

chosen to be

χ(z) = a z and H(u) = e−φ(u). (2.17)

Let us now summarize all the unknown functions: we have two metric functions F(u) and

B(u), the dilaton φ(u), and the scalar ψ(u). They are determined by solving the following

equations: five Einstein equations, the equation of motion for the dilaton, the equation

of motion for the axion, and the equation of motion for the scalar ψ. Due to rotational

symmetry in the xy-plane, the xx- and the yy-Einstein equations are equivalent. The

equation of motion for the axion is solved by the Ansatz χ(z) = a z. Therefore we are

left with six coupled differential equations for three unspecified objects. The system is

generically over-determined and many possible potentials lead to a system that cannot be

solved. It turns out that for the potential V (ψ) = −2ψ2 − cψ4 as in section 2.1 only a

vanishing coupling of the scalar to the dilaton, i.e. b = 0, lead to consistent solutions. Thus,

we choose the action to be

S =
1

16πG

∫
M
d5x
√−g

(
R+ 12− 1

2
(∂φ)2 − 1

2
e2φ(∂χ)2 − 1

2
(∂ψ)2 − V (ψ)

)
. (2.18)

We can now compute the equations of motions by using the metric Ansatz (2.16). Plugging

in the further Ansätze (2.17), the remaining metric functions can be given in terms of the

dilaton φ and the scalar ψ as

B′
B =

−8u (ψ′)2 + 24φ′ − 9u (φ′)2 + 20uφ′′

24 + 10uφ′
, (2.19)

F =
e−φ/2

(
4
(
12 + 2ψ2 + cψ4

)
φ′ + 3a2e7φ/2u (4 + uφ′)

)
12 (φ′ + uφ′′)

. (2.20)

The dilaton and the additional scalar can be determined by solving two coupled differential

equations of third order φ and second order in ψ. They are explicitly given in (B.3)

– 8 –
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Figure 3. The solutions for ψ, F , B, and φ for uh = 1, c = 0.5, and a = 2.0.

and (B.4) in appendix B. One can solve these equations numerically by choosing the same

boundary conditions for ψ as in the model of section 2.1 and for φ as in the anisotropic

model of section 2.2. As an example we show the metric functions F and B together with

the scalar ψ and the dilaton φ for a particular value of c and a in figure 3.

The construction above is a consistent4 two-parameter deformation of AdS5 space,

where one parameter originates from an anisotropic deformation and the other from a non-

conformal deformation. Within numerical accuracy, we reproduce the known models of

section 2.1 for a → 0 and of section 2.2 for c → 0 and, hence, our model has in fact the

structure of figure 2. By solving the coupled differential equations (B.3) and (B.4) we can

compute the metric background of our model for many combinations of (a, c, uh).5

In the following we will first investigate the thermodynamics and in particular show

how temperature and entropy density behave in the different deformations. Thereby we

will replace the (from the plasma’s viewpoint) unphysical parameter uh by the tempera-

ture/entropy density of the plasma.

2.4 Temperature and entropy density in the different models

So far the geometries of all the models we presented depend on uh — the specific position

of a black brane horizon. The position uh itself has no physical meaning. However, for

a black brane one can define the well-known Hawking temperature [65] and the entropy

density by the Bekenstein-Hawking formula. As shown in appendix A for any of our models

the temperature can be given in terms of the metric functions as

T =
F ′(uh)

√
B(uh)

4π
, (2.21)

where a prime again denotes a derivative with respect to u. We can see that the temper-

ature explicitly depends on the position of the horizon but also implicitly depends on any

4By consistent we mean that it solves all the equations of motion of a gravity action.
5In the following section we will introduce the temperature in this model. Then we can replace uh by

the more physical parameter T .
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s
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c=1.3, a=1

c=0.8, a=1
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Figure 4. Visualization of the temperature T and the entropy density s as a function of uh for

different values of the parameters a and c. The shapes of the curves always look alike, but the

temperature and the entropy density increase for growing a. For growing c only the temperature

shows a significant change. As expected from counting the scales of the theory, the numerics show

that the maps uh 7→ T and uh 7→ s are one-to-one and onto for all values of the parameters.

deformation parameter through the metric functions. The entropy density is given by the

Bekenstein-Hawking formula [66] as

s =


N2
c

2π
1
u3h

for the isotropic model

N2
c

2π
e−

5
4φ(uh)

u3h
for the anisotropic models

, (2.22)

whereNc ∝ 1/
√
G is the number of colors in the corresponding gauge theory that we assume

to be the same and constant in all our models. One can see that for the isotropic non-

conformal deformation the entropy density does not depend on the deformation parameters

whereas for the anisotropic deformations it does through the dilaton φ.

In the following we want to consider the temperature and the entropy density in the

two parameter model of section 2.3. Since the model and in particular the metric functions

reduce to the corresponding one-parameter isotropic model for a → 0 and to the one-

parameter anisotropic model for c → 0, both the temperature and the entropy density

become the respective quantities in these limits, too. In figure 4 we visualize T and s as

functions of the horizon position.

In contrast to the horizons position uh, both the temperature and the entropy density

are physical quantities — i.e. in principle measurable in the gauge theory. In what follows
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Figure 5. The temperature of the anisotropic model as a function of the entropy density and

the anisotropy parameter at fixed non-conformal deformation (c=1). It is visible that T does not

change at all with a, which in particular shows that the specific heat C of the plasma does not

change under the anisotropic deformation.

we want to derive other observables and in particular analyze their behavior under the

deformations at a fixed temperature (or entropy) rather than a fixed horizon position uh.

Another interesting physical quantity that now can be derived easily is the specific

heat. It contains important information about the thermodynamics of the plasma and can

be derived via

C = T
∂s

∂T
. (2.23)

Since the previous maps uh 7→ T, s are bijective it is allowed to define a map T 7→ s. The

(numerical) solutions is

s(T ) = C̃(c)T 3 (2.24)

where C̃(c) does not depend on a but increases for larger non-conformal deformation pa-

rameter c. As a consequence, the specific heat C = 3 C̃(c)T 3 itself does not depend on

the anisotropy parameter a! This is in particular visible in figure 5, where we show the

dependency of T on s and a at fixed c = 1. It is easy to see that T (s) is the same for all

considered values of a.

3 Heavy quarks in the deformed model

We now give a study of three heavy quark observables in the above constructed anisotropic

model. We want to mention that there exist a bibliography of various kinds of observables,

see e.g. [56] and [58], to which we can compare our results qualitatively.
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3.1 Screening and binding energy

We now want to investigate the binding energy and the screening distance of a qq̄-pair

of a heavy quark and a heavy antiquark in a bound state in the gauge/gravity set-up.

The screening distance is defined as the maximal distance where a bound state in the hot

plasma is still possible. On the gauge theory side the object of choice to derive the latter

two quantities are Wilson loops W [19]. For a rectangular Wilson loop that is largely

extended in the time direction, its expectation value can be written as

〈W〉 = exp(−iT E(L)) , (3.1)

where T � 1 is the extension of the Wilson loop in the time direction, L is its extension

in the spatial direction and can be interpreted as the distance of a qq̄-pair, and E(L) is the

energy of the qq̄-pair.

The dual description for Wilson loops can be given in term of string worldsheets [67].

When one interprets the Wilson loop as the path traversed by a quark, then the dual

description to quarks are open strings attached to D-branes sitting at some holographic

position that is inversely proportional to their mass. Thus for infinitely heavy — non-

dynamical — quarks the boundary of the string worldsheet lies at the boundary of the

gravity description [68]. This is the limit we want to work in. One now identifies the

partition function of the Wilson loop with the partition function of the string worldsheet.

In the limit of strong coupling, the string partition function simplifies to the exponential

of the on-shell string/Nambu-Goto action SNG, so that we can write

〈W〉 = exp(iSNG) . (3.2)

Let us now assume a non-dynamical quark-antiquark pair in the anisotropic plasma whose

dual description is given by geometries derived in section 2.3. To derive the binding energy

and the screening distance we have to consider a rectangular Wilson loop with large T . The

dual object is a string ‘hanging’ from the boundary towards the horizon into the geometry

specified by the metric

ds2 =
1

u2

(
−FB dt2 + dx2 + dy2 + e−φ dz2 +

du2

F

)
. (3.3)

We expect that observables like the screening distance and the binding energy of a

qq̄-pair depend on the orientation relative to the anisotropic direction. To check this

expectation we introduce the angle between the z-axis and the direction of qq̄-pair as an

additional parameter. In figure 6 we show a qq̄-pair in its dual description and its angle

with the anisotropic direction z. How to parametrize the shown configuration and compute

the equation of motion for the Nambu-Goto action is shown in appendix C.
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θ

boundary

Figure 6. Schematic picture of the string configuration that describes a qq̄-pair in the anisotropic

theory. The connecting line has the angle θ to the anisotropic direction z.

3.1.1 Screening distance

We use the results in appendix C to calculate the distance L and the angle θ to the

anisotropic direction of the qq̄-pair:

L

2
sin θ =

∫ L
2

sin θ

0
dx =

∫ ut

0

du

u′
=

∫ ut

0
du

c1√
F
(FB
u4
− c2

1 − c2
2 e

φ
)

≡
√FtBt sinϕ

u2
t

∫ ut

0
du I(u, ut, ϕ) , (3.4)

L

2
cos θ =

∫ L
2

cos θ

0
dz =

∫ ut

0
du
z′

u′
=

√FtBt cosϕ

u2
t e

1
2
φt

∫ ut

0
du eφ I(u, ut, ϕ) (3.5)

⇒ tan θ = tanϕ

∫ ut
0 du I(u, ut, ϕ)∫ ut

0 du eφ−φt/2 I(u, ut, ϕ)
, (3.6)

where we define I(u, ut, φ) ≡
[
F
(
FB
u4
− FtBt

u4t
−
(
eφ−φt − 1

) FtBt
u4t

cos2 ϕ
)]− 1

2
. For every

given pair (ut, ϕ) we first evaluate (3.6) to obtain the angle θ(ut, ϕ) and then integrate (3.4)

or (3.5) to get the distance L(ut, ϕ). So our procedure gives a map (ut, ϕ) 7→ (L, θ).

For our anisotropic two-parameter model of section 2.3 we have to evaluate the integrals

numerically. A first observation is that the difference of the angles θ and ϕ turns out to be

small. The difference is always computed to be in the interval (−5◦, 5◦), usually it is much

smaller. If the qq̄-pair lies parallel (θ = 0) or perpendicular (θ = π/2) to the anisotropic

direction the difference actually vanishes. To exactly get L(ut, θ) for a given θ 6= 0, π/2 we

have to fine-tune ϕ.

We can use the procedure explained above to derive the distance of a qq̄-pair for every

combination (a, c, ut, θ) at fixed temperature T . For this we first have to solve the equations

of motion for the metric functions and the dilaton for given a, c and T . Then we have to
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Figure 7. The screening distance as a function of the two parameters c and a of our model for

a qq̄-pair lying parallel to the anisotropic direction. Ls increases for growing c and decreases for

growing a.
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Figure 8. Evolution of the screening distance for growing parameter a (left) and c (right) for

different values of the respective other deformation parameter, parallel and perpendicular to the

anisotropic direction. Ls is always decreasing in a and increasing in c, so that the screening distance

always behaves in both parameters as in the corresponding one-parameter deformation.

evaluate the integrals (3.4)–(3.6). In this way we obtain L(a, c, ut, θ) whose maximum for

fixed a, c and θ gives the screening distance Ls(a, c, θ).

Results for the screening distance are illustrated in the figures 7–9. The numerical

results show that the screening distance increases for larger c and decreases for larger a.

In a more mathematical language this is

∀(c0,a0) : ∂cLs|(c0,a0) > 0 , (3.7)

∀(c0,a0) : ∂aLs|(c0,a0) < 0 . (3.8)

The latter is in particular true in the two one-parameter models where c = 0 or a = 0,

respectively, and is in no conflict with earlier results on the screening distance [30, 56].
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Figure 9. The screening distance as a function of the angle between the anisotropic direction and

the qq̄-pair (left) and the ratio of the screening distance parallel and perpendicular as a function of

c (right). The left figure shows that the larger a the large the angle affects the screening distance.

The right figure shows that c only marginally affects the dependence of Ls on the orientation.

The numerical results show that the quantitative effect of the two parameters on the

screening distance is always the same. This will be important for our conclusion and final

interpretation of the two parameters.

In figure 9, we show how the screening distance is influenced by the orientation of

the qq̄-pair relative to the anisotropic direction and how a and c affect this influence. It

is evident that Ls is affected most when the pair is oriented parallel to the anisotropic

direction. This is what one would expect because of the stronger deformation of the

geometry in this direction. We can also see that the larger a the stronger is the effect of

the orientation on the screening distance, which is expected, too, since the parameter a is

designed to control the anisotropy. We want to mention that c influences the effect of the

orientation of the screening distance for fixed a, too. On the right of figure 9, we can see

that c affect Ls⊥/Ls‖ and thus the influence of the orientation for a 6= 0. However, the

effect of the deformation parameter c is rather small compared the effect of a.

3.1.2 Binding energy

Let us now return to the calculations. We want to derive a formula for the binding energy,

so we have to return to (C.3) and use the equations of motion (C.7) and (C.8) to obtain

the on-shell string action

S = − T
πα′

∫ ut

0

du

u′
FB
c1u4

= − T
πα′

∫ ut

0
du

FB
u4
√
F
(FB
u4
− c2

1 − c2
2 e

φ
)

= − T
πα′

∫ ut

0
du
BF
u4

[
F
(FB
u4
− FtBt

u4
t

−
(
eφ−φt − 1

) FtBt

u4
t

cos2 ϕ

)]− 1
2

.

(3.9)

This is manifestly divergent. A convenient regularisation method is to ‘subtract twice the

mass of a single quark in the plasma’. The infinite mass mq of a single quark at zero

temperature is simply given by

mq =
1

2πα′

∫ uh

0
du

√
B
u2

(3.10)
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Figure 10. The binding energy of the qq̄-pair aligned parallel (left) and perpendicular (right) to

the anisotropic z-direction for different values of the deformation parameter a. We can again see

that the screening distance shrinks which comes together with higher values of E(L). We can also

see that the effect of a is much smaller for the perpendicular than for the parallel orientation, too.

The finite value for the binding energy of a qq̄-pair in our anisotropic background is then

given by

E = −
(
S

T + 2mq

)
(3.11)

=
1

πα′

∫ ut

0
du

√
B

u2

 1√
1− FtBtu4

FBu4t
− (eφ−φt − 1) FtBtu4

FBu4t
cos2 ϕ

− 1

− ∫ uh

ut

√
B

u2

 .

This is the general formula for the binding energy for the anisotropic metric Ansatz (2.8).

The procedure now is to explicitly derive the metric functions in our model and use them

in (3.11) to obtain the binding energy as a function of the parameters and the turning

point ut. Then, together with the formulas (3.4)–(3.6) for the distance and the angle θ of

the qq̄-pair we can derive the binding energy as a function E(L, θ).

Some numerical results for the two-parameter deformation are shown in figures 10

and 11. At every possible distance of the qq̄-pair there exist two possible string configu-

rations but with different energies. It is understood that the configuration with the lower

binding energy is the stable one. The first figure shows the influence of the anisotropic de-

formation on the binding energy for fixed isotropic deformation parameter c. The general

behaviour does not change for different values of c, so that figure 10 is a representative for

all c. We can see that for larger deformation parameter a the binding energy grows.

The second figure shows the influence of the isotropic deformation on the binding en-

ergy for fixed anisotropy parameter a. It is a representative for all anisotropic deformation

parameters. For every fixed a the qualitative influence of the deformation parameter c

is the same. We can see that the binding energy shrinks with c. The effect does almost

not change parallel and perpendicular to the anisotropic direction. For the anisotropic

deformation the results are in agreement with those of the purely anisotropic model in [56].
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Figure 11. The binding energy of the qq̄-pair aligned parallel (left) and perpendicular (right) to

the anisotropic z-direction for different values of the deformation parameter c. We can again see

that the screening distance grows with c which comes together with lower values of E(L). We can

also see that the effect of c is the same in the two orientations.

3.2 Drag force on a single moving quark

We now want to derive the drag force on a heavy quark moving with constant velocity

through the anisotropic strongly coupled plasma. First we briefly want to show how to do

this in an anisotropic geometry with a general metric Ansatz (2.8).

Here, we closely follow the logic of [60], where one can also find a more detailed

derivation. A simple model for the setting is described by the equation of motion

d~p

dt
= −µ~p+ ~F , (3.12)

where ~p is the quark’s momentum, µ is the drag coefficient, and ~F is an external force.

To keep a uniform motion, the necessary condition is ~F = µ~p. The dual description to

a infinitely massive quark in the anisotropic plasma is an open string attached to the

boundary at u = 0 propagating in the anisotropic geometry. Its dynamics is governed by

the Nambu-Goto action

S = − 1

2πα′

∫
Λ
dτ dσ

√−g ≡
∫

Λ
dτ dσL , (3.13)

where Λ is the worldsheet of the string, g is the determinant of the induced worldsheet

metric, σ is the spacelike and τ is the timelike coordinate on the worldsheet. Let us denote

the spacetime coordinates by XM , then the flow of spacetime momentum ΠM along the

string is given by

ΠM =
∂L

∂(∂σXM )
. (3.14)

The external force on the quark that is needed for the constant velocity may be gathered

by attaching the endpoint of the string to a D7-brane and turning on a constant electric

field FMN = ∂[MAN ] on the brane. Then we have to add to the Nambu-Goto action the
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boundary term

Sbdry = −
∫
∂Λ
dτ AN∂τX

N = −1

2

∫
∂Λ
dτ FMNX

M∂τX
N . (3.15)

We demand that the boundary term arising from the variation of the total action S+Sbdry

vanishes. This yields the boundary condition

ΠM + FMN∂ψX
N |∂Λ = 0 . (3.16)

In an anisotropic background we expect that the drag force depends on the direction of the

velocity of the quark relative to the anisotropic direction. Thus, we introduce the angle θ

between the velocity ~v of the quark and the z-axis. A suitable string embedding is then

given by

x(t, u) =
(
vt+ ξ(u)

)
sin θ , (3.17)

z(t, u) =
(
vt+ ζ(u)

)
cos θ , (3.18)

which describes a quark moving with velocity v in the xz-plane at angle θ with the

anisotropic z-direction. With this the Nambu-Goto action takes the form

S ≡ T
∫
duL , (3.19)

with L given in (D.1). How to solve for the equations of motion of the latter action and

how to obtain the momentum flows along the moving string is shown in appendix D.

With (D.14) in hand we have obtained the force ~F = (Πx,Πz) that has to act on

the quark in order for it to stay in uniform motion. In terms of the quark’s velocity

~v = v(sin θ, cos θ) the force is given by

~F =
1

2πα′
v

u2
c

(
sin θ , e−φc cos θ

)
. (3.20)

It is worth mentioning that the velocity and the force that acts on the quark to stabilise

the velocity are not aligned with one another except in the isotropic case, where φc = 0, or

when the velocity is precisely along the anisotropic or isotropic direction, where θ = 0, π/2,

respectively. In the following we call the angle between the velocity and the force ∆θF .

Note that the direction of the force changes for different v (but constant θ), too. This is

because it appears in (D.11) and, thus, also determines uc and in the end φc.

Now, we have all the ingredients we need to calculate the drag force and the string

profile for a given velocity ~v = v(sin θ, cos θ). The general approach for a given background

with the metric functions F ,B and the dilaton φ is:

1. Solve (D.11) to obtain the critical point uc for given v and θ.

2. Use uc in (D.14) to obtain the rates of the momenta Πx,Πz and the force ~F from (3.20)

that is needed for a uniform motion. The drag force is then ~Fdrag = −~F .

3. Use Πx,Πz for the integration of (D.7) to obtain the string profile.
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Figure 12. Projection of the string configuration onto the xz-plane and the corresponding force

on the quark in the anisotropic background for a velocity v = 0.9, an angle of θ = 45◦, a/(πT ) = 2,

and c = 1.

We want to present some numerical results for the drag force. We begin with figure 12

where we show the projection of the string configuration on the xz-plane together with the

corresponding force to maintain a constant velocity v = 0.9 at an angle of θ = 45◦, for a

deformation parameter a/(πT ) = 2.

For any a 6= 0 both the force and the tangent vector at u = 0 (⇔ ξ = 0 = ζ) will

not align with the velocity. The force always points more towards the anisotropic direction

than the velocity. The same holds for the tangent vector of the projection of the string

profile. Thus, the string trails towards the anisotropic direction. However, for u → uh

(⇔ x, z → ∞) the tangent vector and the velocity are becoming aligned. It is not too

surprising that the force and the velocity are not aligned for an anisotropic background.

In the gauge theory we expect that the pressure in the two directions are unequal. A naive

expectation would then be that the forces to hold the velocities in these directions depends

on that pressure. For the simple case vx = vy it then follows that Fx 6= Fy. This is exactly

what we can see in our result.

In the following we show how the velocity and the two parameters affect both the

absolute value and also the direction of the force. In figure 13 we show how the force

depends on the two deformation parameter c and a for a velocity v = 0.7 at an angle
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Figure 13. It is shown how the force changes for different values of the two deformation parameters

c and a for a velocity v = 0.7 at an angle θ = 45◦. For the left plot, the anisotropy parameter was

taken to be a = 1.4. The absolute value is decreasing whereas ∆θF is increasing for growing c. For

the right plot, the non-conformal deformation was chosen to be c = 1. However, the results look

alike for any c. Both the absolute value of the force and ∆θF increase for growing a.

θ = 45◦ with the z-direction where the respective other parameter is chosen to be fixed.

For growing c the absolute value of the force is decreasing whereas the angle between the

velocity and the force is increasing. For larger values of a both the absolute value of the

force and its angle to the anisotropic direction increase. The result for the angle is expected,

if we turn back to the naive explanation of the last paragraph. Larger a means a larger

anisotropy in the five-dimensional geometry which means we expect al larger anisotropy in

the gauge theory.

The growth for the absolute value of the drag force for increasing a is not generally

true. This is visible in figure 14. There we can see that the drag force only grows for

angles θ smaller than a critical angle θc. It also shows that the drag force for a 6= 0 has a

directional dependants, as expected. Figure 15 shows exemplary that the critical angle θc

depends on the velocity but not on the ‘non-conformal’ deformation parameter c.

Once again we can see the difference between the isotropic deformation (changing c)

and the anisotropic deformation (changing a). The force changes completely differently for

anisotropic and isotropic deformation. In a more mathematical language the behaviour of

the absolute value of the drag force is given by

∂c|~F | < 0 ∀θ , (3.21)

∂a|~F | > 0 ∀θ<θc(v) and ∂a|~F | < 0 ∀θ>θc(v) . (3.22)

The qualitative results for anisotropic deformations are in agreement with the results ob-

tained in [56] and [58] for the theory without additional non-conformal deformation.
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Figure 14. We see that the effect of a on the drag force depends on θ. θc is a critical value where

the drag force does not change at all.
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Figure 15. The drag force for different values of the non-conformal deformation parameter c at

v = 0.7 (left) and v = 0.9 (right). The horizontal lines are the drag force for a/(πT ) = 0 and the

curved lines are the drag force for a/(πT ) = 1.5. The critical value θc does not depend on c but on

the absolute value of the velocity v.

A very interesting feature is that for θ = θc the absolute value of the drag force does not

change for different values of a and is hence independent of the anisotropy of the plasma.

However, the angle ∆θF will still change.

4 Summary, interpretation and outlook

Let us first recall the motivation that has driven us. Our main interest lies in the description

of the quark-gluon plasma that can be produced in heavy ion collisions. We think that the

gauge/string duality can help to gain more insight into how matter behaves under these

extreme conditions. The quark-gluon plasma produced in heavy ion collisions is manifestly

anisotropic. It seems likely that the anisotropy itself affects observables and the general

behavior of the plasma. When we want to find a proper description of the QGP through

the gauge/string duality we have to consider anisotropy on both sides of the duality. In

this work we considered models that are not fully anisotropic but posses one anisotropic

direction.
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Our first achievement is the consistent construction of a two-parameter deformation of

N= 4 SYM theory that allows us to consider a larger class of anisotropic and non-conformal

models that are specified by two parameters that we called (c, a).

We now want to summarize the results for the observables that we have studied.

The screening distance Ls of a static qq̄-pair in the plasmas which is defined as the max-

imal possible distance at which the quark and the antiquark form a bound state is minimal

for vanishing non-conformal deformation and grows monotonically for larger deformations,

i.e. without anisotropy it is minimal in N= 4 SYM theory. In [69] this was shown to be true

for general small isotropic deformations of N= 4 SYM theory. One may conjecture that

the screening distance in N= 4 SYM theory is a lower bound for all isotropic theories.6

In the anisotropic theories, the screening distance shows the opposite behaviour and, in

addition, depends on the orientation of the qq̄-pair relative to the anisotropic direction. The

effect of a is strongest if the pair lies parallel to the anisotropic direction. However, even for

a perpendicular orientation the anisotropy affects the screening distance. In a naive gauge

theory picture this is easy to understand. A bound qq̄ state is that of a cloud of virtual glu-

ons between the two massive particles. The cloud extends in every direction even if the pair

lies perpendicular to the anisotropic direction. In this picture the anisotropy always affects

the gluon cloud and, thus, the anisotropy affects the screening distance for every orientation.

The second observable we analyse for a static qq̄-pair is its binding energy E which

reflects the strength of the bound state in the hot plasma. We compute the binding energy

as a function of the distance of the quark to the antiquark.

For the isotropic non-conformal deformation the binding energy decreases for larger

deformation and has a maximum for c = 0. Thus, the bound state in the thermal back-

ground of the plasma gets strengthened for larger deformations. This is in agreement with

the increase of the screeneing distance Ls. Under the anisotropic deformations the binding

energy shows the opposite behavior. It increases for larger anisotropic deformations and,

thus, the bound state in the hot plasma is weakened. It also depends on the orientation

w.r.t. the anisotropic direction of the hot plasma. The effect is strongest parallel to the

anisotropic direction.

Our last observable is the drag force on a single quark moving with constant velocity.

For non-conformal deformations the drag force decreases under deformations. In a very

naive picture of the plasma this again matches the results of the screening distance and

the binding energy of the static qq̄-pair. All three behaviors can be explained if we assume

that the plasma gets dilute for non-conformal deformations.

The results again differ for the anisotropic deformations. If the velocity does not point

either parallel or perpendicular to the anisotropic direction, neither the drag force nor the

projection of the string configuration align with the velocity of the quark. This is expected

for an anisotropic medium. Surprisingly, the dependency of the absolute value of the drag

force on the anisotropy parameter a depends on the direction and the absolute value of the

static velocity of the quark. It can both shrink or grow and hence does not show a general

pattern under anisotropic deformations.

6However, by introducing a chemical potential µ in an isotropic deformation one can get below the value

of Ls in N= 4 SYM theory [70].
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In a nutshell one can say that all analyzed observables behave differently under isotropic

but non-conformal and anisotropic deformations. The behaviors of the observables also

show that in our two-parameter deformation the two parameters (c, a) really represent

the deformations they are designed to represent. Thus, in our model c controls isotropic

non-conformal deformation and a is the parameter controlling the anisotropy.

In the anisotropic one-parameter deformation, [46] interpret the resulting theory as

an anisotropic version of N= 4 SYM theory. We want to adopt this interpretation for

our two-parameter deformation. For fixed parameter c the parameter a parametrizes the

anisotropy within the same lower-dimensional gauge theory. The anisotropy is then for

example represented by an anisotropic stress-energy tensor of that gauge theory.

If this interpretation is indeed correct, the different results for isotropic and anisotropic

deformations are very natural. The parameter c which controls the non-conformal defor-

mation changes the dual gauge theory whereas for different a the underlying gauge theory

stays the same but corresponds to an anisotropy of the plasma. They really are two differ-

ent types of deformation and, thus, different results for the behavior of observables under

change of these is natural.

With this work we think we went a small step towards a better understanding of the

QGP as it is produced in heavy ion collisions. We enlarged the class of anisotropic models

and, thus, can investigate features of a larger class of anisotropic strongly coupled plasmas.

After one step there follows the next one. In this case this could mean to enlarge the

class of models further. One could for example imagine an anisotropy in all the spatial

directions. So far, there does not exist an Ansatz in gauge/string duality which handles

full anisotropy. Another idea is to introduce a chemical potential similar to the approaches

in [70–72] as attempted in [73] or one can explicitly investigate breaking of supersymmetry

as e.g. in [74].

In this work we analysed several observables but it is clear that there are many more

that can be investigated. One can have a look at the running coupling or rotating quarks

as for example in [69, 75]. One could also have a closer look at the stress-energy tensor and

possible instabilities as in the anisotropic one-parameter deformation in [46]. In principle

any observable that has been investigated in anisotropic deformations [59, 64, 76–83] can

now also be considered in the two parameter model. It might also be interesting to check

whether the present model shows confing as the anisotropic models in [53]. It might also be

interesting to consider (quantum) information theoretical aspects [84–86] and in particular

entanglement [87] from the holographic perspective and see how non-conformal and in

particular anisotropic deformations affect them. It also seems that heavy quark baryon

bound states as considered in [88] are effected stronger than mesons by anisotropy. This

could be checked explicitly in the present model.

Our final conclusion is that the gauge/string duality is a valuable tool for understanding

the strongly interacting anisotropic QGP as it is produced in heavy ion collisions. Although

N= 4 SYM theory and (anisotropic) deformations thereof are surely not QCD, it may

provide some insight into the structure of strongly coupled quantum field theories and

their (anisotropic) plasmas. We are certain that the gauge/string duality can lead to a

better understanding of QCD and its different phases.
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A Derivations of T

To calculate the temperature first replace t→ −itE in (2.4), where tE is then the Euclidean

time coordinate and perform a leading order expansion around the black brane position uh:

ds2
E ≈

1

u2
h

(
F ′hBh(uh − u)dt2E + d~x2 +

du2

F ′h(uh − u)

)
, (A.1)

where a prime denotes a derivative with respect to u and a subscript h means that the

function is evaluated at u = uh. We assume that B′h = 0. The latter can be rewritten as

ds2
E ≈

1

u2
h

(
ρ2dθ2 + dρ2 + d~x2

)
, (A.2)

with

ρ = 2

√
(u− uh)

|F ′h|
, and θ =

1

2
|F ′h
√
Bh|tE. (A.3)

The first two terms in the metric (A.2) describe a plane in polar coordinates, so in order to

avoid a canonical singularity at ρ = 0 we must require θ to have a period 2π. From (A.3)

we then see that the period of the Euclidean time which is interpreted as γ = 1/T must be

γ =
1

T
=

4π

|F ′h
√Bh|

(A.4)

The latter argumentation is true for the anisotropic metric Ansatz (2.8), too.

B Long equations

The third order differential equation for the scalar ψ of section 2.1 is given by

0 = c uψ4
(

18ψ′2 + u2ψ′4 + u3ψ′3ψ′′ − 12u2ψ′′2 + 6uψ′
(

3ψ′′ + uψ(3)
))

+

+ 12u
(

24ψ′2 + u2ψ′4 + u3ψ′3ψ′′ − 12u2ψ′′2 + 6uψ′
(

4ψ′′ + uψ(3)
))
−

− 36ψ
(

10ψ′ + u2ψ′3 + u3
(
ψ′
)2
ψ′′ + 2u

(
7ψ′′ + uψ(3)

))
−

− 36cψ3
(

10ψ′ + u2ψ′3 + u3ψ′2ψ′′ + 2u
(

7ψ′′ + uψ(3)
))

+

+ 2uψ2

(
18(1 + 6c)ψ′2 + u2ψ′4 + u3ψ′3ψ′′ − 12u2ψ′′2+

+ 6uψ′
(

3(1 + 6c)ψ′′ + uψ(3)
))

.

(B.1)

where a prime denotes a differentiation with respect to u.
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The third order diff. equ. for the dilaton φ in the single parameter anisotropic defor-

mation of section 2.2 is given by

0 = a2ue7φ/2

{
13u3

(
φ′
)4

+8u
(
φ′′
(
11u2φ′′−60

)
−12uφ(3)

)
+u2

(
φ′
)3 (

13u2φ′′+96
)

+

+2u
(
φ′
)2(−5u3φ(3)+53u2φ′′+36

)
+φ′

(
30u4

(
φ′′
)2−32

(
2u3φ(3)+9

)
+32u2φ′′

)}
+

+32
{
−u2φ(3)φ′

(
5uφ′+12

)
+3u2

(
φ′′
)2 (

5uφ′+8
)
−
(
φ′
)2(

uφ′
(
11uφ′+30

)
+36

)
−

−uφ′φ′′
(
uφ′
(
11uφ′+25

)
+36

)}
. (B.2)

The differential equations for the scalar ψ and the dilaton φ in the two-parameter model

are given by

0 = 4φ′
(
12
(
ψ+cψ3

)
+u2

(
12+2ψ2+cψ4

)
ψ′′
)
−4u

(
−12

(
ψ+cψ3

)
+ (B.3)

+u
(
12+2ψ2+cψ4

)
ψ′
)
φ′′−3a2e7φ/2u2

(
−u
(
4+uφ′

)
ψ′′+ψ′

(
−4+u2φ′′

))
.

0 =
(

4φ′
(
8
(
ψ+cψ3

)
ψ′−

(
12+2ψ2+cψ4

)
φ′
)
+8ψ2

(
2+cψ2

)
φ′′+24

(
a2e7φ/2+4φ′′

)
(B.4)

+ 6a2e7φ/2u
(
φ′
(
14+3uφ′

)
+uφ′′

))
u
(
12+5uφ′

)(
φ′+uφ′′

)
−
(
φ′+uφ′′

)
×

×
(

4
(
12+2ψ2+cψ4

)(
φ′
(

72+4u2
(
ψ′
)2

+uφ′
(
48+17uφ′

))
−4u

(
6+5uφ′

)
φ′′
)

+

+ 3a2e7φ/2u
(

384+u
(

4u
(
ψ′
)2 (

4+uφ′
)
+φ′

(
304+uφ′

(
116+17uφ′

))
−

−4u
(
16+5uφ′

)
φ′′
)))
−2
(

4
(
12+2ψ2+cψ4

)
φ′+3a2e7φ/2u

(
4+uφ′

))(
2φ′′+uφ(3)

)
,

C Parametrization and e.o.m. for a aq̄-pair

To parametrize the configuration shown in figure 6 we choose

t = τ , x = σ , z = z(σ) ,

u = u(σ) , and y = const. .
(C.1)

The induced worldsheet metric is then given by

ds2
WS =

1

u2

(
−FB dτ2 +

(
1 + e−φ(z′)2 +

(u′2)

F

)
dσ2

)
, (C.2)

where a prime denotes a derivative with respect to σ = x. The Nambu-Goto action then

reads

S = − 1

2πα′

∫
dτ dσ

√
− det gWS

= − T
2πα′

∫
dσ

1

u2

√
FB

(
1 + e−φ(z′)2 +

(u′)2

F

)
(C.3)

≡ − T
2πα′

∫
dσL ,
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where we define the Lagrangian L = u−2

√
FB

(
1 + e−φ(z′)2 + (u′)2

F

)
. We can now derive

the equations of motion for this action. First we see that L has no σ-dependence, so that

the corresponding Hamiltonian H is a constant of motion:

c1 = H = L − z′ ∂L
∂z′
− u′ ∂L

∂u′
(C.4)

⇒ L c1 =
FB
u4

. (C.5)

Next we see that L does not depend on z but only on z′. So the Euler-Lagrange equation

for z simplifies to

c2 =
∂L
∂z′

= e−φ
FB
u4

z′

L ⇒ L c2 = e−φ
FB z′
u4

. (C.6)

Combining both equations leads to the two rather simple equations of motion for u and z:

z′ =
c2

c1
eφ , (C.7)

u′2 =
F
c2

1

(FB
u4
− c2

1 − c2
2 e

φ

)
. (C.8)

The string configuration as shown in figure 6 has a maximum for u(σ) at σ = 0. There the

string turns around. This gives rise to two constraints:

u(0) ≡ ut , u′(0) = 0 , (C.9)

where ut is called the turning point. Thus, at the turning point we obtain

c2
1 + c2

2 e
φt =

FtBt

u4
t

, (C.10)

where a subscript “t” denotes a function evaluated at ut. We can now parametrize the two

constants c1 and c2 by the turning point ut and an angle ϕ. The latter appears when we in-

terpret (C.10) as the defining equation of an ellipse in the (c1, c2)-plane. We then can write

c2
1 =
FtBt

u4
t

sin2 ϕ , (C.11)

c2
2 =
FtBt

u4
t

e−φt cos2 ϕ . (C.12)

D E.o.m. and momentum flow for the drag force

The Lagrangian for the action (3.19) is

L = − 1

2πα′

√√√√FB + sin2θ (F2B ξ′2 − v2) + e−φ cos2θ
(
F2Bζ ′2 − v2 −Fv2 (ξ′ − ζ ′)2 sin2θ

)
Fu4

.

(D.1)
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The rates of energy and momentum flow down the string towards the horizon are then

given by

−Πt =
∂L
∂x′

∂tx+
∂L
∂z′

∂tz = v (Πx + Πz) =
1

Lu4
FBv

(
ξ′ sin2 θ + e−φζ ′ cos2 θ

)
, (D.2)

Πx =
∂L
∂x′

=
sin θ

Lu4

(
FB ξ′ + e−φv2

(
ζ ′ − ξ′

)
cos2 θ

)
, (D.3)

Πz =
∂L
∂z′

=
cos θ

Lu4
e−φ
(
FB ζ ′ + v2

(
ξ′ − ζ ′

)
sin2 θ

)
, (D.4)

and the boundary conditions (3.16) become

Πx = Fx , Πz = Fz , −Πt = Fx v sin θ + Fz v cos θ , (D.5)

with (Fx, Fz) the two components of the external force. The first two equations show that

the external force compensates the momentum loss by the quark into the medium and the

third equation shows that the rate at which energy flows into the medium equals the work

done by the external force. For positive energy and momentum flow from the boundary

to the horizon, 0 < Πx,Πz,−Πt, the solution to the above equations of motions is a string

trailing behind the quarks position. We call this the physical solution.

We will now analyse the string profile and the corresponding energy and momentum

flows for arbitrary v, θ. We first notice that ξ(u) 6= ζ(u). Indeed, if ξ(u) = ζ(u) then the

ratio of the two momenta would be given by

Πx

Πz
= eφ(u) tan θ . (D.6)

Since the left-hand side is constant and the right-hand side depends on u, this would be

a contradiction. Thus, we indeed have ξ(u) 6= ζ(u) which means that the string does not

trail ‘below’ the trajectory of its endpoint.

For the further analysis of the correct string shape we invert (D.3) and (D.4) as in [60]

to obtain

ξ′ = ±e
−φ/2 v

F
√
B

Nx√
NxNz −D

ζ ′ = ±e
φ/2 v

F
√
B

Nz√
NxNz −D

(D.7)

where

Nx =−Π̃x

(
FB cscθ−v2 sinθ

)
+Π̃z v

2 cosθ , (D.8)

Nz =−Π̃z

(
FB secθ−e−φv2 cosθ

)
+Π̃x e

−φ v2 sinθ , (D.9)

D=
FB

u4 sinθ cosθ

(
Π̃xΠ̃z u

4−e−φ v2 sinθ cosθ
)(
FB−v2

[
e−φ cos2 θ+sin2 θ

])
, (D.10)

with Π̃x,z = 2πα′Πx,z. We require that the solutions are real for all 0 < u < uh. Thus, the

radicand NxNz −D in (D.7) must not be negative. This requirement leads us to definite
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values for Π̃x and Π̃z. In our model FB is monotonically decreasing from 1 at the boundary

to 0 at the horizon, whereas e−φ is increasing from the boundary to the horizon. Thus,

the last factor in (D.10) is positive at the boundary and negative at the horizon and there

exists a value uc in between such that

FcBc − v2
[
e−φc cos2 θ + sin2 θ

]
= 0 , (D.11)

where a subscript c stands for the function evaluated at uc. For this value D vanishes and

we get

NxNz|uc = −v4
(
e−φc Π̃x cos θ − Π̃z sin θ

)2
, (D.12)

which is negative unless the quotient of the rates of the momentum fluxes are given by

Π̃x

Π̃z

= eφc tan θ. (D.13)

At last, also the first factor in brackets in (D.10) exhibits a zero, since it is negative at the

boundary but positive at the horizon. For the real solution it should vanish for the same

u = uc. The latter condition, together with (D.13), restricts the values of the two rates to be

Π̃x =
v sin θ

u2
c

, Π̃z = e−φc
v cos θ

u2
c

, (D.14)

for a real solution from the boundary to the horizon.
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